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Àñèìïòîòè÷åñêîå ðàçëîæåíèå ðåøåíèé êðàåâûõ çàäà÷ ñ íà÷àëüíûìè

ñêà÷êàìè äëÿ ñèíãóëÿðíî âîçìóùåííûõ èíòåãðî-äèôôåðåíöèàëüíûõ

óðàâíåíèé

Ðàññìàòðèâàåòñÿ äâóõòî÷å÷íàÿ êðàåâàÿ çàäà÷à äëÿ ñèíãóëÿðíî âîçìóùåííûõ ëèíåéíûõ

èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé n- ãî ïîðÿäêà ñ èíòåãðàëüíûìè ÷ëåíàìè Ôðåäãîëüìà,

îáëàäàþùàÿ íà ëåâîì êîíöå ðàññìàòðèâàåìîãî îòðåçêà ÿâëåíèåì íà÷àëüíîãî ñêà÷êà m- ãî

ïîðÿäêà. Îïðåäåëåíû ðåãóëÿðíûå è ïîãðàíñëîéíûå ÷àñòè àñèìïòîòè÷åñêîãî ðàçëîæåíèÿ ðå-

øåíèé. Ðåãóëÿðíûå ÷ëåíû àñèìïòîòèêè ïîñòðîåíû â âèäå èíòåãðî-äèôôåðåíöèàëüíûõ óðàâ-

íåíèé, îòëè÷àþùèõñÿ îò îáû÷íûõ íåâîçìóùåííûõ èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé

íàëè÷èåì äîïîëíèòåëüíûõ ñëàãàåìûõ, íàçûâàåìûõ íà÷àëüíûìè ñêà÷êàìè èíòåãðàëüíûõ ÷ëå-

íîâ. Îïðåäåëåíû âåëè÷èíû ýòèõ íà÷àëüíûõ ñêà÷êîâ. Êðàåâûå óñëîâèÿ äëÿ ðåãóëÿðíûõ ÷ëå-

íîâ àñèìïòîòèêè òàêæå ñîäåðæàò äîïîëíèòåëüíûå ñëàãàåìûå, íàçûâàåìûå íà÷àëüíûìè ñêà÷-

êàìè ïðîèçâîäíûõ m- ãî ïîðÿäêà. Òåì ñàìûì, äëÿ îïðåäåëåíèÿ ðåãóëÿðíûõ ÷ëåíîâ àñèìï-

òîòèêè ïîëó÷àþòñÿ êðàåâûå çàäà÷è äëÿ ëèíåéíûõ èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé

ñ äîïîëíèòåëüíûì ïàðàìåòðîì. Äëÿ îïðåäåëåíèÿ ïîãðàíñëîéíûõ ÷ëåíîâ àñèìïòîòè÷åñêîãî

ðàçëîæåíèÿ ðåøåíèé ïîëó÷åíû íà÷àëüíûå çàäà÷è äëÿ îäíîðîäíûõ è íåîäíîðîäíûõ îáûê-

íîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ïîñòîÿííûìè êîýôôèöèåíòàìè. Ïîëó÷åíû ýêñïî-

íåíöèàëüíûå îöåíêè äëÿ ïîãðàíñëîéíûõ ÷ëåíîâ àñèìïòîòèêè. Ñôîðìóëèðîâàíà òåîðåìà ñó-

ùåñòâîâàíèÿ, åäèíñòâåííîñòè è îá àñèìïòîòè÷åñêîì ïðåäñòàâëåíèè ðåøåíèé ñ îöåíêîé îñòà-

òî÷íîãî ÷ëåíà àñèìïòîòèêè. Óñòàíîâëåíî, ÷òî ïîñòðîåííîå àñèìïòîòè÷åñêîå ïðèáëèæåíèå ê

ðåøåíèþ èñõîäíîé ñèíãóëÿðíî âîçìóùåííîé èíòåãðî-äèôôåðåíöèàëüíîé êðàåâîé çàäà÷è íî-

ñèò ðàâíîìåðíûé õàðàêòåð íà âñåì ðàññìàòðèâàåìîì îòðåçêå.

Êëþ÷åâûå ñëîâà: ñèíãóëÿðíîå âîçìóùåíèå, èíòåãðî-äèôôåðåíöèàëüíîå óðàâíåíèå, ìàëûé

ïàðàìåòð, àñèìïòîòè÷åñêîå ðàçëîæåíèå, íà÷àëüíûé ñêà÷îê, ïîãðàíñëîé.

M.K. Dauylbayev, D.N. Nurgabyl, N. Atakhan

Asymptotic expansion of solutions of boundary value problems with initial jumps for

singularly perturbed integro-di�erential equations

We consider the two-point boundary value problem for a singularly perturbed linear integro-

di�erential equations n-th order with Fredholm's integral terms having on the left end of the

segment an initial jump phenomenon m-th order. De�ned regular and boundary layer members

of the asymptotic expansion of the solution. Regular members of the asymptotics constructed

in the form of integro-di�erential equations, which di�er from the usual unperturbed equations

by the presence of additional term called initial jump of the integral terms. The values of the

initial jumps are de�ned. Boundary conditions for the regular members of the asymptotics also

contain additional term, called an initial jump of the derivatives m-th order. Thus, for the

determination of the regular members of the asymptotics obtained boundary value problems

for linear integro-di�erential equations with additional parameter. To determine the boundary

layer of the asymptotic expansion of solution we obtained initial problems for homogeneous and

inhomogeneous ordinary di�erential equations with constant coe�cients. Exponential estimates

for boundary layer terms of the asymptotics are obtained. A theorem of existence and uniqueness

and the asymptotic representations of solution with an estimate of the remainder term of the

asymptotics.
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It is found that the constructed asymptotic approximation to the solution of the original singularly

perturbed integro-di�erential boundary value problem is uniform throughout the considered

interval.

Key words: singular perturbation, the integro-di�erential equation, a small parameter,

asymptotic expansion, the initial jump, the boundary layer

Ì.�. Äàóûëáàåâ, Ä.Í. Í´ð¡àáûë, Í. Àòàõàí

Ñèíãóëÿðëû àóûò©û¡àí èíòåãðàëäû-äèôôåðåíöèàëäû© òåäåóëåð ³øií áàñòàï©û

ñåêiðiñòi øåòòiê åñåï øåøiìiíi àñèìïòîòèêàëû© æiêòåëói

�àðàñòûðûëûï îòûð¡àí êåñiíäiíi ñîë æà© øåòiíäå m-øi ðåòòi áàñòàï©û ñåêiðiñi áàð n-

øi ðåòòi ñèíãóëÿðëû àóûò©û¡àí Ôðåäãîëüì ñûçû©òû èíòåãðàëäû-äèôôåðåíöèàëäû© òå-

äåóëåði ³øií åêi í³êòåëi øåòòiê åñåï ©àðàñòûðûëàäû. Øåøiìíi àñèìïòîòèêàëû© æiêòå-

ëóiíi ðåãóëÿðëû æºíå øåêàðàëû© ©àáàòòû ì³øåëåði àíû©òàëäû. Àñèìïòîòèêàíû ðåãó-

ëÿðëû ì³øåëåði ºäåòòåãi àóûò©ûìà¡àí òåäåóëåðäåí á°ëåê èíòåãðàëäû© ì³øåëåðäi áàñòà-

ï©û ñåêiðiñòåði äåï àòàëàòûí ©îñûìøà ì³øåëåði áàð èíòåãðàëäû-äèôôåðåíöèàëäû© òåäå-

óëåð ò³ðiíäå ©´ðûëäû. Îñû áàñòàï©û ñåêiðiñòåðäi øàìàëàðû àíû©òàëäû. Àñèìïòîòèêàíû

ðåãóëÿðëû ì³øåëåðiíi øåòòiê øàðòòàðûíäà m-øi ðåòòi òóûíäûíû áàñòàï©û ñåêiðiñòåði

äåï àòàëàòûí ©îñûìøà ì³øåëåð áîëàäû. Ñîíûìåí, àñèìïòîòèêàíû ðåãóëÿðëû ì³øåëåðií

àíû©òàó ³øií ñûçû©òû èíòåãðàëäû-äèôôåðåíöèàëäû© òåäåóëåðãå àðíàë¡àí ©îñûìøà ïàðà-

ìåòðëi øåòòiê åñåïòåð àëûíäû.Øåøiìíi àñèìïòîòèêàñûíû øåêàðàëû© ©àáàòòû ì³øåëåðií

àíû©òàó ³øií ò´ðà©òû êîýôôèöèåíòòi áiðòåêòi æºíå áiðòåêòi åìåñ äèôôåðåíöèàëäû© òåäå-

óëåðãå àðíàë¡í áàñòàï©û åñåïòåð àëûíäû. Àñèìïòîòèêàíû øåêàðàëû© ©àáàòòû ì³øåëåði

³øií ýêñïîíåíöèàëäû áà¡àëàóëàð àëûíäû. Øåøiìíi áàð áîëóû, æàë¡ûçäû¡û æºíå àñèìï-

òîòèêàëû© ò³ðäå áåðiëói òóðàëû òåîðåìà êåëòiðiëãåí. Àñèìïòîòèêàíû ©àëäû© ì³øåñi áà¡à-

ëàíäû. Áåðiëãåí ñèíãóÿðëû àóûò©û¡àí èíòåãðàëäû-äèôôåðåíöèàëäû© òåäåóëåðãå àðíàë¡àí

øåòòiê åñåï øåøiìiíå ©´ðûë¡àí àñèìïòîòèêàëû© æóû©òàó áàðëû© êåñiíäiäå áið©àëûïòû ñè-

ïàòòà áîëàäû.

Ò³éií ñ°çäåð: ñèíãóëÿðëû àóûò©ó, èíòåãðàäû-äèôôåðåíöèàëäû© òåäåóëåð,êiøi ïàðàìåòð,

àñèìïòîòèêàëû© æiêòåëó, áàñòàï©û ñåêiðiñ, øåêàðàëû© ©àáàò

Ââåäåíèå

Ñèíãóëÿðíî âîçìóùåííûå óðàâíåíèÿ âûñòóïàþò â êà÷åñòâå ìàòåìàòè÷åñêèõ ìîäå-
ëåé âî ìíîãèõ ïðèêëàäíûõ çàäà÷àõ, ñâÿçàííûõ ñ ïðîöåññàìè äèôôóçèè, òåïëîìàññî-
ïåðåíîñà, â õèìè÷åñêîé êèíåòèêå è ãîðåíèÿ, â çàäà÷àõ ðàñïðîñòðàíåíèÿ òåïëà â òîí-
êèõ òåëàõ, â òåîðèè ïîëóïðîâîäíèêîâ, äâèæåíèÿ ãèðîñêîïîâ, â êâàíòîâîé ìåõàíèêå, â
áèîëîãèè è áèîôèçèêå è ìíîãèõ äðóãèõ îòðàñëÿõ íàóêè è òåõíèêè. Â ðàáîòàõ Ì.È.
Âèøèêà, Ë.À.Ëþñòåðíèêà [1] è Ê.À. Êàñûìîâà [2] âïåðâûå èçó÷åíû íà÷àëüíûå çàäà-
÷è äëÿ ñèíãóëÿðíî âîçìóùåííûõ óðàâíåíèé ñ íåîãðàíè÷åííûìè íà÷àëüíûìè äàííûìè
ïðè ñòðåìëåíèè ìàëîãî ïàðàìåòðà ê íóëþ, êîòîðûå íàçûâàþòñÿ çàäà÷àìè Êîøè ñ íà-
÷àëüíûì ñêà÷êîì. Õàðàêòåðíîé îñîáåííîñòüþ òàêèõ çàäà÷ ÿâëÿåòñÿ òî, ÷òî ðåøåíèå
ñèíãóëÿðíî âîçìóùåííîé çàäà÷è ïðè ñòðåìëåíèè ìàëîãî ïàðàìåòðà ê íóëþ ñòðåìèòñÿ
ê ðåøåíèþ âûðîæäåííîãî óðàâíåíèÿ ñ èçìåíåííûìè íà÷àëüíûìè óñëîâèÿìè. Â òàêîì
ñëó÷àå ãîâîðÿò, ÷òî èìååò ìåñòî ÿâëåíèå íà÷àëüíîãî ñêà÷êà ðåøåíèÿ. Ïðè èññëåäîâàíèè
íåêîòîðûõ êðàåâûõ çàäà÷ äëÿ ñèíãóëÿðíî âîçìóùåííûõ óðàâíåíèé âîçíèêàåò ñëó÷àé,
êîãäà ðåøåíèÿ èëè ïðîèçâîäíûå îò ðåøåíèÿ â íà÷àëüíîé òî÷êå ïðèíèìàþò áåñêîíå÷íî
áîëüøèå çíà÷åíèÿ ïðè äîñòàòî÷íî ìàëûõ çíà÷åíèÿõ ïàðàìåòðà. Òàêèå êðàåâûå çàäà-
÷è îêàçûâàþòñÿ ýêâèâàëåíòíûìè çàäà÷àì Êîøè ñ íà÷àëüíûì ñêà÷êîì. Äëÿ ñèíãóëÿðíî
âîçìóùåííûõ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé êðàåâûå çàäà÷è ñ íà÷àëü-
íûì ñêà÷êîì ðàññìîòðåíû â ðàáîòàõ [3-7]. Íàñòîÿùàÿ ðàáîòà ïîñâÿùåíà ïîñòðîåíèþ
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àñèìïòîòè÷åñêîãî ðàçëîæåíèÿ ðåøåíèé êðàåâûõ çàäà÷ äëÿ ñèíãóëÿðíî âîçìóùåííûõ
èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé, îáëàäàþùèõ ÿâëåíèåì íà÷àëüíîãî ñêà÷êà íå
òîëüêî ðåøåíèÿ, íî è èíòåãðàëüíûõ ÷ëåíîâ.

Îñíîâíàÿ ÷àñòü

Ðàññìîòðèì ñèíãóëÿðíî âîçìóùåííîå ëèíåéíîå èíòåãðî-äèôôåðåíöèàëüíîå óðàâíå-
íèå âèäà

Lεy ≡ εy(n)(t) +
n

∑

i=1

Ai(t)y
(n−i)(t) = F (t) +

1
∫

0

m+1
∑

i=0

Hi(t, x)y
(i)(x)dx (1)

ñ êðàåâûìè óñëîâèÿìè:















hiy(t, ε) ≡
m+1−i
∑

j=0

αijy
(j)(0, ε) = ai, i = 1, l,

hl+iy(t, ε) ≡
m+1−i
∑

j=0

βijy
(j)(1, ε) = bi, i = 1, p,

l + p = n (2)

ãäå ε > 0 � ìàëûé ïàðàìåòð, ai, i = 1, l ; bi , i = 1, p � íåêîòîðûå èçâåñòíûå ïîñòîÿííûå,
íå çàâèñÿùèå îò ε, m = fix ∈ {0, 1, ..., n− 2}.

Ïðåäïîëîæèì, ÷òî âûïîëíåíû ñëåäóþùèå óñëîâèÿ:
I. Ai(t), F (t) ∈ CN+2(n−1−m)[0, 1] , i = 1, n, à Hi(t, x) ∈ CN+n−1−m(D) , i = 0,m+ 1 ,

D = (0 ≤ t ≤ 1, 0 ≤ x ≤ 1);
II. A1(t) ≥ γ = const > 0, 0 ≤ t ≤ 1;
III. α1,m ̸= 0.
Â ðàáîòå [8] óñòàíîâëåíû ñëåäóþùèå ïðåäåëüíûå ðàâåíñòâà:

lim
ε→0

y(i)(t, ε) = y(i)(t), i = 0,m− 1, 0 ≤ t ≤ 1,

lim
ε→0

y(m+i)(t, ε) = y(m+i)(t), i = 0, n− 1−m, 0 < t ≤ 1,
(3)

ãäå y(t, ε) � ðåøåíèå ñèíãóëÿðíî âîçìóùåííîé êðàåâîé çàäà÷è (1), (2), à y(t) ÿâëÿåòñÿ
ðåøåíèåì ñëåäóþùåé âèäîèçìåíåííîé âûðîæäåííîé êðàåâîé çàäà÷è

L0ȳ(t) ≡ A1(t)ȳ
(n−1)(t) +

n
∑

i=2

Ai(t)y
(n−i)(t) = F (t) +

1
∫

0

m+1
∑

i=0

Hi(t, x)y
(i)(x)dx+∆(t) (4)

ñ êðàåâûìè óñëîâèÿìè

h1y(t) ≡
m
∑

j=0

α1jy
(j) (0) = a1 + α1,m∆0, hiy(t) ≡

m+1−i
∑

j=0

αijy
(j) (0) = ai, i = 2, l,

hl+iy(t) ≡
m+1−i
∑

j=0

βijy
(j)(1) = bi, i = 1, p, (5)
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ãäå ∆(t) è ∆0- òàê íàçûâàåìûå íà÷àëüíûå ñêà÷êè èíòåãðàëüíîãî ÷ëåíà è ðåøåíèÿ, îïðå-
äåëÿåìûõ èç ñëåäóþùèõ ôîðìóë íà÷àëüíîãî ñêà÷êà:

∆(t) = ∆0Hm+1(t, 0),∆0 = −
(m)

w0(0). (6)

Çàäà÷à (4), (5) íàçûâàåòñÿ âûðîæäåííîé çàäà÷åé äëÿ çàäà÷è (1), (2).
IV. Ïóñòü âûðîæäåííàÿ çàäà÷à (4), (5) íà îòðåçêå [0,1] èìååò åäèíñòâåííîå ðåøåíèå

y(t).
Êàê âèäíî èç (3) y(m+i)(t), i = 0, n− 1−m â íåêîòîðîé îêðåñòíîñòè òî÷êè t = 0

íå ìîæåò ñëóæèòü ðàâíîìåðíûì àñèìïòîòè÷åñêèì ïðèáëèæåíèåì äëÿ y(m+i)(t, ε), i =
0, n− 1−m. Òàêæå â [8] íè÷åãî íå ãîâîðèòñÿ î òî÷íîñòè àñèìïòîòè÷åñêèõ ïðèáëèæåíèé.
Åñòåñòâåííî ïîñòàâèòü âîïðîñ î ïîñòðîåíèè ðàâíîìåðíîãî àñèìïòîòè÷åñêîãî ïðèáëèæå-
íèÿ ðåøåíèÿ çàäà÷è (1), (2) ñ ëþáîé ñòåïåíüþ òî÷íîñòè. Ýòîìó âîïðîñó è ïîñâÿùåíà
íàñòîÿùàÿ ðàáîòà.

Òàê êàê ðåøåíèå çàäà÷è (1), (2) îáëàäàåò íà÷àëüíûì ñêà÷êîì m−ãî ïîðÿäêà (ñì.
[8]), òî àñèìïòîòè÷åñêîå ðàçëîæåíèå ðåøåíèé ýòîé çàäà÷è èùåì â âèäå:

y(t, ε) = yε(t) + εmwε(τ), τ =
t

ε
, (7)

ãäå yε(t) - òàê íàçûâàåìàÿ ðåãóëÿðíàÿ ÷àñòü è wε(τ)- ïîãðàíñëîéíàÿ ÷àñòü àñèìïòîòèêè
ðåøåíèÿ çàäà÷è (1), (2) îïðåäåëÿþòñÿ â âèäå

yε(t) = y0(t) + εy1(t) + ε2y2(t) + ...

wε(τ) = w0(τ) + εw1(τ) + ε2w2(τ) + ...
(8)

Ïîäñòàâëÿÿ (7) â (1) è âûïèñûâàÿ ÷ëåíû, çàâèñÿùèå îò t è τ îòäåëüíî, ïîëó÷èì
óðàâíåíèÿ îòíîñèòåëüíî yε(t) è wε(τ):

εy(n)ε (t) +
n

∑

i=1

Ai(t)y
(n−i)
ε (t) = F (t) +

1
∫

0

m+1
∑

i=0

Hi(t, x)y
(i)
ε (x)dx

+

∞
∫

0

m+1
∑

i=0

εm+1−iHi(t, εs)
(i)
wε(s)ds

(9)

(n)
wε(τ) + A1(ετ)

(n−1)

wε (τ) + εA2(ετ)
(n−2)

wε (τ) + ...+ εn−1An(ετ)wε(τ) = 0 (10)

Ïîäñòàâëÿÿ òåïåðü ðàçëîæåíèÿ (8) â (9), (10), ðàçëàãàÿ Ai(ετ), i = 1, n, Hi(t, εs), i =
0,m+ 1 â ðÿäû ïî ñòåïåíÿì ε è ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ ε,
ïîëó÷èì ïîñëåäîâàòåëüíîñòü óðàâíåíèé äëÿ îïðåäåëåíèÿ yk(t) è wk(τ). Äëÿ îïðåäåëåíèÿ
y0(t) è yk(t), k ≥ 1 èìååì èíòåãðî-äèôôåðåíöèàëüíûå óðàâíåíèÿ âèäà
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A1(t)y
(n−1)

0
(t) +

n
∑

i=2

Ai(t)y
(n−i)
0

(t)= F (t)+

∫

1

0

m+1
∑

i=0

Hi(t, x)y
(i)
0
(x)dx−Hm+1(t, 0)

(m)

w0(0) (110)

A1(t)y
(n−1)

k (t)+
n

∑

i=2

Ai(t)y
(n−i)
k (t)=Fk(t)+

1
∫

0

m+1
∑

i=0

Hi(t, x)y
(i)
k (x)dx−Hm+1(t, 0)

(m)

wk(0), k ≥ 1,

(11k)
ãäå Fk(t), k ≥ 1 � èçâåñòíàÿ ôóíêöèÿ, âûðàæàåìàÿ ôîðìóëîé

Fk(t) =

∞
∫

0

k
∑

j=1

sj

j!
H

(j)
m+1

(t, 0)
(m+1)

wk−j (s)ds+

+

∞
∫

0

k
∑

i=1

k−i
∑

j=0

sj

j!
H

(j)
m+1−i(t, 0)

(m+1−i)
wk−i−j (s)ds− y

(n)
k−1

(t), k = 1,m+ 1,

Fk(t) =

∞
∫

0

k
∑

j=1

sj

j!
H

(j)
m+1

(t, 0)
(m+1)

wk−j (s)ds+ (12)

+

∞
∫

0

m+1
∑

i=1

k−i
∑

j=0

sj

j!
H

(j)
m+1−i(t, 0)

(m+1−i)
wk−i−j (s)ds− y

(n)
k−1

(t), k ≥ m+ 2.

Äëÿ îïðåäåëåíèÿ w0(τ) è wk(τ), k ≥ 1 èìååì îáûêíîâåííûå äèôôåðåíöèàëüíûå óðàâ-
íåíèÿ âèäà

(n)
w0(τ) + A1(0)

(n−1)

w0 (τ) = 0, (130)

(n)
wk(τ) + A1(0)

(n−1)

wk (τ) = Φk(τ), (13k)

ãäå Φk(τ), k ≥ 1- èçâåñòíàÿ ôóíêöèÿ, âûðàæàåìàÿ â âèäå

Φk(τ) =















−
k
∑

j=1

τ j

j!
A

(j)
1
(0)

(n−1)

wk−j(τ)−
k−1
∑

m=0

m
∑

j=0

τ j

j!
A

(j)
k+1−m(0)

(n−1+m−k)
wm−j (τ),k = 1, n− 1,

−
k
∑

j=1

τ j

j!
A

(j)
1
(0)

(n−1)

wk−j(τ)−
k−1
∑

m=k+1−n

m
∑

j=0

τ j

j!
A

(j)
k+1−m(0)

(n−1+m−k)
wm−j (τ), k ≥ n.

(14)

Äëÿ îäíîçíà÷íîãî îïðåäåëåíèÿ ÷ëåíîâ ðàçëîæåíèé yε(t) è wε(τ) ïîäñòàâëÿÿ (7) ñ
ó÷åòîì (8) â (2) ïîëó÷èì

m+1−i
∑

j=0

αij[y
(j)
0
(0) + εy

(j)
1
(0) + ...+ εm−j(

(j)
w0(0) + ε

(j)
w1(0) + ...)] = ai, i = 1, l, (15)
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m+1−i
∑

j=0

βij

[

y
(j)
0
(1) + εy

(j)
1
(1) + ...+ εm−j

(

(j)
w0

(

1

ε

)

+ ε
(j)
w1

(

1

ε

)

+ ...

)]

= bi, i = 1, p. (16)

Â ðàâåíñòâàõ (16) ÷ëåíû
(j)
wk

(

1

ε

)

, k = 0, 1, ...ìîæíî íå ó÷èòûâàòü, ò.ê. îíè áóäóò áîëåå
âûñîêîãî ïîðÿäêà ìàëîñòè, ÷åì ëþáàÿ ñòåïåíü ε. Òåïåðü, ñîïîñòàâëÿÿ êîýôôèöèåíòû
ïðè îäèíàêîâûõ ñòåïåíÿõ ε â (15), (16), îïðåäåëÿåì äîïîëíèòåëüíûå óñëîâèÿ äëÿ êîýô-
ôèöèåíòîâ yk(t) è wk(τ), k ≥ 0. Â íóëåâîì ïðèáëèæåíèè äëÿ îïðåäåëåíèÿ y0(t) èìååì
ñëåäóþùèå êðàåâûå óñëîâèÿ:

h1y0 = a1 − α1m

(m)

w0(0), hiy0 = ai, i = 2, l, hl+iy0 = bi, i = 1, p. (170)

Äëÿ êîýôôèöèåíòà w0(τ) èçâåñòíî òîëüêî îäíî íà÷àëüíîå óñëîâèå
(m)

w0(0), îïðåäåëÿå-
ìîå èç çàäà÷è (110), (170). Äëÿ òîãî, ÷òîáû íàéòè íåäîñòàþùèå íà÷àëüíûå óñëîâèÿ
äëÿ w0(τ) ïîíèæàåì ïîðÿäîê óðàâíåíèÿ (130) èíòåãðèðîâàíèåì îò τ äî ∞ è òðåáî-

âàíèåì
(i)
w0(∞) = 0, i = 0, n− 1. Â ðåçóëüòàòå ïîñëå n − 1 − m - ãî øàãà ïðèõîäèì ê

óðàâíåíèþ
(m+1)

w0 (τ) + A1(0)
(m)

w0(τ) = 0. Îòñþäà ïðè τ = 0 ïîëó÷àåì íà÷àëüíîå óñëîâèå
(m+1)

w0 (0) = −A1(0)
(m)

w0(0). Ïðîäîëæàÿ ýòîò ïðîöåññ ïîñëåäîâàòåëüíîãî ïîíèæåíèÿ óðàâ-
íåíèÿ (130) â èòîãå ïîëó÷àåì íà÷àëüíûå óñëîâèÿ äëÿ îïðåäåëåíèÿ w0(τ):

(i)
w0(0) = (−A1(0))

i−m (m)

w0(0), i = 0, n− 1. (180)

Òåì ñàìûì, íóëåâîå ïðèáëèæåíèå àñèìïòîòè÷åñêîãî ðàçëîæåíèÿ ïîñòðîåíî ïîëíîñòüþ.
Ñðàâíèâàÿ çàäà÷è (4), (5) è (110), (170) ïîëó÷èì ôîðìóëû íà÷àëüíîãî ñêà÷êà (6).

Â k-îì ïðèáëèæåíèè äëÿ îïðåäåëåíèÿ yk(t) , k = 1, 2, ...,m − 1 ïîëó÷èì êðàåâûå
óñëîâèÿ

h1yk + α1m

(m)

wk(0) +
k

∑

j=1

α1,m−j

(m−j)
wk−j(0) = 0,

h2yk +
k

∑

j=1

α2,m−j

(m−j)
wk−j(0) = 0, k = 1, 2, ...,m− 1,

hiyk = 0, i = 3, l; k = 1, 2, ..., i− 2, (17k1)

hiyk +
k

∑

j=i−1

αi,m−j

(m−j)
wk−j(0) = 0, i = 3, l, k = i− 1, ...,m− 1,

hl+iyk = 0, i = 1, p.

Êîýôôèöèåíòû yk(t) äëÿ çíà÷åíèé k = m,m+ 1, ... îïðåäåëÿþòñÿ èç êðàåâûõ óñëîâèé

h1yk + α1m

(m)

wk(0) +
m
∑

j=1

α1,m−j

(m−j)
wk−j(0) = 0,
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hiyk +
m
∑

j=i−1

αi,m−j

(m−j)
wk−j(0) = 0, i = 2, l, (17k2)

hl+iyk = 0, i = 1, p, k = m,m+ 1, ...

Äëÿ îïðåäåëåíèÿ êîýôôèöèåíòà wk(τ), k ≥ 1 íà÷àëüíîå óñëîâèå
(m)

wk(0) óæå èçâåñò-
íî � îíî îïðåäåëÿåòñÿ èç çàäà÷è (11k), (17k1), (17k2). Äëÿ òîãî, ÷òîáû íàéòè îñòàëüíûå
íåäîñòàþùèå íà÷àëüíûå óñëîâèÿ äëÿ wk(τ) ïðèìåíÿåì ïðîöåäóðó ïîñëåäîâàòåëüíîãî ïî-

íèæåíèÿ ïîðÿäêà óðàâíåíèÿ (13k) òðåáóÿ
(i)
wk(∞) = 0, i = 0, n− 1. Â ðåçóëüòàòå ïîëó÷àåì

íà÷àëüíûå óñëîâèÿ äëÿ îïðåäåëåíèÿ wk(τ):

(i)
wk(0) =



























(−1)m−i
(m)

wk(0) + (−1)n−1−i
∞
∫

0

n−2−i
∑

j=n−1−m

sj

j!
A

j−(n−1−m)

1
(0)Φk(s)ds

Am−i
1

(0)
, i = 0,m,

(−A1(0))
i−m

(m)

wk(0) + (−1)n−i
∞
∫

0

n−2−m
∑

j=n−1−i

sj

j!
A

j−(n−1−i)
1

(0)Φk(s)ds, i = m+ 1, n− 1

(18k)
Òåì ñàìûì, k-îå ïðèáëèæåíèå àñèìïòîòèêè ïîñòðîåíî ïîëíîñòüþ. Îòìåòèì, ÷òî äëÿ

ðåøåíèé w0(τ), wk(τ), k ≥ 1 çàäà÷ (130), (180) è (13k), (18k) ïðè τ ≥ 0 ñïðàâåäëèâû
îöåíêè:

∣

∣

∣

∣

(i)
wk(τ)

∣

∣

∣

∣

≤ K exp(−γτ), i = 0, n− 1, (19)

ãäå K > 0, γ > 0− íåêîòîðûå ïîñòîÿííûå, íå çàâèñÿùèå îò t è ε.
Îáðàçóåì N -óþ ÷àñòè÷íóþ ñóììó ðàçëîæåíèé (7), (8):

ȳN(t, ε) =
N
∑

k=0

εkyk(t) + εm
N+n−1−m

∑

k=0

εk wk(τ), τ =
t

ε
, (20)

ãäå êîýôôèöèåíò y0(t) îäíîçíà÷íî îïðåäåëÿåòñÿ èç óðàâíåíèÿ (110) ñ êðàåâûìè óñëî-
âèÿìè (170), à êîýôôèöèåíò yk(t), k = 1, N îäíîçíà÷íî îïðåäåëÿåòñÿ èç óðàâíåíèÿ
(11k) ñ êðàåâûìè óñëîâèÿìè (17k1), (17k2) è îíè âìåñòå ñî ñâîèìè ïðîèçâîäíûìè äî
n − 1- ãî ïîðÿäêà îãðàíè÷åíû íà îòðåçêå 0 ≤ t ≤ 1. Â ñëó÷àå N ≥ m êîýôôèöè-
åíòû wk(τ), k = 0, N −m îäíîçíà÷íî îïðåäåëÿþòñÿ èç óðàâíåíèÿ (13k) ñ íà÷àëüíûìè
óñëîâèÿìè (18k) è îíè âìåñòå ñî ñâîèìè ïðîèçâîäíûìè äî n − 1- ãî ïîðÿäêà ÿâëÿþò-
ñÿ ôóíêöèÿìè ïîãðàíè÷íîãî ñëîÿ ïðè τ ≥ 0, ò.å. èìåþò îöåíêè (19), à êîýôôèöèåíòû
wk(τ), k = N + 1−m,N + n− 1−m îäíîçíà÷íî îïðåäåëÿþòñÿ èç òîãî æå óðàâíåíèÿ
(13k) ñ íà÷àëüíûìè óñëîâèÿìè

(i)
wk(0) =











































0, i = 0, k − (N + 1−m),

(−1)m−i
(m)

wk(0) + (−1)n−1−i
∞
∫

0

n−2−i
∑

j=n−1−m

sj

j!
A

j−(n−1−m)

1
(0)Φk(s)ds

Am−i
1

(0)
, i=k−(N−m),m,

(−A1(0))
i−m (m)

wk(0) + (−1)n−i

∞
∫

0

n−2−m
∑

j=n−1−i

sj

j!
A

j−(n−1−i)
1

(0)Φk(s)ds, i=m+1, n−1

(21k)
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è ôóíêöèè
(i)
wk(τ), i = 0, k − (N + 1−m) ïðè τ ≥ 0 îãðàíè÷åíû, à äëÿ i = k − (N −m), n− 1

ÿâëÿþòñÿ ôóíêöèÿìè ïîãðàíè÷íîãî ñëîÿ ïðè τ ≥ 0. Â ñëó÷àå N < m êîýôôèöèåíòû
wk(τ), k = 0, N + n− 1−m îäíîçíà÷íî îïðåäåëÿþòñÿ èç óðàâíåíèÿ (13k) ñ íà÷àëüíûìè

óñëîâèÿìè (21k) è ôóíêöèè
(i)
wk(τ), i = 0, k − (N + 1−m) ïðè τ ≥ 0 îãðàíè÷åíû, à äëÿ

i = k − (N −m), n− 1 ÿâëÿþòñÿ ôóíêöèÿìè ïîãðàíè÷íîãî ñëîÿ ïðè τ ≥ 0.

Òåîðåìà 1 Ïóñòü âûïîëíåíû óñëîâèÿ I-IV. Òîãäà íàéäóòñÿ ïîñòîÿííûå ε0 > 0 è K >

0 òàêèå, ÷òî ïðè 0 < ε ≤ ε0 ðåøåíèå y(t, ε) çàäà÷è (1), (2) ñóùåñòâóåò íà îòðåçêå
[0,1], åäèíñòâåííî è äîïóñêàåò àñèìïòîòè÷åñêîå ïðåäñòàâëåíèå

y(t, ε) = ȳN(t, ε) +RN(t, ε),

ãäå ȳN(t, ε) èìååò âèä (20), à äëÿ îñòàòî÷íîãî ÷ëåíà RN(t, ε) ñïðàâåäëèâû îöåíêè:

∣

∣

∣
R

(i)
N (t, ε)

∣

∣

∣
≤ KεN+1, i = 0, n− 1, 0 ≤ t ≤ 1.

Çàêëþ÷åíèå

Ìû èññëåäîâàëè, êàê èíòåãðàëüíûå ÷ëåíû ìîãóò ïîâëèÿòü íà àñèìïòîòèêó ðåøåíèé
ñèíãóëÿðíî âîçìóùåííûõ èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé. Èíòåãðàëüíûå ÷ëåíû
ñóùåñòâåííî ìåíÿþò âûðîæäåííóþ çàäà÷ó: ðåøåíèå èñõîäíîé èíòåãðî-äèôôåðåíöèàëüíîé
çàäà÷è íå ñõîäèòñÿ ê ðåøåíèþ îáû÷íîé âûðîæäåííîé çàäà÷è, à ñõîäèòñÿ ê ðåøåíèþ
èçìåíåííîãî âûðîæäåííîãî èíòåãðî-äèôôåðåíöèàëüíîãî óðàâíåíèÿ ñ äîïîëíèòåëüíûì
÷ëåíîì, íàçûâàåìûì íà÷àëüíûì ñêà÷êîì èíòåãðàëüíîãî ÷ëåíà. Êðîìå òîãî, êðàåâûå
óñëîâèÿ âûðîæäåííîé çàäà÷è òàêæå òðåáóþò ìîäèôèêàöèè. Â ñèëó íà÷àëüíîãî ñêà÷-
êà m - ãî ïîðÿäêà â êðàåâûõ óñëîâèÿõ ïîÿâëÿåòñÿ äîïîëíèòåëüíîå ñëàãàåìîå ∆0 , íà-
çûâàåìîå íà÷àëüíûì ñêà÷êîì m-îé ïðîèçâîäíîé ðåøåíèÿ. Ïðè÷åì ïîðÿäîê íà÷àëüíîãî
ñêà÷êà ðåøåíèÿ çàâèñèò îò ïîðÿäêà ïðîèçâîäíûõ, âõîäÿùèõ ïîä çíàêîì èíòåãðàëîâ. Ïî-
ñòðîåííîå àñèìïòîòè÷åñêîå ïðèáëèæåíèå îáåñïå÷èâàåò ðàâíîìåðíóþ òî÷íîñòü íà âñåì
ïðîìåæóòêå.
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