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ßâëåíèå íà÷àëüíîãî ñêà÷êà â ïîëóâûðîæäàþùåéñÿ êðàåâîé çàäà÷å ñ

íåëèíåéíûìè óñëîâèÿìè

Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ ñèíãóëÿðíî âîçìóùåííûå êðàåâûå çàäà÷è äëÿ îáûêíî-

âåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé òðåòüåãî ïîðÿäêà ñ íåëèíåéíûìè êðàåâûìè óñëîâè-

ÿìè íå óïîðÿäî÷åííûå îòíîñèòåëüíî ñòàðøèõ ïðîèçâîäíûõ. Äëÿ êîýôôèöèåíòîâ ðàçëîæå-

íèÿ íàéäåíû ðåêóððåíòíûå ëèíåéíûå äèôôåðåíöèàëüíûå óðàâíåíèÿ è íà÷àëüíûå óñëîâèÿ.

Íàéäåíî âûðîæäåííîå óðàâíåíèå. Îïðåäåëåíû óñëîâèÿ äëÿ âûðîæäåííîãî óðàâíåíèÿ. Íà

îòðåçêå 0 ≤ t ≤ 1 ïîñòðîåíî ïðèáëèæåííîå ðåøåíèå YN (t, ε) âñïîìîãàòåëüíîé âîçìóùåí-

íîé íà÷àëüíîé çàäà÷è ñ òî÷íîñòüþ ïîðÿäêà O(εN+1). Ïîëó÷åíà ðàâíîìåðíàÿ àñèìïòîòèêà

ðåøåíèÿ íà÷àëüíîé çàäà÷è äëÿ ñèíãóëÿðíî âîçìóùåííîãî óðàâíåíèÿ ñ òî÷íîñòüþ äî ïðî-

èçâîëüíîãî ïîðÿäêà. Äîêàçàíî, ÷òî ïðè äîñòàòî÷íî ìàëûõ ε > 0 íà ñåãìåíòå 0 ≤ t ≤ 1
ðåøåíèå âñïîìîãàòåëüíîé íà÷àëüíîé çàäà÷è ñóùåñòâóåò, åäèíñòâåííî, óäîâëåòâîðÿåò îöåíêå∣∣∣y(q)(t, ε)− Y

(q)
N (t, ε)

∣∣∣ ≤ K · εN+1, q = 0, 1, 2, 0 ≤ t ≤ 1. Äîêàçàíà, ÷òî â íåêîòîðîé ìàëîé

îêðåñòíîñòè òî÷êè (ā0, b̄0, c̄0) íàéäåòñÿ åäèíñòâåííàÿ òî÷êà (a(ε), b(ε), c(ε)) òàêàÿ, ÷òî ðåøå-
íèå y(t, a, b, c, ε) âñïîìîãàòåëüíîé çàäà÷è, ÿâëÿåòñÿ åäèíñòâåííûì ðåøåíèåì y(t, ε) èñõîäíîé
êðàåâîé çàäà÷è, è íà îòðåçêå 0 ≤ t ≤ 1 ïðè äîñòàòî÷íî ìàëûõ ε > 0 èìååò ìåñòî îöåíêà

y(j)(t, a(ε), c(ε), ε) =
∑N

k=0 ε
ky

(j)
k (t)+ε1−j

∑N+1
k=0 εk

(j)

V
k

(
t
ε

)
+O

(
εN+1

)
. Óñòàíîâëåíû ïðåäåëüíûå

ðàâåíñòâà, âûðàæàþùèå ñâÿçü ìåæäó ðåøåíèåì âûðîæäåííîé çàäà÷è è ðåøåíèåì èñõîäíîé

ñèíãóëÿðíî âîçìóùåííîé êðàåâîé çàäà÷è. Íàéäåíà ôîðìóëà íà÷àëüíîãî ñêà÷êà. Òåì ñàìûì

ñôîðìóëèðîâàí àëãîðèòì ïîñòðîåíèÿ àñèìïòîòè÷åñêîãî ðàçëîæåíèÿ ðåøåíèÿ âîçìóùåííîé

êðàåâîé çàäà÷è äëÿ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé òðåòüåãî ïîðÿäêà ñ íåëè-

íåéíûìè êðàåâûìè óñëîâèÿìè íå óïîðÿäî÷åííûå îòíîñèòåëüíî ñòàðøèõ ïðîèçâîäíûõ.

Êëþ÷åâûå ñëîâà: àñèìïòîòèêà, êðàåâàÿ çàäà÷à, íà÷àëüíûé ñêà÷îê, âîçìóùåííûå è íåâîç-

ìóùåííûå çàäà÷è, àñèìïòîòè÷åñêîå ïîâåäåíèå.

D.N. Nurgabyl, A.B. Uaisov

The phenomenon of initial jump in semi-degenerate boundary value problem with nonlinear

conditions

In this paper we consider a singularly perturbed boundary value problems for ordinary di�erential

equations of the third order with nonlinear boundary conditions, which are not ordered with respect

to the highest derivatives. For the expansion coe�cients recurrent linear di�erential equations and

initial conditions are found. We found degenerate equation. The conditions for degenerate equation

are de�ned. On the interval 0 ≤ t ≤ 1 the approximate solution YN (t, ε) of auxiliary perturbed

initial problems with accuracy on the order O(εN+1). We obtained a uniform asymptotic solution

of the initial value problem for a singularly perturbed equation with up to an arbitrary order.
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It is proved that for su�ciently small ε > 0 in the segment 0 ≤ t ≤ 1 solution of auxiliary initial

value problem exists, it is unique and satis�es the estimate
∣∣∣y(q)(t, ε)− Y

(q)
N (t, ε)

∣∣∣ ≤ K · εN+1

,q = 0, 1, 2, 0 ≤ t ≤ 1. It is proved that small neighbor point (ā0, b̄0, c̄0) there is a unique point

(a(ε), b(ε), c(ε)) such that the solution of auxiliary problem y(t, a, b, c, ε) is the only solution of

y(t, ε) in the original problem, and in the interval 0 ≤ t ≤ 1 under su�ciently small ε > 0 we

have the estimate y(j)(t, a(ε), c(ε), ε) =
∑N

k=0 ε
ky

(j)
k (t) + ε1−j

∑N+1
k=0 εk

(j)

V
k

(
t
ε

)
+ O

(
εN+1

)
. Limit

relations, expressing the relationships between solution of degenerate problem and solution of

original singularly perturbed boundary value problem are set. A formula of the initial jump is

found out. Thus, an algorithm for constructing the asymptotic expansion of solution of perturbed

boundary value problems for ordinary di�erential equations of the third-order nonlinear boundary

conditions, which are not ordered with respect to the highest derivatives, are formulated.

Key words: asymptotic, initial jump, boundary value problem, perturbed and no perturbed

problems, asymptotic behavior.

Ä.Í. Í´ð¡àáûë, À.Á. Óàèñîâ

Áåéñûçû©òû øàðòû áàð æàðòûëàé òóûíäàë¡àí øåêàðàëû© åñåïòåãi áàñòàï©û ñåêiðiñ

©´áûëûñû

Á´ë æ´ìûñòà áåéñûçû©òû øåêàðàëû© øàðòòàðû æî¡àð¡û òóûíäûëàðûíû­ ðåòòåðiíå ©à-

ðà¡àíäà ðåòòåëìåãåí ³øiíøi ðåòòi æàé äèôôåðåíöèàëäû© òå­äåóëåð ³øií åðåêøå àóûò©û-

¡àí øåêàðàëû© åñåï ©àðàñòûðûë¡àí. Æiêòåëiñòi­ êîýôôèöèåíòòåði ³øií ðåêóððåíòòi ñûçû-

©òû äèôôåðåíöèàëäû© òå­äåóëåð æºíå áàñòàï©û øàðòòàð òàáûë¡àí. Òóûíäàë¡àí òå­äåó

àíû©òàë¡àí. Òóûíäàë¡àí òå­äåó ³øií øàðòòàð òàáûë¡àí. Ê°ìåêøi áàñòàï©û åñåïòi­ æóû©

YN (t, ε) øåøiìi O(εN+1) äºëäiêïåí 0 ≤ t ≤ 1 êåñiíäiñiíäå ©´ðûë¡àí. Åðåêøå àóûò©û¡àí òå­-

äåóëåð ³øií ê°ìåêøi áàñòàï©û åñåïòi­ áið©àëûïòû àñèìïòîòèêàñû êåçêåëãåí äºëäiêïåí òà-

áûë¡àí. Ê°ìåêøi áàñòàï©û åñåïòi­ øåøiìiíi­ áàðëû¡û, æàë¡ûçäû¡û,
∣∣∣y(q)(t, ε)− Y

(q)
N (t, ε)

∣∣∣ ≤
K · εN+1, q = 0, 1, 2,áà¡àìûí ε > 0 ïàðàìåòðiíi­ æåòêiëiêòi êiøêåíòàé ìºíäåði ³øií 0 ≤ t ≤ 1
êåñiíäiñiíäå ©àíà¡àòòàíäûðàòûíû äºëåëäåíãåí. Áåðiëãåí (ā0, b̄0, c̄0) í³êòåñiíi­ ºéòåóið áið

êiøêåíå àéìà¡ûíàí (a(ε), b(ε), c(ε)) í³êòåñiíi­ ê°ìåêøi áàñòàï©û åñåïòi­ y(t, a, b, c, ε) øåøi-
ìiíi­ áåðiëãåí øåêàðàëû© åñåïòi­ y(t, ε)øåøiìi áîëàòûíûäàé òàáûëàòûíû äºëåëäåíãåí, æºíå

y(j)(t, a(ε), c(ε), ε) =
∑N

k=0 ε
ky

(j)
k (t) + ε1−j

∑N+1
k=0 εk

(j)

V
k

(
t
ε

)
+ O

(
εN+1

)
áà¡àìûíû­ ε > 0 æåò-

êiëiêòi êiøêåíòàé ìºíäåði ³øií 0 ≤ t ≤ 1 êåñiíäiñiíäå îðûíäàëàòûíû ê°ðñåòiëãåí. Áåðiëãåí

åðåêøå àóûò©û¡àí øåêàðàëû© åñåï ïåí òóûíäàë¡àí åñåï øåøiìäåðiíi­ áàéëàíûñûí ê°ðñå-

òåòií øåêòiê òå­äiêòåð îðûíäàëàòûíû ê°ðñåòiëãåí. Áàñòàï©û ñåêiðiñòi­ ôîðìóëàñû òàáû-

ë¡àí. Ñîíûìåí, áåéñûçû©òû øåêàðàëû© øàðòòàðû æî¡àð¡û òóûíäûëàðûíû­ ðåòòåðiíå ©à-

ðà¡àíäà ðåòòåëìåãåí ³øiíøi ðåòòi æàé äèôôåðåíöèàëäû© òå­äåóëåð ³øií åðåêøå àóûò©û¡àí

øåêàðàëû© åñåï øåøiìiíi­ àñèìïòîòèêàëû© æiêòåëiñií ©´ðóäû­ àëãîðèòìi àíû©òàë¡àí.

Ò³éií ñ°çäåð: àñèìïòîòèêà, øåêàðàëû© åñåï, áàñòàï©û ñåêiðiñ, àóò©û¡àí æºíå àóûò©ûìà¡àí

åñåïòåð, àñèìïòîòèêàëû© ñèïàòòàìà.

Ïîñòàíîâêà çàäà÷è

Îäíèì èç ôóíäàìåíòàëüíûõ òåîðåì òåîðèè ñèíãóëÿðíûõ âîçìóùåíèé ÿâëÿòüñÿ òåî-
ðåìà À.Í. Òèõîíîâà [1,2] î ïðåäåëüíîì ïåðåõîäå, êîòîðàÿ óñòàíàâëèâàåò ïðåäåëüíûå
ðàâåíñòâà, âûðàæàþùèå ñâÿçü ìåæäó ðåøåíèåì âûðîæäåííîé çàäà÷è è ðåøåíèåì èñ-
õîäíîé ñèíãóëÿðíî âîçìóùåííîé íà÷àëüíîé çàäà÷è è ïîçâîëÿåò ïîëó÷àòü ãëàâíûé ÷ëåí
àñèìïòîòèêè. Äëÿ øèðîêîãî êëàññà ñèíãóëÿðíî âîçìóùåííûõ íà÷àëüíûõ è êðàåâûõ
çàäà÷ áûëè ðàçðàáîòàíû ðàçëè÷íûå àñèìïòîòè÷åñêèå ìåòîäû, ïîçâîëÿþùèå ñòðîèòü

Âåñòíèê ÊàçÍÓ. Ñåðèÿ ìàòåìàòèêà, ìåõàíèêà, èíôîðìàòèêà �4(83)2014
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ðàâíîìåðíûå àñèìïòîòè÷åñêèå ïðèáëèæåíèÿ ïî ìàëîìó ïàðàìåòðó. Â ïåðâóþ î÷åðåäü
çäåñü ñëåäóåò íàçâàòü ìåòîä ïîãðàíè÷íûõ ôóíêöèé [3-6]. Îí çàêëþ÷àåòñÿ â òîì, ÷òî

àñèìïòîòèêà ðåøåíèÿ âîçìóùåííîé çàäà÷è ðàçûñêèâàåòñÿ â âèäå: x(t, ε) =
∞∑
k=0

εkxk(t) +

∞∑
k=0

εkΠkx(τ), τ = t/ε, x = (z, y) Îäíàêî â ïðèëîæåíèÿõ âñòðå÷àþòñÿ çàäà÷è, â êîòî-

ðûõ ïðîèçâîäíûå îò ðåøåíèÿ ïðè ñòðåìëåíèè ìàëîãî ïàðàìåòðà ê íóëþ ñòàíîâèòñÿ
íåîãðàíè÷åííûì â ãðàíè÷íîé òî÷êå [7-8]. Òàêèå çàäà÷è íàçûâàþòñÿ çàäà÷àìè ñ íà÷àëü-
íûìè ñêà÷êàìè. Â [9,10]âûäåëåíû êëàññû ñèíãóëÿðíî âîçìóùåííûõ êðàåâûõ çàäà÷, îá-
ëàäàþùèå ÿâëåíèÿìè íà÷àëüíûõ ñêà÷êîâ, ãäå êðàåâûå óñëîâèÿ âûðîæäàþòñÿ â êðàåâûå
óñëîâèÿ, óïîðÿäî÷åííûå îòíîñèòåëüíî ñòàðøèõ ïðîèçâîäíûõ. Â ðàáîòå [11] ïðåäëîæåí
íîâûé àëãîðèòì èññëåäîâàíèÿ ñèíãóëÿðíî âîçìóùåííûõ êðàåâûõ çàäà÷ äëÿ îáûêíî-
âåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ îáùèìè ëèíåéíûìè êðàåâûìè óñëîâèÿìè íå
óïîðÿäî÷åííûå îòíîñèòåëüíî ñòàðøèõ ïðîèçâîäíûõ, à ñèíãóëÿðíî âîçìóùåííûå êðàå-
âûå çàäà÷è äëÿ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ íåëèíåéíûìè êðàåâûìè
óñëîâèÿìè íå óïîðÿäî÷åííûå îòíîñèòåëüíî ñòàðøèõ ïðîèçâîäíûõ òðåáóåò äàëüíåéøåãî
èññëåäîâàíèÿ. Èòàê, ðàññìîòðèì ñëåäóþùóþ êðàåâóþ çàäà÷ó:

εy′′′ + A1(t, y)y
′′ + A2(t, y)y

′ + A3(t, y) = 0 (1)

Ri(y(0, ε), y
′(0, ε)) = αi, i = 1, 2, R3(y(1, ε), y

′(1, ε), y′′(1, ε)) = α3, (2)

ãäå ε > 0 � ìàëûé ïàðàìåòð. Ïðåäïîëîæèì, ÷òî âûïîëíåíû ñëåäóþùèå óñëîâèÿ: 1.
Ak(t, y) ∈ CN+3(Ω), Ω = {(t, y) : 0 ≤ t ≤ 1, |y| < ∞}; 2. A1(t, y) ≥ γ > 0, (t, y) ∈ Ω.
3. Ri(y, y

′) ∈ CN+3(D0), R3(y, y
′, y′′) ∈ CN+3(D1), ãäå D0 = {(y, y′) : |y| < ∞, |y′| < ∞},

D1 = {(y, y′, y′′) : y, y′′ ∈ D0, |y′′| < ∞}. 4. Çàäà÷à

A1(t, y0)y
′′
0 + A2(t, y0)y

′
0 + A3(t, y0) = 0, (3)

y0
∣∣
t=0

= y0(0), y′0
∣∣
t=0

= y′0(0) (4)

ïðè ïðîèçâîëüíûõ îãðàíè÷åííûõ íà÷àëüíûõ äàííûõ y0(0), y′0(0) èìååò åäèíñòâåííîå
ðåøåíèå y0(t) íà îòðåçêå 0 ≤ t ≤ 1. Çàäà÷à çàêëþ÷àåòñÿ â ïîñòðîåíèè àñèìïòîòèêè è â
èññëåäîâàíèè àñèìïòîòè÷åñêîãî ïîâåäåíèÿ ðåøåíèÿ çàäà÷è (1), (2).

Àëãîðèòì ïîñòðîåíèÿ àñèìïòîòè÷åñêîãî ðàçëîæåíèÿ

Ïðåäâàðèòåëüíî ðàññìîòðèì âñïîìîãàòåëüíóþ çàäà÷ó Êîøè:

εy′′′ + A1(t, y)y
′′ + A2(t, y)y

′ + A3(t, y) = 0; (5)

y(0, ε) = a(ε), y′(0, ε) = b(ε), y′′(0, ε) =
c(ε)

ε
, (6)

ãäå a(ε) = a0 + εa1 + . . . , b(ε) = b0 + εb1 + . . . , c(ε) = c0 + εc1 + . . . , ïðè÷åì ïàðàìåòðû
a, b, c, ak, bk, ck ïîäëåæàò îïðåäåëåíèþ. Àñèìïòîòè÷åñêîå ðàçëîæåíèå ðåøåíèÿ çàäà÷è
(5), (6) áóäåì ñòðîèòü â âèäå:

y(t, ε) = yε(t) + εWε(τ), τ = t/ε, (7)
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ãäå

yε(t) = y0(t) + εy1(t) + . . .+ εkyk(t) + . . . , (8)

Wε(τ) = W0(τ) + εW1(τ) + . . .+ εkWk(τ) + . . . . (9)

Ïîäñòàâèì (7) â (5) è ïðèðàâíÿåì âûðàæåíèÿ, çàâèñÿùèå îò t è τ ïî îòäåëüíîñòè:

εy′′′ε (t) + A1(t, yε)y
′′
ε (t) + A2(t, yε)y

′
ε(t) + A3(t, yε) = 0, (10)

...
W ε(τ) + A1(ετ, yε(ετ) + εWε(τ))Ẅε(τ) + εA2(ετ, yε(ετ) + εWε(τ))Ẇε(τ)+
+ε[A1(ετ, yε(ετ) + εWε(τ))− A1(ετ, yε(ετ))]y

′′
ε (ετ)+

+ε[A2(ετ, yε(ετ) + εWε(τ))− A2(ετ, yε(ετ))]y
′
ε(ετ)+

+ε[A3(ετ, yε(ετ) + εWε(τ))− A3(ετ, yε(ετ))],

(11)

ãäå òî÷êè íàä Wε(τ) îçíà÷àþò ïðîèçâîäíóþ ïî τ îò Wε(τ). Ïîäñòàâëÿÿ ðàçëîæåíèå (8)
â (10) è ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ ε, ïîëó÷àåì

A1(t, y0)y
′′
0 + A2(t, y0)y

′
0 + A3(t, y0) = 0, (12)

A1(t, y0)y
′′
k + A2(t, y0)y

′
k +

3∑
i=1

A′
iy(t, y0)y

(3−i)
0 yk = Pk, (13)

ãäå Pk(t) âûðàæàþòñÿ ÷åðåç yi(t), i < k. Òåïåðü ïîäñòàâèì (9) â (11) è ïðåäñòàâèì
Ai(ετ, yε(ετ) + εWε(τ)), Ai(ετ, yε(ετ)), i=1, 2, 3, y′′ε (ετ), y

′
ε(ετ), yε(ετ) â ðÿäû ïî ñòåïåíÿì

ε. Òîãäà ñîáèðàÿ ÷ëåíû ñ îäèíàêîâûìè ñòåïåíÿìè ε, ïîëó÷èì

...
W 0(τ) + A1(0, y0(0))Ẅ0(τ) = 0, (14)

...
W k(τ) + A1(0, y0(0))Ẅk(τ) = Fk(τ), k = 1, 2, . . . . (15)

Çäåñü Fk(τ) âûðàæàþòñÿ ỹi(τ) (i < k) è ˜̃yi(τ), i < k, ãäå

˜̃yk(τ) = ỹk(τ)+Wk−1(τ), k = 1, 2, . . . , ỹk(τ) = yk(τ)+
k∑

j=1

y
(j)
k−j(τ)τ

j

j!
, k = 1, 2, . . . . (16)

Ðàññìîòðèì óðàâíåíèÿ (14) è (15). Êàê îáû÷íî [12], ïîòðåáóåì, ÷òîáû

W
(j)
k (τ) → 0 (j = 0, 1) ïðè τ → ∞. (17)

Èíòåãðèðóÿ ïîñëåäîâàòåëüíî óðàâíåíèÿ (14) è (15) ñ ó÷åòîì (17) îò 0 äî τ ïîëó÷àåì
ðåøåíèÿ

W
(3−j)
0 (τ) =

Ẅ0(0)

µj−1
· eµτ , j = 1, 2, 3, τ ≥ 0 (18)

W
(3−i)
k (τ) =

Ẅk(0)

µi−1
· eµτ + eµτF i

k(τ), i = 1, 2, 3, k = 1, 2, . . . . (19)
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óðàâíåíèé (14), (15) è óñëîâèÿ ñâÿçè

µj−1W
(3−j)
0 (0) = Ẅ0(0), j = 1, 2, 3, (20)

W
(3−i)
k (0)− Ẅk(0)

µi−1
= T i−1

k , i = 2, 3, k = 1, 2, . . . , (21)

ãäå

µ = −A1(0, y0(0)) < 0, F 1
k (τ) = −

τ∫
0

F 0
k (s)ds, τ ≥ 0,

T i−1
k = −

∞∫
0

eµsF i−1
k (s)ds, eµτF i

k(τ) = −
∞∫
0

eµsF i−1
k (s)ds.

(22)

Çäåñü F i−1
k (τ) � íåêîòîðûé èçâåñòíûé ìíîãî÷ëåí îòíîñèòåëüíî τ. Òàêèì îáðàçîì, åñëè

íà÷àëüíûå çíà÷åíèÿ W 3−j
k (0), j = 1, 2, 3 èç íåêîòîðîé îãðàíè÷åííîé îáëàñòè èõ èçìå-

íåíèÿ óäîâëåòâîðÿþò óñëîâèÿì ñâÿçè (20), (21). Òîãäà èç (18) è (19) â ñèëó óñëîâèÿ 2

ïîëó÷àåì, ÷òî W
(j)
k (τ), j = 0, 1, 2 óäîâëåòâîðÿþò îöåíêå∣∣∣W (j)

k (τ)
∣∣∣ ≤ K · eµτ , j = 0, 1, 2. (23)

Äëÿ îäíîçíà÷íîãî îïðåäåëåíèÿ W
(j)
k (τ) ïîäñòàâèì (7) � (9) â (6):

y0(0) + εy1(0) + . . .+ εkyk(0) + . . .+ ε(W0(0) + εW1(0) + . . .+ εk−1Wk−1(0) + . . .) =
= a0 + εa1 + . . .+ εkak + . . . ,

y′0(0) + εy′1(0) + . . .+ εky′k(0) + . . .+ Ẇ0(0) + εẆ1(0) + . . .+ εkẆk(0) + . . . =
= b0 + εb1 + . . .+ εkbk + . . . ,

y′′0(0) + εy′′1(0) + . . .+ εky′′k(0) + . . .+
1

ε
(Ẅ0(0) + εẄ1(0) + . . .+ εk−1Ẅk−1(0) + . . .) =

=
c0 + εc1 + . . .+ εkck + . . .

ε
,

(24)

Îòñþäà ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ ε, ïîëó÷àåì

y0(0) = a0, y′0(0) = b0 − Ẇ0(0), Ẅ0(0) = c0 (25)

yk(0) = ak −Wk−1(0), y′k(0) = bk − Ẇk(0), Ẅk(0) = ck − y′′k−1(0). (26)

Òåïåðü, èñïîëüçóÿ (25), (26) è óñëîâèÿ ñâÿçè (20), (21) èç (18), (19) ìîæåì îäíîçíà÷íî

îïðåäåëèòü W
(j)
0 (τ), W

(j)
0 (0), W

(j)
k (τ), W

(j)
k (0), j = 0, 1, 2 :

W
(3−j)
0 (τ) =

c0
µj−1

· eµτ , j = 1, 2, 3, τ ≥ 0; (27)

W0(0) =
c0
µ2

, Ẇ0(0) =
c0
µ
, Ẅ0(0) = c0; (28)
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W
(3−i)
k (τ) =

ck − y′′k−1(0)

µi−1
· eµτ + eµτF i

k(τ), i = 1, 2, 3, k = 1, 2, . . . ; (29)

W
(3−i)
k (0) =

ck − y′′k−1(0)

µi−1
= T i−1

k , i = 2, 3, k = 1, 2, . . . . (30)

Òîãäà èç (25) è (26) ñ ó÷åòîì (28), (30) ïîëó÷àåì

y0(0) = a0, y′0(0) = b0 −
c0
µ
, (31)

yk(0) = ak −Wk−1(0), y′k(0) = bk − T 1
k −

ck − y′′k−1(0)

µ
, k = 1, 2, . . . . (32)

Óðàâíåíèå (12) âìåñòå ñ óñëîâèÿìè (31) â ñèëó óñëîâèÿ 4 îïðåäåëÿåò ðåøåíèå y0(t) =
y0(t, a0, c0, b0). Óðàâíåíèÿ (13) âìåñòå ñ óñëîâèÿìè (32) îïðåäåëÿþò ðåøåíèÿ yk(t) =
yk(t, ak, ck, bk). Òåì ñàìûì îïðåäåëåíû âñå ÷ëåíû ðàçëîæåíèÿ (8), (9).

Îáîñíîâàíèå àñèìïòîòèêè ðåøåíèÿ âñïîìîãàòåëüíîé çàäà÷è

Îïðåäåëèì ÷ëåíû ðàçëîæåíèé (8), (9) äî íîìåðà N + 1 âêëþ÷èòåëüíî è îáðàçóåì
÷àñòè÷íóþ ñóììó YN(t, ε) ðàçëîæåíèÿ (7):

YN(t, ε) =
N∑
k=0

εkyk(t) + ε ·
N+1∑
k=0

uk(t/ε)ε
k. (33)

Ëåììà 1 Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ 1 � 4 . Òîãäà ôóíêöèÿ YN(t, ε), âûðàæàåìàÿ
ôîðìóëîé (33), íà îòðåçêå 0 ≤ t ≤ 1 ÿâëÿåòñÿ ïðèáëèæåííûì ðåøåíèåì ñèíãóëÿðíîé
âîçìóùåííîé çàäà÷è (5), (6) ñ òî÷íîñòüþ ïîðÿäêà

LεYN(t, ε) = O(εN+1);

YN(0, ε)− a = O(εN+1), Y ′
N(0, ε)− b = O(εN+1), Y ′′

N(1, ε)−
c(ε)

ε
=

1

ε
O(εN+2)

(34)

Äîêàçàòåëüñòâî ëåììû íåïîñðåäñòâåííî ñëåäóåò èç ñàìîãî ñïîñîáà ïîñòðîåíèÿ ôóíêöèé
yk(t), Wk(τ). Ïóñòü R(t, ε) = y − YN(t, ε), ãäå y(t, ε) ðåøåíèå çàäà÷è (5), (6). Ïîäñòàâëÿÿ
y = R(t, ε) + YN(t, ε) â (5), (6), â ñèëó (34), ïîëó÷èì äëÿ R(t, ε) çàäà÷ó:

L̃εR ≡ εR′′′ + A1(t, y0)R
′′ + A2(t, y0)R

′ + Ã3(t, y0)R = F (R)

R(0, ε) = O(εN+1), R′(0, ε) = O(εN+1), R′′(0, ε) =
1

ε
O(εN+2)

(35)

ãäå

Ã3(t, y0) = A′
1y(t, y0)y

′′
0 + A2y(t, y0)y

′
0 + A′

3y(t, y0),

F (R) = F (R,R′, R′′, ε) = A1(t, y0)R
′′ + A2(t, y0)R

′ + Ã3(t, y0)R−
−A1(t, YN +R)(Y ′′

N +R′′)− A2(t, YN +R)(Y ′
N +R′)− A3(t, YN +R)− εY ′′′

N ,

(36)

ïðè÷åì ôóíêöèÿ F (R,R′, R′′, ε) â òî÷êå R = 0, R′ = 0, R′′ = 0 ïðè ε → 0 â ñèëó (34)
èìååò îöåíêó

F (0, 0, 0, ε) = O(εN+1). (37)

Ïðèìåíÿÿ òåïåðü ê çàäà÷å (35) òåîðåìó èç [11], çàêëþ÷àåì, ÷òî íà îòðåçêå 0 ≤ t ≤ 1
ðåøåíèå çàäà÷è (35) ñóùåñòâóåò, åäèíñòâåííî èìååò ìåñòî: |R(q)(t, ε)| ≤ K · εN+1, q =
0, n− 1. Òåì ñàìûì äîêàçàíà ñëåäóþùàÿ òåîðåìà.
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Òåîðåìà 1 Ïóñòü âûïîëíåíû óñëîâèÿ 1 � 4. Òîãäà ïðè äîñòàòî÷íî ìàëûõ ε > 0 íà
ñåãìåíòå 0 ≤ t ≤ 1 ðåøåíèå çàäà÷è (5), (6) ñóùåñòâóåò, åäèíñòâåííî è óäîâëåòâîðÿåò
îöåíêå

|y(q)(t, ε)− Y
(q)
N (t, ε)| ≤ K · εN+1, q = 0, 1, 2, 0 ≤ t ≤ 1, (38)

ãäå K � íåçàâèñÿùàÿ îò t è ε ïîñòîÿííàÿ.

×òîáû îêîí÷àòåëüíî íàéòè ðàçëîæåíèÿ (7), (8), (9) íóæíî çíàòü ïàðàìåòðû ck, bk è ak.
Èõ ìîæíî ïîñëåäîâàòåëüíî îïðåäåëèòü. Äëÿ ýòîãî ôîðìàëüíî ïîäñòàâèì (7) ñ ó÷åòîì
(8), (9) â (2), ïîñëå ÷åãî ïðåäñòàâèì (2) òàêæå â âèäå ðàçëîæåíèÿ ïî ε. Ïðè ýòîì íàäî

ó÷åñòü, ÷òî y(1, ε) = yε(1), òàê êàê ÷ëåíû W
(j)
k (t/ε), j = 0, 1, 2 ïðè t = 1 ýêñïîíåíöèàëüíî

ìàëû è èõ ìîæíî îòáðîñèòü, ïîñêîëüêó îíè áîëåå âûñîêîãî ïîðÿäêà ìàëîñòè, ÷åì ëþáàÿ
ñòåïåíü ε. Òàêèì îáðàçîì,

Ri(a(ε), b(ε)) = R0
i + εR1

i + . . .+ εkRk
i + . . . , i = 1, 2,

R3(y(1, a(ε), b(ε), c(ε), ε), y
′(1, a(ε), b(ε), c(ε), ε), y′′(1, a(ε), b(ε), c(ε), ε)) =

= R0
3 + εR1

3 + . . .+ εkRk
3 + . . .

Îòñþäà èìååì

Rk
3 = 0, Rk

i = 0, i = 1, 2, k = 1, 2, . . . . (39)

Ïðè k = 0 èìååì

R0
i = Ri(a0, b0) = αi, i = 1, 2,

R0
3 = R3(y0(1, a0, b0, c0), y

′
0(1, a0, b0, c0), y

′′
0(1, a0, b0, c0)) = α3.

(40)

Â ýòîé ñèñòåìå â êà÷åñòâå íåèçâåñòíûõ ìîæíî âçÿòü a0, b0, c0. Òàê êàê y0(1), y
′
0(1), y

′′
0(1)

â ñèëó (31) ÿâëÿþòñÿ èçâåñòíûìè ôóíêöèÿìè ïàðàìåòðîâ a0, b0, c0. 5. Ïóñòü ñèñòåìà
(40) îòíîñèòåëüíî a0, b0, c0 èìååò ðåøåíèå a0 = a0, b0 = b0, c0 = c0, è ôóíêöèîíàëüíûé
îïðåäåëèòåëü

D(R0
1, R

0
2, R

0
3)

D(a0, b0, c0)

∣∣∣
a0=a0,b0=b0,c0=c0

= ∆0

∣∣∣
a0=a0,b0=b0,c0=c0

= ∆0
0 ̸= 0. (41)

Íàéäÿ a0 = a0, b0 = b0, c0 = c0, ìîæíî èç çàäà÷è (12), (31) îêîí÷àòåëüíî îïðåäåëèòü
y0(t) = y0(t, a, b, c). Ðàññìîòðèì ñèñòåìó (39), ãäå Rk

i ïðåäñòàâëÿåò ñîáîé ëèíåéíîå âûðà-
æåíèå îòíîñèòåëüíî ak è yk(1, ck, ak) :

Rk
i ≡ ∂Ri

∂a
· ak +

∂Ri

∂b
· bk = rik, i = 1, 2;

Rk
3 ≡ ∂R3

∂y
yk(1, ak, bk, ck) +

∂R3

∂y′
y′k(1, ak, bk, ck) +

∂R3

∂y′′
y′′k(1, ak, bk, ck) = r3k

(42)

â êîòîðîì íåîäíîðîäíîñòü rik, i = 1, 2, 3 çàâèñèò îò yj, y
′
j, y

′′
j (j < k). Òåïåðü, çàìåòèâ,

÷òî ðåøåíèå yk(t, ak, bk, ck) ëèíåéíîé çàäà÷è (13), (32) ëèíåéíî çàâèñèò îò ïàðàìåòðîâ
ak, bk è ck ïîëó÷àåì

∆k

∣∣∣
a0=a0,b0=b0,c0=c0

= ∆0
k = ∆0

0 ̸= 0.
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Çíà÷èòü, â ñèëó 5 ñèñòåìà (39) ðàçðåøèìà îòíîñèòåëüíî ak, bk, ck Ïóñòü ak = ak, bk = bk,
ck = ck.

Ïîñòðîåíèå àñèìïòîòèêè ðåøåíèÿ êðàåâîé çàäà÷è

Òåïåðü, ðàññìîòðèì èñõîäíóþ êðàåâóþ çàäà÷ó (1), (2). Êàê óæå áûëî ïîêàçàíî,
âñïîìîãàòåëüíàÿ çàäà÷à (5), (6) èìååò íà îòðåçêå 0 ≤ t ≤ 1 åäèíñòâåííîå ðåøåíèå
y(t, a, b, c, ε). Ïîñòðîèì ôóíêöèþ YN(t, ε) îïðåäåëÿåìàÿ ôîðìóëîé (33).

Òåîðåìà 2 Ïðè âûïîëíåíèè óñëîâèè 1 � 5 â íåêîòîðîé ìàëîé îêðåñòíîñòè òî÷êè
(a0, b0, c0) íàéäåòñÿ åäèíñòâåííàÿ òî÷êà (a(ε), b(ε), c(ε)) òàêàÿ, ÷òî ðåøåíèå y(t, a, b, c, ε)
çàäà÷è (5), (6) ÿâëÿåòñÿ åäèíñòâåííûì ðåøåíèåì y(t, ε) êðàåâîé çàäà÷è (1), (2), è íà
îòðåçêå 0 ≤ t ≤ 1 ïðè äîñòàòî÷íî ìàëûõ ε > 0 èìååò ìåñòî ñëåäóþùàÿ îöåíêà

y(j)(t, a(ε), c(ε), ε) =
N∑
k=0

εky
(j)
k (t) + ε1−j

N+1∑
k=0

εkV
(j)
k

(
t

ε

)
+O(εN+1). (43)

Äîêàçàòåëüñòâî. Âîñïîëüçóåìñÿ ïîñòðîåííîé àñèìïòîòèêîé ðåøåíèÿ y(t, a(ε), b(ε), c(ε), ε),
âñïîìîãàòåëüíîé çàäà÷è Êîøè (5), (6). Ïàðàìåòðû a(ε), b(ε), c(ε) ïîäáåðåì òàê, ÷òîáû
y(t, a(ε), b(ε), c(ε), ε) óäîâëåòâîðÿëî êðàåâûì óñëîâèÿì (2). Ýòî ïðèâîäèò ê ñëåäóþùåé
ñèñòåìå óðàâíåíèé îòíîñèòåëüíî a(ε), b(ε) è c(ε):

Ri(a(ε), b(ε)) = αi, i = 1, 2,
R3(y(1, a(ε), b(ε), c(ε), ε), y

′(1, a(ε), b(ε), c(ε), ε), y′′(1, a(ε), b(ε), c(ε), ε)) = α3.
(44)

Èññëåäóåì Ri(a, b), i = 1, 2, R3(y(1, a, b, c, ε), y
′(1, a, b, c, ε), y′′(1, a, b, c, ε)) êàê ôóíêöèþ a,

b, c, ε. Îáîçíà÷èì ÷åðåç∆ ôóíêöèîíàëüíûé îïðåäåëèòåëüD(R1, R2, R3)/D(a, b, c). Ëåãêî
äîêàçàòü, ÷òî ïðè äîñòàòî÷íî ìàëûõ ε > 0 èìååò ìåñòî ñëåäóþùåå àñèìïòîòè÷åñêîå
ïðåäñòàâëåíèå

∆(a, b, c, ε) = ∆0(a, b, c) +O(ε), (45)

ãäå∆0(a, b, c) � îïðåäåëèòåëüD(R0
1, R

0
2, R

0
3)/D(a, b, c), êîòîðûé áûë ââåäåí âûøå, íî òîëü-

êî â äàííîì ñëó÷àå àðãóìåíò îáîçíà÷åí ÷åðåç a è c âìåñòî a0, b0, c0. Ñëåäîâàòåëüíî, èç
(45) áóäåì èìåòü

∆(a, b, c, ε) ̸= 0 ïðè a = a0, b = b0, c = c0, ε = 0. (46)

Ðàññìîòðèì òåïåðü ðåøåíèå y(t, a0, b0, c0, ε) óðàâíåíèÿ (5) ñ íà÷àëüíûìè óñëîâèÿìè

y(0, ε) = a0, y
′(0, ε) = b0, y

′′(0, ε) =
c0
ε
.

Ýòà çàäà÷à òîãî æå òèïà, ÷òî è çàäà÷à (5), (6). Îíà óäîâëåòâîðÿò âñåì óñëîâèÿì òåîðåìû
1. Ñòðîèì äëÿ å¼ ðåøåíèÿ àñèìïòîòèêó òî÷íî òàê æå, êàê è äëÿ çàäà÷è (5), (6). Òîãäà
äëÿ íåãî ïðè t = 1 ñ ó÷åòîì ðàâåíñòâ

R0
i = Ri(a0, b0) = αi, i = 1, 2,

R0
3 = R3(y0(1, a0, b0, c0), y

′
0(1, a0, b0, c0), y

′′
0(1, a0, b0, c0)) = α3.
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ïîëó÷àåì

Ri(a0, b0) = αi, i = 1, 2,

R3(y0(1, a0, b0, c0, ε), y
′
0(1, a0, b0, c0, ε), y

′′
0(1, a0, b0, c0, ε)) =

= R3(y0(1, a0, b0, c0), y
′
0(1, a0, b0, c0), y

′′
0(1, a0, b0, c0)) +O(ε) = α3 +O(ε).

Òàêèì îáðàçîì, ðåøåíèå y(t, a0, b0, c0, ε) óäîâëåòâîðÿåò êðàåâûì óñëîâèÿì (2) ñ òî÷íî-
ñòüþ ïîðÿäêà O(ε). Â ñèëó (46) ôóíêöèîíàëüíûé îïðåäåëèòåëü ∆(a, b, c, ε) ̸= 0 â íåêî-
òîðîé ìàëîé îêðåñòíîñòè òî÷êè a0, b0, c0 ïðè ε → 0. Ñëåäîâàòåëüíî, â äîñòàòî÷íî ìàëîé
îêðåñòíîñòè òî÷êè (a0, b0, c0, ) íàéäåòñÿ åäèíñòâåííàÿ òî÷êà (a(ε), b(ε), c(ε)) òàêàÿ, ÷òî
áóäóò âûïîëíåíû ðàâåíñòâà

Ri(a(ε), b(ε)) = αi, i = 1, 2,
R3(y(1, a(ε), b(ε), c(ε), ε), y

′(1, a(ε), b(ε), c(ε), ε), y′′(1, a(ε), b(ε), c(ε), ε)) = α3.
(47)

ïðè÷åì a = a0 + O(ε), b = b0 + O(ε), c = c0 + O(ε). Òàêèì îáðàçîì, ñóùåñòâóåò åäèí-
ñòâåííîå ðåøåíèå y(t, ε) êðàåâîé çàäà÷è (1), (2). Äîêàæåì òåïåðü îöåíêó (41). Äëÿ ýòîãî
ðàññìîòðèì ðåøåíèå óðàâíåíèÿ (1) ñ íà÷àëüíûìè óñëîâèÿìè

y(0, ε) = a(ε), y′(0, ε) = b(ε), y′′(0, ε) =
c(ε)

ε
,

ãäå ïàðàìåòðû a(ε) =
N∑
k=0

εkak, b(ε) =
N∑
k=0

εkbk, c(ε) =
N∑
k=0

εkck èçâåñòíûå âåëè÷èíû. Èç ñïî-

ñîáà ïîñòðîåíèÿ y
(j)
k (t) ñëåäóåò, ÷òî ðåøåíèå y(t, a, b, c, ε) óäîâëåòâîðÿåò êðàåâûì óñëî-

âèÿì (2) ñ òî÷íîñòüþ ïîðÿäêà O(εN+1) :

Ri(a(ε), b(ε)) = αi +O(εN+1), i = 1, 2,

R3(y(1, a, b, c, ε), y
′(1, a, b, c, ε), y′′(1, a, b, c, ε)) = α3 +O(εN+1).

(48)

Èñïîëüçóÿ (47) è (48) íàõîäèì, ÷òî

a(ε) =
N∑
k=0

εkak +O(εN+1), b(ε) =
N∑
k=0

εkbk +O(εN+1), c(ε) =
N∑
k=0

εkck +O(εN+1)

Ñ ïîìîùüþ êîòîðûõ, â ñèëó òåîðåìû 1 ïîëó÷èì ïðåäñòàâëåíèå (43). Òåîðåìà äîêàçàíà.
Ñâîþ î÷åðåäü èç òåîðåìû 2 ïîñëåäóåò, ÷òî ðåøåíèå çàäà÷è (1), (2) îáëàäàåò ÿâëåíèåì
íà÷àëüíîãî ñêà÷êà ïåðâîãî ïîðÿäêà:

lim
ε→0

y(t, ε) = y0(t), 0 ≤ t ≤ 1; lim
ε→0

y′(t, ε) = y′0(t), lim
ε→0

y′′(t, ε) = y′′0(t), 0 < t ≤ 1,

ïðè÷åì âåëè÷èíà íà÷àëüíîãî ñêà÷êà îïðåäåëÿåòñÿ ïî ôîðìóëå

∆ = lim
ε→0

y′(0, ε)− y′0(0) = a0 − b0 +
c0
µ
.
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