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ALGORITHMIC COMPLEXITY OF LINEAR NONASSOCIATIVE
ALGEBRA

One of the central problems of algebraic complexity theory is the complexity of multiplication in
algebras. For this, first, the concept of algebra is defined and the class of algebras under study
is fixed. Then the concept of the algorithm and its complexity are clarified. in the most general
sense, an algebra is a set with operations. An operation is defined, as a rule, as a function of
one or more elements of a set, the set of values of which is the original set or some of its subset.
Usually, a set of elementary operations is fixed, for example, a Boolean operation on two bits,
addition or multiplication of two numbers, after which a computation model is fixed, for example,
a sequential algorithm, at each step of which one elementary operation is performed on some
inputs and the results of intermediate calculations, the result of which can be used to enter an
elementary operation at subsequent steps of the algorithm. The most significant ones are the
column-by-column multiplication algorithm, which has quadratic complexity (along the input
length) and the row-by-column matrix multiplication algorithm, which has O(mnp) complexity
for multiplying m X n by n x p matrices. Estimation of the complexity of algebras from other
more complex classes is relevant. in this paper, we derive an estimate for the complexity of a
nondegenerate symmetric bilinear form over an algebraic closed field for a simple Jordan algebra, as
well as an estimate for a Cayley-Dixon body and for a simple Lie algebra over a characteristic field.

Key words: algebra complexity, optimal algorithm, simple algebra, Cayley-Dixon body, Lie
algebra, characteristic field.

P.K. Kepumbaes, K.A. Hdocmaryiosa, 2KK.X. 2Kynycosa*
Os-Papabu arbiagarbl Kazak YirThik yHuBepcureti, Ajmars! K., Kasakcran
*e-mail: zhunussova777@gmail.com
KeiibGip ChI3BIKTHI aCCOIMATUBTIK eMeC ajrebpaHbliH, aJITOPUTMIIK Kypaesaisiri

AsrebpaJsiblK, KYP/IeIIK TeOpUsICHIHBIH, HeTi3ri Mocesesepiniy 6ipi - asrebpasiaparsl KOOeHTy iy
kypaemitiri. Og yimia, OipiHmiigeH, ajredpa YFBIMBI AHBIKTAJIBIN, 3€PTTEJIETIH ajredpasiap
kiracel Oekitimemi. ComaH KeifiH aJrOpUTM TYCIHITT »KOHE OHBIH KYPIEILIr HaKTHLIAHAHI.
Kanmer MarbiHaga ajarebpa - aMajiapJiaH TYpaTblH KULIHTHIK. Omeparus, epexke OGOWBIHINA,
JKUBIHHBIH Oip Hemece OGipHerre 3JieMeHTTepiHiH DYHKIUICH PETiHIe aHbIKTAIA bl, OHBIH MOHIEPi
JKUBIHTBIFBI OACTAIIKbI YKUbIH HEMECE OHbBIH, Kei0ip 6eJiiri O0JIbII TabbLIaIbl. OIeTTe, KapalaibiM
oTepaIusiIap/IblH KUBIHTHIFBI, MBICAJIBI, €Ki OUTKe JIOTMKAJIBIK, OTlepallusi, €Ki CaHJIbl KOCY HeMece
Ke0eiiTy, comaH KeiiiH ecenTey MOfesi OEKITiJIreH, OFaH MBICAJ - KEe3eKTi ajrOpUTM, OHBIH 9P
CaTBICBIH/Ia OIp 3jIeMeHTap amaJj OpbIHaaaabl. Keitbip KipicTep MeH apaJjblK, eCemTeyJIepIiH,
HOTHKEJIEP], OJIap/IbIH, HOTHXKECI aJITOPUTMHIH, KeJieci Ke3eHJEpiHe JIeMEHTap 9PEKeTTi eHTi3y
VIITiH KOJIJAHbLIA adaibl. H MaHbI3AbIIaphIHa OaraH OOMBIHITIA KOOEHTY aaropuTMi, YKOHE M X N,
eJIIIIeM Il MATPUIIAHBI N X P OJIIIEM/I MaTpulara Kebeiiterin kBaaparThik O(mnp) Kypaesitiri 6ap
(xipic y3bpIHIBIFBL GoitbiHIIA) KeGelTy ajropurMi Gosbin TabbLiaasl. Backa Kypieal Kiacrapiam
ayrrebpasIap/IbiH, KypJeJIirin baraiay eTe MaHbI3Ibl. By 2KyMbIcTa KapamaiibiM ffopian aaredbpachl
VIIiH aarebpasiblk, KabBbIK ©pICTeH a3afThIMANTHIH CHUMMETPHUSIIBI OMINHADIBI (DOPMAHDBIH
KypAenitirinig, 6aracel, conbiMeH karap Keim-/Iukcon nemeci meH kKapamnailbiM epic ymria Jlu
ajrebpachl YIITiH 6ara aJbIHFAH.

Tyitin ce3aep: ajrebpaHbIH, KYPIAEILIri, OHTAWILI aJrOpUTM, KapamaiibiM ajredbpa, Keitmm-
Hukcon neneci, JIu anrebpacel, XapaKTepUCTUKAJIBIK, OPiC.
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AsropuTMuYecKkasi CJI0XKHOCTh HEKOTOPBIX JIMHEMHBIX HEACCOIMATUBHBIX ajredop

OpHOI U3 MEHTPAJIBHBIX 33124 AJIreOPanIecKoil TEOPUHU CJIOKHOCTH SIBJISIETCS CJIOKHOCTH YMHO-
KeHus B ajrebpax. s 9Toro cHagasia OmpemessieTcs MOHSTHE aareOpbl u (PUKCHUPYeTCs KJIacce
U3ydaeMbIX ajrebp. 3aTeM yTOYHSIETCs TOHSITHE aJrOPUTMa U ero CJIoKHOCTH. B Hanbosee obiem
cMBICITe aJrebpoit HA3bIBAETCS MHOXKECTBO ¢ oreparusmu. Oneparius ompeIessieTcst, KaK MpaBuilo,
KakK (PYHKIIUSI OJHOIO MJIM HECKOJBbKUX 3JIEMEHTOB MHOXKECTBA, MHOXKECTBOM 3HaYeHUil KOTOPOii
SIBJISIETCsI MCXOJTHOE MHOYKECTBO WJIM HEKOTOPOe ero moaMHokecTBO. OOBIYHO (bUKCUPYETCsT HEKO-
TOPOE MHOYKECTBO 3JIEMEHTAPHBIX OMEpaIyii, HApUMEp, OyJieBa onepalys HaJ, JBYMs OUTaMU,
CJIOYKEHUE WJIA YMHOXKEHHE JIBYX YHCEJI, TIOC/Ie 9ero (DUKCUPYETCsST MOJIE/Th BHIYUCICHII, HATIpUMED,
[IOCJIEIOBATENIHHBINA AJTOPUTM, Ha KayKJIOM U3 IIArOB KOTOPOT'O BBITOIHSIETCS OJTHA dJIEMEHTAPHAS
onepald Ha/Jl HEKOTOPBIMHU BXOJaMM N PE3yJIbTaTaMU IIPOMEKYTOIHBIX BI)I“II/ICJ'[QHI/II‘/’I7 pe3ysbTaT
KOTOPOHl MOXKeT OBbITh HCIIOJIB30BaH JJIs BXOJIa IJIEMEHTAPHON OIepalyuy Ha HMOCJEIYIONIX
marax ajroputMa. K Hambojee 3HAYUMBIM CJIEAyeT OTHECTH AJITOPUTM yMHOXKeHUus duces "B
CTOJIOMK UMEIONIMH KBAJIPATUIHYIO CJIOKHOCTD (110 JIJIMHE BXOJA) U AJTOPUTM YMHOYKEHUS MATPUIL
"crpoka Ha crosibern umeromuil caokHocTh O(mnp) Iid yMHOXKEHUsS MATPHIL pa3Mepa m X n Ha
n X p. OLeHKa CJI0KHOCTHA ajrebp u3 JApyrux 0ojiee CJIOXKHBIX KJIAaCCOB aKTyaJlbHA. B MaHHOI
craThbe Mbl BBIBOJIMM OIEHKY CJIOYKHOCTH HEBBIPOXKIEHHONH CHUMMETPUYECKO# OujinHeidHOM (hopMbI
HaJ| aJredpanvdecKnuM 3aMKHYTBIM IOJIEM i IPOCTON HOpIaHOBOI aireOphl, a Tak¥Ke OIEHKY
qtst resia, Kanu-Jlukcona u npocroit anrebpst JIu Ha | XapaKTepUCTHIECKUM MTOJIEM.

Kuro4ueBbie cjIioBa: CJI0KHOCTD aJIreOphl, ONITUMAIBHBIN aJITOPUTM, TpocTasa aaredbpa, Teao Kamu-
Hukcona, aarebpa Jlu, xapakTepucTudeckoe moJe.

1 Introduction

The complexity L(A) of a finite-dimensional algebra A is a multiplication number (non-
scalar:), divisions of the optimal algorithm, computing the production of two elements of
algebra.

In the work [1]| for associated algebra the results are obtained:

1)L(A) > L(A/radA) + 2 * dim(radA),
where radA is a radical of algebra.

2)L(A) > 2xdimA — 1,
where A is a simple algebra. More general: for simple algebra A and arbitrary algebra B it
is proved, that

L(A® B) >2xdimA—1+ L(B)

As a result, for arbitrary finite-dimensional associative algebra A the final estimation is
obtained:

3)L(A) > 2xdimA —t,
where ¢ is a number of maximal two-sided ideal of algebra A. Naturally, the issue about
complexity of algebra from other classes is arisen.

We note, that the 1-st result, as a sequence of structural theorems [2], are true for jordan
alternative algebra.

The 2-nd result for jordan algebra, in general, is not true. We show in §2 of this work,
that for simple jordan algebra B(f) = K * 1+ V nondegenerate symmetric bilinear form f
over algebraic closed field K the complexity

L(B(f)) =2*dimB(f) — 2.
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In §3 we show for keli-Dixon body C| that
15 < Z(C) < 30
In §4 we show for simple Li algebra si(2, K') over filed K the characteristics # 2, that

L(sl(2, K)) = 5.

2 The main definitions

We present some definitions from [!]| below. Let K be infinite filed, x1, ..., z, are variables
over K.

Definition 1 The sequence of rational functions g¢i,...,g. € K(x1,...,x,) are called by
computing sequence, if for any number p < r there exist

Uy, v, € K+ Koy + ...+ Ko + Kgy + .. Kg,1,

such, that
Gp = Up * U,

or
Gy =U,/v,,v, # 0.

Definition 2 Let fi,..., f, € K(z1,...,x,). The complexity L(f1,..., f;) of set fi,..., f; is a
least T with property: there exists a computing sequence gy, ..., g, such, that for all i < q

fi € K—|—K1‘1 + ... +K[En + K91 + Kg,.
Let E, W be finite-dimensional vector K - spaces with basis, accordingly e, ...,e, and é1,...¢,.

Definition 3 Mapping f : E — W s called by quadratic, if there exist quadratic forms
fisoo, fq of K[z1, ..., x| such that for all &, ....&, € K

f(Zfz €; Z 517'- n

L(f) = L(fi1,..., fy) is called by complexity f, where fi,..., f; are considered as elements
K(z1,...,2y).

Let A is a finite-dimensional algebra with unit, ey, ..., e, is a basis of vector space.

where 75, € K,1,j,= 1,...,n. Then we get

(Z §iei) * (Z nie;) = Y (D TigmEinj)e

m=1 i,j=1



R.K. Kerimbaev et al. 23

The elements x,y € A are considered as vector-columns with coordinates xi,...,z, and
Y1, ..., Yn accordingly. Then for Z?jzl TiimT:Y; we get the following:

t

1 %N
n To Titm  Ti2m  Tinm Yo
t
E TijmTiYj = . Toim  T22m  T2nm ) =x'Tyy,
1,j=1 ) Tnim  Tn2m  Tnnm '
Ty Un

where 2 is a vector-line, T, € M, (K),m =1,...,n. For any z,y € A we get

n

vy =Y (@'Tny)em

m=1

Let T = {T\,...,T,}. We consider M C M, (K) - subset, for which power |M| = r,r >

0, ltnM is a linear membrane M.

Definition 4 M is called by the algorithm of the length r of algebra A, if the conditions are
held:
1) M consists of linearly independent matrizes,
2) for any m € M,rang = 1,
3) T < linM.

Algorithm M is called by optimal, if its length does not exceed of the length of any algorithm
of algebra A.

Multiplication in algebra A is a bilinear mapping f : A® A — A. For any x,y € A we get

f($ + y) =Ty = Z xtTmyem = Z fm(xlv wy Ly Y1, ---vyn)em = Z fm<x>y>em7
m=1 m=1

m=1

where z'Ty = fo(T1, s Tn, Y1y s Yn) = flT,y) € kl[T1, ..., Tn, Y1, ..., Yn]- are quadratic
forms, m =1,...,n. In fact, f : A@ A — A is quadratic mapping.

Definition 5 Complexity of algebra A s called complexity of quadratic mapping f
AP A — A, defined by the rule:

fle+y) =y
We denote the complexity of algebra A by L(A).
Proposal 1 L(A) is equal to the optimal algorithm of algebra A.

Proof. If M is optimal algorithm of the length r of algebra A, then
f(T1, o Yty Yn) = Z dm,x" My,
j=1

where M; € M,j=1,...,r. Any matrix C of rang 1 is represented in the form

a
C: (bla-"abn)'

7
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L

Therefore for each matrix M; there exist such vector-lines u;, v; that M; = u;

Vj; moreover
t ot . . y
T ij =T uj,U]y - uj(x)v](y),] - ]-7 R A

where u;(z) = (2',u;),v;(y) = (y',v;) are linear forms.
As a result we get

fm(2,y) = dejuj(l‘)vj(y)

hence, that L(A) = L(f) <.
Let L(f) = L(f1,..., fn) = k. In the work [!] is proved, that the set of quadratic forms
is optimally calculated without division. There exists

u, € K+ Ky + -+ Kap,

v, € K+ Kyi + -+ Kyp,
p=1,... k, such that

Jm(2,y) = Z dmpup(x)vp(y)-

Ifu,,v,,p=1,...,k, are linear dependent, then the number k can be decreased, consequently
Uy, v, are linear independent.
Let u,(x) = (uy, 2%),v,(y) = (v,,y"), for some vectors u,, v,.
Then the matrix M, = ulv, has a rang 1, and we get
up(2)v,(y) = ' Myy.

Then fo(z,y) = S35, dpjat My = xt(Z?zl dmjM;)y, on the other hand f,,(z,y) = 2'T,,y,

j=1
hence T, € lin(Mj, ..., My). We have constructed the algorithm, the length of which is equal
to L(A) Now it is clear, that L(A) > r and finally, we get, that L(A) = r.

Example 1 Let C' are field of complex numbers. For any x,y € C we get

ry = (21y1 — T2y2) + (T1y2 — T2y2)1,

. 1 0 1 0 .
z.e.xy:xt(o _1)y+xt(0 _1)yz,

For CT = T1:(1 01),T2:((1) é)} We take

w={(o0) (o) (1)}

Then L(C) < 3. We suppose, that M = { My, My} is an algorithm of the length 2 for C'. Then
there exist dy,ds,ds, dy € R such that didy — dads # 0 and

0 —1

01
d3M1+d4M2—(1 0>

1
d1M1+d2M2:( 0 )»
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—ds dy

Let dy # 0, then M, = m( di d3

L(C) = 3.

) and d3 + d3 = 0, i.e. d; = 0, contradiction,

3 Complexity of B(f)-jordan algebra of nondegenerated symmetric bilinear form

B(f) = K14V is jordan algebra |2] of symmetric nondegenerated bilinear form f: V xV —
K, where K is a field, V' is the vector space over K dimensionality n. Multiplication in B(f)
is defined:

(o* 1+ 2)(yo x 1 +y) = (voyo + f(7,9))(Toyo + Yo).

Theorem 1 a) If K is algebraic closed field, then
L(B(f)) = 2n.
b) If K =R is a field of the real numbers, then

2n+1,if f is negative defined,
2n,in the other case.

us(1) - {

Proof. By choosing the canonical basis ly,...,[, in V with respect to f for any a,b € B(f)
we obtain, that

ab = (zol + ) (yol +y) = (Toyo + T191 + - - + TpYp—

— T 1Ykt1 — - — TpYn) L+ (Xotn + Ty )1 + - - + (Toyn + TnYo)ln,
where K =0,1,...,n for K =R and k£ = n, if the field K is algebraic closed. If K = 0, then
we take
1 1
fo=xoyo, fi = ( —Zo + $z> ( —Yo + yz‘);
n n
1 1 .
gi = (\/i$0+1‘z> (\/jyo _y’i>7Z = 17"'an
n n
Then

ab — <2f0_2n:fr2|'9i)1+2n:fi;9ili'
i—1 i=1

If 0 < k < n, then we take

Ji= (\/%$0+$i><\/gyo+yz>7gz: ( $0—$><\/%yo—yi),i=17---,k,

i

fz=< — k9€0+$ \/ kyoerz i=k+1,.
gzz( — k0—$ \/ kyo yz ,Z—k+1
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Then

k n & L

i=k+1 i=k+1
If £k =n, then
1 1
fi= ( —SCO—HI%‘)( _y0+yi)7
n n
\/T 1 :
gi:< —$0—$i>( —yo—yl),z:l,...,n
n n
and we get

k n
abZ;fi—;gil—i—;\/ﬁfi;gili.
Thus, we obtain, that
L(B(f)) < 2n, (1)
Under 0 < K < n or algebraic closed K,
L(B(f))<2n+1, K=0. (2)

Now the elements a,b € B(f) are considered as vector-columns.
Then we get

n+1

S b1§+tE E =

ab=a 0 B . -1+ a(Ey+ Ey)b-liy =
e =2

n+1
= atC[)b + Z atC’i_lb : li—l)
=2
where Cy, Cy,...,C, € M, 1(K). Let M C M,,1(K) is the algorithm of the length r for

B(f). Then we get
Ci = Zdija:j,
=0

where ¢ =0,1,...,n,2; € M,d;; € K. We consider a matrix of order n x r,

dyy -+ dy, -+ dy

doy -+ dop -+ doy

do o dyy o dy
Since (', ..., (), are linear independent, that there exists a minor M; of order n x n, that
|M7| # 0. Without limitation of generality, we can assume, that

diy - diy
M1 ==

dnl T dnn
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Then from the system of equations

dizy + -+ dipxy, = C1 — Z] i1 1T = By
dm@2 + -+ dpptn = Cy — Z]:n—i-l njtj = Bn

We find z;;

1 -~ i : 17 .
i = M Z(_l) YTMPBji=1,...,n
i

where Mlij is a minor of the element d;; of the matrix M;. By substituting x;,7i =1, ...

Cy = Z;Zl do;x; we obtain

1

Co = ’M1‘<7131 72324'""1‘( 1n+1 Z dojj,
Jj=n+1
where
doi -+ don doir -+ don
doi -+ dap dyy - dyy
M= =
dnl dnn dnfll dnfln
Hence
a=ary e - 3 4
i=1 j=n+1
where
doir -+ don doj
G=| B
dnfll dnfln dnj
We assume 61:(@\14)5‘71,2':1,...,71. Then in (3) for A we get
1 8 - O Gepr - Oy
01 1 -0 o --- 0
A = O 0 1 0 0
Opr1 O -1 0
5, 0O --- 0 0 ... —1

,n to

Let Tlg(—(;l), R ’le—f—l(_(;k:), T1k+2(5]€+1), R 7T1n+1(5n) € Mn+1<K) be transfection. We

assuime

U = T1n+1(§n) e T12<—51).

(6)
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Then
1—6f— =0 +---+02 0 0
UAUt = 0 EL 0
O 0 — Lipn—k

hence we get, that rangA > n. It is shown, that in (3) » > 2n. Together with (1) we obtain
L(B(f)) = 2n,

if 0 < k < nor K is algebraic closed. If k = 0 and K = R is a field of the real numbers, then
rangA =n+ 1.
Consequently r > 2n + 1. Together with (2) it leads, that
L(B(f)) =2n+1.

The theorem is proved.

4 Complexity of the Keli-Dixon body
Let C be a Keli-Dixon body, 1,1, ..., is a basis C' of the multiplication table: Let z,y € C.

Table 1 — The multiplication table

Using the table, we compute the production x,y by its coordinates.
ry = (T1y1 — TaY2 — T3Y3 — TaYa — TsYs — TeYs — TrYr — Tsys) - 1

+(T1Y2 + Toy1 + T3Ys — TaY3 — TsYs — TeYs — T7Ys + TgYr
+

-61

T1Y3 — TolYs + T3Y1 + TalYo + T5Yr + TelYs — TrYs — TYs) * €2

+

T1Ys + ToYs — T3Y2 + Tay1 + TsYs — TeY7 + T7Ys — TsYs) * €3

+ 4

T1Ys + ToYs — T3Ys + TalY7 — TsY2 + TeY1 — T7Ys + TgY3) - €5

+

T1Y7 + ToYs + T3Ys — Tale — TsY3 + TeYs + T7Y1 — TgYo

( )

( )

( )
(T1Y5 — Taye — T3Yr — Tays + Tsy1 + TeY2 + Trys + TeyYa) - €4
( )

( ) - €6
( )

F(T1Ys — ToY7 + T3Ys + TalYs — TsYs — TeY3 + Try2 + Y1) - €7
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:Ol’1+O2’€1+03’€2+O4’€3+O5~€4+06~€5—|—O7~€6—|—08~67.

Now we assume

fi=@+ro+as+axs+ax5+x6+27+28) (Y1 + Y2 +ys+ys+ys + Y+ Y7+ Us),

fo=(r1+22o+23+ 24 — 5 — 26 — 27 — T8 )

) )

J(Y1 + Y2 + Y3+ ys — Ys — Y6 — Y7 — Us)

YY1 — Y2+ Y3 — Ya+ys — Yo + Y7 — Ys)

= (T — T2+ 23— T4 — T3+ Te — X7+ 28) (Y1 — Yo T Y3 — Ys — Ys + Y6 — Y7 + Ys),
) ys)

) )

) )

)

(
(
= (1 — T2+ 23 — X4+ 5 — T + T7 — Tg
(
( Yi+ Yo —Ys —Ys+Ys + Yo — Yr — Ys
(
(
(

Y

Y

f5: $1+I2—$3—$4+$5+LL’6—I7—$8
Y1+ Yo —Ys —Ys— Y5 — Yo + Y7 + Ys),

Y1 —Y2 —Ys +Ys +Ys — Yo — Y7 + Us),
fs=(@1—@— w3+ x4 — 25+ 26+ 27— ) (Y1 — Yo — Ys + Ya — Ys + Yo + Y7 — Ys),

f6: ZE1+I2—$3—ZL’4—JI5—$6+$7+$8

fi=(@1—2o— 23+ 24+ 25 — 06 — T7 + 28

Jo = T1y1, fi0 = Tay3, f11 = TeYs, J12 = Trys, [13 = T2y,
J1a = 27y5, 15 = TsYs, 16 = T3y2, 11 = Teyr,
Jis = x8Ys, 19 = TaYe, fao = T3y7, fa1 = Tays,
Jo2 = T3Ys, fo3 = T5Y2, foa = X7y,

fas = xaYs, fos = T5Ys3, for = TsY2, fas = TaY7, foo = TeY3, f30 = TsUa
Then ]
CH:§(16f9—f1—fz—fz—f4—f5—f6—f7—f8),

Co= i+ fat fot fom fom fam fo— 1) = 2fuo+ fu + o)
Cy= i+ fak fot fom fom Jo = fo = 1) = 2fus + Fua+ fis),
Co= i+ fat fot fom fom fam fo— Jo) = 2fus + fur + fue),
Cy= (i~ fuk fo = fo= ot fo = Jot Ji) = 2fuo+ Fro+ far),
Co= i+ fut fot fo o fo— fo— Ji) = 2fn+ Fos + far),

= St it fot fo— fom fa fs— 1) = 2 + fos  f),

Cg = %<f1+f4+f6+f7_f2_f3_f5_fS)_2<f28+f29+f30)7

Hence we get, that L(C) < 30. Let L(C) = r and the elements z,y € C are considered
as vector-columns, then C; = z'Cyy,i = 1,...,8 where C; € Mg(K) and there exists an
algorithm M of the length r for which
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where ; € M C My(K),i=1,...,r,d;; € K. For Keli-Dixon body C' the matrix A has the

form

1 0o 03 04 05 06 07
0 —1 03 —b0y 05 —04 —07 Og
(52 —53 -1 51 56 57 —54 —(55
03 0y —01 —1 07 —0¢ 05 —04 | _ ( Ay A )
0y —05 —0¢ —07 —1 04 0o O3 Ay Ay )
05 04 —07 05 —01 —1 —b3 09
0¢ 07 04 —05 —0o 03 —1 —0;
oy —0g O3 04 —03 —0op O —1

Then d@tAn det(AQQ A21A A12> d4(1 + dldg) 7& O where dl = (1 + d2 + d2 + d2 + di)
dy = d2 + d? + d% + d2. On the other hand A = ZJ s |f4 EZL consequently » — 7 > 8, i.e.
L(C) > 15. By this way it is proved the following theorem.

Theorem 2 C' is a Keli-Dizon body. Then 15 < L(C') < 30.

5 Complexity of Li algebra

In this section we calculate the complexity of the least simple Li algebra si(2, K') over field
K of characteristics # 2. We mention, that sl(2, K') consists of 2 X 2 matrixes over K with
zero trace: as its basis the elements can be taken l1 = l11 — laa, Iy = 12,13 = l5; where [;; are
ordinary matrix units. For any x = Zf’zl xril; = Zz 1 Yil; we have

[z, y] = 2(x1y2 — 2ay1)lo — 2(1y3 — @311)ls + (w2ys — T2y3)lh =

= C1ly 4+ 20515 + 2051,

where
Ci(x,y) = T2y — w3y2, Co(2, y) = T1y2 — 2291, C3(2, y) = T3y1 — T1Ye.

We assume

= (21— 22— x3) (1 — Y2 + ¥3),

= (21 + 22+ 23) (11 + Y2 — ¥3),

= (z1+ 22 —x3) (1 + ¥2 + ¥3),

f4—(961—:c2+a:3)(y1—y2 Ya),
f5 = T19o.

Then

i B f— ),
Cs = %(fz - )+ G

Cy= 3 (h— Fi) = Cs—2fs
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Therefore
sl(2, K) <5.

Let x = (21, 72,73), y = (Y1, Y2, y3); then we get
Oi - xoiyt)i = 17 27 37

where
Cy =lag — l32,Cy = lig — 191, C5 = l31 — ly3.

Let L(sl(2, K)) = r then there exists an algorithm of the length r for si(2, K) i.e. there exist
the matrixes X, ..., X, of M3(K) rang 1 such that

Ci=) ayX;i=123 (7)

i=1

The procedure is repeated for B(f), and we get

A =Cy+ 0,05+ 6,01 = Z| TR

where
Qg1 Qigg (xgj

Q11 Q12 .
Oy = | (11 Qg Qg .]:3,...,T.

|M;| =
Q31 (032

Q31 Q3 A3y

Since detA = 6109 — 0109 = 0, then rangA =2, ie. r > 4. Let r = 4,C; = E] L0 X, 0 =
1,2, 3. Since C4, Cy, C3 are linear independent, we can suppose, that

Q11 Qg Qg3
Qo1 Qigg (g3 7é 0.
Q31 (i3g (33

Let |M23| = (X11(32 — (V12(X31 7é 0. Then under 7 = ]., 3 we find X1 us3 (7)
1

X = m(&wcza — o201 + 7§X3 + ”YinL) = 7105 + 701 + 713 X3 + 71Xy
23
Let
1 0 ¢ 0O —1 0
0 0 1 0y 07 1

then from (8) we obtain

LAR = d,LX3R + d,LX\R = (dy £ 0,dy # 0.

o O =
o = O
o O O
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Now we show, that if X,Y is a matrix of rang 1 and

1
X+Y=120
0

o = O

o O O
—~
=)
~—

then X, Y have the form

* *x 0
* x 0
0 00
Let
ai by
X=| ay | (z1,20,23),Y = b2 | (v1,%2,93).
as b3

Then from (9) we get

ary + by =1 a1z, + b1y =0 a1 + by =0
asx1 +boyr =0 | agwy +boyr =1 < asxy +boyr =0 .
azry + b3y =0 azry +bsyr =0 azzy + b3y =0

It leads us,
aq b1
as b3

as bo
az bs

aq b1
(05} bg
Hence we get, that x3 = y3 = 0. If ag # 0 # bz, then a1by — bjas = blbgz—g — blbgz—g = 0,
consequently az = b3 = 0. Now, let

=0.

#07 :Ou

¥ x 0 x x 0
diLXsR=1| x % 0 JALXyR=1| x % 0
000/, 000/,
Then
0 -1 0 0 0 - 1 0 9
Yy =LX\R = 1 0 0 0 0 Yo 01 6 |+ %(dgLXgR)—F
dy 01 1 M —v 0 00 1 3
0 0 V2 * *x 0 x % Yo
—i—%(dﬁlLXZLR) = 0 0 —y |+ *xx*x0]=|* *x -
4 Y —v 0 000 N o= 0

Since rangY; = 1 we obtain, that v; = 72 = 0, i.e. |Mas| = 0, is the contradiction. By this
way the following theorem is proved.

Theorem 3 Let sl(2, K) is Li algebra 2 x 2 with zero trace over the field K of characteristics
# 2. Then L(sl(2,K)) = b.
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6 Conclusion

A dependence on the field of the complexity algebra is presented in the paper. For example,
there is a difference between the complexity of nondegenerate bilinear form of algebra in the
field of the real numbers and complex numbers.
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