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Ê çàäà÷å îá îïðåäåëåíèè êîýôôèöèåíòà äèôôåðåíöèàëüíîãî óðàâíåíèÿ

Ìåòîäû èíòåãðàëüíûõ óðàâíåíèé, ïîçâîëÿþùèå ñâîäèòü îáðàòíûå çàäà÷è äëÿ óðàâíåíèé â

÷àñòíûõ ïðîèçâîäíûõ ê èíòåãðàëüíûì óðàâíåíèÿì äàâíî ñòàëè êëàññè÷åñêèìè â ìàòåìà-

òè÷åñêîé ôèçèêå. Îíè íàõîäÿò øèðîêîå ïðèìåíåíèå ïðè ïîñòðîåíèè ìàòåìàòè÷åñêèõ ìîäå-

ëåé ðàçëè÷íûõ ÿâëåíèé, äëÿ äîêàçàòåëüñòâà îäíîçíà÷íîé ðàçðåøèìîñòè ïîëó÷åííûõ çàäà÷,

à òàêæå ñëóæàò òåîðåòè÷åñêîé îñíîâîé ðàçðàáîòêè àëãîðèòìîâ èññëåäîâàíèÿ ýòèõ çàäà÷,

â ÷àñòíîñòè ÷èñëåííûìè ìåòîäàìè. Â ðàáîòå ìåòîäîì èíòåãðàëüíûõ óðàâíåíèé èññëåäóåòñÿ

îáðàòíàÿ çàäà÷à îïðåäåëåíèÿ êîýôôèöèåíòà âîçìóùåíèÿ, âõîäÿùåãî â óðàâíåíèå ýëëèïòè÷å-

ñêîãî òèïà. Èññëåäóåìàÿ îáðàòíàÿ çàäà÷à ñâåäåíà ê èíòåãðàëüíûì óðàâíåíèÿì ïåðâîãî ðîäà,

ÿäðîì êîòîðîãî ÿâëÿåòñÿ ¾îáðàòíûå êâàäðàòû ðàññòîÿíèé¿ ò.å. ÿäðîì ïîòåíöèàëà òèïà Ðèññà.

Ïðåäïîëàãàåòñÿ, ÷òî èñêîìàÿ ôóíêöèÿ íåèçâåñòíà â íåêîòîðîé çàäàííîé îáëàñòè è ïðèíèìà-

åò èçâåñòíûå ïîñòîÿííûå çíà÷åíèÿ âíå ýòîé îáëàñòè. Â êëàññå îãðàíè÷åííûõ, íåïðåðûâíûõ

ôóíêöèé, íåçàâèñÿùèõ îò îäíîé èç ïðîñòðàíñòâåííûõ ïåðåìåííûõ äîêàçàíà åäèíñòâåííîñòü

ðåøåíèÿ ðàññìàòðèâàåìîé îáðàòíîé çàäà÷è.

Êëþ÷åâûå ñëîâà: óðàâíåíèå ýëëèïòè÷åñêîãî òèïà, ïîòåíöèàë Êåïëåðà, ôóíäàìåíòàëüíîå

ðåøåíèå.

A.U. Serikbaev

On the problem of determining coe�cient the di�erential equation

The method of integral equations that allow to reduce the inverse problems for partial di�erential

equations to integral equations have long since become classics in mathematical physics. They are

widely used in the construction of mathematical models of various phenomena, in order to prove the

unique solvability of the resulting problem, and also serve as a theoretical basis for the development

of algorithms studies of these problems, in particular numerical methods. In this paper the method

of integral equations of the inverse problem of determining the coe�cient perturbations appearing

in the equations of elliptic type. Investigated the inverse problem is reduced to integral equations

of the �rst kind whose kernel is the ¾inverse square of the distance¿ i.e., kernel Riesz potential

type. It is assumed that the desired function is not known in a predetermined area and adopts the

known constant values outside this region. In the class of bounded continuous functions that are

independent of one of the spatial variables is proved that the solution to the inverse problem.

Key words:elliptic equations, potential Kepler, a fundamental solution.
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Äèôôåðåíöèàëäû© òå­äåóäi­ êîýôôèöèåíòií àíû©òàó òóðàëû åñåïêå

Äåðáåñ òóûíäûëû òå­äåóëåð ³øií êåði åñåïòi èíòåãðàëäû© òå­äåóëåðãå êåëòiðåòií èíòåãðàë-

äû© òå­äåóëåð ºäiñi ìàòåìàòèêàëû© ôèçèêà åðòåðåêòåí êëàññèêàëû© áîëûï ©àëûïòàñòû.

Îëàð ºðò³ðëi ©´áûëûñòàðäû­ ìàòåìàòèêàëû© ìîäåëií ò´ð¡ûçó êåçiíäå, àëûí¡àí åñåïòåð-

äi­ áiðìºíäi øåøiëiìäiãií äºëåëäåó ³øií, ñîíûìåí ©àòàð îñû åñåïòåðäi çåðòòåó àëãîðèòìií

ºçiðëåóäi­ òåîðèÿëû© íåãiçi ðåòiíäå, æåêåëåé ñàíäû© ºäiñòåðìåí êå­iíåí ©îëäàíûñ òàïòû.

Æ´ìûñòà èíòåãðàëäû© òå­äåó ºäiñiìåí ýëëèïòèêàëû© òèïòi òå­äåóãå êiðåòií, àóûò©ó êîýô-

ôèöèåíòií àíû©òàó êåði åñåái çåðòòåëåäi. Çåðòòåëiíåòií êåði åñåï ÿäðîñû ¾àðà©àøû©òû©òû­

êåði êâàäðàòû¿ áîëûï òàáûëàòûí, ÿ¡íè Ðèññ òèïòåãi ïîòåíöèàë ÿäðîñû áîëàòûí, áiðiíøi òåêòi

èíòåãðàëäû© òå­äåóãå êåëòiðiëãåí. Içäåëiíäi ôóíêöèÿ ©àíäàé äà áið áåðiëãåí îáëûñòà áåëãiñiç

æºíå îñû îáëûñòû­ ñûðòûíäà ò´ðà©òû ìºíäi ©àáûëäàéäû äåï áîëæàëäàíàäû. Øåêòåëãåí,

³çiëiññiç, êå­iñòiê àéíûìàëûëàðäû­ áiðåóiíå òºóåëñiç ôóíêöèÿëàð êëàñûíäà ©àðàñòûðûë¡àí

êåði åñåïòi­ øåøiìi æàë¡ûçäû¡û äºëåëäåíäi.

Ò³éií ñ°çäåð: ýëëèïòèêàëû© òèïòi òå­äåó, Êåïëåð ïîòåíöèàëû, iðãåëi øåøiì.
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Ââåäåíèå

Ïóñòü u = u(x, x0, k, λ) � ðåøåíèå óðàâíåíèÿ

∆u− k2u+ λ2a(x)u = δ(x− x0) (1)

òàêîå, ÷òî u = u0 + v, ãäå

u0 = u0(x, x0, k, λ) =
exp(−

√
k2 − λ2|x− x0|)

4π|x− x0|
(2)

ôóíäàìåíòàëüíîå ðåøåíèå ìåòàãàðìîíè÷åñêîãî îïåðàòîðà ∆− (k2 − λ2).
Ðàññìîòðèì îáðàòíóþ çàäà÷ó äëÿ (1) â ñëåäóþùåé ïîñòàíîâêå.
Çàäà÷à(A). Âîññòàíîâèòü ôóíêöèþ b(x) (a(x) = 1 + b(x)) çíàÿ, ÷òî v(x, x0, k, λ)

óäîâëåòâîðÿåò ñëåäóþùåìó óñëîâèþ

v(x, x0, k, λ) = g0(x, x0, k, λ), x ∈ D1, x0 ∈ D2, (3)

çäåñü Di(i = 1, 2) � çàäàííûå îáëàñòè R
3, D1 D1

∩

D = ∅, D1

∩

D2 = ∅, λ ∈ (λ0, λ1),
λ0 < λ1.

Òåîðåìà. Ïóñòü b � íåïðåðûâíàÿ îãðàíè÷åííàÿ ôóíêöèÿ, ïðè÷åì

∂b

∂xi

≡
∂c

∂xi

≡ 0 (i�ôèêñèðîâàííîå ÷èñëî)

òîãäà ðåøåíèå îáðàòíîé çàäà÷è(A) åäèíñòâåííî.
Äîêàçàòåëüñòâî. Ñîãëàñíî (1) è (2) ôóíêöèÿ v óäîâëåòâîðÿåò óðàâíåíèþ

∆v − (k2 − λ2)v = −λ2b(x)(u0 + v).

Îòñþäà, îáðàùàÿ îïåðàòîð ∆− (k2 − λ2), ïîëó÷èì

v(x, x0, k, λ) = −
λ2

4π

∫

D

b(y)
exp(−

√
k2 − λ2|x− y|)

|x− y|
·

(

exp(−
√
k2 − λ2|x0 − y|)

4π|x0 − y|
+v(y, x0, k, λ)

)

dy.

(4)

Â ñèëó àíàëèòè÷íîñòè v ïî λ ìû ìîæåì ïî ôóíêöèè g(x, x0, k, λ) îäíîçíà÷íî íàéòè
ôóíêöèþ

f(x, x0, k) = −16π2 lim
λ→0

g(x, x0, k, λ)

λ2

Òàê êàê v(x, x0, k, λ) = 0 òî ñ ó÷åòîì (3), (4) èìååì

f(x, x0, k) =

∫

D

b(y)
exp(−k|y − x0|)

|y − x0|
·
exp(−k|y − x|)

|y − x|
dy. (5)

Òàêèì îáðàçîì, ìû ïîëó÷èëè èíòåãðàëüíîå óðàâíåíèå ïåðâîãî ðîäà îòíîñèòåëüíî íåèç-
âåñòíîé ôóíêöèè b(x). Åñëè x = x0, òî (5) ÿâëÿåòñÿ ïîòåíöèàëîì òèïà Êåïëåðà ñ ÿäðîì

exp(−2k|x− y|)

|x− y|2
.
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Ïóñòü x ̸= x0 (D1

∩

D2 = ∅), êðîìå òîãî x0 � íåêîòîðàÿ ôèêñèðîâàííàÿ òî÷êà â
îáëàñòè D2, ââåäåì îáîçíà÷åíèå:

µ(y, x0, k) = b(y)
exp(−k|y − x0|)

|y − x0|
, (6)

òîãäà (5) èìååò âèä:

f(x, x0, k) =

∫

D

µ(y, x0, k) ·
exp(−k|y − x|)

|y − x|
dy.

Äîïóñòèì, ÷òî g(x, x0, k, λ) ≡ 0, ò.å. f ≡ 0 , òîãäà äëÿ ëþáîé ìåòàãîðìàíè÷åñêîé ôóíêöèè
U(y) â îáëàñòè Ω ⊃ D̄ èìååò ìåñòî ðàâåíñòâî

∫

D

µ(y, x0, k)U(y)dy = 0, x0 ∈ D2, (7)

ñïðàâåäëèâîñòü êîòîðîãî ñëåäóåò èç ëåììû Íîâèêîâà [1].
Ïðåäïîëîæèì, ÷òî µ ̸= 0 äëÿ y ∈ D, x0 ∈ D2, òîãäà èç (6) ñëåäóåò, ÷òî b(y) íå

èìååò ïîñòîÿííîãî çíàêà íà ∂D. Äåéñòâèòåëüíî, åñëè áû, íàïðèìåð çíàê ôóíêöèè b áûë
áû ïîëîæèòåëüíûì íà ∂D, òî ôóíêöèÿ µ > 0 äëÿ y ∈ D. Âûáèðàÿ â ðàâåíñòâå (7) â
êà÷åñòâå U(y) ïîëîæèòåëüíîå ðåøåíèå óðàâíåíèÿ ∆U − k2U = 0 â îáëàñòè D , ïîëó÷èì
ïðîòèâîðå÷èå. Ñëåäîâàòåëüíî, signµ ̸= const, y ∈ ∂D. Ïðåäïîëîæèì b(y) ̸≡ 0. Âîçüìåì
â ðàâåíñòâå (7)

U(y) =
∂H(y)

∂yi
,

ãäå H(y)� ìåòàãàðìîíè÷åñêàÿ ôóíêöèÿ â îáëàñòè Ω ⊃ D̄, ïîëó÷èì ðàâåíñòâî

I(H) =

∫

∂D

µ(y, x0, k)H(y)(q, ny)ds−

∫

D

∂µ(y, x0, k)

∂yi
H(y)dy, (8)

ãäå q � åäèíè÷íûé âåêòîð, íàïðàâëåíèå êîòîðîãî ñîâïàäàåò ñ íàïðàâëåíèåì îñè Oyi, ny

� åäèíè÷íûé âåêòîð âíåøíåé íîðìàëè â òî÷êó y ∈ ∂D.
Ïóñòü îáëàñòü D2 ðàñïîëîæåíà òàê, ÷òî yi − x0i > 0, òîãäà

∂

∂yi

(

e−k|y−x0|

|y − x0|

)

< 0 äëÿ y ∈ D.

Ââåäåì îáîçíà÷åíèå:

∂D+ = {y ∈ ∂D, µ(y, x0, k) (q, ny) > 0},

∂D− = {y ∈ ∂D, µ(y, x0, k) (q, ny) ≤ 0},

Db+ = {y ∈ D, b(y) ≥ 0}, (9)

Db− = {y ∈ D, b(y) > 0}.
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Îïðåäåëèì íà ïîâåðõíîñòè ∂D ôóíêöèþ ñëåäóþùèì îáðàçîì:

ϕ(y) =

{

1, y ∈ ∂D+

0, y ∈ ∂D−
(10)

Ðàñïðîñòðàíÿÿ ðàâåíñòâî (8) íà ôóíêöèþ Hϕ(y), ìåòàãàðìîíè÷åñêóþ â îáëàñòè D è íà
ãðàíèöå ∂D , ïðèíèìàþùóþ ïî÷òè âñþäó çíà÷åíèÿ (10), ïîëó÷èì

I(Hϕ) =

∫

∂D+

µ(y, x0, k)H(y)(q, ny)ds−

∫

D
b+

Hϕ(y)
∂µ(y, x0, k)

∂yi
dy −

∫

D
b−

Hϕ(y)
∂µ(y, x0, k)

∂yi
dy = 0. (11)

Èç (9), à òàêæå èç ñòðóêòóðû ôóíêöèè µ èìååì

∂µ(y, x0, k)

∂yi
> 0, y ∈ Db−

∂µ(y, x0, k)

∂yi
≤ 0 y ∈ Db+ .

Îáîçíà÷èì ÷åðåç ∂Db− � ãðàíèöó Db− , à òàêæå îáîçíà÷èì

∂D+

b− = {y ∈ ∂Db− , (q, ny) < 0;

∂D−

b− = {y ∈ ∂Db− , (q, ny) ≥ 0.

Òàê êàê 0 < Hϕ(y) < 1, y ∈ D, òî

∫

D
b+

Hϕ(y)
∂µ(y, x0, k)

∂yi
dy > −

∫

D
b+

∂µ(y, x0, k)

∂yi
dy =

∫

∂D
b−

µ(y, x0, k)(q, ny)ds =

−

∫

∂D+

b−

µ(y, x0, k)(q, ny)ds−

∫

∂D−

b−

µ(y, x0, k)(q, ny)ds. (12)

Èç (11) è (12) èìååì

I(Hϕ) ≥

[

∫

∂D+

µ(y, x0, k)(q, ny)ds−

∫

∂D+

b−

µ(y, x0, k)(q, ny)ds

]

+

+

[

−

∫

∂D−

b−

µ(y, x0, k)(q, ny)ds

]

+

[

−

∫

D
b+

Hϕ(y)
∂µ(y, x0, k)

∂yi
dy

]

. (13)

Èç (9) è èç ñâîéñòâà ôóíêöèè µ ñëåäóåò, ÷òî â ïðàâîé ÷àñòè (13) êàæäîå èç òðåõ ñëàãàå-
ìûõ â êâàäðàòíûõ ñêîáêàõ íåîòðèöàòåëüíî, ñëåäîâàòåëüíî, I(Hϕ) > 0 ÷òî ïðîòèâîðå÷èò
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(11). Òåîðåìà äîêàçàíà.

Çàêëþ÷åíèå
Ìåòîäîì èíòåãðàëüíûõ óðàâíåíèé èññëåäîâàíà îáðàòíàÿ çàäà÷à îïðåäåëåíèÿ êîýôôè-
öèåíòà âîçìóùåíèÿ, âõîäÿùåãî â óðàâíåíèå ýëëèïòè÷åñêîãî òèïà è â êëàññå îãðàíè÷åí-
íûõ, íåïðåðûâíûõ ôóíêöèé, íåçàâèñÿùèõ îò îäíîé èç ïðîñòðàíñòâåííûõ ïåðåìåííûõ
äîêàçàíà åäèíñòâåííîñòü ðåøåíèÿ.
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