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DIRECT KINEMATICS OF A 3-PRPS TYPE PARALLEL MANIPULATOR

Parallel manipulators with six degrees of freedom and three limbs have a large workspace and less
complex singular configurations compared to the parallel manipulators with six degrees of freedom
and six limbs. This paper is presented to solve the direct kinematics of a novel 3-PRPS type parallel
manipulator with six-degrees-of-freedom, where P, R, and S are prismatic, revolute and spherical
kinematic pairs respectively. The considered parallel manipulator is formed by connecting a moving
platform with a fixed platform (base) through three closing kinematic chains of a PRPS type in
which the prismatic kinematic pairs are active and they are located on a fixed platform and legs. The
constant and variable parameters of the considered parallel manipulator characterizing its geometry and
kinematics respectively are determined. In the direct kinematics, the positions of the moving platform
are determined by the known constant parameters of the links and the given variable parameters of the
active kinematic pairs. An analysis of the obtained equations of the direct kinematics showed that the
variable parameters of the active prismatic kinematic pairs are set free, and these equations are reduced
to a 16" —order polynomial equation with passive kinematic pairs variables. Numerical examples of the
considered parallel manipulator’s direct kinematics are presented, and the results showed that the direct
kinematics equations have four solutions corresponding to the four assemblies of the parallel manipulator.

Key words: parallel manipulator, moving and fixed platforms, direct kinematics.

2K.2K. Baitrynuekosn, A.H. Kacumos*
oni-Qapabu arsingarsl Kazax yarTeik, yaUBepCcuTeTi, Ajmarsl K., Kazakcran
*e-mail: kasinov07@gmail.com
3-PRPS typaeri mapaJies MaHUOYJIATOPABIH Typa KUHEMaTUKAJIbIK, ecebi

AiTel epKiHIIK JopeXKeci »KoHe VI asifbl 0ap IapaJjulellb MaHUILYJISITOPJIap aJiThl €PKIiHIIK J1ope-
JKecl KoHe aJIThl asgfbl Oap Iapesuiejb MAHUIYJSITOPJAapFa KaparaHJa VJIKEH YKYMBIC aJlaHbl JKOHE
KapanailbiM CHHIYJISPJBIK KOHuUrypamnuscbia ue. Bysn kymbicta P, R kome S-inmrepinemeni, aii-
HaJIMAJIBl JKoHe ChepajblK KAHEMATHKAJDLIK 2KYNTap. KapacThIPbUIFaH MapasuIesli MAaHUIYJISITOD
inrepisiemesti KuHEMaTUKAJIBIK OEJICEH i OOATHIH XKOHE 0JIap KO3FaJIMafThIH MIaTdOopMa MEH asgKTap/a
opHasiackan PRPS Tunti yir TyfAbIKTayIbl KUHEMATUKAJIBIK Ti30EKTep apKbLIbl *KbLIXKBIMAJIbI ILJIaT-
dopmManbl KbUDRKbIMARTHIH iardgopMamer (HerizbeH) GipikTipy »KosbiMeH KypbuiFaH. Ilapasuiesyi
MAaHUITYJISITOPBIH OHBIH T'€OMETPUSCH MEH KWHEMATHUKACHIH CHMATTAUTBIH TYPAKTHI YKOHE aiffHbIMaJIbl
mapaMerpJiepi aHbIKTAIABL. 1ypa KHHEMATHKA A KO3FAJATHIH IIAT(MOPMAHBIH OPHAJIACYBI Oy BIHIAD IBIH
Genrisi TypakThl mapaMeTpJiepiMer KoHe OeICeHIi KNHEMATUKAJIBIK, KYITapbIH OepiireH affHbIMasIbl
mapaMeTpJiepiMeH aHbIKTAJabl. 1ypa KHHEMATUKAHBIH AaJbIHFAH TeHJCYJIePiH Tajaaay OesceHi ij-
repijieMesii KHHEMATUKAJIBIK, YKYIITaPIbIH ailHBIMAJIBI [TapaMeTpiepl DOCATHIIFAHBIH KOPCETTI KoHe OYJI
Teneyaep 16—-perTi moJTMHOMUAIBIK, TEHJIEYICH TaCCUBTI KHHEMATUKAJBIK, KYITAPIBIH, affHbIMAJIbLIAD
TeHjeyiHeH KypaJsaibl. KapacThIpbLIraH Oapasieb MAaHUIMYJISITOPABIH TiKeslell KUHeMATHKACHIHBIH
CaHJIBIK, MBICAJIIAPBI KEJITIPIJINeH »KoHe HOTUXKeJIeD TiKesell KHHeMATUKAHDBIH TeHJey/IepiHie napaJsieib
MaHUIYIITOPALIH TOPT TYHiHiHE Cofikec TOPT IentiM OOJTATHIHIBIFLIH KOPCEeTE .

Tyitia ce3mep: napasuiesi MaHUILYJISITOP, KbLIXKbIMAJIbI YKOHE KO3FaJIMaiThIH 1iardopMaap, Typa
KUHEMaTHKA.

© 2020 Al-Farabi Kazakh National University
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Ilpsimast 3a/1aua KUHEMaTHUKN HapaJuIeJibHOro MaHumyJistopa suaa 3-PRPS

Tlapasiesbable MAHUITYJISATOPBI C IMECTHIO CTEMNEHSIMA CBOOOIBI W TPEMsi HOTAMHU WMEIOT OOJIBIIYIO
paboduyio 30HY W MeHee CJIOXKHBbIE CHHIYJISPHbIE KOH(MUTYPAIA 1O CPABHEHUIO C HAPAJIJIETbHBIMI
MaHUILYJAATOPAMU C IIIECTHIO CTEIEeHSIMH CBOOOIBI M IecThbio Horamu. Jlammas paboTa IIOCBSIIEHA
PeIlleHnI0 TIPsIMOi KWMHEMATHKM HOBOTO IIapaJulesibHOro Manumyiastopa tumna 3-PRPS ¢ mecrbio
crereHsiMu cBoOObI, Tyie P, R u S-npusmarnyeckue, BpamarebHble U ChepruyecKre KMHEMATHIECKUe
mapbl COOTBETCTBEHHO. PaccMaTpuBaeMmblil mapaJuie/bHBIA MaHUILYJISTOP 0Opa30BaH IIyTEM COEIMHEe-
HUs [OJBHXKHON IIAT(OPMBI € HENOABHUKHON maaTdopMoil (OCHOBAHMEM) Yepe3 TPHU 3aMbIKAIOIIIe
kuHemaTndeckue 1en tuna PRPS, B KOTOPBIX aKTHBHBI MpU3MATHYECKHEe KHHEMATHYIECKUE Mapbl U
OHM DPACIIOJIOXKEHBI Ha HEIOABIKHOM 1iardopme u HOKKax. OIpejieleHbl TOCTOsTHHBIE U IEPEMEHHBIE
napaMeTPhbl pacCMaTPUBAEMOr0 IIapaJJIeIbHOI0 MaHUIIY/ISITOPA, XapaKTePU3YIOe COOTBETCTBEHHO €TI0
TeOMETPHUI0 U KUHEMATHKY. B IpsMoii KMHEMaTUKe IOJIOXKEHUsI JIBUKYIIEHcs IIaT(OpPMbl OIIpeIe is-
IOTCS U3BECTHBIMHU IIOCTOAHHBIMHU IIapaMeTpaMHU 3BEHbEB U 3a/IaHHBIMHU II€PEMEHHBIMU I[TapaMeTpaMu
AKTUBHBIX KHHEMATHIECKUX Tap. AHAJIU3 MOJIyUYeHHBIX yPaBHEHWI MPSIMON KHHEMATHKHU MOKA3aJ, ITO
IepeMeHHbIe TTapaMeTPhl AKTHUBHBIX IPU3MATHYECKAX KHHEMATHYECKMX I1ap OCBOOOXKIAIOTCH, M ITU
YPaBHEHHS CBOJATCH K IMOJHHOMHUAJIBLHOMY YpaBHEHHMIO 16 —TO IOpsiJiKa C IepeMeHHBIMU ITaCCHUBHBIX
KHHeMaTn4iecKnX mnap. lIpercTaBieHbl YUC/IeHHbIE TPUMEPHI TPSAMOl KWHEMATUKN PACCMaTPUBAEMOTO
apaJIeJIbHOTO MaHUILYJIATOPA, U Pe3yJIbTaThl OKa3aud, YTO yPaBHEHUSA NPAMOIl KMHEMATUKN UMEIOT
4eTbhIpe PEIIeHNus, COOTBETCTBYIONINE YeThIpeM y3JaM IapaJsljIe IbHOTO MaHUIIYJIATOPA.

KitroueBbie cioBa: napaJuiesbHbI MAHUIIYISTOD, [IO/IBMKHbIE U HEIIOABUYKHBIE ILIAT(MOPMBI, IPAMast
KIMHEMATUKA.

1 Introduction

Parallel manipulators with closed-loop kinematic chains, in comparison with serial manipulators
with open-loop kinematic chains, have high stiffness, carrying capacity, positioning accuracy and
dynamic characteristics [1-7]. Most parallel manipulators with six-degrees-of-freedom have six legs,
i.e. six kinematic chains connecting a moving platform with a fixed platform (base). One of the
problems of parallel mechanisms is a reduction in the number of their legs. With a decrease in the
number of legs, the workspace of parallel manipulators increases and singular configurations are
reduced.

Three-legged parallel manipulators (tripods) are currently being developed. The following types
of tripods are known: 3-URS [¢], 3-ESR [9], 3-RRPS [10], 3-RES [11-13], 3-PPSR [11], 3-CRS [10],
3-CCC |17, 18]. We have developed a modern 3-PRPS type parallel mechanism with six-degrees-
of-freedom which in comparison with existing tripods, has a large load capacity. Figure 1 shows
the 3D model of the developed parallel mechanism, where the moving platform 2 is connected to
the fixed base 1 through three identical legs 4-5, 7-8, 10-11 of a PRPS type.

One of the legs 4-5 of this parallel manipulator (Fig. 1), where the hydraulic cylinder 3 moves
the leg 3-4 on the fixed base 1, forms the prismatic kinematic pair A. Link 4 is connected by forming
the revolute kinematic pair B. Link 4 is connected with link 3 by hydraulic cylinder and the moving
platform 2 through the hydraulic cylinder C and spherical D kinematic pairs respectively.

In works [15] and [19], the geometry of this parallel mechanism was studied and the inverse
kinematics was solved. According to the developed principle of forming of parallel manipulators,
the considered parallel mechanism of a 3-PRPS type is formed by connecting the moving platform
2 with the fixed base 1 through three passive closing kinematic chains 4-5, 7-8, 10-11 of a PRPS
type with zero degrees-of-freedom. To describe the geometry and study the kinematics of this
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Figure 1 — 3D model of a 3-PRPS type parallel manipulator

parallel manipulator, two Cartesian coordinate systems UV W and XY Z are fixed at two elements
of each kinematic pairs. The W and Z axes of these coordinate systems are directed along the axis
of rotational and translational motions of the kinematic pairs elements, and the U and X axes
are directed along the direction of the perpendicular ¢, drawn from the W axis to the Z-axis. The
transformation matrix T, = Tji(ak, ok, bjk, Bk, Cjk, Vjr) between the coordinate systems U;V;W;
and XY, Z, having six parameters has been formed in [19]. The transformation matrix G of
the coordinate systems fixed at the ends of binary links is called the matrix of binary link, and it
has constant parameters characterizing the geometry of the links. The transformation matrix P;
of the coordinate systems fixed at the two elements of each kinematic pair is called the matrix of
kinematic pair, and it has variable parameters characterizing the relative motions of the kinematic
pair’s elements.

2 Direct kinematics of a 3-PRPS type parallel manipulators

In Figure 2 the leg 3-4 with the chosen coordinate systems, where U; VW is an absolute coordinate
system fixed at the base 1, and PX,Y,Z, is a coordinate system fixed at the moving platform 2.

This leg has the following constant parameters ajp; = 90% 13 = 003,a34 = 040y, a9 =
—90°, v;3 and the following variable parameters cs3 = 0304 = s3, cg9 = 0409 = $5,744 = 04 Other
two legs have similar parameters. Let consider the direct kinematics of a 3-PRPS type parallel
mechanism. Since all three legs 3-4, 7-8, 10-11 have similar constant and variable parameters, for the
convenience of calculating, the parameters a;x, i, bk, Bjk, ¢ji, Vjr are denoted by a;, o, b, B;, ¢, Vi,
and the lengths of the links 3,4,7,8,10,11 and the angles determining their positions, are denoted
by ss3i, s5; and 64; where 7 is the serial numbers of the legs, i.e. 1 = 1,2, 3.

We, then, determine the coordinates of the centers of the spherical joints Oy; of the moving
platform 2 in the absolute coordinate system U; V;W;

[17 UOQiJ vOQi? WOQZ‘]T = G13i : sz : G34i : P?@ ' Pgi[l; 07 07 0]T7 (Z = 17 27 3) <1>
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Figure 2 Leg 3-4 with the coordinate systems

where G3;, Gay; are the matrices of links, and PL P& PL are the matrices of kinematic pairs.
From the systems of matrix equations (1) we obtain

S3; * 8Y13i — S5i - SV13i - S04 = Uo,,
—83;  CY13i — S5 - CY13i - S04 = Voo, (2>
C3i + aza; — S5i - S04 = Wo,,

where, s and ¢ denote sin and cos.

Multiplying the first and the second equations of the system (2) on ¢v;3; and s7;3; respectively,
and add them, we obtain, that all three variable parameters have disappeared. Therefore, these
two equations are interdependent and the variable parameters sz; should be setting.

Then, we set the parameters s5; and for determine the angles 64; derive the following system of
equations

(UO21 - U022)2 + (V021 - V022)2 + (W021 - WO22)2 = a?
(U021 - U023)2 + (V021 - V023)2 + (WOm - W023)2 = a? (3>
(U022 - U023)2 + (V022 - V023)2 + (WOQQ - W023)2 = a?

where a are the distances between the spherical joints Os;. After some transformations, from the
systems of equations (3) we obtain

—S51 " S52 ¢ 0(7131 - 7132) - 5041 - 5042 — 531+ S51 - 8041 + S31 * 559 - C(’)’131 - 7132) : 5942—1‘\
+832 * S51 ° 0(7131 - 7132) - 8041 — S32 - S5 - 8042 — 851+ 852 - Clyo - Oy = Ny,

—5851 - 853 - C(7131 — V133) - 041 - 5043 — 531 - 551 - 5041 + 531 - 553 - (V131 — V133) - SOs3+ (4)
+831 - S53 C(7131 - ’7133) - 8041 — 533+ S53 - S04z — S51 * S53 - Claz - cly = Ny,

—S852 * S53 ¢ 0(7133 - ’7132) - 5043 - 5040 — S33 + S53 - 043 + S50 - 533 - C(’)/133 - 7132) - 5040+
+532 * S53 - 0(7133 - 7132) - 8043 — S39 - S50 - S04p — S52 * S53 - Clap - sz = N3,

J
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where ) ) ) ) )
N, — a” — 831 — S35 — S5 — S50+ 2 531 - S39- c(1131 — 1132)
1= 5 ,
2 2 2 2 2
N, — a® — 83, — S5, — S§3 — S53 + 2+ 831 - S33 - ¢(V131 — V133)
2 = 5 ,
2 2 2 2 2
N, = &7 552 T S T 533 T Sy + 2 839+ 533 - (V133 — 7132)
5 )

We use the following expressions ty; = tan(0y;/2), s04 = 2-t4;/1+ 13, by = (1 —13)/(1+13.), i =
1,2,3 to the system of equations (4)

A-t2,+ Bty +C =0,
D-t3+FE -ty +F=0, (5)

Where A = All . t?ﬂ + A12 . t41 —|— Alg, B = Bll . t?Q —|— Blg . t42 + Blg, C = 011 . t?Q + 012 . t41 + 013,
D = Dy - tiy + Dig - tyg + Dig, E = Eyy - ti; + Ein - tus + Evg, F = Fiy - thy + Fia - tyz + Fis,
Q = Qi thh+ Quz-tas + Qi3, R = Ry -ty + Rig - tuo + Rus, T = Ty - thy + Tho - tys + Ths,
Ayp = Ny + 851 - 852, A1g = 2 - 839 - 550 — 2 - 831 - S52 0(7131 - 7132), Az = Ni — 851 - 852, By =
2531851 — 2" 832" 851 0(7131 - 7132), By =4-55 85" 0(7131 - 7132), B3 = 2531551 — S32° S51 -
0(7131 - 7132), Ci1 = N1 — 551852, Cilog = 2833+ 550 — 2531 852 - 0(7131 - ’7132), Ci3 = Ny + 851 552,
D1y = Ny + 851+ 853, D1g = 2 - 833 - S53 — 2+ 831+ S53 0(7131 - ’7133), Di3 = Ny — s51 - 853, B =
2’331‘851—2'551'333'6(’7131—7133), ISP 4'351'353'0(7131—’7133), Ei3 = 2'531'551—351'833'0(7131—7133)7
Fii = Ny — 531 - 851, Fig = 2 - 533 - 553 — 2 - 531 - 53 - ¢(7131 — M133)s Fis = No + 851 - 853, Q11 =
N3+ 852853, Q12 = 2+ 533 S52 —2'852'833'0(7133—7132), Q13 = N3 — 850853, 11 = 25833553 — 2
532 * 853 * 0(7133 - 7132), Rip =4-55- 553" 6(7133 - 7132), Ri3 =2-533-553 —2- 532" 853" 0(7133 - 7132),
Ti1 = N3 — S50+ 853, Tio = 2 - 839 - 852 — 2+ S50 - S53 - ¢(V133 — N132), T13 = N3 + 852 - S53.

On the base of the Sylvester method [20] from the first two equations of the system (5) we
derive the following matrix

A B C 0
0 A B C
D E F 0 =0 (6)
0 D FE F

and get out of the variable ¢4;. From the determinant of the matrix (6), we obtain

Z G - tfls (7)

where the coefficients G; are the 4**—order polynomial equation with the variable t4,. Continuing
to use the Sylvester method from the equation (7) and the third equation of the system (4), we
get out of the variable

Q R T 0 0 0

0O Q R T 0 0

0O 0 Q@ R T 0] _

o o o ¢ r 71| " (8)
Gll G12 G13 G14 G15 O

O Gll G12 G13 G14 Gl5
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From the matrix (8) we obtain the 16""-order polynomial equation with the variable ¢4

16
> Pe-th =0 (9)
k=0

The variable t4; is determined from the equation (9), then we can determine the variables t49
and t43. The formation of coefficients G; and Py of the equations (7) and (9) and their calculation
are based on Matlab. Of all the solutions of the equation (9), we choose those solutions for which
the distances between the spherical joints are equal a.

3 Numerical examples

The following constant parameters a; = 15, ¢; = 7, 71 = 90°, 79 = 210°, 73 = —30°, a = 74,48 |
and for each case we set parameters of the legs 4-5, 7-8, 10-11.

Using the obtained values of the angles 641, 042, 643, the coordinates of the spherical joints
centers of the moving platform 2 in the absolute coordinate system OUyVyW, are determined
(Table - 1, 2, 3, 4).

Table - 1 — S3; = 60, (Z = 1, 2, 3), S51 = 93, 7618, S5 = 91, 9882, S53 = 98, 2112

041 042 043 Uou; Voui Woui
37.004 | -0.000 118.047
0.235 | 1.255 | 0.125 | 16.681 -28.892 | 52.479
-24.280 | -42.053 | 113.274
-33.993 | 0.000 52.317
1.259 | 0.231 | 0.129 | -18.737 | 32.454 117.593
-24.078 | -41.704 | 113.222
42.970 | -0.000 119.282
0.173 | 0.173 | 0.190 | -21.514 | 37.263 118.733
-21.327 | -36.940 | 112.338
42.563 | -0.000 119.210
0.177 | 0.169 | 1.208 | -21.717 | 37.615 118.804
12.996 22.510 54.665
42.563 | -0.000 -75.210
2.964 | 2.972 | 1.934 | -21.717 | 37.615 | -74.804
12.996 22.511 -10.665
42.970 | -0.000 -75.282
2.968 | 2.968 | 2.952 | -21.513 | 37.262 | -74.733
-21.327 | -36.940 | -68.338
-33.993 | 0.000 -8.317
1.883 | 2.910 | 3.012 | -18.737 | 32.454 | -73.593
-24.077 | -41.703 | -69.222

EECEECEECEECE e E
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Table - 2 - S3; — 60, (Z = 1,2,3), S51 — 95, Spo = 93, Sp3 = 96

01 a2 043 Uoui Voui Woui

-30.438 | 0.000 51.085

1.260 | 0.205 | 0.157 | -20.245 | 35.065 | 115.997

-22.714 | -39.341 | 113.851

41.317 | -0.000 | 115.145

0.198 | 1.267 | 0.166 | 15.797 | -27.362 | 50.747

-22.323 | -38.665 | 113.724

43.016 | -0.000 | 115.469

0.180 | 0.178 | 0.184 | -21.488 | 37.218 | 116.478

-21.476 | -37.197 | 113.424

43.799 | -0.000 | 115.608

0.171 | 0.187 | 1.244 | -21.096 | 36.539 | 116.334

14.046 | 24.328 | 51.813

43.799 | -0.000 | -71.608

2.970 | 2.955 | 1.897 | -21.096 | 36.539 | -72.334

14.046 | 24.328 | -7.813

43.016 | -0.000 | -71.469

2.962 | 2.963 | 2.957 | -21.096 | 37.218 | -72.478

-21.476 | -37.197 | -69.424

41.316 | -0.000 | -71.145

2,943 | 1.874 | 2.976 | 15.797 | -27.362 | -6.747

o v o o o 5 o B S R S S e S

-22.323 | -38.665 | -69.724

Table - 3 — S3; — 60, (Z = 1,2,3), S51 — 95, S5 — 90, Sp3 = 75

041 042 043 Uoui Voui Wous
39.671 -0.000 114.799
0.216 | 1.196 | 0.155 | 4.890 -8.470 49.488

-23.066 | -39.950 | 110.925

42.199 -0.000 | 115.317

0.188 | 0.265 | 0.183 | -20.161 | 34.920 | 94.373

-21.808 | -37.773 | 110.496

-33.398 | -0.000 | 39.372

1.387 | 0.076 | 0.343 | -27.153 | 47.031 | 96.784

-14.864 | -25.746 | 106.756

25.663 -0.000 | 110.578

0.370 | 0.040 | 1.357 | -28.466 | 49.305 | 96.937

13.973 24.202 | 41.118

25.663 -0.000 | -66.578

2,772 | 3.101 | 1.785 | -28.466 | 49.305 | -52.937

13.973 24.202 | 2.882

-33.3984 | 0.000 4.628

1.755 | 3.066 | 2.799 | -27.153 | 47.031 | -52.784

-14.864 | -25.746 | -62.756

42.199 -0.000 | -71.317

2.953 | 2.876 | 2.959 | -20.161 | 34.920 | -50.372

i ] o o o ) v

-21.808 | -37.773 | -66.496
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Table - 4 - S31 = 60, S32 — 70, S33 — 50, S51 — 105, Spo = 90, S53 = 75

(1
(2]

(3]

(4]

(]

[6]

(7]
(8]

[

[10]

[11]

01 042 043 Uoui Voui Woui
30.071 -0.000 122.644
0.289 | 1.145 0.182 | 9.159 -15.864 | 52.945
-26.839 | -46.486 | 110.507
39.184 -0.000 124.916
0.200 | 0.130 | 0.286 | -20.121 | 34.851 96.363
-22.300 | -38.625 | 108.342
-43.370 | 0.000 40.429
1.394 | -0.031 | 0.430 | -26.174 | 45.334 | 96.963
-16.259 | -28.162 | 103.824
17.332 -0.000 117.940
0.418 | -0.147 | 1.307 | -30.484 | 52.799 | 96.194
8.445 14.627 | 45.455
17.3319 | -0.000 -73.940
2.723 | -2.995 | 1.834 | -30.484 | 52.799 | -52.194
8.445 14.627 | -1.455
-43.370 | 0.000 3.571
1.747 | -3.110 | 2.712 | -26.174 | 45.334 | -52.963
-16.259 | -28.162 | -59.824
39.184 -0.000 -80.916
2.942 | 3.011 2.855 | -20.121 | 34.851 -52.363
-22.300 | -38.625 | -64.342

i o o o o )
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