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RESEARCH OF THE STRESS STATE OF A PIPELINE ELEMENT WITH
OVALIZATION UNDER CORROSION-POWER EFFECT

The stress state of an element of a thick-walled pipeline when ovalizing a cross section is studied
under conditions of power and corrosion effect in the statement of plane deformation. The material
of the element under the influence of external loads goes into an elastic-plastic state. The corrosive
effect of a pumped medium leads to softening of the material in the plastic zone. This softening of
the material is taken into account by a special inhomogeneity function in the Tresca-Saint-Venant
plasticity condition. The elastic-plastic problem for an thick-walled elliptical element under uniform
external and internal pressure is considered in non-axisymmetric setting. The problem is solved by
the method of sharing static and physical equations for the considered elastoplastic material and
the perturbation method in the theory of an elastoplastic body. An assessment of the strength and
bearing capacity of a thick-walled pipeline element with ovalization under presence and absence
of corrosion damage is given.

Key words: thick-walled pipeline element with ovalization, elastoplastic state, corrosion damage
to the material, plastic inhomogeneity, softening function.
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UccnenoBano HC semenTa TosicTOCTEHHOrO TPyOOIIPOBOJA IIPH OBAJIU3AIMUA €rO IIOHEPEIHOIO
CedeHus B YCJIOBUSX KOPPO3HUOHHO-CHUJIOBOI'O BO3/EICTBUSI B IOCTAHOBKE ILJIOCKOH jedopMariu.
Marepuaj 3jieMeHTa 1107 JIefICTBHEM BHEIIHErO JABJIEHUS IIEPEXOJUT B YIPYTONJIACTUYIECKOE
cocrosinne. KOppO3MOHHOE BO3/EHCTBHE MEPEKAYMBACMON CPEBI MPUBOAUT K Pa3yIPOTHEHHUIO
Marepuajga B IJIACTHYECKON 30HE. DTO Da3ylpOUHEHHE MATEPHUAJA YIUTHIBAETCHA CIEIHATb-
HOM (DYHKIMEH HEOTHOPOMHOCTH B yciosun iwiactudHoctn Tpecka-Cen-Benana. Paccmorpena
yIpyromiacTudeckas 3aJa4da JJjId TOJICTOCTEHHOI'O SJIIHIITUYECKOIO 3JIEMEHTa 0[] JeHCTBUEM
PaBHOMEPHOT'O HAPY?KHOT'O U BHYTDEHHErO JIaBJICHHS B HEOCECUMMETPUYHON IIOCTAHOBKE. 3a-
Jlada pelleHa MeTOJIOM COBMECTHOI'O HCIIOJIb30BAHUS CTATHYECKUX U (PU3MUIECKUX YpaBHEHUN
JUIS  PacCMATPUBAEMOIO YIPYTOMJIACTHIECKOTO MATepHaja JIEMEHTAa U METOIOM BO3MYIIe-
HUI B TEOPHUH YIPYIOIUIACTUYECKOIO Teja. JlaHa OIEHKa IPOYHOCTH U HECYINedl CIOCOOHOCTH
TOJICTOCTEHHOTO 3JIEMEHTa TPYOOIIPOBOIA € OBAJIU3ANKeE! IPH KOPPO3UOHHO-CUTIOBOM BO3IEHCTBHUH.

KutrouyeBbie cjoBa: TOJICTOCTEHHBIH 3JIEMEHT TPYOOIIPOBO/IA C OBAJIU3AIUEN, YIIPYTOILIACTHIECKOE
COCTOSTHIIE, KOPPO3UOHHBIE [TOBPEXKICHUS MaTepUuaia, (DYHKIUS PA3yIPOTHEHN.

1 Introduction

We studied the stress state, strength and carrying capacity of an element of a thick-walled
pipeline with the circular cross-section under the action of uniform and non-uniform external
pressure along the contour [1] with accounting of softening of material in the plastic zone due
to corrosion effect of a pumping medium.

During operation of the elements of pipeline structures are subjected to various exorbitant
loads, leading to ovalization of pipes. Ovalization of pipes significantly affects their strength
and bearing capacity [2,3]. Moreover, during operation, corrosive wear of the inner surface of
a thick-walled element occurs in aggressive working environments, which further reduces its
bearing capacity.

In this regard, this work is devoted to the study of the stress state, strength and bear-
ing capacity of an elastoplastic element of a thick-walled pipeline with ovalization under
conditions of corrosion-force action, leading to weakening of the material in the plastic zone.

2 State of the problem

Ovalization is a factor that is taken into account in regulatory documents at the stage of
delivery and installation of pipes, during design and construction [2,3|, however there are no
standards for the limiting value of ovality of pipelines in operation, despite the large amount
of diagnostic data on their ovalization [4]. Meanwhile, the coincidence of the zone of increased
stresses caused by ovalization of pipes with places of rupture and corrosion damage indicates
that ovalization should be taken into account and be able to evaluate from the point of
view of the operability of the pipeline. The ovalization of the cross section of an infinitely
long elastic pipe in pure bending was studied by Brazier |5]. Elastoplastic ovalization of the
profile of an initially straight cylindrical pipe bent by external moments along the mandrel
is considered in [6]. Since in [6] only a part of the pipe is subject to bending, the study of
the deformation of the pipe section is carried out in the framework of the plane stress state.
In [7], the reliability and residual life of gas pipeline sections with defects such as ovalization
and wall thinning due to corrosion and erosion processes are considered on the basis of a
probabilistic approach. The strength characteristics of steel pipelines with geometric defects
of the "dint" type were studied in [8]. In this case, a dint leads to a stress concentration in
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the defect zone under the action of internal pressure and can cause the appearance of other
surface defects, including corrosion.

Ovality of the section is a geometric defect in the section of the pipe resulting from the
transformation of the initial annular section of the pipe into an elliptical. Ovalization of the
section is considered by us as a result of significant external transverse (radial) loads on the
pipeline. This allows us to research the elastoplastic stress state, strength and bearing capacity
of a pipeline element under conditions of corrosion-force action in the formulation of plane
deformation. At the same time, the decrease in the strength properties of the pipe material
during loading due to the accumulation of damage and defects can be taken into account
by introducing a special softening function (radial inhomogeneity of strength characteristics)
in the known criteria of material plasticity for axisymmetric and plane problems [9-11]. In
[12], modified plasticity criteria were used that can take into account the accumulation of
material damage under difficult boundary conditions, when the plastic inhomogeneity changes
in accordance with the change in the elastoplastic boundary. In this work, we use just such
plasticity criteria.

3 Solution of the problem

The element of a thick-walled underground pipeline with ovalization is in plane de-formation
[14]. The equations of the cross-section of the oval pipeline element in the polar coordinate
system r, § are written for the inner contour in the form ag+ f;(r, @), and for the outer contour
in the form 1+ f5(r,0). Here, fi(r,0), fo(r,0) are some functions of coordinates, ag < 1.
The pipeline material is taken to be ideally elastoplastic, obeying the Prandtl loading
diagram [15].
Equilibrium equations in general form are written as o0;;; = 0.
In the considered formulation, the equilibrium equations of the pipeline in the polar
coordinate system r, 6 take the form :
(‘3@4_187@ 0',«—0'9:()’ 37r9+1@+2@20 (1)
aor r 00 r or r 00 r
Here o,, 0y, 79 are the components of the stress tensor.
In the elastic region, Hooke’s law is valid for a homogeneous, isotropic linear elastic
material:

1
ey = 5 (L + w)oiy; — pdijon) )

where 0;; and €;; are the components of the stress and strain tensors, F is the modulus of
elasticity, p is the Poisson’s ratio, and d;; is the Kronecker symbol.

The stress function in the elastic region ®(r, #) must satisfy the biharmonic equation (here
V2 is the Laplace operator)

ViVi0 = 0. (3)
The solution of equation (3)) at ,mf can be presented in the general form

®,, = (O17™ + Cor™™ + C3r™ 2 + Cyopn(r)) cosmb, m =0,1,2, ..., (4)
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where ¢,,,(r) = r™Inr at m = 0, 1; @,,(r) = r~™2 at m > 2. The constants C; — Cy in (4)
are found in the course of the solution from the boundary conditions.
The plasticity condition is generally written as follows:

Je (Uijaas* (l’i,Xj)) = 0. (5)

In condition , o;; are the components of the stress tensor, o, (x;, x;) are the strength
characteristics of the material in the plastic zone, which are continuous and differentiable
functions of the coordinates z; and loading parameters x; [12].

As a condition for the transition of a material into a plastic state, we take the Tresca-
Saint-Venant condition, which is widely used in calculations of plastically deformable metal
structures and constructions:

(09 — 0,)* + 417 = AK? (6)

where K, is the adhesion coefficient of material.

The material strength parameter K, in condition (6)) characterizes the plastic
inhomogeneity formed as a result of varying degrees of damage to the material (the presence
of many defects and microcracks in it) due to the force-corrosion effect and distributed over
the thickness of the plastic zone, similar to the outline of its boundary. K, = K; At the
border of the plastic zone, the value K, is constant: K, = K;. The quantity K, is a special
softening function that depends on the coordinates r, 6 and loading parameters ro,d [12]:

K, = K.(r,r0,0,0) (7)

Here g, d are the axisymmetric and non-axisymmetric loading parameters: ro = ro(Fy, P; +
Py),d =6(P — P).

The problem is solved by the method of joint use of static and physical equations for the
considered elastoplastic material.

The problem also uses the perturbation method in the theory of an elastoplastic body
[13]. The solution by the perturbation method is determined near the known "zero" solution
at 6 = 0. As an initial state, we will take the solution we obtained earlier for a circular
thick-walled element in an axisymmetric formulation [1]:

oy =Po2 [, oy = ofy + 2K, 1y =0,
) o (8)
9(

1
r) _ 2 - 0o _
) } - P+K1TO (1:F 7“2) v T(re) — 0.
(9)

Axisymmetric boundary conditions on the inner and outer contour ag and 1 of thick-
walled circular element and the conjugation conditions on the contour ry have the form
(Figure 1):



68 Research of the stress state of a pipeline element . ..

1

I
Fo

do

JFT} =Py at r = agp; a(or) =P

at r =1;[0%] = [0)] = 0 at r = rg

In expressions ({8), square (round)
brackets at the indices mean belonging to
the plastic (elastic) zone. The symbol K?
denotes the softening function in the
axisymmetric case, which depends only
on the current radius r and the boundary

radius 7y :
Figure 1: Design scheme for a circular thick-

walled pipeline element

0

K? = K.(r,r0) = (Ko — K1) f(r,m0) + K. (9)
Here Ky and K is the value of the strength of the material on the inner contour ag and on the
elastoplastic radius 79, f(r,7) — some kernel with the properties f(ag, 1) = 1, f(ro,70) = 0.
In [10], the kernel f(r,7) was taken as a kernel that describes well the decrease in the value
of K? during loading both along the radius 7 and depending on the position of the boundary
af (1§~ )
(1 —af)

Elastoplastic radius rg in our "zero" solution is implicitly determined from the
transcendental equation

radius 7o (n is the nonlinearity parameter): f(r,ry) =

PO—P+2/T1KSdr+K1(1—r§) =0 (10)

Qo

In the absence of corrosion damage, the parameter KV = K, and the radius of the plastic
zone rg are found from the equation

Py— P +2K, (m(”)) +%(1—r3)) —0. (11)

According to the perturbation method, the solution is sought in the form of rows of the
sought components in powers of a small parameter, which is ¢§

:Zava; —%+Z5V o,

K, Zé”K(”) K%+ Z(VKQ’), (12)

—Zé rl,—ro—i-Zé r,
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where 7 is the sought elastoplastic boundary.
For this, the initial equations, boundary conditions and conjugation conditions are
linearized. Equilibrium equations retain their form for any approximation

o) N 1 87,59”) o) — Uéu) —0 57750’/) + 1 805/) + QTE‘Z’/) =0 (13)
or r 00 r - or r 00 ro

The linearization of the relations of the theory of ideal plasticity consists in the combined
use of equations (I, (6). Introducing the stress function F' = F(r,) according to

10F™ 1 9?F®) w O*FW ) o /19FW
- - = ) = —— =0,1,2,... (14
For o %0 T g T T Ty (7’ a0 ) v=012... (14

and linearizing equation @ we obtain in the plastic zone an inhomogeneous differential
equation in partial derivatives for the function F®)(r,#) :

v) __
0'7. =

92FW) OFwW  52FpW)
T A (L (15)

Here f®) is the right side of the corresponding linearized relation: f0 = 2K°, f) = 27
1
fUD =

— () + 281,
The solution to equation F®) is determined taking into account static or geometric
boundary conditions.
The linearization of the boundary conditions depends on the given forces on the initial
contour, and the linearization of the conjugation conditions on the elastoplastic boundary is
determined by the nature of the initial conjugation conditions.

4 Thick-walled pipeline element with ovalization under uniform external and
internal pressure

Consider a thick-walled pipeline element with ovalization, loaded with uniform internal P
and external P pressures, under conditions of plane deformation (Fig. 2)

The equations of the outer and inner
contours of the pipeline element have the
form

r. = 1+ ddy cos 26,
(16)
ri = aop(1 + dds cos 26),

where ¢ is the parameter of deviation of the
oval contour from the circular one, d; and ds
are geometric coefficients.

We construct a solution to the problem
in the form at v > 0. The zero solution
for v = 0 is given in the previous part of the
work. Let us find a solution for v = 1.

Figure 2: Design scheme for a thick-walled
pipeline element with ovalization



70 Research of the stress state of a pipeline element . ..

Consider the plastic zone of a thick-walled element. We represent the stress function £
in equation based on the geometric boundary conditions of the outer and inner contours
([16): FV = R(r) cos26.

Solving equation , we find the function F() in the plastic zone:

FO = AiRi—i-Rz'/%dr cos20, , i=1,2, (17)
ao

where A;R; = ARy + AyRy = r(A; cos(v/31Inr) + Aysin(v/31nr)), V(r) is the Wronskian of
the system of solutions R;, V;(r) is the determinant obtained from the Wronskian by replacing
the ith column with a column with a single nonzero element 2K D) cos71 260 located at its end.

The stress components in the plastic zone under the Tresque-Saint-Venant condition based

on , are written as:

a[(I) = %[Al cos(v3Inr) + Ay sin(v31Inr) — 2(vV3cos(vV3Inr) + sin(v31nr)) x

]

" / —sin(v/31n r) KD

0520 dr + 2(005(\/§1n r) — \/gsin(\/gln ) x

ao
T

" / cos(v/31n T)Kil)

cos 20

dr] cos 20, U[(OI]) = J[(TI]) + 2K,
m_ 1 - (18)
Thrg) = 5[(141 — \/gAg) cos(\/gln'r’) + (Ay — \/§A1) sm(\/glnr)—

L ) KD
—8sin(V31nr) - / sm(z/ogs 21107") dr + 8 cos(v3Inr)x

ao
T

y / cos(v/31n T)Kil)

cos 20

dr] sin 26.

ao

Find constants A; and A,. For this, we have linearized boundary conditions on the inner
contour

do?.
0'[(:}) + a0d2 d[ ]

- cos 20 =0, T[SIG)] + 2d2(0%] - a?r]) sin20 =0, at r = ao. (19)

Substituting into ([19)), we obtain
Ay = —2(V3sin(v31nag) 4 cos(v31n ag))agd: K, (ag, o),

Ay = 2(V/3cos(V31nag) — sin(v31n ag))agda K, (ag, 7).

(1)

Substituting A; and A, in , we can obtain expressions for the components O (1)

1
) 0[9] )

T[Sale)} in their final form.
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Consider the elastic region of a thick-walled element. The components a((:)), a((g)) 7'(([0)) of

the stress tensor in the elastic region are found from the stress function ®) in equations ([ ,

(14):

ng)) = (—=2C) — 6Cyr=* — 4C,r~?) cos 20 = 0,
O'(ég) = (201 -+ 6027’_4 + 12037*2> cos 20 = 07 (20)
7o) = (201 — 6Cyr=* + 6Cyr2 — 2C4r~2) sin 20

To determine C, Cy, C3, Cy we have linearized boundary conditions on the outer contour
of the element

do?
I () I .
UET)) + dl? cos 20 =0, T((Te)) + 2d1(a(09) - a?r)) sin20 =0, at r=1 (21)
and two linearized conditions for conjugation of stresses at the boundary of the plastic zone
D=0, [(D]=0 at r=r (22)

Then, from conditions , , we obtain the boundary value problem for the elastic
region of a thick-walled oval element:

o) = = M (r) cos 20, 7'((10)) My(r)sin26, at r = ro,

Y 23
o\ = — My(r) cos 26, 7'((:)) = —2My(r)sin20, at r = 1. (23)

Here under the condition of Tresque-Saint-Venant

MO = 2T8d1K1,

M, = 2a0dy K, (ao’m>(\/—sln(\/_ln—)+cos(\/_1n—))_

T ap

T0
2 e ) KD
_—(\/§COS(\/§IH o) + Sin(\/§ln o)) - / sin(v/31n7) drt
"o cos 20
ag

To
2 Inr)KL
+-—(cos(V31nry) — V3sin(v31Inrg)) - / cos(v/31Inr) ar.
"o cos 20
ao

To
dagds K, P 1 Kil)
My =~ (a0, 7o) cos(v31n Q) . sin(v/31nro) - / sin(v3lnr) dr+
r ao ro cos 26
aop

+§ cos(v/31nrg)

To

/cos(\/_lnr) (I)dr

cos 20

ao
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Solving the boundary value problem , we find all constants C; — Cy :

1
CH:Eu_wﬁyﬁm%@%z_mﬂ—@ﬁ—wﬁa+nf+2mﬁ+2Myfy
1
(3:§u_¢fy3@MML—g%—Aﬂm+mﬂ+ﬂMﬂ3%
1
Cy = grg (1= 157) 7" (3Mo(r5™" = 1g®) + My(1+3rg®) + Mo(1 = 3r5%))
1

Oy = 5(1= 15?7 (~Mo(L+ 7" = 205") + Mi(2 4+ 77 415" = Ma(rg” + 15))

Substituting C, Cy, C3, Cy in , we obtain the stress components in the elastic region of
the thick-walled element ag)) , a(é), 7-((:9)) in the final form.

We seek the equation for the boundary of the plastic zone r, in the form r, = rq 4 dry.
To determine the value of ry, we use the linearized conditions for the conjugation of the

components oy and K, on rq :

doY dK?
{aél) + %rl} =0, {Kﬁ” + dr* ?"1} =0 at r=nrg, (24)

From conditions we obtain

do? do? dKO
I I 0] o) X
el - () w0

Then we finally have
r = 1/)(7“0)7’0 COS 29,
Yi+Yo+Ys

Yi+Ys+2Z°
Here under the condition of Tresque-Saint-Venant

where (1) is some function of ¢ : ¥(rg) =

Vi = —4(2—Trg? +5ry (1 —rg?) 3d K,

apda K (ag, o))
ro(1 — 7“0_2)3

Yo = (145ry2 —1lrg* = 3ry% — (1 — 1r5?)?)

x(Vﬁﬁn(¢§m£a)—am<¢2mn30),

Qo

_ _ _ dQK*(ao 7"0)) To
Yy = —8(1—3r2 4ot 4 3r6) 2 2 10)) 32 )

2K,
(1 =rg?)?*
% ((v/3 cos(V31Inr) + sin(v31nr)) By + (cos(v3Inrg) — v3sin(v31n 7)) Bs),

Yy = —2(1+5ry2 — 1rg* —3ry% — (1 —15?)?) X

K. .
Vs = —4(1 = 3ry2 +ry* + ST()—G)m x (sin(v/31Inrg) By + cos(v31nry)By),
0
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n
ag n

J = 4[(1, }~<* = (1(0 1<1> )
1-— ag To
]l ao

To . _ T
B, = Eosm(\/glnro - 5) —5 sin(v/31Inag — g),

By = %cos(\/glnro - %) — %cos(\/glnao — g)

In the homogeneous case, the expression Y; is the same, the expressions Y5 and Y3 are
preserved, but instead of K,(ag,79), K1, Y4 = Y5 = 0 should be written. In this case, the
radius ry corresponds to the homogeneous case.

The equation for the boundary of the plastic zone r is written in the form:

rs = 1o(1 + 91 (ro) cos 20).
The obtained solution area is as follows
7“0(1 — 5?/)(7"0)) 2 CL()(]_ — 5d2)

The bearing capacity of a thick-walled pipeline element with ovalization is determined as
follows: If 1(rg) = dy, then the boundary equation 7, has the form ry = r¢(1 + dd; cos 260). In
this case, the ellipses bounding the outer contour of the element and the plastic zone will be
similar. Consequently, the plastic zone will reach the critical contour at once in all its points
and the bearing capacity is determined from a simple condition r, = rq.

In the absence of corrosion damage (r, = 1), the condition for determining the bearing
capacity of the element will take the form from ry = 1. Here r, is the numerically determined
critical radius of the element (ag < 7, < 1), corresponding to the maximum point on the
loading diagram AP = AP(rg), at which a thick-walled element is destroyed [1].

In all other cases (¢(ro) # di), the bearing capacity of a pipeline element with ovalization
can be researched as follows.

From the equation

’I"*(lil:(Sdl) :To(lﬂ:(sw(’l"o)), (25)

at # = 0 or 6 = 7/2, we find the value ry, and then from ([10) we obtain the critical value of
external loads, at which the plastic zone will reach some "critical” points of the thick-walled
element.

In the absence of corrosion damage to the element, equation should be adopted and
r. = 1 used in equation . In this case, critical points (marked with zeros in Fig. 2) are
located on the outer contour of the element 1+ dd; cos 26 at the points of its greatest (6 = 0)
or least (6 = m/2) curvature.

In the presence of corrosion damage of the element, the critical points are located inside
the element (marked with crosses in Fig. 2) on the contour 7,(1+ dd; cos 26) in the directions
of its greatest (0 = 0 or least (6 = m/2) curvature (this is determined through the coefficients
d; and dy). Reaching these crosses by any point of the plastic zone will lead to the destruction
of the element. Note that in an oval element, the plastic zone in the presence of damage to
the material becomes larger in size and somewhat elongated in the directions of its greatest
curvature. Wherein, in the above directions, the element acquires the greatest damage.
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In this case d; = 0, ds = 1, we have a thick-walled circular element with an oval hole. The
bearing capacity of such an element is determined from the equation 7, = ro(1 + d1(ro)) at
Y7 = 0. Consequently, the “critical” points are located inside the element on the contour r,
in the directions of the greatest curvature (§ = 7/2) of the hole.

In this case dy = 1, dy = 0, we have a thick-walled oval element with a circular hole. The
bearing capacity of such element is determined from equation at Yo = Y3 = 0. "Critical"
points are located inside the element on the contour 7, (1 + dd; cos 26) in the directions of the
greatest (0 = 0) or least (6 = m/2) curvature of its outer contour.

All the obtained solutions at v = 1 go to the homogeneous case, and at § = 0 go to the
axisymmetric case.

5 Conclusion

The stress state of an elastoplastic element of a thick-walled pipeline when ovalizing a cross
section is studied under conditions of power and corrosion effect using a special softening
function (plastic inhomogeneity) in the plasticity condition of Tresca-Saint-Venant. An
elastoplastic problem is considered for a thick-walled pipeline element with ovalization under
the action of uniform external and internal pressure in a nonaxisymmetric formulation. The
problem is solved by the method of joint use of equilibrium equations and physical equations
in each zone and their "sewing" through the conjugation conditions on the elastoplastic
boundary, as well as by the method of perturbations in the theory of an elastoplastic body.

An assessment of the strength and bearing capacity of a loaded thick-walled pipeline
element with ovalization in the presence and absence of corrosion damage is given.
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