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ASYMPTOTIC BEHAVIOR OF THE SOLUTION OF THE INTEGRAL
BOUNDARY VALUE PROBLEM FOR SINGULARLY PERTURBED
INTEGRO-DIFFERENTIAL EQUATIONS

The work is devoted to clarifying asymptotic with respect to a small parameter behavior of the
solution of the integral boundary value problem for singularly perturbed linear integro-differential
equation. We study the boundary value problem for singularly perturbed integro-differential
equations with the phenomena of the so-called boundary jumps, when the fast solution variable
becomes unbounded at both boundaries. The exceptions of the qualitative influence of integral
terms on the asymptotic behavior of the solutions for singularly perturbed integro-differential
equations are shown. The presence of integral terms will significantly change the degenerate
equation: the solution of the assumed singularly perturbed integro-differential equation does not
tend to the solution of the usual degenerate equation, obtained from the supposed equation with
the zero value of a small parameter and will tend to solve a specially modified degenerate integro-
differential equation with an additional term called the jump of the integral term. Boundary
and initial functions are defined; their existence and uniqueness are proved. On the basis of
the constructed boundary and initial functions are obtained analytical formula and asymptotic
estimates of the solution for the integral boundary value problem. It is established that the solution
of the considered boundary value problem at the ends of a given segment has the phenomena of
boundary jumps of the same orders. A modified degenerate boundary value problem is constructed,
to the solution of which approaches the solution of assumed singularly perturbed integral boundary
value problem. The value of the jump of integral terms is found. An example was made based on
the initial results.

Key words: singular perturbation, small parameter, the initial jump, asymptotics.
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ZKyMbIC CHHTYJISIPJIBI ayBITKBIFAH UHTErPO-AuddepeHnnaaablK TeHJaey YIIH IeKapaIblK, ecern
menTiMinig, Kimr mapamMeTp OOWBIHINE aCHUMITOTUKAJBIK KYOBIIBICHIH AHBIKTAYFa apHAJIFAH.
Biz cunrysaspiasl  aybITKbFaH WHTErpO-IuddepeHIuaIbIK, TeHIey i, Killli IapamMerp HeJjre
YMTBIJIFAH/IA IIEIM KeCiHJIiHIH €Ki »KaK IIeTiHJe MIeKCi3TiKKe YMTBIIATBIH IeKapaJblK, CeKipic
KYOBLIBICEIMEH KapacThIpaMbI3. 2KyMbICTa WHTErPaABbIK MYIIEHIH CHHTY/ISIPJIBI  aybITKBIFAH
MHTErPOo-anddepeHInaIabK TeHIey VIMiH eKapaablK ecell MENNiMiHIH aCUMITOTHKAJIBIK CHIa-
TBIHA dcepi KepcerinreH. MHTerpasaplK Myllle aybITKbIMAFaH INIEKAPAJIBIK €CENTi aiTapsbIKTail
e3reprei. Kimi mapameTp Hesire YMTBIIFAH Ke€3JI€ CUHTYJIAPJBI aybITKBIFAH ITEKAPAJIBIK, €Ccerl
menriMi KapamnaibIM aybITKbIMAFaH IIIEKAPAJIbIK, €eCcell IIemriMine yMTbUIMaiapl. CUHTYIISPIIBIK,
ayBITKBIFAH MEKAPAJIBIK €CEIl MIEINMI WHTerpaJIIbIK, MYIIEeHIH CceKipici 0ap e3repTiireH aybITKbI-
MaraH ecell IIeNiMiHe YMTBLIaJIbI.
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ZKyMbIcTa MHTErpaJIIbIK, IIIEKaPAJIbIK, €Cell MIENTMIiHIH aHAJIUTUKAIBIK, (POPMYIAChl MEH aCUMIITO-
TUKAJIBIK, Oarajiay/iapbl ajblHIbl. BepijireH KeciHJiHIH eKi »KakK, [IeTiHe Je KAPACThIPBLIBIIT OThI-
praH IMeKapaJIbIK, eCell MEeNTiMiHIH 6acTaIKbI CeKipic KyObLIBICBIHBIH, PeTi 6ipaeil eKeH I ir aHbIKTa -
bl OChbl CHHIYJISPJIBI &y BITKBIFAH IIeKapaJsblK ecebiHe ColKec e3repTiIreH aybITKbLIMAraH IeKapa-
JIBIK, €CeTl KYPBLIFaH. BepiareH cuHTy/IsIp/Ibl aybITKBIFAH MTEKAPAJIBIK, €CEIl MENMIHIH 63repTiareH
aybITKbIMAFaH MEKAPAJIBIK eceOiHe YMTBLIATHIHBI Ao aeHreH. HTerpaiapiK, MyIeHiH 6acTaTKb
cekipicinifg mamachkl aHbIKTAJIBI. MbIicasr 6acTamkbl HOTHXKeIep HerisiHje »KacaJibl.

Tvyiiin ce3aep: CUHTYJISPIBIK, aybITKY, Killll mapaMerp, 6acTanKbl CeKipic, aCHMITOTHKA.
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AcuMnToTuvueckoe IOBeJeHNE PEIIEHNs NHTErPAJIbHON KPAaeBbIX 33124 JJIsi CUHTYJISIDHO
BO3MYIIIEHHBIX UHTerpo-auddepeHnuaaIbHbIX yPaBHEHUI

Pabora mocssimnena BBISICHEHHIO aCUMITOTHYIECKOTO IO MAJIOMY ITapaMEeTPy IOBEJICHUS PEIIeHUsT
UHTerpajJbHON KpaeBOU 3aJa4ud ISl CHHTYJIAPHOTO BO3MYIIEHHOIO JIMHEHHOTO WHTETrpo-
b depeHnnaIbHOrO ypaBHeHus. Mbl n3ydaeM KpaeByio 3aady JJjis CUHTYJISIPDHO BO3MYIIEHHBIX
UHTErpo-TudPEPEHITNATBHBIX YPABHEHUN C SBJICHUSIMHU TaK HA3BIBAEMBIX 'DAHUIHBIX CKAIKOB,
KOTJ[a IIePeMeHHAast ObICTPOrO PelleHus CTAHOBUTCS HEOTPaHUYIEHHO! Ha obeux rpanunax. [lokaza-
HBI UCKJIIOUEeHN KaueCTBEHHOI'O BJIUSHUS NHTET'PAJbHBIX UJE€HOB Ha aCHMIITOTHUYECKOe IIOBeJleHre
pelleHnil CUHTYJISPHO BO3MYIIEHHBIX MHTErPO-IuddepeHnua bHbiX ypaBHenuil. Haanune waTe-
rpaJIbHBIX WIEHOB CYIECTBEHHO M3MEHUT BBIPOXKJICHHOE ypaBHeHUe. Pelienne mpesmomaraeMoro
CHUHTYJISPHO BO3MYIIIEHHOT'O WHTErPO-1uddepPeHInaJIbHOT0 YPABHEHNE HE CTPEMUTCH K PEIIeHUIO
OOBIYHOTO BBIPOXK/IEHHOTO YPABHEHUs, MMOJIYIEHHOI'O U3 IIPEJII0/IaraeMoOr0 YPaBHEHUs C HYJIEBBIM
3HAYEHNEM MAaJIOTO IlapaMeTpa, 1 OyJIeT CTPEMUTHCS CIENUAIBHO MOIUMUIITPOBAHHOE BBIPOK I€H-
HOe MHTErpo-1uddepeHIuajibHoe ypaBHeHNe ¢ JOMOJTHUTEIbHBIM WIEHOM, HA3bIBAEMbIM CKAYKOM
WHTErpajbHOTO WieHa. B pabore mosyueHbl aHaIuTudeckasi opMyJia U AaCUMIITOTHIECKHE OIEHKH
peIleHnsT NHTEerPAIBHOM KPAEBOil 3aJa4uu. YCTAHOBJIEHO, ITO PEIIeHNe PACCMATPUBAEMOI KPAeBOit
3a/layM Ha KOHIAX 3a/[aHHOI'O0 OTpe3Ka HMeeT fABJICHH: I'DAHUYHBIX CKa4KOB TeX K€ IIOPAJIKOB.
[TocTpoena momudunupoBanHas BHIPOXKIEHHAS KpaeBas 3aJa4a, K PEeIeHni0 KOTOPOil CTPEMUTCH
pellleHre HUCXOJHOM CHHIYJISPHO BO3MYIIEHHON WHTerpajbHOil Kpaepoil 3ajauu. OupeieseHa
BeJIMYMHA HAYAJBHOIO CKAYKa WHTErpajbHOTO dieHa. [Ipumep ObLI ceiaH Ha OCHOBE HAYAJbHBIX
Pe3yabTaTOB.

KuroueBble ciioBa: Majblil TapaMeTp, CHHTY/ISPHOE BO3MYIIEHNE, aCUMIITOTAKA, HAUaIbHBIN CKa-
YOK.

1 Introduction

Singularly perturbed equations is called equations that contain a small parameter with higher
derivatives. Many applied problems in physics, mechanics, technology, etc. are modeled using
this type of equations in mathematics. In the following work of the authors L. Schlesinger
[1], G.D. Birkhoff [2], P. Noaillon [3], W. Wasow [4], A.H. Nayfeh [5], A. N. Tikhonov [6,7],
M.I. Vishik, L.A. Lusternik [8,9], N.N. Bogolyubov, U.A Mitropolsky [10], A.B. Vasilieva and
V.F. Butuzov [11,12], R.E. O’Malley [13,14], D.R. Smith [15], W. Eckhaus [16], K. W. Chang
and F. A. Howes [17], J. Kevorkian and J.D. Cole [18], Sanders and F. Verhulst [19], E.F.
Mischenko, N. Rozov [20], S.A. Lomov [21]|, M.I. Imanaliev [22], K.A.Kassymov [23-25] was
appeared and devoloped the theory of such type equations.

In the study of certain singularly perturbed problems, it can be found that the fast
variable of the solution near the boundary of the set takes on an infinitely large value, since
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the small parameter tends to zero. The study of the Cauchy problem with an initial jump for
a single nonlinear ODE was began by authors’ work L.A. Lusternik and M.I. Vishik [26] and
K.A.Kassymov [27]. The most common cases of the Cauchy problem with initial jump were
studied by K.A. Kassymov. A characteristic exception of such problems is that the solution
of this problem approaches to solution of degenerate equation with modified initial conditions
when the small parameter goes to zero. In this instance, it is said that the phenomenon of
the initial jump for the solution is valid.

In [28-31| was investigated boundary value problems (BVP) for singularly perturbed ODE
and integro-differential equations with initial jumps.

In (32, 33] was studied BVP for integro-differential equations third-order with a small
parameter at two higher derivatives, when hold the so-called phenomena of boundary jumps,
i.e. when some derivatives of the solution for sufficiently small values of the parameter become
infinitely large at both ends of the interval. But as this takes place at the ends of the considered
interval of solving these problems, there were jumps of different orders. Singularly perturbed
differential equations with a piecewise constant argument considered in [34].

In the present work, we investigate integral BVP for singularly perturbed linear integro-
differential equations third-order, solution that at the ends of a given segment has jumps of
the same order. The main goal of this paper is to establish the asymptotic behavior of the
solution on a small parameter and the construction of the modified degenerate problem. A
similar work but without integral conditions considered in [35].

2 Statement of the problem and auxiliary materials

Consider the following singularly perturbed linear integro-differential equation

Luy—,u2y"/+uz40(t)yﬂ+141( )y +A2 /ZH t ,I‘ ZE ,u)d (1)

with integral boundary conditions

1

hy=y0.p) =a, hy=y'0,p) =8, hsy=y(1,p) / ai(@)y" (z, p)dz =, (2)
0 =0

where p > 0 is a small parameter, «, 3,7 are known constants independent of .

Assume that following conditions hold:

C1) Functions A;(t),7 = 0,2, F(t), a;(t),i = 0,2 are defined on the interval 0 < t <
1, Ho(t,x), Hi(t,z), Hy(t,z) are defined in the domain D = {0<¢<1,0<z <1} and
sufficiently smooth.

C2) The roots r;(t), ¢ = 1,2 of "additional characteristic equation"x?+ Ag(t)rk+ A, (t) = 0
satisfy the following inequalities k1 (t) < —y1 <0, ka(t) = 72 > 0.

C3) as(1) # 1.

We consider homogeneous singularly perturbed equation associated with (1):

Loy = py" + pAo(t)y" + Ai(t)y + As(t)y = 0. (3)
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The fundamental set of solutions of equation (3) takes the form [35]

(K{(Byao() + O)) ;. ¢=0,2,

@ . __ (4)
Yo (b, 1) = ke (Ra()y(t) + O(n)) ;. ¢=0,2

y Dt 1) =y (6) + O(p),  ¢=0,2,

g\ (t, ) =

, functions y;o(t),7 = 1,2 are solutions of the problem:

pi(t) - yio(t) + qi(t) - yio(t) =0, 4i0(0) =1, i=1,2,

where
pi(t) = (Ao(t) + 2k (8))ki(t),  q;(t) = 3r;i(t)k(t) + Ao(t)ki(t) + Aa(2).

Wronskian, composed of the fundamental system of solutions of equation (3) has the form:

ko (x)dx

(y10(t)y20(t)ys0(t) k1 (t) o (t)- (5)
~(Ka(t) — k1(t)) + O(n)).

o o
X
AR
—
s
=
IS
8
|
=
Fo—s

1 1
Wt?ILL = —e’
(¢, 1) e

We introduce the functions [35]

PO(t7 S, ,LL) .
W(s,p) "’

Pl(t787ﬂ>

Ko(t, s, pn) = m, (6)

K1<t7 S, ,LL) =

where Py(t,s,pu), Pi(t,s,p) are the third order determinant derived from the Wronskian
W (s, ) by replacing the third row with (¢, 1), 0, y3(¢, 1) and 0, yo(t, 1), 0 respectively. Sum
of Ko(t,s, ) and Ki(t,s,pn) are the Cauchy function. Therefore, these functions have the
following properties:

1. With respect to the variable t satisfy equation (3), i.e.

L,Ky(t,s,u) =0, L,K;i(t,s,;u) =0, te0,1], t#s.
2. When t = s satisfy the conditions:
KU(SwSaN) + Kl(svsaﬂ) =0, K(,)(S’ Svlu) + K{(s,s,u) =0, K(/)/(Sv Sv:u) + K{/(S’ S’:u) =1L

For the functions Ko(t,s,u), Ki(t,s,pn) in view (4), (5), (6) the following asymptotic
representation hold as p — 0 [35]:

(9) q 1 £
@D (4 ¢ 1) = 12 Yso (1) _ K1 (8)y10(t) i (@)de
Koot o) = (y:ao(s)/ﬁ(s)@(s) 11y10(8)k1(s) (Ka(s) — ki(s)) (7)
+0 (1), t>s, ¢=0,2,
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4 (£)yao(t) 1 Fra(a)de _
K{O(t,s, 1) = p? el " +O0(p) |t < 5,9=0,2,
Fl (quzo(s)ﬁz(s) (ra(s) — 1)) R

Let functions ®;(t, u),i = 1, 2,3 are solutions for the following problem:
Luq)i(t, ,U,) = O, hkq)l(t, ,U,) = 5kia i, k= 1, 2, 3,

where 0y; is Kronecker symbol. Functions ®;(t, u), i = 1,2, 3 are called boundary functions.
The boundary functions are determined by the formula

me ®

where J() is the determinant consisting of the fundamental solution system of equation (3):

cI)i (tv :u) -

hayi(t, 1) haye(t, 1) hays(t, p)
J(lu) = h2y1 (t7 ,LL) h2y2 <t7 M) h2y3 (ta :U’) ) (9)
h3y1 (t7 :u) h392 (tv M) h3y3 (ta :u)

J;i(t, ) is the determinant derived from J(u) by replacing the i-th row by the fundamental
set of solutions (¢, 1), ya(t, 1), ys(t, u) of the equation (3). From (9), by virtue of (2), (3),
we obtain for J(u) the asymptotic representation:

J() = Mi (o101 (0)(1 — (1)) + O(11)) # 0. (10)

Then from (8) in view (4), (10) we get asymptotic representation as p — 0 for boundary
functions ®;(t, ), i = 1,2, 3:

(@) @y Y301 (B)y0(t) L [mi@)de
DY (t, 1) = 30 (1) 11 (0) e’

_ R3(0)ya0(t) (haysolt) — a2(0)ys(0) 3 jwm

= o (1)ya0 (1) (1 — ax(1))

I e | —
+0 (,u+ Mq_Qe w4 qu_Qe z 72) , ¢=0,2, (11)
n yn (1) s (Oyo(t) & m@ads K3 ()y20(t)az(0)
(I)Q (tvu) - 1 e 0 - 1
k1(0)  pitk1(0) pa= g (1)y2(1)(1 — az(1))
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3 Main results

We are looking for a solution of the boundary value problem (1),(2) in the form:
y(t, p) = Cr@1(t, ) + Ca®so(t, 1) + C3P5(t, )+

t
1 1 (12)
+ E K0<t,S,M>U<S,M)d8 + E Kl(t757ﬂ)v<svu)dsﬂ
0 1

where ®,(¢t,u),7 = 1,2,3 are boundary functions and expressed by the formula (8),
Ko(t, s, p), Ki(t, s, 1) are auxiliary functions, determined by the formula (6) and having an
asymptotic representation (7), C;,i = 1,2,3 are unknown constants, v(¢, 1) is an unknown
function.

Replacing (12) into equation (1) we get that v(¢,u) satisfies the following Fredholm
integral equation of the second kind:

1
v(t,p) = —i—/Htsu (s, p)ds, (13)
0

Lo Lo
p(t, ) = F(t) + C’l/ZHl (t,2)®\(z, p)dx + C’g/ZHi(t,:U)CI)g)(x,u)dx—l—
0 0 ¢

1=0 =0
+03/ZHZ (t, 2)®Y (x, p)d, (14)

2
1
H(t,s,n) = /ZHth(:csud:c E/ZHl a:su)d.
0

C4) 1 is not an eigenvalue of the kernel H (t, s, u).
Taking into account the condition (C4) integral equation (13) has an unique solution,
that can be represented in the form

1

v(t, p) = p(t, 1) + /Ru(t: s, 1)p(s, p)ds, (15)
0
where R,,(t, s,1) is a resolvent of the kernel H(t, s, i), representable by (14) as an asymptotic

formula R, (t,s,1) = Ro(t,s,1) + O(p). Substituting (15) taking account of (14) into (12),
we obtain solution of the boundary value problem (1),(2) in the form:

3

y(t,p) = CiTi(t, p) + Q(t, ), (16)

=1
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where
t

1 _ 1 _
T3t ) = Wit ) + = / Kot 5, 1) (s, 1)ds + = / Kt 5, 1) Bals, w)ds

0

t

Qlt, 1) = % / ot 5 1) F (s, ,u)ds—k% / Kt s, 1) F (s, p)ds. (17)

0

s = | D Hi(o )8 ), s, 1) = F(s) + [ Bus.n. 0@

H,;(s,x, 1) = Hj(s, ) /R s,p, 1 p, x)dp.

For the functions H;(s,z, ), f(s,p) are valid asymptotic representations:

(s, 1) = Hi(s,2) + / Ro(s,p, 1) H (p.x)dp + O(u) = H(s,) + O(n),
0 (18)

Fls. 1) = F(s) + / Ro(s,p, 1)F(p)dp + O(u) = F(s) + O().

For the functions ¢,(s, ) applying (11), (18), we can obtain the asymptotic formula:

i, 1) = ¢i(s) + O(n), =13, (19)
where
/ HJ (s, yso x)dx + Ha(s,0)y3(0) — (h3y30(tl)__ aQ((f)>ng(0))F2(57 1),
0o J=0 “ (20)
— az(0) — — 1

$y(s) = —H(s,0) — Hy(s,1) ¢3(s) = Ha(s, 1)

1-(12(1)’ 1—0,2(1)
0

From (17) applying (7),(11), (18)-(20), for the functions T;(¢, u), i = 1,2,3, Q(t,u), w
get asymptotic representations:

(9) q -
e WWE() R ([ 7,(0) |
f = (mo/ s i) T i (0) (y30(0)+m(O)(F&a(O)—m(O)))

,eioft“l(w)dﬂc _ y(O)r3() (h3y30(t) —a2(0)y30(0) $,(1) > .
1T Y20 (1) k(1) 1 —ay(1) Ko (1)(k2(1) — K1(1))
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+ (21)

oo (1))
10 (1) (1) (nzmwm — (1) 1= (1)

R — w3 (1)
p= (ra(t) — k(1))

t (2) T q ot
@ 7 QVIC K4 (t)y10(t) £ (O 3 ;@)
Q (t7 :U’) / y30(S)A1(S) d ,qu_lli%<0)(li2(0) — Ky (0))

0

K5 (t)yao(t) f (
1971 K3 (1) ya0(1) (Ka(1

1
+0 (u + Mq_2€ +

To find the unknown constants C;, i = 1,2, 3 from (16), taking account of the boundary
conditions (2), we get a system of algebraic equations:

C(lhljjl (ta M) + CthTQ(t7 :U/) + O3h1T3<t7 N) =& = h1Q<t7 /L)a
Clhng (t, [L) + CQhQTQ(t, ,u) -+ C3h2T3(t, [L) = 6 - hQQ(t, [L) (22)
Clhng (t, ILL) + OthTQ(t, ,U) + Cghng(t, [1,) =7 — th(t, u)
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For the elements of this system are valid asymptotic representations:

hTi(t p) =1+ O0(n), MTit, p) = O(n), i =2,3, mQ(t p) = O(n),

hQT%(ta M) = =

haQ(t, p) =  12(0) (K2(0) — £1(0))

hsTi(t, 1) = [d;] + O(p), i = 1,2, hsTs(t, ) = 1+ 3] + O(n), hsQ(t, p) = [f]+ O(p),

where
ﬁu/gaﬁﬁg(%aw/Eymwﬁ&@m@MM@)w

_—1—7(8) ; —12a~a7(j)a:—as s) | ds—
m!w@m@(%m /ZJU%()lUmU)d 23

_ a(0)f(0) J) B as(1
F1(0)(k2(0) = £1(0)) — Rr(1)(R2(1) = w1 (1)) ma(1) (ke
Then for the main determinant of the system (22):

Tt ) haTo(t, 1) haTs(t, )
hoTh(t, p)  hoT(t, 1) hoTs(t, p)
hsTi(t, ) hsTo(t, i) haTs(t, p)

I(n) =

Y

we get the following asymptotic representation:

IR R X () BOB
109 =0+ 5 (1= sty ) o) e =00

C5) I #0.
Then from the system (22), we determine the unknown constants C;, i = 1,2,3. Thus,
the following theorem will be true.

Theorem 1 If conditions (C1)-(C5) are satisfied, then the boundary value problem (1),(2)
on the interval [0,1] has a unique solution, expressed by formula (16), where Ti(t,pn), i =
1,2,3, Q(t,p) are expressed by formula (17) and the constants C;, i = 1,2,3 are determined
from system (22).
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For C;, i = 1,2,3 are valid asymptotic representations:

DO+ B:) =3O
52(0)(52(0) — #1(0))

1
a=a+mMmz=?P

) (
a0 (0D MD (ﬁ+@®MM)

$5(0)
””‘W)O‘mmm@mwﬂmmﬂ}+OW»

Theorem 2 If conditions (C1)-(C5) are satisfied, then for solutions of problem (1),(2) are
valid the following asymptotic representations:

y@@wa%g@+/%ow<@%ﬁz@>mi@>@ﬁ>

yso(s)Aa(s) — pa=H(ma(t) — ma(t))

_ﬂm@%ﬂﬂ(%dm+, 5,(0) m»)ggmmm_, md)%ﬂ

$1 =15 (0) k1(0)(2(0) — ki1 p4 Ty (1) s (1)
_ <h3y3o(t) —a2(0)y30(0) 6.(1) > eilf’”(f’:)d‘c "
1 —as(1) Ko (1) (k2(1) — K1(1))
1 ¢1(0)(1 + [¢3]) — [¢1]93(0)
7 { K2(0)(k2(0) — #1(0)) i

ds — ‘az(t) -

t/AMW@> kS () — K1 (1)
yso($)AL(s) et Uka(t) — mi(t))

ROLAO 60 |\ e
w“ﬂ@( L(0)(m2(0) — m1(0) Q *
Y2o(t %g(t) 5(1) B as(0) e% 1ftf-ez(I)d:v
Mq Yyao(1) ko (1 ) —ri(1 1 —as(1 ) *
L[ (3,0, @]ﬂm_ ) 7(0) _
*7{(}xm<<>—1m» “”) <5+mwx@w»—mw»>W**
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- 3,(0) [0 ()8, (5)
o=l (1 " a0 (ral0) — m<o>>)] Wi (25)

s (e s ) RIECEIN
e,
) Hl(l))e‘l‘f e fiﬁ?@ 53;8) Tos
+0 (u n uq12eioftm<x>dz . qulgeilft@(x)dx)> o

The proof of the theorem follows from (16) taking account of (21), (24).
From formula (25) for solutions of problem (1), (2), we obtain the following order of
growth:

y'(0,n) = O (%) Y (L) =0 (%) . u— 0.

It implies that at points ¢ = 0 and ¢ = 1 the solution of the considered problem (1), (2) have
the first order boundary jumps.

4 Modified degenerate problem

Singularly perturbed boundary value problem (1), (2), we put in accordance with the following
modified degenerate problem:

Loy = A1(0)7 (1) + A2 (1)y(t) = F(t) + /Z Hy(t,2)5" (x)dz + (1), (26)

2

hsy =7'(1) — /Z a;(2)7" (x)dx = v + as(0)0p + (1 — az(1))0:, (27)

0 =0

where O(t) and Oy, ©; are called jumps of the integral term and solution respectively.
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For the difference u(t, 1) between the solution y(t, i) of the singularly perturbed problem
(1), (2) and the solution 7(t) of the degenerate problem, we get the problem:

Lo
Ly = " + pAo(t)u” + Ay () + Aa(t) /ZHZtiL‘ Jul (z, p)dx — O(t)—
0

=0

2.1

— 2y — pAo(t)y", (28)

hiu = u(0, 1) =0, hou = u'(0, u) = —Oy,

1

hsu = u'(1, p) /ZaZ (x, p)dx = —az(0)0¢ — (1 — ay(1))O;. (29)

=0

The problem (28),(29) is of the same type as the problem (1),(2), by applying asymptotic
formula (25). As a result, we obtain asymptotic representation for the solution of the problem

q 1

~ (a2(0)8p + (1 — a3(1))©; — []) $3<o>] , [ / yst (da(s) w320 — w{()

k2(0)(k2(0) — k1(0)) ys0(s)A1(s) N 19 (ko (t) — ,ﬁ(t))%(t) -
AOQIN0) ,(0) L) e
pi~11 0) (%1(0)(@(0) — #1(0)) 1) "
y20( ) g t) 52(1) _ CLQ(O) eﬁlftﬁz(f)dfﬂ
1T Y0 (1) k2 (1) (’12(1)(@(1) —r(1)) 11— a2(1)> i
1 (0) _
1 |(&+ oo mmy) B (30
_ i _mn (1- 9(0) usp (10s(s) ,
(a2(0)00 + (1 — as(1))0; — [O]) (1 2 (0) (7 (0) — lﬁ(O)))} L/ ygo(S)Al(S)d
O A 5 sOn(05,(0) [
i (ra(t) — ka(8)) 7 197 k3(0) (k2(0) — £1(0)
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/yé‘é)()@(s)d P (UL

S (A R 0)(ma(0) ~ wa(0)
_ wOmB() ke w70 -0 o
TR yan (D) (1) — ma(1)) T @ - m) O
1 *’Yli LG*%% :_
+0 <u+ uHe + = ) , 4=0,2
where
o(t) = 0(t) + / Ro(t,s,1)0(s)ds (31)

If the function ©(t) is selected in the form

O(t) = =6y (d2(t) + a2(0)3(t)) — O1(1 — az(1))d5(t), (32)

it can be presented that u(t, u) — 0, g — 0. From (32) in view of (18),(20), (31) to determine
the jump of integral terms ©(t), we obtain the following formula:

O(t) = Oy Ha(t,0) — O, Hy(t, 1). (33)

Theorem 3 If conditions (C1)-(C5) are satisfied, then for the solution y(t, n) of singularly
perturbed integral boundary value problem (1),(2) are valid the limiting equalities:

lim y(t, 1) = 3(t), 0<t<1,
n—0

limy@ (¢, u) =79(t), i=1,2, 0<t <1,
pn—0

where Y(t) is a solution of modified degenerate boundary value problem (26),(27), the jump
of the integral terms O(t) is determined by formula (33).

Example. To illustrate the results, we give an example. For simplicity, we consider the
integral boundary value problem for a singularly perturbed integro-differential equation with
constant coefficients:

1

Ly = py" —py" — 2y =1+ /5y”(-’r,u)d:v, 0 #0,

0
1

hy=y0,p) =a, hy=y'(0,u) =05, hsy=y(1,n) - /Vy”(w,/z)dx =7, v#0, v#1,
0

(34)

where

Ao(t) = —1, A(t) = —2, Ay(t) =0, F(t) =1, Hy(t,z) =0, i = 0,1,
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Hy(t,x) =6, a;(x) =0, i=0,1, ay(x) = v.

The exact solution to this problem is:

S =B+ BN —v) +[BE+20) =0+ 2) +v— e ey
2(1 — v) (e—ﬁ—1>

BO+2W) (0 +2) +r =1+ [0y = B) + 2B+ (1 —v)]e ¥ U
4(1 - v) (ai - 1)

_M'2[5@—5)+<2/3+1)<1—y>]+3[5(5+2u)—7(5+2>+V—1]e—2_

401 - v) <e*% - 1)

y(t,p) = p

w

+

P -H+EETVA-ve s §B-7) 1
_IU/' 3 + .t_ —
401 - v) <e*ﬁ - 1) 20-v) = 2
Hence, passing to the limit at 4 — 0, we get
: B—7)+v—1_ _
= = <t<
limy(t, ) = o+ 20 —7) t=yt), 0<t<1, (35)

where 7(t) is not a solution to the usual degenerate equation, obtained from (1) at u = 0,
and is a solution of modified degenerate boundary value problem:

1

=2y =1+ / 67" (z)dx + O(t), (36)

hy =7(0) = a, hy=7(0) =+ Oy,
1

vy (x)de = v+ v0y + (1 — )0y,

>
)
<
Il
<=|
—~
—_
S~—
|
o

where Oy, ©; are jumps of the solution at points £ = 0 and ¢t = 1 respectively, determined
from problem (4.11), (4.12) and the value of the jump of the integral terms A(t) in accordance
with formula (4.8) should be determined in the form:

O(t) = 6(09 — ©). (38)
The exact solution of the problem (36), (37) according to the condition (38) has the form
_ 0 =7 +v—1
t) = L.

Therefore, the passage to the limit (35) will be valid. The limit transitions are similarly valid.

lim y @ (¢, p) =79(t), i=1,2, 0<t<1.
n—0
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5 Conclusion

In this paper, we study the boundary value problem for singularly perturbed integro-
differential equations with the phenomena of the so-called boundary jumps, when the fast
solution variable becomes unbounded at both boundaries. The exceptions of the qualitative
influence of integral terms on the asymptotic behavior of the solutions for singularly perturbed
integro-differential equations are shown. The presence of integral terms will significantly
change the degenerate equation: the solution of the assumed singularly perturbed integro-
differential equation does not tend to the solution of the usual degenerate equation, obtained
from the supposed equation with the zero value of a small parameter and will tend to
solve a specially modified degenerate integro-differential equation with an additional term
called the jump of the integral term. Moreover, the value of the jump of the integral term
is determined differently than in [33] because of occurence of jumps in solutions of the
same order. In addition, in the boundary conditions of the modified degenerate problem,
there is also a change. The so-called jumps of the first derivative of the solution appear
O =7(0) —y'(0,u) # 0 and ©; =7 (1) —¥/(1, 1) # 0 at the ends of considered interval.
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