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ON BOUNDED SOLUTIONS OF DIFFERENTIAL SYSTEMS

The question of the existence of bounded solutions on an infinite interval of a linear inhomogeneous
system of ordinary differential equations in a finite-dimensional space is considered. The study
of bounded solutions of systems of ordinary differential equations is one of the most important
problems in the qualitative theory of differential equations. In the study of the asymptotic
behavior of solutions to differential systems, the works of A. Poincaré and A.M. Lyapunov.
Various conditions for the existence of bounded solutions of a linear system of ordinary differential
equations have been obtained by many authors. Note the works of O. Perron, A. Walter,
H. Shpet, D. Caligo, N.I. Gavrilova, M. Hukukara, M. Nagumo, M. Caratheodori, U. Barbouti,
N.Ya. Lyashchenko, B.P. Demidovich, A. Wintner, R. Bellman, Yu.S. Bogdanov, Z. Vazhevsky,
N. Levinson, M. Markus, L. Cesari and others. In this paper, we establish sufficient conditions for
the boundedness of all solutions of a linear inhomogeneous system of differential equations on an
infinite interval. A coefficient criterion for the boundedness of all solutions on an infinite interval
of a linear inhomogeneous system of differential equations in a certain class of differential systems
is given. Applied methods of differential equations and function theory. The results obtained are
used in applications of differential equations and are of practical value.
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AuddepeHnmanapik >Kyliegepaiy ImeKTey i menrimMaepi Ty pasabl

AKBIpJIBI ©JIIIeM/I1 KeHICTIKTerl KapanaiibiM uddepeHIuaiiblK TeHIEYIEPIiH ChI3BIKTHIK O1pTeKTi
eMec XKYHeCiHiH IeKci3 apabIKTa IeKTe/ITeH MenTiMIAePIiH 00Iybl TypaJibl Mocese KapacTbipblLIa-
abl. Kapamaiibiv auddepeHnuaiapik, TeHIeyIep KyHeciHiy ek eyl menmiMIepis 3eprrey aud-
depeHnnaIIbIK, TeHIEYIEPIIH CAAIbIK, TEOPUSICHIHBIH MAHbBI3bI MocesIeepinis 6ipi 60T TaObI-
sanel. Jduddepennuanaplk Kyitegepre apHAJIFaH IIEMIMIEPIiH, ACHMITOTHKAJIBIK, MiHE3-KYJIIKBIH
geprrey Oapbichinga A. Ilyankape mern A.M. JISmnyHOBTBHIH, >KYMBICTAPBI HEri3iH Kasaymibl 6o-
e Tabbutaabl. Kapamnaiitbiv auddepeHImaabk TeHAeYIePIiH ChI3bIKTHIK *KYHeCiHiH IeKTe -
reH IenrimMIepinie 60IybIHBIH Op TYPJI IapTrTapbl Kenrered asropJapmen ajbiarad. O. Ileppos,
A. Bagwrep, X. e, /1. Kamuro, H.!. laspuiosa, M. Xykykapa, M. Harymo, M. Kapareonopu,
VY. Bapbyru, H.4. JIamenko, B.I1. lemumosuda, A. Bunrtuep, P. Besumvan, FO.C. Bornanos, 3. Ba-
xesckwmit, H. JleBuncon, M. Mapkyc, JI. Cezapu xkone 1.6. By kymbicta 6i3 quddepennuaiibik,
TEHJIEYTEP/IiH, ChI3BIKTHIK, OIPTEKTI emec KyiteciHnin, 6ap/IblK MIEITMIepiHiH MeKCi3 apaIbIKTa MeK-
TeayiHe KeTKiJikTi maprrap opuarambid. JInddepennuainpik, Kyiienrep/in 6eyrii 6ip KrachH-
Jarel qudepeHnmraIbK, TeHIeYIePiH ChI3bIKTHIK OIPTEKTI emMec KYIHeCiHiH IIeKCi3 apajIbIKTarbl
OapJIbIK, MIEMIiMIepIiH, mekTeayinie Koaddurument kpurepuiti Kearipiaren. luddepennnaampik
TeHIeyep MeH (DYHKIUIAD TEOPUSICHIHBIH, 9/1icTepl KOJIaHbLIraH. Abiaran HoTmkenep audde-
PEHIMANIBIK TEHIEYJIEPI] KOJIaHy Ke3iHe KOJIIAHbLIA bl KOHEe TPAKTUKAJIBIK MaHbI3bI 6ap.
Tyitin ce3aep: mernriM, MEKTITK, XKyie, ChI3BIKTHIK, AuddepeHITnaIbIK, TeHIEY.
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O6 orpaHuYeHHBIX pelnieHusix auddepeHnnaaIbHbIX CUCTEM

PaccmarpuBaercss BOIpOC CyIIECTBOBAHUS OTPDAHHYEHHBIX DeIeHnil Ha OECKOHEYHOM WHHTEP-
BaJjle JIMHEHHON HEOHOPOJHON CHCTEMBI OOBIKHOBEHHBIX JuM@epeHInaJIbHbIX ypPaBHEHUN B
KOHEYHOMEPHOM IIPOCTpaHCTBe. l3ydyeHne OrpaHUYEHHBIX PEIIeHUNH CHCTEM OOBIKHOBEHHBIX
b depeHnnaIbHbIX YPABHEHUI SIBJISIETCS OJHOW W3 BaKHEHIMX 3aj]ad KadeCTBEHHON Teopuu
muddepeHnnaTbHbIX ypaBHeHnit. B wmcciaemoBaHNM aCHMITOTAYECKOTO TIOBEMIEHUsT DPENTeHuit
b depeHIMaIbHBIX CUCTEM OCHOBONOJAralomuMu apistiorcs paborer A. Ilyankape u A.M. Jlsa-
myHoBa. Pa3HOOOpas3Hble yCJIOBUs CYIECTBOBAHUS OIPAHUYEHHBIX DENIEHUNl JIMHEHHON CHCTEMBI
OOBIKHOBEHHBIX U DepeHINaIbHBIX yPaBHEHMII IIOJIy9eHbl MHOIMMH apropamu. OTMerum
paborer O. Ileppona, A. Bambrepa, X. Illnera, JI. Kamuro, H.M. Taspumosa, M. Xykykapa,
M. Harymo, M. Kapareomopu, V. Bapoyru, H.4. Jlamenko, B.I1. lemunosuua, A. Bunrnepa,
P. Besumvana, FO.C. Bormanosa, 3. Bakesckoro, H. Jlesurcona, M. Mapkyca, JI. Yesapu u
npyrue. B mammnoit paboTe yCTAHOBJIEHBI JOCTATOYHBIE YCJIOBUSI OUPDAHMYEHHOCTH BCEX DeNIeHuit
JINHEHOM HEeOIHOPOJIHON cucTeMbl audepeHnraIbHbIX yPaBHeHNT Ha OECKOHEYHOM WHTEpBaJIE.
[Ipusenen ko3hOUIUEHTHBIN TPU3HAK OIPAHUYEHHOCTH BCEX PelleHnil Ha OECKOHEeYHOM MHTEpBa-
Jie JINHEHHOU HEOTHOPOMHON cucTeMbl nuddepPEeHITNATBHBIX yPABHEHUI B OIPEIEJIEHHOM KJIacCe
muddepennuanabubix cucreM. [IpuMenensitocs MeTomp! HuddepeHInaIbHBIX YPABHEHUN U T€OPUU
dyuknnit. [lomyyenusie pe3yaIbTaThl HAXOAAT IPUMEHEHUS B MPUIOXKEHUAX MM depeHITnaTbHBIX
YPaBHEHUIl U IIpeJCTaBIsgeT co00i, IPAKTUIECKYIO IEHHOCTD.

KimroueBbie ciioBa: pellieHne, OrPaHUYEHHOCTD, CUCTEMa, JInHelHas1, nuddepeHIuajibHoe ypaB-
HEHUE.

1 Introduction

The question of the existence of bounded solutions of differential systems on an infinite
interval is considered. The study of bounded solutions of systems of ordinary differential
equations is one of the most important problems in the qualitative theory of differential
equations. In the study of the asymptotic behavior of solutions of differential systems, the
works of A. Poincaré 1] and A.M. Lyapunov |2|. Conditions for the existence of bounded
solutions of a linear system of ordinary differential equations were obtained by the authors:
Dunkel O., Hukuhara M., Nagumo M., Caccioppoli R., Caratheodory M., Dini U., Spath H.,
Weyl H., Wiman A., Ascoli G ., Gavrilov N.I., Gusarova R.S., Conti R., Barbuti U.,
Lyashchenko N.Ya., Demidovich B.P., Faedo S., Wilkins I.LE, Ghizzetti A., Sobol I.M. |
Haupt O., Boas M., Boas R.P., Wintner A., Bellman R., Bogdanov Yu.S., Butlewski Z.,
Bylov B.F., Wazewski T., Walter A., Caligo D., Kitamura T., Landau E., Levinson N.
Marcus M., Perron O., Cesari L., Spath H., Shtokalo I.Z., Sobol .M., et al. For detailed
references, see the book by Cesari L. [3]. General information is available in the books:
[4] V.V. Nemytsky and V.V. Stepanov, [5] Erugin N.P., [6] Sansone G., |7] Pliss V.A.,
[8] Bylov B.F., Vinograd R.E., Grobman D.M., Nemytskiy V.V., [9] Izobov N.A., [10]
Coddington E.A. and Levinson N., |[11] Demidovich B.P., [12] Lefschetz S., [13] Massera H.L.,
Scheffer H.H., [14] Bellman R., [15] Coppel W.A., [16] Daletskiy Yu.L., Kerin M.G. We also
note the works: [17-20] Wintner A., [21] Yoshizawa T., |22| Bihari I., [23] Hartman Ph., [24]
Hale J., Onuchic N.

In this paper, sufficient conditions are established boundedness of all solutions of a linear
inhomogeneous system of differential equations on an infinite interval. A coefficient criterion
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for the boundedness on an infinite interval of all solutions of a linear inhomogeneous system
of differential equations in a certain class of differential systems is given. Applied methods of
differential equations and function theory. The results obtained are used in applications of
differential equations and are of practical value.

2 Materials and research methods
A linear inhomogeneous system of differential equations is considered
T =A(t)x + f(t) (1)

where

tel=(1,+00), A(t)e(I), f(t)e )

and the corresponding linear homogeneous system of differential equations

T =A(t)x (2)
Theorem 1 If the conditions

A < Kyt 0<y<1, K>0, |[f(t)] < Kyt"™, telty,+00); to € I;

and the linear homogeneous system 1s generalized correct, has negative upper generalized
Lyapunov exponents with respect to t7, then any solution to the linear inhomogeneous system
of differential equations on the interval [ty,+00) limited.

Proof. From () multiplying scalarly by z(t) get

(¢, 7) = (A(t)z, 2) + (f(1), ). (3)
From (3)) get

(', 2) < |(A)z, @) + |(f(F), 2)]- (4)
From ([4)) get

@, 2) < [ADONl* + £ @l (5)
From ([]) get

—[[A@®)IIv* = [If ®)]lv < V[JA@® [v* + [ f(#) [0 (6)
where v(t) = ||z(t)|. From (6) get

de™ ™" < la(t)]| < D" (7)

where d > 0, D > 0. From (7) we obtain that any nonzero solution to the linear
inhomogeneous system has a finite upper generalized Lyapunov exponent with respect
to t7. In the linear homogeneous system we take the largest upper generalized Lyapunov
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exponent A\; < 0. Let’s take o € (0,|\;|) ) and in the linear inhomogeneous system of
differential equation ({1)) we perform the transformation

z=ye, w(to) = y(to)- (8)
Then from we obtain

§=[A{t) + ayt? T Ely + e f(2) (9)
where the corresponding linear homogeneous system of differential equations

= [A(t) + ay" " Ely (10)

is generalized correct and has negative upper generalized Lyapunov exponents.
From the linear system of differential equations @ we obtain

t

y(t) =Y (t, to)y(to) + /Y(t, s)e® f(s)ds (11)

to

where Y (t,t9) = Y ()Y (to) — the Cauchy matrix of a linear homogeneous system of
differential equations . By virtue of the generalized correctness of the linear system ((10)),
for any € € (0, |a) exists D.(ty) > 0 and the inequality

1Y (t, )]l < De(to)e™ (12)
at t > 7 > ty. From , get

o) < Dttt + [ Dty Ky s, (13

From , get

estV
o0 < e D.tao) (et + K<), (14
From (|14)), using arbitrary smallness ¢, directing ¢ — 0 get
lz ()] < e Do(to) (| (to) || + Kt7) (15)
at t Z to.

It follows from that any solution of the linear inhomogeneous system of differential
equations ([I)), on the interval [to, +o0) limited. Theorem 1 is proved.
Consider a linear inhomogeneous system of differential equations

dy; .
dt

> vy + fi(t), i=Tn; (16)
k=1

where pi(t), fi(t), i = 1,n; k = 1,n; continuous real functions on the interval (1,+0c0),
to € (1, +OO)
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Theorem 2 If for 1 <ty <t conditions are met:

1) pic1io1(t) > pult) + Byt i=2mn; B>0,7>0;

ik (¢ . R .
|pk()|:0, iZzk i=1n k=1mn;
ot

2)limt — +o0

t
1
to

HIf;O] < Kyt i=1,n; K >0;

then any solution to the linear inhomogeneous system of differential equations on the
interval [to, +00) limited.

Proof. The corresponding linear homogeneous system of differential equations

dy; = . —
= ik () s, 1, n; 17
o ];p (g, i=T.n (17)

under conditions: 1), 2) and 3) is generalized correct and has negative generalized upper
Lyapunov exponents with respect to t7. The largest generalized upper Lyapunov exponent
of the linear homogeneous system of differential equations is f1 < 0. Using condition 4)
and similarly to Theorem 1, we obtain that any solution to the linear inhomogeneous system
of differential equations bounded. Theorem 2 is proved.

Let’s look at an example. In system z, = —Lx —{—L T, = —Lx —L' 1<ty <t
1 pl yll 4\/E114\/E72 2\/E24\/E7 0o~
where v = 2 0<p < 27 b1 = —5 by = —1, 3 < K, the conditions of Theorem 2 are

satisfied; therefore, any solution to a linear inhomogeneous system of differential equations
is bounded.

3 Result

In this work, sufficient conditions for the boundedness of solutions of a linear inhomogeneous
system of differential equations are obtained.
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