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THE METHOD OF VARIATION OF ARBITRARY CONSTANTS IN THE
CASE OF A SYSTEM OF LINEAR DIFFERENTIAL EQUATIONS OF
DIFFERENT ORDERS

The paper considers structures consisting of rods connected in one node.Longitudinal and
transverse vibrations of such a structure are described by systems of linear differential equations
on star graphs.The noted system of equations consists of three linear differential equations of
different orders.Two equations correspond to two transverse vibrations, and the third equation
describes the longitudinal vibrations of the bar.Moreover, the system of three linear differential
equations in the general case does not decompose. In this work, a fundamental system of solutions
of a homogeneous system is constructed when the conjugation conditions are satisfied at the point
of connection of the rods. Also, by the method of variation of arbitrary constants, a particular
solution of an inhomogeneous system is constructed, which is subject to the conjugation conditions
at the point of connection of the rods. In subsequent works, the authors intend to investigate the
natural frequencies of longitudinal and transverse vibrations of a structure consisting of many
rods.

Key words: boundary conditions, boundary value problems, canonical problems, star graph,
fundamental system of solutions of a homogeneous system, boundary problem, private solution,
public solution, wronskian determinant.
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Op TYPJIi perTi ChI3BIKTHIK AudpepeHInaIIbIK TeHAeYJIep »XKyleci karaalibIHaa epKin
TYPaKThLJIAPALI Bapualuajiay 9maici

By makasaia crepkennin 6ip TyiiHre KOCBUIFAH KOHCTPYKITUSCH KopceTiared. 2Kyiibi3asl rpad-
Ta OOMIBIK YKoHe OYHipIiK TepbesicTep ChI3BIKTHI AndPEePEHITHATILIK, TeHIEYIep KyiieciMer 6epi-
ren. 2Kyitesme op Typsi perTeri yIn eImeMIi ChI3BIKTHIK JuddepeHnnaiiblK TeHaey OepiiaremH.
ZKyitesieri 6acTamnkpl ekeyi eKi KesIeHeH TepoeTicKe coifkec KesteIi, aj YIMiHII TeHIey KOJTaKThIH,
OoiJIBIK, TepOesticTepin cunarTaitabl. COHBIMEH KAaTap, »KAJIIbl YKaFIaiiia Y ChI3BIKTHIK, audde-
PEHIMAIBIK, TEHIeYIep XKyiteci xkikTeameiiai. By xxymbicta crepxkennepaiy 6ip HykTeme Oaitia-
HBICKAH1a OIpTeKTi KyleHiH DyHIaMeHTAIBIK, entiMi Kypbutran. CoHIaii-aK, epKiH TYpaKThI-
JIap/ibl BapUalUssay 9JIiCIMEH CTepXKEeHbJIEP/IiH KOChLIY HYKTECIHJIErT KOHBLIOTAIUs IapTTapbiHa
OarbpIHATHIH OIPTEKTI emec Kyiienin Gemriai 6ip mremrimi Kypblaapl. Keitinri xyMbicTapia aBTOp-
Jlap KOITereH CTEPXKEHJEP/IiH >KUbIHTHIK KYPBLIBIMHBIH OOMJIBIK, YKOHE KOJIJIeHEH TepOesicTepIiy,
MEHIKT] KUiJTiKTepiH 3epTTeyre HUETTI.

Tvyilin ce3aep: mekapablK IAPTTAP, MIEKAPAJBIK, €CEITED, KAHOHIBIK MOCEJIEED, KYIIbI3IbI
rpad, ChI3BIKTHI AuddepeHITnaIAbIK TeHACYIIH iprei menriMi, meKkapasblK ecell, HaKThI IIeMIiM,
BPOHCKUSH aHBIKTAYBIIIHI.
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Meton Bapuanum IIpon3BOJIBHBIX MOCTOSHHBIX B CJIyYae CHUCTEMbI JIMHEHHBIX
auddepeHTNaTIbHBIX YPABHEHNI PA3HBIX MOPSIKOB

B pabore paccMoTpeHbl KOHCTPYKITUT, COCTOSIIIE U3 CTEPXKHEll coeIMHeHHbIe B OIHOM y3ite. I1po-
JIOJIbHBIE M TOMIEPEeYHbIe KOJIeOaHusl MOJO0HBIX KOHCTPYKIINU OIMUCHIBAIOTCS CUCTEMAMU JIMHEHHBIX
JuddepeHInaJIbHbIX YPaBHEHNN Ha 3Be3IHbIX rpadax. OTMeueHHas CUCTEMa YpaBHEHUN COCTOUT
U3 TpeX JIMHEeHHbIX auddepeHImabHbIX YPaBHEHNI, UMEIONUX pa3Hble Mopsiaku. JIBa ypaBHeHMs
COOTBETCTBYIOT JIBYM IIOMEPEYIHBIM KOJIEOAHUsIM, & TPEThbe yPABHEHUE OIMCHIBAET IIPOJIOJIHHBIE
KoJtebanus crepxkus. [Ipudem cucrema Tpex JimHeRHBIX MuddepeHnnaaIbHBIX YPABHEHUI B 00IIeM
ciIydae He pacmagaercsa. B pabore mocTtpoena ¢dpyHIaMEHTAIbHAS CHCTEMa PEIIeHuit OTHOPOIHOM
CUCTEMBI ITPU BBIIOJIHEHIH YCJIOBUI CONPsI?KEHNI B TOUKe coenHeHns crepKueil. Takke MeTogom
BapUaIlMK IIPOU3BOJIBHBIX IIOCTOSIHHBIX ITOCTPOEHO YACTHOE PEeIIeHUe HEOIHOPOIHONW CHCTEMBI,
KOTOpO€E IIO[UMHEHO YCJIOBHSM COIPsi?KEHUsI B TOYKE COeIMHEHWs CTepxkHeil. B mocsemyronmx
paboTax aBTOPBI HAMEPEHBI WCCIEIOBATH COOCTBEHHBIE YACTOTHI IMPOJOJIBHBIX U IOMEPETHBIX
KOJICOAHUN KOHCTPYKIMH, COCTOSAINIUX U3 MHOYKECTBA CTEPIKHEH.

KurrogyeBbie ciioBa: rpaHUYHbIE YCIOBHS, KPAaeBble 33/1a49l, KAHOHUYECKIE ITPOOJIEMBI, 3BE3/THBIH
rpad, dyHIaMeHTAIbHAS CUCTEMa PEIIeHU OJHOPOJHON CHCTEeMbl, FPAHUYHAs 33Ja9a, JacTHOe
pelenue, onpeaeauTe b BpoHcKuaHa.

1 Introduction

Under natural simplifying assumptions, the equation of transverse vibrations of the rod [1]
has the form

Pw(z,t) 0 0w (w,t)
+ - 7
ot? 0x?

p($)A($) = f($’t>7 -

<x <

DO | =~
DO | =~
—~
—_
~—

The parameters included in equation have a physical meaning:

p(x) — material density;

A(z) — cross-sectional area,

w(z,t) — transverse movement;

E(x) — Young’s modulus;

I(xz) — moment of inertial of the cross-sectional area about the neutral axis;

f(z,t) — lateral load.

In what follows, the conditions w(x, t) for fixing the ends of the bar are set to the equation
with respect to the transverse displacement, and the initial shape of the axis of the bar is
considered known.

At the same time, the differential equation of free longitudinal vibrations of the rod [2]
has the form

0%u 0%u
ror = Fon 2)
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In many engineering calculations, it is assumed that the motions are separated: lateral
vibrations do not affect longitudinal vibrations and vice versa.However, such a separation of
the rod movements is not always justified.In the work of S.A. Nazarov. 3] shows a system of
three differential equations

0= g (wrot0 )+ 7 (w2 ) - I (o 52 )
b0) = (W)b(@i n) L (u(a:)c(w)j 20 - L (s ).
1) = 2 (i) P2 ) 4 2L (s ) - L () )

which describes the joint transverse, longitudinal vibrations of the bar. Since the reduced
system does not disintegrate, the longitudinal vibrations affect the lateral ones and vice
versa.In this way, in the general case, system does not always split into equations of the
type and .

System of linear differential equations consists of three differential equations of
different orders.In standard textbooks on the theory of differential equations [4], such
systems have not been studied in detail. In particular, when the system consists of linear
differential equations of different orders, the method of variations of arbitrary constants
requires substantiation.In this paper, we have developed a method of variations of arbitrary
constants for system on star graphs.

2 Statement of the problem

Consider a star graph I' (Figure consisting of many vertices and many bows.We number
the vertices of the graph with natural numbers starting from 0 up to m + 1. The bows of the
graph are numbered through e, ..., en11, moreover e; — bow, directed towards the vertex j.
On every bow e; the vector function.

Yi(ey) = [ vii) woi(xy) wsilw)) |7, €ey,

Which satisfies the following system of linear differential equations
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Figure 1: Star graph

In what follows, we assume that the coefficients p;(x;), a;(xz;),b;(z;), ¢;(z;), d;(z;), fi(x;)
represent given real continuous functions. The indicated coefficients have a physical meaning.
For example, p;(x;) — Young’s modulus, other coefficients a;(z;), b;j(z;), cj(x;), dj(x;), f;(x;)
— static moments of the cross-sectional area of the bar j. The bow length e; is assumed to be
equal [; for j =1,...,m + 1. It is convenient to introduce the notation for j =1,...,m + 1.

d dPyy; d dPys; d dys;
V(-l) Vi &) = . J _ b2 ) . =22
i 05¢) {d%’ (M]aj da? ) T, (Nﬂ ! da] ) d; (NJ ! dz; ﬂ

J

2 2
(1) e d“ys; d*ya; dys;
Vo (Y336) = lujaj—dx?] ‘|‘,Ujbj—dx?] - “jdj_da:ﬂ B
d d?y; d Y d dys;
v yv.ey = | (S Y, Y e Y
1j (Y5: ) {d:l:j (,UJ j dx? ) + dz, (H’]C] dx? ) dz, (NJ j dxj)} 5
Tj=

d*y; d*ya; dys;
2 1 2 3
VD (v;:6) = [Mjbjwjg] + MM’W; - Mjfj—]]

d.l’j

;=€
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At the inner top (m + 1) add the following conjugation conditions to system :

[ 911(0) = 412(0) = ... = Y1:(0) = Y11 (bmt),
Y21(0) = y22(0) = ... = ¥2(0) = Y2,m11(lm+1),
y31(0) = y32(0) = ... = Y3 (0) = Yzm+1(lnt1),
dixlyll((n = dixzyu(o) == %yl,m(o) = dxiﬂyl’mﬂ(lmﬂ)’
d%lym(o) = dixzym(o) =...= %yzm(o) = dxi+1y2’m+1(lm+1)’
(5)
dxi+1y3,m+l<lm+l) = d%lys,l(o) ot %%m(o)
Vi Yot b)) = VIV (¥2:0) + 4 Vi (Vi1 0),
Vs Vieri bna) = Vo (¥350) + o+ Vo (Vs 0),
Vi Vst bnsa) = Vi (V3500 + o+ Vi (Vi ),
[ Vot (Vai ) = VP (13:0) + .+ VL (V,03.0).

The total number of conjugation conditions of the form is equal to 5m + 5. For the
correct statement of the problem, to system with conjugation conditions , we must add
one more 5m + 5 boundary conditions at the boundary vertices 0,1, ..., m. The boundary
conditions at the boundary vertices correspond to the conditions for fixing the rods at their
ends.

Usually, when solving boundary value problems for systems of linear differential equations,
you need to know:

1. a fundamental system of solutions to a homogeneous system;
2. a particular solution to an inhomogeneous system.

The further goal of the article is to first prove the existence of a fundamental system of
solutions to the homogeneous system for gi;, = 925 = 935, = 0, j = 1,...,m + 1. After
that, using the constructed fundamental system of solutions, by the method of variations of
arbitrary constants, construct a particular solution of systems and .

3 Construction of a fundamental system of solutions

Let j— a fixed number from the set {1,2,...,m + 1}. In the system we put gi; = goj =
g3; = 0. Then, with respect to the homogeneous system , the following statement is
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true: for arbitrary constants 61,6, ..., 610 solution Y;(z;) = [ y1(x) yoi(zy) ysj(x)) }T,
xj € ej, of the system of three homogeneous equations with the Cauchy conditions at the
point z; = &;.

dyr; (§))
dl’j

yk’j(fj) = eka = 9k+37 k= 17 2737

6
(&) i () : o
W = 9i+67 dx 3 - 9i+87 L= 172
J

exists and is unique. This statement follows from the general theorem on the existence of
a solution to the Cauchy problem for systems of linear differential equations [4]. We choose
the point ; as follows: §; = 0 for j = 1,...,m and j = m + 1 at point §; = [;. Let for
i€{l1,2,...,10} a fixed value 6; = 1, and the rest 0, = 0, Yk # i. Let us denote the solution

to problem , @ by Y;-(i) (x;). The general solution of the homogeneous system has the
form

10 .
= Z szy}(l) (), (7)
i=1

where are 6;; — arbitrary constants.

Let us choose the numbers {6, ;} so that the right-hand side of relation satisfies the
conjugation conditions . We substitute relation into conjugation conditions . As a
result, we get equalities:

9i1:9i2:...:9im:9im+1, i:1,2,3,4,5

So, 0;; it is convenient to denote by 6; at i = 1,2, 3,4, 5. Similarly, we obtain

At = h, (8)
where
&5(9;) - [uj (aj o d?)]g;j:gj ’ O‘E(E) [“J (b J‘Q)]g;jzgj )
d d
afy = d; [ (a5 — d?)hjzgj 7 ag) = dz, (15 (b — f)hjzgj )
afy = [ (b = dify)], e, afty = [mi (i = )],

d d
Qg = d [MJ( —d; f])]xj—gj aéQj) = d_:E] [Nj (Cj - fgz)}szgj )
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d
1 (2)
af) = dz; [ (dj + )], ¢ ag = = [k (fi + Dy, »
3 4 3 3
ol = pja ) by = psb; ; ag) = aty, =0,
x;=¢; z;=¢;
3 4 4 4
O‘éj) = ;b ) O‘ég) = MGy g aE()j) = O‘&O)j =0,
i=&; z;=¢;
3 4
z;=¢; w;=¢; J=1
[ 1 0 0 0 0 i
1 1 1 1 1
Oéf(m)wl a%iﬂ Oéérr)wrl aé%ﬂ ago)mﬂ
2 2 2 2 2
A= O‘én)wrl a(777)z+1 Oéé'n)@—i—l as(an)zﬂ ago)m—&-l
3 3 3 3 3
O‘((Sn)l+1 a;rzﬂrl Oéén)zﬂ Oés(m)zﬂ Oégo)mﬂ
4 4 4 4 4
L aén)ﬁ-l agrr)r‘rl aén)z—f—l aérr)z-‘rl agO)m-‘rl J
hes1 = Zz%ek], s=1,2,3,4,
7=1 k=6

T = [96m+1 97m+1 98m+1 99m+1 910m+1]T7 h = [hl h2 h3 h4 h5]T

It follows from the system of linear algebraic equations that

T=A"h,

if det A # 0. Let us introduce the notation

% 7
Vot (@min) = [ VL @) Vila@mer) YVihi(@ma) Y (@)

Brj = [(%k Oz,(w) a,(é) a,(w) api | s

@]*

(9)

V) @) ]
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where dgr, = 1, if kK = 6; dgr. = 0 if £ > 6. Then it follows from equality @ that

m 10
T=Y ) AT'Bybh. (10)

j=1 k=6

In this way, the general solution of the homogeneous system (4)) with conjugation
conditions , taking into account relations , , takes the form

5 10
=30 @) + 30,7 (@), j=1,....m
i=1 =6
(11)
m+1 CUm—f—l Ze Y7£L+1 xm-{—l + Zzgk] m+1 xm—l—l)A ﬁk]

\ k=6 j=1

where 0y, k =6,7,8,9,10, j =1,...,m, 01, 09, 03, 04, 05 — arbitrary constants.

Theorem 1 Let be g1j = g2 = g3 = 0 at j = 1,...,m + 1. Let’s pretend that det A # 0.
Then the general solution of homogeneous system with conjugation conditions has the
form for arbitrary constants O, k = 6,7,8,9,10, 7 = 1,...,m, 01, 09, 03, 04, 05. The
number of arbitrary constants is d5m + 5.

In this way, theorem 1 implies that the homogeneous differential system of solutions to
system with conjugation conditions has the form

Y (@), Y2 (x)), Y2 (xy), Y (), VO (ay); Y (),

J

k=6,7,89,10; 5 =1,...,m;

2 3 4
Y @) Y2 @), Y (@), Y (@), YV (mn);

}/}m-‘rl(l‘m-i—l) Ailﬁkja k= 67 7a 87 97 1Oa .] = ]-7 - M

4 Method of variation of arbitrary constants

In standard textbooks on the theory of differential equations [4], the method of variation of
arbitrary constants is adapted for systems of linear differential equations of the first order.
In this subsection, this method is modified for the case of systems containing equations of
different orders. Second, the application of this method to systems of differential equations
on star graphs is shown.

Let be j — a fixed number from the set {1,...,m + 1}. In accordance with representation
(11)) of the general solution of the homogeneous system , we seek a particular solution in
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the form

10
) =Y 0i(x;) V"
=1

Here is {6;;(x;)} — an unknown set of functions to be defined. Let’s pretend that

10
dbij(x;) (i
- dl’j Y; (x]) - 07
=1
. deij(ﬂij)dyﬁ‘)(xj) _
dl‘j d.Ij

)
i=1

i df;j(x;) dyé? (z;) .

dl’j d.%’j N

)

=1

‘ db;;(z;) d2y§? (z5)

=0
dx; dx? ’

=1

dew I] d2y2] (:E])
dx;

:07

10
d0;:(z;)
;Cij ngjj = g1;(7;),

= gaj(x;),

10
S D, do
1=1

10
db;; (x;
> By ](4]) = g3;(z;).

\ = dx;

We introduce the Wronskian W;(z) by the formula

(12)

(13)
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i) @) o ()
u (@) v @) ()
v @)y @)y ()
Ay () Ayl (z;) s ()
dz; dz; o dz;
dys) (x;)  dys) () dys” (x;)
dx; dz; o dx;
W(z) =
2 10
Py () Py () &y ()
dx? d:cf_ Y dx?
Pys) (x)) ) () &ys” (x;)
dxf_ dm? Y dxj?
Clj ng . Cl()j
Dlj ng e Dle

Cij, Dij, E;; — here are some given constants. For example,

A B v ) A (Y WA )
w—d% Hja; d%z dz, 595 xJZ dz, Hjaj dz;

d APy (z; d 4y (; d Ay (z;
Dij = —— Mjbj# + o Mjcjj—gj) - Mjij
dx; da; dx; dxs dz; dx;

O ) NP C . )
i = Ky dx? Fjlj dx? H da:_j 5
zj=¢;

Along with the Wronskian W;(z), we introduce for s = 1,2,3 the following

determinantS:W,Sf) (xj,t;) — the determinant, which is obtained from the determinant by
replacing that k— string with a string [yg)(x]) yij)(x]) ySO)( ;)]. From relations
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and s = 1,2,3 we have in the representation

I Wy (2t)) F W (st
i(m) = [ —2—L 22 g () dt; —99 NI () dE
en / () ]+0/ e ) +
(15)
ki Win(xt;)
I I e (E)dE s, G =1,. .., m.
+ m(tj) 93](]) J J m
For j =m 41 and s = 1,2, 3, we have a different representation of the solution
lm+1 lm+1
Wy (2t;) Wy? (zt)
sm m = (t;)dt; o I (t5)dt s
Y +1<l‘ +1) / W](t]) gl]( ]) J + / m(t]) 92]( j) ]+
Tm+1 Tm41
(16)
lm+1

(s)

10]'(1‘3‘75])
+ t)dt;, 1,...,

V[/j(tj> 93](]) J J m
Tm+1

Theorem 2 Let be j =1,...,m~+1. For g1;(x;), 925(;), g3;(x;) any of the class Ly(e;), the
inhomogeneous system of linear differential equations on a star graph I' has a particular
solution given by formulas (15)) and .Moreover, for the indicated particular solution at
the inner vertex m + 1 of the graph, relations (B)) are valid.

5 Conclusion

In engineering calculations, it is usually assumed that the longitudinal vibrations of the
rods do not affect their lateral vibrations.However, this assumption is not always fulfilled.
Therefore, in recent years, some authors have proposed models in which transverse and
longitudinal vibrations interact with each other.It turns out that such models are described
by systems of linear differential equations of different orders.Standard textbooks on the
theory of differential equations study systems of differential equations consisting of first-
order equations.Therefore, it seems relevant to adapt the standard methods of the theory of
differential equations to systems consisting of equations of different orders. In this paper, the
method of variation of arbitrary constants is modified for the indicated systems.
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