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ON GREEN’S FUNCTION OF DARBOUX PROBLEM
FOR HYPERBOLIC EQUATION

It is well known that the Darboux problem for the hyperbolic equation is correct, both in the sense
of classical and generalized solutions. An integral form of the solution of the Darboux problem in
a characteristic triangle for a general two-dimensional hyperbolic equation of the second order is
represented in the article. It is shown that the solution to this problem can be written in terms of
the Green function. It is also shown that the Riemann-Green function of the hyperbolic equation
is not defined in the entire domain. To construct the Riemann-Green function of this equation, it
is important to have the Riemann-Green function of this problem that was defined at all points
of the domain. For that, the coefficients of the general hyperbolic equation have been continued
odd. The definition of the Green function of the Darboux problem is given. To show that a Green
function exists and is unique, we divide the domain into several subdomains. Its existence and
uniqueness have been proven. An explicit form of the Green’s function is presented. It is shown
that the Green’s function can be represented by the Riemann—Green function. There is given a
method for constructing the Green function of such a problem. The main fundamental difference
of this paper is that it is devoted to the study of Green’s function for the hyperbolic problem. In
contrast to the (well-developed) theory of Green’s function for self-adjoint elliptic problems, this

theory has not been developed.
Key words: Hyperbolic equation, initial-boundary value problem, Darboux problem, boundary

condition, Green function, a characteristic triangle, Riemann—Green function.
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IT'MIIEPBOJIAJIBIK TEHAEY YIIIIH JTAPBY
ECEBIHIH I'PUH ®VYHKIINSACHI

HapOyapi rumepOoJaIbIK, TEHEyre apHaaran ecebi KIACCUKAJBIK, KOHE KAJIBLIAHTAH IIe-
miMep TYPFLICHIHAH Jla JAypbIc eKeHmiri 6esrimi. Makaiaaga ekinmi peTTi »KaJmbl €Ki eJimeM Tl
rurepboJIa/IbIK, TeHIEY VIIH CUIATTaMaJIbIK, YIIoypbimTarbl lapOy ecebiH Imiemnty iiH WHTerpaJi bl
Typi 6epiimai. Bys ecernriy, mermivia I'pur GyHKIMSCHIH KOJIIaHa OTHIPHII YKa3yFa OOJIATHIHIBIFBI
kopceriimi. Comnait-ak, runepbosasnbik, TeHgaeymin, Puman-I'pun dyskiuscer OGykia obibicTa
aHBIKTaJIMaranbl Kepceriaai. Bym rengeyain Puman-I'pun GyHKIIUACHIH Kypy YIMH OCHI €CEeITiH
00JIBICTBIH, OapJIbIK, HYKTEJIepiHae aHbKTafal Puman-I'pun dyHkIiusicel 6osybl kKepek. O yimia
2KAJIIbl TUIIEPOOJIAJIBIK, TEeHJIEeYIiH KO3(MUIMeHTTepl TakK Typ/e KaJfacThipbliabl. lapOy ecebi
yinin ['pus GyHKIUICHIHBIH, aHbIKTaMachl Oepiai. I'pun GyHKIMsICH 6ap YKoHe KAJFbI3 eKeHIH
KepceTy YIIiH obJibic bipHere Kimr obsbicTapra Oestinai. OHbIH O0ap eKeHIr KOHe KAJFBI3/IbIFbI
monenmenai. ['puH QyHKIUACHIHBIH, HAKTHI Typi Oepinmi. ['pun dyrkmmsacer Puman-I'pua dymk-
UsAChIMEH Oepiayl MyMKiH ekeHmiri kepcerinmi. Mymmait ecenrep ymia ['pun QyHKIUACHIH Kypy
omici Gepinmmi. Byn KyMmbICTBIH 0acka >KYMBICTapJaH Heri3ri TyOereitsi aibIpMaIIbLIBIFBI-0YII
runepboJIaIbIK, ecenl YVImiH ['puH (GYHKIUICHIH 3epTTeyre apHaJfraH >KYMbIC. ByJl TEOpUSHBIH ©3-
33ine TyiiiHIeC UIMNTUKANIBIK, ecenTep yimid ['pul QyHKIUsICH (KAKChI JAMBIFAH) TEOPUICHIHAH
afBIPMAIIIBLIBIFDI, 911 IYPBIC 3€PTTE/IMEreHiH/IE.

Tyitin cesnaep: ['mmepbostanbik TeHey, OacTamKbI-IIeKapaJbiK, ecer, Jlapby ecebi, mekapaJIbik,
mapt, I'pun dyHKIMACH, XapaKTepPUCTUKAJBIK, YIOypshIt, Puman—1'pun dyHKInACH.
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O ®YHKIIN I'PUHA 3AJAYN JAPBY
AJId TUIIEPBOJIMYECKOI'O YPABHEHU A

Xoporro u3BecTHO, 4uTo 3ajada JlapOy s rurnepbondeckoro ypaBHEHUsT KOPPEKTHA KakK B
CMBICJIE KJIACCHYECKHNX, TaK W ODOOINEHHBIX pelneHuil. B crarbe mpejcTaBjieHa HWHTErpajbHAs
dopma perrenust 3aga4un JlapOdy B XapaKTePUCTUIECKOM TPEYTOJIBHUKE JIJTsi ODIErO JIBYMEPHOTO
rurepboIMIecKOro ypaBHeHnsI BTOPOro mopsigka. Ilokazamno, 9To pemreHne 3TOI 3aa9d MOXKET
ObITh 3ammucano ¢ momombio ¢yukmun ['punra. Takxke moxasamo, uro ¢yukmus Pumana-I'puna
TUTIEPOOTMIECKOTO YpaBHEHUsI HE OIpejiesieHa BO Bcelt obsacTu. UToObl MOCTpOouTh (DYHKITUIO
Pumana-I'puna sToro ypaBHeHusi, Ba:kHO uMeTh GyHKIu0 Pumana-I'puna Toit 3ama4u, KoTopas
ObLTa OmpejiesieHa BO BeeX ToUkax obsractu. Jljis 3Toro 66110 MPOIOIKEHO HEUEeTHO KO3 duiimeH-
Tl 00mero rumepbosmmieckoro ypasuenus. Jlano omnpenesnenne dynknun ['puna 3amagu apOy.
Yrobb! TOKa3aTh, 9TO MYHKIN ['pUHA CYIIECTBYEeT U €IMHCTBEHHA, MBI pa3jesseM 00JacTb Ha
HECKOJIBKO Tojtobstacteii. Ero cymecTBoBaHue M €IMHCTBEHHOCTH OBLIN JIOKa3aHbl. [Ipeacrasiena
sipHasi gopma Gyarmuu ['puna. [lokasano, uro dyHkmms ['puHa Moxker ObITH IpeCTABJIEHA
dyuknueit Pumana—I'puna. Ham wmerom mnocrpoenuss ¢yHkiun ['puHa g Takoil 3amadu.
OcCHOBHOE TPUHIMNHUAJIBHOE OTJINYHAE ITON PabOTHI COCTOUT B TOM, UTO OHA IOCBHAIIECHA WU3yde-
nuio dyuknun I'puna jyis runepbosudeckoii 3agauu. B owimume or (xopoiio pa3sBuToil) Teopun
dbyukinn ['puna 17189 caMOCOTIPSIZKEHHBIX SJITUTITUIECKUX 33188, 9Ta TeOpUs He ObLIa pa3padoTaHa.

Kuarouessbie cioBa: ['unepbosimyeckoe ypaBHeHne, HAUAILHO-KpaeBas 3a1a4a, 3a1a4a /ap0y, rpa-
HUYHOE yCJjioBue, (pyHKIUs [ pruHa, XapakKTepucTuIecKuil TpeyrobHuK, Myaknus Puvana—I puna.

1 Introduction

An explicit form of the Green’s function in the sector for biharmonic and triharmonic
equations is given in [1], [2]. The Green’s function of the Neumann problem for the Poisson
equation in the half-space R, is explicitly constructed in [3], and the Green’s function for the
Robin problem in the circle in [4], [5], [6]. We also note the articles [7], [8], which are devoted
to the construction of the Green’s function for the Dirichlet problem for the polyharmonic
equation in the unit ball. In [9], [10] a representation of the Green’s function for the classical
external and internal Neumann problems for the Poisson equation in the unit ball is given.

2 Formulation of the problem

Let Q ={(&,n): 0<E& <1, & <n <1} The following hyperbolic equation is considered in
Q:

2

9&0n

Ou

23

Fae 2+ b(f,mg—j; Felemu=f(Em), (Em) e, (1)

with the initial condition

u(§,§) =m(), 0<E<1, (2)

and the boundary condition

u(0,&) =71(&), 0<& < 1. (3)



M. A. Sadybekov, B. O. Derbissaly

81

We will assume that a, b, a¢, b, c, f € C (ﬁ), 70,71 € C1([0,1]) and

a(, &) =0(£,¢), 0<E< 1,

If (4) is not fulfilled then we will rewrite the function u(&,n) in the following form:

u(&,n) =U(&n)-v(n), (€n) € Q.

Substituting (5) in (1) we get

0*U ou oUu

oA T al(fan)_ + bl(éan)a_n + Cl(’fan)U = fl(éa”)’ (6777) S Qa

dEdn ¢

where

Y v flf

a=—+4a, bp=0, c; = — +¢,
g 8

We choose v(n), £ <n <1, in such a way that

a1(§,§) =h(&,6), 0§ <1,

holds. From (6) we get equation

7' (§)
v(€)

Solving (7) we get

(= (= [ (ato.5) (5,05 ).

Therefore, by condition (4), we can always get.
Also, we assume that

ag(§,€) = 0y(&, ), 0<E< L

+a(§,§) =b(&,§), 0<¢<1

3 Proof of correctness of problem (1)-(3)

(4)

(5)

(8)

For the sake of completeness, we present here a proof of the correctness of the considered

problem (1)-(3).

Let us call a function from the class u(§,7n), ug € C (ﬁ) a reqular solution to the
problem, converting equation (1), initial condition (2) and boundary condition (3) into an

identity.

Theorem 1 Let a,b,ae, by, c, f € C(Q); 70,71 € C1([0,1]). Then problem (1)-(3) has a

unique reqular solution.
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3.1 Proof of existence of solution of problem (1)-(3)

Let

Then (1) has the form

0%C 0w
‘w+
0&0n 0&on

{b%—l—ag—ngcQ} = f.

¢ ¢ Ow
R

(10)

We choose ((£,n) in such a way that

aC(€,n)

on +a(&,m) - ¢(&n) =0, (11)

holds. From (11) we get

aan>=em>(—[fwasﬁw). (12

Dividing equation (10) by ¢, we have the following problem
0w
dEon 23
w( &) =7(), 0<E <1, (14)
w(0,&) = 73(&), 0 <& < 1, (15)

where

FhalE ) X s w= o (E) €0, (13)

@:§Q+aﬁ@m=

Co = % (Cen +ale +0C, + ), T(§) = , 13(60) =

Let us introduce a new notation

Oow
— =.

on

Then equation (13) is equivalent to the following system of equations:

ow (16)

{ gg = fa(&;m) = ba2(&,m) - v(&§;m) = ea(&,m) - w(E;m),
Erie v(&,m).
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T

A(n,m)

1

Figure 1: The domain (2.

In the domain (2, take an arbitrary point C'(¢,7) and draw the characteristics through it to
the boundary of the domain Q (see Figure (1)). Integrating the first equation of system (16)
by AC, the second by BC' and using conditions (14), (15), we get

v(&,n) = 13(n) + [f2(51>77) — ba(&, mv(€r,m) — 2o, mw (e, n) [ déa,

w(&n) =)+ [ v(&m)dn, (€ n) € Q,

M — T T
—~
—_
-



84 On Green’s function of Darboux problem ...

Substituting the second equation of the system (15) into the first equation we get

€ 13 €
v(&mn) =75(m) + [ fa(&,n)dér — [ ba(&r,m)v(€r,m)dér — [ ca(61,m)T2(&1)dE1—
[ | /

'3 n

- [ de [ edesantemin

0 &

It is easy to show that, if v(£,n) is solution to system (17), then w(,n) is a solution to
problem (13)-(15). Therefore, system (17) is equivalent to problem (13)-(15).

We will search the solution to system (17) using the method of successive approximations.
We choose an initial approximation

U0<§7 77) =0.

We construct the following approximation using the formula

£ £ £
vnlE,) = Th(n) + / folEr,m)des — / b (€1, 7)0nr (€1, 7)) — / ex(€1,m)ma(€1) s —
0 0 0

c . (18)
- /d&/@(&ﬂ?)vn—l(fla M )di
0 &1
Show that difference |v,, — v,,_1| satisfy the inequality
-1 &t
| —Upq | < K" - A TRk (19)

where
K = max [[b2] + [c2l],

A< ||f2||c( a) 73]l crjo,11) + 172/l o,1))-

We prove the validity of inequality (19) by mathematical induction. For n = 1, as is easy to
see from (18), the estimate of (19) is correct.

We show that these inequality will remain valid when n is replaced by n+1. From equality
(18), according to the classical method we have

9 13 n
|Un41 — ‘ ba(£1,1m) (Un — V1) (&1, m)dEr| + ' &y [ ca(&r,m) (v — vn1) (&1, m)dm| <
el [

nl Kn
< K" A/Vb dfl + K" A/’CQ‘ )dfl_—'A'5n>
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The estimate (19) show absolute and uniform convergence over  of the following series

o0

vo + Z(Un — Up_1)

n=1

members of which are less than the absolute value of the members of the uniformly converging
series

gn—l

n—1
A+ A K CE

n=1

= A(1 + exp(K¢)).

Consequently, successive approximation of v, on Q uniformly tend, respectively, to certain
limit of v, which is continuous on €. Passing to the limit in equality (18), we obtain that the
limit function of v(&,n) satisfy system (17). In this case, the function v is continuous on €.
Since we have proved the existence of the solution in Q. The solution to problem (1)-(3) is
found by substituting w, ¢ for (9).

3.2 Proof of uniqueness of the solution to problem (1)-(3)

Assume that system (17) has different solutions v, vy. Denote V' = vy — vy. Then V satisfy
the following equation

Vien) = /b2<51,> (&1, m)des — /dfl/cm, V(& m)dm

Let us prove that V' = 0. Function V' is continuous and bounded as the difference of continuous
functions in a closed domain €2. Therefore, there is a positive constant B such that

V(& n)| < B.

Then we have

£ ¢
V< [ e miBas + [ lesenmi - €)Bde <
0 0
£ 6 K-B-¢
< [ e nipae + [ leaenipag < 75
0 0

By mathematical induction for any n, we obtain the following estimate
é"rL
V| < BK™

Since these inequality is met for any n, then it follows that V' =0, i.e. v; = vs.
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3.3 Proof of stability of the solution to problem (1)-(3)

In order to prove the stability of the solution to problem (1)-(3) we need a stability estimate
for v. Since

N o0
v(€mn) = lim vy = Tim vy + Zl(vn - Un—l)] = v + Zl (Un = V1) s (20)
then using the estimate of (19) from (20), we get
o0 Kl .
&) <A mo = A oK), (21)
n=1 ’

Hence, using (19) from (21) we obtain the estimate of the stability of the solution to problem
(1)-(3):
[v]le@) < exp(K) <||f2Hc(§) + I7sllcrqon + lelleqon - HT2||O’([0,1])> <

< exp(2K) <Hszc(§) +I7sllerqon + HTzHc'([o,u)) :

4 Green’s function of the problem (1)-(3)

Definition 1 Green’s function of the problem (1)-(3) let us call the function G(&,1;&1,m),
which for every fixed (§1,m) € ), satisfies the homogeneous equation

LemG(&m:&,m) =0, (§,n) €Q, atE # &, n#m, n# &, §F#m; (22)

and the next boundary conditions
G(Sag;glanl) = 07 0 S f S 17 (517771) € Q7 (23)

G(0,60;&,m) =0, 0< & <1, (&1,m) € Y (24)

and on the above characteristic lines, the following conditions must be met: the values of the
derivatives of the Green function in directions parallel to these characteristics must coincide
m adjacent regions; i.e.,

aCTY(é-l + Oa n; 617 771)

+ a1, )G (& +0,m;&,m) =

on
8G - 07 7 I
_ 6% 877?7 o) a(§, G (& = 0,m:81,m), at n 7 m, 17 &; (25)
OG(m +0,1m; &1,
(n 87777 §.m) +a(n,n)G(m +0,1:6,m) =

oG _07 Gl
. ann .m) + a(m,n)G(& — 0,m;&,m), at n#m, n# &; (26)
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IG(E,m + 0;&1,m)

+b(&,m)G(E,m +0;8,m) =

3
_ 86’(6,7718—50;51,771) + (&, m)G(Em — 056,m), at £ # & & # s (27)
aG(€7£1;_£07§177]1> + b(g’fl)G(gafl + 0;51,771) =
B aG(ﬁ,&a—gO; ) 4 b, )0 & — 0 6m) 0l € £ 60 € £ (28)

and the "corner condition”
G(fl —0,m — 0;517771) - G(fl +0,m — 0;51,771>+

+G(& +0,m + 06, m) — G(&G — 0,1+ 0;&,m) = 1. (29)
must be satisfied as the regions meet at (§,m) = (§&1,m)-

5 Existence and uniqueness of the Green’s function of the problem (4)-(6)

Theorem 2 The function G(&,n;&,m1) that satisfies the conditions (22)-(29) exists and is
UNLQUE.

Proof. To show that a function G(&,n;&,n:) which satisfies the conditions (22)-(29)
exists and unique, we divide the domain {2 into several subdomains (see Figure (2)) and
consider the following problems sequentially. Let (£;,7;) be an arbitrary point of the domain
Q.

In the domain 2y = {(£§,7) : 0 < £ < &,& <n < &} we consider the problem

LignG =0, (§,n) € Qu; (30)
G(& & &,m) =0, 0 <& (31)
G(0,&0;&1,m) =0, 0 < & < &1y (§1,m) € Qo (32)

The problem (30)-(32) is a Darboux problem and has a unique solution

G(éun;flv’rh) = 07 (£7n> € Ql' (33)

In the domain Qs = {(£,n) : 0 <& <&, & < n <n} let us consider the problem
LigyG =0, (&) € Qo3 (34)

G(0,%0;81,m) =0, § < & <mi, (§1,m) € Qa. (35)
From (33) we have the next equality

8G(€7 61 + 07 517 771)

o +0(§,&)G(E & +0:6,m) =0, 0<E <& (36)
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TA

Q3 QS Qﬁ
i

Q, Q,
= 9

| |
-
é:l 771 é':

Figure 2: Splitting the domain (2.

Integrating (36) by & we have

G(§ 6 +0;81,m) = exp <— /jB(t,gl)dt) Ci(&,m), 0<E< &, (37)
Substituting £ = 0 in (37), using condition (23) we have that C}(&;,71) = 0 and

G(&,6 +0;6,m) =0, 0< & <& (38)
The problem (34),(35),(38) is a Goursat problem and has a unique solution

G(&m:6,m) =0, (§,1) € Q. (39)

Therefore from (39) in the domain Q3 = {({,n) : 0 <& < &,m < n < 1}, we get the problem
LienG =0, (§,1m) € Qs; (40)
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G(0,&0;&1,m) =0, m <& <1, (&,m) € Qs;

aG(f’mggO;&’m) +0(&m) - G m+0;6,m) =0,0< <&

Integrating (42) by £ we have

3
G(gﬂh + 0351,771) = exXp <_/0 b(t,m)dt) 02(51,771)7 0<¢<&.

Substituting £ = 0 in (43), using condition (23) we have that Cy(&;,m1) = 0 and
G(&m +0;6,m) =0,0<E <&
Therefore, the problem (40),(41),(44) is a Goursat problem and has a unique solution
G(&m:&,m) =0, (§,1) € L.
In the domain Q4 = {(§,7) : 0 <& <&, <n < m} we get the problem
LigmG =0, (§,1) € Qu;

G(&&6,m) =0, 6 <E<m.

From (35) we have

aG(fl + 07 Uk gla 771)
on

+a(&,n)G(E& +0,m,86,m) =0, & <n<n.

Integrating (48) by n we get

G(& +0,m:61,m) = exp (— /na(&,t)dt> C3(&,m), & <n <my;

&1

Substituting n = & in (49), using condition (23) we have that C5(&;,m1) = 0 and

G& +0,m&,m)=0,& <n<n.

This problem (46),(47),(50) is a Darboux problem and has a unique solution

G(fﬂ?;flﬂ?l) = 07 (6777) € 94-

(41)

(42)

(43)

(44)

(45)

(50)

(51)

Therefore, from (45), (51) in the domain Q5 = {({,7) : & < & < m,m <n < 1} our

problem is the Cauchy problem
LG =0, (§n) € Qs;

aG(gl + 07 Uk 517 7)1)
an

0G(&,m +0;&,m)
o3

+ a(glan)G(gl + 07773517771) = Oa T S n S 17

+0(&,m)G(Em +0;6,m) =0, & <€ <

(52)
(53)

(54)
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GG +0,m +0;6,m) = 1. (55)

The problem (51)-(55) is a Goursat problem and it has a unique solution, and it is easy to
see that its solution coincides with the Riemann-Green function, that is,

G(&n;6,m) = R(Em;6,m), (§,m) € Qs. (56)

Therefore from (56) in the domain Qg = {(§,7) : m < € < 1,6 < n < 1} we get the
problem

L(ﬁ,n)G - 07 (57 77) € QG; (57)
G(&&6,m) =0, m << 1 (58)
0G(n +0,n; &4,

(/)71 67777 51 771) + b(ﬁb U)G<771 + 07 n; 51) 771) =

OR(n1,m; &1,
_ ORm 8737 Su) + b(n1, n) R(n1, 15 €1, m)- (59)

Let us rewrite condition (59) in the following form

L% (G(m +0,7;&1,m) exp (/;a(m,t)dtn] exp (— /;a(m,t)dt) =
- {a% (R(nh 1; €1, M) exp (/;a(m,t)dt)ﬂ exp (— /; a(m,t)dt) : (60)

Integrating (60) by n we get

G +0,m;&,m) = R(n1,m;§,m) + Ca(&r,m) exp <— /na(m, t)dt) . (61)
13

Using condition (23), from (61) we have that

n
G(n1+07n;£17771) = R(Ulaﬁ;fh'fh)_R(m;7]15517771) exp <—/ a(nlut)dt) ,§<n< 1L (62>
m

The problem (57), (58), (62) is a Darboux problem and has a unique solution.
Thus, we have shown that for any (£;,7m1) € ©Q and (£,71) € Q the Green’s function that
satisfies the conditions (22)-(29) exists and unique. The theorem is proved.

6 Construction of the Green’s function of the problem (1)-(3)

As can be seen from the proof of Theorem (2), the Green’s function G(&,7;&,71) = 0 in the
domains 1, Q, Q3, Q4. And in the domain 5 it coincides with the Riemann function (56).

Let us find a representation of the Green’s function in the domain €2g. To construct the
Green’s functions, we will continue the coefficients of equation (57) in Qf = {({,n7) : m <
€ <1, m <n<E}such a way that the following conditions

(67 77)7 (fa 77) € Q67

A= {b<n,§>, (€n) € %,
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_ b(&aﬁ)’ (67”) € QG;
Pl = {am,o, €0 €0,

_ C(éa”)? (5777) S QG)
cem= {c<n,s>. (E.m) €

are met. Actually, show that coefficients of (57) have the following symmetry:

A(¢,m) = B(n,€), C&,n) =C,¢), (&n) € Q. (63)

From (63) we have

_ a’(nag)? (777£> S Qﬁu o 5(5777)7 (5777) S Q67
A = {b(é,n% (0,€) €, {

If we have chosen (&,7) from Qg, then (7, ) will be from Q.
From (4) and (5) we get

A(f,f) = B(€75)7 AS(&&) = Bﬂ(§7§)7 m < 5 <1

If the coefficients a,b,a¢,by;,c € C(Q) then in virtue of (63) coefficients
A(&,m), B(&,m), C(&n) in the domain Qg = Qs U Qg = {(§,;n) :m << 1, m <n < 1}

have the following smoothness
A, B, A¢,B,,C eC (E) . (64)

Let (&1, m1) be an arbitrary point of the domain 2. In order to construct the Green function
in the domain g, consider the problem:

092G, 0G, 0G, ~
G(m +0,m;8,m) = R(n,m;§1,m) — exp (— /WA(nht)dt) , m<n<1 (66)
&1
¢
G(&m +0;&,m) = —R(m, & &, m) + exp <—/ B(t,m)dt) ,m << L (67)
&

The problem (65)-(67) is a Goursat problem. Its solution exists and unique. We are interested
in the representation of the function G(&,n; &1, m).

Lemma 1 If the function G1(§,n;&1,m) is the solution to the problem (65)-(67), then for
any (§,1) € Qs we have G1(§,n; &, m) = —G1(n, & &, m).

To show that the function —G1(n,&; &1, m1) satisfies the equation (65), in (62) replace £ =
Na, N = &2, (N2, &2) € QU and after using the symmetry conditions of coefficients, we get that
—G1(n, & &, m) satisfies the equation (65).



92 On Green’s function of Darboux problem ...

Also doing the substitution of & = 7, in (66) and using the symmetry conditions of
coefficients, we get the condition (67). Similarly, by replacing n = & in (67) and using the
symmetry conditions of coefficients, we get the condition (66).

Thus, we have shown that the function —G1(n,&; &1, m1) is also a solution to the problem
(65)-(67). Since the solution to problem (65)-(67) is unique, then

Gr(&m;&,m) = —Gi(n,& &,m), (€,m) € Q.

Solution of the problem (65)-(67) we search in the following form

Gi(&m:&,m) = R(En:&,m) —g9(&n&,m), (§n) € Q.

Then we get the following problem

0%g dg Jg _ 3.
g, &,m) — Rnp,m; &,m) =0, m <np < 1; (69)
g(&m;&,m) — R(m, & &,m) =0, m << L (70)

It is easy to see that the solution to the problem (68)-(70) has the form

9(&m;&,m) = R, &§:60,m), (§,m) € 56-

Lemma 2 Let (§,n) be an arbitrary point of the domain Q. By internal variables (&1,11) the
Green’s function of the problem (1)-(3) has the following properties:

Lie, myG&mi&m) =0, (§1,m) € Q, at & # &, G #n, m#E (71)
G(&,&38,m) =0, 0< & < 1 (72)
oCLE, 77(;9;_ DI (e m)GE e~ 0.m) = 0, at iy £, £ € (73)
IO =D )Gl 6 —0) = 0, at & £ (74)
IEDE.E20) e, ¢) Giemta & — 0) =

&
— SRR EED  6, 6(€ 1o, + 0 (75)

+G(EmE+0,n+0) —G(EnE—0,n+0)=1. (76)
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Properties (71)-(76) are easy to get out of the construction of the Green’s function of

problem (1)-(3). Under these conditions (71)-(76) it is possible to uniquely restore the Green’s
function of problem (1)-(3).

Using properties (71)-(76) we can use it to write the integral representation of the solution

to problem (1)-(3). To do this, we consider the following integral

// G(fan;€17771)f(€17171)d£1d,’71 _
Qen)

0%*u ou

ou
-/ gy ST <a&am % on “) A (77)

Applying Green’s theorem in a plane [12] and using the initial conditions (2), properties

of Green’s function (71)-(76), from (77) we get the following representation of the solution
to problem (28)-(30) in the domain ¢, = Q5 U Qg:

1 [¢0G

u(é,n) = %G(fﬂ?;(),?? —0)71(n) — B) ; a_M(f,n;fl,fl)To(fl)d&—i-

1[5/ 0G /
+= / (——(57 1;0,m)70(m) + G(&,1;0,1m)71 () + a(0,71)G(E,1; 0, 771)71(?71))65771
2 Jo om

+//Q(€n) G(i}77;517771)f(§1>771)d51d771- (78)
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