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ON REPRESENTATION OF ONE CLASS OF SCHMIDT OPERATORS

In this paper, unitary symmetrizers are considered. It is well known that using Newton operator
algorithm, similar to the usual Newton algorithm, for extracting the square root, one can prove
that for every Hermitian operator T ≥ 0, there exists a unique Hermitian operator S ≥ 0 such
that T = S2. Moreover, S commutes with every bounded operator R with which commutes T . The
operator S is called a square root of the operator T and is denoted by T 1/2. The existence of the
square root allows one to determine the absolute value |T | = (T ∗T )1/2 of the bounded operator T .
For every bounded linear operator T : H → H there exists a unique partially isometric operator
U : H → H such that T = U |T |, KerU = KerT . Such an equality is called a polar expansion
of the operator T . The Schmidt operator is understood as the unitary multiplier of the polar
expansion of a compact inverse operator, with the help of which E. Schmidt was the first to obtain
the expansion of a compact and not-self-adjoint operator and introduced so-called s-numbers.
This paper shows that the unitary symmetrizer of an operator differs only in sign from the adjoint
Schmidt operator. The main result of the paper: if A is an invertible and compact operator, and
S is a unitary operator such that the operator SA is self-adjoint, then the operator AS is also
self-adjoint and the formula S = ±U∗ holds, where U is the Schmidt operator.
Key words: Unitary operator, symmetrizer, normal operator, Schmidt expansion, Schmidt
operator, compact operator, polar representation of operator, square root of positive self-adjoint
operator.
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Шмидт операторларының бiр класы туралы түсiнiк

Бұл жұмыста бiртұтас симметризаторлар қарастырылады. Ньютон операторлық алгоритмiн
қолданып, сәйкес қарапайым Ньютон алгоритмiнде квадрат түбiрдi алу үшiн кез келген
T ≥ 0 эрмиттiк операторы үшiн T = S2 шарты орындалатындай жалғыз S ≥ 0 эрмиттiк
оператордың табылатынын дәлелдеуге болатыны белгiлi. Сонымен қатар, S - T операторы-
мен алмасатын әрбiр шектелген R операторымен алмасады. S операторы T операторының
квадрат түбiрi деп аталады және T 1/2 арқылы белгiленедi. Квадрат түбiрдiң бар болуы
шектелген T операторының |T | = (T ∗T )1/2 абсолют шамасын анықтауға мүмкiндiк бередi.
Кез келген шектелген сызықты T : H → H операторы үшiн T = U |T |, KerU = KerT
болатындай жалғыз жартылай изометриялық U : H → H оператоты бар. Бұл теңдiк T
операторының полярлы жiктеуi деп аталады. Шмидт операторы ретiнде жеткiлiктi үзiлiссiз
керiленетiн оператордың полярлы жiктеуiнiң бiртұтас көбейткiшiн түсiнемiз, оның көмегiмен
Э.Шмидт бiрiншi болып жеткiлiктi үзiлiссiз және өз-өзiне түйiндес емес оператордың жiкте-
уiн алды және s-санын енгiздi. Бұл жұмыста, оператордың бiртұтас симмертизаторы Шмидт
операторының түйiндесiмен тек таңбасымен өзгешеленедi. Жұмыстың негiзгi нәтижесi: егер
A керiленетiн және компакты оператор, SA операторы өз-өзiне түйiндес болатындай S –
бiртұтас оператор болса, онда AS операторы да өз-өзiне түйiндес және S = ±U∗ формуласы
орынды, мұндағы U – Шмидт операторы.

Түйiн сөздер: Бiртұтас оператор, симметриялаушы, қалыпты оператор, Шмидттiң кеңеюi,
Шмидт операторы, толық үздiксiз оператор, оператордың полярлық бейнесi, оң байланысқан
оператордың квадрат түбiрi.
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О представлении одного класса операторов Шмидта

В настоящей работе рассматриваются унитарные симметризаторы. Хорошо известно, что,
используя операторный алгоритм Ньютона, аналогичный обычному алгоритму Ньютона
для извлечения квадратного корня, можно доказать, что для каждого эрмитова оператора
T ≥ 0 существует единственный эрмитов оператор S ≥ 0 такой, что T = S2. При этом
S перестановочен с каждым ограниченным оператором R, с которым перестановочен T .
Оператор S называется квадратным корнем оператора T и обозначается T 1/2. Существо-
вание квадратного корня позволяет определить абсолютную величину |T | = (T ∗T )1/2

ограниченного оператора T . Для каждого ограниченного линейного оператора T : H → H
существует единственный частично изометрический оператор U : H → H такой, что
T = U |T |, KerU = KerT . Такое равенство называется полярным разложением оператора
T . Под оператором Шмидта понимается унитарный сомножитель полярного разложения
вполне непрерывного обратимого оператора, с помощью которого Э. Шмид впервые получил
разложение вполне непрерывного и несамосопряженного оператора и ввел так называемых
s-чисел. В данной работе показано, что унитарный симметризатор оператора отличается,
лишь знаком от сопряжения оператора Шмидта. Основной результат работы: если A –
обратимый и компактный оператор, а S – унитарный оператор такие, что оператор SA
самосопряжен, то оператор AS также самосопряжен и имеет место формула S = ±U∗, где
U – оператор Шмидта.

Ключевые слова: Унитарный оператор, симметризатор, нормальный оператор, разложе-
ние Шмидта, оператора Шмидта, вполне непрерывный оператор, полярное представление
оператора, квадратный корень положительного самосопряженного оператора.

1 Introduction

As is known, many problems in mathematical physics lead to the need to study linear
equations with symmetrizable operators. An example of such equations is the integral
equation with a kernel symmetrizable in sense of Marty [5], which is led, for example, by
boundary value problems for differential Sturm – Liouville equations as well as boundary
value problems for linear differential equations of higher orders, both ordinary and with partial
derivatives. A number of problems in mechanics (see, for example, [6]) lead to the study of
boundary value problems for differential equations with coefficients non-linearly depending
on a parameter (the case of a polynomial of the second degree and higher degrees).

Let X be some Hilbert space (separable,generally speaking, complex). An operator A
mapping X into itself is called symmetrizable, if there exists a positive operator H mapping
X into itself and such that P = HA is a self-adjoint (Hermitian) operator.

Linear equations of the form

x− λAx = y, x ∈ X, y ∈ X (λ is a parameter)

with the symmetrizable compact operator A were studied by Saanen [7] and Ryde [8]. The
results obtained in this direction were systemized in the monographs of Saanen [9]. In the
present paper, we consider unitary symmetrizers.
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1.1 Formulation of the problem

Let B(H) be the algebra of all bounded linear operators A on the Hilbert space H 6= {0}
with the norm

||A|| = sup{||Ax|| : x ∈ H, ||x|| ≤ 1}. (1)

Suppose that A, S ∈ B(H), S∗ = S exists S−1 ∈ B(H) and the equality

A = A∗S, AS = SA∗ (2)

holds. The question is, what properties does the operator A have?
Denote, as usual, by D(A), R(A), N(A) the domain, the range and the kernel of the

operator A, respectively.
If N(A) = {0} and the operator A is compact, then the so-called Schmidt expansion takes

place

Ax =
∞∑
1

si(x, ϕn) ∪ ϕn, (3)

where si are the s-numbers of the operator A, {ϕn}, (n = 1, 2, . . . ) is an orthonormal basis
of the space H composed of eigenvectors of the operator A∗A, U is a unitary operator from
the polar representation of the operator A, that is,

A = UP, (4)

where P is a square root of the positive self-adjoint operator A∗A. In this case, what is the
relationship between the operators S and U .

Definition 1 If a compact operator A with the kernel N(A) = {0} admits the polar
representation (4), then the unitary operator U is called the Schmidt operator.

Note that the unitary operators play an important role in the theory of operators, suffice
it to mention scattering operators, wave operators, Fourier operators.

In solving this problem, we will use some general and less general theories of functional
analysis. For accuracy and convenience, we present their formulation.

2 Research methods.

Definition 2 An operator A ∈ B(H) is called
(a) normal, if AA∗ = A∗A;
(b) self-adjoint (Hermitian), if A∗ = A;
(c) unitary, if A∗A = I = AA∗, where I is the unit operator in H;
(d) a projector, if A2 = A.

Lemma 1 [ [10], p.354]
(a) If an operator A ∈ B(H) is invertible, then it has a unique polar expansion A = UP ;
(b) If an operator A ∈ B(H) is normal, then it has a polar expansion A = UP , where the

operators U and P commute with each other and with the operator A.
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Lemma 2 Let M,N, T ∈ B(H), where the operators M and N are normal. If

MT = TN, (5)

then

M∗T = TN∗. (6)

Proof. See [11].
This lemma and the spectral theorem of normal operators imply the following Lemma 3,

see [12].

Lemma 3 Let M,N, T ∈ B(H), where the operators M and N are normal, and the operator
T is invertible. Suppose that

M = TNT−1. (7)

If T = UP is a polar expansion of the operator T , then

M = UNU−1. (8)

Two operators connected by relation (7) are called similar. If U is a unitary operator and
relation (8) holds, then the operators M and N are called unitarily equivalent. Thus, it is
established in Lemma 3 that the similar normal operators are equivalent.

Lemma 4 Let S, T and ST are densely defined operators in H. Then

T ∗S∗ ⊂ (ST )∗. (9)

Moreover, if S ∈ B(H), then

T ∗S∗ = (ST )∗. (10)

Proof. The proofs of Lemmas 3 and 4 can be found in [10], on p. 355 and p. 370,
respectively.

Remark 1 If the equalities

SA = A∗S, S = SA∗

hold, then

S2A = AS2, S2A∗ = A∗S2.

Indeed,

S2A = S(SA) = (SA∗)S = (AS)S = AS2; (11)

S2A∗ = SSA∗ = S(AS) = (SA)S = (A∗S)S = A∗S2. (12)
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Lemma 5 [ [13], p.253]. If A is a compact and self-adjoint operator in H, then for any x ∈
H the element Ax expands into a convergent Fourier series with respect to the orthonormal
system of eigenvectors of the operator A.

Corollary 1 If the kernel of a compact self-adjoint operator A consists only of zero, then
the orthonormal eigenvectors of this operator form a basis in the space H.

Proof. By Lemma 5 for any x ∈ H there is the expansion

Ax =
∞∑
1

(Ax, ϕn)ϕn =
∞∑
1

(x,Aϕn)ϕn =
∞∑
1

λn(x,Aϕn)ϕn,

where {ϕn} are orthonormal eigenvectors of this operator A. If (x, ϕn) = 0 (n = 1, 2, ..), then
Ax = 0 and by virtue of invertibility of the operator x = 0. Consequently, the system {ϕn}
is complete in H. Since it is orthonormal, then it forms an orthonormal basis of the space.

Lemma 6 [13.с.130]. Let X be normal, and Y a Banach space and A a linear operator
with D(A) ⊆ X, R(A) ⊆ Y , moreover D(A) = X and the operator is bounded on D(A).
Then there exists a linear bounded operator Â such that

(a) Âx = Ax for any x ∈ D(A);
(b) ||Â|| = ||A||.

3 Research results.

Let A, S, S−1 ∈ B(A), S = S∗, N(A) = {0} and the formulas hold:

A = A∗S, AS = SA∗. (13)

Then the equality

SAA∗ = A∗SA∗ = A∗AS (14)

holds. By virtue of Lemma 4 the operators AA∗ and A∗A are self-adjoint, so they are normal
operators. Consequently, by Lemma 3 the following formula holds:

UAA∗ = A∗AU, (15)

where S = UP is the polar expansion of the operator S.
Further, assuming

AR =
A+ A∗

2
, AJ =

A− A∗

2i
,

we have

SAR = S
A+ A∗

2
=
A∗S + AS

2
= ARS;

SAJ =
S(A− A∗)

2i
=

(A∗S − AS)
2i

=
(A− A∗)S

2i
= −AJS.
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Again, by Lemma 3, we have

UAR = ARU, UAJ = −AJU, (16)

therefore

UA = U(AR + iAJ) = ARU − iAJU = (AR − iAJ)U = A∗U ; (17)

AU = (AR + iAJ)U = UAR − iUAJ = U(AR − iAJ) = UA∗. (18)

By formula (15), we get

(AU)∗AU = U∗A∗AU = U∗UAA∗ = AA∗ = AUU∗A∗ = AU(AU)∗.

By virtue of (17), (18), we have

(UA)∗UA = A∗U∗UA = A∗A = A∗UU∗A = UAU∗A∗ = UAA∗U∗ = UA(UA)∗.

We have proved the following theorem.

Theorem 1 If

A, S, S−1 ∈ B(H); (19)

SA = A∗S, AS = SA∗, (20)

then the operators AU and UA are the normal operators, where S = UP is the polar expansion
of the similarity operator.

From the self-adjointness of the operator S and item (b) of Lemma 1 it follows that

S = UP = PU,

then S∗ = PU∗ = PU = S. Consequently, P (U∗ − U) = 0. Therefore, by virtue of the
condition N(A) = {0} it follows that U∗ = U , that is, the operator U is self-adjoint. Then

(AU)∗ = U∗A∗ = UA∗ = AU,

(UA)∗ = A∗U∗ = A∗U = UA,

that is, the operators AU and UA are self-adjoint.

Thus, the following Theorem 2 holds.

Theorem 2 If

S, S−1 ∈ B(H), S∗ = S; (21)

A ∈ B(H), N(A) = {0}, SA = A∗S, AS = SA∗, (22)

then the operators AU and UA are self-adjoint, where S = UP is the polar expansion of the
similarity operator S.



58 On representation of one class . . .

Suppose that N(A) = {0}, A is compact, the operator AS is self-adjoint, and S is unitary,
then the operator SA is self-adjoint and compact. In fact, from (AS)∗ = AS and S∗ = S−1

we have S∗A∗ = AS, A∗ = SAS, A∗S∗ = SA, therefore, (SA)∗ = A∗S∗ = S.
From N(A) = {0} it follows that N(SA) = {0}. Indeed, if SAX = 0, then, since the

operator Sis invertible, we have Ax = 0, x = 0.
By the Hilbert-Schmidt theorem

SAx =
∞∑
1

λn(x, ϕn)ϕn, (23)

where ϕn (n = 1, 2, ..) are the orthonormal eigenvectors of the operator SA.
If all (x, ϕn) = 0, then according to the formula SAx = 0. Therefore, Ax = 0, x = 0.

Consequently, the eigenvectors of the operator SA form a complete system in H. Since this
system is orthonormal, it forms the basis in H. Acting by the operator S∗ on both sides of
(23), we obtain

Ax =
∞∑
1

λn(x, ϕn)S
∗ϕn, (24)

where the system {S∗ϕn}, (n = 1, 2, . . . ) also forms the orthonormal basis in H.
Further, we have the formulas

(SA)2 = SASA = SS∗A∗A = A∗A, (25)

A = UP, (26)

where U is a unitary operator which we have called the Schmidt operator and P is the square
root of the positive operator A∗A, see [ [12], p.22].

From the formula SAϕn = λnϕn it follows that (SA)2ϕn,= λ2nϕn = A∗Aϕn = P 2ϕn.
Consequently, Pϕn = snϕn, sn = |λn|, n = 1, 2, . . . , these numbers are called s-numbers of
the operator A, see [ [14], p.46]. Since the system ϕn, (n = 1, 2, . . . ) forms the orthonormal
basis of the space, then the following expansion holds

Px =
∞∑
1

(Px, ϕn)ϕn =
∞∑
1

(x, Pϕn)ϕn =
∞∑
1

sn(x, ϕn)ϕn. (27)

Then by virtue of formula (26), we obtain the Schmidt expansion of the compact operator

Ax =
∞∑
1

sn(x, ϕn) ∪ ϕn. (28)

For x = ϕn, (n = 1, 2, . . . ) from formulas (24) and (28) we obtain

Aϕn = λnS
∗ϕn = snUϕn = |λn|Uϕn,

S∗ϕn =
|λn|Uϕn
λn

= signλnUϕn,
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U∗S∗ϕn = signλnϕn = SUϕn, (n = 1, 2, . . . ). (29)

Due to the basicity of the system {ϕn} and extension theorem from (29), we deduce that
U∗S∗ = SU , in other words, the operator SU is self-adjoint. The unitary operators form a
group, therefore the operator SU is also unitary. Indeed:

(SU)∗SU = U∗S∗SU = U∗U = I,

(SU)(SU)∗ = SUU∗S∗ = SS∗ = I.

Thus,

(SU)∗ = (SU)−1 = SU,→ (SU)2 = I, SU = ±I, S = ±U∗.

Let us formulate the obtained result.

Theorem 3 Let A be an invertible and compact operator, and S a unitary operator.
If the operator SA is self-adjoint, then the operator AS is also self-adjoint and the formula

holds

S = ±U∗, (30)

where U is the Schmidt operator.

Remark 2 This theorem says that the stock of S-operators is not large.

Remark 3 To construct the Schmidt operator, it is necessary to study the operator A∗A.
That is a more complicated problem than the study of the operator itself. Therefore it is
desirable to have an easier way of constructing the Schmidt operator. For some class of
operators such a way exists, we will make sure of this in the next section, see [15]- [17].

4 Discussions.

Lemma 1 was obtained in [11], Lemma 2 was obtained in [12], the initial proofs of these
results were simplified in [18]. Our research is a continuation of these works. For clarity, we
will give an example illustrating the results obtained.

Example 1 In L2(0, 1) consider an integration operator

u(x) =

∫ x

0

u(t)dt, x ∈ [0, 1]. (31)

Obviously that

A∗ν(x) =

∫ 1

x

ν(t)dt, x ∈ [0, 1]. (32)

Moreover, the equality

SA = A∗S, where Su(x) = u(1− x) (33)
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holds and S is a unitary self-adjoint operator.
Indeed,

SAu(x) =

∫ 1−x

0

u(t)dt =

∣∣∣∣ξ = 1− t
∣∣∣∣ = −∫ x

1

u(1− ξ)dξ

=

∫ 1

x

u(1− ξ)dξ = A∗Su(x)

Consequently,

(SA)∗ = A∗S∗ = A∗S = SA,

(AS)∗ = S∗A∗ = SA∗ = AS,

that is, the operators SA and SA are self-adjoint. By virtue of the proved theorem, we have
the formula

S = ±U∗, (34)

where U is the Schmidt operator, that is,

A = UP, (35)

where P =
√
A∗A.

Let us find eigenvalues and eigenvectors of the operator SA. Let

SAϕn(x) = λ−1n ϕn(x), (36)

then

S

∫ x

0

ϕn(t)dt = λ−1n ϕn(x),∫ x

0

ϕn(t)dt = λ−1n Sϕn(x) = λ−1n ϕn(1− x),

ϕn(x) = −λ−1n ϕ′n(1− x), ϕ′n(1− x) = −λnϕn(x),

ϕ′n(x) = −λnϕn(1− x), ϕn(1) = 0. (37)

Differentiating both sides of this equation, we have

ϕ′′n(x) = λnϕ
′
n(1− x) = −λ2nϕn(x),

− ϕ′′n(x) = λ2nϕn(x).

It is easy to see that ϕn(1) = 0, ϕ′n(0) = 0. Therefore, we seek solutions of the boundary
value problem

ϕ′′n(x) = λ2nϕn(x), ϕn(1) = 0, ϕ′n(0) = 0 (38)
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in the form

ϕ(x, λ) = A cosλx.

Then ϕ′(x, λ) = −A cosλx = 0 for x = 0.
If λ = 0, then ϕ′(x) = 0, therefore, ϕ = const, ϕ(1) = 0, consequently, ϕ(x) ≡ 0.

Therefore the value λ = 0 is not an eigenvalue. From the equation ϕ(1) = 0 we have cosλ = 0,
consequently, λn = nπ + π

2
, n = 0,±1,±2, .... Therefore the eigenfunctions are ϕn(x) =

An cos
(
πn + π

2

)
x. We find the unknown coefficients An from the normalization condition:

||ϕn|| = 1.

||ϕn(x)||2 = A2
n

∫ 1

0

cos2
(
πn+

π

2

)
xdx =

A2
n

2

∫ 1

0

[
1 + cos (2πn+ π)x

]
dx

=
A2
n

2
= 1, An =

√
2.

Thus, the eigenfunctions of the Sturm-Liouville problem (38) have the form:

ϕn(x) =
√
2 cos

(
πn+

π

2

)
x, n = 0,±1,±2, ... (39)

Substituting ϕn(x) into the initial equation (37), we find the eigenvalues of the spectral
problem:

ϕ′n(x) = −λnϕn(1− x), ϕn(1) = 0;

ϕ′n(x) = −
√
2 sin

(
πn+

π

2

)
x ·
(
πn+

π

2

)
,

ϕn(1− x) =
√
2 cos

(
πn+

π

2

)
(1− x) =

√
2 cos

[
πn+

π

2
−
(
πn+

π

2

)
x

]
=
√
2

[
cos

(
πn+

π

2

)
cos

(
πn+

π

2

)
x+ sin

(
πn+

π

2

)
sin

(
πn+

π

2

)
x

]
= cosπn sin

(
πn+

π

2

)
x =
√
2(−1)n sin

(
πn+

π

2

)
x,

−λnϕn(1− x) = λn(−1)n
[
−
√
2 sin

(
πn+

π

2

)
x

]
= −
√
2

(
πn+

π

2

)
sin

(
πn+

π

2

)
x,

λn(−1)n = πn+
π

2
, λn = (−1)n

[
πn+

π

2

]
, n = 0,±1,±2, ...

ϕ′n(x) = −(−1)n
(
πn+

π

2

)
ϕn(1− x).

Consequently,

SAϕn =
(−1)n

πn+ π
2

ϕn(x), n = 0, 1, 2, ..., (40)
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where

ϕn(x) =
√
2 cos

(
πn+

π

2

)
x. (41)

Formula (24) takes the form:∫ x

0

u(t)dt =
∞∑
n=0

(−1)n

πn+ π
2

(u, ϕn(x))ϕn(1− x). (42)

The Schmidt expansion (27) has the form:∫ x

0

u(t)dt =
∞∑
n=0

1

πn+ π
2

(u, ϕn(x))Uϕn(x).

where U is the Schmidt operator. For u = ϕn, we have

(−1)n

πn+ π
2

ϕn(1− x) =
1

πn+ π
2

Uϕn(x),

consequently, Uϕn = (−1)nϕn(1− x) = (−1)nSϕn, that is, U = ±S, which is consistent with
the overall result.
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