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THE TWO-SIDED ESTIMATES OF THE FREDHOLM RADIUS AND
COMPACTNESS CONDITIONS FOR THE OPERATOR ASSOCIATED
WITH A SECOND-ORDER DIFFERENTIAL EQUATION

In this paper we consider the properties of the resolvent of a linear operator corresponding to a
degenerate singular second-order differential equation with variable coefficients, considered in the
Lebesgue space. The singularity of the specified differential equation means that it is defined in
a noncompact domain — on the whole set of real numbers, and its coefficients are unbounded
functions. The conditions for the compactness of the resolvent were obtained, as well as a double-
sided estimate of its fredgolm radius. The previously known compactness conditions of the resolvent
were obtained under the assumption that the intermediate term of the differential operator either
is missing or, in the operator sense, is subordinate to the sum of the extreme terms. In the current
paper these conditions are not met due to the rapid growth at infinity of the intermediate coefficient
of the differential equation, and the minor coefficient can change sign. The property of compactness
of the resolvent allows, in particular, to justify the process of finding an approximate solution of
the associated equation. The Fredholm radius of a bounded operator characterizes its closeness to
the Fredholm operator. The operator coefficients are assumed to be smooth functions, but we do
not impose any constraints on their derivatives. The result on the invertibility of the operator and
the estimation of its maximum regularity obtained by the authors earlier is essentially used in this
paper.
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®DpearosabM paanyChbIHBIH €Ki »KAKThI Garajiaysiapbl >koHe ekiHii perrti guddepeHnanabIkK,
TeHJeyMeH 6ailJIaHbICThI OIEPATOPAbIH, KOMIAKTHIIBIFBIHBIH, IIAPTTAPHI

Byn xywmbicra Jleber kewicririnme Gepiiren aiftHbIMaJBI KO3MMUIIMEHTTI HYKCAHBI €KIiHIM PeTTi
CUHTYISPJbl TuddepeHInaIblK TeHIeyre COHKeC KeJETiH ChI3BIKTHI OMEPATOPIbIH, PE30JIbBEH-
TaCBIHBIH, KacuerTepi 3eprresired. Aranran guddepeHnuaiiblk, TeHIeY/IiH CHHTYIAPIIbI OOy bIH
OHBIH ITEKCi3 00J1bIcTa — OYKia caH ocinjge — Oepiiyi MeH OHBIH KO3 MUIMEHTTEPIHIH, TIeHeIMe-
ren/iri Olraipesi. PesosrroreHTaHbIH, KOMITAK THLIBIFBIHBIH, IIAPTTAPHI, COHai-aK oHbIH Dpeirobm
PaNyCHIHBIH, €Ki YKaKThl OaFachl AJIBIHIBI. Pe30IbBeHTAHBIH KOMIAKTHIIBIFBIHBIH 0i3re OYpBIHHAH
Gesrim mmaprrapbl auddepeHIaIIbIK, OIePATOPIBIH, APAJIbIK, MYIIeCi KOK, HEMece OJI OIepaTop
MAFBIHACBIHJIA IMETKI MYIIeJeP/iH KOCHIHIBICHIHA OarblHAIbI JIereH OoKaMIa ajbiaran. A 6y
KyYMBICTa MrddepeHITnaIIbiK TeHIEY/IiH apaIbiK, KoM MOUITMEHTIHIH, MTEeKCI3 aJIbIC HYKTE aifiMarbIH-
J1a XKbLIJIAM ©Cyl MeH TeMeHr1 KoahdUIMeHTTIH TaHOaChl ©3repMe)ii 60JIyblHa OallJIaHBICTHI aTaFaH
MAPTTAP OPBLIHIAJIMANbI. Pe30/IbBeHTaHbIH, KOMIIAKTHIIBIK, KACHETIHIH OOJIybl, MBICAJIBI, OHBIMEH
OallyTAHBICTBI TEHJIEY/IIH, YKYbIKTAJFAH IIEIiMiH Ta0y IpoIecin Herizmeyre MmyMKiamik G6epesi. [lle-
HesireH orepaTop by, PpearoabM paanychl OHBIH (DPEArOIbMIIK OIePATOPJIAPTa YKAKBIHIBIFBIH
cumartaiinsl. OneparopsiH Koaddurmentrepi Teric dyHKIUsIAp fen ecenresei, 6ipak 6i3 omap-
JIBIH, TYBIHBLIAPBIHA eITKAH Al meKkTey Koimaiimbid. 2KymbicTa aBTopJiap e371epi ocbiran Jeitin
aJIFaH OIEePaTOP/IbIH KANTAPBIMIBLIBIFLI KAWIbl HOTUXKE MEH OHBIH MAKCUMAJIJIBI PEryJIspJIbIFbl-
HBIH, OaracblHa CyHeHesI.

Tvyiiia ce3nep: exiurmi perti muddepenimanapk omeparop, PpearoabM paguychbl, pe30JbBEHTA,
KOMITAKTBLIBIK, IIEeHEIMEreH OOJBICTArbl AU OEPEHITNATIBIK, TeHIEY, KOIDPUIUEHTTEP] TTeHe -
MereH auddepeHITuaIIbIK, TeHIEY.
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JAByXcTOpOHHUE OLIEHKHN paamyca (ppearobMOBOCTH U YCJIOBUsI KOMIIAKTHOCTHA OIIEpaTopa,
cBsi3aHHOTO ¢ audepeHnaIbHBIM yPaBHEHEM BTOPOrO MOPsigKa

B macrosimeit pabore m3ydaioTcsi CBOWCTBa PE30JILBEHTHI JIMHEHHOTO OlepaTopa, COOTBETCTBY-
IOIIET0 BBIPOXKIEHHOMY CHHTYJIsIpHOMY JuddepeHnnaabHOMy YPaBHEHUIO BTOPOIO IOPSIKa C
[epeMEHHBIMU KO3 DUIMEHTAME, PACCMATPUBAEMOMY B mpocTpaHcTBe Jlebera. CHHIYJISIPHOCTD
YKa3aHHOIO M PEpPEeHInaJIbHOIO YPAaBHEHNsI 03HAYAET, YTO OH 33J[aH B HEKOMIIAKTHOI 0bJiacTh
— Ha Bcell 4YMCJIOBO# och, a ero KO(DUIMEHTHI SIBJISIOTCS HEOTPAHUIECHHBIMU (DYHKIMSMIU.
[Tosygensr ycaoBus KOMIIAKTHOCTH PE30JIbBEHTHI, & TaKKe JIBYCTOPOHHSIS OIEHKA €ro pPaamyca
dpenromsmoBocT. Panee m3BecTHBIE YCIOBHS KOMITAKTHOCTH PE30JIbBEHTHI OBLIN IIOJyYEHBI B
IIPEJIIIOJIOKEHNH, ITO IIPOMEXKYTOUHBIN 4ieH nuddepeHInajIsHoro oneparopa Jubo OTCyTCTBYET,
JibO B OIEPATOPHOM CMBIC/IE TOAYMHSIETCSI CyMMe KpaillHMX d9IeHOB. B Hacrosmieil pabore 3Tu
YCJIOBUSI HE BBIMOJIHSIOTCS BCJIEICTBHE OBICTPOrO POCTa HA OECKOHEYHOCTH ITPOMEXKYTOYHOTO
ko3 durmenTa nuddepeHInaIbHOr0 YPABHEHNUS, 8 MIIA N KO3(MMUIUEHT MOXKET MEHATh 3HAK.
Hasumuune cBoiicTBa KOMIIAKTHOCTH DPE30JIBBEHTHI IO3BOJISET, B YaCTHOCTH, OOOCHOBATH IIPOIECC
HaXO0K/IeHUs IPUOJIMKEHHOI'O PelleHns CBI3aHHOIO ¢ HEIO ypaBHeHus. Pasauyc dpenrosbmoBocTa
OTPAHUYEHHOI'O OIIEPATOPA XapaKTepu3yeT ero OJu30cTh K (GpegaroabMoBomy oreparopy. Koad-
GUIMEHTHI OMEpPaTOpa MPENOIAralOTCsl TVIAIKUMA (DYHKIUSME, OJHAKO MBI HE HAKJIAIbIBAEM
Kakne-jnb0 OrpaHUYIeHUs Ha WX [IPOM3BOJHBIE. B paboTe CyIIEeCTBEHHO HCIOJB30BAH PE3YJIBTAT
00 00paTUMOCTH 3TOrO OMEPATOPA U OIEHKA €ro MAKCHMAJIBHON PEryJIsSpPHOCTH, IOJIyJIEHHBIE
aBTOpPaMH paHee.

Kurouesbie ciioBa: jquddepeHnuabHbIA OlepaTop BTOPOIO IOPSIKa, PAJnyC (PearobMOBO-
CTH, Pe30JIbBEHTa, KOMIIAKTHOCTD, Ju(MQepeHInajpbHOe ypaBHeHe B HEOrPDAHUIEHHON 00J1acTH,
b depeHInaNIbHbII OIIepaToOp ¢ HEOrPAHUIEHHBIMA KO(DDUITMEHTAMMA.

1 Introduction
For the Sturm-Liouville operator
Ly=—y"+qx)y, =1, 2 € R=(—00,+00)

the following fact proven by Molchanov [1] is known: for the inverse operator L™! to be
compact in the space Ly(R) it is necessary and sufficient that for each d > 0 the coefficient
q(z) satisfies the condition

z+d

lim q(t)dt = +o0.
|z| =400
x—d
This result is generalized in |2,3| for rather general classes of elliptic operators with non-
smooth and oscillating coefficients. In the case of non self-adjoint operators, such results
were obtained using the properties that are inherent to semi-bounded self-adjoint operators.
However, these results have been established in cases when the intermediate term of a second-
order differential operator is either equal to zero or in the operator sense is subordinate
to the sum of the extreme terms. The mentioned requirements are not satisfied when the
intermediate coefficient grows strongly (see |4,5]), this case is considered in the current paper.
Fredholm operators are extensively studied and have a rich theory similar to the theory of
second kind integral operators. One of the characteristics of the adjacency of a given bounded
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operator to a Fredholm operator is its so-called Fredholm radius [6]. In this paper we give an
estimate of the Fredholm radius as well as a criterion for compactness of the resolvent of one
class of second-order differential equations with a fast-growing intermediate coefficient. We
will essentially use the maximum regularity estimate of the solution of this equation, which
was established by us in [7].

Consider the equation

ly=—y"+ry +sy= f(z), (1)

where z € R, r is a continuously dlfferentlable function, and s is a continuous function, f &€

L, = L,(R). Let Q C R. We denote C’( (Q) (k=1,2,...) as a set of k-times continuously

differentiable functions with compact support in Q. Let D(lo) = CéQ) (R) and [ is a closure of

the operator [ in the norm of L,. We call a function y € D(l) such that ly = f as a solution
of the equation . It follows that the unique solvability of the equation is equivalent to
the bounded invertibility of the operator [.

2 Material and methods

We base on the maximum regularity estimates below obtained in the Lemma [2 The
embedding and compactness theorems of weighed functional classes of the Sobolev type are
used. The properties of the average M. Otelbaev function are also used in obtaining the
necessary and sufficient condition for the discreteness of the spectrum of the operator /. In
addition, Hardy-type integral inequalities on the real axis and semi-axis are used to estimate
the norm of the element from the domain of the operator [ with singular weight.

3 Auxiliary statements

Let g(z) and h(z) # 0 be some real continuous functions, ¢ = -*5 and || - ||, is the norm of

—1
L,. Let us introduce the following notations
ag,h(t) = HgHLp(O,t) ||h_1HLq(t,+oo) (t > O)?

Byn(T) = ||9||Lp(7,0) Hh_IHLq(—oo,T) (1 <0),
Qg,pn = SUPD ag,h(t)a /Bg,h = sup ﬁg,h(T)u Yg,p = IMaAX (ag,ha Bg,h) .
t>0 7<0
In [7] the following statements were proved.

Lemma 1 If g(x) and h(x) # 0 are continuous functions with v, < 400, then

/|g 2)[P dr < /|h 2)Pdz, Vye CP(R).

Moreover, if C' is the smallest constant for which this inequality holds, then

. 1 1 p
(min (g, By)) < C < (pPaingn)
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Lemma 2 Let 1 < p < 400, r(z) = 1 be continuously differentiable function, s(x) be
continuous function such that v, ,1/» < +00 and s, < +o0o. If there exist Cy > 1 such that

r(x)
r(v)

then for any f € L,, the equation has a unique solution y(x), which satisfies the following
mequality:

1N, + Iyl + 1sylls < Coll £l (2)
where Cy depends only on s, and p.

Crt < <O, ryveR: |z —v| <1,

4 Main results

4.1 Estimation of the Fredholm radius of a degenerate operator in L,

Definition 1 We call the following value as the Fredholm radius of the bounded operator
A:L,— L,

-1

pa=| inf A-T|,

)
T€000(Lp) —Ly

where 0o 15 the set of all compact operators in L,,.

Let Rt = (0,400), R~ = (—00,0). If 71, < 400 then according to the Theorem 2 [10]
7y || L, &+) and [|79/|| L, @~y are the norms.

Let X and Y are normed spaces. The transformation £ : X — Y that matches each
element a € X with the same element from space Y is called an embedding operator. By
H,(r,RT) we denote the completion of the set 0(52) (R*) by anorm [Ju|| g, (rr+) = |11, @)+
H’IAU/HLP([[@L).

The following lemma is a special case of the Theorem 3 |[§].

Lemma 3 Let the function Q(z) > 6 > 0 be continuous on RT and there exists a positive
constant C' such that C~! < g(x) < Cx,v € RT : |z —v| < 1. Suppose that the embedding

v

operator E : Hy(Q,RT) — L,(R") is bounded. Then for the Fredholm radius pg, of the
operator E the following estimates hold

Cr' < ppys < O,

where v, = tliin a1(t), and Cy > 1 does not depend on Q(x).
—+o0

The following statement holds.

Lemma 4 Let the function Q(z) = 6 > 0 be continuous on R~ and there ezists a positive

constant C' such that C~1 < ggzg < Ciz,v € R |x —v| < 1. Suppose that the embedding

operator E_ : Hy(Q,R™) — L,(R™) is bounded. Then for the Fredholm radius pg_ of the
operator E_ the following estimates hold

Cy' < pp v <Oy,

where v— = lim B1¢(7), and Cy > 1 does not depend on Q(z).
T——00
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Proof. Let u € H,(Q,R™) thus E_u € L,(R™). Suppose u;(z) = u(—z) € Hy(Q,R")
then E_u = Eiuy. Let T € 00o(Ly(R7)), T € 00o(Ly(RT)) and Thu = Twuy. Then (E- —
T))u = (Ey — T)u,. Further

1
P

0
||(E_ ~-T) UHL . [ f |(E— - T7) U1(_$)|p dx]
|E- — TIHLP(R*) = 8up 2B sup — =

u#0 ||U||L,, R- u1£0
= [f luy (— ]pdxl

3=

1

+oo P

E, —T)u(z)] dz
i~ D ad 1By =Ty ae,
= sup T = sup = ||E+ - THLZ,(]RJF) :
w10 Too ) v u1#£0 ||U1||L,,(R+)

[ lu (@) dz
0

That means pg, = pp_, it follows by the Lemma 3| that C5' < pp_ tliin a1,0(—2)(t) < Ca.
—+o0

Moreover

“@\»—‘

li t = =y_.
Jim o geg(t) = lim ¢ ‘Q i ( yQ E

The lemma is proved.
Here is another lemma.

Lemma 5 [9] Let U = |J Uy, V = | Vi are unions of mutually disjoint intervals and an
k=1 k=1

operator T = > Ty is such that Ty, : L,(Ux) = Ly(Vi), k = 1,n and T : L,(U) — L (V),
k=1
0<p<qg<+oo. Then

|T|| 2, @)=L,y = SUp [Tkl L, W)= La(vi)-

\\n

The main result of this section is the following statement.

Theorem 1 Let the functions r, s satisfy the conditions of Lemma[3 Then there exists a
constant Cs that for the Fredholm radius p;—1 of the inverse to | operator =1 the following
estimates hold

Ci' < primy < Cs. (3)

Proof. By H,(r,R) we denote the completion of the set C’éz) (R) by a norm ||u||g,@rr) =
||| £, () + ||7’U/||Lp . Let f € L,(R), we denote

fi(z) = {O’ = € (~00,0), fo(zx) = {f(x% z € (—00,0),

f(z), z€]0,+00), 0, z € [0, +00).
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Then obviously f = f_+ f;. Let E be an embedding operator of the space H,(r,R) in L,(R),
T € 0x(Ly(R)), (E—T)_ and (E — T be restrictions of the operator E — T in the spaces
L,(RT) and L,(R™) respectively. According to Lemma

1E = Tl ) = max ([(E — T)-llz,@), I(E = T)llz, @) - (4)

Hence
1E=Tlz,e < [(E=T)-llr,&) + [(E—=T)illL, &),

which implies

—1 . .
= f E-T < f E_ -1 -
Pe Tea;I(lL,,(R)) H HL”(R) T,GU;I(le(IR{*)) H HL”(R I
—+ 1nf ||E+ — T+||L,,(R+) = pgi + pgi < 02’7_ + 01’7+. (5)

T} €000 (Lp(RT))
It also follows from (|4)
I(E =T) -z, + I1(E = T)illL,@n) <20E =TL,®),
which means
205" = pp. +pp. > Oy - + O s
An estimate follows from the last inequality and

—~_1 —
Cs < ppny <Cs

According to Lemma , the operator {~! is bounded from L, into the space W with the norm
llullw = |lv’|l, + [|re||, + ||su|l,, which coincides with H,(r,R) by virtue of the condition
Vs < +00. It is clear that [ is bounded from H,(r,R) to L, operator. So, [ is a one-to-one
relationship between H,(r, R) and L,(R). Therefore the last inequalities lead to estimates (3)).
The theorem is proved.

4.2 Degenerate operator resolvent compactness criterion in L,
For a continuous function r(x) > 1 we denote the following notation (see [§]):
x+d
r*(z) =inf S d ' dVP > / rP(t)dt z e R.

d>0
r—d

Lemma 6 Let r(z) > 1 be a continuous function, and there exists a C > 1 such that

)

C'_léﬁéCforx,yeR:|a:—y|<1. (6)
r(v

)

Then there exists C1 > 1 such that

Cilr(z) <r*(x) < Cir(z), w€R.
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Proof. Let d, = (r*(z))”". The continuity of the function r(z) and the condition r(z) > 1
imply that

Ttdy /2 = z+dy /2 =
_1
;' =r*(z) = /r’”(t)dt > /dt =dr .
z_d:c/2 I—d;c/Q

Since p%l > 0, then d, < 1, so the condition () is satisfied when |z — v| < d,. Hence, taking
into account the previous equality, we have

_1
z+dg /2 p—1

7“*(37) = C_lrp<:L') / dx =(C p-1pp-1 (l»>d£j — Ciﬁfﬂ%(l’)(r*(x))fpj’

r—dg /2

p 1

ri(z) < [ CrP () / do| = @) = O () ()

By putting ¢} = C %, we obtain the required estimates. The lemma is proved.

Lemma 7 Let the function r(x) > 1 be continuous and satisfy the condition

r(z
Cr'< =<0 forz,veR": |z —v| <1,

(
r(v)

~—

and Ey : Hy(r,R") — L,(r,RY) is an embedding operator. Then the operator E. is compact
if and only if
lim ay,(t) =0.

t—+o00
Proof. Due to the Lemmal|6, the equality . ligrn ay,(t) = 0 holds if and only if . liELn ap e (t) =
—+00 —+00

0. Therefore, taking into account Theorem 2 [§], we obtain the statement of the lemma. The
lemma is proved.

Lemma 8 Let the function r(x) > 1 be continuous and satisfy the condition

~—

C”lgd—x<Cf0rx,u€R’:\:c—y|<1,

r(v)

and E_ : H,(r,R™) — L,(r,R7) is an embedding operator. Then the operator E_ is compact
if and only if
lim f,(r) =0.
T——00
Proof. Let u € H,(r,R™), and the functions u;(t) = u(—t) and r,(t) = r(—t) are defined on
R*. Then the compactness of the embedding operator E_ is equivalent to the compactness of
the operator E; : Hy(r;,RT) — L,(r1,R"), where Eju; = E_u. Due to the previous lemma,
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the operator E; is compact if and only if the following equality holds tligl ai () =0. On
—+00
the other hand

lim al,rl(z)(t) = lim 51@1(71)(_1;) = TEEHOO Bl,r(m)(/r)a

t—+o0 t——+o0

where 7 = —t. The lemma is proved.

Lemma 9 Let the function r(xz) > 1 be continuous and satisfy the condition @ on R, and
E : H,(r,R) — L,(r,R) is an embedding operator. Then E is compact if and only if

lim a;,(t)=0, lim B,(r)=0. (7)

t—+o00 T——00

Proof. We denote

ry(z) = {0, z € (—00,0), r(z) = {r(x), x € (—00,0),

r(z), x €[0,400), 0, x € [0, +00).

Then r(z) = r_(z) + ry(z) and ||7||L,® = lr-|,®&-) + [|7+]|L, @) Let us prove that
embedding E is compact if and only if the following embedding operators are compact:
E_:Hy(r,R7) = L,(R7) and E : Hy(r,RT) — L,(RT).

Let E_ and E, be compact. Consider the function u; € H,(r,R"). According to the
Lemma [I]

p p
oty s < P25 (sup al,mf)) I oy < C (sup al,r<t>) T
t=N >N

Applying the first condition in (|7]), we obtain for any uy; € H,(r, R*)
li =0.
G fuallz, (e =0

Similarly, considering the function uy € H,(r, R™) and using the second condition in (7)), we
obtain

im0 = 0

Therefore, due to the Frechet-Kolmogorov theorem the operator £ is compact.

On the other hand, if ' is a compact operator, let us prove that the embedding operator
E., is compact. Consider a Cauchy sequence {u,}> from the unit ball of H,(r,R"):
{un ;20 € Hy(r,RT), |lun ||, rr+) < 1. Since the set C’(()Q)(Rﬂ is dense in H,(r,R"), then
without loss of generality we can assume that wu,(z) = 0 for 2 € (0,a) for some a > 0. Let

on(z) = {0, r € (—o0,0],
up(z), = €RT.
The sequence {v,}.f% is a Cauchy sequence in the H,(r,R) therefore it converges in the
L,(R) since the operator F is compact. Then by construction, the sequence {u,},'> converges
in the L,(R"), hence E. is also compact operator.

The compactness of the operator E_ is proved similarly. The lemma is proved.
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Theorem 2 Let the conditions of Lemma hold. Then the resolvent I is compact in L,(R)
if and only if
lim a3,(t) =0, lim By,(r)=0. @

t—+o0 T——00

Proof. According to the Lemma , the resolvent {~! is bounded from the space L,(R) into
the space H,(r,R). Due to the Lemma |§| condition ([7)) and compactness of the embedding
operator E : H,(r,R) — L,(R) are equivalent. The theorem is proved.

5 Conclusion

In the current paper we have investigated an operator [ corresponding to a second-order
differential equation (1)) with unbounded coefficients, with an intermediate term that does
not subordinate to the sum of the extreme terms. The main results of the paper are Theorem 1
on the estimation of the Fredholm radius of the resolvent [~!, as well as Theorem 2, which
gives the compactness conditions of the resolvent =! in L.
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