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FUNCTIONS IN ONE SPACE OF FOUR-DIMENSIONAL NUMBERS

For the first time, the theory of functions of four-dimensional numbers with commutative product
was described in works of Abenov M.M., in which the mathematical apparatus was defined,
algebraic operations and their properties were determined, functions of four-dimensional numbers,
their limits, continuity and differentiability were found. The continuation was the joint work
of Abenov M.M. and Gabbasov M.B., where similar anisotropic four-dimensional spaces (with
the notation M2-M7) were defined, which are also commutative with zero divisors. This work is
devoted to the study of functions of a four-dimensional variable, definitions and analysis of four-
dimensional functions, their properties, as well as the regularity of functions. The purpose of this
work is to analyze the definition of functions of four-dimensional variables of the space M5, as well
as theorems on the continuity and existence of differentiability of functions of four-dimensional
variables. This work is descriptive for comparing the spaces of four-dimensional numbers M5 and
Ma3. In the article, theorems on the continuity and differentiability of functions of four-dimensional
variables and their properties are proved, and the Cauchy-Riemann conditions are found. The form
of trigonometric, exponential, logarithmic, exponential and power functions of four-dimensional
variables is determined and the regularity of functions of M5 space is proved.

Key words: four-dimensional function, continuity, differentiability, regular function, Cauchy-
Riemann condition.
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TOPT OJINNEM/II CAHIJAP KEHICTITTHAETT ®YHKIIUAJIAP

Tepr emmemai canaapiabiH, yHKIUsIap Teopusichl ajrain per M.M.AGeHOBTBIH eHOeKTEpiHIe CU-
MATTAJIFAH, OHJA MATEMATUKAJBIK allapaT AHBIKTAJIFaH, aJredpasblK, aMajgap >KOHE OJIapIbIH,
ayBICTBIPBIMIBLIBIK, KOOSHTIH TICI, KACHeTTepi aHBIKTAJIFAH, COHBIMEH KATap TOPT OJIIMIEM/II CaHIap-
JBIH, QYHKIIUATAPDBI, OJIaP/IbIH IeKTepi, y3imiccizmiri xoue auddepeHmaaanybl 3epTremi. by
KYMBICTBIH KaJirackl M.M. O6enos nern M.B. Fa66acopTbiy GipJjieckeH 3eTppey MaKaJachl 0OJI-
JIBI, OJI JKepJie YKCac HOJIIK OeJrimrepi 6ap KOMMYTATUBTI OOJIATBHIH aHU30TPOIITHI TOPTOJIIIEM I
kenicrikrep (M2-M7 GenriciMen GeJrijieHreH) aHbIKTaJFaH. ByJl KYMbBIC TOPTOJIIEMJIl afiHbIMA-
JIBUTBIL PYHKITUSITIAPBIH, COJI (DYHKINAIAP/IBIH aHBIKTAMAJIAPHl MEH TAJIAYIAPbIH, OJIAP/IbIH KACH-
eTTePiH, COHBIMEH KaTap OJIAPIbIH, PETYIIAPJIBIFBIH 3ePTTEyre apHaraH. ByJr 2KyMBICTBIH MaKCATBI
M5 keHicTirinig TOPT eJIIeM I aAHBIMAIBIIAPBIHBIH (DYHKITUIIAPBIHBIH aHBIKTAMACHIH, COHIAM-aK,
TOPT OJIIEM/II allHBIMAJIBLIAD (DYHKIMIAPBIHBIH, JuddepeHnuaIIaHnybl MeH Y3IIKCI3Iir Ty paJibl
TeopemMaJiapabl Tasay 60kl Tabbuiaabl. Byur xymbeic M5 xkone M3 Tepr esmieM i caHIapbIHbIH,
KEHICTIKTEPIH CAJIBICTHIPY aPKBLIBI 2Ky3ere achipbuiran. Makamaga TepT esmemM i affHbIMAJIbLIAD
PYHKIUASTAPBIHBIHE, Y3IKCI3MrT MeH quddepeHnnaiiblIbFbl, 0Jap/IblH KAaCUeTTepl TypaJibl T€o-
pemasiap fpiennenrer, Komu-Puman maprrapsr anbikTaiarasn. Tept esmemal aliHbIMaJIbLIaPIbIH,
TPUTOHOMETPUSLIBIK, SKCIIOHEHITUAJIJIBIK,, JIOTaPUMM/IIK, KOPCETKIIITIK KoHe KyaTThIK (OYHKIIASIChHI-
HBIH TYpJIepi aHbIKTaFaH, M5 KeHICTIriHIH TOPTOJIIEM/ T aifHbIMAJIBLIAPBIHBIH (DYHKIMIaPBIHBIH,
3aHBLIBIFBI JTJICJIIEHTEH.

Tyitin ce3mep: Topreommemai dpyHKIMs, y3imaicci3aik, quddepeHnnaaabuibK, Peryasap QyHKIns,
Kommu-Puman maprsr.
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OYHKIIN B OJHOM ITPOCTPAHCTBE YETBIPEXMEPHBIX UYVCEJI

Buepsbie Teopust QyHKIUN YeTBIPEXMEPHBIX YHUCEJT C KOMMYTATHBHBIM IPOU3BEJIEHHEM ObLIN
onucanbl B paborax Abenosa M.M., B KOTOPBIX ObLI OIIPeieJIeH MATEMATUIECKHIT aIlllapaT, Olpeie-
JIEHBI aJIreOpanvecKre Olepallui U UX CBOUCTBA, ObLIN HANIeHBI (DYHKITUH YeThIPEXMEPHBIX YUCeI,
WX TIPEJIEJIbl, HEIIPEPBIBHOCTD U auddepernupyeMocth. [Ipogokenuem Oblia coBMecTHas paboTa
Abenosa M.M. u T'a66acosa M.B., rie 66111 onpeesieHsbl Mo I00HbIe aHU30TPOITHBIE YeTHIPEXMED-
Hble npocrpancTBa (¢ oboznadenusamu M2-MT), KoTopble TakKe sBJIAIOTCS KOMMYTATUBHBIME C
nenutensyMu Hysasd. Jlannas paboTa HOCBANIEHA U3YyYeHUIO DYHKIMI YeThIPEXMEPHOTO IIepeMeH-
HOI'O, OIPEJIEJIEHUI U aHaJ/IM3a YeTbIPEXMEPHBIX (PYHKIUN, UX CBOWCTB, & TaKXKe PeryJsipHOCTH
dyuknumit. enbo manHHONR PabOTHI SBIISIIOTCS AHAJIM3 OIpeIeeHus (DYHKIMIA YeThIPEXMEPHBIX
mepeMeHHbIX TpocTpaHcTBa M5, a Takyke TeOpeMbl O HEIIPEPBIBHOCTH U CyInecTBOBaHUs nudde-
pennupyemMoct (bYHKIWIA 9eThIPEXMEPHBIX mepeMeHubix. Jlannas paboTa nMeeT OMUCATEHHBIH
XapakTep JJId CPaBHEHHs IMIPOCTPAHCTB 4YeThipexMepHbIX umces M5 um M3. B crarpe mokazambr
TEOpEMBbI O HeIpPepPbIBHOCTH U JAudPepeHnupyeMocTr (PYHKIHMA YeThIPEXMEPHBIX [T€PEMEHHBIX,
WX CBOICTBa, a TakxKe Haiifennl yciaopus Komm-Pumana. OnpenesieH Buji TPUTOHOMETPUYIECKUX,
IKCIIOHEHITHAJIBHON, JIOrapuMIIECKOl, MOKA3aTeIbHON 1 CTENEeHHON (DYHKIUI IeThIPEXMEPHBIX
IMEPEMEHHBIX U JIOKA3aHA PEryIsPHOCTb (PYHKIUN YeTBIPEXMEPHBIX ME€PEMEHHBIX MPOCTPAHCTBA

MS5.

KuroueBble cjioBa: ueThipexMepHas (PYHKIUs, HEPEPbIBHOCTD, AUMIEPEeHITNPYEeMOCTb, Pery-
JisipHast yHKIwus, ycaosue Komu-Pumana.

1 Introduction

The existence of the theory of functions of four-dimensional numbers originates from
the investigations of M.M. Abenov, where four-dimensional numbers, functions of four-
dimensional numbers, their limit, continuity and differentiability were found [1]. In work
[2], Abenov M.M. and Gabbasov M.B. identified all the existing six (M2, M3, M4, M5, M6,
MT7) anisotropic four-dimensional spaces, which are also associative and commutative with
zero divisors. In paper [3|, the space of four-dimensional numbers M5 was investigated, where
algebraic operations on four-dimensional numbers were described, the eigenvalues for finding
the norm were found, and the metric is defined. In this paper we study the concept of the
four-dimensional function in the space M5, their continuity and differentiability, as well as
analysis of their properties.

2 Material and methods

It is known from the researches of many authors [4-9] that complex analysis is an extension
of real analysis, i.e. all mathematical operations, definitions, functions, their properties,
differentiability and continuity are performed by analogy with real analysis. In papers [2-
3], complex analysis is generalized by the analysis of functions of four-dimensional variables.
Let us define functions, their properties, continuity and differentiability of functions in the
four-dimensional space M5.
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2.1 Functions given in the space of four-dimensional numbers

Definition 1 A function of a four-dimensional variable of the space M5 is a mapping F of
some four-dimensional number from the set D into a four-dimensional number of the set G.

If only one value X € D corresponds to each value of Y € G, then the function is called
single-valued, if more than one value of Y corresponds to some X, then the function is called
multivalued.

To describe the function, we use the notation Y = F'(X) and define functions that map
four-dimensional numbers to four-dimensional numbers, that is F': R* — R*.

Definition 2 Let a function f : C' — C has the following property: if f (x + yi) = c(x,y) +
d(z,y)i, then f(x —yi) = c(z,y) — d(x,y) i, that is, it maps complex conjugate numbers to
complex conjugate numbers. Let us call such functions self-adjoint functions.

Theorem 1 Let the function f (x4 yi)= c(x,y) + d(z,y)i : C — C be differentiable,
c(z,y) = c(x,—y) forV(z,y) € C and there is a point (x¢,0) € C' such that d(z(,0) = 0.
Then it is self-adjoint.

Proof. Since the function f is differentiable, then it satisfies the Cauchy-Riemann
conditions

dc(x,y) 0d(x,y)

or Oy
dc(z,y)  0d(z,y)
dy ox

and the function f (z — yi) = ¢ (x, —y) + d (z, —y) i satisfies the following conditions
dc(z,—y) Gd(x —v)

ox 8y
80 (CL’, _y) o ad (IE, _y)
dy N ox

considering that ¢ (z,y) = ¢ (z, —y) and equating the right sides, we get

oy dy
_0d(z,y) _ 9d(z,—y)
ox - ox

that is

8(d (x,y) + 8d ($a _y))

=0
dy
or

Therefore, d (z,y) = —d (x, —y) + const.
Substituting x = xp, y = 0 we get const = 0 which corresponds to the equality

[z, —y) =c(z,y) —d(z,y)

The theorem is proved.
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Remark 1 There is a differentiable mapping f : C — a + ib = const, which has a
generalization to the four-dimensional space M5 F : R* — (a,b,0,0) = const.

Consequence 1 Any complex polynomial with zero intercept is a self-adjoint function.

Proof. As a point (z0,0) € C' it is sufficient to take the point (0,0).

Further, we extend the definition of a self-adjoint function to the four-dimensional space.

Let S : R* — C* be a bijection assigning to each four-dimensional number (zy, x5, 23, 74)
its spectrum (py, po, f13, ftq), defined in [4]

p =1 — a4+ (T2 +23) 0, plo =21 — 24 — (T2 + 23) 1,

ps = Ty + T4 + (X2 — x3) 1, fla = T1 + T4 — (T2 — X3) 0. (1)

For each component of the spectrum p;, we can apply the function f(u) and denote the

resulting numbers by f (u1) = fi1+ fai, f(u2) = f1 — foi, f(us) = fs+ fai, [ (pua) = f3— fai.
It is easy to understand that this number is the spectrum of some four-dimensional number
Y = (y1,Y2, Y3, Ys), the elements of which are found as follows:

_fitfs
===

:f2+f4

_ =/
2 ) - )

- :—f1+f3. (2)

2

Y1 Y2 Ys Y4

Thus, we have defined a function F'(X) that assigns to each X = (1, 2, 3, 24) € R* the
number Y = (y1,vs,y3,y4) € R*. The function defined in this way can be briefly written as

F(X)=85"1(f(S(X)), (3)

where f (jir, o, 12) means (f (), £ (12) £ (1) £ (1a)), and S~V is the inverse function
to S.

Theorem 2 The function defined by equality (3) in the space M5 is a generalization of the
functions of real and complex analysis.

Proof.
1. Consider the real analysis case. Let X = (21,0,0,0) € R, then by (1)

M1 = M2 = {3 = g = T1.

Applying the mapping f (u) : C' — C we obtain
If f (.Tl —+ O’l) = f1 + f2Z and f (.1’1 — OZ) = f1 — fg’i, then f (l’1> = f1 + fgl = f1 — fg’l = f1
and fo =0

f(uy) = [ (pe) = [ us) = f(pa) = f(21) = fr.

By formula (2), we obtain
i =fi, p=ys=ya=0o0rY = (f1,0,0,0).
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2. Consider the complex analysis case. Let X = (x1,22,0,0) € C, then by (1)

p1 = p3 = T1 + Tol, g = iy = T1 — Tal.

Applying the mapping f (1) : C — C and, due to the complex conjugacy of the function,
we obtain

Fy) = fus) = fi + foi, f (p2) = f (pa) = f1 — for.

By formula (3), we obtain

yi=fi, 2="/fo, ys3=ya=0o0rY = (f1, f2,0,0).

The theorem is proved.

This theorem states that if we take (x1,0,0,0) as the argument of the function f, then
their image will be numbers of the form (f;,0,0,0) and this function coincides with the
corresponding one-dimensional function. And if we take (x1,x2,0,0) as the argument of the
function f, then it coincides with the corresponding complex-valued function from which it

generated.
Let us define the form of elementary functions in the space Mb5. Consider a
complex exponential function that is a self-adjoint function. Let X = (zq,x9,23,14)

be a four-dimensional number. Then the spectrum of this number S(X) =
((ZL‘l — [E4) + (I’Q + ZE3) i, (171 — IL‘4) — (ZEQ + 1'3) i, (IL‘l —I— 174) + (IL‘Q — 1'3) i, (171 + IL‘4) —
— (x9 — x3) ). Let us apply an exponent to each component.

exp ((x1 — z4) + (votx3) i) = exp(x1 — x4) cO8 (3 + 23) + exp (v — x4) sin (2 + 3) 0

exp ((xr1 — x4) — (xa+x3) i) = exp(x1 — x4) cos (xg + x3) — exp (x1 — xy) sin (xg + x3) i
exp ((x1 + x4) + (vo—w3) i) = exp (x1 + x4) cos (xa — x3) + exp (v1 + T4) sin (a3 — x3) 10
exp ((x1 + x4) — (wo—x3)i) = exp(x1 + x4) cos (x9 — x3) — exp (r1 + T4) Sin (ry — x3) 10

consequently

fi = exp(x1 — x4) cos
fo =exp(x1 — x4) sin
fs = exp (z1 + x4) cos
fa=exp(x1+ 24) sin

To + 233)
i) + 56'3)
T2 — 133)
Ty — T3)

o~~~ —~

Then, by formula (1), we obtain

exp (x1 — x4) cos (xo + x3) + exp (x1 + x4) cos (xo — x3)
1 exp (x1 — x4) sin (T + x3) + exp (z1 + x4) sin (T2 — 3)
2 exp (1 — x4) sin (x2 + x3) — exp (xy + x4) sin (v3 — x3)

—exp (x1 — x4) cos (xy + x3) + exp (x1 + 24) cos (2 — x3)
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Define the logarithmic function U (X') = Ln (X)) through the transformation X = exp (U).
Let us write this formula componentwise

x1 = 3 (exp (u1 — ug) cos (us + uz) + exp (ug + ua) cos (us — u3))

y )

Ty = 3 (exp (ur — ug) sin (uz + uz) + exp (u1 + wg) sinus — us)
x5 = 3 (exp (uy — ug) sin (ug + usg) — exp (uy + ug) sin (ug — ug))
x4 = 5 (—exp (ug — uy) cos (us + uz) + exp (ug + uq) cos (uy — ug))

Hence, by simple calculations, we obtain
1
T+ T4 = 5 (exp (uq — uyq) cos (us + ug) + exp (uy + uy) cos (us — ug)

—exp (u1 — uy) cos (ug + uz) + exp (uy + uq) cos (ug — ug))
1
z2+ 23 =5 (exp (u1 — uy) sin (ug + us) + exp (u1 + uy) sin (u — ug)

+exp (up — uy) sin (ug + us) — exp (ug + uy) sin (ug — ug))

1
T -2y =g (exp (ur — uy) cos (ug + usz) + exp (ug + uq) cos (uz — us)

+exp (u1 — uy) cos (ug + uz) — exp (uy + uy) cos (ug — u3))

1
T2 — T3 =5 (exp (ur — uy) sin (ug + u3) + exp (uy + uy) sin (ug — us)

—exp (U — uy) sin (ug + us) + exp (ur + uyq) sin (ug — ug))
1+ x4 = exp (uy + uy) cos (ug — uz) , xa + x3 = exp (ug — uy) sin (ug + u3)
1 — x4 = exp (U — ug) cos (us + uz) , xo — x3 = exp (ug + uy) sin (ug — ug)
(21 — 24)° + (22 + 23)° = exp (2(uy — uyg)) cos? (ug + us) + exp (2(uy — uy)) sin? (ug + usg)
= exp (2 (g — uy)) (cos® (u + ug) + sin® (ug + uz)) = exp (2 (ug — us))
(21 4 24)° + (22 — 3)° = exp (2(us + ug)) cos? (uy — ug) + exp (2(uy + uy)) sin® (uy — ug)
(2 (w1 + wa)) (cos® (uz — uz) + sin® (us — uz)) = exp (2 (u + us))

Further, simplifying the above formulas, we calculate the components of the function
U = (uy, uz, u3 uyg). From the relations

= exp

exp (ug — uy) = \/(xl — 24)° + (2 + x3)%, exp (ug + ug) = \/(:):1 +24) 4 (25 — x3)°

we obtain

u = ln{‘/[(ml +a4)? + (12 — 23)°] [(21 — 24)” + (22 + 23)°)

. 1 (SL’l + 3134)2 + (.TQ — $3)2
us = —In 5 5
4 (11— x4)" + (22 + 13)

From the relations

Ty — x3 = exp (ug + uy) sin (ug — uz)
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x1 + x4 = exp (u + uy) cos (ug — u3)

obtain
sin (ug — ug) o ) Ty — T3
———— =tg(us —uz) = )
cos (uy — ug) gtz 3 T+ 24

And from
To + x3 = exp (U1 — uy) sin (us + us)

1 — x4 = exp (ug — uy) cos (ug + u3)

obtain
sin (ug + us3) ot (g + ) = To + T3
cos (ug + usz) T, — Ty

Simplifying the expressions and due to the periodicity of the trigonometric functions, we
obtain

1
Uy = —(arctggv?jL —I—arctg 3) + 27k, k =0,+1,£2,...
2 1 — T4 T1+ Ty
1 _
Uz = —(arctng o _ arctg$2 $3) + 27k, k=0,+1,£2,...
2 T1 — X4 Tr|+ Xy
Thus [12]
4 2 2 2 2
ln\/[(ml +x4)” + (22 — 23)7| [(21 — 24)" + (@2 + 33)7]
1 To+T To—T
s (arctg®2 + arctg®™=3 ) + 2nk
Ln (X) — i w1+a:4 T1+T4
7 \arctg P2 —arctgP 722 ) + 21k
1 (w1+34) 2 +(zo—x3)?
47 (21 —24)? +(z2+a3)?
where k£ = 0,+£1,+£2,... It is a multivalued function, as in the complex analysis.

In a similar way, the following elementary functions can be defined

sin (1 — x4) ch (vo+x3) + sin (x1 + x4) ch (xa—x3)
: 1 cos (x1 — x4) Sh (xa+x3) + cos (x1 + x4) sh (xo—x3)
sin(X) = 2 cos (x1 — x4) sh (.ZL'Q—I—CC?,) — cos (x1 + x4) sh (xa—x3) '
—sin (v — z4) ch (xotx3) + sin (x1 + x4) ch (ra—x3)
cos (x1 — xy) ch (xo+x3) + cos (x1 + x4) ch (xo—x3)
1 —sin (ry — x4) sh (xe+x3) — sin (x1 + x4) sh (ra—2x3)
cos (X) = 2 —sin (x1 — x4) sh (vo+w3) + sin (x1 + x4) sh (va—1x3) ’
—cos (x1 — x4) ch (xo+x3) + cos (x1 + x4) ch (xa—x3)
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sh (x1 — x4) cos (xatx3) + sh (x1 + x4) cos (ra—1x3)
1 ch (x1 — x4) sin (xa+x3) + ch (z1 + x4) sin (v2—x3)
2 ch (z1 — xy) sin (xotx3) — ch (x1 + x4) sin (rg—1x3)

—sh (z1 — x4) cos (xa+x3) + sh (x1 + x4) cos (va—x3)

ch (x1 — xy) cos (xa+w3) + ch (x1 + x4) cos (xo—x3)

o (X) = 1 sh (x1 — xy4) sin (xe+x3) + sh (x1 + x4) sin (ry—x3)
2 sh (xq — x4) sin (za+x3) — sh (x1 + x4) sin (ro—x3)
—ch (x1 — x4) cos (xo+x3) + ch (x1 + x4) cos (xa—x3)

a®"cos ((xo + x3) Ina) + a™*cos (2 — x3) Ina)

1 a” " *sin ((x9 + x3) Ina) + a4 sin ((xe — x3) Ina)

2 a® " sin (2 + x3) Ina) — a™ T™sin ((z2 — x3) Ina
a® *cos ((z2 + x3) Ina) + a™*4cos ((xy — x3) Ina)

2.2 Continuity of four-dimensional functions in the space of four-dimensional numbers

Let F(X) = (f1, f2, f3, f1), G (X) = (g1, 92, g3, ga) be four-dimensional functions of the space
M5. Xo = (219, T20, T30, T49) - specified four-dimensional point.

Definition 3 A four-dimensional function F(X) is called continuous at the point Xq if for
any € > 0 there exists a number § > 0 such that, under the condition 0 < ||X — Xyl < 6,
the following inequality holds

[F(X) = F(Xo)lle <,

where

IX = Xollo = 5v/ (21— 220) = (21 = 2)? + (22 = 220) + (23 — 20+

1
o (1 = 210) + (21— 220) + (22— 220) — (25— 2))°
is a spectral norm of the four-dimensional space M5 [3].

Definition 4 The value F(Xy) is called the limit of the function F(X) at the point Xq if,
for any sequence of points {X(”)} — Xy, the corresponding sequence of numbers will be
F(X™) = F(Xy).

Or we can write it as follows

lim F(X) = F(X,).

X—Xo
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Theorem 3 The four-dimensional function F' (X) = (f1, fa, f3, f1) is continuous at the point
Xo = (%10, 20, T30, T40) if and only if each component of the function F(X) is continuous at
the point Xj.

Otherwise limx_x, F(X) = F(Xo) = (f2, /9, 12, f2) if and only if

: _ 40 g _ 40
Jim fuo = Jim fr =,
- _ 40 g _ 40
Jim fs = fs, lim fa =y
Proof There is a limit limx_, x, F'(X) = F(Xo) if and only if if for any e> 0 there exists

6 > 0, which under the condition || X — Xo||o < 6, the inequality ||F(X) — F(Xo)||o < €
holds. This estimate is reduced to the following form

H(f17f2,f3>f4) - (f?afzoafgo,ff)uc <e

VU= fi— F 0+ (ot fo— 13— 13"+

b\t fam = SO 4 (o= fs— 3+ 3 <

\/(fl_f4_f?+f£)2+(f2+f3—f20—f§))2 < 2¢e

\/(fl + fa—fD _f£>2+(f2 — f3 —f§+f3?)2 < 2e.

o= Y= fat [ <26 |fo— f2+ f3— f3] < 2,

|fi— D+ fa— f2] <2e,|fo— f3— 2+ f5] < 2
After summation and subtraction, we get
\fi = fY| <de | fao— f3| <de,|fs — f3| <de,|fa— [i] < 4e =

i fe= Il fe = 1

A fs = S i fo = S

The theorem is proved.

Definition 5 A four-dimensional function F'(X) is called continuous in some domain
E C R*if it is continuous at every point of this domain.

Theorem 4 Let the four-dimensional functions F'(X) = (f1, fo, f3, f1) and G (X) =
(91, 92, g3, g4) are continuous in the domain F C R*. Then the functions

1) ¢F(X), ¢ = (c1, ¢, c3,c4) — four-dimensional constant,

2)F(X)+ G(X),
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3F(X) - G(X),
1) God for G(Xo) #0

are also continuous in the domain £ C R* [4, 8, 9].

Proof Let us prove, for example, 3)

According to Definition 3, for each X, € Q C R?, functions F (Xy) and G(X,) are

continuous at a given point in some domain F C R*.
The components of the function W (X) = F (X)) -

(wq, we, w3, wy) in the M5 space have the form

wi = fig1 — f292 — f393 + fa94,

wy = fagi + f192 — fags — f394,
w3 = f3g1 — fa92 + fi193 — f294,
wy = fagi + f392 + fags + fi19a.

G(X) =

(fh f27 f37f4) (g1a927g3ug4) =

According to Theorem 2, limx_,x, ' (X) G (X) consider limit componentwise

litm wy = lim fi1 lim g1 — lim fo lim go— lim f3 lim g3+ lim fy4 lim g4 =
f X—>Xog X—>X0f X—>Xog X—>X0f X—)Xog X—)Xof X—>ng

X—Xo X—Xo

= f19) — 299 — f998 + fig3 = u?,

li = 1li l l li — 1 l — Ui l =
AR A o R T e R P 7
= f390 + flg5 — 199 — f999 = w9,

li = l li — i li l li — Ul l =
Jim ws = lim, f3 Jim gy = lim fa Jim gz+sz fi Jim gs = lim ngLm g4 =

= 391 f492+f193 f294*w37

lim wy = lzm f4 lm)z( g1 + lzm fg lzm gg—l— lzm f2 lzm gg—I— lzm f1 lzm g4—

X—=Xo
= f19) + f395 + f3g
Then

f1g4 =w4

lim F(X)-G(X)

X—>X0

The theorem is proved.

= (0, 19, 15, 19) (9, 95, 95, 98

= F(Xo) ) G(Xo)

2.3 Differentiable functions defined in the space of four-dimensional numbers

After we have determined the continuity of four-dimensional functions in the space of four-

dimensional numbers M5, we next study the differentiability.

Definition 5 The derivative of the function F (x1,xs,x3,24) =

(f1, f2, f3, fa) at the point

X = (x1,29,23,24) is called the limit limAXHOW, if it ewists as AX =
(Azy, Axy, Axz, Axy) — 0 tends to zero along any path consisting of non-degenerate points.
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Theorem 4 Let all components of the four-dimensional function F (xy,xq,%3,14) =
(f1, fo, f3, f1) € R* have continuous derivatives in a neighborhood of the point X. Then the
necessary and sufficient conditions for the differentiability of the function F (1, xq,x3,14) =
(f1, f2, [3, f4) at point X are the following generalized Cauchy-Riemann conditions:

Oh _ 0fs _ Ofs _ Ofa
o} 0] 0 19}
1 6?? 73 xéf;a

Ofe _ _0f1 _ Ofs __ _Ofs

0 - 0 ) - a0

ofs _ ot L 0K _ _ 0k (4)
O0xry ~ Oxy  Oxrz  Oz4

of _ bfs _ Tdp _ on

ox1 Oxa Oxs3 Oxy

Proof. Necessity. Let the derivative exists. Then it does not depend on the way AX — 0
tends to zero, and consider the following ways of tending the increment to zero.
Let AX = (Ax,0,0,0) = 0= (0,0,0,0). Then

aF lim (Afi (1,2, 23, m4) , Afo (21, 2, 3, 30) , Af3 (01, 2,23, T4) s Afa (1, T2, T3, T4))
dX = (A21,0,0,0)—(0,0,0,0) (Az1,0,0,0) ’

where Afz (1‘1, T2, T3, 1'4) = fl ($1 + Al‘l,l’z,I‘g, .’L’4) — fz ($1, T, ZL‘3,$4) s 7= 1, 2, 3, 4.

By virtue of Theorem 2 from |3| m = (ﬁxl, 0,0, 0).

Consequently £ = lima,, (Afl Oy Dfs &) _ (i of 0fs %)

VAN TIRAVAN: SIRAVAY SIRAVAN: 31 Ox1? Ox1’ Ox1 Ox1
Now let us choose another way of AX tending to zero, namely, AX = (0, Ax,,0,0) —
0=(0,0,0,0). Then

ar _ im (Afi(z1, 22,73, 24) , A fo (01, T2, 23, 4) , Af3 (21,02, 23, 24) , Afa (21,72, 73, 74))
dX  (0,A22,0,0)—(0,0,0,0) (0, Az5,0,0) ’

where Afz (1‘1, T2, T3, 1'4) = fl ($1,$2 + Al’z,I‘g, .’L’4) — fz ($1, T, ZL’3,$4) s 1= 1, 2, 3, 4.

By virtue of Theorem 2 from |3| m = (O, —A%CQ, 0, 0).

Therefore, by the rule of multiplication of four-dimensional numbers

A _ oy (2L LK Afs Az (02 0K Ofs  OJs
dX Azo—0 Al‘g’ AZL‘Q,A.’EQ’ Axg a.IQ’ 8:52’8:52’ (9302 '

Choose the third way of AX tending to zero, AX = (0,0, Ax3,0) — 0 = (0,0,0,0). Then

di _ im (Afl ($1,$2,x3,$4),Af2 (I1,$2,$3,$4),Af3 ($1,Z2,I3,$4),Af4 (5171,1’2,%3,%4))
dX  (0,0,Az3,0)—(0,0,0,0) (0,0, Azs,0) ’

where Afl (Il, T2, T3, LL’4) = fz (]31, To, T3 —+ AI‘3, ZL’4) — fz (I‘l, Lo, T3, .T4) y 1= 1, 2, 3, 4.
By virtue of Theorem 2 from |3| m = (0, 0, A%:g’ 0).
Therefore, by the rule of multiplication of four-dimensional numbers

ar <Af3 Afs  Af _Afz) :<8fs ofs _Oh _@f2>.

dX Ao Azxs’ Axs’ Axzg’  Axs Ox3 Ox3’ Oxg’ Oxs
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Finally, choose the fourth way of AX tending to zero, AX = (0,0,0,Axy) — 0 =
(0,0,0,0). Then

diz lim (A.fl ($1,$2,$3,$4),Af2 ($1,$2,$3,1‘4),Af3 (331,.132,.%‘3,3)4),Af4 ($1,$2,$3,l‘4))
dX  (0,0,0,A24)—(0,0,0,0) (0,0,0, Azy) ’

where Af; (21,22, 23, 24) = fi (1, T, T3, 24 + Axy) — fi (21, 22, 03, 24) , i =1,2,3,4.
By virtue of Theorem 2 from |[3] (0001—Ax4) =(0,0,0,—=-).

Therefore, by the rule of multiplication of four-dimensional numbers

AF . (Dfi Ofs  Of DAY _(0fs Ofs  0f 0f
dX  Az—0\Azy Azy’ Azy’ Axy Oxy’ Oxy4’ Oxs Oxy)’

Thus, we got that

_(9f2 Oh Ofs Ofs\ _
8562, 8372, 8132’ 8372

dF_ (0fy 0f» 0fs Ofs
el )

- 81’1’ 8%1’ 81’1, 8131

_(Ofs Ofs Ofr Ofr\ _ (Ofs _Ofs Ofs O
al’g’ 6.773’ 8I3’ 81’3 81’47 8.7}47 81’4’ 8x4 )
Equating the components according to the rule of equality of four-dimensional numbers,
we obtain (4).
Sufficiency. Let conditions (4) hold. By definition F (X +AX) — F(X) =

(f1 (z1 + Axy, 20 + Axg, 23 + Aws, x4 + Axy) — f1 (21, 29,23, 24) ... ). Since the
components f; are continuously differentiable functions of four variables, for each of
them we can write f;(x1+ Az, xe + Axo, 23 + Axs, x4 + Axy) — fi(T1,20,73,24) =

g—ﬁﬁml + g:f; Azxy + gfg Azxs + gzﬁ Azy + o(\/Ax? + Axi 4+ Azl + Ax}), i=1,2,3,4. This
easily implies the existence of a limit from the definition of the derivative.
The theorem is proved.

Consequence 2 To calculate the derivative of a four-dimensional function can be used one
of the following formulas:

dr (3f1 Of2 0fs 3f4><3fz _Of Ofs 3f?,>

diX: 871‘1’87.’171,87{171,873?1 8.1'27 83?2’81)2’ 8372

8583 ’ (9:63 ’ 81’3 ’ 81‘3

_(O0fs Ofs Ofr Ofa\ _ (O0fs Ofs Ofs Ofp
- 81‘4, (9:647 81‘4’ 81‘4 '
Example 1 Find the derivative of the function X3. By definition
X3 = (:1:1 (:17% — 375 — 323 + 3xi) + 6xow374, T2 (x% — x5 — 373 + 3xi)

—6x123T4, T3 (3m% — ng — :L‘% + Sxi) — 06212224, T4 (337% — 3x§ — 3m§ + xi) + 6m1w2x3) .
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Applying formula (5), we obtain Cfi—))(; = (3 (23 — 23 — 23+ 23), 3 (w120 — 374) ,

3 (131.7}3 - I2$4) ,3(1’1$4 -+ $2I3)) =3- X2.
Find the derivative of the function sin(X). By definition
sin(X) = (3 (sin (z1 — z4) ch (vatx3) + sin (x1 + x4) ch (v2—x3)) , 1 (cos (v1 — x4)
sh (zo+x3) + cos (z1 + 4) sh (xa—1x3)) , 3 (cos (x1 — x4) sh (za+x3) — cos (x1 + x4)
sh(za—13)), 2 (=sin (z1 — z4) ch (zatx3) + sin (v1 + 1) ch (z2—13))) .

Applying any one of (5) we obtain the formula

dSZdn—)((X) = (3 (cos (z1 — m4) ch (zatx3) + cos (x1 + x4) ch (xa—23)) , 5 (—sin (z1 — 24)
sh (xo+x3) — sin (1 + x4) sh (va—1x3)), % (—sin (xy — x4) sh (xe+xs) + sin (x1 + x4)
sh(za—13)), 3 (—cos (x1 — x4) ch (wa+13) + cos (w1 + 14) ch (z2—13))) = cos (X) .
Above, we have defined an explicit formula for the four-dimensional exponent. Applying

the obtained formulas for determining the derivative, it is easy to make sure that deap(X)

X
exp(X).

Definition 6 7 A four-dimensional function that has a derivative at all points of a certain
domain is called reqular in this domain.

Let us now investigate the differential properties of regular functions.

Theorem 5 Let F(X) = (f1, f2, f3, f1), G(X) = (91,92, g3, 94) be regular functions from the
space M5, A = (ay,aq,a3,a4) and B = (by, by, b3, by) are four-dimensional constants. Then
the following equalities hold:

d(AF(X)+ BG(X)) dF(X) dG(X)
1. =A B
X ax P Tax
d(F(X)-G(X)) dF(X) dG(X)
2. = -G(X)+F(X)-
X xR FEX) =
F(X) dF(X) _ (dG(X)
3. d<§;{’) = —dX G()él(;(x) X where G(X) non-degenerate function.
Proof.
1. From the definition of the derivative obviously follows, that d(F(XU)l;G(X)) = dig) +

%. Applying the first equality from (4) from the definition of multiplication in the space
M5, we can write

dAFX)) _ Oh _ 4 00 _ .08 Ofa of ofe _ o Ofs _ , Ofs
dX = & ox1 az Ox1 as Ox1 + a4 Oz’ az o1 + ax ox1 (4 ox1 as ox1’
oh _ , 0f Ofs _ 4 08 o Of1 ofs ofs Ofa\ — A4FX)

U355, — Qagy, T 01gy, — Q25 Gagy + A3gy, T G2gy, T 01 am) =A%

These two equalities imply the validation of the theorem.
2. The components of the function W (X) = F(X) - G(X) in the space M5 have the
following form

wy = f191 — f292 — f393 + faga,

wy = fagr + f192 — fa93 — f394,
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w3 = f3g1 — f192 + fi193 — f294,
wy = fag1 + f392 + fags + fi19a.

Then 5t = 5191 + figh — 500 — 52 — §it0s — fst + 5o + fugiht, and

G = G+ L+ 5he + A5 — Glhos — fugh — Sl — fugl.

Taking into account that the functions F(X) and G(X) satlsfy the Cauchy-Riemann
conditions (4), we make sure that g—i’ll = ‘?;”2 In a similar way it is proved that the function
W (X )satisfies all other equalities of (4), that is, it is a regular function. Proofs of 2 and 3
are carried out by direct verification.

The theorem is proved.

Theorem 6 Let F (X) = F(x1, 29, x3,24) = (f1, fo, f3, f1) be a regular function in certain
domain. Then, at all points of this domain, the following equalities hold:

Phoy Ph g PL 4 Oh g 2L 2L

0z3 03 0x3 ox3 L 023
Pf azfz 82fi agfz 0? fz 0? fz _
8:52 &z - 0 z + 0’ az + - 0’
3 fz 62f1 02 fz 32fz 3 0% fi 82f1 82f1 2%fi _
+ 23 + 0z3 + 023 0’ Oz + 023 + O3 + 8z7 O’
62fi 8%fi  9*fi  0%fi
0z3 03 Ox2 oz%

where ©=1,2,3,4.

The proof follows directly from the Cauchy-Riemann conditions.

Definition 7 The integral of a four-dimensional reqular function is the antiderivative of this
function of the following form

/F(X)dX—W(X)+C

where W (X)) is any of the antiderivatives, C = (Cy,Cy,C5,Cy) is a four-dimensional
arbitrary constant.

Define the basic properties of the integral [1,2]:
1. / (AF (X) £ BG (X))dX = A/F(X)dX + B/G(X)dX +C,

d([F(X)dXx

dX) ):/F(X)dX,

F(X)
3./ e dX=F (X) +C.

Based on the definitions and properties of the derivative and antiderivative, below is
presented the table of four-dimensional functions
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1. Derivative

dc xXm X' InX o
0; — n ——1'a—:axlna;

dX  dX n—-1 dX X'dX

sinX cosX e
X cosX ; X sin d e =e";

tanX Ji  arcsinX Ji _arctanX Ji
dX — cos?X' dX @ ] —-X2 dX = J+X?

2. Antiderivative

Xn+1 ax X
/QdX:C; /X"dX: +C, n# —1;/ = InX+C; | a*dX = —+C
n+1 X Ina
/sinX dX = —cos X +C’;/COSX dX =sin X —|—C’;/6XdX—eX+C';

dX IX
/coszX =tan X +C /W—arcsinX —i—C;/m:arc’canX +C.

where 0 = (0,0,0,0) is four-dimensional zero, J; = (1,0,0,0) is four-dimensional unit.

3 Conclusion

In this article, functions of a four-dimensional variable in the space M5 and their properties,
as well as continuity and differentiability have been investigated. The types of elementary
functions, such as sine, cosine, hyperbolic sine and cosine, exponential, logarithmic,
exponential and power functions are defined using spectral values. Theorems on the continuity
and differentiability of functions of a four-dimensional variable in the space M5 are proved.
The regularity of functions of four-dimensional variables is proved, and the Cauchy-Riemann
conditions for the differentiability are defined. This work is of an overview type and is a
continuation of research paper [3|. The results of the study show that the analysis of functions
of a four-dimensional variable, their properties, continuity and differentiability of functions
have an analogy with the studies in work [1]. Furthermore, the obtained results show that
the theory of functions of a four-dimensional variable of space Mb is a generalization of the
theories of real and complex analyzes.
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