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INCEPTION OF GREEN FUNCTION FOR THE THIRD-ORDER LINEAR
DIFFERENTIAL EQUATION THAT IS INCONSISTENT WITH THE
BOUNDARY PROBLEM CONDITIONS

Regarding the importance of teaching linear differential equations, it should be noted that every
physical and technical phenomenon, when expressed in mathematical sciences, is a differential
equation. Differential equations are an essential part of contemporary comparative mathematics
that covers all disciplines of physics (heat, mechanics, atoms, electricity, magnetism, light and
wave), many economic topics, engineering fields, natural issues, population growth and today’s
technical issues. Used cases. In this paper, the theory of third-order heterogeneous linear differential
equations with boundary problems and transforming coefficients into multiple functions p(x) we
will consider. In mathematics, in the field of differential equations, a boundary problem is called
a differential equation with a set of additional constraints called boundary problem conditions.
A solution to a boundary problem is a solution to the differential equation that also satisfies
the boundary conditions. Boundary problem problems are similar to initial value problems. A
boundary problem with conditions defined at the boundaries is an independent variable in the
equation, while a prime value problem has all the conditions specified in the same value of the
independent variable (and that value is below the range, hence the term "initial value"). A limit
value is a data value that corresponds to the minimum or maximum input, internal, or output
value specified for a system or component. When the boundaries of boundary values in the solution
of the equation to obtain constants D1, D5, D3 to lay down Failure to receive constants is called a
boundary problem. We solve this problem by considering the conditions given for that true Green
expression function. Every real function of the solution of a set of linear differential equations
holds, and its boundary values depend on the distances.

Key words: Green Function, Boundary Problem, Private Solution, Public Solution, Wronskian
Determinant.
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MaremaTnKa FhLIBIMBIH/IA CHI3BIKTHIK, Ju(dOEPEHINAIIIBIK, TEHIEYIEP/I OKbITY/IBIH MAHBI3/IBLIBIEbI
TypaJIbl aiiTa KeTy KEPEK, KOpceTiireH opbip hu3mKaIbIK-TEXHUKAJIBIK KYOBbLIbIC qud depennali-
JIBIK Terey 0ouibii Tabbutaasl. Juddepennmanabik reraeyiep — 6yt 6apiblk, HU3UKABIK, [TOHIED-
Il (2KBLILY, MEXaHUKA, ATOMJIAD, JIEKTDP, MArHETU3M, YKaPbIK XKOHE TOJKBIHJIAD ), KOIITereH 9KOHOMU-
KAJIBIK, TAKBIPBITITAP/IbI, HHKEHEPJIiK opicTep/1i, Taburu Moce esiep/ii, XaablK CAHBIHBIH OCYiH XKOHe
3aMaHayU TEXHUKAJIBIK MoceJiejepi KAMTUTBIH Ka3ipri CajbICThIPMAJIbl MaTeMaTUKAHBIH aKbl-
pamac Gesiri. By makasama mekapaJblk ecernrepi 6ap yimmiHIm peTTi GIpTEKTI eMeC ChI3BIKTHIK,
muddepeHInanabK TeHaeyep koue Kodhdunuenrrepai OipHerne yHKIUATa afHAIIBIPY TEO-
pusicera Kapactoeipambl3. [IlekTik ecenrrep GacTanksl MoHMeH ecentepre ykcac. lllekTepinae aHbI-
KTaJIfaH MIapTTapbl 6ap MIEKapaJIbIK ecell TeHJEeYy Ieri Toyesci3 altHbIMaJIbl OOJIBIT TaOBLIAbI, AJl
Kaparaiibim MoHI 6ap ecerrre 6apsbIk mapTTap 6osabl. Toyesci3 aiHbIMAJIBIHBIH, Oip/eit MoHiHIe
Kepceriarer (KoHe OyJI MOH ayKbIMHAH TOMEH, JeMeK, "GacTankpl MoH" TepMuHi).
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TexTik MoH JiereHiMi3 — )Kyitere HeMece KypaMaac 0e/TiKKe KOPCETIIreH MIHUMAJIIHI HeMece MaK-
cUMaJIJIBl Kipic, IMKi HeMece MIBIFBLIC MOHJEPiHE CofiKec KeseTiH jepekTep MoHi. Tenjey rmerri-
MiHJIeT] ITeKapa MOHJEPIHIH IMeKapaaapbl TYPAKTHIIAPABI ady YIIH HaialaHaIbl, COTaH Keilin
TYpaKTHLUIAP Bl Kocambl3. Bysr ['pun mekapasibik ecebi men atasnaabl. ChI3BIKTHIK, Juddepennmali-
JIBIK TEHJIEYJIep Kyieci merny/iH opbip HaKThI (PyHKITUACHI OPBIHIAJIAIbI 2KOHE OHBIH IIIEKAPAJIBIK,
MOHJIEP]I apaKAIIBIKTBIKTAPFa TOYesIi 601a/ bl

Tvyiitia ce3aep: ['pun QyHKIMSICH, IIIEKAPAJIbIK, €CEIl, HAKTHI IIeMIiM, BDOHCKHUSIH AHBIKTaAMACHI.
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BosnukHoBeHune dbyHknuu I'puHa ajist JiuHeitHOro nuddepeHTnaJIbHOTO ypaBHEHUsI TPEThEero
HOpsi/IKa, HECOBMECTUMOI'O C YCJIOBUSIMU KPaeBOU 3aJa4uu

Yro kacaercs BaxKHOCTH OOydeHUS JHHEHHBIM guddepeHnnaabHbIM YPABHEHUSIM, CJIEIYeT
OTMETHUTDb, YTO KaxK/0e (PU3NIECKOe U TEXHUIECKOE sBJIEHNE, BBIPDAXKEHHOE B MaTEMaTUIECKUX
HayKax, siBjsgercs auddepeHuaabubiM ypasaenueM. JIuddepeHuaibubie ypaBHEHUS SIBIISTIOTCS
HEOT'bEMJIEMOIl YACTBIO COBPEMEHHON CpaBHUTEJIBLHOI MaTeMaTWKH, KOTOpas OXBATHIBAET BCE
JUCIUILIMHBL (DU3UKU (TEIIO0, MEXaHUKY, aTOMbI, 3JIEKTPUYECTBO, MArHETU3M, CBET U BOJIHBI),
MHOTHE 3JKOHOMUYECKHE TEeMbI, O0JIACTH TEXHUKH, €CTECTBEHHBIE TPOOJIEMbI, POCT HACEJICHUS
U COBpPEMEHHbIE TeXHW4YecKue IpodsieMbl. B MaHHOl cTarhbe MBI PACCMOTPHM TEOPHUIO HEOIHO-
POJHBIX JIMHEWHBIX JuddepeHIalbHbIX YPaBHEHUN TPETHEro NOPSIKa C KPAeBBIMU 3aauaMu
u 1upeobpaszoBaHueM KO3 UIMEHTOB B KpaTHble (yHKIME. B obsactu auddepeHnnabHbIX
ypaBHeHUIl KpaeBas 3aJada Ha3bBaercsi auddepeHnnajbHbIM yPaBHEHUEM € HaOOPOM JIOTOJI-
HUTEJIbHBIX OI'DAHUYEHUN, HA3BIBAEMbBIX yCJIOBUSIMUA KPAeBOU 3ajaqdn. PelneHne KpaeBoil 3ajadu
— 310 pemrenne TuddEPEHNNAILHOIO YPABHEHNA, KOTOPOE TAKXKe YIOBJIETBOPAET T'DAHUIHBIM
ycnoBusaM. Kpaesble 3a/1a4u aHAJIOIHYIHBL 3aJ@4aM C HAaYaJbHBIM 3HAYeHneM. ['panudnas 3a1ada
C YCJIOBHSIMHE, OIIPEJIEJIEHHBIMU Ha TPAHUIAX, SBJISIETCS HE3aBUCUMOI IIEpEMEHHO B ypaBHEHWH,
TOrJa KakK 3aJiada C IIPOCTHIM 3HAYEHWEM HMeeT BCe YCJOBHUs, YKA3aHHBIE B OJHOM U TOM K€
3HAYEHUM HE3aBUCUMON II€pEMEHHOH (M 3TO 3HAYEHHE HAXOAUTCS HUXKe IUAIA30HA, OTCIONA
Boliizer Tepmun "HauasbHOe 3Hadenue"). [IpenesbHoe 3HaUEHME — 9TO 3HAUEHME JAHHBIX, KOTOPOE
COOTBETCTBYET MUHUMAJIHLHOMY WM MAKCHMAJIHHOMY BXOIHOMY, BHYTPEHHEMY WJIM BBIXOHOMY
3HAYEHUIO, 33J[AHHOMY IS CHUCTEMBbI HJIM KOMIIOHeHTa. Korma rpaHuIlbl IPDaHUYHBIX 3HAYEHUI
B pEIlIeHWN YPaBHEHWsl Jjis IOJIyYEHUsl KOHCTAHT CJIOKUTHb IIOTOM IIOJIydaeM KOHCTAHT. DTO
Ha3bIBaeTCs Kpaepoil 3ajadeit I'puna. Kaxkmas neiicrBuresibHasi (DYHKINsST PEIEHUS CHCTEMBI
JmHeHHbIX AuddepeHnnaabHbIX YPABHEHNN NMEEeT MECTO, U €€ TPAHUIHBbIC 3HAYCHUS 3aBUCAT OT
PacCTOAHUMA.

Kurouessbie ciioBa: dyuknus ['puna, rpanudHas 3aja4qa, 9acCTHOE pelleHne, My TuIHOe penenne,
ompejiesiuTeib BpoHckuaHa.

1 Introduction

Differential equations are one of the most interesting and widely used mathematical topics
that have attracted the attention of many researchers. Differential equations in various
disciplines including physics; It is especially useful in the movement of weights attached to
springs, electrical circuits and free vibrations. In mathematics, in the field of differential
equations, a boundary value problem is a differential equation with a set of additional
constraints called boundary conditions. A solution to a boundary value problem is a solution
to the differential equation that also satisfies the boundary conditions [3].

Boundary value problems arise in several branches of physics because each equation has
a body differential. Wave equation problems, such as determining normal states, are often
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referred to as boundary value problems. A large category of important problems in the
boundary value are the Storm-Liouville problems. The analysis of these problems involves
special functions, the Green functions of a differential operator [4].

2 Objectives of this research

Topics for introducing heterogeneous linear differential equations of the third order with
boundary conditions, and obtaining the Green function are discussed.

3 Methodology

Information has been collected in the form of libraries, websites, domestic and foreign scientific
articles, undergraduate and doctoral research dissertations.

3.1 Literature review

Differential equations have been developed for nearly 300 years, and the relationship between
evolutions is functions and derivatives of functions, so its history naturally dates back
to the discovery of the derivative by the English scientist Isaac Newton (1772-1642) and
Gottfried Gottfried Wilhelm Leibniz (Germany (1716-1646)) began. Newton worked on
differential equations, including first-order differential equations, into forms. Jacob proposed
the Bernoulli differential equation in 1674, but failed to prove it until Euler proved it in 1705.

In the linear differential equations of the boundary problem, Sturm-Lowville first worked,
the Sturm-Lowville theory in mathematics and its applications, the classical Sturm-Lowville
theory, named after Jacques Frangois Sturm (1803-1855) and Joseph Lowville (1809-1882),
the theory of linear differential equations is the second real order of form. In 1969, the Russian
scientist Nymark wrote in his book Linear Differential Operators about the Green function
to solve differential equations with boundary problem conditions.

4 Green function of an unperturbation boundary value problem

Problem statement. Consider the general solution of a third-order heterogeneous linear
differential equation with boundary problem conditions

It should be noted that in the space Ls(0, 1) the operator generated by a linear differential
expression of the third order with constant coefficients is considered.

y (@) + Pu(2)yV(2) + Po(a)y(z) = f(x) (1)

Here Py(x) multiple functions are limited in [0, 1] interval P;(x) multiple functions can be
changed in the interval [0, 1] are on. Number 3 is the order of differential expression and three
times different.

In this section, we recall the known features of these operators, which weconsider with
the following boundary conditions

Ui(y) = oy (0) + By (1) =0, j=1,2,3, (2)
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where vy = 0, 75 =1, 73 = 2 chosen according to the Mikhailov-Keselman theorem are often
called the strongly regular boundary conditions [4]. Therefore, the eigenvalues of the operator
So are asymptotic simple and separated [3|, that is, there is a positive number ¢ for which any
two eigenvalues of the operator Sy are separated from each other by a distance greater than
J. It also follows from works [1, 2] that the system of eigenfunctions and associated functions
of the operator Sy forms a Rises basis in the space Ly(0,1).
We assume
3>mp2rr=2m=0

The general form of the heterogeneous linear differential equation using differential operators
can also be written as follows

L(y) = My(x) + f(x) (3)

We consider the general solution of equation , to be a third-order differential

y(z) = yo(z) + Dip1(z) + Do) + Daps(x) (4)

o) = jgcc,t)f(t)dt

yo(x) The specific solution is a heterogeneous equation and here ¢1(x), ps(x), ps(x) the
basic system of solutions of the equation is homogeneous when the conditions L(p;) = 0,
L(p2) =0, L(ps) = 0 and satisfaction with heterogeneous border conditions gog-kfl)(O) = Oy
function ¢(z,t) Determined by the following formula, which I call the Green function
Pz, )
t) =

Where 6; = { L,k :‘9 and W (t) determinative Wronskian
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From here we propose a specific inhomogeneous solution, below

oy () ya(t)  ys(t)
w(@) = [ | V@) @) o @) | fbdt
0 y1( ) y2($) ?J3(f)

function yo(x) the heterogeneous solution is equation , and to investigate it we take
the first-order derivative from the specific (inhomogeneous) solution.

P A (t) Y2 (t) Y3 (t) (x yz (x) Y3 (l‘)
%%mz/ W00 00 00 | f0d+ | o0 0w W) |
o 1 yV@) @) v (@) yi(z) y@)ym»

o |y @) @) v (@)
now we take the third order derivative
e | y(t)  we(t) () yi(z)  elr)  ys(z)
%sz/zﬁw 6 00 o |y 0w W0 |
y(w) (@) v (@) y(w) v (@) v (2)

now to solve a given heterogeneous problem, we must examine Equation and we y(z) offer
solutions

L(y) = % (z) + Pi(z)yo) (x) + Po(x)yo(x)

Solve the received function y(z) Prove the following

Lon@) () ys() Lown@) () ys()
Ly)=[| v’ ) w5 o) | fO)dt+ f@)+ Pix) [| i) 0 @) V(@) | f(dt+
“Ty@) @) v () "1yl W) v ()
@) wa(t)  ws()
+PRy(@) [ | V) o) () | Ft)de
0 yl(x) y2(33) y3(33)

L(y) =
- U1 (t) Y2 (t)
| v () ys” (1)
0y9m+a<Mkw+%mmmzﬁ<HP<>5?+%mmm
ys(t
s (t)

f)dt + f(z)
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Homogeneous equation condition L(y) = y§3) (x) + P, (x)yil)(x) + Py(z)yi(z) = 0 to be so
we can function f(z) and as a result we can say that we have obtained the solution of the
heterogeneous part.

we get the Green function for the proposed problem and prove it given the problem
Equation , Heterogeneous linear differential with boundary value problem can also be
considered as follows

L(y) = f(x), 0<z<1 (5)
With border conditions
Ur(y) =0, Ux(y) =0, Us(y) = 0. (6)
the kind of frontier conditions defined for us in advance
Ur(y) = aay(0) — fry(1) = 0

Us(y) = ay(0) — Bay(1) = 0
Us(y) = asy(0) — Bsy(1) = 0

we can say that we can solve the equation and function of Green , @ using differential
operators as follows

where

Go(z,t, A) —is a Green function.
If x > ¢t function g(z,t) It has the following form that has been proven before

If <t theng(x,t) = 0.
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5 Discussion

Since we have obtained the Green function of the solution of the third-order heterogeneous
linear differential equation, everything in this system is technically solvable. To solve that,
we proposed the proposed method and showed that the third-order heterogeneous linear
differential equation with the boundary problem does not have a solution but has an infinite
solution.

6 Conclusion

From the subject of the research, it is concluded that the problem we studied in the third-order
heterogeneous linear differential equations is a set of Green’s function. Every real function
holds in the solution of the set of linear differential equations, and such equations not only
a definite solution but also infinitely solvable. Its field of application in physics, for example,
finding the temperature at all points of an iron rod with one end at absolute zero and the
other at the freezing point of water, is a boundary value problem. If the problem depends
on both place and time, the value of the problem can be specified at a certain point for all
times or at a certain time for the whole space, and another example of a linear differential
equation with boundary conditions can be given. The boundary condition that specifies the
value of the function is the Dirichlet boundary condition. For example, if one end of an iron
bar is kept at absolute zero, then the problem value at that point in space is specified.

7 Result

Based on our findings and analysis of our research we found that the proposed problem does
not have a solution for each parameter A a solution can be obtained. So the proposed problem
for each parameter A has an infinite Green function.
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