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SOLVABILITY OF A NONLINEAR INVERSE PROBLEM FOR A
PSEUDOPARABOLIC EQUATION WITH P-LAPLACIAN

Inverse problems of determining the right-hand side of a differential equation arise in the
mathematical modeling of many physical phenomena, when an external source or some of its
parameters acting to the motion of the process are unknown or unacceptable for measurement, for
example, the source is in a high-temperature environment or underground, etc. This paper deals
to study the solvability of an inverse problem for a nonlinear pseudoparabolic equation (sometimes
they called Sobolev-type equations) with p-Laplacian and damping term with variable exponent.
The inverse problem consists of determining a coefficient of the right hand side depending only
on time. An additional information for this investigated inverse problem is given as an integral
overdetermination condition. Under the suitable conditions on the exponents and on the data the
global and local in time existence of a weak solutions to the inverse problem are established. The
existence of weak solution proved by Faedo-Galerkin method. The global and local in time a priori
estimates for the Galerkin approximations are obtained. On the basis of a priori estimates and
by using compactness theorems and the monotonicity method, the convergence of the Galerkin
approximations to the solution of the initial inverse problem is proved.

Key words: inverse problem, pseudoparabolic equations, existence, weak solution.
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p-JIamutacuanapl rceBaonapabdbosiasibIK TeHJEY YIIMH ChI3bIKTBI €éMeC Kepi ecerTiH rmermiMairiri

HuddepeHrmaaabk TeHIeYIiH OH KaFbIH AaHBIKTAY KePi ecerntep Kol Karaaiiaa hU3nKaJIbIK KyObl-
JIBICTBIH, KO3FaJILICHIHA 9CEP CHIPTKBI KYIITEDP HEMEeCe OJIap/IblH Keibip mapameTpJiiepi 6ericis asme
eJIIIIeyTe KOJI 2KeTiMCi3 OOJIATBIH, MOCEJIEH, 9CeP eTYII KbLTY K31 2KOFaphl TEMIIEPATYPAJIBI OPTAIA
HeMece XKEPIiH acThIHIa OOJIFaH YPAICTEp/ Il MAaTEMATHKAJIBIK, TYPFBIIAH MOJIETbIACY/IE TYbIH AN TbI.
By yewmbiran Makasaga ChI3BIKTHI eMec p-Jlammacuanapl KoHe affHbIMAJIbI KOPCETKIMITI TICeB-
Jonapaboasiblk, (Keiibip XKyMbIcTapia MyHIail Tereyep coboJieB THIITI TeHIeYIIep JIell aTasia bl )
TEHJIEY YIITiH Kepi eCenTiH, MENiMIUINr TOMBIKKAHIbI 3epTTerine. KapacThIpblaaTbiH Kepi ecernn
TEHJIEY/IIH OH Kak, OeJIriHeri TeK KaHa YaKbITKA Toyesal Kod(p@UIMEHTTI aHbIKTAyIaH Typa-
Jbl. Bys 3epTTesineTin Kepi ecen YIIiH KOCBIMINIA aKIIapaT MHTErPAJILIK KOCBHIMIIA IIapT TYPiHe
KOMBLAIbI. Ternmeymeri KopceTKimTep MeH eCenTin bacTanKkbl Oepiarernaepl YImia KOJaMIbl IapTTap
OPBIHIAJIFaH Ke3/eri Kepi ecenTin, oJIci3 menriMaep/Iin ri1odaIbabl XKoHe JTIOKAJIbIb 0ap 00Iybl KOp-
cerinmi. [lermimuing 6ap 6omysr @eno-Tanepkun oici kemerimen mpsesaeni. ['ajepkunre XKybIK,
MIEeNMIep YIIiH yaKbIT OOUBIHIIA IJI00aJIbIbl XKOHE JIOKAJIbIbl AIIPUOPJILIK, Oarajiay/iap ajablHIbL.
Ochbl ajIbIHFAH aIpUOPJIBIK Oarajaysap HETi3iHje KOMIAKTBLIBIK TEOPEMAJIapP MEH MOHOTOHIBIK
OJIiCTEPIH KOJIIaHA OTBHIPHIIN, TAJePKUHHIH KYBIK MIENNMIAEP/IiH OaCTAIIKBI €CENTIiH MEeNiMiHe K-
HAKTATYbI JTOJIEIIEH/II.
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O6paTrHble 3a/1a491 OlpejesIeHrs TpaBoii YacTu JudepeHnuaJIbHOI0 YPaBHEHUsI BOSHUKAIOT [IPU
MaTeMaTHIECKOM MOJIEJINDOBAHUYM MHOTUX (PU3NYECKUX SIBJIEHUI, KOIJa BHEITHUNA MCTOYHUK WJIN
HEKOTOPBIE €r0 IIapaMeTpPhl, BIMSIONINE HA JIBUKEHUE MPOIECCa, HEN3BECTHBI WJIM HEITPUEMJIEMbI
JJIst M3MEPEHNs, HAIIPUMED, NCTOYHUK HAXOJUTCS B BHICOKOTEMIIEPATYPHOM Cpeje UJIH MO 3eMJIeit
u T. 1. B mamboit pabore mcciaemyercs paspemmMOCTh OOPATHOM 3a/1a4u I OJHOTO HeJUHEeH-
HOTO TICEeBI0NAapaboIMIecKoro ypaBHeHUs (B HEKOTOPBIX PafoTax TaKue yPaBHEHUsI HA3BIBAIOTCSI
YPABHEHUSIMU THUIIA CODOJIEBA) ¢ P-JIAILIACUAHOM U AeMIIUPYIONUM 9JIEHOM C IIEPEMEHHBIM TOKa~
3aresem cremnenu. Vcceenyemast obparHas 3a/1a9a COCTOUT B ONpeie/ieHust KO3 dUImeHTa mpapoi
9aCTHU, 3aBUCSINET0 TOJIBKO OT BpeMmenu. JlonosHurenpHas mHGOPMAINN JJId STOH HCCIeIyeMOoit
0oOpaTHOI 3a/1a9u 3aa€TCS B BUJIE HHTEIPAJIBHOIO YCJIOBUA Itepeorpeenenust. [Ipu moaxomammx
YCJIOBHSX Ha IOKa3aTeJd W Ha JaHHBIE 33/1a49d, YCTAHOBJIEHBI IJIO0AJBbHOE U JIOKAJIBHOE CYIIe-
crBoBaHue cyabbix pemtenuii. CylecTBoBaHMe peIleHrs JOKa3aHO € IIOMOINbI0 MeToaoMm Dazjio-
lanepkuna. [losydensr riobajibHbIE W JIOKAJBHBIE 110 BPEMEHH AlPUOPHBIE OIEHKHU JJIsi TaJiep-
KUHCKUX mpubsmxkenuii. Ha ocHOBe MOy 9eHHBIX 9TUX aIPUOPHBIX OIEHOK U MCIOJIb3ys TEOPEMbI
KOMIIAKTHOCTHU & TAK?Ke METO/Ia MOHOTOHHOCTH, JJOKA3AHBI CXOIMMOCTHU TAJEPKIUHCKIX TPUOJIMKEH-
HBIX PEUICHUI K PENICHUIO UCXOAHON 3a1a4u.

Kurouesbie cioBa: ObparHast 3aja4a, ICeBIoNapaboInyecKne YpaBHEHNsI, CYIIECTBOBAHUSI Pe-
meHusi, cjiaboe pelrexHue.

1 Statement of the problem

In this work, we consider the following nonlinear inverse problem for the pseudoparabolic
equation with p—Laplacian diffusion and damping term with variable exponents

w — Auy — div (|Vul "> Va) + |u| ™™ 2w = f(t) - g(z,t), in Qr, (1)
u(z,0) = ug(z) in Q, (2)
u(z,t) =0 on Iy, (3)
/(u-w—l—Vu-Vw)d:c:e(t), t>0. (4)
o

where 2 is a bounded domain in R? with smooth boundary 99, and Qr = {(z,t) : z €
Q, 0 <t <T}is a cylinder with lateral I'y. The functions g(z,t), ug(x), w(x), and e(t) are
given. The exponents p is given positive number and m is given function, such that

l<p<oo, 1<m_<m(x)<my<oo, VreQ; (5)
where
m_ =infm(x) and m, = supm(z)

The inverse problem (I)-(4) consists of determining the coefficient f(¢) of the right hand
side and a solution u(z,t) from and additional information (4] which given by integral
overdetermination condition, and the initial-boundary conditions —.
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2 Introduction

Inverse problems of determining the right-hand side of a differential equation arise in the
mathematical modeling of many physical phenomena, when an external source or some of its
parameters acting to the motion of the process are unknown or unacceptable for measurement,
for example, the source is in a high-temperature environment or underground, etc.

Equations like (1)) with a one time derivative appearing in the highest order term are called
pseudo-parabolic or Sobolev equations, and arise in many areas of mathematics and physics.
For instance, they have been used, to model thermodynamics processes [19], filtration in
porous media [§], and nonsteady flow of second order fluids [10], the motion of non-Newtonian
fluids [3], |21, and many other physical phenomena.

In the case p = 2 and m = 2, the equation becomes the classical pseudoparabolic
equation. To our knowledge, the inverse problems for pseudoparabolic equations have not been
studied a lot, see for classical pseudoparabolic equations [1], [7], [9], [14], [11], [16], [17,18], and
for pseudoparabolic equations with p-Laplacian and other related equations [4], 2], [12}/13],
[20], and references therein.

Recently, Antontsev and et. in [4] have been considered the inverse problem ([))-([) with
m = const and with the right-hand side F(z,t) = f(¢) - (w(z) — Aw(x)), where w(x) is
the same function appearing also in the overdetermination condition . In this paper, we
consider the inverse problem (I)-(4) with variable exponent m = m(z) and with the right-
hand side F(z,t) = f(t)g(z,t), where g(x,t) is an arbitrary function in L*>(0,T; L*(9)).
Under suitable assumptions on the exponents and data, we prove the global and local
existence theorems as analogical results in [4].

3 Preliminaries

Let g :  — [1,00] be a measurable function. We define the Lebesgue space with variable
exponent ¢(.) by

LO(Q) := {u: Q — R measurable and / |Mu(z)|9@dx < 0o for some X > 0}.
Q

Equipped with the following Luxembourg-type norm( [22]):

u(z)

x
A

q(x)
lu(z)|lqc) == inf{A>0: / de <1}

Q

is a Banach space.
We use the classical and the following nonlinear Gronwall’s inequality ( [5]) to establish
the first and second local estimates.

Lemma 1 Ify:RT — [0,00) is a continuous function such that

t
y(t) < Cl/y“(s)ds+ Co, teRT, pu>1
0
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for some positive constants C7 and Csy, then

1
(n—1)CiCy Y

y(t) < Co (1= (s — DOICE ) T for 0<t < by =

4 Weak formulation

Assume that the data of the problem satisfy the following conditions

up(z) € HH(Q) N WP (Q) N L™(Q); (6)

lg0(t)] = ‘/g(m,t)w(x)dx >y > 0 forall t3 0; (7)
Q

gw,t) € L(0,T; L*(Q)); (8)

w(x) € WHP(Q) N L™ (Q) N W2 (Q):; (9)

e(t) € W2((0,T]), and / ty - wdz = ¢(0). (10)

Q

Lemma 2 Under the conditions @ and (@-@, the wnverse problem - 1S equivalent
to the following problem for a nonlinear parabolic equation containing the nonlinear nonlocal
operator of the function u

u — Auy — div (|Vu|p_2 Vu) + " = f(t,u)g(a,t), Qr, (11)
u(z,0) = up(x), Q, (12)
u(z,t) =0, D[rp. (13)

Here

ft,u) = e'(t) + / IVul" > Vu - Vw dz + / |u|™®) =2y - wdz | . (14)
0 0
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The prove is analogical as in [4].

Definition 1 A function u(z,t) is a weak solution to the problem (11)-(14)), if:
1. we L=(0,T; Wy N W0 L™@) 0 LP(Qr) N L™ (Qr), u, € L2(0,T; Wy *(Q));
2. u(0) = uy a.e. in §2;

3. For every ¢ € Wy N W L™®(Q) and for a.a. t € (0,T) holds

d
a/(ugo—l—Vu-Vgo) d:c+/|Vu]pQVu«VgodahL/]u\m(z)2udx:/f(t,u)gg0d:c. (15)
0 0 0 0

5 Main result
Let be
uy € HY(Q) N WHP(Q) N L™@(Q) (16)
The following theorems are valid.
Theorema 1 Assume that the conditions @—(@ and be fulfilled and
l<p<2 and 1<m_<m(zx)<my <2 Vre. (17)

Then the problem — has at least one weak solution in the sense of deﬁnitz’on global
m time.

Theorema 2 If instead of holds the condition
l<p<oo and 1<m_<m(z)<m; <2 z€f) (18)

then the problem — has at least one weak solution in the sense of deﬁmtion local in

time.

In order to prove these theorems it is enough to establish the first and second a priori
estimates. After then by using these a priori estimates and the monotonicity method [6], we
establish the passage to limit for Galerkin’s approximation, and as a result, we get that the
limit function is a weak solution to the our investigated problem.

5.1 Galerkin’s approximations

Let {tr},cn be an orthonormal family in L*(Q2) and a linear combinations are dense in
V=W AW 0 L@ (Q) [15]. Given n € N, let us consider the n-dimensional space V"
spanned by 91, ..., 1,. For each n € N, we search for approximate solutions

n

u(z,t) =Y (), v eV, (19)

=1
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,c(t) are defined as the solutions of the following n ordinary
differential equations derived from

where the coefficients ¢} (t),...,c"

/ (up v + Vup Vi) do + / [Vu" P2V - iy, da + / ™ Py d =
Q

Q Q
(20)
£t u) / s

Q

fork=1, 2, ..., n.
The system of ODEs is supplemented with the following Cauchy data

u"(0) = ui in Q. (21)
and assume that
ul — up(z) as n — oo in W2 N WP 0 L@ (Q). (22)

According to the general theory of nonlinear ODE, the problem — has a solution

cj(t) in [0, %], where o € (0,77]. The solution can be extended to [0,7] by a priory estimate

which we shall obtain below.

5.2 First and second a priory estimates

First priory estimate. Let be now 1 < p, 2 >m, > m(z) > m_ > 1. Multiplying
by ¢%(t) and summing with respect to j, from 1 to n, we have

1d " . . i
s (o + IV 0) + 190 1250 + / ") dr = R, (23)
0
where
R = ! e(t) + / V[P Vu" - Vw dz
t
go(t) J

3
+ / ™2y wda /g(x,t)u”(x)dx = Z Ry,
o i=1

Q

Using the Holder’s and Youn’s inequalities and the assumptions , we estimate each
term on the right hand side of

1 . 1, . 1
Rl = | 5 [ a0 < S0 + 5 o) € O (25)
0
Q
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1 n nip—
B < 2 llg@)ll0 147 o0 [Vl IV e <
1 n||p 1 n g )
S IVu' o +M®) | = llg®)l0 Vel ol ) < (26)
2 lo
1 nip o2 y
5 IVe"llhe + g llu"llon + M(E)

, 1
where M'(f) = <M(p>% l9®) a1V, o

Estimate the term R;3 by using Holder, Young inequalities and the Poincare’s and the
Sobelev inequality

[l

< M(Q) || Vully , which holds for m, < 2%,

m+Q

where 2* = 24 if d > 2 and 2* € (1, 00) if d = 2. Using algebraic inequality (a; + ... + aj) <
L(a§ + ... + a}), where L=const depending only k and s.

my —1
m m4
]- —1 mtl
Rual < 1 ool ol | [ (0 @) ™ Tae | <
Q
B my —1
my
1 1
o lllag ] 0 | [ 10075 e | < 0
lo

2

! | ey =1 T
E 1l Mol Il o | B+ Mo ma) [ g ] <

1
MVl [19lla.0 1]l o VU2 < M7 {[Vu™]l54

m+,Q |

where

Q= {req: =1}, o ={oca: <1},

1
M":= L1+ M(Qm_,m.)], M":= M”tSB%} 19lla.0 w]lm, o
€10,

lo
Plugging (25), (26), into and using the assumption m, < 2*, we obtain
1d

2 dt (1 + |l n”zﬂ + HVU"H2 Q> + HvunHLP(Q) + / ]un|m(‘r) dr <
Q

0
n|2 n|2
My [1+ [l 0+ IV 13.0] + Mo,
where

1
22 b (lg@5ale’@OF +M'(®)), My = max{M", -}

f = max 1
. 2lo te[0,T

My =
2 2}7 0 —
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Omitting second and third terms on left hand side, integrating by 7 € (0,%), we get and in
case p < 2, my < 2 applying Gronwall’s lemma for Y (¢) := 1+ Hu”HgQ + HVu”H%Q, we get

Y (t) < Mye™™ (29)

In case 2 < m, or 2 < p applying generalized Gronwall’s lemma for Y'(¢), we have

1

(0 —1)M Mg~ (30)

__1
Y(t) < My(1—(0—1)MM'T) &° for 0<t<Tp:=

Substituting (29) and . into ( . and taking supremum by ¢, we obtain the following
first energy estlmate

ni|2 ni2 n nim(z
sup ([0l + IVl ) + IV By, + [ 1017 de < Ko .

te(ovaaa:]

where T,,,, = T if holds, i.e. global in time, and T}, = To holds, i.e. local in time.

Second priory estimate. Let us now multiply 1' by % and sum up the result from
j =1to j =n, and integrate by 7 from 0 to ¢ € [0, T]).
Then we have

t

1 1

2 2

n YVu )d \V4 n pp / nm(x)d <
/<||ut(')||29+|| Ut@)”g,ﬂ T+ —|[Vu ”L (Q)+Q m( >|U | T >

0 (32)
1
— [|Vu" + G,
p VU™ (0)] 700
/ 1

where G :/ e(r) + / V" |P? V" - Vw dz

9o(7)

(33)

+ /|u"|m(z)_2u”-wdx /g(x,T)uf(:v,T)dxdT.
Q

Q

Let we estimate GG on the right side
my —1 2

t t
1 2 1 9
@l <+ / T — / lgIZ0 (€' ()]+
2 212
0 0
ey

IVl o [V 25 + [l / POV gy ir <

/nutnmw/ P + [Vl - Ve |2%
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v n2(my—1
M, mo, Qlwlls,, ol Fu 35" ) dr <

1 2 — 2 / 2(p—1) — (34)
5 [t adr + M 1Vulg [ IV 2™ ar+ 31
0 0
o
where M := M [ (|e’(7§)|2 + M(my,m_, Q)||w||72ﬂ+79K6n+_1> dr.
0
Plugging into we obtain
/ 1
2 2 1 /
n Vo )d IV u™|P nm(x)d <
0/ (I + 19 b 19+ [ bt <
t 2(p—1) (35)

_ 1 P _
0

where M, := M + 1% [Vuol[p,, - Omitting first and third terms on left hand side and in case

p < 2 applying classical Gronwall’s lemma for Z(t) := ]—1) [Vur|[] o we get

Z(t) < Moe™T. (36)
In the case 2 < p, applying the generalized Gronwall’s lemma for Z(t) := ]lp [Vur|]? , we get

_ 2p — 1 o 2=H_ - 2(p711),
Z(t) < My (1—(M—1)M1M0 r 1t> o (37)
p
for
1
0 S t < T1 = 2-1) < To. (38)

2(p—1 T r
( (Pp ) —1)M1M0 P
Substituting and into , and taking supremum by ¢, we obtain the following
first energy estimate

t

1 1
[ (e + 190 0) dr S IV +9 [ s < K1 (39
0 Q

where T,,,, = T if holds, i.e. global in time, and T}, = T} holds, i.e. local in time.

6 Conclusion

In conclusion, we have established the unique solvability of the inverse problem pseudo-
parabolic equation with p-Laplacian and damping term with variable exponents. Using
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the Galerkin method the approximate solutions are constructed. The global and local a
priori estimates are obtained for approximate solutions. Using these a priori estimates and
the compactness theorems and the monotonicity method the convergence of approximate
solutions to the solution of the initial problem is proved. The uniqueness of the posed inverse
problem is also obtained. The results of this work can be applied to solve various inverse
problems for linear and nonlinear equations of mathematical physics.
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