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IDENTIFICATION OF THE RIGHT HAND SIDE OF A QUASILINEAR
PSEUDOPARABOLIC EQUATION WITH MEMORY TERM

The study of equations of mathematical physics, including inverse problems, is relevant today.
This work is devoted to the fundamental problem of studying the solvability and qualitative
properties of the solution of the inverse problem for a quasilinear pseudoparabolic equation
(also called Sobolev-type equations) with memory term. To date, studies of direct and inverse
problems for a pseudoparabolic equations are rapidly developing in connection with the needs
of modeling and control of processes in thermal physics, hydrodynamics, and mechanics of a
continuous medium. The pseudoparabolic equations similar to those considered in this work arise
in the description of heat and mass transfer processes, processes of non-Newtonian fluids motion,
wave processes, and in many other areas.

The main types of the inverse problems are: boundary, retrospective, coefficient and geometric.
The boundary and retrospective inverse problems lead to the study of linear problems. In turn, the
statements related to the study of coefficient and geometric types bring to the nonlinear problems.
Coefficient inverse problems are divided into two main groups: coefficient inverse problems, where
the unknown is a function of one or several variables, and finite-dimensional coefficient inverse
problems.

In this article the existence and uniqueness of a weak and strong solution of the inverse problem
in a bounded domain are proved by the Galerkin method. Also we used Sobolev’s embedding
theorems, and obtained a priori estimates for the solution. Moreover, we get local and global
theorems on the existence of the solution.

Key words: Pseudoparabolic equation, inverse problem, existence, uniqueness, local solvability,
global solvability, non-local condition.
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2Kaapl 6ap KBa3UCBI3LIKTHI [ICEBIONAPabOIa/IbIK TEHJAEY/iH OH >KAaFbIH aHbIKTAY

MaremaTukaJbK, (pusnKa TeHEYIePiH, OHBIH IMMiHIe Kepi ecenrep/ii 3epTTey OYriHri KyHI €3€KTi
60JIbII TAOBLIAIbI. Byl XKYMBIC KBA3UCHI3BIKTHIK, TICEBIOTAPabOJIAJIBIK TeH ey VIIH Kepl eCerTiH,
mrermiMILIrh MeH camaJiblk, KacueTTepin 3eprrey iy, ipreii mocenecine apuairan (Cobosies Turrri
TeHJeyJIep Jell Te aTajainl). Byrinri Taa nceBonapaboialbik, TeHIeyJIep YIMH Typa KoHe Kepi
ecenTep/l 3epTTey KbLLy (DU3NKACHI, T'HJIPOJINHAMHUKA JKOHE Y3/IKCi3 OpTa MeXaHMKACHIHIAFBI
IIPOIIECTEP/Il MOJIE/IbJIey KoHe DacKapy KaxKeTTijgikrepine OailylaHbICTBI Te3 jambin Kejemi. Ockb
KYMBICTa KapaCTBIPBLIFAH IICEBIONapadOJIaIbIK, TEHIAEYIep KbLIY-Macca ajMacy IpPOIeCTepiH,
HBIOTOHJIBIK, eMeC CYHBIKTBIKTAP/IBIH KO3FAJIbIC IIPOIECTEPIH, TOJTKBIHIBIK, IIPOIECTEP/I] 2KOHE DacKa
Jla, KOIITEreH CaJIaIapbl CUMIATTAY Ke3iHe maiiza 60s1a/Ibl.
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Kepi ecenrepiin Herisri TypJsepine MbIHAJIAD YKATAJIbI: MMEKAPAJIBIK, PETPOCIEKTUBTI, KOIhPUITH-
EHTTIK »KoHe reoMeTpusiIbIK. [Tlekapasblk KoHe PETPOCIEKTUBTI KEPIi €CENTeP -ChI3BIKTHIK, €CEITEP-
Ii 3eprTeyre, aa KO3(MOUINEHTTIK KoHe T€OMETPHUSIIIBIK, €CENTeD -ChI3bIKTHIK, EMEC eCEIITep/Ii 3epT-
Teyre ajbin Keseai. Koaddunuentrik kepi ecenrrep eki merisri Typre Oestiremi-koabdOUImeHTTiK
Kepi ecenrrep, oHja Oip HeMece HipHerre aifHbIMaIbLIAPIAH TOYe Il (PYHKINACH O€JIrici3 KoHe IMTeK-
Ti emmmemai KoaddurmenTTik Kepi ecenrep. Makasasa [ajgepkun o/iciMen 1eHeareH 06JIbICTarbI
Kepi eCemTiH oJICi3 JKoHe 9JI1 IIEeNNMIiHiH 6ap »KoHe >KAJFbI3ILIFL Jajesaeneai. CoboeBTiH eHri-
3y TeopeMaJiapbl KOJIIAHBLIBII, IIENIIMHIH allpUOPJIBIK barasiayiapsl aabiaabl. [enrivaiy toxami
JK9HE TUIODAJI] MEeNNMIIIIr Typasbl TeopeMasiap aabIHIbL.

Tyiiia ce3nep: IlceBmnonapabosraabik TEHIALY, Kepi ecerr, menriMHiH 6ap 60Ty bl, MEeNTiMHIH, 2KaJIFbI-
3MIBIFBI, JIOKAJIJII TTEITiMTITIK, TVI00aJIIl eITiMIiTiK, JOKAJIl eMec apT.
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N nentudukanusa npaBoii 4acTu KBa3sUJIMHENHOrO ICEBAONAPabOIMYECKOr0 YPAaBHEHUS C
IaMAThIO

WccneoBanne ypaBHeHUT MaTeMaTUIecKol (DU3UKHU, B TOM YHCJIe OOPATHBIX 33189 HA CErOJIHSIIII-
HUIl JIEHb SBJISIETCS aKTYaJbHON. DTa padoTa MOCBsINeHa (yHIAMEHTAJIBHON TpoDIeMe UCCIeI0-
BAHUIO PAa3PEITIMOCTH U KAYEeCTBEHHBIX CBOWCTB pelleHns OOpaTHOM 3a/1a9u JIJIsi KBA3UJIMHEHHO-
ro mcesnonapaboInIecKoroypaBHeHus (Ha3bIBaAeMbIX TAKXKe YDABHEHHUSIMU COOOJIEBCKOIO THIIA) C
naMsaTbio. Ha cerofHsImHmil 1eHb UCC/IeI0BaHusT IIPSAMbBIX U OOpPATHBIX 3a/ad JJjisl ICeBIonapabo-
JINYEeCKUX ypaBHEHUI OypPHO PA3BUBAIOTCS B CBSA3U C MOTPEOHOCTSIMU MOJIEJIUPOBAHUS U YIIPABJIE-
HUS TPOIECCAME B TEIIOMU3NKE, THAPOINHAMIUKE U MEXaHWKE CILIONTHON cpembl. [lceBmomapabo-
JIT9eCcKne ypaBHEHUS IMOI00HbIE PACCMATPUBAEMBIM B JaHHOU PabOTe BO3HUKAIOT IIPU OIMCAHIHI
ITPOTIECCOB TEIJIOMACCOIEPEHOCA, MPOIECCOB JIBUKEHNE HEHBIOTOHOBCKUX JKUJIKOCTEH, BOJHOBBIX
IIPOIECCOB M BO MHOTHX JPYTHUX 00sacTsix. K OCHOBHBIM THIIAaM OOpPATHBIX 3aJ1a9 OTHOCITCS: I'Da-
HUYHBIE, PETPOCIEKTUBHbBIE, KO3 PUIIMEHTHBIE U TeoMeTpudecKkue. | paHUYHbIE U PETPOCIIEKTHUB-
HBIEe OOpaTHBIE 33/1a91 [IPUBOISAT K MCCJIEIOBAHUIO JIMHEWHBIX 3aJa4. B CBOIO 0o4Yepelb, TOCTAHOB-
KM, K KOTOPBIM IPHUBOJIUT WCCJIEI0BaHNE KOI(DMUIMEHTHBIX U T€OMETPUIECKUX 3a/1ad, sIBJIAIOT-
cs1 wenuneinsivMu. KoadduimenTanie 06paTHbie 331a91 TOAPA3ILIIOTCA Ha BA OCHOBHBIX BUIA
— K03 DUNMEHTHbIE 00paTHbIE 33241, B KOTOPBIX HEM3BECTHOMN SABJIE€TCI (DYHKIMS OIHON HMIH
HECKOJIbKHMX [IEPEMEHHBIX, 1 KOHEYHOMEpHBbIE KO3 (DUIMEHTHbIE O0paTHbIe 3a1a4u. B crarbe Me-
TogoMm [ajiepKuHa TOKa3bIBAETCsI CYIIECTBOBAHUE U €IUHCTBEHHOCTD CJIaO0T0 U CHJIBHOTO PEIeHUST
o0paTHOIT 3a/1a9m B orpannydeHHoii obsactu. Vcnonb3oBanue Teopem Bitoxkerunst CobosieBa, moJry e~
HBI alpPUOpHBIE O1leHKn perrerus. [loaydens iokaabHas U 1100aIbHAS TEOPEMA O CYIIIECTBOBAHII
perienus.

Kurrouessbie cioBa: [lceBnonapabosimieckoe ypaBHeHUe, 0OpaTHast 3a/1a4a, CyIIeCTBOBAHUS, €JIUH-
CTBEHHOCTD, JIOKAJIbHASI PA3PENINMOCTD, IJI0baIbHAS PA3PEIIUMOCTh, HEJIOKAJIBHOE YCIOBHE.

1 Introduction

Let Q is a bounded area of a space RY, N > 1 with a sufficiently smooth boundary I', Q7 is a cylinder
Q x (0,T) of finite height T, S =T x (0,T). Let b(z,t), h(z,t), uo(x), ¢(t), w(z) are given functions, x, a
and [ are positive constants. Consider an inverse problem in the cylinder Q1 for a pseudoparabolic equation
with a nonlocal overdetermination condition. Find a pair of functions {u(z,t), f(¢)} that satisfy:

uy — xAup — alAu — /g(t —71)Au(r)dr = b(a:,t)|u|ﬁ72u + f(O)h(x,t), (1)
0

u(z,0) = uo(z), (2)
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ulg =0, 3)
/ ul(e, £)(w(z) — xAw(z))dz = p(t) (4)
Q

The monograph ([1] and see its references) considers a wide class of direct problems for nonlinear
Sobolev-type equations. In papers [2-12] some inverse problems similar to our problem statement were studied.
Let us note some papers on inverse problems for Sobolev-type equations with the integral
overdetermination condition. Yaman M. [7] obtained sufficient conditions for both destruction and stability
of the solution. The work [8] establishes an existence theorem for regular solutions of the inverse problem of
recovering coefficients in equations of composite type. A.I. Kozhanov and L.A. Teleshova [9] have proved the
existence theorem for regular solutions of a nonlinear inverse problem for nonstationary differential equations
of higher order is proved. Kozhanov A.I. and Namsaraeva G.V. [10] showed the existence and uniqueness of
the regular solutions of linear inverse problem for equation of Sobolev type. The work [11] is devoted to the
investigation of the inverse problem for the equation

uy — xAuy — Au = bz, t)|u|?~2u+ f(t)h(z),

with the conditions (2)-(4). In this paper the existence of a weak solution is proved, the asymptotic behavior
of the solutions is shown at ¢ — co. Moreover, sufficient conditions of finite time "blow up"of the solution are
obtained. In the work [12] is dedicated to the inverse problem for a pseudoparabolic equation with p-Laplacian.
In the present work, we proved the existence of a weak solution and showed the asymptotic behavior of the
solutions at t — co. We obtained sufficient conditions of finite time "blow up"of the solution, furthermore we
get sufficient conditions for the disappearance (vanishing) of the solution in a finite time.

From a physical point of view, the considered initial-boundary value problem is a mathematical model of
quasi-stationary processes in semiconductors and magnets allowing for a wide variety of physical factors.

Let the functions h(z,t), w(x), o(t), up(z) satisfy the following conditions:

hi(t) = [ h(z, t)w(x)dz # 0, Vt e [0,T],

5
h(z,1) eQLOO(O,T; Lo() N La(Q1) N Lau(Qr), B = 525, B >2. ©®)
w € Ly(Q) N Lp(Q) N 12/22(9), B> 2. (6)
0
/uo(a:)w(x)dm = 0(0), (t) € W5[0,T], |¢'(t)] <O, ug € Wy ()N L(). (7)
Q

2 Main results

2.1 Reducing the inverse problem (1)-(4) to a direct problem

Lemma 1 The problem (1) - (4) is equivalent to the following problem for a nonlinear pseudoparabolic
equation containing a nonlinear nonlocal operator of the function u(x,t)

t

up — xAuy — alAu — /g(t — 1) Au(r)dr = b(x, t)|[ul’~?u + F(t,u)h(z,t), €Q, t>0, (8)
0
uw(x,0) =up(z), ©€Q, wulg=0. (9)
Here

t

St +a / VuVewds + / gt —7) / Vu(r)Vewdzdr — / b, ) [ulP~2uwdz | . (10)
Q 0 Q Q

F(t,u) = o)
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Proof. Indeed, from the equation (1) follows that

futwdx - fAutwdm - afAuwdx - ffg t — 7)Au(r)drwdr =

(11)
= fb (x,t |u|5 2uwdx+ff h(x t)wdm

next if conditions (4) and (5) are satisfied, then
¢
"(t) +a/Vqudat—&—/g(t—T)/Vu(r)dexdT—/b(x,t)|u\ﬁ_2uwdx . (12)
Q Q

F(t,u) = %(t)

Therefore the relation (10) is fulfilled. Now consider the problem (8)-(9). If the relation (10) is performed,
then it obviously leads to the equality (12) . Then

F(t,u) = h% ((p —|—afVqudz+fg (t—1) fVu dexdT—fb x,t)|ulf~ 2uwdm> =
= A <Lp’(t) —a [ Auwdz — fg (t —7) [ Au(r)wdzdr — [ b(x,t) |u|ﬁ_2uwdaj> .
Q 0 Q Q
By virtue of (11) we obtain that

F(t,u) = h1 ( +afVquda:+fg (t—r7) fVu dexdr—fb z,t)|u)~ 2uwdm> =

h% @' (t) — [(uy — xAup)wdz + [ b(x, t)|u|?~2uwdz+
Q Q

+ [ fO)h(z, t)wdx + fb(x,t)|u52uwdx)
O

2

o' (t) — /ut(w — xAw)dz = 0.
Q
In this way, 4 ((p(t) - Ju(w— XAw)dm) = 0. We denote by v(t) = ¢(t) — [u(w — xAw)dz. Then the
Q Q

function v(t) can be found as a solution of the Cauchy problem: v/(¢t) = 0, v(0) = 0. (v(0) = 0 follows from
the agreement condition (7)). The unique solution of the problem is the function v(t) = 0, consequently,

Jo u(w — xAw)dz = ¢(t).

0
Definition 1 A function u(z,t) from the space W3(0,T; Wy (2)) is called a weak solution of the problem

(8)-(9) which satisfies the integral identity

Tt
ff( v+ xVu Vv + aVuVo) dedt + [ [ g(t — 1) [ Vu(r)Vo(t)dedrdt—
0Q 00 Q (13)
T
— [ [ bz, t)|ulf~2uvdrdt = ffF(t,u)hvdxdt,
00 00

0
for all v(z,t) € La(0,T; W1()).

Definition 2 A function u(z,t) from the space uy, Au, Auy, € La(Qr), is called a strong solution of the
problem (8)-(9) which satisfies the integral identity

Ik (6“ — xAuw — aluv) dzdt + ffg (t—r fAu v(t)dxdrdt—
Q

T (14)
— [ [ b(z,t)|u|P~2uvdzdt = ffF(t,u)hvdxdt,

0Q 0 Q

for all v(z,t) € La(Qy).
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2.2 Existence of a weak solution

Theorem 1 Let the conditions (5)-(7) are performed, and also 2 < f < ﬁjfz, N > 3. Then there is a
weak solution u(x,t) of the problem (8)-(9) on the interval (0,T), T < Ty, and besides accepts the following
inclusions:

0

U € Loo(0,T; Wo (), Vu € Lo(Qr), Qr =Q x (0,T),
0

ug € Ly(0,T; W3 (), [ul’~?u € Loo(0,T; L%(F)).

Proof. Let us choose in Wy (2) some system of functions {¥;(z)} forming a basis in a given space
(AV + AU =0, ¥|. =0). We will look for an approximate solution of the problem (8)-(9) in the form

- f: Conie (£) W) (15)
k=1

where the coefficients C,,1(t) are searched out from the conditions

EC/ ()S{[\Pk\y +X28\Pk,d‘P:|d$+aZka )S{V\I/kv‘lljdx‘f'

m
s fg t—7)Ci( fV\IJkV\I/ drdr— (16)
k=10
— > Coi(t) [ b(z,t) |um|5_2\llk\lljdas = [F(t,um)h(z,t)¥;dx.
k=1 Q Q
Umo = U (0) = Y Cop(0)Wg =Y Uy (17)
k=1
and besides
0
Umo — o strongly in W3 (Q) at m — oo (18)

We introduce a notation

Crn = {Cim (), oos Coom ()} @ = {01, oy 0}

ar; :/[\pk@j+x(vq/k,ij)] da, by :/v\pk_v\pjdx,
Q Q

foi = —a/V\I/kV\I'jdx+/b(x,t) |um\5‘2\I/k\I!jdx—i—/F(t,um)h(x,t)\I/jdx,
Q Q

) = o ()2 (61) = s (@) (6) = 3 ()
Then the system of equations (16) and condition (17) take the matrix form.

t
Al + /g(t — 7By C(7)dr = F, (ém) . Cn(0) = a. (19)
0

According to the Cauchy theorem, the problem (19) has at least one solution 6m on a certain time
interval ¢ € (0,T},), T, > 0. Below we obtain a priori estimates for w,, which is independent of m and, in
some cases, valid for any finite t.
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2.3 A priori estimates

To get the first estimate, we multiply both sides of the equality (16) by C),;(t) and summarize both sides of
the obtained equality over j = 1, m. As a result, we get the equality

% Jum)? + x| Vum |} dz + af |V, |2da+
Q

Jrftg(t — 1) [ Vi (7) Vo, (t)dzdr = [ b(x,t)|um|’dz + [ F(t, um)huy,dz.
0 Q Q Q

0
Lemma 2 Ifue W3(Q), 2< 8 < 255 2, N > 3, then the next inequality is performed

2

2 (1—a)aT=Ci " 2
lullf.q < C3 [Vulls% el < x[IVull3 o+ N — lullzq

where Cy = (2%\’:21)) , = (’82;)1\[, O0<a<l.

From the lemma 2 follows the inequality

8

2 2 2
lulle < €1 (Jlula + X IVulla) "

8
T 2
where C7 = (max{l; W’}) .
x 11—«

We estimate the right hand side of (20)

B
2 2 2
[ 80l | < bl 0 < Coto (Juml o + X IVunl) (21)
Q

(1)l 1 o' ()12
dz| < h U, < - su
= ‘h1<t)| || H2Q H H2Q 4 0<t £T|h1(t)|2

2 2
1Pllz.0 + llumlly o (22)

‘fhumd:cfg (t—T) fVum YWwdzdr| <

A\

< s e Dl g It fg(t = 1) [Vt (1)l [Vesll g b < (23)

A

2
2 2
= aT (||Vw|29 iuP |h1 ol 17 (z, 1)l Q) g||Vum 2.0 d7 + lumll3q -

-+

gt —7 fVum YWV, (t)dzdr

t

gIIVum( 3.0 dr + § IVum (@)l -

g 9t =) [Vum(T)lls,0 Vum @)l dr <

O%H_

’fhumdxfb T, ) [t [P~ 2y - i

|h1 ] ||Um||5 allwllso HhHi o=
N (24)
)

< Cubo el 00 s IOl
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[ (| )? + XVt |?ldz + a [ [V 2dz <
Q Q

[N}

< O (Junl + x ||Vum||§g) + Gy (||um||§ o+ X IVunl3)” + (25)

+C4Of |Vt ( )H2 odr+ 4 iup \hl(t \2 ||h||2 Q-
We denote by y(t) = x ||Vu|\§Q + ||u\|§Q , then (25) takes the form

'@
40<t<T |h1(t)

B
2

+C2y()+

O/ )dr + Caly(t)]

By integrating from 0 to ¢, we get

t
1 ()]

) <y(0) + ~ s
y(t) < y(0) 40<t<T|h1t

8

/thlmd +C5(t t)+cﬁ/[y(7)]§dﬂ

0

Applying the Bihari lemma to (25), if

2

%<e°‘s%‘2t1)< L ., 0<t<T,
3
( 20)+ & + 315,55 7))

then the next inequality is true

2(0) + &2 + Lo
Z(t)g 3 (C3—~) —

p—2

{1—( (0) + & + gt W) = o (6037)2%_1)]132.

2 2
X Hvum”zg + ”“m”zg <
< (XY um (2,013, 0+llwm (2, 0>\|§ atC)es! (26)

—
B—2 B2
[1- (T OBt (203 0+0) 7 G (2552 01)]

From this estimate, we can conclude that there is Ty > 0 such that
[umlls. o + X Vumllsq < Cs,  for all t€[0,T], T < Ty, (27)

where the constant C5 does not depend on m € N.
Returning to (25) and taking into account (27), we obtain one more inequality:

t

// |V, |?dzdt < Cs. (28)

0 Q

Now we multiply equality (16) by C},;(t) and summarize over j = 1,m. As a result, we get
|0~ UMHQ aQTX V- UMHQ ot 3 2di f |Vum|2dx+

(t—r fVum )V Ot (t)dadr = 45 fb(x,t)|um|ﬁdx— (29)

t
+/9g
0
%({bt x,t |um|Bda:—|—fF t um)h(x,t)atumdx.
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We integrate with respect to 7 from 0 to ¢, then we get the relation

t
/ (HaTumH;Q +y ||vaTum|\§,Q) dr + g(j}‘ IVt 2 = %g{ Vit (2, 0)[?dz—
—% [ b(x,0)|twm(z,0)|Pdx + % fb(x,t)|um|ﬂdx—

Q
( (30)
_%bfg{‘b'r 2, 7) |up|Pdadr — ffg (1 = 8) fr Vit (8)VOr i, (7)dT dsdr+
t
+ [ [ F(t, um)h(z, t)0;upmdxdr.
0Q

We estimate the right hand side of (30):

(jz’ 2, ) |u | P < b ||um||gQ <
C

o

[ br(z,7)|wm |Pdzdr
Q
bo

t
<8 [ um§ o dr <
0

0
¢ 8 s (32)
< G [ (ol + X[ Vuml50) " dr < Suct,
e
OIS{ZI(T)h(x,T)aTumd:ch <
S t (33
<3 J[EGRSD] dadr + 4 [ [ 107w, Pddr,
0 00
¢
h(x,T —
{s{ h(l(T))arumdxg{b(x,T)\uW 2uwdzdr| <
g 255 Ih@dlag \* 2 2\
<3007 (lelsa s Famee ) [ (lunlbo +x[Vunlye) © drt
) t ) 1_t_ ) 0 (34)
+€f HafumH2,Q dr < 6‘0[” 'rumnz,ﬂ dr+
28-2 —2 2 952
1R (z,t)ll5 0 B
+36C, <b0 [wllg,c OiltlgThl(t)) Gy 7t
t T t T
ffg(T —5) fr YV, (8)VOrum (7)dldsdr ffg (7= 8) [[Vum(s )HQQ Hva'rum(T)HQ,Q dr <
00 00 (35)
! 2
< %0{(15*7) [Vt (7) I3, d7 + 3 fHV3 Um (7)5.qdr
Lon
aof h(f( - umdxfg (1 —9) fVum YWwdzdsdr| < .

2
2 |2 (z,t)l 2
<1 ||aTum||2,QdT+?<a||Vw||2,Qoggp = (tf“) [t =) [V (1) 2 b
< 0

We substitute the obtained inequalities into the identity (30), and from the estimate (27), we get the
second estimate

t
[ (10013 0+ 190703 ) d < €. (37
0
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2.4 Passage to the limit

From the obtained estimates (27), (28), (31) imply the next assertions respectively:

0
Uy, 05 bounded in Lo (0,T; W3 (), (38)
Vun is bounded in La(Qr), Qr = x (0,T), (39)
0
Oy, is bounded in Ly(0,T; W3 (Q)), (40)

In addition, by virtue of the conditions which set for 5:

tm|® 2y, s bounded in Loo(0,T; L =

(Q)),2<B<%, N > 3. (41)

8
B—1
From (38) follows that there exists a subsequence u,,, of the sequence u,,, *-weakly converging to some

0 0
element u € Lo (0,T; W5 (Q)), that is u,,, — u *weakly in Loo(0,T; W2 (Q)). Similarly, from (39)-(41)

0
follows that there exists a sequence such that {u,;,, } C {un}, that u,, — u weakly in Lo(0,T; W3(1)).
By virtue of the Rellich-Kondrashov theorem, the embedding W3 (Q7) into La(Qr) is a compact. This means
that we can choose the sequence u,,, in such way that u,,, — w« in the norm of Ls(Qr), therefore it
converges almost everywhere [13].

The reasoning above allows us to pass to the limit in (16). But first, we multiply each of the equality
(16) by d;(t) € C[0,T] and summarize both sides of the obtained equality over j = 1,m. Then we integrate
with respect to ¢ from 0 to T, and get

o &
O P —

¢t
(2 i+ XV Vi + aVu, Vi) dadt + [ [ g(t — 1) [ Vg, (1) Vu(t)dedrdt—
00 )

t
J (@, ) [ [P 2umpdadt = [ [ F(t, up,)hudrdt,
) 00

where u(a,t) = 3 d; (1), (x).

Consideringjt:ﬁe obtained inclusions and convergences we pass to the limit in (42) at m — oo and get
(14) for v = p. Since the set of all functions p(x,t) is dense in W4 (0, T} V[(}QI(Q)), then the limit relation is
performed for all v(z,t) € L2 (0, T 1/1321 ().

3 Uniqueness of the weak solution

0
Theorem 2 Let ug(x) € WH(Q), 2 < B < %, N > 3 are fulfilled .Then the weak solution of the

problem (8)-(9) on the interval (0,T) is unique (in the sense of Definition 1).

Proof. Suppose that the problem (8)-(9) has two solutions: u(z,t) and ug(z,t). Then their difference
u(xz,t) = uy(x,t) — ua(x, t) satisfies the condition u(z,0) = 0 and the identity
t T
(urv 4+ xVur Vo + aVuVo) dedr + [ [ g(t —s) [ Vu(s)Vo(r)dzdsdr =
00 Q
b(z,7) (Jur|?2ur — |ui [P ~2uq) vdzdr+

(F(7,u1) — F(7,u2))hvdzdr,
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0
By virtue of v(x,t) € La(0,T; W4 (Q2)), then as v(z,t) we may take u(z,t), that is we put v(z,t) = u(z,t)

(uru + xVu,Vu+ a|Vul?) dedr + f fg T—5 fVu YWVu(r)dxdsdr =
b(z, 7) (Jur|?~2uy — |ua|P~2uq) udzdr+ (43)

(F(r,u1) — F(7,uz))hudxdr.

We estimate the right hand side of the inequality (43), using the following inequality ||uy|?u; — |ug|%us| <
(¢ +1) (Jua]? + [uz]|?) lus — ual, ¢ > 0.

) (|u1|ﬁ_2u1 — \uz\ﬁ_2uz) udx

<bi(B—=1) [ (Jua|*72 + [ug|*~?) wdzx <
& 1 &
<bi(B-1) (f (a2 + u25_2)2u2dx>2 (fuzdgc> <
Q
(o) (o) ()
Q
< bi(s ( [l 5% a) " 4 ([l 552”dx)”> S
X (furdx) (qudx).
Q Q

0
Weput r = 25, 2< 8 < 2<N 21), N > 3. Then by the Sobolev embedding theorem W3 () C L,.(£2)

Nl

< by (B

0
and W21 (Q) C LQT(Q_Q)/(T_Q)(Q).
In this case, taking into account the smoothness class of the solutions w;(x,t) and uq(z,t), we arrive at
the estimate

) (|U1|6_2U1 - ‘UZ‘B_2U/2) udx| <

(44)
< 21 Vul3 g+ Ol lull o < 2 1Vul o+ Cio (Jul g+ x I Vel3g)

Analogically,

hL f <|U1‘ﬂ 2uy — |u2|’8_2u2) defhudaj <
Q

Q
2 2
< & IVull} g + Cor (Jlull3 o + X IVull}0) -

< ;% ||VU||2 Q HVW”z Q ||U||2 Q Hh”z o=

hiafVqudxfhuda:
R Q

2 2
< & IVull} g + Cs (Jlull3q + xIVull}0) -

t
mim | humde [(t =) [ Vi (1) Veodadr| <

2’ )dT

t
< g (Julla + X IVul0) + O f
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ftg(t —7) [ Vi (7) Vg, (t)dedr| <
0 Q

9t = 7) [[Vm (7) |5, [Vt ()|, dr <

o &

t
< [ Vum ®)ll2,0 {g(t =) IVum(7)lly 0 d7 <
t t
< 2 [ g2t = m)dr [ |V (r)lls0 dr + § [IVam(t)5q < (45)
0 0

A

¢
2 a 2
2.% Of ||Vum(7')\|29 dr + 3 Hvum(t)HQQ <
t
2 2 2 ;
< O (el + X IVullg) + Con [ (Jullz + X IVl )
0

By virtue of (44)-(45), we obtain

t
[NulPdz + x [ |Vul?de + ¢ [ [ |Vu|*dedr <
Q Q 0Q (46)
! 2 2 L 2 2
< Cos [ (Il 0+ xIVullg) dr + Cau [ [ ()]0 -+ x V()]0 dsdr

[ |ulPdz + x [ |Vul*dz <
Q Q
¢ ) ) (47)
< Cos [(t =7+ 1) (Il g + X IVull o) dr.
0
By virtue of Gronwall’s lemma from the inequality (47), we get [ |u|?*dz + x [ |Vul?’dz = 0 almost
Q Q

everywhere on the time interval (0,7), which shows the uniqueness of the weak solution.From Lemma 1 we
can establish the solvability of the inverse problem (1)-(4). Let u(z,t) be a solution of the initial-boundary

0
value problem (8)-(9) from the space (Theorem 1) u € Lo (0,75 W3 (R2)),Vu € La(Qr), Qr = Q x (0,7T),

0
uy € Lo(0,T; W (Q)),|ul’~2u € Loo(0,T; L%(F)). Obviously, the function f(¢) from the relation (10)

belongs to the space Lo (0,T). What was proved above means that the found functions u(x,t) and f(t) give
a weak solution of the inverse problem.

4 Global solvability of the problem (8)-(9).

Consider the case when 1 < 8 < 2. Let the conditions
hi(t) = [ h(z, t)w(z)dz # 0, Vi€ [0,T],
Q
h(z,1) € Loo(0,T5 L2(2)) N L2(Qr), 1 <B <2,

w € Ly(Q)NLg(Q)N 1/01/2?(9), 1<pB<2, (48)

0
/uo(ﬂf)w(w)dm =¢(0), @(t) € Wy[0,T), |¢'(t)] < C, ug € Wy () N Lp(S).
Q
are fulfilled.

0
Lemma 3 Ifu e W3(2), 1 < 3 <2, then the next inequality is performed

B

/|um\5dx§ /|u|2dx \Q|¥ <y 1+/|u|2da:+x/|Vu|2dx
Q Q Q Q
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For the case when 1 < 8 < 2, we estimate the right hand side of (20), applying Lemma 3, as well as the
Cauchy and Young inequalities, we obtain

[ 80l d| < bl < Cotn (1m0 x [V 3).

1

I’ ' e
i [ Ok unds| < Bl a0 < Tl + F 115 0.

7] 4n?
Q

’fhumdxfg (t—71) fVum YWwdzdr| <

IN

it (@, ). el Ofg(t = ) [Vt (1)l [Vl g <
t
< e [lh(a, 1)

J 9t = 7) [[Vum(7)]l5,q dr < (49)

t
2 2
< a? (||Vw|29 iuP |h1(t)| h(x,t) ||2 Q) f92 (t—1) de [Vt (7 )HQ,Q dr + ||UM||2,Q <
S 20t
< (IVelloq 500, ey 10l ) IV (B adr + o
0

t

g’ 9(t =) [Vum ()50 Ve @)l o dr <

¢
Jgt—1) fVum YWV, (t)dzdr
0

IN

Vi (t)]],0 Ofg(t =) [[Vum(7)lly o dr <

1
2a

IN

t
g3 (t - T)dfof |Vt (7) 5.0, 7 + & [V (B)][5 o <

IN

90
a

[Vt (7) 5.0, 7 + & [Vt (8)[3.¢, -

O O —

afVumedxfh T, O dr| <

< Iz HVWHQ,Q ||h||ZQ H“m”zﬂ + 4 ||V“m||2,Q-

I fb a, )|~ 2“de$fh z, t)umdr| < |h1\ HumHﬁQ ||W||ﬁsz ||hH Z£-.0 <

< Crity lwllpq IRz, o (14 ull3.0 + X IVulq) -

B-1
Then from the obtained estimates follows that

%%s{ﬁumﬁ +X|Vum|2]dx+af|Vum|2dx <
< Ciby (1+||um||m+xuwm||m)+||um||m+' IRl3 g +
2
(nwm s gt ) ||m) [ IVt dr + el +
+o bf IVtm(7) 30 d7 + & [Vum (B)]13.0 +

2 2 2 2
JF;% ||VW||2,Q Hh||2,Q ||Um||2,§z +1 ||Vum||2,Q +

2 2
+Cr lllgg IRl s, o (14 lulfq + X IVullg) -
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it [0+l + XV Plda +a [ [V Pdz <
2 2
< G (14 Juml o + x| VumllZ o) +

t
2 2 /|2 2
+C [ (14 uml3.0 + X IVumll3 g ) dr + 55 0, D11 o -
0

We denote by y(t) =1+ ||um||;Q +x HVumHg’Q , then (50) takes the form

dy(t) Iw \2

dt

< Cuylt +c/’ @Ol

Using the Gronwall’s inequality, we obtain the required estimate

t

i3+ X1Vl + [ [ 1V Pade < s
0 Q

The derivatives dyu,, and 9;Vu,, are estimated in a similar way, as well as (37). We multiply the equality

(16) by Cy,;(t) and summarize over j = 1,m. As a result, we get

|O- umHQQ +x|IVO- umHQQ + 2 th |V, |?de = 3 fb 2, )|t |2 U Ot do+
+ [ F(t, um)h(z, t)Oyumda.
Q

We integrate with respect to 7 from 0 to ¢, then get the relation

t t
I (||<9Tum||§7Q +y Hvaumn;ﬂ) dr + 2 [ |V |2dz = [ [ b(@, t)|tm]® 2ttt dadr+
0 Q 0Q
t
+ [ [ F(t, um)h(z, )0 up dzdr.
0Q

We estimate the right hand side of (53),
‘f b(x, )|t |2 um O umdr| < by
O

S [ |5 Oty | dz <

Q
2-8

B—1 1
B3 PL 3
< <f|um|ﬁdx) (f da:) <f|8tum|2das> <
Q Q Q 4

B-1 2_B)(148 2
< b, (f|u|2dx> o i (f|8tum|2dx> <
O Q

@2-80+8) B)(1+/3) 2 2 2
< 202)9) C27% + L |0vumlly g -

hi h(x,t)0sumdr| <
S ||h||2 o 10stumlly 0 < 5 10rumll5 0 +
hllaS{Vumedxg{h(x,t)&gumdx‘ <

< ﬁ ||vum||2,§z ||VW||2,Q ||atUmH2,Q ||h||2,9 <
2 3IVwli3 o ikl 2

< 15 [0¢umll o + % [Vtmll3,q <
2 5Vwll3 ollrll3

L P e
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h% fb (x,t |um|5_2umwdxfh (2, t)Oyupdr| <

= ||W||5 Q Hatum”z Q ||h||2 o=
ﬁ;l 9
< 01 o ||w||m ||h|\m (1 + [lull3 g + x uwm)
1b
s%natumnmﬁc e i lwlso bl g -

-

=
Hatumnzg <

<{{o

IV Ozt (7) |, Ofg(T = 8) [Vum(s)llz g dr <

o— o

9(1 = 8) Jp Vi () VOrup, (T)dldsdr

O—

9(7 = 8) [Vup(s )”2,9 HV(“)Tum(T)HQ)Q dr <

IA

IN
W= O s o
Cf—
O—=

i t
G2 (r = 8)ds [ |Vt (s)|5.0 dsdr + & [|V0rum (7)o dr <
0 0

A
NS

Ot Lo o
C—

t
IVt (5)]15.¢ dsdr + % b/‘ IVt (7)|[5. dT <

IA
vfS

t
(t—7) Hvum(T)HgQ dr + % Lof HvaTum(T)Hg,Q dr.

t
a{f Py (7-) a umdxfg (r—29) fVum YWVwdzdsdr

uh(x,t)n r
<allVul,yq sup Wtﬂm f 07 tm|l5 0 fg(T - )
0<t<T 0

|Vt (8)[lg,q dsdr <

t 2 ¢ 7 T
[l A (z,t)]] 2
< 1o [ 10rumlls 0 dm + 5 (anll2,Qoggp RGN ) [ [ (7= 9)ds [[Vun(s)[5.q dsdr < (54)
i IOl T
< 15 J llo- UmHszT+ a|[Vwllyq sup T ()] g0 | [ IVum (s ||2Qd8dT <
o 0<t<T 00
L sa Il ) L 2
<15/ 10~ UmHszT"' a|Vwly g sup 1210] St =1) [V (7)ll5,0 d
0 0<t<T 0

Substituting the obtained inequality into (53), we get the required estimate

t
J(10:0nli 0+ X IV0m3) d < Co. (55)
0

Theorem 3 Let the conditions (48) be satisfied, and also 0 < by < b(x,t) < by < oo, 1 < <2, N >3.
Then there exists a weak solution u(z,t) of the problem (8)-(9) on the interval (0,T).

The uniqueness is proved in an analogical way, and for the case when 1 < 8 < 2. For this case, we
formulate the assertion in the form of the theorem.

Theorem 4 Let the conditions (48) be satisfied, 1 < f <2, N > 3. Then the weak solution of the problem
(8)-(9) on the interval (0,T) is unique (in the sense of Definition 1).

We assume that the next conditions are valid for the case when b(z,t) = —q(x,t):

t) = [ h(z,t)w(z)dx #0, Vte€[0,T],
)
M, 1) € Lal0.T: L(0)) N 1a(Qr) N L s (Qn), B2
: (56)
w e LQ(Q) NLs(Q)NWE(Q), B>2,

Juofa)el@)de = ¢(0), (i) € W0.T], 19 (0)] < C. wo € WA(©) N L5().
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0< qo S (Z(]\%’yt) S q1,

2 NN >

q0<_5q1<\|jf||’2’ sup b Iz, 8)]| s o > 0 (57)
B 0<t<T [h1(2)] Vg0 .

Theorem 5 Let the conditions (56) and (57) be satisfied, then there exists a weak solution u(x,t) of the
problem (8)-(9) (in the sense of Definition 1) on the interval (0,T).

4.1 Existence and uniqueness of a strong solution

Theorem 6 Let the conditions (5)-(7) are performed, and also 2 < 8 < %, N > 3, additional conditions

0
ug(x) € Wi (Q). Then there is a strong solution u(z,t) (in the sense of Definition 2) of the problem (8)-(9)
on the interval (0,T), T < Tp.

0
Theorem 7 Let ug(z) € Wi (), 2 < 8 < %, N > 3 are fulfilled .Then the strong solution (in the

sense of Definition 2) of the problem (8)-(9) on the interval (0,T) is unique.

Theorem 8 Let the conditions
1) (48) be satisfied, and also 0 < by < b(x,t) <by <00, 1< <2, N> 3;
2) (56) and (57).
Then there exists and unique a strong solution u(zx,t) of the problem (8)-(9) on the interval (0,T).

5 Conclusion

In this article we investigated the solvability of the inverse problem for a quasilinear pseudoparabolic equation
with memory. As a result, we proved the existence and uniqueness of a weak and strong solutions of the inverse
problem in a bounded domain, and obtained local and global theorems on the existence of the solution. The
field of application of the obtained results are inverse problems for pseudoparabolic equations and theory
of boundary value problems. These results allow to proceed to the new inverse problems, generalize and
systemize research in the given area.
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