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CREATION AND EVALUATION OF THE STRUCTURES GRID IN
CURVILINEAR AREAS

The article concerns methods of a structural curvilinear grid constructing in areas of geometrically
complex shape and its evaluation from the quality point of view. Equidistribution methods based
on differential equations were used to construct the grid at the boundary and inside the region.
The numerical solution of differential equations was realized by the finite difference method. For
the problems of uniform arrangement of grid nodes on the boundary and for the problems of
constructing curved grids inside the region, implicit difference schemes were constructed and
methods of scalar sweep and alternating directions were used. The results of numerical calculations
are obtained and graphs of curved grids are presented for different numbers of grid nodes. The
quality of the grid was studied according to four criteria such as orthogonality, elongation, convexity
and adaptability, which corresponds to the division of the considered area into equal subdomains,
i.e. cells.
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KucbIKCBI3BIKTBI 00JIBICTApAa KYPBUIBIMIBIK, TOP KYpPYy KoHe OHbI DaraJiay

Makanaia reoMeTPHUsUIBIK KYPAEIl IMNmHai 00JBICTAPAa KYPBLUIBIMIBL KHUCHIKCHI3BIKTBI TOPJIbI
KYPY 9/licTepi 2KoHe OHBI Calla TYPFBICHIHAH Oarasay KapacThIPbLIFaH. KUCHIKCHI3BIKTHI O0IBICTHIH,
[eKapachIHIa YKOHE 1IMiHJIe KYyPbLUIBIMIBI TOP KyPY VIINH JuddepeHIuaiiblK TeHIeyjiepre Heris-
JIeJIPeH SKBUYJIECTIpIM ojicrepi KomaHbLiabl. JluddepeHnnaiapik TeHIeyIepai CaHIbIK, eIy
AKBIPJIBI aflbIDMIAD OMICIMEH Ky3ere achbIpbLIAbl. KHCBIKCHI3BIKTHI II€Kapaga TOp TOPAITAPBIH
GipKeJIKi OpPHAJIACTBIPY KOHE ODJIBICTHIH iIMTiHIEe KUCHIK, ChI3BIKTHI TOP KYPY €CerTepi YIH ailKbIH
eMec affbIPBIMJIBIK, CXeMaJsap KYPBLIBII, CKOJISIPJIBIK, Kyasay YKoHe aiHbIMAaJIbl OarbITTap 9aicrepi
KOIIAHBLIIbI. CaH/BIK eCelTeyIep/IiH HOTHXKeIepl AJIBIHBI 2KOHE TOP TOPAIITAPBIHBIH, 9PTYPJIi ca-
HBI YIIIiH KUCBIKCHI3BIKTHI TOPJIAPIbIH IpaduKTepi KeaTipiimi. TopbiH camackl OpTOrOHAIBLIBIK,
CO3BLITY, JIOHEC KOHE KAPACTBIPBLIBII OTHIPFaH OOJIBICTHIH Oipieit OGesiKTepre, siFHU YANIBIKTAPFA
GeJtinyine »kayar OepeTin OeffliMey CUSIKTBI TOPT KpUTEpHUaep OONBIHITA 3ePTTEY/Iep XKYPri3iami.

TyitiH ce3aep: cCaHIbIK MIEITM, KHCHIKCHI3BIKTDI 00JIbIC, Kyasay 9Iici, aifHbIMa bl OarnITTap o/Iici,
Jnepbec TYBIHABLIBL 1 dEePEHITUAIBIK TEHIIEY, KUCHIK, ChI3bIKTHI TOP, aflbIPBIMJIBIK, CXEMA.

Temup6exosa JI.H.1", Manraxgapos E.A.2
'Kazaxckuit HaIMOHAJIBHBIH Hefarormdeckuil yausepcurer uM. Abas, Kasaxcran, r.AMaTs
2Bocrouno-Kazaxcranckuit yausepcureT uM. C. AMaHK0JI10Ba,
Kazaxcran, r. ¥Yers-Kamenoropek
*e-mail:laura-nurlan@mail.ru
ITocTpoenue cTpyKTypUPOBAHHBIX CETOK B KPUBOJHMHEWHBIX ODJIACTIAX U €€ OEeHKAa

© 2021 Al-Farabi Kazakh National University


https://orcid.org/0000-0001-5123-5633
https://orcid.org/0000-0003-4218-3469

L.N. Temirbekova, E.A. Malgazhdarov 123

B crarpe paccMOTpeHBI METONBI IIOCTPOEHUsI CTPYKTYPHON KPUBOJIMHEHHON CETKH B 00JIACTSIX
reOMETPUYECKN CJIOYKHOUW (POPMBI M €ee OIleHKa C TOYKM 3peHus KadecTsa. st mocTpoenwust
CETKW Ha TPAaHUIE W BHYTPU ODJIACTH HCIIOIH30BAJUCH METOIbI SKBUPACIPEICICHNS, OCHOBAHHBIE
na guddepeHImaibHbIX ypaBHeHusax. Jduciennoe pemteHue audepeHInaibHbIX yPABHEHUIA
Pean30BaAINCh METOAOM KOHEYHBIX pas3HocTei. Jljist 3a7a4 paBHOMEPHOI'O PACIIOJIOXKEHUS y3JI0B
CEeTKM HAa TPaHUNE U I 337349 IIOCTPOEHUs KPUBOJIMHENHBIX CETOK BHYTPU O0JIACTH ObLIN
[IOCTPOEHBI HESIBHbIE PA3HOCTHBIE CXEMBI W WCIOJIb3XOBAJUCh METO/bI CKOJIIPHON IIPOrOHKH U
IIepeMeHHbIX HampaBjennii. [lorydeHnl pe3yibraThl YUCJIEHHBIX PACUETOB U IIPUBEIEHBI I'PadpUKN
KPUBOJIMHENHBIX CETOK MPU PA3IUYIHBIX KOJUIECTBAX y3JI0B ceTKU. lIpoBOamMInNCh mcciiemoBanme
Ka4eCTBO CETKH II0 YeThIPEM KPUTEPHUSM KaK OPTOrOHAJILHOCTH, BBITSHYTOCTH, BBIIYKJIOCTH U
aJAIITUBHOCTH KOTOPOE OTBEYAET Pa3/ieJIeHNsI pPACCMATHPBAeMOil 00J1aCTH Ha PaBHBIE 1I0/I00JIACTH,
T.€. SYEUKU.

KutrouyeBbie cjioBa: YUC/IEHHOE pellieHne, KpUBOJIMHEHAS 00J1aCTh, METOJ, IPOTOHKHU, METOT ITepe-
MEHHBIX HAIIPABJICHU, YDABHEHUs B YaCTHBIX IIPOU3BOIHBIX, KDUBOJIMHEIHAS CETKA, PA3HOCTHbIE
CXEMBI.

1 Introduction

Modern computers for researchers became an effective tool for mathematical modeling
of complex problems of science and technology. Therefore, nowadays qualitative research
methods are considered of usability in all life spheres, and mathematical modeling is a tool
for research.

In recent years, it is often necessary to consider problems in various fields in complex
geometric areas. The first thing to do for numerical modeling in complex geometric areas is to
sample the physical area, that is to model the physical geometry with the help of a set of cells
of difference grids. It is also possible to qualitatively describe the necessary characteristics of
the physical process under study, even in a small number of well-defined physical area nodes.
It should be noted that the use of uneven grid layouts can lead to the appearance of sources of
non-physical mass and momentum in the calculation schemes, as well as the loss of important
properties inherent in differential equations. Equations written in curvilinear coordinates
have a more complex form than the original equations. Particularly, they contain coefficients
of variables, additional components, non-zero right parts, etc. Therefore, the question of
approximation of equations in curvilinear grids occurs relevant and requires careful attention.
Moreover, the requirements for difference grids lead to a complex mathematical problem of
grid construction.

The work on the creation of structural curvilinear grids in complex geometric areas is
considered in the works of many domestic and foreign scientists. The uniform arrangement
of grids along the curve is described in detail in [1-3] works. It is widely considered in the
work on the construction of the grid by the elliptical method [1, 4-6] in the inner regions.
Methods of evaluation the created grids by different criteria are given in [1, 7.

2 Grid in curvilinear areas

In this paper, the method of creating a curvilinear lattice D in a connected area D with a
curvilinear boundary is considered (Fig. 1 (a)).
Border interpolation is carried out to ensure continuity and monotony of boundary points.
In the research, first, the ways of uniform placement of grids within the boundaries of



124 Creation and evaluation of the structures ...

the curvilinear region, secondly, the creation of a grid with a mutually orthogonal structure
within the region and the assessment of the created curvilinear grids are considered.

Since the physical region under consideration is complex and has a curvilinear boundary,
we use differential methods to create curvilinear grids.

The physical region in the coordinate system (z, y) is carried out by the method of drawing
to the computational area in the coordinate system (&,7) (Fig. 1).

a) b)
Figure 1: A related domain a) and the computational area b)

Creating the grid in a one-dimensional area starts with creation of the grid within it is
boundaries. Since the boundary is not monotonous, the boundary is described by the given
parametric form.

z=f'p), y=r(p), 0<p<1 (1)

where [ — the length of the border.
To create a grid at the boundary, we use the method of one-dimensional equivalence, it
means that the differential equation is given by [1]:

0
o€

2 2
where 9(p) = \/(%}@) + (%}SM) >0, p € [0,

To create a grid at a related plane, let us use the following equation of the method of
equivalence with the assumption that the search coordinate system is orthogonal [1]:

) o ) o
ot (925 ) + 5 (v ) =0 @

<ﬂ<p>§—§):o, £c(0,1), pO)=0, p1)=1 @




L.N. Temirbekova, E.A. Malgazhdarov 125

here 7 = (z,y) — the coordinates of the physical area, g1 = :Ug + y?, 922 = x?? + y?? — the
components of the metric tensor.

To create the grid on the boundary of the computational area let us solve problem (1)
— (3) by the method of the finite-difference schemes. The finite-difference scheme for (2) is
written as follows:

1 i+1 — Di i — Di— o
(VP g, TP 0 =0, pa=l i=Zm o1 (4)
hq hy hq

where

Vit12 = \/(fl(p”l) - fl(pi)>2 n (fQ(pH-l) - f2(p¢))2

Piv1 — Di Piv1 — Di
If the boundary of the region Ag(zk,yx) (k=1,..., M), (z,yx) € T, (I =1,2) is given,
then the extension of the point set is determined as follows:

[y =0; lkZZ\/($i—$i—1)2+(yi—yi—1)27 k=2,...,M

If pi € [lg,lgs1] then the parametric equation for determining the coordinates of the
boundary nodes in linear interpolation is as follows

1 Tp41 — Tk
fr(pi) = @+ s — s (pi — i) 5
fA(pi) =y + —??Zi — Zj (pi — li)

The resulting finite-difference problem (4) is solved by the following iterative method.As
an initial approximation p?, we obtain a uniform grid from the part [0,]. Let us suppose at
the n-th iteration a grid p is constructed. In the grid we obtain

Vit12 = \/(fl(p”l) - fl(pi)>2 n (f2(pi+1) - f2(p¢))2

Di+1 — Pi Di+1 — Pi

and using it we obtain the next approximations. The following linear problem is solved:

B 9 P =i Lgn pitt =it _
hi \ TV Ry - (6)
pitt=0, prtt=1 i=2...,n -1

The iterative process continues to a given accuracy, it means that until the following
conditions are met:

max [p/t

<
max |p; pi] <
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jaV)
~—

Figure 2: Evenly spaced grid nodes a) (20 x 20) and b) (50 x 50)

Based on the results of the last iterative approximation, the coordinates of the nodes at
the boundaries of the physical region are calculated using (5).

Fig. 2 shows the results of the calculation of the difference between (6) and (5) evenly
spaced at the boundary for a) 20 x 20 and b) 50 x 50 grid nodes.

Now we consider the difference problem of equation (3) to find the coordinates of the
nodes within the area. The last finite-difference scheme has the following form:

A117i,j + A227z‘,j =0

where

(7)
| P — T
A11?i,j = h_ (922,i+1/2,jM
1

hl 22,i—1/2,j hl
AT — 1 7i,j+1 - ?” ?w — 72‘73'—1
2T ;= h_2 911,¢,j+1/2—h2 - gll,z‘,j—l/Q—h2

Central differences in integer nodes were used to identify metric tensor components.

pesy = THd T Tty o Tigi = i
2V ? 2
J 2h1 7%

2hy
o Y — Y1y o Yig+1 T Y1
Yeij 2h1 y Ynyiyg 2h2
91145 = 1’2” + y?,i,ja 922,i5 = x1277,j + yz,i,j
The cells are averaged in the middle of the pages as follows:

Q11415 T G115 G115 T G11i-1,5
g11,i+1/2,5 = B v O114-1/25 = 5
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The remaining coefficients are determined similarly. To find the numerical solution of
equation (7), the method of alternating directions was used, considering the solutions of
equation (6) as a boundary condition. Methodological calculations for the construction of
curved grids using the method described above are considered for grids of different number
of nodes. Fig. 3 and Fig. 4 show the results of the curvilinear grids.

v

Figure 3: The curvilinear grid 20 x 20 Figure 4: The curvilinear grid 50 x 50

(Lj+1)

i+l 4

(i+1,j+1)

(1+1j+1) g

3

(i) 2

i)
W fi+1,)

Figure 5: Triangulation of cells

It is not enough to check the quality of the created curved grids only by visual inspection.
This is due to unnoticeable non-convex or crossed nodes potential occurrence during mesh
nodes multiplication. Therefore, as considered in [1] let us consider four types of criteria for
the assessment of grid networks: orthogonal, local uniformity, non-convex and convex of the
formed network. Let us give a number to each grid as is shown at Fig. 6.
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Figure 6: Convexity criterion estimation graph for the created curvilinear grid

Each grid cell is considered and divided into triangles diagonally. The following values are
responsible for the convexity criterion estimation:

v i S0 ) (1) (4 1041) s S ()41, (4 L541) s S0 (1,505 +1)> S (1) (1g41),(41,5+1) }

W 0.5(Si,5),(141,0),+1,5+1) T S(i), (65 +1),(-+1,5+1))
(8)
where
1
S(.d) (41,44 1,541) = 5[($z‘+1,j — i) Wit 141 — Yig) — (Tig1 541 — Tij) (Yirrj — Vi)
1
S i3, +1), (14 1,j41) = 5[($i+1,j+1 = Zi ) Wigr1 — Vi) — (i1 — Tig) Yir1 541 — Yij)]

1
S(m),(z‘+1,j),(i,j+1) = 5[(:1:”1,]- - $i,j)(yi,j+1 - yi,j) - ($i,j+1 - %,j)(yiﬂ,j - ?Jm’)]

1
S(i41,5), 65+ 1), (i4+1,j4+1) = 5[(Ii+1,j+1 = Tit1,5) Wig+1 — Yig) — (Tige1 — Tiv1g) Wir1j41 — Yirr,5)]
the area of the corresponding triangles formed by the diagonals. The value of Qil’ ; may lie in
(=00, 1], for convex cells is 0 < Q;; < 1, for triangular and intersecting cells is —oo < @} ; <

0.
The next evaluation criterion is orthogonality. To determine the value of the orthogonality

criterion, let apply the sine angle to the minimum value as follows:
2 . .
2 — min sin 9
" k=(z',j),(i+1,j),(i,j+1>,(i+1,j+1){ o1} ©)
where

256.5),(+1,9),.5+1)
L) 41,069, .5+1)

SiIl Spi,j =
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25(i.4),(14+1,9),(-4+1,j+1)

SIN 41,5 =
T iy lasg). e

2503 4,1, j+1),(i41,j+1)

SIN @541 =
! Lii gy, g+ 1)l 41),(41,541)

25(41,5),(6,j+1),(i41,+1)

SINQiy1j41 =
Uit 1,9, 1,5+1) Ui g+ 1), (1,5 +1)

and the lengths of the nodes sides can be determined by the following equation

l(z‘,j),(i—i—l,j) = \/(Ii+1,j — xi,j)2 + (yz‘-i—l,j - yi,j)2

Function Q7 ; takes values at [—1, 1] section. So for the convex cells it takes positive (right-
hand) values, for triangular cells it takes zero values and for non-convex and intersecting cells
it takes negative (left-hand) values.

The next criterion for the quality of the grid is the elongation of the cell, the length of
which is determined as follows:

min {lx}
3 _ k=l69), L)L (G 19), (it L DL (Gt 14 1), (g A DL (g 1), ()] (10)
I max Ik}
k=[(5,5), i+ 1,5} [(41,5), (4 L+ DL[E41,5+1), (65 + D] (5,5 +1), (0.5)]

The value of @7 ; changes in the interval [0, 1].

One of the main requirements for curvilinear grids is local smoothness, that is, the areas
of all cells in the domain must be equal to each other. The criterion of local smoothness is
determined as follows:

Sii1/2; S
! = min { ZHZIHE (11)
’ S Sit1/2,j41/2

here Sit1/2,j+1/2 — the area of the cell surrounded by the nodes {(i, ), (i + 1,7),(¢ + 1,7 +

ni—1ng—1

>, 21 Si1/2,j41/2
]:

i=1
(n1 — 1)(n2 — 1)
;{ ; changes at the interval [0, 1]. It can be seen from the graph that all the curvilinear grids
are sufficiently convex.

1), (5,54 1)} and § = — the average area of one cell. Here the value of

From the criteria of orthogonality one can see the areas tapered fitted at grid nodes.

The low estimation values at the elongated areas of the grid nodes can be seen from the
Figure as well.

Since the inclination curve divides the area into mutually equal areas, then it can be seen
that the value of the corresponding criterion is low in the areas where the grid nodes are
compressed.
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Figure 9: Inclination criterion estimation graph for the created curvilinear grid

3 Conclusion

In order to determine the best grid model, the grid quality criteria were determined at each
iteration by the methods described above. At each iteration, the worst (lowest estimation
value) and the best of the worst were selected for a certain grid quality criterion. Thus, the
most optimal lattice was determined by the convexity, due to the fact that, the convexity
and orthogonality are similar criteria.



L.N. Temirbekova, E.A. Malgazhdarov 131

The methods of creating a curvilinear grid and determining its quality considered in this
paper, allowing us to smooth out and evenly distribute the difference grid nodes in a complex
geometric area, as well as automatically create a new grid in case of changes in the number
of nodes.

In addition, a qualitative description of the necessary characteristics of the physical
process, which is studied in a small number of well-defined physical area nodes, is possible
to be made.
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