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AN INVERSE PROBLEM OF RECOVERING THE RIGHT HAND SIDE OF
1D PSEUDOPARABOLIC EQUATION

Inverse problems of finding the right-hand side of a partial differential equations arise when
an external source is unknown or impossible to measurement, for example, the source is in
a high-temperature environment or underground. The partial differential equations with mixed
derivatives by time and space variables are usually called pseudo-parabolic equations or Sobolev
type equations. Pseudo-parabolic equations occur in mathematical modeling of many physical
phenomena such as the motion of non-Newtonian fluids, thermodynamic processes, filtration in a
porous medium, unsteady flow of second-order fluids, etc. This paper is devoted to investigate the
unique solvability of two inverse problems for a linear one dimensional pseudoparabolic equation.
The inverse problems consist of recovering the right hand side of the equation depending on
the space variable. An additional information for the first inverse problem is given by an final
overdetermination condition and for the second is given by an integral overdetermination condition.
Under the suitable conditions on the initial data of the problem, the existence and uniqueness of
a classical solution to these inverse problems are established. By using the Fourier method, the
explicit formulas of a solutions are presented in the form of a series, which make it possible to
perform the necessary numerical calculations with a given accuracy.

Key words: inverse problem, pseudoparabolic equations, overdetermination condition, existence,
uniqueness, classical solution.

X. Kem:kebaii
PamnosnekTpoHnKa, »koHe OailyIaHbIC 9CKepH MHXKEHEPJIIK MHCTATYTHI, KasakcTan, AJMaTHI K.
e-mail: kanat_1083@mail.ru
Bip emmuemai ncesmonapabosiaiiblK, TEHJAEYAiH OH >KaFbIH KYypy Kepi ecebi

Hepbec Tybmapuibl quddepeHnuaablK, TeHIeyIepIiH OH 2KarblH Tady Kepi ecemrepi omerTe
CBIPTKBI KBTIy KO3i Oesriciz Oosramga Hemece OJIIIIey MYMKIH OoJMaraH Ke3/e TYbIHIANIbI,
MBICAJIBI, 2KbLIy KO3l eTe »KOFapbl TeMIepaTypaJjbl OpTaJa HeMece Kep ACTBIH/Aa OPHAJIACCA.
VakpIT KoHe KEHICTIKTIK aiffHbIMaJibLIap OOMBIHINA apaJjac TYBIHIABLIAPHI 6ap JIepbec TybIHIIbI-
Jibl  udbdepeHnuasIbK, TeHIeyIep KebiHae IceBiornapabosaiblk Terueysrep Hemece Cobosie
TUOIHZIETT TeHuaeysep Jen artajnanbl. llceBmo-mapaboJiajblK, TEHAEyJIep KOINTereH (OU3NKAIBIK,
KYOBLIBICTAP/IBI MATEMATUKAJIBIK, MOJIEJIb/IEY Ke3iHe Ke3ece i, MbICAJIFa, HbIOTOHIBIK, eMeC CYii-
BIKTBIKTaP/IbIH, KO3FaJIbICHIH/IA, TEPMOIMHAMUAKAJIBIK IIPOIECCTEP/IE, KEYEKTI OPTaIarbl Cy3rijeye,
eKiHIM peTTi CYHBIKTBIKTAPIbIH TYPAKCHI3 arbIHbI yKoHe T.0. Bys1 MakaJia ChbI3BIKTBI Oip eJreMIi
rceBonapaboIablK, TeHIey VINH KONBIIFaH €Ki Kepi ecemTiH OIpMOHII MIENTMIIINH 3epTTeyre
aprasraH. Kepi ecemrrep OoJiybl KEHICTIKTIK aflHBIMAJIBIIAH FaHA TOYEJII TEHIEYIIH OH 2KaFbIH
KaJbIHa KeJTipyiMeH cumarTagaabl. DBipinmm kepi ecem yIIiH KOCBIMINA aKIapaT (GUHAIbIBIK,
KOCBIMITIA IApTIeH Oepiiice, eKiHIm ecem VIMH - WHTErpasiablK KOCBIMINA IMapTIeH Oepiiesi.
Bepinren ecemnrig Gepinrenaepi Kanmait ga 6ip maprTap/bl KaHAFATTAHIBIPFAH Ke3Jle, OChI Kepi
ecenTepiH, KJIAaCCUKAJBIK IMeniMiniH 0ap OOJybl MeH KaJfbI3JIbiFbl KepceTineni. Pypbe omici
KOMETIMEH CaHJIBIK eCenTeysiepai OepiireH IoJIiKIIeH KYPprizyre MyMKIHIiKTep OepeTiH i3memini
MIETTMHIH KaTap TypiHeri aftkpia hopMystagapbl aJbIHIb.

Tyiiin ce3mep: Kepi ecen, ncesmomapabosanblK TEHIEY, KOCBIMINA IMapT, IIEIIMHIH 6ap KoHe
2KAJFBI3 OO/TYbI, KIACCUKAJIBIK, TITETITiM.
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OGpaTHas 3aga4a BOCCTAHOBJICHHUS IIPaBOil YacTU OJHOMEPHOI'O ICEBA0NapaboIM4ecKoro
ypaBHEHUS

ObpatrHble 331291 HAXOXKJIEHUsT TPaBoil dactu juddepeHIuaIbHON0 YPABHEHUS B 9aCTHBIX TPO-
U3BOJHBIX BO3HUKAIOT KOIJIa BHENIHUN MCTOYHUK HEU3BECTEH WM HEBO3MOXKEH JjId U3MepeHud,
HaIpUMeP, UCTOYHUK HAXOJUTCS B BBICOKOTEMIIEPATYPHON cpeje WM TOJM 3eMJiei. Y paBHEHUS
B YaCTHBIX IIPOU3BOJHBIX C CMEIIAHHBIM HPOU3BO/IHBIMU II0 BPEMEHH U 110 IPOCTPAHCTBEHHBIM
[IEPEMEHHBIM OOBIYHO HA3BIBAIOTCS IICEBIO-TAPAOOINIECKIM YPABHEHUSIM WJIA yDPABHEHUSM
turta  Cobosnesa. IlceBio-mapabosimaeckne ypaBHEHHUsI BCTPEYAIOTCA IPU  MATEMATHIECKOM
MOJIEJINPOBAHUN MHOIUX (DU3UYECKUX SIBJIEHAN KaK JIBM2KEHUs] HEHBIOTOHOBCKUX KHJIKOCTE,
TEPMOJIMTHAMUIECKUE TIPOIECCHI, (DUIBTPAINS B IIOPUCTON Cpejie, HECTAITMOHAPHBIA MOTOK KUJI-
KocTeil BTOporo mopsinika u T. J. Hacrosmas paboTa MOCBSAINEHA HCCIIEOBAHUIO OJHOZHATHON
Pa3penmMoCcT IByX ODPATHBIX 3aJad JJjis JIMHEHHOTO OJHOMEPHOIO IICEBIOTIapabOIMIecKOro
ypaBuenusi. OOpaTHBIE 3aJ]a9d COCTOAT U3 BOCCTAHOBJIEHUsI IPABON YACTH, 3aBHUCSINETO OT
MIPOCTPAHCTBEHHON Tepementoii. JlomomnuTrenbHas wHGOpPMAIUA JJIsT IepBOil 0OpaTHON 3a1axu
3a/aeTcs (DUHAJIBHBIM YCJIOBHEM IIE€PEeONpeesIeHns, a JJjis BTOPOH 3aJa4il - HHTErPaJIbHBIM
ycaoBueM nepeornpeseseHus. [Ipn moaxoadamux ycJIoBUsSX Ha JaHHbIE TEPBOHAYAILHON 33/1a4H,
YCTAHABJIUBAIOTCS CYyIIECTBOBAHUSI W €IMHCTBEHHOCTH KJIACCUYECKOIO PEeIIeHUsl ITUX OOPaTHBIX
3amad. C momorpio Mmerogom Pypbe, IPeCTABICHBI B BUE P SBHBIE (DOPMYIIbI HCKOMBIX (DYHK-
117, KOTOPBIE TO3BOJISIIOT IPOU3BOIUTH HEOOXOIUMbIE YHCJIEHHBIE PACYETHI C 33]AHHON TOYHOCTHIO.

Kimrouesie ciaoBa: ObpaTHast 3a/1a4a, [CeBA0NAPAbOIMIeCKIe YPABHEHNUSI, YCIIOBUE TIePeoIpe ie-
JICHUE, CYIIEeCTBOBAHUS U €IMHCTBEHHOCTDb PEIIEHUs, KJIACCUIECKOE PEITICHNE.

1 Introduction

The partial differential equations like (1) with a mixed derivative by time and space variables
are called pseudo-parabolic or Sobolev type equations [1], [2], and arise in many areas of
mathematics and physics. For instance, they have been used, to model thermodynamics
processes [3], filtration in porous media [4], and nonsteady flow of second order fluids [5], the
motion of non-Newtonian fluids [2], [6], and many other physical phenomena.

The present paper is devoted to study two inverse problems of determining the right
hand side of an one dimensional pseudoparabolic equation with an additional information,
which given by a final overdetermination condition for first, and an integral overdetermination
condition for second. The inverse problems of recovering the right-hand side of a differential
equation arise in the mathematical modeling of many physical phenomena, when an external
source is unknown or unacceptable for measurement, for example, the source is in a
high-temperature environment or underground, etc. [7-10] To our knowledge, the inverse
problems for pseudoparabolic equations have not been studied a lot. The inverse problem
for pseudoparabolic equation (1) with periodic boundary condition have been studied by
Khompysh and Shakir in [11] by same method as we have used here and in [12|. The
inverse problems of finding the right hand side for pseudoparabolic equation with fractional
derivatives by time have been studied by Ruzhanksy and et. in [13]. We refer the readers
to see [14], [15], [16], [17], [18], [19], [20,21] for other some inverse problems for classical
pseudoparabolic equations and [22], [23], [24,25], [26] for modified pseudoparabolic equations
with p-Laplacian and other related equations.
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2 Material and methods

2.1 The formulation of the problem

Let Qr == {0 <z <l<00,0<t<T <0} be a rectangle domain. In this present paper,
we consider the following inverse problems of determining a pair of functions (u(x,t), f(x)),
which satisfy the linear 1D pseudoparabolic equation

Up — Uggpr — Uz = f(x), in Qr ={0<2x<,0<t<T}, (1)
the initial condition

u(z,0) =p(x), 0<x<l, (2)
the Dirichlet boundary condition

w(0,t) =u(l,t) =0, 0<t<T, (3)
and the final overdetermination condition

w(z,T)=h(z), 0<z<lI (4)

or the integral overdetermination condition

/Tu(x,t)dt:e(a:), 0<z<lI (5)

We study the following two inverse problems:
Inverse problem I: Given the initial data ¢(z) and h(z), to find the pair of functions

(u(x,t), f(x)), satisfying to (1)-(4).
Inverse problem II: Given the initial data ¢(z) and e(x), to find the pair of functions

(u(z,t), f(x)), satisfying to (1)-(3), (5).

Definition 1 The pair of the functions (u(x,t), f(x)) is called a classical solution to the
inverse problem I (inverse problem II), if

u(z,t) € Gy (Qr), f(z) € C(0,1)

and satisfies the every relation of the system (1)-(4) ((1)-(3), (5) for inverse problem II) at
every point of the corresponding their domain.

3 Results and discussion
For these possed inverse problems the following theorems are valid.
Theorem 1 Assume that the conditions

o(z), h(x) € C?[0,1] and

p(0) = @) =0, h(0)="h(l) =0 ¢"(0) =¢"(1) =0, "(0) =h"(l) =0

hold. Then the inverse problem I has a unique classical solution.
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The analogical statement is hold for the inverse problem II.

Theorem 2 Assume that the conditions

o(r),e(z) € C°l0,1] and

0(0) =¢(l) =0, e(0)=e(l)=0 ¢"(0) =¢"([)=0, €"(0) =€"(1) =0
hold. Then the inverse problem II has a unique classical solution.

Let us start to prove the Theorem 1. The proof of the Theorem 2 is analogical as first.
Look for a solution to the inverse problem 1 in the following form

u(z,t) = Z u(t) - sin L (6)
fa) =Y fi-sin T (7)

where the system {sin “T’“a:} is the eigenfunctions of the Sturm-Liouville problem
corresponding to the boundary condition (3)

X"(z) = XN2X(z) =0, X(0)=X(l)=0,

and u(t) and f; are unknowns.
Substituting (6) and (7) into the equation (1) - (2), we obtain the following Cauchy
problem for ordinary differential equation respect to uy(t) with an unknown parameter fj

e 1 mk\ 2
' (t t) = — A= [ — k=12 3.. 8
where
9 [ =
O = 7/0 ©(x) sin WTkxdx, and @(x) = 321 ©p, - sin WTkx (10)

Solving the Cauchy problem (8)-(9), we find the solution

and plugging it into (6), we obtain the solution u(z, )

u(z,t) = f: <eli§kt : (gpk - ﬁ) + {—i) sin WTkx (12)

A
k=1 k
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where f; is an unknown number. It will be defined by using the final overdetermination
condition (4), i.e. substituting (12) into (4) we have

A
6_1+’f\kT. <g0k_%> +%:hk7 k:172,3,7 (13>
k k
where
2 [ =
hy, = 7/ h(z) sin WTkxdx, and h(z) = th - sin WTkx (14)
0 k=1

It follows from (13) that

_AikT
)\k (hk — Y€ I+ )
fr = k=1,2,3,.... (15)

by )
1—e ™l

Substituting these defined coefficients uy(t) and f into (6) and (7), we obtain the explicit
formulas of the solution (u, f) to the inverse problem 1:

A A
< [(1- e T 1— e T 2k . Tk
u(z, t) = _ sin

—hy + " e %y —u, (16)

2k 2k
b=t \1—¢ AT I—e % l

_AikT
f(z) = Z 5 sin - T (17)

k=1 1—e %

Now, in order to complete the proof of existence of a classical solution, we investigate these
formal series (16) and (17) of u(z,t) and f(x), and their derivatives u;(z,t), u,(z,t), Uz, (z, 1),
Ugzzt(, t) involving in the equation (1) for the uniformly convergence.

Let us consider the series (16). It can be majorated by the following number series

00 — kg — Xk (7—¢)
1—e % 1—e & My . mk

\u(x,t)] = iy K+ Y e A | sin T$ <

=t \1— e TH% 1—e %
0 2k 0

e 1+k
Z (T(|hk|+|9@k|)> SGTZ(|hk|+|90k|)' (18)
k=1 \e* " —1 k=1
This series converges if the conditions

p(x), h(z) € C'[0,1] and ¢(0) = p(1) = 0,h(0) = h(l) =0 (19)

hold. In fact, integrating by parts the integrals in (10) and (14), we replace the Fourier
coefficients ¢y and hy of the functions ¢(x) and h(z), by the Fourier coefficients of their
derivatives ¢'(x) and h/(z), respectively

[ l
Pr = %%7 hy, = %hé (20)
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where l l
2 k 2 k
O =~ / ¢'(z) - cos 7T—$d[£ hj, == - / h'(x) - cos ™8 ds.
L Jo ! L Jo l
Plugging (20) into (18) then by using the Cauchy inequality, we have

e 1 / / - 1 / /
ol 01 < T 50 1 1+ < 03 (5 + 4P + 1i )

o]
k=1 k=1

These series converge since the first is a harmonic series, the second and third series due
to Bessel inequality

D 1A < 1/ @) 2oy < oo, Z\h > < 1P (@)l 2200 < o0

Let us now consider the series (17). It can be majorated by the number series

@] <Ok (el + ll) (21)

In order to show the convergence of the series (21), we assume that
p(x), h(z) € C*[0,1] and (0) = ¢(I) =0, h(0) = h(l) =0 (22)

and replace the coefficients ¢, and h; by the Fourier coefficients of their second order
derivatives ¢”(x) and h”(zx), respectively

l2 /! l2 "
PE= P = (23)

where l .
2 k 2 k
o = 7 / " (x) - cos 7TT.:I:al,tv, hi = 7 / R"(z) - cos %xdﬁ.
0 0

Plugging (23) into (21) then by using the Cauchy and Bessel inequalities, we obtain

7)< O3 k(] + loel) < o> 1+ 1) < €S (5 + I + 1)
k=1 k=1 k=1

The last series are converge, therefore, by the Veiershtrass theorem, the series (16) and

(17) are uniformly converge.
Analogical way, we see that the series of derivatives wu;(z,t), u,(x,t), Uz (T, 1), Upei(x, 1)
can be majorated by the series

o0 o0 1
s < O kllgul + lexl) < € ( Lol 4+ el ) (24)

k=1 k=1

[e.9]

a0 < O3 K2l + Jexl) < Z( +|¢"|+|"') (25)

k=1 =1
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oo o0 1
(.01 £ C Y- Rlal +len) < O3 (5 + ]+ 1) (26)
k=1 k=1

where ¢} and e} are the Fourier coefficients of the functions ¢ (x) and €”’(z), respectively.

The series in (24) are converge due to the conditions (19), (22) and the series (25) and
(26) are converge due to the conditions (19), (22) and

p(x),h(z) € C°[0,1] and ¢"(0) = ¢"(I) = 0, 1"(0) = h"(l) = 0,

The uniqueness of the solution inverse problem I can be proved by standard method
as [11], [12], i.e. assuming that the problem (1)-(4) has two different solutions (uy, f;) and
(ug, f2) we obtain for U = u; —us, F = fi — f5 the following inverse problem with zero data

Uy —Uppt — U = F(z), in Qr ={0<2z<,0<t<T},

U(z,0)=0, 0<az<lI,
Uo,t)y=0U(,t)=0, 0<t<T,
U, T)=0, 0<z<L

Next, repeating above arguments, we get that the Fourier coefficients of U and F' are zero
Up = Fi, = 0, therefore, U = F = 0.

4 Conclusion

In this paper, the unique solvability of two inverse problems of recovering the right hand side of
the a linear one dimensional pseudoparabolic equation is studied. An additional information
for the first inverse problem is given by an final overdetermination condition and for the
second is given by an integral overdetermination condition. Under the suitable conditions
on the initial data of the problem, the existence and uniqueness of a classical solution to
these inverse problems are established. By using the Fourier method, the explicit formulas
of a solutions are presented in the form of a series, which make it possible to perform the
necessary numerical calculations with a given accuracy.
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