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Non-local mathematical models for aggregation processes in dispersive media

Particles aggregation is widespread in different technological processes and nature, and there are
many approaches to modeling this phenomenon. However, the time non-locality effects with witch
these processes are often accompanied leave to be none well elaborated at present. This problem
is justified especially in reference to nano-technological processes. The paper is devoted to the
non-local modification of Smoluchowski equation that is the key point for describing influence
of synchrony and asynchrony delays in aggregation processes for clusters of different orders.
The main scientific contribution consists in deriving the non-linear wave equation describing the
evolution of different orders clusters concentration under aggregation processes in polydispersed
systems with following for the mentioned non-locality. The practical significance lies in the fact
that the results obtained can serve as the basis for the engineering calculation of the kinetics of
aggregation in polydisperse nano-systems. The research methodology is based on mathematical
modeling with the help of the relaxation transfer kernels approach. Succeeding analysis of
aggregation processes on the base of submitted ideology can be directed to generalizing master
equations with allowing for space non-locality too. The submitted approach opens up fresh
opportunities for detailed study of influence of relaxation times hierarchy on the intensity of
aggregation and gelation processes in non-crystalline media containing dispersed solid phase.

Key words: aggregation, dispersive systems, non-local model, kinetic equation, relaxation times.
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Koxa Axmer fdcayu arbiagarsl XajblKapaJsblK Ka3ak-Typik yHusepcureri, Kazakcran, Typkicran K.
*e-mail: aegenova@mail.ru
Iucnepcri opTagarbl arperamusi MpollecTepiHiH JIOKaJbbl eMeC MaTeMaTHKAJIbIK, Moesbaepi

Beumekrep iy, arperaiusicbl 9pTYpJIl TEXHOJIOTHSIBIK, IIPOIECTED MEH TaOUFaTTa KeH TapaJiFaH
skoHe OyJ1 KYOBLIBICTBI MOJIEJIBJEY/IH KOerTereH Tocijjepi Oap. Amaiina, Oyy mporecrep kui
JKYPETIH yaKbITKA KEePriIikTi eMec acepi Kazipri yakpITTa KeTKLUIKCI3 3eprresren. By mocese
acipece HAHOTEXHOJIOTUSIIBIK, IPOIlecTepre KAThICTh Herizmesared. Makaaa CMOIyXOBCKUH TeH Ie-
ViHiH JIOKAJIbI eMec MOTU(PUKAIIASACHIHA apHAJIFAH, OJI 9P TYPJIi peTTi KJacTepJsep YIMiH arperamust
MIPOIECTEPIHIEri CUHXPOHJBLIBIK TIeH ACHHXPOHJIBLILIKTHIH KiipiCTepiHiH 9CepiH CUIATTAYIbIH
KUITTIK Me3eTi Gosbin Tabbuiabl. Herisri rpuibiMu yjec - OyJl 2KepriJiikTi emec Karmaiiiipl
ecKepe OTBIPBIN, MOJUIUCIEPCT] Kyieaepaeri arperamnusl IPOIECTEPIHETI OPTYPJIL TamlChIPBIC
KJIACTEPJIEPIHIH, MIOFBIPJIAHY SBOJIONUSICHIH CHIATTARTHIH CHI3BIKTHI €MeC TOJIKBIHIBIK TEeHJIEYIi
mbirapy. [IpakTHKaJIbIK MaHBI3ABLIBIFEI - AJIBIHFAH HOTUKEJIED IOJIUIUCIEPCTI HAHOCHCTEMAJIAP-
JIaFbl arperanys KNHETUKAChIH WHXKEHEPJIK ecellTey YIIiH Heri3 6osia ajajpl. 3eprrey diicreMeci
peJlakcaIyst SIPOCBIHBIH, TOCITIH KOJJaHa OTBIPBIN, MATEMATUKAJIBIK, MOJECTbIEYre Heri3jie/reH.
YCHIHBUIFAH WIEOJIOTUATa HETI3JeITeH arperarray IPOIECTepiH KeiiHri Tajmay KeHICTIKTIH
JKEPriIKTI €MeCTIiriH eckepe OTBIPBIN, HEri3Tri TeHAeysaepai »KaamblLiayra OarbITTaaybl MYMKiH.
YChIHBLIFaH TOCUI pejlaKcalinsl HepapXUsiChIHBIH JUCIEPCTI KATTHI (ha3achl 6ap KPUCTAIIBI eMeC
OpTaJarbl arperaus KoHe TejIb TY31JIy MPOoIecTePiHiH, KAPKBIHIBIIBIFBIHA DCEPIH erKel-TerKei
3epTTeyre KaHa MYMKIHIIKTED alla/Ibl.
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HesokanbHBIE MaTeMaTHYecKue MoOeJIin IIPOoIeCCOB arperaivm B JUCIIEPpCUBHBIX Ccpeadax

Arperanust 4acTUIl IMAPOKO PACIPOCTPAHEHA B PA3IUMYHBIX TEXHOJOIMYECKUX IPOIECCax U IPU-
poJie, M CYIIECTBYET MHOYKECTBO TOIXOJ0B K MOJETUPOBAHUIO ITOTO saBjeHus. OaHako 3hdeKTh
HEJIOKaJIbHOCTU BO BPEMEHM, C KOTOPBIMU YaCTO COIIPOBOKJIAIOTCA 3TU IIPOIECCHI, B HACTOLAIIEe
BpeMsl HEJ0CTAaTOYHO IpopaboTaHbl. DTa IpobjiemMa OlpaBiaHa, OCOOEHHO IPUMEHHUTEHLHO K
HaHOTEXHOJIOrHYecKuM TporeccaM. CTaTbsl MOCBSINEHa HEJOKAJIBHON MOMMMDUKAIINN yYPABHEHUST
CMOJIyXOBCKOTO, KOTODPAasi SIBJISIETCS KJIIOYEBBIM MOMEHTOM J[IjIsi OIMCAHUS BJIUSIHUS 3aJI€PKEK
CUHXPOHHOCTH U ACHHXPOHHOCTH B IIPOIECCax arperanuu /Jyig KJaCTEPOB Pa3HOI'O HOPSIKA.
OCHOBHO# HAyYHBIN BKJIJ[ 3aK/II0YAETCsS B BBIBOJIE HEJIMHEHHOIO BOJHOBOTO yPaBHEHWSI, OIHICHI-
BaIOIIEr'0 3BOJIIONUIO KOHIIEHTPAIUU KJIACTEPOB PAa3J/IMYHBIX IIOPAJIKOB IIPU IIPOIECCaX arperaiuu
B TIOJIMUCIIEPCHBIX CHUCTEMAX C YUeTOM YKa3aHHOU HeJIOKaJbHOCTU. [IpakTuvieckass 3HAYUMOCTH
3aKJIIOYaEeTCA B TOM, YTO HOJIyYEeHHbBIE PE3yJIbTaThl MOT'YT IOCIY?KUATH OCHOBOI1 JIJISI MH2KEHEPHOT'O
pacUeTa KMHETHKHW arperaluyd B TOJHUIUCIEPCHBIX HaHOcucTeMax. MeTomosorust mccaeoBaHms
OCHOBaHa Ha MaTeMaTH4YeCKOM MOJIeJIMPOBAHUU C IIOMOIIBIO IIOJIXOJla f/iep IepeHoca peJlaKkca-
nuu. Ilocsenyromuii anaan3 IpOIECCOB arpernpoBaHUs HA OCHOBE IIPEICTABJIEHHON HIIE0JIOTHH
MOYXKeT OBITh HAaIpaBJIeH Ha 0DODINEHNEe OCHOBHBIX YPABHEHUIl C yIeTOM TaKKe HEeJOKAJbHOCTH
npoctpanctBa. lIpesacraBiieHHBII TTOJXOM OTKPLIBAET HOBBIE BO3MOYXKHOCTU JIJIsl JIETAJLHOTO
U3y4YeHUs BJIMSHUASA HEPApPXUM BPEMEH peJIaKCallud Ha MHTEHCUBHOCTDH IIPOIECCOB arperamuyd u
reje00pa30BaHUs B HEKPUCTAINIECKAX CPEMIaxX, COMEPKAIINX JUCIEPCHYIO TBEPIyIO (dasy.

KurouyeBble cjioBa: arperaiusi, JIUCIIEPCHOHHBIE CUCTEMBI, HEJIOKaJIbHAsT MOJIEJIb, KHHETUIECKOe
yPaBHEHNE, BpEMEHa, PEJIaKCAIIN.

1 Introduction and problem set up

Particles aggregation is widespread in different chemical technological processes, metallurgy
pharmaceutical industry. Because of that many approaches to modeling this phenomenon
are offered [1]. However, a lot of key issues in the aggregation processes description leave to
be none elaborated up to day |2, 3, 4]. One of the important and pracically non elaborated
problems is time non-locality of aggregation processes [5, 6, 7|. However, it is impossible
to describe the influence of characteristic relaxation times on aggregates formation kinetics
without allowing for the non- locality aspect [8, 9, 10]. It is justified especially in reference
to nano-technological processes.

This paper is devoted to the non-local modification of Smoluchowski equation for particles
aggregation kinetics. There are not discussed some especially physical problems as, for
example, particles nucleation, etc. But we try to understand and to emphasize some difficulties
emerging in description of the non-locality applying to the aggregation kinetic equations.

The following non-local modification of the Smoluchowski equation for aggregation in the
uniform system can be offered as the principal ansatz with allowance for the general case of
asynchrony delays for clusters of different orders formation:
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(1)
C; denotes the concentration of i-mers, and aggregation kernels N; ; are functions of the
delay times t — t; and t — t,.
Form (1) follows from our detail consideration of relaxation kernels method applying to
heat and mass transfer problems [2].
The general linearized model for the aggregation matrix can be obtained from the model
equation for transfer kernels which is submitted in [3, 4]:
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where s; =t — ty, sj=1—1y.

In equation (2) the coefficients r; on a level with relaxation time 7;; play a part of
control parameters of clusters “inertness”, the parameter f answers for media and particles
characteristics.

Thus the aggregation matrix, satisfying equation (2) and coming up to the condition of
fast relaxation in time ¢ >> 7, ; , can be written as

0
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The master equation reads
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At the present time the clear way to rigorous reducing general governing equation (4) to
an ODE form is unknown (8, 11].

So, let’s assume at the beginning r; = r; = 1 and

Thus we have
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Here ), means Z 15 Dpmeans 0 [ = fot exp(as/2)Ci_;(s)ds;

12:/0 exp(as/2)C;(s)ds; [3:/0 exp(as/2)C;(s)ds

The main contribution of this work lies in that the features of the influence of the
nonlocality on the aggregation process in cases of synchronous and asynchronous delays in
the formation of different orders clusters have been highlighted and separately considered.

2 Materials and methods

2.1 Asymptotic analysis for asynchrony case

In order to simplify the problem it is supposed that for small relaxation times the Laplace
method in the neighborhood of the time point ¢ can be used. Immediate substitution
of the integrals expansions into equation (5) requires multiplying asymptotic sequences.
Such procedure is badly conditioned, as it may lead to utter loss while checking orders of
approximation.

Therefore, we rearrange the equations to the form which is free from a product of integrals:
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Using then Laplace method we obtain the asymptotic relations in which the orders of
equations and approximations are concerted:
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As a result, we get
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Let’s assume % = 7,. Parameter 7, has a time dimension. So, let T" be the characteristic
time of the process.

Introducing the small parameter € = 7, /T we can pass to the dimensionless time 6 = ¢/T
and dimensionless aggregation kernels 7, ; = ;.

Thus equation (10) can be rearranged to the following form:
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Ignoring the fast decreasing terms at time ¢ >> 7, we obtain the reducing form of master
equation

d’C; dC; B d B d
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1 2
(12)
Essential difference between solutions of equations (11) and (12) may be observed at the
initial period A#;,:
Ab;, ~ —elne. (13)

Depending on the specific correlation between values of the relaxation time and
aggregation kernels we consider three different types of the aggregation process. They are
the fast, moderate and slow aggregation:

nig=O0W1/12),  m;=0(1/n),  ny;=0(). (14)

In any case, singularly perturbed kinetic equations should be obtained.
It’s obvious that equation (12) can be reduced to the well-known Smoluchowski equation
on the zero-approximation only in the case of fast aggregation.

3 Modified third order model for the synchronic delays case

Let us consider a modification of the Smoluchowski equation taking into account the
synchronous time lag of the aggregation of clusters of different orders, which is designed
to describe the effect of the characteristic time of aggregate formation on the kinetics of the
process (2, 10].

Then the following nonlocal modification of the Smoluchowski equation is proposed for
the aggregation process in a polydisperse system [10, 12|

i - %E/dtl i— J] t tl)cz J(tl) Z51 Z/dtl H t tl)c (tl)c (t1> (15)
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Model equations for the elements of the coagulation matrix are as follows [10]:

0 b,
=P+ —L £
0 J Tij »J

Then the integro-differential equations take the form:
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The time derivatives of the integral terms have the form
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Then the governing equation can be transformed to the form:
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Taking the time derivative again the following equation can be derived:
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Performmg a separate averaging over the groups of indices for the terms describing the
formation and destruction - measures, the following system has been obtained

d;tg = ( Z(Dz _;,;Cii () C5(t) —Z‘I)?,jci(t) : ) __Alzq)l e C;()+
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After transformations, a more compact form of the system has been obtained
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A feature of the obtained equation (22) is the presence of solutions describing the
propagation of perturbations with a finite velocity in the form of single waves [§].

At the same time, the analysis of the obtained equation shows that for small values of the
parameter 7/7,, the use of the local form of the Smoluchowski equations with aggregation
matrices obeying equations of the form (3) is quite correct, since the correction to the local
form has no less than the second order of smallness [10].

4 Conclusion

In this paper a brief introduction to the problem of time nonlocality applying to aggregation
process kinetics has been submitted. The main result is that the relaxation kernels approach
may be advantageous for deriving master equations with accounting of hierarchy of relaxation
times.

Comparing the obtained equations with equations submitted in [8] we notice that account
of different time delays for clusters of different orders essentially changes the form of
kinetic equations. This circumstance can especially show itself at the initial time when the
master equation must be considered in extended form (11). Need for the information about
derivatives of clusters production at the initial time manifests, in our opinion, more profound
physical content of the submitted model. Of course, this information is out of the competence
of the model as such. A separate description of synchronous and asynchronous delays in the
formation of clusters of different orders has shown significant differences in the fundamental
models of the kinetics of aggregation processes in these situations.

Succeeding analysis of aggregation processes on the base of submitted ideology can be
directed to generalizing master equations with allowing for space non-locality too. In our
opinion the submitted approach opens up fresh opportunities for detailed study of influence
of relaxation times hierarchy on the intensity of aggregation and gelation processes in non-
crystalline media containing dispersed solid phase. This opens up new possibilities not only for
calculating kinetics, but also for developing new approaches to controlling fine technological
processes.
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