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NECESSARY AND SUFFICIENT CONDITIONS FOR THE
WELL-POSEDNESS OF A BOUNDARY VALUE PROBLEM FOR A
LINEAR LOADED HYPERBOLIC EQUATION

Problems for loaded hyperbolic equations have acquired particular relevance in connection with
the study of the stability of vibrations of the wings of an aircraft loaded with masses, and
in the calculation of the natural vibrations of antennas loaded with lumped capacities and
self-inductions. Loaded differential equations have a number of features that must be taken into
account when setting problems for these equations and creating methods for their solution. One
of the features of loaded differential equations is that such equations can be undecidable without
additional conditions. The main idea of the research work is to expand the class of solvable
boundary value problems and develop methods that provide a numerical-analytical solution.
The paper considers a boundary value problem for a linear hyperbolic equation with a mixed
derivative, where the load points are set in terms of the spatial variable. By introducing unknown
functions, the problem is reduced to an equivalent boundary value problem for a linear loaded
hyperbolic equation of the first order. With the help of the well posed of the equivalent boundary
value problem, the well posed of the original problem is established. The paper presents the
necessary and sufficient conditions for the well-posedness of a periodic boundary value problem
for a linear loaded hyperbolic equation with two independent variables.

Key words: well-posedness solvability, necessary and sufficient conditions, loaded hyperbolic
equation, linear hyperbolic equation, semi-periodic boundary value problem.
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ChIBBIKTBIK, )KYKTEJIT€H TUIep0oJiajiblK TeHJey YHIIiH NePUuOoATHI IMeTTiK eCelnTiH
KOPPEKTiJI IMenriJiMIiJIriHiH KaXKeTTi »KoHe >KeTKIJIIKTI mapTTapbl

ZKykresnren rumnepOoJIajblK TEHIEYIED YIIIH eCenTep MacCajapMeH KYKTeJreH YIIaK KaHaTTa-
PBIHBIH, TepOesicTePiHiH TYPaKTBUIBIFBIH 3€PTTEeyre >KOHE MIOFBIPJIAHFAH ChIABIMIBLIBIKTAD MEH
©31H-031 WHIyKIUsJIaDMEH >KYKTeJI'eH aHTeHHAJIapJIblH e3iHIIK TepOesicTepin ecemreyre Oaiiya-
HBICTBI epeKIe e3eKTi 60 Tabbuiabl. 2KyKTearen nuddepeHImaiibk TeHIeyIepIais bipkaTap
epeKIIeikTepi 6ap, oIapabl OCHI TEHIEYJIED VIMIH €CernTep IIbIFapy XKOHE OJIAPIbI IIeILy d/1iCTepin
KYypy Kesimme eckepy KaxkeT. 2Kykresnren auddepeHInaIablK, TeHIeyaep il 6ip epeKImesiri MyH-
Jail TeHeyaep KOCBIMINA MapTTapChl3 MIeNIiaMeyl MyMKiH.
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4 Necessary and sufficient conditions for the well-posedness . ..

Byn 3eprreymin wHerisri MakcarThl IMEmIiiMl IIEKAPAJIBIK €CEINTep KJIACBIH KEHEUTYy KOHe
AHAJMTUKAJIBIK, ITETiM OepeTiH omicTepi KypacThIpy OOJbIT TadbLIamgbl. 2KyMbIcTa »KYKTeMe
HYKTeJIepl KEHICTIKTIK aifHbIMaJIblfa KOWBLIFAH apaJsiaC TYBIHIBLIBI CBHI3BIKTHIK TI'HIEPOOJIATIBIK,
TEHJIey VIIH IIEeKTTIK ecell KapacTbIpbuLiaJbl. benriciz dyHKIusmapabl eHridy apKbLIbl ecel
OipiHII perTi ChI3BIKTHIK, YKYKTEJTeH TUIepPOOJIAJIBIK TEeHJEY YIIH SKBABAJEHTT] IMIETTIK ecerke
KeJITipimeni. DKBUBAJIEHTTI MIETTIK €CENTIH AYPHIC MIEITiIiMIIIIriHIH KoMeriMeH 6acTanKbl eCenTiH
AYPBIC TIemiaiMainiri anbiHaapl. 2KyMbICTa apajac TYBIHABICHI 0ap CBHI3BIKTBHIK, 2KYKTEJTEH
runepOOoIAIBIK, TEHIEY VIIH KAPTHIIail TePUOATH MTEKAPAJIBIK, €CENTiH, AYPBIC I iM Il TiriHiTg
KaxKeTTi »KoHe »KeTKIJIIKT] mapTTapbl aJIbIHFaH.

Key words: KoppekTiJii meniiMIiIiK, KakKeTTi XKoHe KEeTKIJIKTI MapTTap, *KYKTeJIreH rurnepbo-
JIAJIBIK, TEHJIEY, ChI3BIKTHIK TUIePOOJIAIbIK, TEHJIEY, XKAPThLIA TePUOITHI IIETTIK €Cell.
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Heobxoaumbie m JOCTaTOYHBbIE YCJIOBUSI KOPPEKTHOM pPa3pelninMOCT KpaeBoii
3a/1a4u AJis JJUHEMHOT0 HATPY2KEHHOI'0 I'MiepOoJIMYecCKOro ypaBHEHUS

3asiaun [1J1si HATPYKEHHBIX TUIEPOOINYECKUX yPABHEHNI IPUOOPEn 0OCODYIO0 aKTyaJIbHOCTD B CBsi-
31 C U3y9YeHNEeM YCTONYINBOCTH BHOPAIWI KPHLIHEB CAMOJIETA, HATPYKEHHOTO MaCcCaMu, U IIPHU Pac-
qere COOCTBEHHBIX KOJIEOAHWIT aHTEHH, HAPY?KEHHDBIX COCPEIOTOUYEHHBIMU €MKOCTSIMHA M CAMOUH-
aykiusamu. Harpykennabie guddepeHnuanbHble YPaBHEHUsT UMEIOT PsijT 0COOEHHOCTEH, KOTOpbhIe
JIOJIZKHBI OBITh yYTEHBI IIPU [TOCTAHOBKE 3aJad JJIsl 9TUX yPABHEHUI M CO3JAHUU METOIOB MX pe-
meruii. QUM U3 0COOEHHOCTENH HAIPYKEHHBIX TudepeHInaIbHbIX yPABHEHN SBJISIETCS TO,
9TO TaKWe YPaBHEHUS MOTYT OBITH HEPA3PEIIMMBIMU 0€3 JOMOJHUTEIbHBIX ycsioBuil. OCHOBHOM
[EJIBIO TAHHOTO UCCJIEIOBAHUS 3AK/IIOYAETCS B TOM, YTOOBI PACIINPUTDH KJIACC PA3PEIINMbIX Kpae-
BBIX 33/1a49 U pa3pabOTaTh METObl KOTOPbIE AI0T AaHAJUTUIECKU BUI peneHud 3a7a4u. B pabore
paccMaTpHUBaeTCsl KpaeBasl 3ajada Jjis JIMHEHHOrO TUIepOOINIecKOro ypaBHEHHsT CO CMEIaHHON
IIPOU3BO/IHOM, TJie TOYKM HAIPY3KH CTABSITCS 10 IIPOCTPAHCTBEHHOM IepeMeHHOH. 3ajada IyTeM
BBEJICHUSI HEM3BECTHBIX (DYHKIINU CBOJAUTHCS K SKBUBAJEHTHON KPaeBOil 3ajade N JIMHEHHOTO
Harpy2>KE€HHOI0 TUMEePOOIMIECKOr0o ypaBHEHUS 1MepBoro mopsiaka. C moMoImbio KOPPEKTHON paspe-
MIIMOCTH SKBUBAJIEHTHO KPAaeBO 33/1a491 yCTAHABINBAETCH KOPPEKTHAS PA3PENINMOCTDb UCXOIHOM
3amaqu. B pabore mosydeHbl HeOOXOIUMBIE U JIOCTATOYHBIE YCJIOBUS KOPPEKTHOI Pa3penImMOCTH
[TOJTYIIEPUOJIMIECKON KPaeBoil 3alaun I JIMHEHHOIO HAI'PY2KEeHHOrO T'UIIepOOJIMIecKOro ypaBHe-
HUZ CO CMEIIaHHON IIPOU3BOAHOMN.

KitroueBbie cjioBa: KOPPEKTHAS Pa3PENInMOCTb, HEOOXOINMbIE U JOCTATOYHBIE YCIOBUS, HATPY-
JKEHHOEe TUIePOOIMYecKoe ypaBHeHne, JUHEHHOe TUepOOINIEcKOoe ypaBHEHNE, TOJIYIIEPUOIUIe-
cKas KpaeBas 3a/1a4a.

1 Introduction

1.1 Problem statement

In the domain Q = [0, 7] x [0,w], we consider the semi-periodic boundary value problem for
the linear loaded hyperbolic equation
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u(O,t) = ¢(t)’ te [OvT]> (2)
w(z,0) =u(z,T), = €l0,w], (3)

where A(z,t), B(x,t), C(z,t), and f(z,t) are continuous on Q, w(t) is continuously
differentiable on [0,7'] and satisfies the condition ¢(0) = ¢(7'), and z, is the load point.

Let C(Q) be the space of continuous functions u : 2 — R on Q with the norm [juflc =
max |u(z, t)|. By Cy;(Q) we denote the space of continuous and continuously differentiable
Q

functions u(z,t) on Q with the norm |jullo = max(||ullc, [|uzlc, [Jullc). CH([0,T]) denotes
the space of continuous and differentiable function (t) on [0,7] with the norm |[¢]|; =

max ( max [¢(t)], max W(t)D

te[0,7) te[0,7)
A function u(x,t) € C(2), that has partial derivatives

ou(x,t) Ou(x,t)

ox = ot
Ou(z,t) —
Oxot € o),

is called a solution of problem (1)-(3), if it satisfies equation (1) for all (z,t) € €, take the
value v (t), t € [0, 7] on the characteristic z = 0 and has equal values on the characteristics
t=0,t="T for all x € [0,w].

Loaded hyperbolic partial differential equations with non-local boundary conditions arise
in many fields of science and technology. The general definition of the loaded equation was
given by Nakhushev. Loaded differential equations have a number of features that should
be taken into account when setting problems for these equations and creating methods for
their solution. One of the features of loaded differential equations is that such equations can
be unsolvable unless additional conditions are imposed. There are some examples of linear
loaded ordinary differential equations and loaded hyperbolic equations with mixed derivatives
that have no solution.Boundary value problems for loaded differential equations have been
studied by many authors [1-9].

Definition 1. The boundary value problem (1)-(3) is called well-posed if for any f(z,t) €
C(Q), continuous and continuously-differentiable on [0, T| functions 1 (t), it has a unique
solution u(x,t) and the inequality

lullo < K max {{[¢]l1, [ fllc},

is valid, where K is a constant, independent of f(x,t) and ¥(t).

1.2 Equivalent problem

t t
Let us introduce new unknown functions v(z,t) = Qulz, and w(z,t) = augt’ )
T
The problem (1)-(3) is reduced it to the equivalent problem:
0
00— et + Bla,thw + Cla. u+ F(r.1) + Ao(a, (o 1), (@)

v(z,0) =v(z,T), x€l0,w), (5)
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ula,t) = () + / Co(, e, wiat) = $(t) + / Cule e (6)

The triple of continuous functions {u(z, t), w(z,t), v(z,t)} on Q is called solution of problem

(4)-(6), if v(z,t) € C(2) has the continuous derivative with respect to ¢ on {2 and satisfies the

family of periodic boundary value problems (4), (5), where the functions u(z,t) and w(x,t)

ov(zx,t)

are related to v(z,t) and by the functional relations (6).

The problems (1)-(3) and (4)-(6) are equivalent in the sense that if u(x,t) is solution
of problem (1)-(3), then the triple of functions {u(z,t),w(z,t),v(x,t)} will be solution of
problem (4)-(6). Vice versa, if a triple of functions {u*(z,t), w*(z,t),v*(x,t)} is a solution of
problem (4)-(6), then u*(x,t) will be a solution of problem (1)-(3).

We consider the family of periodic boundary value problems for loaded ordinary
differential equations

% — Az, )0 + Ao(z, Do(wo, £) + F(a, 1), (z,t) € Q (7)
v(z,0) =v(z,T), z€l0,w], (8)

where the functions A(z,t), Ag(z,t) and F(z,t) are continuous on €.

A function v(z,t) € C(Q) having the continuous derivative with respect to t is called a
solution to the boundary value problem (7), (8) if it satisfies the system of equations (7) for
all (z,t) € Q and the boundary condition (8) for z € [0, w].

Definition 2. The boundary value problem (7),(8) is called well posed if for any function
F(z,t) it has a unique solution v(z,t) and the estimate

max |v(z,t)| < K max |F(z,t)],
te[0,7] te[0,7]
is valid, where K is a const, independent of F(x,t).

Similarity Theorem 3 [10, C.23|, we can show that the semi-periodic boundary value
problem (1)-(3) is well-posed if and only if the periodic boundary value problem (7), (8) is
wellposed.

2 Materials and methods

2.1 The well-posedness of the equivalent problem

The following statement establishes the necessary and sufficient conditions for the well-
posedness of problem (7), (8).

Theorem 1. The problem (7), (8) is well posed if and only if, for some 6; > 0,09 > 0
the following inequalities holds:
1) | fOT A(z,7)dr| > 8y for all z € [0,w],
2) ‘ fOT [A(zo,7) + AO(:EO,T)}dT‘ > §9, 0 € [0,w].

Proof. Sufficiency. We consider the periodic boundary value problems (7), (8). For a
fixed = € [0,w], we solve the differential equation (7). Its general solution is written as

v(x,t) = exp (/Ot A(a:,7’)d7’> X
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X [C(:U) + /Ot F(z,7)exp ( — /OT Az, Tl)d7'1>d7'+

—|—/Ot Ao(z, T)v(z0, T) EXP < — /OT A(ﬂl?,ﬁ)dﬁ)dT}; t €[0,7T] (9)

where C(z) is a function continuous on [0,w]. Given the condition 2) of the theorem and
the boundary condition (8), we find C(x). Substituting it into (9), we find the solution of
problem (7), (8) in the following form

exp (fot A(z, T)dT) T t
v(x,t) = - (fOT A(x’T)d7-> /0 |:F(I,T) + Ap(z, T)v(xO,T)] exp (/T Alx, Tl)dT1>d7'—|—
+ /0 t |Fla,7) + Aoz, m)u(o, 7)] exp / tA(x,Tl)dﬁ)dT, te[0,T] (10)

Setting z = ¢, in problem (7), (8), we obtain the problem

dv(;C;,t) = [A(xo,t) + Ao(zo, )] (xo,t) + F(xo,t), (x0,t) € qQ, (11)

v(xo,0) = v(xo,T), o € [0,w]. (12)
We then find the solution of problem (11), (12):

v(xo,t) = exp </Ot [A(xo, T)+ Ao(:co,T)]dT> [C(xo)+

+ /Ot F(xo,7)exp ( - /OT [A(z0, 1) + Ao (0, Tl)]d7'1>d7',t € [0,7]. (13)

Substituting (13) into condition (12), we get

C(zo) = C(xo) exp </OT [A(zo, 1) + Ao(xg,ﬁ)]dﬁ)—i—

+ /OT F(zo,7)exp (/TT [A(xo, 1) + AO(l’o,ﬁ)}dﬁ)dT

When the conditions ( ’ fo (20, 7) + Ao(z0,7) dr) > 0, of the theorem 1 is fulfilled,

we get that exp <f0 [A(z0,7) + Ao(z0,7)]d ) # 1. Then the function C(xg) is defined as

follows: |
C(l’o) = X

1 —exp (fOT [A(a:o, 7) 4+ Ao(zo, T)]dT)

X /OT F(z0,7T) exp (/TT [A(xo, 1) + Ao(xo,ﬁ)}dﬁ>d7.
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Thus, the solution of the boundary value problem (11), (12) has the representation

exp (fot [A(xo, T) + Ao (o, T)}dT)

veo,t) = 1 —exp (fOT [A(z0,7) + Ao(o, T)}dT)

X

x /OT F(zo, 7) exp (/T [Azo,71) +A0(x0,ﬁ)])dﬁ)d7+

t t
+/ F(xg,7)exp (/ [A(z0, 1) + Ao(0, Tl)}dﬁ)dr (14)
0 T
Substituting (14) into the right-hand of (10), we get

exp (f[f Alz, T)dT) T t
L —exp <fOT A(x,T)dT) /0 F(z, ) exp (/T A(JE,Tl)d7-1>d7—+
+/Ot F(z,7)exp </th4($€,71)d71>d7+

exp <fg Az, T)dT) T .
1 —exp (foT A(-T,T)dT> /0 Ao(x’T) exXp (/T A(l’,ﬁ)dﬁ) X

X{ exp (fOT [A(xO,Tl) + AQ(.T(),Tl)}Chj)
1 —exp (fOT [A(.To, )+ Ao(xo,ﬁ)]dﬂ)

X /OT F(x,7)exp (/TT [A(zo,71) + Ao(xg,ﬁ)])d7'1>d7'+

v(x,t) =

+

X

T1

¢ ¢ exp <fOT [A(xg,ﬁ) + Ao (o, 7'1)}d7‘1>
+/0 Ao(z,T) exp (/T A(l’,ﬁ)dﬂ) { | —exp (fOT (Ao ) + Ao(l’o,ﬁ)]dﬁ> X

X /OT F(xz,7)exp </TT [A(zo, ) + Ao({Eg,Tl)])dT1>dT+

X /OT F(xg,71)exp </T [A(z0,72) + Ao(l‘o,Tg)}dTg)dTldT}‘i‘

T1

X /OT F(xg,71)exp (/T [A(z0, 72) + Ao(xo,Tg)}d@)dﬁdT}, t€[0,7] (15)

Uniqueness. Assume the opposite, let v*(z,t) and ©(z,t) be two solutions of the periodic
boundary value problem (7), (8). Then their difference Av(z,t) = v*(z,t) — v(x,t) satisfies
the periodic boundary value problem for ordinary differential equation
dAv
dt

= Az, t)Av + Ao(zo, t) Av(z0, 1), (16)
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Av(z,0) = Av(z,T). (17)

The general solution of equation (16) is of the form

Av(z,t) = C(z) .exp(/OtA(x,T>dT) +/OTA(Q:0,¢> exp(/tTA(x,Tl)dﬁ>><

X exp (/Ot[A(xo, T) + AO(xO,T)]dT) dt.

From the boundary condition (17), we get

1—exp</0TA(x,t)dt> —|—C(x0)</OTA(;1:0,t) exp(/tTA(x,Tl)dﬁ>>><

X exp </OT[A(I0,T) + Ao(zo, T)]dT)] = 0.

C(z)

For all = € [0, w], we have

‘/ l’ t dt‘ > 6, > 0 and ’/ ZL’(), +A0<$0, dt‘ >0y > 0.

Then
’1—exp /Axtdt ‘#0 and’/ (x0,t) + Ao(xo, t) dt‘;«éo

This implies that the function C(z) is equal to zero for all = € [0,w]. Then Av(z,t) =0, i.e.
problem (16),(17) has only the trivial solution. Therefore, v*(z,t) = v(x,t) for all z € [0 w.
Let us show that the inequality

1 el

‘1 — exp (fOT A(l’,T)dT)’ = e —1

(18)

is correct.
Let us consider two cases: (a) fOTA(x, 7)dr < —6;, and ( fo (z,7)dT > 6, > 0.

T T
In the case (a), exp (/ A(:c,T)dT> <e ™ 1—exp (/ Alx, T)dT) >1—e 0,
0 0

T -1 1 el
and [1—exp</0 A(%T)dT)] < ot 1

T T
In the case (b) exp (/ A(x,T)dT) > ¢ exp (/ A(x,7)d7> —1>e —1,
0 0

T —1
and [exp </ A(x,T)dT) — 1} < — 1 i
0 e’l —
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From these inequalities, we obtain (18).
Let us show the inequality is correct

1 ed2

< 1 (19)
’1 — fO l’o, ‘f‘ Ao(ZL‘o, )} dT‘ €
In view of (18) and (19), we get the following estimate for v(zx,t) :
eaT . 661 eoaT -1 eaT -1
lolz, )l < 57— [E (2, )]l + [F (2, )|+
edt ag - (eaT _ 1) ed2 elatao)T _ 1 elatao)T _
. 33 . F(x,- —||F
o e g WPl P )+
ao(eo‘T _ 1) 652 e(a+ao) e(oz—&—ozo)T
. . F —||F
R s R LACD IR e L]
- - eaT . 651 N <1 N 661 ) (1 N 652 > e(aJrao)T 1
- . . . X
- 1 e —1 e — 1 a+ g
el —1
X ’ HF<'T7 )Hl = Kl(&,a0,51,§2,T)||F<l’, ')Hla (2())

where v = max |A(z,t)|, ap = max |Ag(z, )], and
(x,t)eQ x,t)EQ

Kl(av Q, 51a 52’ T) -
(51 62

- T . o0 N <1 N e ) <1 N e ) e(a+ao)T -1 e _ 1
— - an - . . . .
e —1 0 e — 1 e —1 o+ ap o

Thus, by definition, problem (7), (8) is well posed.
Necessity. Let problem (7), (8) be well posed and let K be a constant satisfying inequality
(20).

Since the family of periodic boundary value problems (7), (8) is well posed, we take
F(z,t) = 1 and consider the boundary value problem for the ordinary differential equation

dv

= = Az, t)v + Aoz, t)v(wo, 1) + 1, (21)

v(z,0) =v(x,T) (22)

Let us assume that there is 7 € [0,w] for which fOT A(z,t)dt = 0 and fOT[A(fo,t) +
Ao(Zo,t)]dt = 0. The well-posedness of problem (7), (8) implies the existence of a unique
v1(z,t) problem (21), (22). The function v;(z,t) satisfies the differential equation (21) for all
x,xo € [0,w], then for x = 7, 29 = Ty we have

T

ui(#,1) = exp ( /0 tA@T)dT> [01(7,0) + /0 teXp(— /0 AF, m)dn ) dr] +
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texp /0 A )dr) /0

t
Xexp/ [A(go,Tl) +A0(f0,7’1)}d7’1>(
0

t

A(Zo, T) exp (/OT Az, 71)d71>

T

[ (30, 0) + /Otexp(— /0 [Aleo.7) + Aolzo, )] dn ) dr ] dr. (23)

From (23), setting t = T, we get

v(E,T) :v(i,O)+/0Texp<—/OTA(i,Tl)dTl>dT+/OTA(io,T) exp(/OTA(ZE,Tl)dﬁ>><

X [51(50, 0) + /OT exp ( - /OT [A(z0, 1) + Ao(0, Tl)}d7'1>d7':| dr.

It follows from our assumption, that v(z,0) # v(Z,T). The boundary condition (8) does
not hold, hence we get that problem (7), (8) has no solution. Thus, we have a contradiction.

Assuming that there is T € [0, w] such that [ A(Z,t)dt = 0 and fOT[A(fO, t)+ Ao(Zo, t)]dt =0
are not valid. It follows that if problem (7), (8) is well posed, then we have ‘ fOT (x,T dt’ #0
and fOT (xo,t)+ Ao(o, )]dt 7& 0 for all z, zy € |0, ] Since the functions A(z,t) and Ag(z,t)
are continuous on 2, then A fo (x,t)dt and A (x0) fo (xo,t)+ Ag(xo, t)]dt are also

continuous functions on [0, w. Hence } fo (z,t)dt| # 0 and fo (wo,t)+ Ao(o, t)]dt # 0 for
all z € [0,w]. From the well-known theorem |11, p. 175 - 176], it follows that there are 6; >
0,02 > 0 such that the inequalities ‘fOT A(:U,t)dt| > §; and ‘ fOT[A(a:O, t) + Ao(zo,t dt| > §
hold for all z, zy € [0,w]. Theorem is proved.

2.2 Well-posedness of the main problem

Theorem 2. Problem (1)-(3) is well posed if and only if for some § > 0 following inequality
hold:
1. ‘fOT (z,7)dr| > 61 for all z € [0,w].

‘fo an +A0(l'07 )}dT’ Z 52al‘0 € [O,W]

Proof. Necessity. Let problem (1)-(3) be well posed. By Theorem 3 from |10, p.23|, we

obtain that problem (7), (8) is well posed. Then Theorem 1 implies the existence of §; >
0,8, > 0 such that the inequalities | [, A(z, T)dT‘ > §; and | [ [A(zo, t) + Ao(xg,t)]dt‘ > by

hold for all z € [0, w].
Sufficiency. Let there exist 9; > 0 and d5 > 0 such that ’fOT A(I,T)dT‘ > 4, and

’fOT[A(xO,t) + Ao(xo,t)]dt’ > gy for all z € [0,w]. Then, by Theorem 1, we obtain the

well-posedness of problem (7), (8). The equivalence of boundary value problems (7), (8)
and (1)-(3), and Theorem 3 from [10, p.23] imply the well-posedness of the boundary value
problem (1)-(3). Theorem 2 is proved.
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3 Conclusions

In this research, we considered a boundary value problem for a linear loaded hyperbolic
equation with a mixed derivative, where the load points are set in terms of the spatial
variable. An explicit form of the solution of an equivalent boundary value problem for a
linear loaded equation is constructed. With its help, necessary and sufficient conditions of
well-posedness solvability are obtained for a linear loaded hyperbolic equation.
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