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RESONANT PHENOMENA IN NONLINEAR VERTICAL ROTOR
SYSTEMS

In this paper, the study of the dynamics of a rotor system mounted on an elastic foundation
rotating in rolling bearings is considered. To describe the bearing model, the Hertz theory was
used, linking radial loads acting on the bearing and deformation at the points of contact between
the movable foundation and the bearing rings. In the bearing model, it is assumed that there are
no types of sliding of bodies and rolling surfaces. The obtained differential equations of the rotor
and the foundation do not have a common solution. Therefore, the study was conducted using
numerical methods. In order to simplify the problem and increase the accuracy in solving the
obtained differential equations, dimensionless quantities were used. With the increase and decrease
of dimensionless quantities, the amplitudes of the rotor and the foundation are constructed. As
a result, two resonances were formed: the main resonance and the second resonance. The work is
connected with the physical meaning of the process considered in the problem the results obtained
are the basis for the application of this mathematical model in the design of a rotary system
rotating in rolling bearings.

Key words: Hertz theory, rolling bearings, numerical methods, "rotor-foundation" system,
nonlinear rotary system.
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BeiicbI3bIK pPOTOPJIBIK KYyiiejieperu pe30HAHCThIK, KYObLIbICTAD

By xxymbicTa oMasay MOMBIHTIDEKTEPIH e affHAJIATHIH CEPITIM/Ii HETi3re OPHATHIIFAH POTOP ¥KYii-
eCiHiH JUHAMUKACHIH 3ePTTEY KapacThIpbLIaabl. MofbIHTIpEeK Moesin cunarTay yimia [epriri Moii-
BIHTIPEKKE 9Cep eTeTiH paJuasIbl KYKTeMesep/ii OailIlaHbICTBIPATHIH TEOPUSICHI XKOHE KBITIXKbI-
MaJjIbl HEri3 MeH MONBIHTIpEK CaKWHAJIAPhl apachlHJarbl OailjlaHbIC HYKTeJepiHeri nedopMalys
KOJITaHBLIIbI. MONBIHTIDEK MOJIEJTIH e KbLIKBIMAJIBL JIEHEJIEP MEH >KbLIKBIMAJIBL OETTEp KOK, el
6osKaHa bl AJIBIHFAH pOTOD MeH (hyHIaMeHTTiH JuddepeHnuaiibk TeHeyIepitie opTak, Ie-
M 2K0K. COHIBIKTaH 3€PTTey CAHIBIK 9JiCTepi KOJIAaHy apKbLIbl »Kypriziiai. Ecenri xeninie-
Ty >KOHE aJIbIHFaH JauddepeHnnaabK TeHaeyaepai eyl JJIITH apTThIPy YIIiH OJIIeMci3
mamMaJjap KOJIAHBLIIBL. ©JIeMci3 maMajiapbll, YIFabIMEH YKOHE a3a0bIMEH KO3FAJITKBIII IIeH
dyHIaAMEHTTIH, aMIUITUTYIaChl KYpbLIaabl. Hormkecinae eki pesonanc naiima 6061 6ac pe3oHaHC
2KOHEe eKiHMI pe3oHaHC. 2KYMBIC TanchpMaia KapacThIPBLIFAH TPOIECTIH (DU3NKAIBIK, MAFbIHA-
ChIMEH OaMJIAHBICTBI. AJIBIHFAH HOTUIKEJIEP OChI MATEMATHKAJIBIK, MOJIEIbI1 JIoMajIay MONBIHTIpEK-
TepiHae alfHAIATBIH POTOPJIBI XKYiteHi KobaJsiay Ke3iHje Ko anyra Heri3 60JIbI TabbLIa bl
Tyiitia ce3nep: I'epir Teopusicel, JoMaiay MOMBIHTIpEKTEPI, CAHJIBIK, oicTep, "poTop-dyHiamerT"
XKyiieci, OefiChI3bIK, POTOPJIBIK, XKYiie.
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B nanHOIl paboTe paccMaTpuBaeTCs UCCJIeI0BaHIe JUHAMUKH POTOPHON CUCTEMBI, YCTAHOBJIEHHON
Ha, yIPYrOM OCHOBAaHWM, BPAIIAIOIIEMCs B IOIIMITHUKAX KadeHus. Jljsi onumcaHust MOJeau ojl-
MIUITHAKA WCIOJIB30Baach Teopusi ['epIia, CBA3bIBaIONasi paJMajbHbIe HATDY3KH, AEHCTBYIOIIE
Ha MOINMUIHUK, 1 1eOPMAINIO B TOYKAX KOHTAKTA MEXK/IY ITOABUYKHBIM OCHOBAHUEM U KOJIHIIAME
[TO/ITUITHAKA. B MOJIe/I TO/IIAITHAKA, TIPEJIIOIAraeTCsl, IYTO He CYIECTBYET THUIIOB CKOJIbXKEHUST
Tes U rioBepxHocTelt Kadenus. Ilomydennnie nuddepennnanbable ypaBHEHUsT pOTOpa U (PyHIa~
MEeHTa He HUMeoT obmiero pemierus. 1losToMy wuccieoBanne MPOBOJAMIIOCH C HCIOJb30BAHUEM
9UCJIEHHBIX MeTOMOB. Jljisi yIpoIieHus 3a/ady U IOBBIIIEHUS TOYHOCTU PENIEHUs ITOJIyY€HHBIX
b depeHnnaIbHbBIX YPABHEHAN WCIIOIB30BAINCH Oe3pa3MepHble BeauduHbl. C  yBeandeHueM
U yMeHbIIeHHEeM Oe3pa3MepHBIX BEJIMYUH CTPOSTCS AMILIATYJIbI JIBUTATENsT U (DyHIaMeHTa. B
pe3ysbTaTe 00pa30BAJINCH J[BA PE30HAHCA: TJIABHBII PE30HAHC U BTOPOI pe3oHaHc. Pabora cBs3ana
¢ (puU3NYECKHM CMBICJIOM PacCMaTpPUBAEMOIro B 3ajade Iporecca. llojydeHHbIE pPe3yJIbTaThl
SIBJISFOTCS. OCHOBOW JIJIsi TIPUMEHEHWs JAHHON MATEeMATHYECKON MOJIeIN IPU ITPOEKTUPOBAHUIM
BPAIAIONIEHCS CUCTEMBI, BPAIIAIONIEHC B MOAINUITHIKAX KAICHUS.

Kunrouesbie ciioBa: Teopust L'epria, OMIMITHUKA KATMEHUs, YUCJIEHHBIE METO/IbI, CUCTEMa " POTOP-
dyHmamenT" | HejMHEHAsT POTOPHAsT CUCTEMA.

1 Introduction

Currently, most of the rotary machines used in industry, manufacturing and mechanical
engineering rotate in rolling bearings [1|. As a mathematical model of rolling bearings, it
is important to choose models that most fully reflect the features of rolling bearings, in
particular, such as the number of holes, the influence of geometric errors, as well as the
properties of nonlinear stiffness; the influence of centrifugal forces, mutual displacement and
mismatch of bearing rings; gyroscopic phenomena [2].

In the proposed work, the nonlinear dynamics of a rotor system mounted on an elastic
foundation rotating in rolling bearings is investigated. Due to the increased requirements for
the accuracy of rotation and an increase in the speed of rotation of the rotors, it becomes
necessary to take into account the elastic nonlinear properties of rolling bearings.

2 Review

Currently, rotating machines, widely used in industry, mainly work with rolling bearings |3]
and [4]. The use of rolling bearings as supports for high-speed rotors is limited by their speed
and strength, therefore, sliding bearings are widely used to ensure reliable rotation of the
rotor in a wide range of speeds and loads. These bearings have smaller dimensions in the
radial direction, greater rigidity, low sensitivity to shocks and temporary loads, unlike rolling
bearings, which makes them suitable for use in high-speed turbomachines.

According to the number of rotor supports, the turbomachine layout schemes used can
be two- and three-support. Three-support rotor schemes are used in rare cases when a two-
support scheme leads to an unacceptably large decrease in the bending stiffness of the rotor.
The use of a three-support circuit makes the rotor statically indeterminate, which makes it
difficult to assemble the turbomachine due to the difficulty of ensuring an accurate fit of the
rotor in the foundation on three surfaces [5].

Also, for the most complete description of the process, it is important to take into account
the influence of factors such as imbalance, asymmetry of the rotor installation on the shaft,
external friction, changes in inertial parameters and positional forces of various kinds [6]- [8].
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Such complications of the model in the analysis of dynamics make it possible to investigate the
effect of the gap size, rotation frequency on the frequency spectra and amplitude-frequency
characteristics for any rotary system on rolling bearings.

Mathematical models of bearings that take into account non-linearity factors are
distinguished by complexity and, first of all, by the loads they take into account. In our
case, the Hertz contact theory is used to describe the bearing model, which relates radial
loads acting on the bearing and deformation at the points of contact between the rolling
body and the bearing rings [9]. When describing the bearing model, it is assumed that there
are no any types of slippage of rolling bodies and surfaces. Damping is considered in the
formulation of equivalent viscous and linear friction.

3 Problem statement and equation of motion

Consider a vertical rotary system (Fig. 1). The damping foundation on elastic supports moves
in a horizontal plane. The rotor has a static imbalance. The rotor performs a plane-parallel
motion, and rotation around the coordinate axes does not occur. The motion of the rotor
and the foundation is considered relative to the fixed coordinate system of the Ozy. The
nonlinear regenerative force of the bearing is described as (1) in accordance with the Hertz
contact theory.

Fo = Cy52 (1)

where F¢ is a component of the restoring force in the radial direction (N), 0, is the

deformation in the radial direction (m), Cj, is the stiffness coefficient (%%)

In order to solve the equations of motion of the system and qualitative analysis, the
restoring force of a bearing of type (1) can be approximated by a degree series of type (2) in
accordance with [10], [13]:

FC’ = Coér + cl5f (2)

where ¢y and ¢; are stiffness coefficients for the linear and cubic terms, respectively. This
expansion for ¢, < 1000pum with a sufficient degree of accuracy is in agreement with the
experiments [13].

The geometric coordinates of the rotor center are denoted by O;(x1, ), and its center of
mass is denoted by Og(z,y). The center of mass of the foundation is Oy(zg, y2) (Fig.1).

The kinetic energy of the system is defined as (3) :

J M
(2 +y?) + S8+ (P + ) )

m

U
2

where m is the mass of the rotor, J is the moment of polar inertia of the rotor, and M is the
mass of the foundation.

Considering that the potential energy of the isotropic elastic nonlinear field of rolling
bearings depends on the radially directed deformation of rolling bearings, that is

07 = (z1 — 22)° + (1 — 12)° (4)
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Where is the potential energy of rolling bearings and elastic supports:

W= (I2 +y3)° + %((5’51 —22)* 4 (y1 — 12)°) + %((Jm — ) 4+ (11 —y2)") + .. (5)

Accordingly, the dissipation function:

X X
R= 3%+ + 26 + o) (6)

The center of mass of the rotor relative to a fixed coordinate system is determined as
follows:

x = w1+ ecosQot,y =y + esin Qot. (7)

where e is the magnitude of the deviation of the center of mass of the rotor from the geometric
center.

The equation of motion of the system has the form (8)

(md;;? + co(m1 — 2) + c1(1 — 32)* + X EL = me cos Qt,

ddfél +colyr — y2) +ce1(yr — )3 + xdy1 = meQ? sin Qt,
Mddtgg2 + oy — Co(T1 — @2) — 11 — 22)° + X0 %2 = 0,
ML + coyn — colyr — 1) — c1(y1 — 42)° + X022 = 0,
21(0) =, -732(0) =0.1e, 41(0) =0, 32(0) =0,

kdd%’tzo 7 dt |t 0_07 dt |t =0 — O, ddtQ‘t 0207

(8) — a system of equations describes the movement of the rotor and the foundation on
unbalanced, nonlinear supports.

We reduce the system of equations (8) to a system of dimensionless equations of the form

(9), i.e

Ph+ 208+ (fr — fo) +£(fi = f)° = 1 cos(nr),
fT’Q + 2{’1% + (11 — vy) + (1 — 1y)? = n?sin(nT),
L+ 2G5 — p(f1— fo) — pe(fi = F2)* + prfo = 0,
R 2/@% — (v — o) — pe(vi — 1a)* + pAvy = 0,

where,

T1 =ef1,To = efo, Y1 = evy,ys = ey,

m c c
w2 0 2 2
AT e Ty T b e =
2 2
X _Xo _ae A\ Wa
Cl - ) 82 — & — 2y /N T T o
2muw, 2muw; mws wy

We introduce complex variables in the form (10)

21 = fi +ivy, 2o = fo +ivy. (10)
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Figure 1: Vertical rotor system.

Then, given (10) from (9), we write the equation of motion in the complex plane in the form

(11).

2 4 (21— 2) +e(z1 — 2)° + 20120 = e, (11)
25 + pdze — p(z1 — 29) — pe(zr — 22)3 + 20225 = 0.

The approximated solution of the system of equations (11) can be searched analytically.

21 = Aleiim— + Bleimm— + ceny (12)

29 = Azeiim- + B2€72in~r + ... (13)

Studies in this direction can be found in the works [11], [12]. The parametric analysis of
a given rotor system in the presented work is based on the results of numerical methods.

4 Results and discussion

In Figure 2, there is one resonance and one autotherm zone. In the case of a head resonance,
ie, at n = 1.49, f; = 1.789523788 is equal to when the rotor amplitude p = 10. For the
rotor, the autothermic zone is generally observed in the range of 0.01 < n < 0.99. In this case,
f1 = 0.364555924, when the maximum amplitude of the rotor is 4 = 10. With a decrease in
the mass of the foundation, the value of the amplitudes of the rotor and the autotherm of the
foundation decreases to 35-50%. With an increase in yu, there is a shift of the head resonance
to the right in the direction of frequency growth and an increase in the autothermic zone. A
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decrease in the mass of the foundation and the movement of the rotor and the foundation in
the reverse phase in this interval leads to the disconnection of the autotherms.

In Figure 3, the region of bass resonance and autotherms is observed at low frequencies
and occurs in a wide range of 7. In the case of a general resonance, i.e. at n = 1.13, fo =
0.809546423 is equal to when the amplitude of the base p = 5 at p = 10, there is a shift
of the head resonance to the right in the direction of frequency growth. If the mass of the
foundation decreases, i.e. the value u increases, then the amplitude of the rotor increases
during the head resonance, and vice versa, if the value p decreases, the area of autotherms
and leads to the attenuation of the head resonance.

In Figure 4, two resonances occur. At the head nonlinear resonance, i.e. n = 1.13, the
rotor amplitude is equal to f; = 1.382985602 for ¢ = 1. The second (left) resonance is
observed in the range of 0.01 < n < 0.32. In this case, the rotor amplitude at all values of ¢
is f1 = 0.080489253. When the rigidity of the rotor decreases, the value of the left resonant
amplitudes of the rotor and the foundation becomes the same. At ¢ = 50, the amplitude of
the rotor reaches f; = 2.146287817, at n = 1.77, there is a break in the amplitudes, and at
n > 1.77, the amplitude values decrease sharply. At ¢ = 100, the rotor amplitude is equal to
f1 = 3.372849069, and there is a shift of the head resonance to the right in the direction of
frequency growth. If the rigidity of the rotor decreases, i.e. the value of € decreases, then the
value of the resonant amplitudes on the left will have the same value, and vice versa, if the
value of € increases, the amplitude of the rotor at the head resonance will increase.

In Figure 5, there is a general resonance. At the main resonance, i.e. n = 1.21, f5 =
0.130031134, when the amplitude of the base is ¢ = 2. At ¢ = 50, the amplitude of the
foundation is equal to fo = 0.182760123. At ¢ = 50, the amplitude of the foundation reaches
fo = 0.19322489, at n = 1.73, there is a break in the amplitudes, and at n > 1.73, the
amplitude values decrease sharply. At ¢ = 100, the amplitude of the base is equal to fo =
0.343379276, and there is a shift of the head resonance to the right in the direction of frequency
growth. If the value ¢ increases during the head resonance, then the rotor amplitude increases
and there is a shift of the head resonance to the right in the direction of frequency increase.

In Figure 6, two resonances occur. At the head resonance, i.e. n = 1.2, the rotor amplitude
A = 1is equal to f; = 1.38132898. The second (left) resonance is observed in the range of
0.01 < n < 0.52. In this case, the value f; = 0.201216136 when the rotor amplitude is
A = 10. With a decrease in the rigidity of the foundation, the value of the left resonant
amplitudes of the rotor and the foundation decreases to 15-20%, but at A\ = 0.1, the left
resonant amplitude is equal to f; = 0.231227653. If the rigidity of the foundation decreases,
i.e. the value A decreases, then the value of the resonant amplitudes on the left decreases,
and vice versa, if the value X increases, then the amplitude of the rotor at the head resonance
will have the same value.

In Figure 7, one resonance occurs. The second (left) resonance is observed in the range
of 0.01 < n < 0.35. In this case, when the amplitude of the foundation is A = 10, fy =
0.203282867. With a decrease in the rigidity of the Foundation, the value of the left resonant
amplitudes of the rotor and the foundation decreases to 10-37%, but at A = 0.1, the left
resonant amplitude is equal to fo = 0.243458891. If the hardness of the foundation decreases,
i.e. the value A decreases (except A = 0.1), then the value of the left resonance amplitudes
decreases, and vice versa, if the value X increases, this leads to a head resonance shutdown.

In Figure 8, two resonances occur. At the head resonance, i.e. n = 1.26, f; = 9.182929085
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is equal to when the rotor amplitude is ¢; = 0.1. The second (left) resonance is observed
in the range of 0.01 < n < 0.15. In this case, f; = 0.306469753 is equal to when the rotor
amplitude is (; = 0.2. With a decrease in the internal coefficient of friction, the value of
the left resonant amplitudes of the rotor and the foundation increases to 30-45%. With an
increase in the coefficient of internal friction, i.e. when (; > 2, the zone of autotherms and
leads to the deactivation of the head resonance. If the internal coefficient of friction decreases,
i.e. the value of (; increases, then this leads to a shutdown of the left and head resonance,
and vice versa, if the value of (; decreases, the amplitude of the rotor at the head resonance
increases.

In Figure 9, two resonances occur. At the main resonance, i.e. n = 1.26, fo = 1.022983788,
when the amplitude of the base is ¢; = 0.1. The second (left) resonance is observed in the
range of 0.01 < n < 0.35. In this case, at (; = 0.1, the amplitude of the foundation is equal
to fo = 0.53389977. With a decrease in the internal coefficient of friction, the value of the
left resonant amplitudes of the rotor and the foundation increases to 40-60% at ¢; < 1. With
an increase in the coefficient of internal friction, i.e. when (; > 2, it leads to the attenuation
of the head resonance. If the internal coefficient of friction decreases, i.e. the value of (;
increases, then this leads to a shutdown of the head resonance, and vice versa, if the value of
(1 decreases, the amplitude of the rotor at the head resonance increases.

If the external coefficient of friction (, decreases or increases, then the value of the
amplitudes of the rotor and the foundation at the head resonance will have the same value.

1,8

1,6

1.4 ° ° 00000803 SIS,
\'.’;..w w’.‘w..o (X ..0. .8..:.
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12 8 o, N8
0,8
0,6
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epu=1 °eu=0.1 °*pu=02 =05 eu=2 ep=5 epu=10

Figure 2: The amplitude of the rotor at different values of the ratio of the mass of the rotor
and the foundation — p.
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n

*u=0.1 *pu=02 °*u=05 pu=1 epu=2 eu=5 eu=10

Figure 3: The amplitude of the foundation at different values of the ratio of the mass of the
rotor and the foundation — p.
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Figure 4: The amplitude of the rotor at different values of the stiffness of the rotor — €.
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Figure 5: The amplitude of the foundation at different values of the stiffness of the rotor — ¢.
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Figure 6: The amplitude of the rotor at different values of the rigidity of the foundation — .
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Figure 7: The amplitude of the foundation at different values of the rigidity of the foundation
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Figure 8: The amplitude of the rotor at different values of the coefficient of internal friction
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Figure 9: The amplitude of the foundation at different values of the coefficient of internal
friction — (.

5 Conclusion

In this paper, a generalized dynamic model of the "rotor-foundation" system on elastic
supports has been developed, the description of which is nonlinear. A method for determining
the amplitude of forced oscillations of the system has been developed. The resonant
frequencies are determined, as well as the frequency range in which the answering machines
occur. The features of the coupled "rotor-foundation" system are shown when taking into
account the movement of the foundation. The values of the coefficients of imbalance,
foundation mass, stiffness and damping, providing optimal values of amplitudes, are
determined. The results of the work performed prove the physical meaning of the task,
and this, in turn, can serve as the basis for the introduction and application of this
mathematical model in production. Disabling dangerous rotor vibrations by selecting system
parameters is cost-effective and technically easy. The results of the work make it possible
to conduct engineering and computational experiments with minimal costs, give qualitative
and quantitative characteristics and reduce the design time of new vertical rotary machines,
improve the quality and safety of their work.
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