ISSN 1563-0277, eISSN 2617-4871 JMMCS. Ne3(131). 2026 https://bm.kaznu kz

Beuaim 1 Pazgen 1 Section 1
MaremaTuka Maremaruka Mathematics
IRSTI 27.41.19 DOL https://doi.org/10.26577/JMMCS131320261

A. Karimov, K. Imanberdiyev*

Farabi University, Almaty, Kazakhstan
*e-mail: kanzharbek75ikb@gmail.com

IN-PLANE MOTION OF INCOMPRESSIBLE FLUID CONSIDERING AN
INTERNAL SMALL BOUNDARY

We consider plane-radial motion, where the filtration velocity vectors are directed along the
radii toward the borehole axis. As the borehole is approached, the pressure and filtration rate
gradients sharply increase [1]. In this case, the radii change in geometric progression, while the
pressure on the isobars changes in arithmetic progression [15]|. At the same time, the mathematical
model of such filtration flow movement can be described using Laplace’s equation. For example,
A.N. Chekalin [5] by way of a mathematical experiment based on solving the simplest problems,
introduced a correction coefficient for the Laplace difference equation and studies the movement
of filtration flow in the Cartesian coordinate system. A.A. Andreev |2|, [4] experiments with the
application of the Dirac delta function. Based on the theory of distributions functions, this paper
proves the modeling of plane-radial motion in a Cartesian coordinate grid based on the Dirac
delta function. An analysis of the results of the numerical and analytical solution of the problem
is performed.

Key words: borehole, distributions, reservoir thickness filtration, numerical solution, finite
difference method, analytical solution.
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Imiki kimri 3j1eMeHTTi eckepereHaeri ChIFbIIIMANTBIH CYMBIKTBIH YKA3BIKTHIKTAFbI KO3FAJIbICHI

Bi3 ka3bIK-pagraaabl arblHIb KAPACTHIPAMBI3, MYH/IA CY3y KbLIIAM/IBIFBIHBIH, BEKTOPIaPhI
pagmycTap OOMBIMEH YHFBIMA OCiHe OarbITTAIFaH. ¥ HFBIMA OKIIAHBIHA YKAKBIHIATAH CABIH KHICHIM
MeH Cy3y KBUIJAMJIBIFBIHBIH TpajueHTTepl KYypT aprazast |1|. Byn xarmaiima paamycrap reomer-
PUSJIBIK, IIPOI'Peccust TYPiHZe e3repesi, aj n3obapasap/arsl KbIChIM apuMMETUKAJBIK ITPOIPECCHS
Typinge esrepeni [15]. Mynpuail cy3y arblHBI KO3FAJIBICBIHBIH MaTeMaTHKAJIBIK Mojenin Jlamiac
TeHJIeyiH nafijananbi cunarrayra 6osnaiapl. Meicasnbt, A.H. Yekanun [5| xapamaiibiv ecenrepai
IIEeNTyTe HeTi3eITeH MaTEeMATUKAJIBIK, SKCIEPUMEHTT] mafifaiansi, Jlammac alibipbIM TeHIeyiHe
Ty3eTy KO3 UIMEHTIH eHri3/i KoHe MeKAPTTHIK KOOPAWHATTAP KyHeciHmeri Cy3y arbIHBIHBIH,
kosrasbiceiH 3eprreqi. A.A. Aumpees (2], |4] dupak genpra dyHKImsICBIMEH ToXipuGe Kacasbl.
By makasiajia Tapasy QyHKIUsIaAPbl TEOPUSICHIHBIH, Heri3iHge Jupak jaesbra OyHKIUSICHIH KOJI-
JIaHA OTBIPHII, JEKAPTTHIK KOOPAUHATTAD KYHECIHIIET] Ka3bIK-PaIuaJiIbl KO3FAJIBICTHI MOJIEIbIEY
JpJesaeHe . EcentTin caHIbIK XKoHe aHAJTUTUKAJIBIK IEITiMIHIH HOTUKeJIepiHe TaJay XKYprisiae/i.
Tyitin ce3aep: yHFbIMA, YIECTIpIMIEP, TY31Iy KAJBIHIBIFBI OOMBIHINIA CY3y, CAHIBIK IIEITiM,
AKBIPJIBI-AWBIPBIMIIBIK, 9/1iC, AHAJTUTUKAJIBIK IIEIIiM.
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4 In-plane motion of incompressible fluid considering ...

Mps1 paccMaTpruBaeM ILJIOCKO-PaIUaJIbHOE JIBUYKEHUE, TJI€ BEKTOPhI CKOPOCTH (PUJIbTPAIlUN Ha-
[paBJIEHbI BJIOJIb PAJIMYCOB K OCH CKBaXKWHBI. 110 Mepe mpubJjimKeHUsl K CKBaXKWHE I'DAJIMEHTHI
JaBJieHus u ckopoctu (uibrpanuu pe3ko sospacraior [1]. B aTom ciyuae paauycel nzmensaoTcs B
reoMeTpUYeCcKOil IIporpeccun, a jasjienue Ha nzobapax B apudmerndeckoil uporpeccuu [15]. [pu
9TOM MaTEMATHYIECKYIO MOJEJb TAKOTO JIBUYKEHUs (DUIHTPAIMOHHOIO TOTOKA MOXKHO OIUCATH C
nomorpio ypasaeans Jlamnaca. Hanpumep, A.H. Yekasnun [5| mocpeicTBoM MATEMATHIECKOTO 9KC-
[eprUMeHTa, OCHOBAHHOI'O Ha PEIIEHUN ITPOCTENINX 3884, BBEJI IOIPABOYHBIN KOI(MDMUIIUEHT st
pa3HOCTHOTO ypaBHeHus Jlamraca u u3ydni JBmkeHne (GUIHTPAIMOHHONO OTOKA B JEKAPTOBOM
cucreme koopauuar. A.A. Aunpees [2], |4] sxcnepumenTupyer ¢ npumenenuem jesbra-dyHKIUNA
Hupaka. Ha ocHoBe Teopwu (yHKIMI pacipeaesieHns B JAHHON paboTe TOKA3BIBAETCS MOIEJIV-
pOBaHUE IJIOCKO-PAJMAIBLHOTO JBUYKEHUsI B JIEKAPTOBOU CHCTEME KOODJMHAT Ha OCHOBE JIeJIbTa-
dyuknun Tupaka. [IpoBoguTcst aHa M3 pe3yIbTaToB YUCJIEHHOIO ¥ AHAJUTUYECKOIO PeIleHusl 3a-
JTadH.

KiroueBbie cjioBa: CKBayKUHA, PACIpe/eeHus], (pUAbLTpaIlns M0 TOJIIUHE IJIACTa, IUCJIEHHOE
pelienne, MeTo/T KOHEIHBIX PA3HOCTElH, AaHAJIUTHIECKOE PelleHIe.

1 Introduction

Consider the filtration of an incompressible fluid in the {2 plane with boundary 0€2. Let w be
a circle of radius r. < diam {2 with boundary Ow. Let us define the problem of finding the
harmonic function p(x,y) in a two-connected region Q. = Q/0w.

0 op 0 op
—(o=— — (o= =0 € 1
A constant pressure is maintained at the outer boundary of 0f).
p(x,y) =po, (z,y) € 0L, (2)

At the small inner boundary, the pressure is set to p. < po.
p(‘rCJ yC) - pC,7 (xc7 yc) S aw (3)

2 Analytical solution of the problem —.

Substituting variables x = rcosf, y = rsinf and considering r = \/(z — z.)2 + (y — v.)?,
equation (|1)) to (3]) write in the polar coordinate system (o = const)

d’p 1ldp

2 4
i 0, r.<r<R, (4)
p(re) =pe,  P(R) = po. (5)

The solution of the obtained problem , will be

p(r) =po+ P Pe (—) | (©)

In (—) le
TC
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The obtained solution @ allows us to analyze the numerical calculation of the solution
of the problem —. Here the volumetric flow rate of the borehole will be determined by
Dupuis’ formula

2o
¢=—x (Po—pe).
In —
/rC
where 0 = — is coeflicient of hydraulic conductivity.

i
Let’s construct a numerical solution of the problem f based on the distributions
function using the Dirac delta-function [6], [7].
In the case of filtration of homogeneous liquid, the liquid flow rate is obtained by

op

=0 [ Lar
q g p 8’]7/ Y

kH

where /(-length of the perimeter of the borehole, ¢ = — is coefficient of hydraulic
1

conductivity of isotropic reservoir.

Assuming that the borehole is circular of radius r., we have

27

dp
—or. [ Ly,
qar/o drgp

d
Taking the mean value of d_p out from under the integral sign, we obtain
r

dp
= 2mor.—,
q Tor = (7)

The problem is reduced to the calculation of fluid flow rate through the side surface of a
circular cylinder. According to for a production borehole we have

14
= 2mor—,
1 dr
Separating and integrating the variables in the last expression we obtain:
q
r)=—Inr+C. 8
pr) = 5L Inr 4G, 0

Let’s construct the difference method for solving equation on a square grid
xr = th, y = jh, i,7 = £1,£2,...; Then equation on the difference cell D;; =
{xi_% ST <wy, Y1 SYS yj+%} in the case of a five-point template with error O(h?)

will be of the form, [§]
UH%(]%H —pi) + Uze%(pzel —pi) + 0j+%(pj+l —p;) +0;_1(pj-1—pj) =0.

1
3

In cell D(ic, j.), here there is a borehole, its outer boundary is formed by line segments
r=uz.+ %(h +7r), Yy =1yt %(h + r.) Figure 1. Let us draw a circle with radius h, = x = y.
Here h, is shown as a large arrow in Figure 1.
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i,j+1

ti+1,J

hj—1
Figure 1. The small arrow corresponds to the radius of the borehole, and the large
arrow shows the radius corresponding to that drawn on the square difference grid.

Similarly, calculating the fluid flow rate through the side surface of a circular cylinder
with radius k., we obtain in the form (7))

dp
= 210 h.——
q T dh.

Integrating, we have

p(hc) = QL In h’c + 02- (9)

ye

Definition 1 A function p(r) on a set w C ). is called a mapping p(r) : w — €.

Definition 2 Let ¢ C Q. be such that for any 6 > 0 there exists an r € w, such that
0 < |r—c¢l < 0. A function p(h.) is said to tend to p(r.) when r, tends to ¢, and writes

limp(h.) = p(re), if
r—C
Ve>030>0V0<|r—cl<d: |plh)—p(r)| <e.
The existence of the right lin}rop(hc) = p(r.) means that
r—c

Ve>030>0V0<r—c<d: |plh.) —plre)| <e.

The equality of hI_El p(he) = p(r.) means that
T—400

Ve>030>0Vr>d: |plh.) —p(re)| <e.

Similarly, we can formulate the definition of the left limit limO p(he) = p(r.) and the
r—c—
tim p(he) = p(re), 9]

If the locally integrable functions p,(h.) (v = 1,2,...) in each bounded region converge
uniformly to the locally integrable function p(r), then the corresponding functionals (p, (h.)—
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p(r)), converge to the sought-for functional, [10]. Indeed, let ¢(r) be some finite function, i.e.,
outside some region it is zero. In other words, for every finite function ¢(r) there exists a limit
of a numerical sequence, [11]. Thus, a sequence of distributions functions py,pa, ..., Py, -,
by definition converges to a distributions function p, if for any basic function o(r)

lim (p, @) = (P, #)- (10)

If the flow rate of incompressible fluid from a single point source is ¢, = q(r.) = q(h.),
then from and @We have the formula

G  he
pu(he) —p(r) = In—.

2o T

Whence we have

0= 27 (pulhe) —plr) (1)
In —
7/.C
Now, if we compute the weak limit of the sequence of functions ¢, (r), v — 0, for every
fixed continuous function ¢, there will be a functional which is the limit of the numerical
sequence [ q,(r)p(r)dr at v — 0, |12]. Thus, for any continuous function ¢(r) the limit
relation is true

lim [ q,(r)e(r)dr — (6, ¢), (12)

v—0

where the symbol (9, ¢) denotes the number ¢(0) is value of the functional 6 on the function
®.

If there is a mass ¢, concentrated at the point (x.,y.) then the corresponding density
should be assumed to be ¢d(z—x, y—y.). Thus, the density created by a material point cannot
be described within the classical notion of function. Then a linear continuous functional in
the form of a Dirac d-function is attracted to describe it.

Let’s write the difference approximation of the problem f at constant coefficient
o = const taking into account in the following form

21
Pae+ Pgy = —3- (P = Pe)O( — e,y —we),  (7,y) € 4, (13)
In —<
7AC

A constant pressure is maintained at the outer boundary of 0€:

p(z,y) = po, (x,y) € 09, (14)

where p is a dummy function and p. is a given function related to the selection of
incompressible fluid.
Here the volume flow rate of the borehole is determined by the formula

2 (50— o). (15)

Tc

q:hl
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Then we write expression taking into account in the form |[3]:

Pzz + Pyy = C](S((IZ — Te, Y — y(:), (16>

Problem (I)—([3) was solved with the following data. The downhole pressure p. =
100 kg f/em?, and the supply circuit pressure py = 130 kg f/cm?, the distance to the supply
circuit R, = 1000 m. Formation permeability coefficient x = 0.8 D, dynamic fluid viscosity
coefficient © = 4mPa - s, formation thickness H = 10m, borehole radius r. = 12.4cm.
Table 1shows the solution of the problem using formula (6]). The approximate solution of the
problem (13), is constructed on a square grid with a step & = 100 m. The results of the
solution are shown in Table 2.

Table 1. Results of the solution to the problem (4)), (5).

100.0 122.3 124.6 126.0 126.9 127.7 128.3 128.8 129.3 129.6 130.0
122.3 123.5 125.0 126.2 127.0 127.8 128.3 128.8 129.3 129.7 130.0
124.6 125.0 125.8 126.6 127.3 127.9 1285 1289 129.4 129.7 130.0
126.0 126.2 126.6 127.1 127.7 128.2 128.7 129.1 129.5 129.8 130.0
126.9 127.0 127.3 127.7 128.1 128.5 1289 129.3 129.6 129.9 130.0
127.7 127.8 127.9 1282 128.5 128.8 129.2 129.5 129.8 130.0 130.0
128.3 128.3 1285 128.7 128.9 129.2 129.5 129.7 130.0 130.0 130.0
128.8 128.8 1289 129.1 129.3 129.5 129.7 130.0 130.0 130.0 130.0
129.3 129.3 129.4 129.5 129.6 129.8 130.0 130.0 130.0 130.0 130.0
129.6 129.7 129.7 129.8 129.9 130.0 130.0 130.0 130.0 130.0 130.0
130.0 130.0 130.0 130.0 130.0 130.0 130.0 130.0 130.0 130.0 130.0
Numerical values of the analytical solution by formula .
Table 2. Results of the solution to the problem , .
100.0 122.3 124.6 1259 126.9 127.6 128.2 128.7 129.1 129.6 130.0
122.3 123.7 125.1 126.1 127.0 127.6 128.2 128.7 129.2 129.6 130.0
124.6 125.1 125.8 126.5 127.2 127.8 128.3 128.8 129.2 129.6 130.0
125.9 126.1 126.5 127.1 127.6 128.0 128.5 128.9 129.3 129.6 130.0
126.9 127.0 127.2 127.6 1279 128.3 128.7 129.0 129.4 129.7 130.0
127.6 127.6 127.8 128.0 128.3 128.6 128.9 129.2 129.5 129.7 130.0
128.2 128.2 1283 1285 128.7 128.9 129.1 129.3 129.6 129.8 130.0
128.7 128.7 128.8 1289 129.0 129.2 129.3 129.5 129.7 129.8 130.0
129.1 129.2 129.2 129.3 129.4 129.5 129.6 129.7 129.8 129.9 130.0
129.6 129.6 129.6 129.6 129.7 129.7 129.8 129.8 129.9 129.9 130.0
130.0 130.0 130.0 130.0 130.0 130.0 130.0 130.0 130.0 130.0 130.0

Finite-difference solution obtained by Peaceman-Reckford method, [13], [14], [16]. Here

the number of successive approximations was S = 821.

Conclusion

Based on the analysis results, calculations were performed to determine the volumetric flow
rate using the Dupuis formula (3)), [14] and a numerical solution using the Dirac delta function
. Based on the results of the analytical solution, we obtained a flow rate of ¢ = 0.4132F +
02t/day. Based on the results of the analytical solution, we obtained a flow rate of ¢ =
0.4132F + 02t /day. If we take the difference grid step h. = h as an approximation, we obtain
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an increased flow rate value ¢, = 0.4427E 4 02t/day, |13|. A numerical experiment makes it
possible to determine that the best approximation is obtained with an incomplete difference
grid step h. = 0.3 - h.

The results of the numerical experiment show that the sequence {q,(r)} of approximation
results converges to the obtained analytical solution of the problem.In this case, the sequence
¢, (r) of continuous functions converges to the generalized function (r) if and only if it is a
fundamental sequence of the generalized function ¢(r).
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