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SOME BOUNDARY VALUE PROBLEMS FOR THE INHOMOGENEOUS
CAUCHY-RIEMANN EQUATION IN INTERSECTION OF TWO CIRCLES
WITH SAME RADIUS

This article examines boundary value problems for the Cauchy—Riemann equations in the
intersection region of two circles of equal radius. Using the parquet reflection method and the
Cauchy—Pompeiu integral formula, a Schwarz representation formula is derived. The parquet
reflection method is applied to solving a number of boundary value problems for specific domains
whose boundaries consist of circular arcs. This contributes to the method for solving the Schwarz
boundary value problem for the nonhomogeneous Cauchy-Riemann equation and also plays an
important role in solving other boundary value problems. If the boundary of a domain has the
specified properties, a new domain can be created in the plane by reflecting the original domain
about its boundary, and by reflecting this new domain about its boundary, another domain is
found. By repeating this process, we obtain fragments of the plane, the union of which provides
a covering for the complex plane. The covering can be achieved with a single reflection, several
successive reflections, or infinitely repeated reflections. Furthermore, the Schwarz problem for the
inhomogeneous Cauchy—Riemann equation is studied; explicit solution formulas are obtained, and
solvability conditions for the boundary value problem under consideration are established.

Key words: inhomogeneous Cauchy-Rimann equation, Cauchy-Pompeiu formula, Schwarz
boundary value problem, integral representation of the solution, parquet reflection method.
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Bipaeit pagnycrtel eki nienbepaiH, KUbLIbICYbIHAAFEI 6ipTekTi emec Kommu-Puman renaeyi yirin
Keiibip mieTTik ecernrep

By makamaga 6i3 TeH pajmycThl €Ki 1meHOep/IiH KublLIbicybiHIarbl Komu-Puman Tenmeysepi
VIiH IeKapaJsiblk, MOH ecenTepin 3eprreiimis. IlapkeTTik marbuibicy TeXHUKACHIH 2KoHe Korru-
ITommeit wHTErpaaablK POPMYIACHIHBIH KOIAaHa OTHIpLIN, IIIBapi eprekTey opMyIachl aabIH-
b1, [TapkeTTiK MAaFbLIbICY OiCi MeKapaJiapbl MeHOep JorajapblHAH TYpaThIH Oe/riii 6ip obJb-
crap yiiiH OipkaTap IIETTIK ecenTepi Ienrye Koaaanbliaael. byn oiprekTi emec Komu-Puman
tergeyi ymia [IIBaprreis merTik ecebiH Imermy ojiciHe €3 Y/IECiH KOCalbl, COHJali-akK 0acka a
MIETTIK ecernTep/ii MIemryIe MaHbI3abl POJI aTKapaabl. Erep o0JIbIc meKapachl aTajraH KacueTTepre
ne 6osica, 6acTanKbl OOJIBICTHI OHBIH IIEKAPACHIHA KATHICTHI MMAFBLIIBIPY aPKBLIbI KA3BIKTHIKTHIH,
’KaHa 00JIBICHI KYPBLIYybl MYMKIH, aJ1 OCBI 2KaHa 0DJIBICTHI OHBIH IIeKaPaChIHA KATHICTHI IIAFbLIIBIPY
apKbLIbI backa 006J1bic TabbLIaabl. OChI MPOIECT KalTajiail OTHIPHII, 613 Gipiryl KOMILIEKCT] Ka3bl-
KTBIKTBI TOJIBIK, 2Ka0y/Ibl KAMTaMaChl3 €TeTIH YKA3bIKTHIK, (DparMeHTTepiHe KOoJI KeTKizemis. 2Kaby
6ip marbLIyMeH, OipHere XKyiesi MmarblIyMeH HeMeCe IeKCi3 KalTaJaHAThIH MaFbLTYIAPMEH XKY-
3ere achIpbuIybl MyMKiH. ConbiMen karap, 0i3 6iprekrti emec Komu-Puman rergeyi ymin IBapir
MEeTTIK MOH ecebiH KapacThIPaMbI3 YKOHE IIelNM MeH IIeNIIy MapTTaphl VIIMTiH aifKbIH OpHEKTEPI1

aJIaMBbI3.
Tyitin ce3nep: G6iprekti emec Komm-Puman tenmeyi, Kommu-Ilommneit naTerpaaabik dopmysia-

sapel, [IIBapi mekapaJbik, ecebi, MEINTMIAEpIiH NHTErPAJIIBIK, OPHErl, MaPKeTTIK MAaFbLIBICTHIPY
oici.
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Hexkoropbie KpaeBbie 3a1a4u IJisi HEOJHOPOAHOro ypaBueHusi Komun-Pumana Ha nepeceyeHun
JOBYX OKPYXKHOCTEH C OAMHAKOBOrO pajanyca

B sroit pabore ucciemayrorcs KpaeBble 3ajadu i ypapHeruit Komu—Pumana B obiactu me-
pecedeHust IByX OKPYKHOCTeH paBHOro pajuyca. C mpuMeHeHHEeM METO/Ia TTAPKETHOTO OTPAKEHUsT
u nHTerpanabuoit popmynsr Komu—Ilommero BoiBenaena dopmysta npeacrasienus [IBapma. Meron
[APKETHOI'O OTParKeHUs IIPUMEHSIETCsI JIJIs PEIIeHns Psijia KPAeBbIX 3aJ1a4 JjIs KOHKPETHBIX 00Jia-
cTeil, rPaHUIBI KOTOPBIX COCTOSIT U3 YT OKPYXKHOCTEH. DTO BHOCUT CBOW BKJIAJ B METOJ, PEIIeHHSs
kpaesoit 3agaun [[IBapra s HeogHOpomuoro ypapHenuss Komu-Prumana, a Takike urpaer Baxk-
HYIO POJIb IIPX PEIeHNN APYTUX KPaeBbIX 3ajad. Ecian rpannia objacTu 0b/IagaeT yKa3aHHbIMI
CBOIICTBaMU, MOYXKET OBITH CO3/IaHa HOBas 00JIACTD IJIOCKOCTH IIyTeM OTPAKEHUsI UCXOIHON 001acTu
OTHOCHUTEJIFHO €€ I'PAHMUIIBI, U IIyTeM OTParKeHUs TOIl HOBOII 00JIACTH OTHOCHUTEJIBHO €€ I'DAHUIIBI
Oyzner HaiijeHa jipyrast 06s1acTb. IIoBTOPSsist 3TOT IIPOIeCe, MBI JOCTUTAEM (DPArMEHTOB IIJIOCKOCTH,
0o0beIMHEeHNe KOTOPBIX 00ECIeINBAET MOKPBITHE JJIs KOMILJIEKCHOM TLIOCKOCTH. [IoKphITHE MOXKET
OBITH BBIIOJTHEHO C OJHUM OTPAXKEHUEM, HECKOJBKUMU IOCJIETOBATEIHHBIMI OTPAYKEHUSMHI HJTH
GECKOHEYHO TOBTOPSIONUMUCS OTpakenusimu. Hapsiay ¢ stum msydaercs 3azada [[IBapra mis
Heo/THOPOHOTO ypaBHenus Komu-Prumana; mosrydeHs! ssBHble (DOPMYIIbI PEIIEHUS U YCTAHOBJIEHBI

YCJIOBUS PA3PEIINMOCTI pacCMaTpUBaeMOl KpaeBoi 3aJa4u.
KiroueBbie cioBa: HeomgHopoHoe ypasHenne Kommu-Pumana, dopmymsr npeacrasienus Kormm-

[Tommeitio, kpaesas 3amada [lIBapiia, nHTErpaJbHOE IPEJICTABICHAE PEIIEHUM, METOJ, ITAPKETHOTO
OTpaKeHU.

1 Introduction

Complex analysis is a rapidly developing field of modern mathematics. The study of
boundary value problems is particularly significant, as they are of interest not only from a
theoretical perspective but also have wide practical applications in various fields. The explicit
solutions are important not only for applications in engineering, mathematical physics, fluid
dynamics etc., but also influence the general theory for arbitrary domains.

In recent years, boundary value problems have attracted sustained interest from the
scientific community. Significant results have been obtained in the theory of boundary value
problems for complex partial differential equations, which has contributed to the further
development of research in the fields of generalized analytic functions, Riemann—Hilbert
problems, mathematical physics, and other related disciplines. Among these works, research
devoted to the Riemann problem in the space of p-summable functions with infinite index
is noteworthy, a Riemann-Hilbert BVP in a bounded sector, smooth solution to the second
initial-boundary value problem for a parabolic system in a domain with nonsmooth lateral
boundary, BVPs (Schwarz, Dirichlet and Neumann) for the Cauchy-Riemann equation in
the dics 1], harmonic Green’s functions are studied for a plane domain whose boundary is
formed by two tangent circles 2|, harmonic BVPs in half disc and half ring [3|, operator
estimates for planar domains with irregularly curved boundary the Dirichlet and Neumann
conditions [4], Schwarz BVPs for polyanalytic equation in a sector ring [5], BVP for stationary
stokes equations with impermeability boundary condition [6], BVP of holomorphic vector
functions in 1D QCs [7], a third boundary value problem for the fractional diffusion equation,
posed in a half-strip domain, is considered [8|, the Riemann—Hilbert problem for first-order
elliptic systems on a plane with constant coefficients of the highest derivatives is studied [9],
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Dirichlet problem for an elliptic equation with three singular coefficients |10], Schwarz BVP
for the equation in Cauchy-Riemann a rectangle, the Riemann—Hilbert problem for first-order
elliptic systems on a plane with constant coefficients of the highest derivatives is studied.
In works [12,/13] Green’s functions for the Dirichlet problem are obtained for triharmonic
and polyharmonic equations in a multidimensional unit sphere; their correct restrictions
associated with polyharmonic operators are also established.

In [14], well-posed problems for the Moisil-Teodorescu system are presented for the case
of a spherical layer and inside a torus. In [15], two theorems on a priori estimates for solutions
to nonlinear equations in a finite-dimensional space are obtained.

In [164/17], a uniqueness criterion is obtained for the solution of time-nonlocal problems
for the differential-operator equation [(-) — A with a wave operator A with a shift. In [18],
classes of unique solvability are established for a time-nonlocal problem for multidimensional
quasi-hyperbolic equations.

The parquet reflection method is applied in the study and solution of a number of
boundary value problems in special domains whose boundaries consist of circular arcs. An
approach to solving the Schwarz problem for the homogeneous Cauchy—Riemann equation
is developed and also, play important roles in dealing with Dirichlet and Neumann BVPs,
in other words, When solving boundary value problems for homogeneous Cauchy—Riemann
equations, the parquet reflection method, which underlies the construction of the Schwarz
kernel, is used. If the boundary of a domain satisfies the appropriate conditions, then reflecting
the original domain with respect to its boundary yields a new planar domain. Further
repetition of this procedure leads to the construction of a sequence of domains, the union of
which yields a covering of the complex plane. Such a covering can arise as a result of a single
reflection, several successive reflections, or an infinitely continuing process of reflections. |2|. In
many areas of the theory of partial differential equations and mathematical physics, obtaining
explicit integral forms for solutions to boundary value problems plays an important role. The
Schwarz problem is one of the key problems in complex analysis and serves as a typical
example of a boundary value problem for elliptic equations and systems. Its essence lies in
determining a function satisfying a given differential equation within a domain, given known
values on the boundary. Similarly, using reflected points, a Dirichlet representation formula
is derived for the domain under consideration, and a solution to the Dirichlet problem for
the Cauchy-Riemann equation is constructed. See [1].

The principle of parqueting and reflection is suitable for constructing harmonic Green’s
functions for certain planar domains with boundaries consisting of subarcs of circles and
straight lines. (Continued) Reflection on the boundary parts should ensure parqueting of the
complex plane. In the paper [19], the situation with an apple from Almaty, modified by a
half-disk, is considered. In this work, harmonic Green and Neumann functions are constructed
for these regions.

2 The complex Gauss theorems

Complex analysis makes extensive use of the complex differentiation operators 0, and 0;
which are expressed in terms of real partial derivative operators 0, and 0, as
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20; = 0, +10,, 20, =0, —10,. (1)
Formally, these relations are derived by considering the variables
Z=x—1y, z=x+1y, x,y€E€R,

as independent, followed by the application of the rule for differentiating a complex
function. Let a complex-valued function w = u + iv be defined by two real-valued functions
u and v depending on real variables x and y. For brevity, we will denote such a function by
w(z), although in general it depends not only on z. If, in some open region of the complex
plane C, the function w is independent of Z, then it is analytic. In this case, the function w
satisfies the first-order Cauchy—Riemann system of equations

Uy = —Vy, Uy = Uy. (2)
This condition is equivalent to the relation

dzw = 0, (2"
which follows directly from the equality

20;w = (u+ 1) (0 + 10y) = Oyu — Oyv + i(0,v + Jyu). (3)
Furthermore, in this case, the equality holds

20,w = (u+10)(0, — 10,) = Opu + Oyv + i(0,v — Oyu) = 20,w = —2i0,w = 2w'.  (4)

Using the complex derivatives introduced above, the classical real Gauss divergence
theorem for functions of two real variables continuously differentiable in some regular domain
can be naturally rewritten in complex form. Here, a regular domain is understood to be a
bounded domain D with a smooth boundary D, and the functions under consideration are
assumed to be continuous in the closure D = D U dD.

Theorem 1 Let the function w € CY(D;C) N C(D;C) be defined in a reqular domain D of
the complex plane C

/ w,(2)drdy = —% w(z)dz (5)
D oD
and
/ w;(2) dedy = % w(z) dz. (5')
D oD

Remark 1 Cauchy’s theorem for analytic functions is a special case of formula ,
namely:

Lw(z) dz = 0.

Indeed, if v is a simple closed smooth curve, and D denotes the interior region bounded by
it, then the indicated integral is equal to zero, since relation holds in this case.
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3 Cauchy-Pompeiu representation formulas

Similar to the derivation of the Cauchy formula from the Cauchy theorem using relations
and , formulas for the Cauchy-Pompeiu representation can be established. Let D C C
— be a regular domain and the function w € C'(D;C) N C(D;C). Denoting ¢ = £ + in for

z € D we have

L/ M_l/ we(Q) g dn

21 Jop ¢ — 2 T (—z

w(z) =

and

w(z):_i/ M_l/jjw

21t Jop (— 2 7r (—=z

(6)

(6')

hold. Let M — be a domain in the complex plane. It formed by the intersection of two circles:
C,={2€C:|z—1=+2}and Cy = {z € C: |z + 1| = v/2}. The boundary M of the

domain M consist of two cicular arcs.

Domain M (consist of two cicular arcs)

Imz @
20 T
C > 4
M
3 \2 1 1 2/ 3 Rez
—1
_27:,,

Figure 1: domain M

Recall that the Pompeiu operator is defined by the relation:

Tf(z) = — / O gean,

T v C—z

where ( = £ + 1. The extended complex plane is the complex plane to which the point at

infinity is attached

Coo = CU{o0}.

The Cauchy-Pompeiu formula is the fundamental tool for complex BVPs which just has to

be properly modified. Now we state the Cauchy-Pompeiu theorem.
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Theorem 2 Any w € C*(M,C) N C(M,C) for a regular complex domain M C C can be
represented as

1 d¢ 1 o dédn Jw(z), ze M,
% 8Mw<C)C_Z_;/MwC<OC_Z—{O7 Z%M,

and

1 d¢ 1 dédn  Jw(z), z€ M,
“om 8Mw(og—z_%/Mw<(Og—z_{o, 2 ¢ M,

where ¢ = & + in.
The Poisson kernel for the unit disc D has the property

im L m[c LS —1]%=v<c>,

2=Cl2l<1 270 Jop (—2z (—7Z ¢

for v € C(OD,R). See (1.

In this paper, explicit representations of solutions are obtained and solvability conditions
are established for some basic boundary value problems in domain M. To achieve this goal,
a Schwarz representation formula is first derived from a modified Cauchy—Pompeiu formula.
This modification is implemented by applying the Cauchy—Pompeiu formula to points
constructed using the parquet reflection method. Next, using the Schwarz representation
formula, a solution to the Schwarz boundary value problem for the homogeneous Cauchy—
Riemann equation is found.

4 The representation formula for M

In this section, using the parquet reflection method, we determine the points in the complex
plane that belong to the region under consideration and are necessary for constructing the
Schwarz representation formula.
The reflection of any point z € M with respect to the boundary 0C| is defined as follows
z+1
z—1=V2=(E-1)(z-1)=2=2="= .
Z p—

Similarly, the reflections of these two points with respect to C5 are expressed by the formulas

1 —z+4+1

2 Z4+1

Thus, successive reflections lead to a parquet covering of the entire complex plane. On this
basis, the Schwarz representation formula is derived by combining the Cauchy-Pompeiu
integral representation formula applied to the above points.

Theorem 3 Any function w € C*(M;C) N C(M;C) can be represented as
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D

1
wlz) = 2mi /8M0801 z+1
1 { ¢+1 22((—1—1)_1} "
2mi 8Mr1802 Cz+1
d¢ 2 dc
e O ™)

2
z I s
" /8Mﬂ601 mW(C)C— 1
z

_E/M{“’C(O [ciﬁcwl

|

— z—1 zZ+1
e )L(z—n—z—l‘¢<z+1>+z—1]}d5d”’

where ( = & +1in.
Proof 1 The points constructed using the parquet reflection method are written as follows

¢ M. So by the Cauchy-Pompeiu formula

2 €M and 25, -5, 7
1 a1 o dEdn
w2 =50 | w0722 -1 [ woF )
0= 50 [ 0@ S 2 [ o )
omi Jour C(E—1)—Z—1 7wy C(E-1)—z2-1
1 zd(C 1 o 2dEdn
O_% “ )Cz—l—l_;/M%«)Cz—i—l' (10)
1 (z+1)d¢ 1 _ (z 4 1)dédn
_E/Mw<<og(z+1)+z—1' (11)

0=— w

270 Jour (z+1)+z-1
By adding , and the complex conjugates of @D, , the formula @ 15 obtained
Theorem [3 makes it possible to construct a solution to the corresponding boundary value

problem for the homogeneous Cauchy—Riemann equation in the domain M

5 Schwarz BVP for M
We introduce the Schwarz integral on M as follows

-1

L (-1 2(¢—1)  z2(C-1) d¢
Slz) = 27Ti/(9Mmacl 7o) [c— +§ R “}c—l

1 g+1 2(C+1)  z((+1) d¢
2mi ¢ — 5 +1+ Cz+1 ' (z+1 +1]§+1’

g
27 Jonmnoc,

(12)
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where ¢ = £ + .

Based on the formulas of representation , the solvability condition and the solution of
the Schwarz-type boundary value problem for the homogeneous Cauchy—Riemann equation
in the domain M are derived. To study the boundary behavior, we formulate the following
theorem.

Theorem 4 Let v € C(0M,C), then fort € oM
lim S1(2) = 7(C).
z—t
Proof 2 We consider the boundary behavior, for z € OM N IC, :

Z((—-1)  z+1

Gl Gt SS9
and

§+1_—z+1

C_—g_CZ“‘l’ CE&CQ,

Z(C—i—l):—z—l ¢ e o0,

(z+1 (—=z"
Thus, on OM N OC:

_ b (-1, ¢-1_ d¢
Sulz) = 2mi /8Mr1801 <) L —z " (—z 11 ¢—1
1 (-1 (-1 I}CK

¢

2w aclr(g)[C—ZJrf—?_ -1

o, ¢ € dC, \ (OM NaCy).

By considering the properties of the Poisson kernel for C;:

iy Syr7(2) = 7(0)

Consequently, for ¢ € 0S NIC, up to the points +i of the domain M, the corresponding
relation holds; however, at these points, continuity is not preserved unless I' vanishes there.
Stmilarly, the relation for z € OM N OCs is derived:

(-1  z+1
o ¢ € 0CY,
Z2(C+1) —z+1

- = oC
Cg‘i‘l C—Z’ CE 1
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and

Z((+1) —z+1
C24+1 (2417 ¢ €00,

Thus, on OM NOCY:

1 1 1 d
Sm(z)——/amac () [CJF 1ot —1}—€

2 (—z (—zZ C+1
_ b (=1, ¢-1 d¢
- 2mi ach(OL—Z+§—5 1}C—1’

~ o, C € dCy \ (OM NACy).

Using the properties of the Poisson kernel for Cy, we obtain the limit relation:
lim Syy(2) = 7(2)-

Considering this relation on ¢ € OM N OCy up to the corner points +i of the domain M,
we note that at these points, continuity, generally speaking, is broken unless the function YT
takes zero values there.

To analyze the boundary behavior at points +i, we use the representation of the constant
function 1 in integral form

1 (-1 ¢-1  z20¢-1) 2¢-1) ] d¢

1_27” 8Mﬁ801|:<-_z+<-__2 b (z+1 - (z+1 1}5—1
1 (+1 ¢+l 2(¢+1)  z2C+1) ] d¢
2 aMmacz{C—Z+C_—Z B 1]<+1'

Multiplying this equality by v(£i) and subtracting it from Spy(z) we obtain the expression
for the case z € OM N OC,:

NN N (S N S A IS
S - =5 [ 50| B

where 7(¢) = v(¢) — v(£i) and §(£i) = 0,
Tim Syy(2) = 7(8).

Similarly, for z € OM N OCs,

N o JCH+1 (41 d¢
Swio) - =5 [ 0[S -] Sy

where ¥(¢) = v(¢) — y(£i) and Y(£i) = 0, hence

lim Syy(2) = 7(t).

z—+i
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In the next step, we consider the following Schwarz BVP and find a solution of w the

homogeneous Cauchy-Riemann equation in M.

Theorem 5 The Schwarz BVP w: =0 in M, Rew =~ on OM

2 dc 2 S
T Jomnac Imw(C)C 1 /aMmacz Imw((‘)c 1 °
with given v € C(OM,C), ¢ € R is uniquely solved by
_ 1 200=1 202D ) de
=550 o, { (== TGl 1}4—1
1 2¢+1) . 2:(C+1) ] d
+27T7/ 6M06027<C |: C—Z 1+ CZ+1 1}<+1+ZC7
where ¢ = & + in.
Proof 3 By Theorem [3:
_ 1 200=1 200 =1
wiz) = 2mi /8Mﬁ(‘901 7o) { (—=z b Cz+1 1]
1 2¢+1) . 2:(C+1)
2mi aMmacgVC {C—Z b Cz+1 1}

2 e 2 dc
T /az\macl Imw(C)C “1 ' x /850802 Imw(C)C +1

_%/M{“’C(O [ciz%zil]

z—1 z+1

+(€) [C(z—l)—z—l B c(z+1)+z—1”d§dn'

Using Vekua’s method [11)], can be expressed as, for:

w(z) = ¢(2) + Tf(2),

where ¢(z) — is arbitrary analytic function in domain and T f(z) — is Pompeiu operator. So
w(z) is a solution of the homogeneous Cauchy-Riemann equation and applying Theorem @

we get:

lim Rew(z) = w(().

z—(
Then this complete proof.
Corollary 1. Any w € C'(M;C) N C(M;C) can be represented as

1 (+zd¢
w(z) = %/(WRGW(C)C_Z?

| <w<(<)4+z N wc(oizg) dedn + i Tm w(0).

_%M ¢ ¢—=z2 6

(13)
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Theorem 6 The Schwarz BVP ws: = f in M, Rew =~ on OM, Imw(0) =0
2

¢ 2 ¢
70 Jongna, ) —c—ﬁ%/am ImwlQ) 737 =¢

with given f € Li(M,C), v € C(OM,C), ¢ € R is uniquely solved by

w(z) = ﬁ/gmw 7(¢) {Q(g__;) 14 —2?5;11) - 11 %
1 2(¢ +1) 2:(C +1) ac
o e O T T 1

d&dn,

¢ (=2 (¢ 1-%

1 [ f(Q¢+z  FIO1+2C
_%/[ . g

where ( = & +1in.

Proof 4

27 Jonrac C—=z Cz+1

1 FQOC+z  f(O1+2
~ o / [ ¢ c—zt T 1oac| %
MNCq
1 2(C +1) 22(C 4 1) ac
o foe O e T T Y e
1 FQOC+z | f(O1+2C
~ o / [ CC—217¢ 12| %
MNCs
1 2¢-1) . 2:(¢C-1 ] d
- 2mi aMmaclfy(C){ C—=z b Cz+1 1}5—1
1 2(¢ +1) 22(C + 1) a
#3 foe, O e R Y e

dé dn.

% — —

L[ FQ¢+2 , Q1+
ﬂc (=T 1-xC

This representation is directly obtained from formula under the assumption that a
solution w exists.
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