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ON GEOMETRIC PROPERTIES OF *-SPACES ON UNITARY DUALS OF
COMPACT GROUPS

In this paper, we investigate the Banach space geometry of the noncommutative spaces £, (@)
associated with the unitary dual Gofa compact group G. These spaces consist of operator-valued
families whose norms are defined through the Schatten—von Neumann classes corresponding to
irreducible unitary representations of G. We establish basic structural results, including Holder-
type inequalities, duality relations, and an exact complex interpolation formula. Using these tools,
we prove Clarkson type inequalities and modified Clarkson inequalities with constants depending
only on p. Consequently, ¥ (G) has the Kadec—Klee property and is uniformly convex and
uniformly smooth for every 1 < p < oo. We also derive quantitative power-type estimates for
the associated moduli of convexity and smoothness, including optimal-order estimates in the
appropriate ranges of p. Finally, we show that these spaces have type min{2,p} and cotype
max{2, p}. Thus, their geometric properties closely parallel those of the classical LP- and ¢P-spaces.
This provides a unified geometric description of this noncommutative scale.
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WHxkeHepIIik »KoHe KapaThLIbICTaHy FbUIbIMIAPhI dakyiabreri, C/IY yuusepcureri, Kackenen, Kazakcran
MaremaTuka »KoHe MaTEMATUKAJIBIK, MOJe/bey HHCTUTYThI, Aymarsr, Kazakcran
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KoMmakT TonTapAblH YHUTAPJBIK AyaJddapbIiHIAFbl (P-KeHiCTIKTEepiHiH reoOMeTPUsIIIBIK,
KacueTTepi TypaJjibl

Byn xywbicra 6i3 G KOMIAKT TOOBIHBIH G VHUTAPJIBIK, [LyAJbIMEH OAfTaHbICTI E;’Ch(@) KOM-
MYTATHBTI eMec KeHicTiKTepiniH Bamax KeHICTIKTIK reoMeTpusichbiH 3epTTeimi3. By kemicrikrep
G TOOBIHBIH, KeJITIpIIMEHTIH yHUTAPJIBIK, KecKineaynepine coiikec keserin [larren—don Heiiman
KJIACTapbl apKbLIbI HOPMAJIapbl aHBIKTAJIATHIH OMEPATOP MOHJI yitipsaepaeH Typajbl. Biz ['énbaep
TUNTEC TEHCI3IIKTEP/, MyaJIbLIbIK KATHIHACTAPBIH YKOHE 0/ KOMILJIEKC WHTEPIOJIsIus hopMy-
JIACHIH KAMTHUTBIH HETi3T1 KypPBIIBIMIBIK, HOTHKeIep i Jastenaeiimiz. Ochl HoTuKeaepai maiiaaana
OTBIPHIT, KJIapKCOH THUIITEC TEHCI3MIKTEp/ Il »KoHEe TEeK P MapaMeTpiHe TIOyesai TypaKThLIapbl 6ap
mopndukanuananran Kinapkcon rerciziikrepin anambrs. Hornxecinge, opbip 1 < p < oo ymin
éé) Ch(G) kenicririnin Kajen—Kimm kacuerine ve ekeHiH, COHJIail-aK OHBIH OipKAJIBIITHI IOHEC >KOHE
GipKaJIBIITHI Teric bosraThIHbIH Kopceremis. COHbIMEH KAaTap, JOHECTIK YKOHE TEriCTiK MOJIyJIbIAepi
VIIiH CAaHJIBIK JI9PEXKeiK Oarasay/iap/Ibl, COHBIH IMIiH/Ie P TapaMeTPiHiH THICTI apaJIBIKTaPbIH AR
oHTailIbl peTTi 6arasayiap/bl AaHbIKTANMbI3. AKBIPBIHIA, OyJI KeHicTiKTepiy Tuii min{2, p}, an ko-
Tumi max{2, p} GonaTbHBH fgosenaeiimiz. Ocbuiaiiina, oapablH reOMeTPUsIIBIK, KACHETTEP] KJrac-
cukasbik, LP xone /P KeHicTiKTepiHIH KacuerTepine ykcac 6oJsiajbl. Byl HOTHXKE KAapaCThIPBLIBIIT
OTBIpFaH KOMMYTATHBTI eMeC KEeHICTIKTep KJIaCChIHA OIpTYTaC NeOMETPHSIBbIK, CUIIATTAMAChIH Oe-
peni.

Tvyiiin ce3zep: KOMIAKT TOI, KOMIIAKT TONTAPMEH OailIaHbICThI P-KeHiCTiKTep, OipKAJIBINTHL Te-
ric Banax kenicriri, 6ipkasbinTer neHec Banmax kemicriri, Kiapkcon Tencizziri, Tum koHe KOTHII,
AYAJIBLUIBIK, KOMILIEKC WHTEPIIOJISIIHS.
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O reomerpuyeckmnx CBoMcTBax (P-MPOCTPAHCTB HA YHUTAPHBIX JyajiaX KOMIIAKTHBIX I'DYII

o 7 ~
B naumoit pabore Mbr HCCIIE/LyeM TEOMETPUIO HEKOMMYTATHBHBIX IPOCTPAHCTE 2 (G), cBa-

BaHHBIX C YHUTAPHBIM JIyaJioM (G KOMIAKTHOW rpymnibl (G. DTU IPOCTPAHCTBA COCTOSIT U3 Olepa-
TOPHO3HAYHBIX CEMENCTB, HOPMbI KOTOPBIX OIpPEIESISIOTCs mocpeacTBoM KiaccoB llarrerna—don
Heiimana, coOTBETCTBYIONNX HEMPUBOAUMBIM YHATAPHBIM MpeacTaBieHusM rpynnbl G. Msr ycra-
HABJINBAEM OCHOBHBIE CTPYKTYDHBIE PE3YJIbTAThI, BKJIIOYas HEPABEHCTBa Tuia [€bepa, COOTHO-
IIEHHS TBOUCTBEHHOCTH U TOYHYIO (DOPMYILY KOMILIEKCHOU MHTePHONAIuu. Vcnonb3ys sTu pe3yiib-
TaThl, MBI JIOKa3bIBaeM HepaBeHcTBa Tuma Kiapkcona, a Takke MoAuMpUIIMPOBAHHBIEC HEPABEHCTBA,
Knapkcona ¢ mMOCTOSTHHBIMU, 3aBHUCAIIAMEI TOJHKO OT p. B KadyecTBe CJIEJICTBUN MBI ITOKA3bIBAEM,

~

uro npocrpancrso (2, (G) obnagaer csoiicrom Kaena—Kim u siBiisieTcst paBHOMEPHO BBIILYKJIbIM
U PaBHOMEDPHO IVIQJIKAM s Kaxkjaoro 1 < p < oco. Kpome Toro, mMpr mosydaeM KOJIMIeCTBEHHBIE
CTEeIeHHbIE OIEHKU [JIsi COOTBETCTBYIONINX MOJYJIEN BBIITYKJIOCTH U IVIAJKOCTU, BKJIIOYasi OIEHKH
ONTUMAJILHOTO TIOPSIJIKA B COOTBETCTBYIONINX JUANIA30HAX 3HadeHuit p. Hakomerl, MbI JIoOKa3bIBaeM,
9TO 9TH IPOCTPAHCTBA MMET Tull min{2,p} u korun max{2,p}. Takum o6pa3om, UX reomer-
pudeckue CBOiCTBa OJM3KM K CBOWCTBaM KjaccmueckKux npocrpancts LP u (P. Tlosyuenusie pe-
3yJIBTATBl TAIOT €IMHOE T'e€OMETPUIECKOe ONMMCAHIE PACCMATPUBAEMOU HEKOMMYTATHBHOM IIKAJIBI

IIPOCTPAHCTB.
KiroueBbie cjioBa: KOMIIAKTHas TPYIIa, P-IIpOCTPaHCTBA, CBS3aHHBIE C KOMIIAKTHBIME T'PYIIIa-

MU, PABHOMEDHO IJIa/IKOe 0aHAXOBO IPOCTPAHCTBO, PABHOMEPHO BBIIYKJIOE OAHAXOBO IIPOCTPAH-
CTBO, HepaBeHCTBO KjlapKcoHa, TUII U KOTHII, TBOHCTBEHHOCTb, KOMILIEKCHASI WHTEPIIOJISTINSA.

1 Introduction

The notion of uniformly convex spaces was first introduced by Clarkson [7]. A Banach space
X is said to be uniformly convex if for each 0 < & < 2 there exists 6 > 0 such that
lz]| = [lyll = 1, [lz—y|| > e implies ||Z%|| < 1 — 6. Geometrically, this means that
the midpoint of a chord of the unit sphere cannot approach to the surface of that sphere
unless the length of the chord tends to zero [7].

Note that any finite dimensional Euclidean space R", n > 1, and any Hilbert space H is
uniformly convex, as follows from the parallelogram identity

lz +ylI* + Il = ylI* = 2(lll* + [ly])- (1)

In the same paper |7, Section 3|, Clarkson proved that the classical Lebesgue spaces LP(u)
and (P, for 1 < p < oo, satisfy this property too, i.e., they are uniformly convex.

Another important notion is uniform smoothness, which is dual to uniform convexity. A
Banach space X is said to be uniformly smooth if, for every ¢ > 0, there exists 6 > 0 such
that

|z +yll + [z — yll <24+ €|yl

whenever z,y € X, ||z]| = 1, and ||y|| < 4.
Equivalent formulations of uniform convexity and uniform smoothness in terms of the

modulus of convexity and the modulus of smoothness, respectively, are given in Section [2.3]
(Definitions [2] and [3)).
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In this paper, we investigate the uniform convexity and uniform smoothness of
noncommutative (P-spaces on unitary dual G of a compact group G based on the Schatten-
von Neumann ideals (see, Theorem , simply denoted as ¢, (G) |13, Section 2.1.4] (see
also |11, Section 2.14.2|, [15]). They arise naturally in noncommutative harmonic analysis
on compact groups and play a role, for instance, in the Hausdorff-Young the theorem for
compact groups |11}, Section 2.14.1].

Clarkson’s proof of the uniform convexity and uniform smoothness of LP(u) (or ¢P) spaces
relies on certain inequalities which may be regarded as LP-analogues of the parallelogram
identity (see |7, Theorem 2| for more details). These inequalities are known as Clarkson
inequalities. Our first aim is to establish Clarkson-type inequalities (see, [27] for similar
inequalities on related ¢P-spaces based on Hilbert-Schmidt ideals) for the spaces Eich(@) (see
Proposition . To this end, we also prove complex interpolation (see, Subsection and
duality results (see, Subsection for these spaces, in analogy with the classical Lebesgue
spaces. These results are used in the proof of the Clarkson-type inequalities and are also of
independent interest.

Another classical geometric aspect of Banach space theory is the study of type and cotype.
These notions are closely related to uniform convexity and uniform smoothness (see, for
example, |20, Theorem 1.e.16] and [12]). It is well known that LP(u),1 < p < oo, has type
min{2, p} and cotype max{2, p}. Moreover, every Hilbert space has type 2 and cotype 2, and,
conversely, a Banach space which is simultaneously of type 2 and cotype 2, is isomorphic to
a Hilbert space |18, Proposition 3.1]. In this paper, we prove that the spaces ¢, (G) have
the same type and cotype properties as the classical Lebesgue spaces, namely type min{2, p}
and cotype max{2, p}.

The parallelogram identity characterizes Hilbert spaces among normed spaces. Therefore,
inequalities of Clarkson type may be regarded as quantitative substitutes for the
parallelogram identity in non-Hilbertian Banach spaces. From this perspective, type and
cotype measure, in certain sense, how far a Banach space is from Hilbert space geometry.
This provides one of the motivations for studying Clarkson-type inequalities and type/cotype
properties for the noncommutative spaces E’S)Ch(@).

We also prove a modified version of the Clarkson type inequalities involving additional
constants (see Theorem [2)). Earlier versions of such inequalities for L? spaces and Schatten-
von Neumann ideals S? were used in connection with a conjecture of Gross arising from
quantum field theory (see [6] and |2| for more details). Further applications of inequalities of
this type can be found in |21].

2 Preliminaries

In this section, we recall the necessary preliminaries. Throughout this paper a group is always
assumed to be compact group (shortly, group) (see, for example, |25, Section I11.7.3]).

Let G and H be the groups. By Hom(G, H), we denote the set of all (group)
homomorphisms from G into H. When G = H, we shortly write Hom(G). The set of all
bijective homomorphisms from G onto G is denoted by Aut(G).

Throughout this paper, by <£(”H),||-||£(H)) and <SP(H),||-||SP(H)), 1 <p < oo, we

denote the *x-algebra of all bounded linear operators on a Hilbert space H and a Schatten-von
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Neumann ideal of compact operators on ‘H, respectively (see, [26, Chapter 2| or |14, Chapter
3].

2.1 Strongly continuous irreducible unitary representations

Let G be a compact group and let H be a complex Hilbert space. A unitary representation
of G on H is a homomorphism

£:G — UM,

where U(H) denotes the unitary group of H. It is called strongly continuous if the map
x — &(z)v is continuous from G into H for every v € H.
A closed subspace K C H is called &-invariant if {(z)C C K for every x € G. The
representation ¢ is called irreducible if its only &-invariant closed subspaces are {0} and H.
We denote by Rep(G) the set of all strongly continuous irreducible unitary representations
of G. Two representations & : G — U(H¢) and n : G — U(H,,) are said to be equivalent if
there is an invertible linear operator A : He — H, such that

Al(x) = n(x)A, AN E

For further details, see [25].

2.2 Noncommutative (P-spaces associated with a compact group

Let G be a compact group. We denote by G its unitary dual, that is, the set of equivalence
classes of strongly continuous irreducible unitary representations of G. For [{] € @, let € :
G — U(H¢) be a representative. Since G is compact, H is finite dimensional. We write d¢ :=
dim(#). Let M(G) be the space of all mappings H on G such that H(€) € L(Hy),[¢] € G.
The space S’ (@) of tempered distributions on G is understood in the sense of [13, Section
2.1.4]; see also |11} Section 2.14.2].

Definition 1. For 1 < p < oo, the space Egch(@) consists of all H € S'(G) such that
1/p

”HHep (@ = Zdé”H HSP(Hg < 00.
[e]eC

For p = oo, the space Ksch(@) consists of all H € S'(G) such that

1H i () == sup [[H ()l < oo
[€leG

These spaces are Banach spaces for all 1 < p < oo; see, for example, [11, Section 2.14.2].

Remark 1. After the first version of this work was completed, we became aware that, when G
is countable, these spaces can be realized isometrically as subspaces of classical Schatten-von
Neumann spaces. Assume that G = {[€,]}n>1, and for each [€] € G, let

Je : SP(He) — SP(1?)
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o~

be an isometric embedding. For H € (* , (G), define
J(H) = (dim(€)"7je, (HED), .,

Then J is an isometric embedding of eg’ch(@) into the (P-direct sum of countably many copies

of SP(£?). Indeed,

TGP = 7 dim(€a)lle, (H(E) sy = D dimn(En) 160 e, ) = I g

n>1 n>1

Moreover, this (P-direct sum embeds isometrically into SP(€%). Consequently, some of the
Banach-space geometric properties considered below might also be obtained from known results
on Schatten classes. Nevertheless, we keep the notation (%, (G) and work directly with this
space, since it is the natural framework for Fourier analysis on compact groups.

We shall use the following Holder inequality, which follows from the Schatten-class Holder
inequality and the scalar Holder inequality.

Proposition 1. Let 1 < p,q,r < oo satisfy - i_ %—i— %. Then, for any H, € Eﬁch(@) and

H, € (1,,(0), we have |HHll,. ) < |Hilly )| el 6y

For H € (*,(G), define H*(&) = H(&)*,|H|(€) = (H*(€)H(&))"*. The following fact
follows directly from the definitions.

Proposition 2. Let H € (*,(G). Then H* € (*,(G) and |H* ng @ = IH|p (@) =

s

2.3 Uniformly convex and uniformly smooth Banach spaces, type and co-type
properties

In general, for a given Banach space, one can define the notions of its modulus of convexity
and modulus of smoothness.

Definition 2. Let (X, || - ||x) be a Banach space. Its modulus of convezity and modulus of
smoothness are defined by

T4y

loyeX, lally=lvly=1 [o—yly = } ,

Sx(e) = inf{l -

X

for0<e <2, and

t —t
,OX(t) ‘= sup { HQ? + yHX + H:IZ' yHX

: “Unye X, liely = luls =1}
fort > 0, respectively.

These notions are helpful to classify uniformly convex and uniformly smooth Banach
spaces, respectively.
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Definition 3. Let X be a Banach space, and 6x(g), 0 < € < 2, and px(t), t > 0, be its

modulus of convexity and modulus of smoothness, respectively. Then, the Banach space X 1is

said to be uniformly convez if dx () > 0 for every e > 0, and uniformly smooth if%ir% pXT(t) =0.
_>

Note that the notions of uniform convexity and uniform smoothness are the dual notions
to each other [20, Propositition 1.e.2| (see also [8L|19]).

We now recall the definition of the type and cotype of the Banach space X. Let {r;}32,
denotes the sequence of Rademacher functions (see |20, Section 1.e] or |1, Section 6.2] for
more details).

Definition 4. [20, Page 74] A Banach space X is said to be type p for some 1 < p < 2 if
there exists constant M such that for every finite number of vectors {x;}%_, in X, we have
2 1/

1 2 n 1/p
/ dt §M<ZWW),

and X 1s said to be cotype q for some q > 2 if there exists constant M such that for every
finite number of vectors {x;};_, in X, we have

1 ? n 1/q
/ 2M<ZN%W) .

2.4 Complex interpolation

n

> itz

Jj=1

2 1/
dt

Z ri(t)x;

We use the standard complex interpolation method of Calderén. For a compatible couple
of complex Banach spaces (Xp, X7), we denote by (Xg, X1)s, 0 < 6 < 1, the corresponding
complex interpolation space. We refer the reader to [3,[5] for details.

Let X be a Banach space, 1 < p < oo, and w > 0. We denote by X &,,, X the space
X x X equipped with the norm

1
(% +wlyl%)"?, 1<p< oo,

1z Yl xep.0x = {

max{||z[|x, wllylx}, p=oo.

When w = 1, we simply write X @, X.
We shall use the following interpolation formula for weighted direct sums.

Proposition 3. [5, Section 13.6] (see also [3, Theorem 5.5.3] and [22]) Let X1, Xy be Banach
spaces, let 1 < py,py < 00, and let wy,wy > 0. If at least one of the spaces X1 @y, », X1 and
X9 ®pywy Xo s reflexive, then

(X1 Dp1,un X1, X Dpo,wa X2)9 = (X17X2)9 DB w (Xla X2)97

where

L1200 pa- 0o

p 4 P2

, 0<O<l1.
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3 Family of (P-spaces ﬁiah(@) based on Schatten-von Neumann ideals

3.1 Duality results

We first present a reflexivity result of the spaces ﬁ’;ch(@), 1 < p < 00, which will be useful to
prove the duality of these spaces.

Proposition 4. The space fsch(G), 1 < p < o0, is reflexive, i.e., <€§ch(@)> =~ €§Ch(@).

Proof. Note that @?ch(@), 1 < p < o0, is uniformly convex, by Theorem , which will be
proved in Subsection [3.4, We end the proof with the Milman-Pettis theorem which states
that every uniformly convex space is reflexive. O]

We now prove the following duality between spaces KSCh(@).

Proposition 5. Let 1 < p < oo and 1 5+ E = 1. Then

~

(i) For any H € %, (G), we have

1Hlw (& =sw{|[(H,F)g|: Fe€tiy(G), [Fls, @& =1}

sch

where

(i1) ( sch(A)>* is isometrially isomorphic to (1, (G), i. <€§Ch(@)> ~ 1 (G).

Proof. |( . Let 1 < p<oo,and H € Esch(G) and F' € /¢! (@) Then, by |14, Theorem II1.8.5,

sch
p. 104], one has
[(H, F)gl < dim(€) [|H(E)F()lls e -
[ele@
Hence,

> dim (&) [HEF(E) g1 < Y dim(€)e [|H (€)llgo ey dim(€)s [F(E) | ugaey)

[€]eG [€]eG
1

q

< IS0 (a2 ) IO gy | | (aim©) IF OIS | = 1Hl, @ 1F s, )

[€]eG [€1eG

If p =1, then by |14, Theorem II1.8.5, p. 104], one has

(H.F)al < 3 dim(©) |HEFE) |51y < S dm(€) 1H O 510 |7 £y

3

[€]eG [leG
<Y dim(¢) | H(& st iae) SUP 1F ()l £y < > dim(¢) [|H(¢ sy 1H e, @)
]G ?gec GEE

= Hllg,, @ 1Fllee, @) -
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Therefore, for all 1 < p < oo, we have [(H, F)g| < [H||p & [IFlls &) - Thus, we have
17l 6 2 sup{[(H. Flg| - F € £03(G). I1Fll, 6 =1} 2)

For H € Kfch(@), construct F' € Ezch(@) by the equality

[H(&)[PU*(E)
p—1
HH”ZI:M(@)

F(e) = , e ed.

where U(€) is the partial 1sometry from the polar decomposition of the finite-rank operators
H(€) = U(E)|H(€)], [€] € G. Note that [1F g (& = 1. Moreover,

(H,F)g = HHHzgch(é) ’ (3)

where the fourth equality follows from the fact that the trace is unitarily invariant. Hence,
together with (2) end the proof of.

. Let F € Egch(G) Then define a mapping @ : Esch(G) — <€§Ch(@))* in the following
form (see [25, Definition 10.3.29| for more details)

sch(é)'

O(F)(H)=(F . H)s:= Z dim(§)Te(F(§H()), Hel

We first show that the mapping ® is norm preserving. By part , one has

12, ) = sup {[QUNH) = H € E,(G), |1Hlp, a) =1}
=sup {|[(F, H)g|: Hel,(@). |Hlp, c=1}=IFlu,c: YF el @)
Finally, it is left to show that the mapping & is surjective. Since Ezch(@) is Banach space
and @ is bounded linear mapping, it follows that @(ﬁzch(@)) is a closed subspace of <€§Ch(@)> :
We now prove that @(Ezch(é)) = <£§ch(@>>*' Note that it is enough to prove that @(égch(@))
is dense in (Ep (CAJ)>* Let H € (Eich(é)> " be given such that H(¢) = 0, for any ¢ €
(11

Sch(é)) Hence, for any F € Esch(G), we have that ®(F) = ¢ € @(ﬁgch(@)) for some 1.
Thus, R
H(B(F)) =0, VF e ,(@)

Since Kgch(@) is reflexive (cf. Proposition , we have

H(®(F)) = Zdlm JTe(F(EH(E) =0, VF el (G).

Choose F € Egch(@) such that
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Then, we have || F|], @ = IH [}, (@ <o Note that Tr(AB) = Tr(BA) for finite rank

operators A, B |14, Section 1.8.2]. Then, for a natural number k, one can show that
Tr ((AB)*) = Tr (A(BA)*'B) = Tr (BA)* 'BA) = Tr ((BA)") .

Hence, Tr(p(AB)) = Tr(p(BA)) for any polynomial p defined on the compact interval which
contains the spectrum of both A and B. Therefore, by Stone-Weierstrass theorem, one has
Tr(f(AB)) = Tr(f(BA)), for any continuous real-valued function f on the same compact
interval. Especially, the same holds for f(t) = t2.

Continuing the proof, we have

0= dim(&)Tr (FH(E)) = > dim(&)Tr (|H(EP>H(€)H(S))

e [€leG

B . P

= > dm@Tx (HEOP) = IHI, o
[£leG

Therefore, H = 0. That means ®(£2, (G)) is dense in (ﬁi’ch(@)) , which ends the proof. [

We also have the following duality result.

Proposition 6. Let w > 0. Let 1 < p,q,r, s < oo be given such that %—i—é =1 and %—k% =1.
Then

(ezch(a) GBTUI gsch<@)> = ggch(@) s 1 gsch(G) (4>
In particular,
(4G &, €,4(G)) = £1,(G) &, ,(G). (5)

Proof. We only prove Q since . ) follows from . by assuming w = 1. By Proposition I

we know that <€§Ch = (?,(G). Hence, we prove (4) in the following form

(20(C) ®r €0,4(C)) = (€)1 (£4(E))
Define a map 7" from <€§Ch(@)>* D,,1 <€§Ch(@)>* into (f’;ch(@) Drw Ksch(@)> of the form

T(p1,p2)(H1, Ha) = o1 (Hy) + w%_%%(fb)

~

for 1,9 € (ﬁsch(G)>* and Hy, H, € (%, (G). By Hélder inequality,

T (¢1,92)(Hy, Hy)| < H<P1H<gp @) Hzp o tw s

2l (e )*w; [Hallr @

n(G)
1

_1\* 1 .
< (il @y + (7)ol @) (1l @+ (w7) il &))"
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Hence,

1T @21l < len )l @), . (2.0

1
To prove the reverse inequality, fix £ > 0 and choose hy, hy € é’;ch(@) such that
||h1||£§ch(@) = ||h2||glﬂ &) = 1

(7)
lall e, @y < lor(n)l +e, ||soz||(fp &y < lgalia)| +e.

Multiplying h; and hs by suitable complex numbers of absolute value one, we may assume
that 1(h1) and @2(he) are nonnegative. Set

el A w7t ool i A
Pul(e @) P2l @)

flz 1'h17 f2: 'h2-

T

3=

(el @y + & Ieellie )°) (el @y + & ezl )°)

Obviously,
|| (fh f2) || (chh(é)@hwffch(é))* =1.
Evaluating T'(¢1, p2) at (f1, f2) and using the choice of hq, hy, we obtain

T'(p1,02)(f1, f2) > [[(o1, 902)||(gp @) e, 1 (C.0@)"

1
Sw

up to a term tending to zero with €. Since € > 0 is arbitrary,

1T el = 22l @y, (@) Ve € (Cul@) @ (€,E)

1
S w

which shows that 7' is a norm-preserving mapping.

We now show that T is a surjective mapping. Let ® € (f’;ch(a) @rwﬁsch(@)> be a

bounded linear functional. Then, for Hy, Hy € %, (G), one has

11
(P(Hl,HQ) — @(Hl,o)_’_@(O,Hg) — ®|£§ch(é)®r,w{0}(H1’O> _’_wr s®|{0}®rwzs‘3h( )(O,U}S THQ).
Denote by

p1(Hy) = ‘b|e§ch(@)@r,w{0}(HhO)7 p2(Ha) = (I)|{o}@wg§ch(a)(0,wTFHz)

Hence, Y1 € (Ezch(@>) y P2 € (ggch(é\)) and (¢17Q02) € <£§ch(a>> Gas,i <£§ch(a>) . The
linearity of ¢ and ¢, follows easily from the linearity of ®. The boundedness can be shown
as follows

|g01(H1)| = ‘Q)ugch(a)@ﬂw{o}(Hl’ ‘ H®|€P @Tw{o}‘ * ||(H17O>Hégch(a)®r,w{0}

(e, é)@,«,w{o})
||£F (G)? VHl € Esch( )’

< ||‘1)||( W)@l (G))
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and

1_1 1_1
(o2l = |Bligy5, a0, (0.0 Ha) | < H‘I”{O}@T.,wz?:cm)” (0w )|

({0}@rwt?,, (@) {0}@r,wl?,, (G)

~

< ws [|fl &) MHelle, @), VHz € L (G).

eieh (é)@r,wfp

Lastly,

s

S 1 S
liew el e,y (raey = (il + 5 1ol o)

s
1
P L) 1 =2t
| ||( &) l?, (@))* + " ( ) | H(gp h(@)@r,wzgm(é))* - (egch(é)@r,wegch(é))* < o0,
which completes the proof. O

3.2 Complex interpolation of ¢, (G) spaces.

In this subsection present a complex interpolation result for spaces éﬁ'ch(@), 1 <p < oo. For
more detailed discussion on basics of complex interpolation, we refer the reader to |3, Chapter

4]

sch » “Ysch

Proposition 7. Let 1 < py,p1 < co. Then, (épo (@) o (é))g = E’S’Ch(@), 0<6 <1, with

equal norms, where * = =2 4 2
p po p1

Proof. Firstly, let us recall that for a given finite-rank operator K on a Hilbert space H, we
understand K?#, Rez > 0 as follows

N
=Y X b, A=),
j=1

where K = Zjvzl A+, ¢j)@; is the spectral representation of K.
Note that it is sufficient to check that (fﬁgh(G) o~ <é)>9 can be identified with 7 (G).

’ “sch
First suppose that H € Eﬁ’ch(@) and without loss of generality assume that ||H||» (@) = 1.

Define a function f € F := F(*,(G), ", (G)) from the strip {z : 0 < Rez < 1} into
™ (G) + (7' (G) by the setting

sch

where

with convention that 2 := 0. It is obvious that p(f) = p and f(0)(§) = H(§), V[¢] € G, ie.
f(0) = H. Moreover, ||f||f = 1. Therefore, for a given H € Esch(@) there exists f € F such
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that f(0) = H and ||f|| = 1, which implies by the definition that H € (éfgh(G),Ezch(@))
and HHH(ZPO ZPI (@))9 ~ <1l= ||HHEP

0

» “sch

||H||(Zpo L@, = 1. Let € > 0 be given. Then choose f € F such that || f|| <1+ ¢ and
0
f(0) = H. In order to prove that ||H||€p (@) < 1, by Proposition , it is enough to show

that [(H, F)g| < 1 for any F € ¢!
of p. R
Consider I € (2, (G) with |[F||, L@ = 1and define a function g on a strip {z : 0 <

Rez < 1} into fggh(G) + fsch(é) in the following form

9(2)(€) = [F ()]

where qq, ¢, are conjugate indices of pg, p1, respectively, and

Now suppose that H € (ﬁ’s’g (G) Ep ! (CAJ)) and without loss of generality assume that
0

(@) w1th ||F||€q @ = 1, where g is the conjugate index

sch

]_ _
¢ _9l=2) 3
CI(Z) qo q1

with convention that J := 0. We obviously have that g(¢) = F and the fact that || F ¢ @ =1
together with similar calculations as in the first part of the proof imply that

lg(it) g @ = g +it)lm 6 =1, tER ®)

Hence, ||g]| - = 1.

Let h(z) = (f(2),9(2))a, (see Proposition [5| for the definition of the given bracket) which
is a function from the strip {z : 0 < Rez < 1} into R. Then, by Hélder’s inequality in
Schatten-von Neumann ideals, one has |h(it)| < 1+e, ¢ € R. Similarly, we have |h(1+4it)| <
1+4+e¢e, t&R. Therefore,

|h(0 +it)] = [(f(6 +it), g0 +it))s| <1+e, teR.
In particular,
0) = |(f(9),9(0))a| = |(H,F)g| <1+e.
Since F' is arbitrary, it follows that ||H||L,p @ <lte= ||H||(£po 1), +e. Since € > 0
is arbitrary, we have ||H||Zp ) < ||H||(epo @.71,(@), , completing the proof. O

3.3 Clarkson’s inequalities and Kadec-Klee property

We now prove the following Clarkson inequalities in ﬁi’ch(@) using the simple interpolation
method which was first developed by Boas [4] and M. Klaus [26, p. 15]. These inequalities
can further be used to show that the spaces ésch(G), 1 < p < oo, satisfy the Kadec-Klee
property.

Proposition 8. Let 1 < p,q < oo with * —|— = =1. Then, for any Hy, Hy € Esch(G), one has
the following inequalities:
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(i) If 1 < p <2, then

Hy + Hol|?
2 o

(1) If 2 < p < o0, then

1/p

1/q 1
<(5(mm, o+l A)) :

HH1 ||

1/q

(“H1+H2 b

o,

1/p 1
) < (5 (1l ) + 1Al o))
(e

Proof. . We first define the map 7" from Kﬁ’ch(@) D, Eich(@) into é’;’ch(@) Dy Eﬁch(é) by setting

T(Hy, Hy)(€,€) == <H1(§) ;‘ H2(£)’ Hi(§) ; H2(§)) |

Note that in order to prove , we have to show that

HHl ||

-1
\’THegch(é)@ngm(@)aegjch(@)@quch(é) <2 e,

By Proposition [7} one has
- ~ 1 1-6 0
gﬁch(G) = (gich(G)a gich(G))eu ]_? = T + 5 (9)

Hence, by Proposition |3 and @, we have

2@ @, 2,(C) = (L@, 20(@)) &, (£ (), 24(@))

A : VY (10)
= (@) &1 £(@), £4(C) 82 £2(@)) .
Note that
1 1 1-60 6 1-0 0
q p 1 2 00

Hence, again by Proposition |3[ and @, we have
gﬁch(§> 63(1 ‘gsch(a> (gich(G)v ‘gich(@>> <€ich<G)7 g?ch(é\)>9

’ A (11)
= (021(C) B0 £(), £4(C) @2 £20(@)) .

(@) into ¢!

sch

EOEN:

sch

(G) B 01

Consider the operators Ty from ¢! <ch

sch (@ ) and T3 from
2 (G) @2, (G) into 2, (G) @2 02, (), Wthh are defined by the same action as an operator

T above in their respective domains.
gich(é) }

Then, one has
H,(§) + Ha(§)
(1Ol @ + 1O, @) =27 I Bl @ponn, @

T ) @w@ch(@):max{’ 2

HHl — Hy(§)

0, (@)

1
2
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-1
Hence, HTngl L@@, (O)=EL, (Q) oot (G) <2

On the other hand we have

H1 +H2(§)
HT2<H1>H2)H62 G)@202,,,(G) — (’ 2

HH1 — Hx(§)

1/2
2,,(G) 2 h@))

_ 2 1/2
=27 (1), 0 + 1O @) =27 I )l @sae @0

Hence,

IN

—1/2
T2l @0a, @), @0, @) < 2 2, (12)

By (10) and (11), note again that Esch(G) D, Eich(@) and Egch (G) are pair of
interpolation spaces of exponent 6 for £sch(G) @1 0%, (G) and (2, (G) &, égch(G) respectively,
ﬁ;ah(G) ool (G) and (2, (G)@®,2,, (G). Therefore, by [3, Corollary 5.5.4] and the inequalities

(?72), (12), it follows that T is bounded from *, (G) &, (7, (G) into 7, (G) &, 7, (G) for

sch sch sch
every 1 < p < 2 with norm

(@) @, 7

sch

sch

17l ) < 1Tl

0
_ _ _ T _ _
P (@)D (@) 1 ()04 (@ Bontl, G0, ot @ 1 T2le, @ee, @ e, @ee., @

< (2—1)1*9 (2—1/2) — 9 140-6/2 _ 9—146/2 _ 2—1/p’

which ends the proof of .

(i)l Define the map S from (7, (G) &, ", (G) into *_, (G) &, *., (G) by setting

sch <ch
H + H H —H
S(H,, Hy)(€,€) = ( 1(6) : 2(5)7 163) 2 z(g))
Note that it is enough to show that
—1
||S|’egch(@)@qegch(c;)%ggch(G)@p (@ <2 /4. 13

Let (Hy, Hy) € (*

sch
Definition 10.3.29] for more information on duality bracket)

Fy+F, Fy—F, >
2 ’ 2 ’ a

(G) @q Esch(G) and (Fl)FQ) S Egch(G) Eq

sch

(G), then (see, |25,

(S(H:, Hy), (Fy, Fa))g = ( (Hy, 1), (
Therefore, the Banach space adjoint S* from (éi’ch
(Egch(G) E’S’Ch(@))* is also defined by the formula

Fi(§) + F5(8) Fi(§) — Fz(f))
2 ’ 2 ’

(@) &, 0,(C)) into

S*(F1, F)(8,€) = <
Moreover, by Proposition [ one has
<€§ch(@) @p gﬁch(a)> - gzch(a) @q ésch(@>

_ . . . (14)
(gich<G) EB(] gsch(G)) ggch(G) EBP gsch(G>
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Since 1 < ¢ < 2, by (14]) and by . (where p and ¢ are interchanged), it follows that the
operator S* acts from Eq (G) D, Egch(G) into Egch(G) @, 02, (G) with norm
* 1
15%es,, @euts,. @) <2

sch

(@)@ptl,,, (@) =

Hence, by the norm equality of an operator from Banach space to another and its adjoint on
dual spaces [24, Theorem 4.10], we finally have that

HSHep (@D, (C)—, (CyDpl? ., (G) — HS*H( G@pl,,(G)) = (€2, (G)@gl?,, (G))”
* 1
=157, @060, @t @y, @ = 2 "
which shows that holds, and ends the proof. O

As a consequence of the Clarkson inequality given in Propositition B one can prove that
the spaces %, (G) have the following Kadec-Klee property for 1 < p < oo |26, Addenda, p.
130].

Corollary 1. Let 1 < p < oo and H,H, € ﬁsch(G), n>1.If

| H,, Hzp —>HHHzP (G T 00,

and if H, — H, in the weak topology a(fi’ch(é), egch(é)), where q is the conjugate index of p,
then
|\H, — H||€§Ch(@) —0, n— oo

3.4 Geometric properties of £, (G)

In this subsection, we consider various geometric properties such as uniform smoothness,
uniform convexity as well as type and cotype properties of the family of ¢P-spaces %, (G)
based on the Schatten-von Neumann ideals, which is defined in Definition 1}

As in the theory of classical [P-spaces, the spaces ¢ ,(G) are uniformly convex and
uniformly smooth, which is stated in the following

Theorem 1. The space Eﬁch(é) 1s uniformly conver and uniformly smooth for 1 < p < oo.

To prove Theorem , we first present the following lemma on lower (resp. upper) estimates
for the modulus of convexity (resp. smoothness) similar to the case of classical P-spaces. The
proof follows from Proposition [§ and is therefore omitted.

Lemma 1. Let 1 < p < oo, 0<e < 2andt > 0. Let g be the conjugate index of p, i.e.,

1,1
p + i 1.
(i) If 1 <p <2, then
4 4P
on,@E) 2 50 Pe,ob) ST
(ii) If 2 < p < o0, then
eP 4
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We have the following modification of Prosposition |8 similar to |23, Theorem 5.3|, which
further helps us to provide optimal rate estimates on the modulus of convexity and the
modulus of smoothness when 1 < p < 2 and 2 < p < oo, respectively.

Theorem 2. (i) If2 < p < oo, then for any Hy, Hy € Esch(@), one has

1 ) 1/p ) 1/2
sUH i, o+ im =l o)) < (Il 6+ CollHl, @)

where C), is a positive constant depending only on p and C, < 2p — 1.

) If 1 < p <2, then for any Hy, Hy € ¥ G , one has
sch

/p
2 2 1/2 1 '
(1l @+ e Il @) < (5 (I1H+ [}y g+ 1 - H2||§§ch(@)) :

p—1

where the constant c, depends only on p and ¢, > g

Proof. |(i) . Let 2 < p < 0o. We first show that if |(1)| is valid for p, then it is also valid for
2p. Assume that |(i)| holds for p and Hi, Hy € Eifh(G) Consider A = H{H; + H;H, and
B = H{Hy + H; H1 Hence, it follows from the Holder inequality (see Proposition [1) that
ABe Eﬁch(@).

Since [|7]]gp() = (Tr(|zP)'/?, = € SP(H), we have || H, +H2||£2,, - = [lA+ B},

@)
Similarly, ||H; — HQH?},}L ~=|A- B||ep @ Therefore,

h

1 P
%
s@ﬂ@@+@w@mﬂ,

where the last inequality follows from |(i)| that was assumed to be true for p. Note that

2
2 * * * *
VAW, @ = 1 Hy + B3| ) < (IH Hillg, @) + | H3 Hallw @)

< (M N, 6y N, )+ 1S o, o 1 Rl ) "2 (N, gy + 1B, )
(16)
and
1B, @ = 1 Ho+ B 6y < (I Halle @+ I3 FL ) .
< (1 N, 6y 1l o, )+ 1 o, ) | D i, ) "2 B 4 LB,y 1l e, -

Hence, combining and together with , we have
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1
SO+ Bl o+ 1= B, o)

P

2
2 2
< ((rwﬂlruggh@ Pl ) +AC, Bl ) | ol G)
= (18l @ + 1Halll, )+ (4C, +2) | Halsy ) 1l )
1 Esgh(G) 2 gszcoh(G) p 1 Esgh(G) 2 ésgh(G)

P
4 2 2 2
(HHIHe?P G) + (1 + 20}7)2 ||H2||g§fh(§) + (4010 + 2) ||H1||e§1c’h(é) “H?“egfh(é))

2 g D
< ((||H1||§ggh(@>+<1+ch> ||H2||§§5h(@))) — (I s ) + (14 2G)) 1 Ha i, )

Therefore, we proved an analogue of |(i)| for 2p in the form

1
2

1/2p
2 2
(50180 + 1l g+ = i, ) ) < (1l + (142G Rl )

and obviously Cy, < 2C, + 1. Note that ', = 1 by the parallelogram identity. Hence, it is
easy to prove by induction that Con < 2Ch 1 +1<2(2" 1 —1)+1=2"—1.

Now assume that 2 < p < oo, then there exists n € N such that 2" < p < 2"+, Choose
6 € (0,1) such that 1/p = (1 —0)/2" + 6/2". Since [(i)| holds for 2" | it follows that an
operator Ty from 2", (G) @y9n_1 (27 (G) into (2 (G) @gn (2 (G) defined as

sch

Ti(Hy, Ha)(§,8) := (H1(§) + Ha(E), Hi(§) — Ha(E))

is bounded with norm

1/2™
IT1ll2n (@05 2012 @) (@ @amezr @) < 2 /2 (18)

Similarly, since|(i)| holds for 2"+, it follows that an operator T} from ¢2, " (G)@Q oni1_ 020 (@)
into 27 (@) @anrr (257 (G) defined by the same action as T} is bounded with norm

sch

T2 s < 27, (19)

~ +1, 5 +1 +1
Gy gnt1_1 L0y (G) =20, (@) Don+1€2, (@)

On the other hand, by Proposition [3| one has

2n+1 n+1

(5@ @201 E4(8), 20 (C) @ans 1 £ (@) = £,(C) B2, £0(B) (20)

where C, = (2" — 1)179(2"*1 — 1)%. Moreover, by Proposition , one has

2n+1

(esch<a> Dan gsch(é)’ gsch (é) Dant1 @ZZI (é)>9 = ggch(G) ep

sch

(@). (21)

Therefore, by ([20) . and the general mterpolatlon result [3) Corollary 5.5.4] together with
(18, (19), we have that an operator T’ from (*_ (G) B2, * (G) into 2, (G) &, 7, (G)

sch sch
defined with same action as operator 77 and T5 is bounded for any 2 < p < oo Wlth norm

1720\ 170 (51/2n+1\? 1
1Tl @ @)=, @)@yt (G) = (2'%") <2 / ) =2'/7,

G)®2 Cpf

sch
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which proves Moreover,
Cy=(2" =)@ - <@ -t -1 =2 1< 2p - 1.

[(ii)} First note, by replacing H; and H, with Hy + H, and Hy — H,, respectively, is
equivalent to the following

2 1/2 1/q p P e
(W + Hally @ + o W = ally @) <27 (WDl )+ Vel ) s (22)

In order to prove , we prove .
Define the map S from ¢, (G) @, %, (G) into 22, (G) @, %, (G) by setting

S(Hy, Ha)(&,€) := (H1(§) + Ha(€), Hi(§) — Ha(€)) -
Note that it is enough to show that
@ney @) < 2" (23)

By the similar argument as in the proof of Proposmon I. it is easy to show that the
adjoint operator S* from (Egch(G) B2, e@’ch(é)> into (égch(G) ®, E’s’ch(@)> is defined as

HSHeP (@)@pt? ) (G)—e?

sch sch

S(Hy, Ho)(&,8) = (H1(§) + Ha(E), Hi(§) — Ha(€)) -

Furthermore, by Proposition [0, one has

(gich(@) @2701) égch(é\>> = égch<é\> 692 1 gsch(G)
<€§ch(a) EBP ‘gsch(é>> - ggch(é) EB(] gsch<a>
By [(1)} we have

1S ||egch(a)@peg’ch(é)ﬁzgch(é)@z,cpegch(é) =S ||(eP W(O)B2,e, 0, (G)) = (€2, (Gyept? . (G))

* * 1
- HS “égch(é)@gngch(a)_’fgch(é)@qe HS qu Q)@ cquch(é)—wgch(G)@q Sch(é) <2 /q’
cp
which proves . Moreover,
1 1 -1
= > >P
Cy, " 2¢—1 " p+1
completing the proof. O

Theorem [2| provides the following optimal rate estimates for d,»

sch

@ (€) when 1 <p <2
and for péich(G)( ) when 2 < p < 0.

Corollary 2. (i) If 1 < p <2, then for any 0 < € < 2, one has

Cp 2
5 sch(a)( ) > gpg
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(ii) If 2 < p < oo, then for any t > 0, one has
Cp

(1) < P42

()(>— 2

Proof. (i). Let 1 < p < 2. Then, by [(ii)] of Theorem [2] one has

Pep

sch

9 9 1/2 1
(1 + el ) < (& (1 Kall, o+ 1K= Fally o))

for Kl, KQ € glsjch(G) Denote H1 Kl + K2 S gﬁch
the last inequality can be rewritten as

1/2 1 ) » 1/p
< | = . ~ .

g.zs)ch (G)

(G)and Hy, = K, — K, € Ksch(@) Hence,

H, — H,||?

H, + H, ||?
H—l 2 + ¢y 5

e

Assuming that |[H[» &) = [[Hallp @ =1 and [[Hy = Hslp &) = ¢, it follows that

1/
HM 2] <

%%u—‘ _ kﬂ&i@ Hwﬂié
N o,@) 2 Me,@

<<Lwﬂiﬂ )(mehmﬁwm%@>:%hwE+m ).
2 le,@ 2 20 le,@

Hence, taking infimum over all Hy, Hy € E*Zch(@) with norm one and ||H; — Hsl|» (@ =&
we finally have

Therefore,

‘H1+H2 2

Zi’ch (é)

sr‘h (G) 8 ]°

(ii). Let 2 <p < oo and Hy,H, € &, (G) Define a function f(z) = 2'/?, x > 0. Assume
that 1 = ||Hy + tHs|)" and zo = ||Hy — tH2|| Hence, since f is a concave function,

it follows that

an(e) (G

[y +tHll @ + 1 Hy = tHallp @) fx1) + flas)

2 2
p _ P 1/p (24)
< (Bt - 1+ el @ + 10— el )
5 .
Moreover, by Theorem , one has
[ Hy + tH2||§p o +I1HI = tH2|| v 12
( ) D) < (1l o + G Il ) " €9
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Assuming HHluzP © = ]|H2H€§ch(@) = 1, and combining together with (25)), we have

||H1+tH2Hp +HH1—tH2||p A C C
Lo (G)2 Y G_1§(1—1—C’pt2)1/2—1§1+7pt2—1=7pt2,

where the last inequality follows from the Bernoulli’s inequality.
Therefore, taking supremum over all Hy, Hy € /,(G) with norm one, we finally have

that o
~ P2
Pr e, (@) (t) 9 -t
completing the proof. n

One of the applications of above given estimates in Lemma and Corollary
is the following noncommutative extension of a classical theorem of Orlicz concerning
unconditionally convergent series (see, for example, |20, Theorem 1.e.11]).

Let X be a Banach space and {z,},>1 be a sequence of elements from X. We recall that a
series Z;L x; is unconditionally convergent in X, if Z;’il 0z, converges in X for all choices
of signs 0; = +1, j > 1.

Corollary 3. If Y H; is an unconditionally convergent series in ﬁgch(@), 1 <p<oo, then
j=1

max{p,2
Z 18l a <

Proof. Let us first recall the theorem of Kadec |17, Theorem 1|, which says that if (X, [|-|| )

is a uniformly convex Banach space with modulus of convexity dx(-) and if » z; is

unconditionally convergent, then » 77 X x (|lzjlly) < oo

By Theoreml we have that Esch(G) is uniformly convex for 1 < p < oo. Therefore, by
Kadec’s Theorem, one has

Z@p @ (Hﬂjugch(@)) < 00

for {H;};>1 C Egch(@). Hence, by Corollary 2 one has

C
Z 3 1l @ < Zée” <‘|Hj”f§ch(@>> =% (26)

7=1

for 1 < p <2, where ¢, is the constant from Theorem . Moreover, by Lemma one
has

8

I ) < D20, @ (15l @) <o (27)

=1

for 2 < p < co. Therefore, combining (26) and (27), we finally have Y~°°, || H; ||ma"{%p < o0,
for 1 < p < o0. O]
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Finally, by Proposition |8 and Theorem , we can identify the type and cotype (cf.
Definition {4 of the Banach space ﬁi’ch(@) for 1 < p < co. Note that the result is analogous
with the result for classical ¢P-spaces. The proof is based on the same argument as |9, Theorem
7.14.17] and is therefore omitted.

Theorem 3. Let 1 < p < oo. Then e;”ch(@) is of type min{2,p} and cotype max{2,p}. In

-~

particular, let {H;}5_, C 07, (G) be a finite sequence. If 1 < p < 2, then

sch
2 1/

1 2
n 2 1 n n
/o <§ :||Hj||?§ch(A)> < /0 >y (0)H, it| < <§ :||Hj||§ph(@)> . (28)
j=1 j=1 j=1 ¢

where ¢, 1s the constant given in Theorem . If 2 < p < oo, then

1
n P 1
P
(Z;”Hjnﬁich@) = /O
]:

where C,, is the constant given in Theorem [4(i)

3=

f\ls’ch (6)

2 1/

2
it| <G, (Z r\Hj\|§gch@> L (29)
j=1

VI

n

> () H;

j=1

K.Zs)ch(@)
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