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OPTIMIZING THE INSULATION LAYER FOR ENERGY EFFICIENCY IN
BUILDING FACADES

This paper examines the role of shape optimization in improving the thermal performance
of building facades. The study investigates whether modifying the internal interface between
brick and expanded polystyrene (EPS) insulation can enhance seasonal thermal performance
without increasing material usage. A two-dimensional steady-state heat diffusion model is solved
using a finite-difference scheme. The interface is parameterized by a cubic polynomial under
a strict volume-preservation constraint, and optimal shapes are determined through a discrete
search. Results indicate that interface geometry affects heat transfer differently across seasons:
redistribution of insulation changes thermal resistance under summer conditions, while in winter
it alters conductive heat pathways. Overall, geometric redistribution can influence seasonal thermal
response while keeping total material volume constant. Without insolation, however, the winter-
optimal geometry increases heat loss, so the winter result applies to peak-insolation conditions
only.

Keywords: shape optimization, building facades, heat transfer, building energy efficiency, finite-
difference method.

C.JI. Ammap'”, ®.A. Bakrerepeii', A.M. Ay6akuposal, M.C. Mykapam', ®.K. Toxmyxanmemosal2,

A 2K. Blapipsict
I X anpIKapablK, aKIapaTTEK TeXHOJIOTHAIap yHusepcuTeri, Amvarer, Kaszaxcran
2J1a Pomens yausepcuteri, JIa Pormens, ®@panmms
*e-mail: s.alpar@iitu.edu.kz
Fumapar kacOerTepiniH 3Heprust TUIMJIIJITIH apTTBIPY YIMiH >KBLTY OKIIAYJIAFBIIT Ka0aTThI
OHTAWJIAHIABIPY

Byt »)kyMBIC KypBLIBIC KACOETTEPIiHIH XKbLTY TUIMIITNH apTTHIPYAAFSI MITH/I OHTARIAHIBIPYIbIH,
pesin 3eprreiini. 3eprreyaiy Makcarbl — Kipminn kabarsl MeH Kenefiriiren nosuctupos (EPS)
OKIITAYJIArbIIIbl APACHIHIATB MK IIeKapaHbl FeOMETPHUSJIBIK, ©3rePTY apKbLIbI MaTepUaJs KOJIEMiH
apTThIPMaif-aK MayChIM/IBIK, KbLITY CHIATTAMAIAPBIH XKaKcapTyFra 60JIaThIHBIH aHbIKTay. OChl Mak-
caTTa €Kl eJIIeM/Il CTAIMOHAPJIBIK, YKbLIY OTKI3TIMITIK MOJIe 93ipJIeHil, 0JI aKbIPJIbl aflbIPbIMJIAD
omicimen mrermisii. Illekapa marepuas KejemiH cakray MIApThIMEH KYOTBHIK, KOIIMYIIETIIK apKbLIbI
ITapaMeTpJIeHIl, OHTAWIbl MNTHAEep JUCKPETTI i37ey 9/iciMeH aHBIKTaJIbl. HoTmkenep mekapa
TeOMETPUSICHIHBIH KbLIYy OepiiiciHe MaychbiMra OaflJIAaHBICTBI 9CEp E€TETIHIH KOpPCEeTTi: Ka3ma OK-
MAYJIAFBIIITEIH KaliTa 06JIiHYl KBy KeJAepriciH e3repTei, aja KbICTa OTKI3TIII KbIITY KOJIIAPHIH
TypaeHaipeai. 2Kambl MaTepuas KejgeMi e3repMereH Karjaiijia jga reoMeTpHUsIbIK Kaiita 6esy
MayCBhIMJIBIK, 2KbLJIy PEaKIUsIChIHA 9Cep eTe aJIaThIHbI aHBIKTAIbI. AJjaiijia KyH paauaiuscbl 60J1-
MAaFaH YKarJaaia KbICKbI OHTAMIBI HITTH YKBLTY IIBIFBIHBIH aPTTHIPAIbI, COHJIBIKTAH KHICKBI HOTUKE
TeK KYH COYJIECIHIH eH *KOrapbl MoHIHe COUKeC YKarJaiffa KaTBICTHI.

Tyitin ce3pep: mimiHgl OHTAIAHABIPY, FUMapaT KacOeTTepi, *KbLIy aJIMacy, FUMapaTTapIblH,
SHEPrusl TUIMJIJIT, aKbIPJIbI albIPhIMIAP 9JIiCi.

©) 2026 Al-Farabi Kazakh National University


https://orcid.org/0000-0003-0579-4180
https://orcid.org/0009-0005-6351-8899
https://orcid.org/0009-0006-2249-1754
https://orcid.org/0009-0003-2475-2741
https://orcid.org/0000-0001-7980-8245
https://orcid.org/0000-0002-4284-9446

142 Optimizing the insulation for energy efficiency in building facades

C.J1. Ammap!'”, ®.A. Bakrsirepeii!, A.M. Ay6axuposa ', M.C. Mykapam®, ®.K.
Toxmyxamenosal?, A. 7K. Blapipsic!
I Mesxaynapoanbrii ynusepcuTeT nHGOPMAIMOHHBIX TexHosloruil, Anvarel, Kazaxcran
2Vuupepcuter JIg Pomenu, JIa Pomens, ®pasnus
*e-mail: s.alpar@iitu.edu.kz
OnTuMusanus TEMmJION30JISIUOHHOTO CJIOs [Jisi HOBbIIIeHUsT 9HeprodddekTuBHOCTU PaACaTOB
3JaHUN

JlanHast paboTa IOCBSIIIIEHa MCCIEJOBAHUIO POJIM ONTHUMU3AIUU (DOPMbI B IIOBBIIIEHUU TEIIOBOI
3 HEKTUBHOCTH CTPOUTENBHBIX (hacagoB. Lleas nccmeoBanust — ompeie-InuTh, MOXKET JIM TeOMeT-
pUYeckoe M3MEHEHNe BHYTDEHHEH DAHUIlhl MEXKJY CJI0€M KHPINYa W YTEIUIUTEJIeM W3 II€HOIO-
suuctuposia (IITIC) ymydmuTh ce30HHBIE TENJIOBbIE XAPAKTEPUCTUKU 0e3 yBesndeHus: o0bEMa Ma-
TepuaJsioB. st aToro Gblia pazpaboTaHa JIByMepHAsi CTAIMOHAPHAS MOJIEb TEILTIOIPOBOIHOCTH,
peIéHHasi METOJIOM KOHEYHBIX pasHocTeil. BHYTpeHHsIsI IpaHulia mapaMeTpr-30BaHa KyOUIeCKUM
ITOJIMHOMOM IIPH CTPOIOM COXpaHeHun 00bEMa MaTepuaJa, a OINTAMAJIbHBIE (DOPMBI OIPEIe ISINCh
METOJIOM JIMCKPETHOIO MTOUCKA. Pe3ysibTaThl MOKA3bIBAIOT, YTO T€OMETPHUS TPAHUIILI BJIASIET HA TEIl-
JIOIIEPEHOC TI0-PAa3HOMY B Pa3HbIE CE30HBI: JIETOM IIePEepPACIPE/IEIEHNE YTEIIUTE ST N3MEHSET Tell-
JIOBOE COIPOTHUBJIEHHUE, a 3UMOM MOAUMUIUPYET IMyTH TEIJIOMPOBOJHOC-TH BHYTPHU CTeHBI. Takum
00pa3oM, reoOMeTPUIeCKoe TIepepaciIpe/ieJIeHne MOYKET BIUAThH Ha Ce30H-HBII TEILIOBON OTKJINK 0663
u3MeHeHus obmero oobéma marepuasia. OJHAKO MPpU OTCYTCTBUM COJIHEYHON DaUalliU 3UMHSISI
onTuMajbHas (GOpMa yBEJIUIUBAECT TEILIONOTEPH, MIOITOMY 3UMHUII PE3yJIbTaT OTHOCUTCS TOJBKO

K YCJIOBUSIM TTUKOBOI WHCOJISATIAN.
KitoueBbie cioBa: onrumusaius GopMbl, dacaibl 3JaHnii, TEIIonepeaaia, 3aeprodddexTus-

HOCTb 3JaHUI, METOJ KOHEYHBIX PA3HOCTEI.

1 Introduction

Buildings account for a significant share of global energy consumption and greenhouse gas
emissions. According to the International Energy Agency, the building sector is responsible
for approximately 30% of global energy use, and energy demand has increased by about 20%
since 2019 [1]. Improving building energy efficiency is therefore a key objective of climate
policy.

In Kazakhstan, characterized by long cold winters and hot summers, the residential sector
alone consumed 33% of total final energy in 2020, slightly more than industry |2|. Kazakhstan
adopted the Concept for Transition to a Green Economy [3| and aims to achieve carbon
neutrality by 2060 [4]. Improving the thermal performance of building envelopes is therefore
an important national priority.

Conventional building physics models typically represent wall assemblies as one-
dimensional combinations of flat material layers [5]. Such simplifications neglect two-
dimensional heat transfer effects and spatial variations of boundary conditions. Solar radiation
on facades can be non-uniform due to shading [6], while convective heat transfer coefficients
vary with airflow and facade height [7]. These factors contribute to the performance gap
between predicted and actual building energy use [8]. Berger et al. |9] developed a 2D
model capturing non-uniform shading and variable convective coefficients, finding substantial
differences compared to 1D approaches.

This study investigates the optimization of the internal boundary between a brick
layer and expanded polystyrene (EPS) insulation in a multi-layer wall. The interface is
parameterized using a cubic polynomial with two parameters controlling amplitude and
curvature. A two-dimensional steady-state heat transfer model is applied to evaluate thermal
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performance under representative summer and winter solstice conditions for Almaty. The
results demonstrate how interface shape affects heat transfer in multi-layer walls and present
a performance-based approach to building envelope design [10,[11].

2 Methodology

2.1 Physical domain and governing equation

The physical domain considered in this study is illustrated in Fig. [I}

Yy thermally insulated
YOO OISO

inside

M

south — oriented

thermally insulated L =0.3m

Figure 1: lllustration of the physical domain.

The computational domain €2 is a vertical cross-section of a two-layer building wall with
height H = 3 m and total thickness L = 0.3 m:

Q={(z,y) eR?: 0<x <L, 0<y< H},

where z is directed perpendicular to the wall plane and y is the vertical coordinate. A
two-dimensional formulation is adopted because incident solar radiation and the exterior
convective coefficient vary significantly with height due to urban shading and wind-profile
effects, which a one-dimensional model cannot capture.

The boundary decomposes as 92 = I'y UT', UT'3 UT'4: T’y is the exterior surface subject to
solar irradiance and convection, I's is the interior surface, and I's, I'y are thermally adiabatic
boundaries.

The wall consists of a brick outer layer (k, = 0.75 Wm™'K~!) and an EPS insulation inner
layer (k; = 0.035 Wm™'K™!), separated by an internal interface I's. The ratio ky/k; =~ 21
means that even a modest redistribution of insulation thickness produces a measurable change
in net heat flux — the physical basis of the shape optimization.

Steady-state heat diffusion is governed by:

V- (k:(x,y) VT(x,y)) =0, V(z,y) € Q, (1)
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where k(x,y) equals k; in the brick subdomain and k; in the insulation subdomain. The
steady-state formulation is used to compare interface geometries at two representative
instants, the summer and winter solstice at noon, rather than to estimate the energy balance
of the wall over a day or a season. The reasons for this choice and the limitations it imposes
on the interpretation of the results are discussed in Section [4.4]

2.2 Boundary and interface conditions

On the exterior surface I'y, a Robin boundary condition combines outdoor convection with
absorbed short-wave solar flux:

kVT -n=—h(y)(T - T°) + a (), (2)

where the convective coefficient follows a power-law atmospheric boundary layer profile:

V. Y A
h° =h hy = | = 3
(y) = hy + 1V0<y0), 3)

with hg = 5.82 Wm2K~!, h; =3.96 Wm 2K}, A =0.32, V; = 1.0 ms~! and 5y = 65.33 m.
These coefficients follow the height-dependent convection model of [12], in the form adopted
for a facade of the same dimensions in [13|. The quantity yg is a reference height of the wind
profile rather than a characteristic size of the wall, for 0 < y < 3 m it yields a moderate
variation of h$° along the facade, which is the effect the two-dimensional model is meant to
capture. The absorbed solar flux is prescribed by the profile

a7 (y) = 300 tan (T ) (4)
which vanishes at the base of the wall and reaches 300 Wm™2 at the top. The profile is a
simplified representation of a facade whose lower part is shaded by neighbouring buildings,
consistent with the non-uniform irradiation patterns reported in [9,/13]. The peak value is
based on the Meteonorm irradiation data for Almaty [14], following the approach of 13|,
where the same database was used for the solar loading of the facade. The same profile is
applied to both solstices. This is a deliberate simplification: the solar altitude in Almaty
differs strongly between June and December, so the results compare geometries under an
identical radiative load rather than reproduce the actual seasonal irradiation. On the interior
surface I's:

EVT n=—h3(T-Ty),  V(ry) €l (5)

with 2% =7 Wm™2K™!, a value close to the interior surface resistance R, = 0.13 m*K W—!
given for horizontal heat flow in [15]. The top and bottom boundaries are adiabatic:

EVT -n=0, V(z,y) € ToUTy.
At the internal interface I's, continuity of temperature and normal heat flux is enforced:

7|, _ =T ko VT 5| =k VT -ns| . (6)

740’
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2.3 Interface parametrization and constraints

The interface is described by x = v(p,y) via the cubic polynomial:

an=§+m@®—&m) ﬂ@z%(%—mﬂ%—ﬁ, (7)

where pq is the deformation amplitude and has the dimension of length(metres), since the
shape function g(y) — Sepite is dimensionless, and p; € [0, 1] is a dimensionless parameter that
sets the vertical location of the extrema. This two-parameter family covers convex, concave,
and S-shaped profiles. The shift term

1 (" 2p1 — 1
shi = — d =
Sshift HAg@y B (8)

enforces the material-preservation constraint:

%Avmwwzé (9)

so any improvement comes purely from geometric redistribution of a fixed insulation volume.
The interface is further required to stay inside the wall with a margin ¢, from both surfaces,

o <~v(p,y) < L—-06r, Vyel0,H], (10)

with 6, = 0.25L = 0.075 m, the spatial tolerance used for the same cubic parametrization
in |13]|. Condition bounds py to [pg““(pl), pglax(pl)] and keeps each material layer at
least 0.075 m thick.

2.4 Numerical solution

The boundary value problem is solved by a finite-difference method on a uniform Cartesian
grid with spacings Az = L/(N, — 1), Ay = H/(N, — 1). Conductivity discontinuities at the
interface are handled through harmonic averaging of face conductivities:

E — ) w — ) N — ) S — )
Kji + kjiv1 Kji =+ kji Kji+ Kjrvi Kji+ kjvi

which reproduces the exact flux through a cell face shared by two materials in series.
Arithmetic averaging would overestimate the face conductivity by the factor (ky+k;)?/(4kpk;),
which equals about 5.9 for the present pair of materials and grows with the ratio ky/k;. The
discrete balance at interior nodes is:

apTj; =apTji1 +aw T +anTji1; +as T,
with ag = kE/sz, aw = ]{Jw/AZEQ, anN = k’N/AyQ, as — ]{ZS/AQQ, ap = ap +aw +ay + ag.

The interface curve v(p, y), restricted to [0, L—0d1], is approximated by a cubic smoothing
spline, sampled at the grid rows and filtered with a Gaussian kernel of width ¢ = 1 grid step
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in y, i.e. from 15 mm on the 101 x 201 grid to 3.75 mm on the 401 x 801 grid. The filter
suppresses spurious oscillations of the staircase interface near the conductivity jump, since
its width is tied to the grid step, the smoothing vanishes under refinement. Each node is
then assigned to brick or insulation according to its position relative to the filtered interface.
The system is solved by the Successive Over-Relaxation (SOR) method with the relaxation
parameter

2

YT Tt sin(r/m)’

m = max(N,, N,),

and the stopping criterion ||[T®) — T®*=D|| . < e = 1078, where k is the iteration number.
SOR serves only as the linear solver for the discrete system; the accuracy of the discretization
itself is assessed separately in Section

2.5 Verification

The implementation was verified in two steps. First, a manufactured-solution benchmark
was solved for the Helmholtz equation Au+ 3u = f on 2 = [0, 0.25] x [0,0.5] with the exact
solution Ueyaes = sin(z + 2y) + €**3Y, Dirichlet conditions on three sides and a Neumann
condition on the bottom boundary. The discrete system was solved by the Jacobi, Gauss—
Seidel and SOR iterations. As shown in Fig. [2] the maximum-norm error decreases as O(h?)
for all three solvers and is the same for each of them, since they converge to the same discrete
solution and differ only in the number of iterations. The numbers of iterations are given in
Table [I} SOR requires one to two orders of magnitude fewer iterations than the Jacobi and
Gauss—Seidel methods and is therefore used as the linear solver in the optimization.

Table 1: Number of iterations required by the Jacobi, Gauss—Seidel and SOR methods on
different grids.

Grid N, x N, Jacobi Gauss—Seidel SOR

11 x 21 442 374 81
21 x 41 2324 1286 171
51 x 101 8046 6830 443
101 x 201 59311 24306 897

201 x 401 158700 85860 1806
301 x 601 318496 178547 2714
512 x 1024 831000 462263 4634

Second, for a flat interface with constant h%° and ¢7°, the problem reduces to one-
dimensional conduction through two layers in series, for which

17+ qp /e — TR

Qan =H 1/hzo +L/(2kb> —|—L/(2k1) + 1/hORO

(11)

With ~3° = 10 Wm 2K, ¢2° = 150 Wm™2, T7° = —5°C and Ty = 20°C, Eq. gives
Qun = —6.344 Wm™!. The computed flows are compared with this value in Table : the
relative deviation halves with each refinement.



S.D. Alpar et al. 147

=o= GS error =-o=Jacobi error
— O(h) — O(h) i
1074 —— O(h?) — O(h?) S
£ L1014} :
fu
g Ll -
10-¢
1075 E
1077 02
h
(b)

T

=o= SOR error
— O(h)
H— o)

H
I
L

HU - uexact”oo
—
(e
l

—
=
(=2}

1073 1072

(c)

Figure 2: The convergence behaviour of the three iterative solvers is illustrated in panels (a),
(b), and (c), which correspond to the Gauss—Seidel, Jacobi, and Successive Over-Relaxation

(SOR) methods, respectively.

Table 2: Flat wall with constant h?° and ¢7°: computed flow and deviation from the analytical
value Q., = —6.344 W/m
Grid Qnum (W/m) Relative deviation (%)
101 x 201 —6.290 0.86
201 x 401 —6.317 0.43
401 x 801 —6.331 0.22
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The flat-wall solution converges with first order, in contrast to the second order observed
in the manufactured-solution benchmark. The flat interface = L/2 coincides with a column
of grid nodes, and these nodes are assigned to the insulation layer, so the effective insulation
thickness is larger than the nominal one by half a grid spacing, and the brick layer is thinner
by the same amount. With an insulation thickness of L/2 + Axz/2 and a brick thickness
of L/2 — Az/2, Eq. gives —6.290, —6.317 and —6.331 Wm™!, which coincide with
the numerical values in Table [ this geometric effect therefore accounts for the first-order
convergence. The physical model itself was not validated against experimental data.

3 Optimization problem

The performance indicator is the total inward convective heat flow at I's:

H
Qup) = / WS(T(Ly, p) — TE) dy, s € {sum, win}, (12)

evaluated via the trapezoidal rule. In summer a positive Qg is an unwanted heat gain that
adds to the cooling load, so it is minimized. In winter the objective is the opposite: Qyiy is
maximized, i.e. the geometry that lets the largest part of the absorbed solar energy reach the
interior surface is sought. This is a maximization of passive solar gains, it coincides with a
reduction of heat losses only under the fixed insolation of the steady-state problem and does
not hold at night or under overcast conditions. Both objectives are unified through the sign
convention:

u7s<p) = 0g Qs(p)7 Osum = +1,  Owin = —1, (1?))
so both seasons share the same minimization form:

ps = argmin Js(p), s € {sum, win}. (14)
pEflp

The material-preservation constraint @ is satisfied automatically for all p € €,, so any
change of (), is attributable solely to geometric redistribution of the fixed insulation volume.
Since J; is not guaranteed to be convex over €2, seasonal optima are identified by exhaustive
discrete search. The parameter p; takes 51 uniformly spaced values in [0, 1] (Ap; = 0.02); for
each py, py takes 25 uniformly spaced values between pf"(p;) and p§®(p), so the step in pg
depends on p;. The flat interface py = 0 is added to this set whenever it does not coincide
with one of the 25 values; owing to round-off, this occurs for 30 of the 51 values of p;. One
search over €, thus requires 51 x 25+ 30 = 1305 evaluations of the objective function; it was
carried out for each season on each grid.

4 Case study

The case study considers a brick-EPS composite wall in Almaty, Kazakhstan, under two
peak-load regimes: the summer solstice (June 21) and the winter solstice (December 21). The
same wall geometry and governing equations as in Section [2] were used: H = 3m, L = 0.3 m,
brick on the exterior side, and EPS insulation on the interior side. For each season, the flat
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interface x = L /2 was compared with the optimized interface generated by Eq. . Since the
volume-preservation constraint is enforced through Eq. , both configurations contain the
same amount of insulation. The material properties are listed in Table [3]

Table 3: Thermal conductivity of the materials
Material kE (W/m-K)
Brick 0.75
Expanded polystyrene 0.035

The seasonal boundary parameters are given in Table [l The exterior and interior
boundary conditions follow Eqs. —, with height-dependent convection and solar loading
defined by Egs. and (4)). The objective quantity is the inward convective heat flow Q(p)
in Eq. (12), minimized in summer and maximized in winter according to Eq. .

Table 4: Seasonal boundary parameters used in the case study

Regime T2 (°C) T (°C) Vi (m/s)
Summer (June 21) 35 20 3.0
Winter (December 21) -5 20 3.0

4.1 Admissible Design Space

The internal interface was described by = = 7(p,y) with the design vector p = (po,p1), as
defined in Eq. . The parameter py controls the deformation amplitude, while p; determines
the vertical position of the extrema. The admissible domain 2, was obtained from the
geometric feasibility and volume-preservation constraints described in Section[2] The resulting
design region is shown in Fig. [3] The horizontal axis gives the amplitude parameter py in
metres, and the vertical axis the dimensionless position parameter p;.
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Figure 3: Admissible design region €, with the summer optimum (left) and the winter
optimum (right), the winter optimum lies on the lower bound p§™™(p;).
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The shaded region in Fig. |3| contains all admissible parameter pairs. The feasible range of
po depends on pq, so the search domain is not rectangular. Therefore, the discrete optimization
was restricted to the admissible set 2,,.

4.2 Results

The flat and optimized interfaces were compared for both seasonal regimes using @), as the
main performance indicator. The optimized temperature fields are shown in Fig. [4 while
interface shapes, heat-flux profiles, and temperature profiles are compared in Fig.

Summer solstice Winter solstice

(].(I]S (].’1(] [).’15 [).'2() 0.25 0.30 0.00 0.05 0.10 0.15 0.20 0.25 0.30
x [m] 2 [m)]

Figure 4: Temperature distributions with the optimized interface for the summer (a) and
winter (b) solstice cases.

Summer solstice. For the summer solstice, Joum(p) = Qsum(p) was minimized according to
Eq. . The results on three grids are given in Table 5 On the finest grid, Qs decreased
from 18.167 to 17.969 Wm™!, i.e. by 0.198 W per metre of wall length. The optimum lies
inside the admissible domain, at pg & 0.52 and p; = 0.48 on the two finer grids. As shown in
Fig. [5] the optimized interface shifts insulation toward the upper solar-loaded region.

Table 5: Flat and optimized interface, summer solstice

Grid Bt (W/m) Q%L (W/m) AQ (W/m) po(m) pm

sum sum

101 x 201 18.04930 17.96806 —0.08124  0.519 0.52
201 x 401 18.12730 17.96860 —0.15870  0.519 0.48
401 x 801 18.16655 17.96880 —=0.19775  0.519 0.48

Winter solstice. For the winter solstice, oy, = —1 was used in Eq. , so that Qwin was
maximized. The results are given in Table [} Under the prescribed conditions the absorbed
solar flux does not compensate the transmission loss, and Q)y;, is negative for both geometries,
i.e. heat leaves the room. On the finest grid the optimized interface reduces this net loss
from 7.104 to 6.410 Wm™!, a change of +0.694 W per metre of wall length. The optimum,
po ~ —1.526, p; = 0.60, coincides with the lower bound p™(p;) of the admissible domain: the
gain is limited by the minimum insulation thickness ¢, of Eq. rather than by an interior
extremum of the objective. As shown in Figs. El(b) and [5|, the optimized interface leaves a
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Summer, flat

Summer, optimized

6 8
q [W/m?
(d)

, (£), (), ().

Winter, flat

Winter, optimized

Table 6: Flat and optimized interface, winter solstice

Grid b (W/m) QW (W/m) AQ (W/m) po(m) p
101 x 201 —7.05911  —6.41061  +0.64850 —1.538 0.58
201 x 401 —7.08876  —6.41030  +0.67846 —1.526 0.60
401 x 801  —7.10368  —6.41004  +0.69364 —1.526 0.60

Figure 5: Comparison of flat and optimized interfaces in summer, panels (a)-(f), and in
winter, panels (g)—(1). In each season the left column shows the flat interface and the right
column the optimized one. Summer: flat (a, ¢, ) and optimized (b, d, f), winter: flat (g, i, k)
and optimized (h, j, ). Rows from top to bottom: interface geometry (brick on the left, EPS
in grey), panels (a), (b), (g), (h), inward heat flux at I's, panels (c), (d), (i), (j), temperatures
at ' and I'5, panels (e

conductive brick pathway in the upper solar-loaded region, through which absorbed heat
reaches the interior surface. This gain exists only while the facade is irradiated (Section 4.4)).

The seasonal optima are therefore physically different: the summer geometry increases
local shielding, whereas the winter geometry preserves a conductive pathway in the solar-
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loaded region. The spatial arrangement of the same insulation volume thus affects the two-
dimensional thermal response of the wall.

4.3 Mesh convergence

The grids in Tables [5] and [0] are refined with a constant ratio of 2. The observed order of
convergence p and the extrapolated value Qqy; Were estimated by Richardson extrapolation,

p— (@2 = Q)/(Qa = Qo) Qs — Qs

n 2 > Qext:Q3+ ow_ 1’

where indices 1-3 denote the coarse, medium and fine grids. The results are summarized in
Table [T

Table 7: Observed order of convergence and extrapolated values
Quantity p  Qext (W/m)

fat 0.99 18.206
AQum 099  —0.238
flat 099  —7.119

The flat-wall flows and the seasonal differences AQ) converge with first order, in agreement
with the verification of Section 2.5 As shown there, the flat interface lies on a column of
grid nodes assigned to the insulation, which makes the insulation layer effectively thicker
by Az/2 and reduces |Q%| on coarse grids. The optimized flows, in contrast, change by
less than 8 - 107 Wm™! between the three grids in both seasons and are practically grid-
independent; no convergence order is reported for them. Most of the grid dependence of AQ
therefore comes from the flat-wall solution, whose magnitude increases with grid refinement.
In summer, AQ changes from —0.081 to —0.198 Wm™! and tends to about —0.24 Wm™!;
in winter, it changes from +0.649 to +0.694 Wm™! and tends to about +0.71 Wm™!. The
remaining discretization error on the finest grid, estimated as |Qex; — @3/, is about 0.04 Wm™!
in summer and 0.015 Wm™! in winter for both Q%" and AQ, which is several times smaller
than the seasonal effects. The extrapolated values are therefore taken as the main estimates of
the seasonal effects. In both seasons, the optimal parameters (pg, p1) are identical on the two
finer grids. On the coarsest grid, p; differs by one or two search steps (in winter py changes
accordingly, since the bound pf"" depends on p;), while the optimal value of the objective
changes by less than 8 - 107 Wm™!, i.e. the objective is nearly flat around its minimum.

4.4 Limitations of the steady-state formulation

The optima reported above correspond to two instants of peak solar load and do not describe
the performance of a static wall over a day or a year. The winter geometry shows this most
clearly. The brick pathway that carries absorbed solar energy inwards at noon also lowers
the local thermal resistance of the wall. To quantify this, the flat interface and the winter-
optimal interface of the 201 x 401 grid were recomputed with ¢7° = 0 and all other winter
conditions unchanged. Without insolation the heat loss is 15.760 Wm™! for the flat interface
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and 17.679 Wm™! for the optimized one, i.e. the optimized geometry loses 1.919 Wm™!
more. This is almost three times the gain of 0.678 W m™! obtained at noon on the same grid.
At night and on overcast days, which make up a large part of the winter period in Almaty,
the winter-optimal geometry is therefore unfavourable, and the winter result should be read
as a property of the peak-insolation regime only.

A transient formulation would remove this restriction, but two problems remain open for
shape optimization of building walls. The first concerns the objective function. Indicators
proposed in the literature rely on the indoor-outdoor temperature difference or on the time-
integrated heat flux at the interior surface [16]. A time-integrated flux measures how much
energy passes through the wall, yet it does not separate a useful gain during a sunny winter
day from an unwanted loss during the following night, and the phase lag between outdoor
conditions and the flux delivered to the room is not taken into account [13]. A criterion
suited to alternating heating and cooling demand has to be defined first. The second problem
is computational: exhaustive search needs one solution of the heat equation per candidate
shape, and with a transient solver each of them turns into a simulation over the whole period
of interest. Building simulation tools are also poorly adapted to geometric design variables
and mostly rely on parametric or lumped steady-state representations of the envelope [17,/18].

The model is purely thermal. With the insulation on the interior side, the dew point moves
towards the masonry, which may cause interstitial condensation, coupled heat and moisture
transfer was not considered. Since the summer and winter optima are opposite, a single fixed
interface cannot be optimal for both seasons, and an annual criterion based on a transient
model evaluated jointly over the heating and cooling periods is needed.

Regarding practical realization, a curved brick-insulation interface of the amplitudes
considered here is not standard masonry practice. Additive manufacturing of walls offers
one possible route: the first 3D-printed house in Central Asia was completed in Almaty in
2024, with printed concrete walls insulated by expanded polystyrene concrete [19]. A simpler
option is to keep a flat load-bearing layer and vary only the thickness of the insulation
boards, for instance with CNC-cut EPS elements. Another option for future work is to keep
the internal layers flat and modify only the external shell of the facade, as in |13|, which is
easier to construct. Cost and constructibility of these options were outside the scope of this
study.

5 Conclusion

The effect of the shape of the internal interface between a brick layer and an EPS layer
on the heat flow through a two-layer wall was studied with a two-dimensional steady-state
heat conduction model. The interface was described by a two-parameter cubic polynomial
with a fixed insulation volume and a minimum layer thickness of 0.25L, the equation was
discretized by finite differences with harmonic averaging of the conductivity, the linear system
was solved by the SOR method, and the optimal shapes were found by exhaustive search. The
implementation was verified against a manufactured solution and against the one-dimensional
analytical solution for a flat wall, with a relative error of 0.22% on the finest grid.

For the summer solstice, the optimized interface reduced the inward heat flow by about
0.24 Wm™! according to Richardson extrapolation (0.198 Wm™' on the finest grid); the
remaining discretization error is several times smaller than this difference. For the winter
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solstice at noon, the optimized interface reduced the net heat loss by about 0.71 Wm™!
(0.694 Wm™" on the finest grid) with the same insulation volume, by keeping a conductive
brick pathway in the solar-loaded upper part of the wall. This optimum lies on the boundary
of the admissible domain and is set by the minimum insulation thickness d;: a smaller ¢,
enlarges the admissible set and cannot decrease the winter gain. Without insolation, the same
winter geometry loses 1.92 Wm ™! more than the flat wall.

The two seasonal optima have opposite shapes, and the winter result holds only under
peak insolation. Conclusions about the annual energy performance of a wall with a fixed
curved interface cannot be drawn from the present model. Future work will address a transient
formulation evaluated jointly over the heating and cooling periods, coupled heat and moisture
transfer, and the constructability of the resulting geometries.
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