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EXACT ORDERS OF FUNCTION RECOVERY FROM INACCURATE
DATA IN THE UNIFORM METRIC AND THE LIMITING ERROR OF
INACCURATE INFORMATION

This paper considers the problem of recovering multivariate functions from SWj(0,1)*
Sobolev classes with dominating mixed derivative in the uniform metric L*°(0,1)® based on
inaccurate information. The aim of this work is to investigate the accuracy of recovering functions
from the considered class based on a finite number of linear functionals determined by a finite
amount of inaccurate information in the form of Fourier coefficients, as well as to determine
the optimal error of the inaccurate information for an optimal computational aggregate and to
establish its massiveness. The study is carried out in the context of the problem of Computational
(Numerical) Diameter. As a result of the research, exact orders of recovery of functions from
Sobolev classes with dominating mixed derivative in the uniform metric from inaccurate data are
obtained, and an optimal computational aggregate is constructed. The limiting error of inaccurate
information for the constructed computational aggregate is found, and a set of computational
aggregates has been constructed such that their limiting errors do not exceed the limiting error of
the given aggregate, that is, the massiveness of the limiting error is determined. The obtained
theoretical results are confirmed by numerical experiments. All of the above constitutes the
scientific novelty of this work.

Keywords: Sobolev class with dominating mixed derivative, uniform metric, function recovery
from inaccurate information, limiting error, massiveness of the limiting error.
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BipkaabIiThl MeTpukajga J9JI eMec MaJiiMeTTep OoiibIHINAa PYHKIINSIHbBI YKYbIKTAY
KaTeJIITiHIH 19JI PeTi >KoHe JA29J1 eMeC MJJIIMETTIiH, IMeKTiK KaTeJiri

Maxasazna 6aceiv apasac Tysaasuisl SWE(0,1)° CoboseB KiaacTapblHaH AJbIHFAH KOl aii-
HbIMaJIbLIBL GyHKImsiapabl L0, 1)® 6ipKaabluThl METPUKACHIHIA JI9JI eMec MaJjiMer GOMbIHIIA
KYBIKTay ecebi KapacThIpbliraH. 2K yMBICTBIH MAKCATHI KAPACTHIPHLIBII OTHIPFAH KJIACTarbl (pyHK-
[USTIAP/IbI KATEJIKIIEH OePiireH ChI3BIKTHIK, (DY HKITHOHATAPIBIH AKbIPJIbI 2KUBIHBI OOMBIHIIA Ky bI-
KTay JOJyIriH Tady koHe Dypbe Ko DUIMEeHTI TYPIHIeri CaHIbIK, MOJIIMETTEDIIH aKbIPJIbl KUbI-
HBI HETi3iHJEri ONTUMAJIJII eCenTeyilll arperaT YIIH JI9J e€MeC MOJJIIMETTIH IIEeKTiK KATeJri MeH
OHBIH, MACCUBTLIINH aHblkTay 6osbin Tabbutaabl. Makanagarsl 3eprrey Komnbiorepiik (Ecemre-
yim) Jduamerp ecebi ascoinma Kypriziaren. 3eprrey HorTuKecinge 6achbiM apajiac TYBIHIBICH 6ap
CoboJieB KJacTapbIHbIH, (DYHKIIUAIAPBIH OIPKAJIBIITH METPUKAJIA D)1 eMeC MaJiiMerTep OOMBIHIIA
2KYBIKTAY/IBIH, JIDJI PETTEP] AJIBIHJIBI 2KOHE OTITUMAJIIBI €CEIITEYIIT arperaThl KYPhLIIbl. MaKkaiaiarbt
zeprrey Kommbiorepsik (Ecenreyim) JTuamerp ecebi asicbliia XKyprisiired. 3eprrey HOTUKECIH e
bacbiM apaJiac TybIHIBICEI 6ap Co00JIeB KJIACTaAPBIHBIH, (DYHKIUSIIAPBIH OlPKAJIBIITH METPUKAIA
JIOJT eMec MJIiMeTTED OOMBIHINA JKYBIKTAY/IBIH 0 PETTEP] AJIBIH/IBI YKOHE OIMTHMAJIIbI €CerTeyimt
arperarbl KYDPbLIJIbL.
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Kypoiaran ecernrreyimn arperar yImiH 9/ eMec MOJIIMETTIH IMEKTIK KaTesiri, coHgai-akK MeKTi Ka-
TETIKTIH MACCUBTLIIT aHBIKTAJIbI, IFHU MEKTIK KATEJTiKTepi OepiiireH arperaTThiy IIEKTi KaTeci-
HEH aCHAlThIH €CENTEYIIT arperarTap KUbIHbL KYPbLIIbl. AJIBIHFAH TEOPUSLIBIK HOTUXKEJIED CAHIBIK,
SKCIIEPUMEHTTED apKbLIbI pacTrajrad. 2Korapbija aTaJfaHIapIblH OapJIbEFBl OChl XKYMBICTBIH FhI-
JIBIMU YKAQHAJIBIFBIH KYPailIbl.

Tyitin ce3aep: GachiM apasac TYbHABUIBEI COO0JIEB KIIACHI, OIPKAJIBIITHI METPUKA, JOJI eMeC aK-
mapaT GofbIHIIA (DYHKIIUAHBI KYBIKTAY, MEKTIK KATETIK, IMeKTIK KATETIKTIH MacCUBTIJIIT.

I'.E. TayreinbaeBa, H.K. BakpiToBa*
Erpazuiickuit Hanmonasbubiii yausepcurer um. JI.H. I'ymunésa, Acrana, Kazaxcran
*e-mail: nazerkebakytova29@gmail.com
Tounble IMopdAdKHMN BOCCTaHOBJIEHMUA CbYHK]_II/II/I II0 HETOYHbBIM JaHHBIM B
PaBHOMEPHOII MeTpUKe M NpeeibHas MOTPENTHOCTb HETOYHOU mHMopManumn

B crarbe paccMmaTpuBaercst 3ajia9a BOCCTAHOBJIEHUsT (PYHKITUI MHOI'UX IIEDEMEHHBIX U3 KJIac-
coe SW3(0,1)* Cobosesa ¢ JoMuHEpYIOMIEH cMenansoi mpoussouoil B L°(0,1)® paBHOMEpHOI
MeTpHKe 10 HeTOUHOI nHpopMmanun. 1le1bio paboTh! SBIISIETCS UCCIEOBAHNE TOTHOCTHA BOCCTAHOB-
Jiennst DYHKINH YKA3AHHOTO KJIACCA 10 KOHETHOMY 9HCJIY JIMHEHHBIX (DYHKIIMOHAJIOB, KOTOPBIE 33~
JIAHBI KOHEIHBIM 00bEMOM HETOTHON mHpOpManun B Bujie KodddumnumentoB Pypbe, a TakxKe orpe-
JleJIEHUE TIPEeJIEIbHOM OIPEITHOCTA HETOYHOM HH(MOPMAIINN JIJIs OIITHUMAJIBHOIO BHIYUC/IUTETEHOTO
arperara, U B OIIPE/IEJIEHUU €r0 MACCUBHOCTU. B cTarhe ucciieioBaHme MPOBOINTCsSI B KOHTEKCTE 3a-
nauan Kommnbioreproro (Borauciurensuoro) Ionepeunuka. B pesysbrare ucciieqoBaHus mMOJLy YCHbI
TOYHBIE TOPSIJIKU BOCCTAHOBJeHUS (DyHKIUH 13 KiaaccoB CobosieBa ¢ TOMUHUPYIOIIEH CMeITaHHOi
IIPOM3BO/IHON B PABHOMEPHOI METPUKE 110 HETOYHBIM JIAHHBIM U IIOCTPOEH ONTUMAJIBHBIN BHIIUCIIH-
TesbHBIH arperar. Haiisiena npeesibHasi MOIPEITHOCT HETOYHON MHMOPMAIUH JIJIs IOCTPOEHHOIO
BBIUKCJINTE/ILHOIO arperara, a TaKKe IOCTPOEHO MHOXKECTBO BBIYUC/IUTEIbHBIX arperaroB, IIpe-
JleJIbHBIE TIOMPEITHOCTH KOTOPBIX HE IIPEBBINIAIOT MIPEJIEIbHYIO IOIPEITHOCTD JAHHOTO arperara, TO
€CTb OmpejieJieHa MACCUBHOCTD IMPEIEbHOM morpentHocTu. 1losrydeHHble TeOpeTUIecKne pe3yiib-
TaThI TIOATBEPKIAIOTCA IUCICHHBIME IKCIIepUMeHTaMu. Bce nepednciieHHoe COCTABIISET HAyIHYIO
HOBU3HY JaHHON pabOTHI.

KioueBsie ciioBa: kiacc CobosieBa ¢ JIOMUHUDYIOINIEH CMEITaHHOM [TPOU3BO/HOMN, pAaBHOMEPHAS
MEeTPUKa, BOCCTAHOBJIeHNE (DYHKIUN 110 HETOYHOHN mHMOpMAaIuy, mpeejbHast IMOIPEITHOCTb, Mac-
CHUBHOCTD IIPEJIEJIBLHOM TOTPENTHOCTH.

1 Introduction

The problem of approximate reconstruction of functions from accurate and inaccurate
information plays a central role in modern approximation theory, computational mathematics,
and the theory of numerical methods. In cases where information about a function is
given inaccurately, the problem of approximate reconstruction reduces to constructing an
approximation aggregate that minimizes the error in a given function space.

In this work, the information functionals are given with error, where the magnitude of
the error must be as large as possible while preserving the order of recovery corresponding
to exact values of the functionals, with the simultaneous identification of a set of recovery
operators among which the aggregate under study is optimal.

This entire formulation is called the Computational (Numerical) Diameter (C(N)D), and
is divided into three sequential tasks:

C(N)D-1. Recovery from accurate information, depending on the type of functionals and
algorithms for processing the numerical information obtained from them, encompasses all
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known approximation theory, numerical analysis, computational mathematics, and function
theory — Fourier series, bases;

C(N)D-2. In the optimal computational aggregate, the values of the informational functionals
can be replaced by nearby values while maintaining optimality. The search for the largest
such deviations forms an independent problem of finding extremal errors — a new optimization
problem.;

C(N)D-3. There exists, or does not exist, another computational aggregate with a structure
analogous to that of the considered optimal computational aggregate, and perhaps even more
general, but with a larger order of extremal error.

If it turns out that in C(N)D-1 there is more than one extremal computational
aggregate, then a C(N)D-2 and C(N)D-3 analysis is performed for each of them, since their
computational quality is determined not only by the magnitude of the limiting error but also
by how well the structure of the aggregate is adapted to the specifics of the application.

The C(N)D problem is presented in full historical and mathematical depth in articles |1|—
[5]-

The problem of recovery from accurate information (C(N)D-1) is well known and has been
developed over many decades in numerous publications, each with its own notation. These
include works of A. Sard, S.M. Nikol’skii, N.S. Bakhvalov, K.I. Babenko and S.L. Sobolev,
C.A. Micchelli and T.J. Rivlin, J.F. Traub, G. Wasilkowski, H. WozZniakowski, A. Pinkus,
V.N. Temlyakov, N.P. Korneichuk, E. Novak, H. WozZniakowski, J. Vybiral, B. Kashin,
E. Kosov, I. Limonova, and many others (see, e.g., [6]- [8]).

Publications on recovery from inaccurate information fall into three groups: the first
comprising works of N. Temirgaliyev and his co-authors [1|- [5], the second — of
V.M. Tikhomirov, G.G. Magaril-Il'yaev, K.Yu. Osipenko, and their co-authors [9]- [10], and
the third — J. Traub, H. Wozniakowski, L. Plaskota and their co-authors [11]- [12]. All
differ both in problem formulation and in terminology for essentially the same mathematical
objects. The problem of recovery from inaccurate information in the context of second part
of C(N)D-2 and C(N)D-3 is new.

In various formulations, the problem of approximate recovery of functions has been studied
by many authors (see, e.g., [1|- [5] and the bibliography therein, and all necessary notation
is introduced below).

For example, in [13], S.A. Smolyak constructed grids of the form

k ks
€:<2%7"'7275>7
wheren —s <7 +---+7, <mnand 0 < k; <27, (15,k; € Zy, j = 1,...,s), and the

corresponding linear operators ¢y (21, ..., 2zn; ) with recovery error in the metric L>°(0, 1)*
on the classes SWJ(0,1)* for r > 1

1£(2) = on (£ FlEn) )] WIN )
sup T)— @ e FT) || oo 1re KLrs ———1— =1,2,...).
FESWE(0,1)* NS N Lo (0.1) NT—2

K.E. Sherniyazov [14] established that for r >  the following estimate holds:
ln(r-F%)(s—l) N

Cor =T (N=1,2,...).

7 or OMOTS = F1SWH0.1)°5 L) 2o )
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In the work of Sh.U. Azhgaliyev [15], the exact order of the information power of
computational aggregates constructed from Fourier coefficients was found for the recovery
of functions from Sobolev classes with dominant mixed derivative in the Hilbert and uniform
metrics:

. s In"¢=Y N
6N(07Tf = f;SW2 (071) ;EN)L2(071)5 = T (N = 1727 ey T > %)7
and
"= N
6N(O;Tf = f?SWg(Ql)S;EN)Loo(Ol)s = F (N=1,2,...; r>0).
' 2

In paper [16], the C(N)D problem for the recovery of functions from Sobolev classes with
dominant mixed derivative in the Hilbert norm was completely solved. Namely, the following
theorem was obtained.

Theorem A [see [16]]. Let s, (s =1,2,...) and r > 1 be given. Then for the sequence

r(s—1)
€N:hljvr—+§]v (N22,3),
the following relations hold (where Dy = Dy(F)y denotes a certain set of aggregates
(Z(N)> SON) = (lla ceey ZN; ()DN)>:
lnr(s—l) N
C(N)D-l (5]\[(0, Tf = f, SWQT(O, ].)S, .FN)L2(071)5 = T7

C(N)D-2: dn(En) = OnEN; T = 3 SW3(0,1)% Fa) 201y < En - VN,

and for every increasing positive sequence {ny}%_; the following equality holds:

r(s—1

S (B = U = FLSWE0,1)5 Fy)
C(N)D-3: lim ) — 4o,
(N)D-3: Jim_ 530 TF = £ SW3(0, 1) F) seon),

2 Problem formulation

Let us present the short formulation of the Computational (Numerical) Diameter
problem (a complete definition, discussion, comparison with known results and related
considerations, and the history of the problem are given in [1]- [6]).

The following definitions serve as the starting point for each of the three components
C(N)D-1, -2, and -3 (explanations of notation are given below):

Sn(en; (1M, on))y = SuP{HTf(') —on(z(f), - ()i )y
:feRUAﬁ—%Uﬂgaﬂf:L”wNﬁ
= sup{||74(-) = () + W ews o () + 2 ews ]y

:feRkﬁHglh:anN%
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and

dn(en; D)y = On(en; T F; Dy)y = inf  dn(en; (l(N)790N))y,
(I pNn)EDN
where €y is a nonnegative sequence. In the case ey = 0, this is the problem of recovery from
accurate information; otherwise, it is recovery from inaccurate information.

We note at once that the problem formulation of C(N)D-1 has a respectable pedigree
and has served as the subject of investigation by various groups of mathematicians. In this
problem, which is common to all, different notation and terminology were employed. Since,
within the C(N)D framework, C(N)D-1 is extended by two further problems — C(N)D-2 and
C(N)D-3 — the notation and terminology presented below are adapted to this new setting
and, for the same content, may in certain cases differ from those previously used in the
mathematical literature.

We assume the following to be given: a class F' and a normed space Y (or Y = C,
where C' denotes throughout the field of complex numbers) of functions with domains Qp
and €y respectively, and an operator T' acting from F' into Y. Further, [y,... [y is a set
of functionals IY) (not necessarily linear), by means of which each function f from F is
assigned a finite sequence 1 (f),...,I{x(f) — the numerical information about f of volume N.
An algorithm for processing the approximate information z1(f), ..., zy(f) about f, obtained
from the functionals I;(f), ..., In(f) with precision ey, is by definition a numerical function
on(21,...,2n; - ), which, for any fixed (z1,...,2x5; ) € CV is a function of the variable
(1) € Qy belonging to Y (the set of all such ¢y will be denoted by {¢n}y). Then, upon
substituting z; = z1(f),..., 2y = zn(f), the function on(z1(f),...,2n(f); -) acquires the
status of a computational aggregate for the approximate computation in the metric Y of
the operator Tf = w(-; f). Thus, each computational aggregate is determined by a pair
(I on) = (Ih,...,In;on). By Dy = Dy(F)y we denote a given collection of pairs
(I on) = (11, ..., v on).

The main types of functionals are {Y) : Py — values of function f at points l¢(f) = f(€),
(€ € Qp); n — trigonometric Fourier coefficients

In(f) = f(m) = f(x) e M) do - (m € Z°);
[0,1]*
Ry — values of the Radon transform
Rf6.7) = [ f(2) do
x:(x,0)=TNQy

and with each functional class F' there is associated its own set Ly, consisting of all linear
functionals [(f) defined on the linear span of F'. One then has the following collections of
aggregates Dy:

Py = Py x{onty = {on(f(&1), - f(En)i-) s f € F; &,....én € Qp, on € {on}y)

— all computational aggregates from point values,

-~ ~

Fn=n x {on}y = {SON(f(m(l)), o -af(m(N))§ ) :
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fGF, m(l)a"'am(N) GZS> YN € {QON}Y}

— all computational aggregates from trigonometric Fourier coefficients,

Ry =Ry x {onty = {on(Bf(w),...,Rf(uy);z) :

1 17°
feFauT€|i_§;§:| (7_:1,...,N),90N€{<,0N}Y}

— all computational aggregates from values of the Radon transform.

In view of its particular importance, we single out separately

Ly =Lyx{on}ty = {@N(ll(f)y-‘-,lN(f);‘)5f€F, L,....,In € L(F), pn € {SON}Y}

— all computational aggregates from linear information, where L(F') is the set of all possible
linear functionals on the linear span of F.

We shall denote by ¢(a, 3, ...) certain positive quantities, generally different in different
formulas and depending only on the indicated parameters.

If {An}_, is a sequence of positive numbers and {By}%_; is an arbitrary numerical
sequence, then By < Ay means that there exists ¢(a, 3, . ..), such that |By| < ¢(«, 3,...)An
for every positive integer N. If {An}F_, and { By }%_; are two sequences of positive numbers,
then Ay =< By means that simultaneously By < Ay and By > Ap.

Within the above notation and definitions, the problem of optimal reconstruction from
inaccurate information, formulated under the name “Computational (Numerical) Diameter”,
consists in the sequential solution of three optimization problems.

For given (fixed throughout) T, F,Y, Dy:

C(N)D-1: From accurate information, one finds the order
= 5N(O; DN)Y = (SN(O; T; F; DN)Y

— the information power of the set of computational aggregates Dy = Dy (F)y.

C(N)D-2: A computational aggregate (I'"), py) from Dy = Dy(F)y, supporting the order
= dn(0; Dy)y is constructed, for which one investigates the existence and determination
of the limiting error such that &y = &y (Dy; (I™), @y)), — C(N)D-2 — the limiting error
(corresponding to the computational aggregate (I'™), @y)), such that

n(0; Dx)y = oy (En; (I, @)y =
= sup {|TS() = (). 2n(£): )y 2 f € F
LD == <P G=1..M},

with the simultaneous validity of

) on (MneEn; (Z(N)795N)
Von T 400 (0 <ny < nnt1, Iy — +00) lim ( )Y

N—~+o0 (SN(O;DN)Y = too
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C(IN)D-3: The massiveness of the limiting error £y (DN; (Z(N),@N))Y is established: one
finds as large as possible a set Dy (I'"), @y) (usually related to the structure of the original
(IMN) @x)) of computational aggregates (I'"), pon) = on(l1(f), ..., In(f);-), constructed over
all possible (not necessarily linear) functionals Iy, ... Iy, such that for each of them the
following relation holds:

_ on (nven; (M) o)
Von T 400 (0 <ny < nnt1, Iy — +00) : Nl—lg-loo ( on(0; Dn)y )Y

= +00.

3 Necessary definitions and auxiliary statements

We present the necessary definitions used directly in the proofs. All functions considered are
assumed to be defined on R®, 1-periodic in each of their s variables, and integrable on the
cube [0, 1]°.

The norm of the space L> = L*°(0,1)* will be denoted by ||-||L= or || || and the number
of elements of the set A is denoted by |A|.

For a positive R by I' = FS) we mean the set (the so-called hyperbolic cross) ( |17])
Trp={m=(mi,....m) €Z: m=][m; <R} (3.1)
j=1

where (as throughout the paper)

m; = max{1l,|m;|}, m =T M.

Definition 1 Let s be a positive integer and r > 0. The Sobolev class with dominant mized
smoothness SW3(0,1)% is the set of all functions f(x) = f(x1,...,2s) that are 1-periodic in
each variable and representable in the form

fay =3 fmyemima 37 | fm)Pm)> < 1.

meZs mezZs

Lemma 1 (see [15]) Let a positive integer s and a real number v > 3 be given. Then the
following relation holds:

lnr(s—l) N
on(0;Tf = f; SW3 (0, 1)S;£N)Loo(071)5 . (N=2,3,...).

Lemma 2 (see [17]) Let a positive integer s, and R > 1 be given. Then

> 1=<R@IR;"

m1--ms<R

4 Main results and their proofs

Within the C(N)D framework, the following results are obtained.
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Theorem 1 (C(IN)D-2 problem) Let a positive integer s and a real number r > 1 be

given. Then for the computational aggregate with {m® ... m™M} =T, R= Ry = =

~ ~

AW, on) = on (Y (f) = FmW), ..., I (f) = F(m™)) =

= i fA(m(k))€27Ti(m(k) Z f 2m(m T

k=1 mel'r
lnr(s—l)
the quantity ey = ————— 1is the limiting error:
N™t2
firstly,
5N(0§Tf = [; SW5(0,1)% EN)LOO (0,1)* =
_ l T(sfl)N
= by <5N = T = FSWH0.1), Ly =
N £20(0,1)°
= inf sup ) = on (V) + 182w, - AN () + e H =
(M), oN)ELN FESWE(0,1)° (=) ( () N () N ) L>2(0,1)°
RIRIES!
m=1,....N
~ (m)y _2mi(m.z) Sy
= sup |[f(z) = Y (f(m)+axyy" ) X T
feESWZI(0,1)* mel s . N™z2
<1 1)
m=1,...,N

secondly, for every positive sequence {ny}3_, increasing to +oo, the following equality holds

o (mvE = xS T = £ SWE(0,1)% (Y, o))

li N L=(0,1)¢

m = +o00.

e 5 (0.7F = 1:SW5 0, 1%, L) 1~ 00y

Proof We begin with the upper bound for dy (gN; Tf=f;SW3(0,1)% EN) Lo (0.1)¢" Let a

function f belongs the the class SWJ(0,1)*. Since r > 1, then f € L*(0,1)® (by definition
of the class) and the problem is well-posed.

Set N = |Tg|. Define linear functionals I,(f) = f(m®),... . Iv(f) = f(m™), where
{mW ..., m™} is some ordering of the set 'z and function oy (21,. .., 2y, ) as follows:

N
_ 27mi(m*)
on(z1, .. 2N, @) = E 2pe2mH )

Then for the computational aggregate

1 1 N N)~
N(Z_(N)(f) +VJ(V)5N7 e 7l1(v )(f) +VJ(V )gN;x)LOO(O,l)S -

N
S5 (o s

k=1
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constructed from inaccurate data, we have

[r@ = e @@+ 02w D )| =
S Il + 127

Lo°(0,1)*

= Hf(a:) = > (Flm) + 2 ) ermitm

where

P S

H 2 : f 27rzmx
L>(0,1)*

mel'r meZs\I'r L)
and
I, — gNH ,Y(m) eQm’(m,x) )
From Lemma [l it follows that
lnr(sfl) N
h-| g WON g
1 Z f Loo(071)s N?‘—% ( )

mEZS \FR

We estimate I, from above. By Lemma |2 and the inequalities |7](Vm)| <l(m=1,...

we have

I, = gNH Z ’Ym) 2mi(m,z)

<é¢
Loo(01)s =N Z |’y

mel'r melgr

lnr(s 1) N lnr(s—l) N

<&y Y l=éyTpl=éyN=——"F— N=——.
mEFR N +2 N 2

Moreover, since inequality (4.1) holds for all f € SWJ(0,1)%, we have

lnr(s—l) N
5 (~ _ N = SWI(0.1), L )
NEN = f=15W5(0,1)% L o S
< sw @) - en(@0) + v, )+ B ) | <
feSWZ(0,1)° Le°(0,1)*
W<t
m=1,....N
lnT(sfl) N
<=

Then, together with Lemma [I]

lnr(s—l) N
<O (0:Tf = [ SW5(0,1)% £x) e o1y <

(4.1)
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_ 1 r(s—l)N
<L oy <€N = n—l;Tf = f; W5 (0, 1)S7£N> =

T+3
N L>0(0,1)*

= inf sup x)— V(r —1—7(1)5 A +7(N)5 X H :
(1) N )ELn FesW (01" (x) N(N( ) N &N N (f) N ©N ) Loo(0,1)s
o<t
m=1,....N
As a result
- 1 T‘(S*l)N 1 T(sfl)N
on | En = ————Tf = f;SW3(0,1)°, Ly = -
N2 Lo°(0,1) N

We proceed to the second part of the proof. It is necessary to prove that for every
increasing positive sequence {ny}%_; the following equality holds:

o (v = WIS = FSWEO.05 (W, en))
lim —— = +00.
N->o00 OnN(O,Tf = f; SW3(0,1)%; L) Lo(0,1)

Let a positive integer N > 2, and a set of functionals I™) : [;(f) = f(mW), ... Iy(f) =

F(m™), where {m®, .. m(N)} C Z#, be given. For R < —2— we set
— Z T](Vm) e27ri(m,a:)
mel'p
and
(m>_-{ 1 } S r/2
Ty = min ——, NINEN ¢, = min{ny, R"“}. 4.2
N NGy VN I {nw } (4.2)

We show that gy belongs to the class SW3(0,1)%. To this end, we verify the inequality

. g e g\ 12
1gnllsws .0 = <Z (5% ()2 ) <1

meZs

By Lemma , ICr| = N, so

1/2 1/2
_ 1 _
— (m)\2 /=\2r —2r -
lgnllswg) = <Z (Tn )7 (M) > < (Z NG > =

mel'r mel'r

<z%>“<§rg>w@-w

melp

We estimate the norm ||gn ()| L=(0,1)s from below:

195 (@) || L 0.1y = H S ermitne) o = -y A (43)
mel'r

mel'p
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Let us split the sum over Ay and By, where ' = AyUBy, Ay = {m : ﬁ < n}kvé'N},

By = {m : ﬁ > 7]}“\,51\/}.
Let an element m belongs By, then from the condition

1
VNm"

we have

VNm' <

> NNEN

*« ~

TINEN

from which, using

- (In N)"(s=1)

EN = NT+%
we obtain
=T _ 1 1
m =
VNI (In Ny &0
Nny————
\/_nN NT+§
B 1 B 1 B < N )T
L (N e PN\ ()t N
nNT NN N
that is

m(ny)'" < R,
hence the set By is a hyperbolic cross and
BN - PR(n;kV)—l/r C FR

Then, applying Lemma [2{ and the definitions (4.2), we continue the estimate (4.3):

gy (@)oo = . 0 > Y W =avny Y 1=

melr meEBN meEBy

~ * * \—1/r * \—1/r s ~ * * \—1/r 1 * i
= enny - R(ny) Y <ln<R(77N) Y )) = ennnR(ny) Y (th—;lnnN) =

then by (4.2) |lx(9)| < nven < NNEN-

T](Vm), imeFR,
0, 1fm§ZFR,
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Let us set
(5
(k) - k(giV)a if m(k) € FRa
TN = TINEN
0, if m®*) ¢ T'p.

then I (gn) + éNnN%(\]f) =0forall k=1,...,N we have

Mz

H Z TN ) g2milme) _ )+ ENWN’YJ(V)) ritm) L)
mel'r k:l ( 7 )
_ 27r7, (m,z) S~ (0 * 1—%.
|z e BO)0R)
mel'gr
From this,
.—5N(gN77}kv§Tf = f;SW3(0,1)% (ZNv@N))LOO(o T 1-1
lim - —— > lim (ny) = +o0,
n—00 6N(07Tf: f7SW2< ) ﬁN)LOO (0,1) n—00

which proves that £y is the limiting error. Theorem [I] is completely proved.

Theorem 2 (C(N)D-3 problem) Let s (s = 1,2,...) and r > 1 be given. Then the
limiting error of the computational aggregate

(U™, on) = on(I9(F) = FmD),. 10 () = fF(m™); 2),

constructed from Fourier coefficients with arbitrary spectra {m®™ ... mMN} € Z°, does not
exceed the limiting error of the computational aggregate
_ 1 Y N A wi(m,x)
on (I8 (F) = FmD),.. 15 () = flm = > fm)e
mel'r

that is, for every increasing positive sequence {nx}3_, the following equality holds:

O G Tf = £ SWH0.1)" (I, 08)) oo 0,
11m

N—o00 5N(0,Tf:f7SW2r<071) EN)

:+OO
L>=(0,1)*

Proof Let N and the set
{m® . om} cz

be given. Repeating the arguments in the proof of Theorem 1, and replacing the specific
computational aggregate

-~

7N(l_(]\})(f): (m(1)>’“'7l_(N (f) J/C\ Z f 27rzm:c

mel'r
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by an arbitrary computational aggregate

~ ~

(U™, on) = on (P (F) = Fm®), .. 157 (f) = Fm™M); ),

we obtain the estimate

sup (z) —on (ll(f) + 7](\})gN77N> oL IN(f) + ’YJ(VN)gNﬂN; x) H
FESWI(0,1)° Loo(0,1)*
<1
7=1,...,.N

1~ ~
> 5 (1gn(@) = en (0, 0; 2|y + [ = G (@) = o (0, 03 2) | p=0,1)¢) =

1.~ ~
=5 ([av (=) = en (0, 052) [ o,1)s + 1Gx (@) + on (0, -, 0:8) [z 0,1)) = [l (@)l 0,1+

From this,

o= N a0 s (V) )
on (77N5N N TS ;SW3(0,1)% (1Y, on) .

>
(5N(0§Tf = f; SW2T<O’ 1) EN)LOO (0,1)s
. (ln N)T(s—l)
lgnllz=on: "™ N3
> > =1y
Ny = TnNyeD W
N N3
As N —- 4+
—__on(Ennni Tf = £.SW3(0,1)°, (1N, 98)) o 1)
lim = +00.

Nooo oy (0;TF = f;SW(0, 1), L)

L>=(0,1)*

Theorem 2 is completely proved.

5 Numerical Experiments for SWJ(0,1)° with parameters s =2, r =2

The numerical experiment was carried out for the Sobolev class with dominating mixed
derivative SW3(0,1)® with parameters s = 2, r = 2. For each R the number of harmonics

= |T'g| in the hyperbolic cross I'g was computed, together with the recovery error from
accurate information Ex = || f — @&n(f)|lz(0,1)2, Where

‘pN(fQ Z1, 552) = Z f(ml, m2) 627ri(m1x1+m2m2)
(ml,mQ)EFR

is the computational aggregate from accurate information, and EY, is the recovery error from
inaccurate information.
According to Theorem [1| (C(N)D-2), the limiting error equals

Nt N

VN In®N
5

EN =
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As a test function we take the boundary function

fz1,m5) = 2223(1 — 21)%(1 — 29)?, (z1,15) € [0, 1)

The function vanishes on the boundary of the square. Let us verify that f € SWZ2(0,1)
Set
g(z) = 2*(1 - x)?, f(@1,22) = g(21)g(2).-

Due to this multiplicative representation, the Fourier coefficients factor into a product

~

f(mq,mg) = g(mq)g(ms), where

1
g(m) = / (1 — )% 2™ dy,
0

Let us verify the condition from Definition [T By virtue of the factorization we have

= (Z |g(m)[* max{1, !m\}4> :

meZ

Using the formulas for g(m) obtained above, we get

1
-~ 2 1 4 —
3 [gtm)* max{1, i = o5+ 15 Z = 55+ 5

Consequently, S = (55 + ﬁf < 1, and therefore f € SWZ(0,1)2.
Figure [l| shows the three-dimensional surface of the function f(xy,z5)

fixy, x2) = X3 x3(1—x1)2(1-x3)?

0.0035
0.0030
0.0025
f 0.0020
0.0015
0.0010
0.0005
0.0000

0.003

0.002

0.001

1.0

Figure 1: Three-dimensional surface of the function f(z1,zs)

To implement the numerical experiments for function recovery from SW3(0,1)°* it is
necessary to compute exactly the number of elements N in the set of linear functionals
The hyperbolic cross I'g is used as the information set, defined as (see (3.1))

I'p = {m = (m1,mg) € Z* : max{1, |my|} - max{1, |my|} < R}.

157
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The cardinality N < RInR determines the dimension of the approximation space. For a
fixed R, N is computed by stepwise summation of integer points.

In the numerical experiment, hyperbolic crosses were constructed for parameter values
R =5,7,10, 15,20, 30,40, 50, 70, 100, 150, 200, 300, 500.

We compute N (for R = 50).The set I'g is symmetric with respect to the coordinate axes.
Therefore, we separate the central axis (m; = 0) and the two lateral half-planes (m; > 0 and
mp < O)

This confirms that for R = 50 the linear information L consists of 1029 functionals. The
following figure illustrates the geometric structure of the hyperbolic cross in the index space.

m=(my, Mz €Mk, R=50, N=1029

—40 -20 0 20 40

Figure 2: Hyperbolic cross for R = 50, N = 1029.

Recovery of the function f is carried out by the computational aggregate

@N(f; 21, 132> _ Z f(mh m2) 627ri(m1z1+m2m2)‘

(m1,m2)EFR

The recovery error from accurate information:

Enx = |If — &n(f)llLeo,12-

To simulate inaccurate information, the Fourier coefficients are given with error €y, for one
of the cases when ,y](vm) =1, ie.:

~

Zmi,me = f(m17m2) + CC::N-

The computational aggregate for recovery from inaccurate information:

= . o 2mi(mix1+moxe
QDN(f) 1’1,1'2) - E Zmi,mo € ( )a

(m1,m2)€lr
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and the recovery error

N = Hf - SEN(f)”LOO(O,l)z-

The experiment used the limiting error level €y =

N5/27

In®> N

corresponding to the theoretical

relation &y - N < dn(0), at which the contribution of the information error is asymptotically
equivalent to the main recovery error.

Figures [Jland [4] show the three-dimensional error surfaces | f(z) — ¢n(f(2))| and | f(z) —
on(f(x))] for R =50, N = 1029.

|f=@n(f)|, R =50, N=1029

le-9

1.4

12

1.0

0.8

0.6

0.4

0.2

Figure 3: Error surface |f(x) —pn(f; x)| for
R =50, N = 1029.

Table 1: Numerical data for Ey and E} as a function of R.

|f—@n(f], R=50, N=1029

Figure 4:

0.0 0.0

Error

surface

f(z) —

on(f:x)| for R =50, N = 1029.

R N =g Ey e =&y =X E3 gy =&yl N E3 El/Ex E3/En
5 61 2941 x 1076 5815 x 107*  2.905 x 107¢ 2.390 x 103 6.946 x 10~3  0.988 2361
7 93 1.119 x 1076 2463 x 107*  1.158 x 107 1.116 x 10~% 3.559 x 10~  1.035 3181
10 149 3.884 x 1077 9.240 x 107°  4.143 x 1077 4.624 x 10~* 1.499 x 10~%  1.067 3859
15 241 1503 x 1077 3.336 x 107°  1.545x 1077 1.830 x 10™* 6.351 x 10~*  1.028 4225
20 345 6.312x 1078 1.545 x 10™°  6.326 x 10~%  9.026 x 10~° 4.448 x 10~*  1.002 7047
30 565 1.633x107%  5292x107%  1.654x 1078 3.353x 107° 1.844 x 10~*  1.013 11293
40 793 6.369 x 1079 2517 x107%  6.438 x 107 1.680 x 107° 1.204 x 10~*  1.011 18906
50 1029 1933 x 107 1417 x107%  1.957 x 107 9.825 x 107% 6.520 x 10~  1.012 33726
70 1529 7573 x 10710 5881 x 1077  7.722x 10719 4.312x107% 2923 x 10™®>  1.020 38593
100 2329 2408 x 10710 2296 x 1077 2.415x 10710 1.780 x 107¢ 1.524 x 1075  1.003 63290
150 3721 4.503 x 107 8.003 x 1078  4.528 x 107" 6.580 x 1077 6.437 x 1075  1.006 142957
200 5193 2248 x 1071 3.766 x 107%  2.252 x 1071 3.222 x 1077 3.497 x 107  1.002 155545
300 8269 7.406 x 10712 1.309 x 10™®  7.440 x 107'2 1.180 x 1077 1.627 x 107  1.005 219756
500 14761  1.100 x 1072 3481 x 1077  1.104 x 10712 3.342x 10~® 6.481 x 10~7  1.003 589019

In the first column of Table [T, the parameter R of the hyperbolic cross I'g is given; in the
second column, the number of elements N = |I'g|, varying from 61 to 14761. The third column
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contains the exact recovery error Eyx = ||f —@n(f)| £o(0,1)2- The fourth column contains the

theoretical limiting error e; = ljr\lfT/]g established by Theorem (1| for s = 2, r = 2. The fifth

. : . . 2 .
column contains the recovery error from inaccurate information E5; for ; = I;T}! The sixth
. . . 3 .
column contains the increased noise level €5 = IZI\}T}\;, and the seventh column contains the
corresponding recovery error E3?. The eighth and ninth columns contain the ratios E5/Ey

(1 = 1,2) for each level of inaccuracy, respectively.

Decay of Ey, Ey, E;?

A--..,___‘ —&— Ey (exact information)
10-3 4 A‘ -m- E, £1=(InN)Z/N"
. ean - Eﬁz' EZ:unN)E';NSH

107°1

10~7 4

Error

109

10—11 -

102 103 104

N
Figure 5: Decay of errors Ey, Ey and E}; as a function of N.

Figure [5| presents three curves: the recovery error from accurate information Ey (blue),

. . . In V)2
the recovery error from inaccurate information E3} (red, ; = ( e /; ), and the error E3

(green, g9 = (1;\1]?23) All three errors decrease monotonically as N — oo, which confirms the

convergence of the computational aggregate predicted by Theorem . The curve Ey (blue)
decreases most rapidly — from 2.941 x 107% at N = 61 to 1.100 x 107'2 at N = 14761,
which corresponds to a decrease of more than 6 orders of magnitude. The curve £ (red)
decreases almost parallel to the curve Ey and lies very close to it (there is a small difference
between them, but it is practically indistinguishable in the presented graph), which clearly
demonstrates the preservation of the optimal recovery order at the noise level e; = £y. This
confirms the first part of Theorem |I| (C(N)D-2):

lnr(sfl) N

On(0) < on(En) =< -
¥(0) = 0 (Ex) = =

The curve EY} (green, ey = (1]3?23) is located significantly above the two previous curves
and decreases more slowly. The distance between the curves E} and Ey increases as N
grows, which reflects the increasing deterioration of the recovery accuracy. This confirms the
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(c) EQVEy ~1, (d) E§IEy—+ o=,
£1 = (InN)Z ISR £z = (InNY3 N2

1.07 % 10°
—W— Ef{Ey— @

1.06 % 107
1.05 % 109

1.04 x 10° 107

1.03 x 10°

ESIEN
ES/Ey

1.02 % 10°

1.01 x 108 10% 1

0% -

9.9x 101

107 109 10¢ 10° 109 100
Figure 6: Ratio E}/Ey at two noise levels e = éy and e = In N - €.

second part of Theorem [1| (C(N)D-2): when the limiting noise level is exceeded by a factor

of ny tending arbitrarily slowly to infinity, the recovery accuracy deteriorates irreversibly.

As can be seen from Figure |6} the ratio F3} /Ey for e, = (1;\1[;\22 remains approximately

constant for all N from 61 to 14761: the values vary within the range 0.988-1.067, i.e. they are
2
in fact close to 1. This result quantitatively confirms the first part of Theorem : £ = “j;éig

is the limiting error £y, at which the optimal recovery order is preserved, £y =< Ey.

The ratio E5}/Ey for the error g5 = (IJI\}TJ\/T increases as N grows: from 2361 at N = 61

to 589019 at N = 14761. This confirms the second part of Theorem [I} at the noise level o,
which exceeds the limiting error by a factor of In N, the optimal recovery order is violated:

~ N _
v (nnEn; (1%, SON))Lm(O,l)S
lim = +00
N—oo (SN(O; LN)LOO(OJ)S
The obtained numerical results confirm theoretical estimates for ’yj(vm) = 1 and the
existence of the limiting error ey = (ljr\}é\/ff. The numerical experiments demonstrate that

when the information error does not exceed the limiting level, the optimal order of recovery is
preserved, whereas exceeding this threshold leads to a substantial deterioration in the recovery
accuracy. This confirms the stability properties of the computational aggregate predicted by
the theoretical results and illustrates the fundamental role of the limiting error in recovery
problems for the classes SW3(0,1)°.

The numerical experiments were implemented in the Python programming language using
the NumPy and Matplotlib libraries. The Fourier coefficients were computed analytically
using a recursive formula.

6 Conclusion

In the present work, we considered the problem of approximate recovery of multivariate
functions from Sobolev classes with dominating mixed derivative SWJ(0,1)* in the uniform
metric L°°(0,1)%, in the context of the Computational (Numerical) Diameter problem,
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which includes a collection of problems: recovery from accurate and inaccurate information,
determination of the limiting error for a specific optimal computational aggregate, as well as
the construction of a class of computational aggregates whose limiting errors do not exceed
a prescribed level.

In Theorem 1, a two-sided estimate of the recovery error under inaccurate information

. . . r(s=1) o . .
is obtained, which preserves the order =< = - N coinciding with the order in the case of
-2

accurate data. Also, in Theorem 1, the limiting error of inaccurate information was obtained
for a specific computational aggregate constructed from Fourier coefficients with spectra from
the hyperbolic cross I'g, which preserves the order of recovery for accurate information and
loses it when multiplied by any increasing positive sequence {ny}3_;.

In Theorem 2 (problem C(N)D-3), the massiveness of the limiting error was studied. It
was shown that any computational aggregate constructed from an arbitrary finite spectrum
of Fourier coefficients does not have a limiting error exceeding ¢y .

The theoretical results were confirmed by a numerical experiment for the class SWZ(0,1)2.
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