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ON PUNCTUAL AND POLYNOMIAL-TIME COMPUTABLE
PRESENTATIONS OF THE POLYNOMIAL RING

This paper studies the existence and properties of punctual and polynomial-time computable
presentations of polynomial rings. We focus on the one-variable polynomial ring R[z] over a
commutative ring R with unity and establish a relatively simple criterion for the existence of
a primitive recursive (p.r.) and punctual presentation of this structure. The notion of punctual
computability, which requires that the atomic diagram of a structure be computable in real
time, has recently attracted significant attention in computable model theory due to its natural
algorithmic interpretation. We prove that a p.r. and punctual presentation of R[x] exists under
mild algebraic assumptions on the base ring R, thereby generalizing earlier results on computable
rings. Furthermore, we investigate the polynomial-time computable (P-computable) presentation
of R[z] and demonstrate that such a presentation arises naturally whenever the base ring R
admits a P-computable presentation. In particular, we show that the standard construction of
polynomial rings preserves polynomial-time computability, providing an efficient representation of
ring operations. In addition, we analyze the punctual dimension of R[z] and establish a dichotomy:
the punctual dimension is either exactly 1 or infinite, with no intermediate values possible. This
classification reveals a sharp structural boundary and offers new insights into the interface between
effective algebra and computational complexity theory.

Keywords: computability, primitive recursive structure, punctual structure, polynomial-time
computable structure, polynomial ring, fields, rings of quotients.
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Kenmyrmiesrik cakMHACBIHBIH, ITYHKTYaJIAbl >KOHE KONIMYIIEJJTIK yaKbITTa
ecenTeJIeTiH NMpe3eHTANSAJIaphbl Ty PaJibl

Byt xxymbicTa cakuHAIBI KOMMYTIETIKTEPAIH MyHKTYAIIbl YKOHE KOIIMYIIETIK YaKbITTa eCell-
TEJIETIH MIPEe3EHTANNAIAPBIHBIH, 6ap OoJybl MeH KacuerTepi 3eprreseni. bi3 6ip aitHbIMaIbICH Oap
R[z] kenmyiesik cakuHaChIHA HA3AD ayJapaMbl3, MyHIarbl R — Gipiiri 6ap KOMMyTaTUBTI caku-
HA, JKOHE OChl KYPBUIBIMHBIH IIPAMUTHUBTI PEKYpPCUBTI (I.p.) YKOHE IIyHKTYAJJIbI TIPE3eHTAIUSIChI-
HBbIH 6ap 6OJIyBl VIIMIH CaJBICTBIPMAJIBI TYPJle KapamaiibiM Kpurepuii Oesrieiimis. [lyHKTYa 161
ecenTesy YFBIMBI, SFHU KYPBLIBIMHBIH ATOMJIBIK JUAIPAMMACH] HAKTHI YaKbITTA €CElTe/yl TaJlall
eTire/i, COHFBI Ke3/IePi ecenTesieTiH MOIE/IbIED TEOPUSCHIHIA O3iHIH TabUfu aJropUTMIIK TYCiH-
nipMecine GallJIaHbICTBI alTapJIbIKTail Ha3ap ayJaaprThl. Bi3 R[r] caKuHACHIHBIH I1.p. XKOHE ILyHK-
TyaJabl Tpe3eHTanuschl R 6a3aJblK CAKUHACHIHA KOWBLIATHIH KYMCAK, aaredpasblk O0sKaMIap
Ke3iHe 6ap OOJATHIHBIH JIRJIEIEHMI3, OCBITIAMIINA eCelTe/IeTiH CAKMHAIAp TYpasibl OYPBIHFGI OeJI-
riji HoTmKenep i kasmbLiaiiMer. ConbiMeH Katap, 613 R[x]-TiH KeIMyIIesrik yakpITTa ecernresierid
(P-ecenresierin) mpe3eHTAIMSICHIH 3ePTTERMI3 JKoHE MYHJIAN npe3eHTanus 0a3aiblk, R cakuHachl
P-ecemnrrenerin npesenranusira ve 60ral Ke3je Tabury Typje naiijia 60JaThIHBIH KepceTeMis. Aran
afTKaHIa, KOIMYIETIK CAKMHAIAP/IBIH CTAHIAPTThI KYPBIIBIMBI KOIIMYIIEIIK eCenTeNyI cakTaii-
TBIHBIH YKOHE CAaKUHAJIBIK aMaJlJIapblH, THIMJII KepceTiaiMin Oeperinin jpJieseiimis. CoHbIMEH Ka-
tap, 6i3 R[z]-TiH OyHKTYaJbl €JIIeMUIrH TaJ afiMbl3 KOHE JUXOTOMUHbBI GesIriefiMis: myHK-
TyaJabl OIIEMIUIK He JPJ 1-re TeH, He IMEKCI3JIKKe TeH, apaJblK MOHJED MYMKIH eMec. By
KJtaccuUKaIs OTKID KYPbUIBIM/IBIK, MEKAPAHBI alKBIHIAN Il XKOHEe THIMJ] ajaredpa MeH ecenTey
KYPJEIUTIr Teoprusichl apachiHIarbl OaflTaHbICKA YKaHa KO3KAPACTAP YCHIHAIHI.
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O IIYHKTYAJIbHBIX W IMTOJIMHOMHMAJIbBHO BBIYMNCJ/IMMBbIX IIpeJACTaBJI€CHUAX KOJIbIla
MHOI'O41JI€HOB

B nannoit pabore m3ydaioTcs CyIIECTBOBAHME M CBOMCTBA IYHKTYAJbHBIX U [OJUHOMUAIb-
HO BBIYUC/IMMBIX [PEJCTABJICHUI KOJIEI MHOTOYIeHOB. MBI cocpemorainBaeMcst Ha KOJIBIIE MHO-
POWIEHOB OT OJHOU INepeMeHHON R[r] Ha/i KOMMYTATHBHBIM KOJbIOM R ¢ ejaunuieil u ycraHas-
JINBAEM OTHOCHUTEJIBHO TIPOCTON KPHUTEPHil CyIeCTBOBAHWS NMPUMHUTUBHO PEKYPCHBHOrO (ILp.) U
[IyHKTYaJbHOI'O MIPEJICTAaBJIEHs 9TON CTPYKTYphl. I[OHATHE MYHKTYaJIBHONU BBIYUCIUMOCTH, KOTO-
poe TpebyeT, 4TOObI aTOMHAs JUArpaMMa CTPYKTYPBI OblIa BBIMUC/INMA B PEAJbHOM BPEMEHH, B
MOC/Ie/IHEE BPEMsl MIPUBJIEKJIO 3HAYUTEHHOE BHUMAHUE B BBIYUCJIMMON TEOPUHU Mojeseil baroma-
psi CBOel €CTECTBEHHON aJrOPUTMUYIECKO mHTeprperannn. Mbl q0Ka3biBaeM, 9TO I.p. U IMyHKTY-
AJIbHOE TIPEJICTABJIEHNE KONIbIa R[x] CyIecTByeT pu MSATKAX anreSpanvdecKux MPeToIoKEeHNsTX
Ha 0a30Boe KOJIbI0 R, 0600Ias TeM caMbIM paHee N3BECTHBIE PE3YJIBTATHI O BBIYMCJIUMBIX KOJIb-
ax. Kpome Toro, Mbl HcciejiyeM HOJMHOMHUAJIBHO BhlumcsmMmoe (P-BbranciiMoe) npejcraBieHne
R[x] n nokasbiBaeM, 4TO TaKOe IIPeJICTABIeHNEe BO3HUKAET €CTECTBEHHBIM 06pa30M BCAKHIT pas, Ko-
raa 6a30Boe KoJbllo R momyckaer P-Beramcimmoe mpeacrasienne. B wacTHOCTH, MBI IIOKa3bIBAEM,
9TO CTaHaPTHAsT KOHCTPYKITUST KOJIEI] MHOTOYJIEHOB COXPAHSIET MOJNHOMUAAIBHYIO BBIYUCIUMOCTD,
obecrieanBast 3pdeKTUBHOE TPEJICTABICHNE Oeparuii Koabia. JlomomHuTeIbHO MBI aHAIU3UPY-
€M IyHKTyaJIbHy!0 pa3sMepHOCTh R[] n ycraHaBimBaeM JUXOTOMUIO: IIyHKTyaJbHasl PA3SMEPHOCTh
paBHa Jub0 B TOYHOCTH 1, InOO GECKOHEYHOCTH, Oe3 BO3MOXKHBIX IIPOMEXKYTOYHBIX 3HAUYEHUN. JTa
KJtaccuUKAIUS BBISBJISET PE3KYI0 CTPYKTYPHYIO TPAHUILY U IIPE/JIATACT HOBBIE B3IVIsIIbI HA B3a-

UMOCBSI3b MeXK Ty 3P (PeKTUBHON aarebpoit m Teopueil CI0KHOCTH BBITUCICHUTIA.
KiroueBsblie cI0Ba: BHIYUCIUMOCTD, IPUMUATABHO PEKYPCUBHAS CTPYKTYPa, IYHKTYAJbHAS CTPYK-

Typa, IIOJINMHOMHAJIbHO BbIIYUC/IUMAA CTPYKTYPa, KOJbIIO MHOTOYJ/JIEHOB, IIOJIA, KOJIbITa 9aCTHbBIX.

1 Introduction

This paper is devoted to the construction and analysis of computable presentations of the
one-variable polynomial ring R[z] over a commutative ring R with unity |[1H3]| in the context
of computability theory and constructive algebra [4-6]. The relevance of this study is due
to the fact that many problems in effective algebra and computable model theory require a
fixed coding of objects from a structure by natural numbers, under which algebraic operations
become computable functions on the codes |4}/6].

The aim of this work is to show how the ring R[z]| can be realized within: (i) primitive
recursive (punctual) computability and (ii) polynomial-time computability [7H9]. To achieve
this goal, we address the following tasks:

e we fix an effective coding of polynomials via coding of finite sequences of coefficients;

e we prove computability (and, under appropriate assumptions on R, primitive
recursiveness) of addition and multiplication on the level of codes;

e we discuss conditions under which these operations admit polynomial bounds in the
length of the input codes (P-computability);
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e we formulate connections with problems about the number of non-isomorphic
(punctual) presentations, including the dichotomy “1 versus oo”.

Recall that the elements of the ring R[x] are polynomials of the form
flx)=ao+ a1z + -+ aza”, a; € R, (1)

and the operations are defined in the standard way (see, e.g., [1H3]). One of the central
problems is to construct a coding of the elements of R[x] by natural numbers such that the
algebraic operations correspond to computable functions on codes [4,6].

To build an effective numbering, we use Godel’s S-function (z, y), which makes it possible
to encode finite sequences of natural numbers by a single number and to effectively extract
the elements of the sequence (see, e.g., [10]). The main idea is to represent the polynomial
by the code of the sequence of its coefficients (ag, a1, . .., a,). Then operations on polynomials
(including multiplication via the Cauchy product formula for coefficients) reduce to bounded
operations on finite sequences, which allows one to prove that the operations are primitive
recursive, provided that the base ring R has a primitive recursive presentation.

An infinite algebraic structure S is punctual if S is primitive recursive (i.e., the signature
predicates and functions of S are primitive recursive), and the domain of S is equal to
w. The notion of a punctual structure was introduced in [11]. Modern results on punctual
presentations of algebraic structures develop the approach of [11], and provide structural
criteria for the existence of punctual copies and for comparing them (see, e.g., [12-15]).

There are also known sufficient conditions for the existence of punctual presentations in
the presence of a unique primitive recursive injective coding and failure of local finiteness
[16,|17].

In computational complexity theory, a more stringent requirement is considered: the
existence of a presentation in which the operations are performed in time polynomially
bounded in the length of the input (the size of the code) |18-20]|. For example, in [9] a
P-computable presentation of the field of algebraic numbers is constructed. In the present
work, similar ideas are applied to the polynomial ring R[x] over a commutative integral
domain R with unity, and we discuss restrictions on R needed to obtain P-computability of
the operations in R[x] [9].

Finally, an important motivation comes from results on the dichotomy “1 versus oco”
for algebraic structures: one studies the number of pairwise non-isomorphic computable
presentations up to computable (or punctual) isomorphism [22]. If a structure does not satisfy
the criterion of punctual categoricity, then its punctual dimension is equal to co; this result
is related to computable model theory [21}22]. We transfer this setting to the class of one-
variable polynomial rings R[z], and consider conditions under which the above dichotomy
arises.

2 Preliminaries

We recall the main notions which will be used in the paper.
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Definition 1 Let R be a commutative ring with unity. The ring of polynomials over R in
one variable x is the ring R[x], consisting of formal sums of the form

n
g a;x', where a; € R, n € Z>,
=0

where the coefficient a,, is called the leading coefficient, and if a,, # 0, then n is called the
degree of the polynomial.

Addition and multiplication operations are governed by the following rules:
e Addition:

n n

Z a;xt + Zn: bt = Z(ai + by’
i=0

i=0 =0

e Multiplication:

n m n+m
<Z aix"> : (Z bj:cj) = Z < Z aibj) .
i=0 =0 k=0 \ i+j=k
0<i<n
0<j<m
Fact 1 If R is a commutative ring with unity (integral domain), then the ring R[z] is
also a commutative ring with unity (integral domain, respectively).

Recall that the function

1
c(z,y) = (x+y)(1;+y—|— ) +
is a primitive recursive bijection from N? onto N. The primitive recursive functions /(x) and
r(z) satisty c(l(z),r(z)) = x for all x € N.
We introduce the Gédel function following [10].

Definition 2 (see, e.g., [10]) We define the function
Bla,y) = rest (I(z), 1+ (y +1) - r(x)),

and call it the Godel function. It allows us to obtain a numbering of all finite ordered sets of
natural numbers.

Proposition 1 (see, e.g., [10]) For any n > 0 and any ag,aq,--- ,a, € N, there exists x
such that:

/8<I7 0) = Ao,

ﬁ(.’L’, 1) = day,

B(x,n) = a,.

Definition 3 Let A = (A, L*) be a structure of a finite signature L. The structure A is called
primitive recursive if A C w is a primitive recursive set and all operations and relations from
LA are primitive recursive.
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3 Primitive recursive presentations

Our first theorem considers the question of primitive recursive presentability of the ring of
polynomials R[z] in one variable.

Theorem 1 Let R be a primitive recursive, commutative ring with unity. Then the ring of
polynomials R[] in one variable over R also has a primitive recursive presentation.

Proof 1 We define the set
R2={(ag,a1,...,a,) | ap+arx+ -+ anz" € Rlz], a, #0, a; € R}.

This set is primitive recursive, since the base set R is primitive recursive.
Without loss of generality, we may assume that the number 0 is zero in the ring R (i.e.,
0 = 0g), and 1 is unity (1 = 1g). We also assign (Gédel-style) codes to zero and one: the

code of zero is g(0,1) = ¢(0,1). For the remaining pairs (z,y) we will choose from R2.
Construction. Consider the set

C ={c(z,n) | B(z,n) #0A (Vi <n)(B(x,i) € R)},
which is also primitive recursive. We view the set C' as the set of codes for Eg :
C ={c(x,n) | B(x,0) = ag, f(x,1)=aq, ..., B(z,n) =a,, a; € R,
a, #0, 0 <i<n}.
We define an equivalence relation © on the set C':

r(u) =r(v) =n, and
(u,v) € O <= < (Vi <n)(B(l(u),i) = B(l(v),7)), and

We can represent the quotient set C'/© as follows. In each ©-equivalence class, we choose
its canonical representative using a primitive recursive function:

pu) = po < fr(u) = r(v) A (Vi <r(w)(BU(w),i) = B(I(v), i) A B(w), r(u)) # 0)].

The function p selects the smallest number from an equivalence class [ule.

We discuss our presentation of the ring of polynomials R[x] with one variable. Suppose
that c(k,l) € C is the code of a polynomial py(x) from R[x]. Respectively, c(n,m) is the code
of a polynomial py, m(x).

Definition of addition. We have

c(n,m) @pp c(k, 1) = c(h(n,m, k1), H(n,m,k,1)),
where H(n,m, k,l) computes the degree of the polynomial p, m(x) + pri(x):

e ifm #1, then H(n,m,k,1) = max{m,l},
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e ifm=1, then H(n,m,k,l) = min{i | B(n,m — i) &g B(k,l —1i) # Or}.
Definition of multiplication. We have
c(n,m) g c(k,l) = c(h'(n,m, k,1), H(n,m, k1)),
where H'(n,m, k,l) calculates the degree of the polynomial p, m(x) - pri(x):
H'(n,m,k, 1) =m+1,

and the product coefficients are determined by the formula:

B(W (n,m, k,1),s) = @D B(U(n),i) @r BUK), 5),

i+j=s
where 0 <1 <m, 0< <[, and0<s<m+I.
Formal verification. We need to find primitive recursive functions fa, fo such that
f@(n7 m) =n @R[x] m, f@(?’b, m) =n ®R[x} m

For y < min{r(n),r(m)} and for min{r(n),r(m)} <y < max{r(n),r(m)}, let
B(l(n),y) = B(fe(n,m),y)

in the case r(n) < r(m).
Recall the definition of the function B:

pBn,m) = rest(l(n), 14 (m+1)-r(n)),

Using this definition, it is not difficult to determine the laws of primitive recursive functions
h(n,m,k,1), H(n,m, k1), and then fg, fo.
The set

Ry ={n|p(n) =n}

1s primitive recursive. The operations fo and fo are primitive recursive for a numbering
system 3 such that

n=clz,n)e R, m=clym)eR’

are the smallest in their equivalence classes.

The function p defines the set {n | p(n) = n}, selecting the element with the smallest
number from each equivalence class. This set is the basis for the ring R[x].

The case of addition. First, we determine the degree of the sum of polynomials with codes
n and m:

r(n) —i, ifr(n)=r(m), i =pj <r(m): such that
L) 5. r(n) — 3) @ Bl1{m). (m) — i) # O,
’ r(m), zfr n) < r(m)
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Now define fo(n,m). Let

O o
p(z) = Zaix’, q(z) = Z b;x',
i=0 i=0

where p(x) has code n = c¢(l(n),r(n)), and q(x) has code m = c(l(m),r(m)).
First, we define yo as the degree of the polynomial p(z) + q(x).

o Ifm’ >n/, then fori < m/, the coefficients are equal to a; Dr b; < B(xo,1).
o Ifn' >1i>m/, then the coefficients are a; = [(xg,1).
o Ifm’ >n/, then the coefficients are b; = (w0, 1).
The degree satisfies the following rules:
e ifn/ >m/, then yo =n',
o ifm' >n', then yo = m/,
e if m' =n/, then the degree decreases when a, ®g b, = 0gr, and then yo =n' — 1.

We define the function

B(x,i) ®r By, i), ifi < min{n/,m'},

g(@,n',y,m’ 1) = ¢ Bly,9), ifn' <i<m,
B(x,1), ifm' <i<n'
Now define
d(n,m)
b(n,m) = | Y g(i(n),r(n),i(m),r(m),i) +n+m-+1|"
i=1

Next, we take
m(n,m,1) =b(n,m)(i+ 1)+ 1.
In order to solve systems of the form
M(n,m,i) = (i+1)-b(n,m)+1,
we are looking for the smallest z < (M(n,m,i) —m(n,m,i))* such that

I(z) - M(n,m,i) —r(z) -m(n,m,i) =1,
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and we assume that
ui(n,m) =1(z).

This gives the desired u; and v;.
Now define

d(n,m)

z(n,m) = Z g(l(n),r(n),l(m),r(m),i) - u;(n,m).

i=0
We have found the expressions that we were looking for: xo = x(n,m), yo = d(n,m). Thus,
c(x(n,m),d(n,m)) =n@gm,
and the desired function for addition is recovered:
fe(n,m) = c(xo, yo) = c(x(n,m),d(n, m)).

The case of multiplication. Similarly, we define the multiplication function f.. The degree
of the product of polynomials with codes n and m is equal to:

d'(n,m) =r(n) +r(m).
The coefficients of the product are determined by the formula:

v(s) = @D BUn), i) ©Or B(m),5), 0<s<d(n,m)

i+j=s

We define the function

g @' ym. s)= @ Blx,i)or By, ).

i+j=s
0<i<n’
0<j<m/
Now we determine
d'(n,m)
b'(n,m) = Z g ((n),r(n),l(m),r(m),s) +n+m+1 ]
s=0

Next, we take
m/(n,m,s) =0b(n,m)(s+1)+ 1.
To solve systems of the form
M'(n,m,s) = (s+1)-V(n,m)+ 1,
we are looking for the smallest 2/ < (M'(n,m,s) —m/(n,m,s))* such that

1(2") - M'(n,m,s)—r(z')-m'(n,m,s) =1,
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and we assume

ul(n,m) = 1(2").

We define
d’(n,m)
r'(n,m) = Z g (l(n),r(n),l(m),r(m),s) - ul(n,m).

Then the desired function for multiplication is:
f@(na m) = c(x’(n, m)a d,(n7 m))

Therefore, we have constructed primitive recursive functions fs and fo that define the
operations in the ring Rlx|. Theorem 1] is proven.

4 Punctual presentations

Recall that a countable structure is punctual if its domain is equal to N, and the signature
operations and predicates of the structure are primitive recursive.
We will use the following notions and results.

Definition 4 (see [17]) Let A C w. We say that a function f : A — w is primitive recursive
(p.r.) if there exists a total p.r.f. fo:w — w such that f = fo|a.

Definition 5 ( [17]) Let A, B be two structures of a signature L with primitive recursive
domains A, B C w, respectively. We say that they are primitively recursively isomorphic
(denoted by A =, B) if there exists an isomorphism f : A — B such that both f and f~

are p.r.f.

Definition 6 ( [11]) A punctual structure S is punctually categorical if every punctual
structure A isomorphic to S satisfies A =, S.

Lemma 1 (see, e.g., [17]) If A is a primitive recursive structure with domain A C w, and
there exists a primitive recursive injection f: w — A, then A =, B, where B is a punctual
structure.

Lemma [1] implies the following:

Lemma 2 (Lemma 2 in [16]|) If A is a primitive recursive structure that is not locally
finite (that is, A has a finitely generated, infinite substructure), then A is isomorphic to a
punctual structure.

The main result of this section is the following:

Proposition 2 If R is a primitive recursive, commutative ring with unity such that R is
not locally finite, then the ring of polynomials R|x] in one variable over R has a punctual
presentation.

Proof 2 Since R is not locally finite, the ring R[z] is also not locally finite. By Theorem [,
Rlx] has a primitive recursive presentation. By applying Lemma @ we get a punctual
isomorphic copy of Rlx]. Pr’oposition@ 1S proven.
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5 Polynomial-time computable presentations

This section is devoted to the polynomial-time computable (P-computable) presentations of
the ring of polynomials in one variable.
We give the necessary definitions and known results.

Definition 7 ( [|20]) A structure A = (A,...) in a finite signature L is called polynomial-
time computable (or P-computable) if there exists a finite alphabet ¥ such that A C ¥*, and
the set A and all functions and predicates belonging to the signature of the structure A are
computable in polynomial time.

Definition 8 ( [|20]) Let B be an abstract structure. If there exists a structure A that is
P-computable, and B = A, then A is called a P-computable presentation of the structure B.

In [19], it is proved that the field of rational numbers (Q, +, ) and any finitely generated
Abelian group are isomorphic to P-computable structures.
Definition [7] applied to rings yields:

Definition 9 A ring R is polynomial-time computable if the set of elements R can be
represented as a subset R C X*, where this set is P-computable, and all basic operations
and relations on R (in particular, addition, multiplication, and equality) are computable in
polynomial time.

Definition 10 ( [19]) Two P-computable structures A and B are called polynomially
isomorphic (or P-computably isomorphic) if there exists an isomorphism f : A — B such
that the functions f and f~' are computable in polynomial time. Notation: A =, B.

The following general results on P-computable commutative algebra are known.

Lemma 3 ( |18]) If an arbitrary structure B is computable in polynomial time, then any
finitely generated substructure A of it also has a representation that is computable in
polynomial time.

Theorem 2 ( [18]) Let A= (A,+,-,—,71,0,1) be a field and € = ey, ..., e, be a finite set
of generators for A. Then the following conditions are equivalent:

(a) A has a P-computable presentation;

(b) there exists an algorithm that, given the binary code of the polynomial P(xy, ..., x,) €
Zlxy, ..., x,), checks the condition P(ey,. .., e,) =0 in time O(2™), where

m = max{deg(P), L(a) | a — coefficient P},
and c is a constant.

Corollary 1 ( [18])) Let A = (A, +,-,—,7*,0,1) be a finitely generated field. Then A has
a P-computable presentation.
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Theorem 3 ( [23]) Let A be a P-computable structure of a finite signature L, B be a
computable structure, and let f : B — A be a computable isomorphic embedding. Then B
15 computably isomorphic to some P-computable structure.

Corollary 2 ( [23]) Let A be a P-computable structure of finite signature L and E C A
be an enumerable set. Then the substructure A(E) generated in A by the set E also has a
P-computable representation.

Here we prove the following:

Theorem 4 Let R be a commutative ring with wunity, which has a polynomial-time
computable presentation. Then the ring of polynomials R[x] in one variable over R also has
a polynomaial-time computable presentation.

Proof 3 Let R be a P-computable commutative ring with unity. We consider the
representation of polynomials over R as lists of coefficients. Each polynomial p € R|x] can be
uniquely represented as a finite list of coefficients:

-1
p=apx" +a, 12"+ - +ax+ay — {ag,a,...,a,),

where a, # 0 (if p#£0).
We define the set of all such lists:

E = {{ag,a1,...,a,) [n €N, a; € R, a, #0}U{()},

where () corresponds to the zero polynomial, and this set is countable.
Step 1: Constructing a computable structure B. We define the structure B =
(E,®,®,0p,1p), where:

e @& and ©® are the operations of addition and multiplication of polynomials applied to
lists of coefficients;

e 0p = () (zero polynomial);
e 1g = (1g) (unit polynomial).

Since the operations in R are P-computable, the operations ®, ® on E are computable (and
even P-computable, since they require only a finite number of operations in R, each of which
is performed in polynomial time). Checking equality on E reduces to an element-by-element
comparison of coefficients, which also runs in polynomial time.

Thus, B is a computable structure isomorphic to Rlx].

Step 2: Application of Theorem . Now consider a P-computable structure R (as a ring).
Construct a computable isomorphic embedding

f:B<— R",
where R* is the direct sum of a countable number of instances of R,

R = EBR = {(ap,a1,a9,...) | a; € R, and only a finite number of a; # 0}.

1€EN
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This structure is also P-computable, since R is P-computable and the construction of the
direct sum preserves P-computability.
Specifically, for the polynomial p = (ay, ..., a,), we define:

f(p) = (ao,a1,...,a,,0,0,...) € R*.

The mapping f is injective, preserves operations, and is computable (since the list of
coefficients is finite). Therefore, f is a computable isomorphic embedding of B into the P-
computable structure R“.

Encoding elements of R¥ with binary strings: Let each element a € R be encoded by a
binary string bin(a). Then the element @ = (ag, a1, . ..,ax,0,0,...) € R¥ is encoded by a
string of the form

bin(@) = bin(ny) * bin(my) * - - - % bin(n;) * bin(m;),

where n; s the position index, m; is the code of the element a,, € R, and only nonzero
elements or all positions up to a given degree k are encoded. In the case of polynomaials, it is
sufficient to encode

bin(ag) * bin(ay) * - - - * bin(ay,).
We define the structure
C = {bin(a@) | @ € R*},

with operations o and O¢ defined via coordinate operations in R¥. Since R is P-computable,
C is a P-computable structure isomorphic to R*.
Now we have:

o A=RY (or C)is a P-computable structure;
e B is a computable structure isomorphic to R|x];
e f: B — RYis a computable isomorphic embedding.

By Theorem /4, B is computably isomorphic to some P-computable structure C".
Since B = R|z|, then R[x| also has a P-computable representation (via C'). Theorem
1S proven.

6 Punctual dimensions
We list some known results on punctual dimensions.

Theorem 5 ( [11]) 1. An equivalence structure S is punctually categorical if and only if
it either S has the form FUE, where F' is finite and E contains only classes of size 1,
or S has a finite number of classes, of which no more than one is infinite.

2. A linear order is punctually categorical if and only if it is finite.
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3. A Boolean algebra is punctually categorical if and only if it is finite.

4. A torsion-free Abelian group is punctually categorical if and only if it is the trivial group
0.

5. An Abelian p-group is punctually categorical if and only if it has the form F @&V, where
pV =0 and F is finite.

Theorem 6 ( [22]) For any computable structure from the following classes, the punctual
dimension is either 1 or oo:

1. Fquivalence structures,
Linear orders,
Torsion-free Abelian groups,

Abelian p-groups,

Boolean algebras.

We prove the following:

Theorem 7 For the ring of polynomials R[x] in one wvariable over a non-locally-finite,
commutative ring with unity R, the punctual dimension is either 1 or oco.

Proof 4 Let R be a primitive recursive commutative ring with unity. By Proposition|3, if R
is not locally finite, then R[x] has a punctual representation.

For convenience, we will consider the specific case R = 7, since Z[x] satisfies all the
necessary properties (it is even an integral domain, not locally finite, and has a punctual
representation). All arguments can be transferred to an arbitrary R with the specified
properties.

Similar to the proof of Theorem 3 from [22], we construct a countable family of punctual
presentations Uy, Us, ..., Uy, ... of the ring Z|x] satisfying the following requirements:

e R;: the p.r. function p. : Uy — Uj is not an isomorphism (for i # j);
e Q;: U is a punctual copy of Z[x].

We fiz a primitive recursive numbering of the requirements Rf;. The requirements will be
satisfied sequentially.

Construction. At every stage s, each copy U; will either be isomorphic to Z[x] or have
the form

U; = Z[z] ®7 Q = Qlx],

where Q s the field of rational numbers, considered as a Z-module. Such an extension of
coefficients (scalars) corresponds to the localisation of Z|x] by the multiplicative system Z\{0}
and gives the ring of polynomials Q[x]. This construction is standard (see, for example,
textbooks on commutative algebra [145]).
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Note that Q is primitive recursive and even punctual. Therefore, by Proposition @ Ql[z]
has a punctual presentation.

Diagonalisation. We fix a non-zero polynomial p(x) € Zlx]. We initially put p(x) into
all U;. For the requirement Rf;, we temporarily extend U; to Q[x] by adding a new element
of the form q - p(x), where ¢ € Q, and the value of q is not initially fized. This element is
temporarily not identified with any element from Z[x].

We compute p.(p(z)) and pe(q - p(x)) in U;. Until these values converge, we continue
to construct U; as Q[z], simultaneously extending the isomorphisms ¢y : Uy — Z[x] to the
already defined elements.

When the values p.(p(x)) and p.(q - p(z)) are computed, we check whether the images
®j(pe(p(2))) and ¢;(pe(q - p(x))) belong to the ring Z[z| (as a subset of Q[z]). There are two
possible cases here:

1. Both images lie in Zlx]. Then, since Z[x] is an integral domain, we can consider their
ratio. If ¢;j(pe(q - p(x))) = r - ¢;(pe(p(x))) for some r € Q, then we choose q such
that ¢ # r (for example, ¢ = r + 1). Then we identify the added element q - p(x) with
the element M - p(x) in Z|x], where M is an integer not equal to r. This violates the
preservation of scalar multiplication under the mapping p., therefore p. cannot be an
1somorphism.

2. At least one of the images does not belong to Z|x]. Then, after identifying q - p(z) with
some element M - p(x) € Z[zx], the mapping p. translates the element from Zlx| to an
element not lying in Z[x], which also contradicts the fact that p. must be an isomorphism
between copies of Z|x].

After fulfilling the requirement Rf;, we return U; to the representation Z[z] by factoring
according to the corresponding relation (i.e., identifying q - p(x) with the selected element
M - p(x)). This process is primitive recursive, since all decisions and choices are made in
finite time based on already computed values.

Verification. By construction, each U; is a punctual copy of Zlx|, and for every pair
i # j and every e, the requirement Rf; is satisfied, i.e., p. is not an isomorphism between
Ui and U;. Consequently, the obtained punctual representations are pairwise not punctually
isomorphic. Since an infinite number of such presentations can be constructed, the punctual
dimension of Z[x] (and therefore of R|x] for a suitable R) is equal to cc.

According to Theorem 8 from [22], if the computable structure of one of the considered
classes (equivalence structures, linear orders, Boolean algebras, Abelian groups) does mot
satisfy the criterion of punctual categoricality established in Theorem 2 from [22], then its
punctual dimension is infinite. Moreover, in [22], a hypothesis is put forward and confirmed
that for structures of these classes, the dichotomy “1 versus co” holds, analogous to the well-
known dichotomy in computable model theory: a structure is either punctually categorical (has
punctual dimension 1) or has punctual dimension co.

This leads to the natural assumption that if the ring R is a trivial ring (a zero ring, where
R = {0} ), then its punctual dimension is equal to 1 (i.e., R satisfies the criteria for punctual
categoricity analogous to Theorem 2 from ( [22]).

Indeed, according to Theorem 2 from ( [22]), the trivial Abelian group {0} is punctually
categorical and has punctual dimension 1. Since the additive group of the ring R in this case
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is precisely the trivial group G = {0}, the ring R itself as an algebraic structure inherits this
property: any two of its punctual representations are punctually isomorphic.

Let us generalise this result to the ring of polynomials R[z|. If R = {0}, then the only
possible polynomial over R is the zero polynomial, i.e. R[x] = {0}. Thus, R[] is also a trivial
(single-element) ring. Being a finite structure, it is punctually categorical, and therefore its
punctual dimension is 1.

In other cases, when R is a non-trivial commutative ring with unity, the ring R[z| is
nfinite and has a rich algebraic structure. By analogy with the proofs for classical classes
in ([22]) and with what was proven above for R[z|, such a structure does not satisfy the
punctual categorical criterion, and therefore its punctual dimension is infinite. Theorem[7 is
proven.
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