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OPTIMAL NEUMANN BOUNDARY CONTROL OF THE HEAT
EQUATION WITH H! CONTROLS: EXISTENCE, OPTIMALITY
CONDITIONS AND STRONG CONVEXITY

This paper investigates an optimal Neumann boundary control problem for the one-
dimensional heat equation. The control input is the heat flux applied at the left boundary of the
domain, while the objective is to drive the temperature at the right boundary toward a given target
trajectory over a finite time interval. The admissible control set is taken as a bounded, closed, and
convex subset of the Hilbert space H'(0,7T), which yields enhanced regularity compared with the
classical L?(0,T) framework. The existence and uniqueness of the optimal control are established
via the direct method of the calculus of variations, together with the strong convexity of the cost
functional. The Fréchet differentiability of the cost functional is proved, and an explicit expression
for the gradient is derived through the associated adjoint problem. A necessary optimality condition
is obtained in the form of a variational inequality. Furthermore, the strong convexity of the
cost functional guarantees the uniqueness of the optimal control and implies that the optimality
condition is also sufficient.
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differentiability, adjoint problem, strong convexity.
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B nannoit pabore ucciemyercs 3aa4ua ONTUMAJIBHOIO TPAHUYIHOTO yipasienust Helimana st
OJITHOMEPHOT'O YPAaBHEHUsI TEIJIOMPOBOIHOCTH. B KadecTBe yIPABJISIONIEr0 BO3MEHCTBUS PACCMAT-
pHUBaeTcs TEIJIOBOH MOTOK, MOJIABAEMbIH Ha JIEBYIO TPAHUILY [TPOCTPAHCTBEHHO 0BJIACTH, a MEIhI0
SIBJISIETCS TIPUBEJIEHIE TEMIIEPATyPhl Ha [IPABOIl IPAHUIE K 3a/IAHHOI I[eJIEBOII TPAEKTOPHUH HAa, KO-
HEYHOM BpPEMEHHOM HMHTepBaJie. JlommycTuMoe MHOXKECTBO YIIPABJIEHUI IPUHUMAETCSI KaK OTPaHu-
YeHHoe, 3aMKHYTOe U BBIYKJIOe MOIMHOXKECTBO ruibbeprosa npoctpanctsa H!(0,T), uro obec-
HeYnBaeT MOBBINEHHYIO PEryJlspHOCTD 110 CPABHEHMIO ¢ KJIacCHdeckoit moctanoskoit B L2(0,T).
Cy1mecTBOBaHNE U €INHCTBEHHOCTD ONTUMAJIBLHOTO YIIPABJICHUS YCTAHABIUBAIOTCS IIPSIMBIM METO-
JIOM BAPUAIIMOHHOTO MCYUCJIEHUSI COBMECTHO C CHJIBLHOU BBIMYKJIOCTHIO (DYHKIIMOHAIA CTOUMOCTH.
Hudbdepennupyemocts pyHKIHOHAIa cTONMOCTH 110 Pperiie T0KA3bIBAETCS METOJIOM MHOXKHUTE e
Jlarpanka, a sIBHOE BbIpaXKEHUE JIjIsi IPAJIMEHTa, BHIBOIUTCS Uepe3 COOTBETCTBYIOILYIO COIPSZKEH-
Hy0 3a7a41y. Heobxommmoe ycioBre ONTUMAJIBHOCTH TOJIy9eHO B (DOpMe BAPUAIMOHHOIO HEPABEH-
crBa. Kpome Toro, cubHast BBITYKJIOCTH (DYHKITMOHAJIA CTOMMOCTA TaPAHTUPYET €IMHCTBEHHOCTD
ONITUMAJILHOTO YIIPABJIEHUs] U O3HAYAET, YTO YCJIOBUE OINTUMAJBHOCTHU SIBJISIETCS] TAKXKE U JIOCTa~

TOYHBIM.
Kirouesble cJjioBa: onTuMaJIibHOE TPaHNYIHOE YIIpaBJIEHUE, YPpaBHEHUE TEIJIOIIPOBOIHOCTU, I'Da-

unanoe ycioBue Heiimana, muddepennupyemocts mo Pperite, COMpsKEHHAS 331214, CUIbHAS BbI-
IIYKJIOCTb.

1 Introduction

Partial differential equations (PDEs) are fundamental to the mathematical modeling of
physical processes, arising naturally in fields as diverse as fluid mechanics, heat transfer, and
reaction-diffusion systems. Among these, the one-dimensional heat equation stands as one
of the most classical and thoroughly studied models in mathematical physics, describing the
diffusion of thermal energy. Its theoretical richness and practical relevance have established
it as one of the central benchmark problems in control theory. The regulation of heat
conduction processes is of considerable importance in numerous engineering applications,
including aerospace thermal protection systems, energy conversion devices, and chemical
reactor temperature management. In many such settings, actuation is physically constrained
to the boundary of the spatial domain, and the interaction with the system is most naturally
characterized through the heat flux rather than the temperature itself. This motivates the
study of Neumann boundary control for the heat equation, wherein the applied flux at
one boundary serves as the control input. Building on this foundation, boundary control
problems for the heat equation have attracted considerable attention in the literature. In his
renowned book [8], which is frequently referenced in optimal control theory, Lions thoroughly
explores optimal control problems for the heat equation. The book examines the problem of
determining the Neumann boundary conditions from the space L?(0,7T') in detail, in order to
ensure that the solution of the system converges to the given target function at the final time.

In the context of parabolic equations, the heat equation has served as a prototypical
model for investigating controllability and optimal control problems for distributed parameter
systems. By utilizing boundary observations, Hdo [3| reformulated the noncharacteristic
Cauchy problem into an optimal control framework, where the unknown initial condition
and the boundary heat flux are treated as control variables to be recovered. Hasanoglu [4]
considered the problem of finding unknown pair {h(¢, x), f(¢)} in the equation y; — (a(x)y, ), =
h(t,xz) with conditions y,(¢,0) = 0, —a(L)y.(t,L) = v[y(t,L) — f(t)] from the final
overdetermination. Sener and Subagi |13| analyzed the optimal control problem of the
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Neumann boundary condition on the right-hand side for the one-dimensional heat equation
v — (a(2)y,): = h(t,z) by minimizing the cost functional

L 2
T.(f) = / (T, z: f) — g(@)] da + ol F 20,

where the given target function g(x) € L?(0,L) and a > 0. Kog et al. [10] considered an
optimal control problem in which the heat flux applied at the left boundary serves as the
control function, with the objective of steering the state toward a given target function
g(t,z) in the L?mnorm. The present study is closely related to [10] in its choice of the
left-boundary heat flux as the control in H'(0,T) and its variational framework, which
includes the existence and uniqueness of an optimal control, the Fréchet differentiability
of the cost functional, the derivation of its gradient via an adjoint problem, a necessary
optimality condition, and the construction of a gradient-based minimizing sequence. The
principal distinction from [10] lies in the cost functional: whereas [10] aims to steer the state
toward a given target over the space-time domain, the present study formulates the tracking
objective in terms of the boundary trace w(-, L) at the right boundary of the rod. This
difference leads to a distinct adjoint formulation, in which the boundary tracking error enters
as Neumann boundary data at x = L, and the adjoint problem is analyzed in the space
V19(Q) (Section 3). Beyond this difference, the present work establishes the existence of an
optimal control by the direct method of the calculus of variations, proves strong convexity
of the cost functional, and establishes the Lipschitz continuity of the gradient. These
properties yield an explicit geometric convergence rate for the projected gradient sequence,
providing a quantitative convergence result beyond the construction of a minimizing sequence.

The reachability problem for parabolic boundary control problems with control
constraints is studied in [1|, where attainable sets and the structure of admissible controls
are analyzed. The controllability and approximate controllability of the heat equation
with variable coefficients on an unbounded domain are investigated in [2], where Dirichlet
boundary control in L*>°(0,7") is employed, and a transformation operator approach is used
to reduce the variable-coefficient problem to the constant-coefficient case. From a numerical
perspective, |7] derived exact discrete solutions for an optimal boundary control problem
constrained by the one-dimensional heat equation, providing a rigorous framework for
benchmarking time integration methods in the optimal control context.

Motivated by these developments, the present paper investigates an optimal Neumann
boundary control problem for the one-dimensional heat equation. The control variable
represents the heat flux applied at the left boundary, while the temperature at the right
boundary is driven toward a prescribed target trajectory over a finite time horizon. In
contrast to many earlier studies where the admissible control set is taken in L?*(0,7'), the
present work considers controls belonging to the Hilbert space H'(0,T). This choice provides
greater regularity of the admissible heat flux and ensures H'(Q) regularity of the state.
However, computing the gradient requires solving an auxiliary problem in addition to the
adjoint problem. As discussed above, the present study differs from [10] in the choice of the
cost functional, which tracks the temperature at the right boundary rather than the state
over the entire spatial domain. Moreover, unlike |13|, where the control acts at the right
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boundary and the objective is to match a spatial target at the final time, the present work
applies the control at the left boundary and tracks the temperature at the right boundary
over the entire time interval. The analysis further establishes strong convexity of the cost
functional and an explicit geometric convergence rate for the projected gradient sequence.

We now present the following heat equation with Neumann boundary conditions:

Wy = aWgy + h(t, x), (t,x) € Q:=(0,T) x (0, L),
w(0, z) = wy(x), O<z <L, (1)
we(t,0) = v(t), we(t,L)=0, 0<t<T.

In system , x and t denote position and time, respectively, w(t, x) denotes the temperature
of the rod at t and z, wy(z) denotes the initial temperature of the system, h(t, z) is the heat
source for the system, v(t) is the heat flux, 7" is a given final time and a > 0 is the heat
conductivity. Model (1)) is a boundary value problem for a linear parabolic equation. We
assume that h(t, z), wo(z) are given functions that hold the following conditions:

wo(z) € HY(0, L), h(t,z) € Ly(9). (2)

We need to specify the solution of model . We first recall some function spaces.

The space L?(2) consists of all measurable functions in the sense of Lebesgue on €2 having

a finite norm given by
T prL 1
2 3
| fll2) = (/ / (f(t,x)) dxdt) .
o Jo

The space H'(0, L) is defined as the subset of all elements f in L?(0, L) such that its
generalized derivative f’ has a finite L? norm. The scalar product and norm in this space are
defined by

(f,9) mo,) = /0 (f(@)g(z) + f'(x)g(2)) dx

and )
1 f 0.0y = ((F Fo,r)
respectively. The space H'(0,T) is defined in a similar way.

The space H'(Q) is defined as the subset of all elements f in L?(f2) such that its
generalized derivatives f;, f, have a finite L? norm. The scalar product and norm in this
space are defined by

T L
(f,9) ) :/0 /0 (fg+ fegr + fog:) dz dt

and

N[

1) = (O Hlaae)?
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respectively.

Definition 1 A function w € H"'(Q) is a weak solution of model if w(0,z) = wo(x)
and the following integral identity holds

/Ot /OL (wrp + aw,p, — hy) drdr = —a /Ot v(T)p(r,0)dr, Vte (0,T] (3)

for all o € HY(Q) := {p € L*(Q) : p, € L*(Q)} where ¢, denotes the weak deriative of ¢
with respect to x, and p(7,0) is understood in the trace sense.

In order to apply the result of [3, Theorem 2| to model , we identify the Neumann
boundary data in the one-dimensional setting as

g(t,0) :== —av(t), g(t,L) =0, t e (0,7).

Since v € H'(0,T), we have
9(70) € Hl(OaT)7

which in the one-dimensional setting (where the boundary at z = 0 is a single point)
coincides with the boundary space H%! required in [3| Theorem 2|. Thus, the boundary data
satisfy the assumptions of 3| Theorem 2|, which justifies its application to ().

Theorem 1 ( [3]) Let the condition hold and v € H'(0,T) be a gien function. Then
there exists a unique weak solution w € H“'(Q) of model (1)), and this weak solution satisfies
the following estimate

max [[wl 2,y + [lwllz29) + 1wz llz2) + wellz2@) + llw (- 0)l220m)

e, Dz < e (ol o + Il + 1w ) ()

where ¢1 is a constant independent of w.

Unless otherwise stated, in what follows when we speak of a solution to model , we
shall always mean the weak solution in the sense of above.

This paper is organized as follows: Section 2 introduces the problem formulation and uses
the direct method of the calculus of variations to prove the existence and uniqueness of the
optimal control. Section 3 introduces the adjoint problem and proves Fréchet differentiability
of the cost functional. Section 4 derives the optimality conditions and proves the strong
convexity of the cost functional. Section 5 constructs a gradient-based minimizing sequence
and proves its convergence to the unique optimal control. Section 6 presents concluding
remarks.
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2 Problem Formulation and Well-Posedness

In this section, we employ the quadratic cost optimal control problem for the heat equation ([1
using the framework of Lions [§]. We also prove that the optimal control problem considered

has a unique optimal solution via the direct method of the calculus of variations.
Let V4 be the subset of the Hilbert space H'(0,T) defined by

Vo = {u e HY(0,T):0<v < v(t) <7,

dv
E‘ <y, forae.te (O,T)} (5)

where 0 < v <7 and v; > 0 are given constants. This set V4 is called the admissible control
set. It is nonempty (it contains the constant functions with values in [v,7]), bounded and
convex, and it is closed in H'(0,7): H'(0,T) is continuously embedded in C[0,T], so the
pointwise bounds pass to the limit, and the set {g € L*(0,T) : |g| < vq a.e.} is closed in
L*(0,T), so the bound on ¢/ is preserved as well. The restriction v > 0 is a modeling choice:
since a > 0 and w,(t,0) = v(t), a positive flux corresponds to heat extraction through the
left end x = 0, so that describes a rod cooled at its left end by a device whose extraction
rate lies between a minimum value and a capacity, as in the temperature management
applications mentioned in the Introduction. Moreover, we assume that h(t,x), wy(z) are
given functions satisfying condition (2)) and v(t) is an unknown function.

In this paper, our objective is to find a control function v(t) placed at the boundary of
the system to achieve a desired temperature profile. More precisely, we seek v(t) € V,4 such
that the right-boundary value w(t, L; ) of the corresponding solution of is as close as
possible to a desired function u(t) in the L?>-norm. Since, by Theorem , the weak solution
w(t,z;v) of and its trace w(-, L;v) € L*(0,T) are defined for every v € H'(0,T), we
define the functional J, : H*(0,7) — R on the whole space by

Jo(v) = / [w(t, Lv) — p(®)]2dt + afly — v 2o, (6)

where a > 0 is a constant called the regularization parameter, u(t) € L?*(0,7) is the given
desired function for the temperature at the right boundary z = L, and v* € H'(0,T) is
a given reference element. Throughout the remainder of the paper, we assume as standing
hypotheses that condition (2) holds, u(t) € L*(0,T) and v* € H'(0,T). The functional J,
is called the cost functional. The optimal control problem consists in minimizing .J, over the
admissible set V4 C H'(0,T).

The present work differs from existing studies in the literature in the following respects.

Control space. Previous works, including |1} 315, 8], formulate the optimal control
problem with the control taken from L?(0,T). In contrast, we consider admissible controls
in the Hilbert space H'(0,T'), which imposes additional regularity on the boundary flux: the
optimal control is not only square-integrable but also has a square-integrable time derivative,
thereby excluding highly oscillatory or discontinuous flux inputs.

Cost functional and target. Unlike [13|, where the control acts at the right boundary
and the target is a profile prescribed at the final time, and unlike [10], where the target is
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prescribed over the entire space-time domain € = (0,77) x (0, L), the present study considers a
heat flux control applied at the left boundary with the objective of tracking a time-dependent
temperature trajectory u(t) at the right boundary x = L over the entire interval (0,7"). In
the adjoint problem, this difference is reflected in the appearance of Neumann boundary data
at x = L, rather than a terminal-time or space-time tracking target.

Convexity and optimality. The regularization term in the cost functional ensures
the strong convexity of J, with convexity constant x = a (Lemma [3]). Together with the
existence result of Theorem [2 obtained via the direct method of the calculus of variations,
this strong convexity ensures the uniqueness of the optimal control, and implies that
the derived variational inequality is both necessary and sufficient, thereby completely
characterizing v*. An explicit gradient formula is obtained via the adjoint problem, which
provides the theoretical basis for gradient-based numerical schemes; the development and
convergence analysis of such schemes are pursued in Section [f

More precisely, the optimal boundary control problem considered can be written as
follows:

min Jo(v),

where

T
2
Jalv) = / [w(t, L v) — u(®)]*dt + ol — v 2o,

such that

Wy = Wy, + h(t, x), (t,x) € Q,
w(0, x) = wo(z), O<z<L,
w,(t,0) = v(t), w,(t,L) =0, 0<t<T.

An element v* € V4 that achieves the minimum value of J, on the admissible control
set, V4, is called an optimal control for the problem (7). Note that the regularization
term, of|lv — V+||%11(0 ), guarantees strong convexity of the cost functional. Furthermore,

well-posedness of model (1)) is proved in [3].

The aim of this study is to find a minimizer v* € V,, for the cost functional @ and to
provide a characterization of such a v*.

The existence and uniqueness of a solution to problem require some properties of the
cost functional J,. To establish the existence and uniqueness of a solution to the optimal
control problem (7)), we analyze the variation of the cost functional .J,. This requires
understanding how variations in the control input affect the system state.

Let 0v € H'(0,T) be an increment in the control. The corresponding variation in the state
is defined by dw(t, z;v) = w(t,z;v + ov) — w(t, z;v). The difference problem for model
Is written as
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dwy = adWyy, (t,z) € Q,
dw(0,x) =0, O<z<L, (8)
dw,(t,0) = ov(t), dw,(t,L) =0, 0<t<T.

Furthermore, the difference problem is of the same type as problem with homogeneous
initial data. So, Definition |1| gives us the definition of a weak solution to model and
Theorem [I] guarantees the existence and uniqueness of such a weak solution in the space
H(Q) since év € HY(0,T).

Applying estimate of Theoremto the difference problem (§)) with wg =0 and h = 0,
we obtain the trace estimate

16w (-, Ly )1 2200y < c2llovllFnom (9)

where ¢y := ¢? > 0 is independent of v and dv.

The following theorem guarantees the existence of a unique minimum element v* for the
cost functional @

Theorem 2 Assume that the hypotheses of Theorem are satisfied and v+ € H*(0,T) is a
giwen element. Then the optimal control problem has a unique solution v* € V4.

Proof 1 Since V,4 is a bounded, closed, and convex subset of the reflexive Banach space
HY(0,T), it is weakly sequentially compact. Let {v,} C Vg be a minimizing sequence for J,.
By weak compactness, there exists a subsequence {v,} C {v,} such that

U — V% weakly in H*(0,T).

Since V4 is convex and closed, it is weakly closed, and hence v* € V4.
The map
v w(-, L;v)

is affine and continuous from H'(0,T) into L*(0,T), as follows from the estimate (9).
Therefore, it is weakly continuous, and

w(-, Ly vy) — w(-, L;v*)  weakly in L*(0,T).
Consequently, by the weak lower semicontinuity of the squared norm,
-, Liv*) = ull3agory < lminf (., L v) = ull 32
Similarly, the squared H'(0,T)-norm is weakly lower semicontinuous. Hence

Jo (V") <liminf J,(v,) = inf J,(v).
m—00 vEVy,q

Therefore, v* is a minimizer of Jo on V,q for every vt € HY(0,T). Uniqueness follows from
the strong convexity established in Lemma[3 below.
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3 Adjoint-Based Analysis and Fréchet Differentiability

The variational approach gives an explicit expression for the Fréchet derivative of J,(v),
which in turn yields an explicit optimality condition.

Multiplying equation by a function ¢ and integrating the resulting expression over {2,
then adding the result to the cost functional J,(v), we get the following Lagrangian L(w, v, ¥)

T
2
L (w,v,9) :/0 [w(t, L;v) — ,u(tﬂ dt + o||lv — 1/+||12L11(07T)

T L (10)
+/ / [w, — awg, — h]VY da dt.
o Jo
Here, the function ¥ = ¥(t, x) is called the Lagrange multiplier.
The first variation of the functional is defined by
5L = lim L (w+ edw, v,9) — L(w,u,ﬁ)'
e—0 £
By direct differentiation, the first variation of the functional is given by
T T L
0L = 2/ [w(t, L;v) — p(t)]dw(t, L;v) dt + / / [dwy — abw,, |9 d dt (11)
0 0o Jo

where dw(t, x;v) is the solution to the difference problem (8]). This derivation is formal,
since w,, need not be well-defined for a weak solution in H1(£2).

Using the 0 L = 0 stationarity condition, we get the following adjoint problem:
P + ady, =0, (t,z) € Q,
HNT,x) =0, O<z<L,

9.(t,0) =0, 9.(t,L) = —2 [w(t,L;v) — u(t)], 0<t<T.

If we replace t in by the new variable 7 = T — ¢, then we obtain a problem of the
same type as ([I). We define the weak solution of the adjoint problem as the function o
in V10(Q), satisfying the following integral identity ( [3,6]):

/ / (Ve + adpiy) dxdt:—2/ [w(t, L;v) — p(t)]w(t, L) dt
0 0 0 (13)

L
- / (0, 2) (0, x) dz

0
Vi € HM(Q). Here V10(Q) := C([0,T]; L*(0, L)) N L?((0,T); H'(0, L)) is the Banach space

of functions with the norm

[9][v10@) = Ofgg);WHLZ(o,L) + [Pzl 22 () -
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Remark 1 To justify the existence of a weak solution ¥ € V'0(Q) to the adjoint problem
, we verify that the Neumann boundary data

U, (t, L) = —z[w(t,L; v) —pu(t)], te(0,7), (14)

a

possesses the required regqularity. Indeed, by the trace estimate of Theorem (1, the solution w

of problem satisfies
(e, L )20y < ex (wollen o) + Wllzzcey + Wl ) < oo.
Since € L*(0,T) by assumption, it follows that
w(-, Liv) — p(-) € L*(0,T), (15)

and hence the boundary data V,.(-, L) € L*(0,T). Therefore, by the classical solvability results
for linear parabolic equations in VO(Q) with L*(0,T) Neumann boundary data ( [6, Chapter
111, Section 4] and Lions and Magenes [9]), as well as Theorem 1 of Hdo [3] (which is distinct

from Theorem 1 of the present paper), the adjoint problem admits a unique weak solution
¥ e VIO(Q).

Lemma 1 Let v,6v € H'(0,T) be given elements. If w = w(t,z;v) is the solution to the
problem and 9(t,x;v) is the solution to the adjoint problem (12), then the following
wdentity holds:

2 /T [w(t, L;v) — p(t)]|dw(t, L) dt = a/T ov(t)v(t,0)dt. (16)

Proof 2 Substituting dw for 1 in yields

/T /L (Vowy + at,dw,) dw dt = —2 /T [w(t, L;v) — p(t)]dw(t, L) dt,

where the initial condition dw(0,z) = 0 has been utilized. Furthermore, by writing the weak
formulation of the difference problem as gien in Deﬁnition and taking p = v, we obtain

T L T
/ / (bw9 + adw,V,) dv dt = —a/ dv(t) ¥(t,0) dt.
o Jo 0

Since the left-hand sides of these two integral identities are identical, their right-hand sides
must also coincide. This completes the proof.

Theorem 3 ( [11]) Let the conditions be satisfied and let u € L*(0,T). Then the cost
functional Jo(v) defined by (6)) is Fréchet differentiable on H'(0,T), and for every v €
H(0,T) its Fréchet derivative is given by

JL(v) = n+ 2a(v - v*) (17)
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where n = n(t) is the solution of the following boundary value problem

{ n'(t) —n=—ad(t,0), t€(0,T),
0

H(O)=0,  of(T)=0 18)

and 9 = 9(t, z;v) is the solution of the adjoint problem corresponding to v. In particular,
Jo is Fréchet differentiable at every point of the admissible set Voq C H*(0,T).

Proof 3 Let v € H'(0,T) be given and let v € H*(0,T) be an arbitrary increment. We

examine the variation 0.J,(v) = Jo(v + 6v) — Jo(v). By the definition of the cost functional
@, we write

T
d0Jo(v) = / [w(t, L;v + 6v) — u(t)}2 dt + o||lv + ov — V+"12§[1(0’T)
0

T
2
-3/[Mamw—uw]ﬁ—aw—VWQ@ﬂ
0

Applying the difference of squares identity and using w(t, L;v+9dv) = dw(t, L)+w(t, L;v),
together with the inner product definition in H'(0,T), we obtain

0J,(v) = 2/0T [w(t,L; V) — u(t)] dw(t, L) dt + H(Sw(-,L)H%Q(O’T)
+2a(v — v, V) mor) + 04||51/||§11(0’T).
Applying Lemmal[]] to the first term on the right-hand side, we get
T
5.70(v) = a/o 9(t,0) w(t) dt + |5 (-, L)| 207,
+2a(v — v, ov) o) + 04H5I/||%{1(0’T).

By @ the second term satisfies ||0w(-, L)|13. o1) = 02H5V||H1 (0.1’ and therefore it is of order
(H5VHH1 o)) Hence, we have

T
0Jo(v) = a/ I(t,0) ov(t)dt + 2a(v — vT, dv) o) + o([|6v| mom)) - (19)
0

In order to express in the standard Fréchet form

§Ja(v) = (JL(v), V) o) + o(|6v| o))

we need to represent the term afOT'z?(t, 0)dv(t)dt as an H'(0,T) inner product. To this end,
we introduce the auziliary boundary value problem

n'(t) = n(t) = —ad(t,0), t€(0,T), 7 (0)=0, 7(T)=0. (20)
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Substituting into and applying integration by parts, while using the boundary
conditions 1'(0) = n/(T) = 0, we obtain

T
6Jo(v) = / ( —n"(t) + n(t)) ov(t)dt + 2a{v — v*, vy o) + O(H(SVHH1(07T))
0

_ /0 (0 (£) 80/ (£) + n(t) Su(t)) dt + 20y — v*, 50 momy + o(10v | o))

=(n, Wmor + 2a{v —v*, v)mer) + o([|6v|mom)
= <1’] —+ 20[(1/ — l/+)7 5V>H1(O,T) + 0(”51/”]_[1(077“)) . (21)

Since this expression holds for every év € HY(0,T) and the remainder is of order
o([|[ov||mr o)), the cost functional Jo(v) is Fréchet differentiable at every v € H'(0,T), and
its Fréchet derivative is given by

J (v) =n+2a(v—vh),

where n(t) is the solution of the boundary value problem (18)). Since V,q C H'(0,T), the same
formula holds at every point of V4.

Remark 2 The Fréchet differentiability established in Theorem [ shows that J, has a
derivative at every point of H*(0,T). We next verify the continuity of the Fréchet derivative
on HY(0,T), i.e. J, € C*(H*(0,T)). Let v, — v in H'(0,T) and set év,, :== v, —v — 0. By

the trace estimate @D,

||5w(-,L; Vn)||L2(o,T) < \/C_2||5Vn||H1(0,T) — 0.

Since the solution operator associated with the adjoint problem s linear and bounded
with respect to its L? Neumann boundary data —%[w(t, L;v) — u(t)], it follows that

(-, 0;v,) — 9(-,0;v) in L*(0,T).

Furthermore, the auziliary problem defines a bounded linear solution operator from
L*(0,T) into H'(0,T). Hence,

n(vn) — n(v) i H'(0,T).
Consequently,
J () = n(v,) + 2a(v, —vT) — n(v) +2a(v —vt) = J (v) in HY(0,T),

which proves the continuity of the mapping v +— J,(v) on HY0,T). Hence, J, €
CH(HY(0,7)); in particular, J!, is continuous on Vgq.

4 Characterization of the Optimal Control and Strong Convexity

In this section, we derive a necessary condition for the optimal control v* € V4 of problem
(7) and prove the strong convexity of the cost functional with strong convexity constant
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X = a. Since the cost functional .J, is Fréchet differentiable on H'(0,7'), and in particular
at every point of V.4, by Theorem [3] the necessary optimality condition can be stated in the
form of a variational inequality.

The statement of the following theorem appears in |11] without proof; a complete proof
is given here.

Theorem 4 Let the conditions be satisfied and let v* € V4 be the optimal control for
problem . Let v* = O(t, z; v*) be the solution of the adjoint problem corresponding to
v*, and let n* = n*(t) be the solution of the auxiliary problem (18) corresponding to 9*(t,0).
Then the following variational inequality holds:

"+ 20" —v"), v —=1"Ymor >0, Vv e V. (22)

Proof 4 Since v* minimizes J, on V,q and V,q is a convex set, for any v € Vg and any
A € [0,1], the convex combination v* + \Nv — v*) € V,q. Therefore, by the minimality of v*,
we have

Ja(V" + My —v7)) = Jo(v7), (23)
which gives

Jo(V* + A —v*)) — Jo (V) >0. (24)
A
Taking the limit as A — 07 and using the Fréchet differentiability of J, established in
Theorem [3, we obtain

<Jé(y*), VvV — V*>H1(0,T) > 0, Vv e Vad- (25)

Substituting the explicit expression for J.(v*) given by Theorem @ namely J.(v*) = n* +
2a(v* —vT), we arrive at

(" +2a(v* —vh), v =1 mer >0, Vv e Vi, (26)
which completes the proof.

Remark 3 The wvariational inequality provides a complete characterization of the
optimal control v* in terms of the adjoint state ¥* and the auziliary function n*. In particular,
if the admissible set V,q is the entire space HY(0,T), then reduces to the Fuler-Lagrange
equation

n*+2a(v —vt) =0, (27)

which, together with the state problem (1)) and the adjoint problem , forms a coupled
optimality system for the determination of v*.

Lemma 2 ( [11]) Let the conditions be satisfied and let v,6v € H'(0,T). Then the
following identity holds for the derivative of the cost functional J,(v):

(Jolv +0v) = To(v), V)0 = 2010w, D) Z207) + 20100 1 0.1- (28)
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Proof 5 We begin by deriving the difference problem for the adjoint problem . Let ov

be an increment of v and let U5 denote the solution of the adjoint problem corresponding to

v+ dv € HY(0,T). Setting 60(t,x) = (¢, x;v + dv) — ¥(t, x;v) and subtracting problem (12))

from the adjoint problem corresponding to v + dv, we obtain the adjoint difference problem
09 + a0y, = 0, (t,z) € Q,

§9(T,z) =0,  x€(0,L), (29)

59, (,0) = 0, 5ﬁx(t,L):—§5w(t,L), te (0,7)

understood in the weak sense of Remark[1] i.e., 69 € V1O(Q) satisfies

T L T L
/ / (60 4+ adV,1b, ) do dt = —2/ dw(t, L)y(t, L)dt — / 39(0, z) (0, z) dzx (30)
o Jo 0 0

for every ¢ € HY1(Q).

Similarly, setting on(t) = ns(t) —n(t), where ns denotes the solution of corresponding
to v+ 0v, and subtracting problem from the auziliary problem corresponding to v + ov,
we obtain

on" (t) — on(t) = —a §9(t,0), te(0,7),

6n'(0) =0, &7/ (T)=0. (31)

On the other hand, the variation of the gradient of the cost functional corresponding to
the increment dv can be written as

6J (v) = J.(v+dv)— J. (v) =0n+ 2adv. (32)
Using the inner product definition in H'(0,T), we compute
(Jo(v+0ov) = Jo(v), v)mor) = (60 + 206V, 0V) i,

T
_ /0 {00 60/ + 0n v} dt + 2000|211, (33)

Integrating the first term by parts and using 6/ (0) = 0n'(T) = 0 from (B1)), together with
o (t) — on(t) = —add(t,0), we obtain

/T (6n/6v + onév) dt = /T (—on"(t) + n(t)) ov(t)dt = a/T 09(t,0) ov(t)dt. (34)

It remains to evaluate afOT 09(t,0) ov(t)dt. We do so by a duality arqgument between the
weak formulations of 0¥ and dw.

Since Sw(0,z) =0 by (§), taking ¢ = dw € H(Q) in (30) eliminates the last term, and
qirves

T L T
/ / (69 6wy + a 69, dw,) dx dt = —2/ [dw(t, L)] 2 dt. (35)
o Jo 0
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On the other hand, dw satisfies the weak formulation of (Definition |1 with h = 0,
homogeneous initial data, and boundary fluz dv):

T oL T
/ / (bwy o + adw, @) dodt = —a/ Su(t) p(t,0)dt, Yo e HYO(Q). (36)
0 Jo 0

Since §9 € VIO(Q) € HY(Q), we may take p = 60U in . The left-hand sides of and
coincide, so

a/T §9(t,0) 6w (t) dt = 2/T [Jw(t, L)]* dt. (37)

Combining , , and , we conclude
(Jo(v +0v) = Jo(v),0v) w0y = 2010w (-, D) 7207y + 20016V 70 0.7
which completes the proof.

Lemma 3 ( [11]) Let > 0. Then the cost functional J,(v) is strongly convex on V,q with
strong convezxity constant x = «, that is, for all vy, v, € Vg and all A € [0, 1], the following
inequality holds:

Ja(Wa + (1= N1) < Ma(va) + (1= X)Ja(s) — X1 = N)|va — vl E1 0.1 (38)

Proof 6 Recall that a continuously differentiable functional J,(v) defined on a conver set
Vi 1s strongly convex with convexity constant x > 0 if and only if the following condition is
satisfied for all v,v + dv € Vyy:

(Jolv +0v) = To(v), V) mom) = 2x110v7p 0.1 (39)
By Lemma @ applied to v,v + v € Voq C HY(0,T), the following identity holds:

(Ja(v+0v) = JL(v), V) o) = 2[10w(, L) T20) + 2010V1[3 0.1)- (40)
Since ||dw(-, L)||%2(07T) >0, it follows immediately that

(Jolv +0v) = Jo(v), V)i oy = 20100l o - (41)

This shows that condition 18 satisfied with x = «. Consequently, the cost functional
Jo(v) is strongly convex on V,q with strong convexity constant x = «, which completes the

proof.

Remark 4 Since v — w(-, L;v) is affine, writing w(-, L;v) = Sv + b for a bounded linear
operator S gives Jo(v) = ||Sv — (1 — b)||%2(0 m tallv - V*qul(0 Ty, @ convex term plus an
a-strongly convex term; this recovers x = « directly, without the adjoint-based argument of

Lemmal[d We retain the adjoint-based proof above since Lemma |3 is used in Lemma[3 and,
through , i Theorem @

Remark 5 The strong convexity of J, established in Lemma[3 implies that the variational
inequality has a unique solution v* € V,q. Moreover, since J, is strongly convez, the
necessary optimality condition 15 also sufficient, that is, any v* € Vyq satisfying S
the unique global minimizer of J, on Vq.
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5 A Gradient-Based Minimizing Sequence

Using the existence and uniqueness result of Theorem [2] together with the strong convexity
established in Lemma (3, we construct a minimizing sequence using the projected gradient
method of [14], as applied to a related boundary control problem in [12]|. Starting from any
Vg € Vg, define

Vn+1 :PVad(Vn_BnJ(;(Vn))a n:07172a"'7 (42>

where Py, denotes the metric projection onto the closed convex set V,4 and J! (v,) is given

by .
Since the control-to-observation mapping v — w(-, L;v) is affine and continuous, while
the adjoint and auxiliary solution operators are linear and bounded (Remark, the mapping

vis J(v) =) + 2a(v —vh)

is affine and Lipschitz continuous on H'(0,T). Hence, there exists a constant L; > 0 such
that

16 (va) = Ja@o) o) < Lallva = vellmr oy

for all v,, v, € H'(0,T), and in particular for all v,, v, € Vygq.

Theorem 5 Let vy € V,q be an initial point. The sequence {v,} defined by converges to
the unique minimizer v* of Jo(v) on Vg for B, = 8 € (0,4a/L3). Moreover,

V0 — vy < ¢"[vo — v 51 0.1), n=0,12..., (43)

where q := /1 —4af + B2L% € (0,1).

Proof 7 Define A : Vg — Vog by Av := Py (v — BJ!(v)). Since Py, is nonexpansive, for
all vy, vy € Vg,

1Ave = Avy |l 0.1y < I1(ve — 1) = B4 (va) = Jo ()l 0.1

Ezpanding the right-hand side and using the strong convezity inequality (J! (v,) — J., (), Vo —
V) (0,1) = 20|V — Vlequ(QT) (Lemma @ together with the Lipschitz continuity of J!, we
obtain

| Av, — AVbHIQLIl(O,T) < (1 —4daf + 52L3) v — VbH%Il(O,T)’

so |[Ave — Av|lmory < dllva — vllmor with ¢ = /1 —4af+ L3 € (0,1) for
B € (0,4a/L?%). Hence A is a contraction on V,q, and by the contraction mapping principle
the sequence vy,4+1 = Av, converges to the unique fized point U satisfying v = Py, (v—BJ.(7)).
By the variational characterization of the metric projection Py, , in H'(0,T), this fived-point
equation is equivalent to ((v—BJ.,(V)) =0, v—0) gy < 0 for allv € Voq. Dividing by —3 < 0
yields (J,(V),v — U)mory = 0 for all v € V,q, which is precisely . By Remark@
uniquely characterizes the minimizer v* of Jo, on Vaq; thus v = v* and estimate holds.
Note that Py, is the metric projection in H'(0,T), which has no closed form because V,q
constrains both v and V', and since L is not estimated, the admissible step size is not explicit.
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6 Conclusions

In this paper, we have investigated an optimal Neumann boundary control problem for the
one-dimensional heat equation, where the control input is the heat flux applied at the left
boundary and the objective is to steer the temperature at the right boundary toward a
prescribed target trajectory over the time interval (0,7"). The admissible control set has been
chosen as a bounded, closed, and convex subset of the Hilbert space H'(0,T), providing
enhanced regularity compared with the classical L? framework.

The existence and uniqueness of the optimal control have been established via the direct
method of the calculus of variations. In addition, the Fréchet differentiability of the cost
functional has been proved, and an explicit expression for its gradient has been derived
through the associated adjoint problem. Based on these results, a necessary optimality
condition has been obtained in the form of a variational inequality involving the gradient
of the cost functional and the adjoint state.

Furthermore, it has been shown that the cost functional J, is strongly convex on
the admissible control set V,; with convexity constant x = «. This property not only
provides an alternative justification for the uniqueness of the optimal control but also implies
that the derived variational inequality is both necessary and sufficient, thereby completely
characterizing the unique optimal control v*.

Finally, the explicit gradient formula and the strong convexity of the cost functional have
been used in Section [5[to construct a projected gradient sequence and to prove its convergence
to the unique optimal control at a geometric rate (Theorem . Future research may focus
on a full numerical implementation of this scheme and on extending the present analysis to
nonlinear models or multidimensional heat conduction problems.
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