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COMPARISON PRINCIPLE FOR A NONLINEAR DIFFUSION EQUATION
UNDER NONLOCAL BOUNDARY CONDITION

In this paper, we study a Cauchy problem with a nonlocal Neumann boundary condition for
a nonlinear time-space fractional diffusion equation involving the Caputo fractional derivative
and the fractional p -Laplacian. The principal contribution of the paper is the establishment of
a comparison principle for weak subsolutions and supersolutions under suitable assumptions on
the parameters 3,7, k, and ¢. This result shows that the ordering of the initial data and the
corresponding nonlinear terms is preserved throughout the evolution, despite the presence of both
temporal and spatial nonlocality. The proof requires a careful treatment of the Caputo derivative,
the monotonicity properties of the fractional p-Laplacian, and the nonlocal Neumann boundary
condition. The comparison principle then serves as the main analytical tool for investigating the
qualitative behaviour of solutions. As direct applications, we derive a boundedness result in the
dissipative case and establish a sufficient criterion for finite-time blow-up by comparing a weak
solution with a suitable subsolution of an associated fractional differential equation.

Key words: comparison principle, Caputo fractional derivative, fractional p—Laplacian, nonlocal
Neumann boundary condition, blow-up.
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Byn makasmaga KamyTorbiH Gestiek peTTi TybIHIBICHI MeH OeJtiiek p-Jlamiacuanipl KAMTUTHIH Oeii-
CBI3BIKTHI YaKbIT-KeHICTIK Oostek muddy3us TeHaeyi yimin beittokan Heitman mekapasibik mapTh
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bIH, Oesrek p -JlammacnanHBIH MOHOTOHJBIK, KACHETTEPIH KoHe Oeitokan Hefiman mrekapaJibik
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Tyitin ce3mep: cajbicThIpy Tpuiuni, KamyTOHBIH OOJIIEK peTTi TYBIHILICHI, OOJIIIEeK pPeTTi
p—Jlamacuan, Geitiokan Heliman 1mekapasiblK mapTh, MIEMIMHIH KapbULybl (KUPAYDI).

M. BopuxaHos
WNucTuTyT MaTeMaTHKN U MATEMATHIECKOTO MojeanpoBanusi, Ayimarel, Kazaxcran
e-mail: borikhanov@math.kz
IIpunnun cpaBHeHUs OJd HeJUWHEWHOTo ypaBHeHUs Auddy3un ¢ HEJIOKAJIbHBIM I'PAaHUYHBIM
ycJioBUEM

©) 2026 Al-Farabi Kazakh National University


https://orcid.org/0000-0002-5687-0561

36 Comparison principle for a nonlinear diffusion equation ...

B nannoit pabore ucciempyercs 3agadua Ko ¢ HeJloKaJIbHBIM TPaHUYIHBIM ycsioBueM Helimana mjist
HEJINHEHHOTO APOOHOTO ypaBHeHUs: Tuddy3un 110 BPEMEHHU U IMPOCTPAHCTBY, COAEPIKAIIErO IpPo0-
Hyto npousBoHyo Kamyro n npobubiit p—Jlamracuan. OCHOBHBIM Pe3yJIbTATOM PAOOTHI SIBJISIETCST
YCTAHOBJICHVE IPUHIIUIIA CPABHEHUSI JIJIsI CJIAOBIX CyOpeImeHuil U CyepperteHuil Mpu IO IXOISIIIIX
[IPEJIIIOJIOXKEHUSIX OTHOCUTEILHO TapamMeTpoB 3,7y, k u £. [losydeHHBIN pe3y/ibTaT I0OKa3bIBAET, ITO
MOPSIJIOK MEXKJIy HAdabHBIMU JAHHBIMA U COOTBETCTBYIONIMMU HEJIUHEHHBIMU YjIeHAMU COXPAaHsI-
€TCsi B IIPOIECCE DBOJIIONUU, HECMOTDPs Ha HAJWYINE HEJOKAJHHOCTH KaK 110 BPEMEHW, TaK U II0
npoctpancTBy. JlokazareabcTBO TpedyeT THIATEILHOTO aHam3a JpobHoit mpomssoamoit KamyTo,
CBOIICTB MOHOTOHHOCTH JpobHOro p—Jlammacrana u HEJIOKAJIHHOIO IPaHIYHOro ycioBus Helimana.
YcTaHOBIEHHDIN TPUHIIAIT CDABHEHUSI 32T€M UCIOIb3YeTCsI B KAYeCTBE OCHOBHOI'O aHAJTUTUIECKOIO
WHCTPYMEHTa, JIJIsl MICCJIEIOBAHNST KAYeCTBEHHOI'O [TOBEeJIeHNs pelennii. B KadecTBe HermocpeacTBeH-
HBIX [PUJIOKEHUI JOKA3BIBAETCS OIPAHUYEHHOCTD CJIAOBIX PENIeHuil B JUCCUIIATUBHOM CJIydae, a
TaK)Ke YCTAHABJINBAETCS TOCTATOYHBI KPUTEPUil pa3pyIIeHUs PEIeHns 33 KOHEYHOEe BPEMsi I10-
CPEJICTBOM CPaBHEHUS CJIA0OT0 PEIIeHUs C MOJXOSIINM CyOpeleHneM COOTBETCTBYIONEro apob-

Horo JnddepeHInaIbHOr0 YPaBHEeHNS.
KuaroueBble cJyioBa: MNPUHINN CpaBHEHUs, JapobHas mpom3BojaHas KamyTto, apoOHBII

p—JlamnacuaHn, HeJIOKaJIbHOE TpaHUYHOe yciaoBue Helimana, paspylneHue pereHus.

1 Introduction

For fractional evolution equations, the comparison principle is an important tool for
proving positivity, uniqueness, continuous dependence on initial data, a priori bounds, global
boundedness, and blow-up criteria. In particular, when the nonlinear source term is monotone,
the difference between a subsolution and a supersolution can be tested by its positive part.
Then the monotonicity of the nonlinear operator, together with a fractional Gronwall-type
inequality, allows one to conclude that the positive part vanishes. This yields the desired
ordering of the two solutions. Such ideas are widely used in the theory of fractional differential
equations and fractional diffusion problems; see, for example, [1-6].

In this paper, we study the initial-boundary value problem for the nonlinear time-space
fractional diffusion equation

G+ (=A)pu = Blul*tu+ ylul P, (2,t) € 2% (0,T) = Q,
(1)

u(0,2) = up(z), x € 2,
where 2 C R"™ is a smooth bounded domain; £k > 0,/ > 1, 8,7 € R and Oj¢ 18 the left

® is the fractional p-Laplacian with

Caputo fractional derivative of order a € (0,1); (—A);

s€ (0,1),p>2.
In addition, problem is considered under the Neumann-type boundary condition

Nopu(z,t) =0, e R"\Q, 0 <t <T, (2)
which stands for

Nopu(z, t) == /Q lu(a, t) — u(y, t) [P~ (u(z, t) — u(y, t))dy.

o =yl

Here, for each fixed t € (0,T) and x € R™ \ Q, the variable y € € is the integration variable.
Thus, N;,u(z,t) measures the nonlocal interaction between the exterior point x and all
interior points y € (2.
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A new “nonlocal normal derivative” was introduced by S. Dipierro et al. |7] for fractional
Laplacian. Later, D. Mugnai eand al [8,|9] studied the nonlocal normal p-derivative, or p-
Neumann boundary condition and describes the natural Neumann boundary condition in the
presence of the fractional p-Laplacian, which extends the notion of nonlocal normal derivative.

In general, nonlocal Neumann boundary conditions play the role of prescribing a nonlocal
flux through the exterior of the domain. In contrast with the classical local Neumann
condition, which is imposed on the boundary, the nonlocal condition is naturally imposed on
the whole exterior region R™\ €. This reflects the fact that fractional diffusion is governed by
long-range interactions: the value of the solution at one point is influenced by values at distant
points. Therefore, the boundary behavior is not described only by pointwise information on
0f), but by the interaction between points inside 2 and points outside €.

For the fractional p-Laplacian, the operator N ,u measures the nonlocal interaction
between the exterior point € R™ \  and the interior values u(y),y € Q. The condition
can therefore be understood as a zero nonlocal flux condition. It is also consistent with the
corresponding integration-by-parts formula, which allows the diffusion term to be written in
a weak form through the nonlocal energy integral.

Moreover, in [8] the authors studied the parabolic problem associated to this new class of
operators, namely

uy(z,t) + (=A)pu(r,t) =0 inQ, ¢t>0
Nspu(z,t) =0 in R"\Q, t>0
u(z,0) = up(x) in Q.

They also proved conservation of mass and monotonicity of the associated energy, as in [7].
In recent years, parabolic equations involving the fractional p-Laplacian have attracted
attention, but mostly in the setting of Dirichlet boundary conditions, see for instance [10-13)].
Motivated by these developments, in the present paper we study a nonlinear time-space
fractional diffusion equation involving the Caputo fractional derivative and the fractional
p-Laplacian under a nonlocal Neumann boundary condition .

2 Preliminaries

In this section we list definitions and properties related to the fractional operators.
Definition 1 | [3], p. 91|. The a € (0,1) order of left Caputo fractional derivative for
u € C'([0,T)) is defined by

beu(t) = Iéta%u(t) = ﬁ / (t —s)~u' (s)ds, Vt € (0,T],

0

where I&Ea is the left Riemann-Liouville fractional integral.

Property 2 [ [3], p. 95-96] If 0 < e < 1, uw € AC*[0,T] or u € C*[0, T, then

0lt (D5 w) (t) = u(t) — u(0) and I, (I5ju)(t) = u(t)
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hold almost everywhere on [0, 7. Moreover, it yields

t d d
8é|t°‘/ ag“lTu(T)dT = ( 0|tdtlé|tlétadtu> (t) = u(t) — u(0).

Definition 3 [ [14]. Lemma 5.1] The fractional p-Laplacian operator for s € (0,1),p > 1 and
u € W*P(Q), is defined by

(~A)u(z) = Gy PV. /

where x € 2 is the fixed point at which the operator is evaluated, whereas y € R™ is the
integration variable. Moreover,

|u(z) — u(y)|"*(u(z) — u(y))

o =yl

dy,

n

sp2=72 T (%5P)
i T(EHD(1 - s)

is a normalization constant and “P.V.” is an abbreviation for “in the principal value sense”.
Proposition 4 | [15] Theorem 6.3]. Let u,v be any bounded C? functions in R™. Then,

/(A);udx :/ N, pudz
Q R™M\Q

Core [ [ ute) = w0~ ) = o) 1,

o — g

—/v( A)? udx+/ VN pudz.
Q R™\Q

We define the inner product of the operator (—A)s for u,v € W*P(Q) as

(g = [ [ )= ) W) 10, 5

‘l’ y‘n+sp

Cn7s7p =

and

3 Comparison Principle

In this section we study a comparison principle for the fractional parabolic equation.
We first define a weak subsolution and supersolution to the problem —.
For T' > 0, we introduce the admissible class

Up = {¢ € LP(0,T; W*P(Q)) N C([0,T]; L*(Q)), ¢ € L=(Qr), 85,0 € L*(Qr) } -

We refer to [16] and [17], where one can find a description of the most useful properties of
the fractional Sobolev spaces W*P((2).

Definition 5 Let u(z,0) < ug(x) and N, u(z,t) < 0,2 € R*\ Q. We say that u(z,t) is a
weak subsolution of (I))-(2) in Qr, if u(z,t) € Uz and satisfies

/ ey tu]@da:dlf%—/ (—A) upddt
o o ()

<p lu|*tupdrdt + ”y/ lul*2updadt,
QT QT
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for any nonnegative ¢ € C2°([0,7) x Q) with ¢(-,7") = 0. B
Similarly, let v(z,0) > wvo(x),Nspv(z,t) > 0,2 € R™\ Q. We say that v is a weak
supersolution of (I)-(2) if v(z,t) € Ur and satisfies

/ [30|tv]cpdxdt+/ (—A)vpdrdt
QT QT
()
>p |v|k_1vg0dxdt+7/ [v|*2vedadt.

QT QT

A function is a weak solution if it is both a weak subsolution and supersolution.
Thoerem 6 Let s € (0,1),p > 2 and let k, ¢, 3, satisfy one of the following conditions:

k>1,0>2,8>0,v2>0;
k>0,0>1,6<0,7<0;
k>1,0>1,>0,v<0;
k>00>2<0,v>0.

Suppose that u,v € Wy are real-valued weak subsolution and weak supersolution of ,
respectively, with ug(z) < vo(z) for x € Q. Then u < v a.e. in Q.
Proof. We choose the test function

(p(x,t) = @(I, ) = (u - 1})+,

where (u—wv), is the positive part of a real quantity (v —v),; = max{u—wv,0}. Consequently,
it holds ¢(x,0) = 0.
Subtracting from ({4)), we obtain, for all ¢ € (0, 7]

/ / oj- [ U]SﬁdedTJr/ot/Q[(—A);u— (—A)sv]pdrdr
< 5/0t/ﬂ(|u|k_1u_ lv|*~ L) pdadr

VAl
t
-I—v/ /(|u|g_2u— lv|*20)pdxdr .
_Jo Ja
7

By , the last term on the left-hand side of inequality @ can be written as

/ t / (—AYu — (—A)vlpdedr

/ //hL (@) (u(x) — u() (o) = W) ) 0

o =y

//ﬁ”‘””ﬂ%WQW@”@%mT

Alu, v)(p(z) — ¢(y))
= dzdydr,
/O/Q/Q |:v—y|"+sp e
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with

Alu,v) = [u(z) — u(y) P (w(@) — u(y)) — Jv(z) — () (0(@) - v(y)). (8)

We shall use the following elementary truncation property.
Lemma 7 [Truncation monotonicity]. Let p > 1 and let J,(r) = |r[P~?r. Then, for any real
numbers a, b, r, s satisfying

a—b=r—s,

one has
(Jp(a) = Jp()) (r4 — s4) >0,

where 7, = max{r,0} and s; = max{s,0}.
Proof. Since J,(r) = |r[P~?r is nondecreasing on R, we have

(o(a) = J(0))(a — b) = 0.

Hence J,(a) — J,(b) has the same sign as a — b. Since a — b = r — s, it has the same sign as
r — s. On the other hand, the map r + r, is also nondecreasing, and therefore

(r—s)(ry —s4) = 0.

Consequently, v, — s, has the same sign as r — s, or is equal to zero. Thus

(@) = Jy(B)) (s — 54) > 0,

which completes the proof.
Now, let

For fixed z,y € 2, set

and
r=uw(r) =ulz) —v(@), s=wly)=uly) - o)
Then
a—b=w(x)—wly) =r—s,
and

p(r) —o(y) = wy(r) —wi(y) =7y — 54

Therefore, by the truncation monotonicity lemma,

(Ju(@) = ()2 (u(@) = u(y)) = o) = o) P2(0(x) - v(y)))
% ((u=v)i(2) = (u=v)s(y)) 0.

[ LA o

Hence
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We denote
Eu(r)=r[*"r,  G(r) =]

Since the functions F}, and G, are nondecreasing in the admissible ranges of the exponents,

we have
(Fi(u) — Fi(v))wy > 0, (Ge(u) — Ge(v))wy >0

almost everywhere in Q7.
Therefore, if 5 <0, then

B(Fy(u) — Fi(v))wy <0.
Similarly, if v < 0, then
’y(Gg(u) - Gg(v))er < 0.

Thus the negative-coefficient terms are favorable and can be dropped.
For the positive-coefficient part, we use the local Lipschitz estimates

|Fy.(u) — Fi.(v)| < Li|u — v, k>1,

and
|Go(u) — Go(v)| < Lglu — v, (> 2,

where the coefficients L, and L, are defined by

Li = (k) max { Julls -4, 015, b

L = C(0) max{||u| a0l fL;?(QT)} .

Consequently, we obtain

B// (Fr(u) — Fi( ))w+d:cd7<ﬁ+Lk//w+dxdT
// (Go(u) — Gl ))w+dxd7<7+Lg//w+d:pdT

Therefore, we have

and

t
BT+ < (B4 L+ 71 L) / / W dodr.
0 Q

Then using the inequality |18, Lemma 1],

SR (w2 (1) < wi ()G (r)

under the condition w, (0) = 0, our final inequality becomes simpler

1 t t
_/ /8(§Y|Twidxd7' < (5+Lk+7+Lg)/ /widwdr
2Jo Ja 0o Jo
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Define
Y(t) :/wi(a:,t)da:,
Q

¢ ¢
/ oY (T)dr < C/ Y (r)dr,
0 0
where C' = 2 (B4 Ly + v4+Le).

Applying the left-hand Caputo operator 8é|t°‘ on the both sides of the last estimates and
taking account Property 2,

which gives

d d
e [ oy = (i )0 =0 - YO

with Y (0) = 0, we can show that Y (¢) satisfies a fractional integral inequality of the form

Y(t) < C/Ot(t — 7)Y (1)dr.

Hence, in view of the weakly singular Gronwall inequality (see [19], Lemma 7.1.1 and [20],
Lemma 6, p. 33) we deduce that Y (¢t) = 0, which verifies

Wy = 0.
Finally, we deduce that
u<v ae. in  Qp,

which completes the proof.

4 Applications of the comparison principle

In this section, we give a priori boundedness result in the dissipative case. The second one
gives a sufficient condition for finite-time blow-up by comparison with a spatially constant
subsolution.

4.1 A priori boundedness in the dissipative case

Assume that 8 < 0,7 <0, and let u be a weak solution of problem (I)-(2) with nonnegative
bounded initial data
0 <up(x) <M foraexel

where M > 0 is a constant.
First, the zero function
u(z,t) =0

is a weak subsolution of -. Since

u(r,0) =0 < ug(x),
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the comparison principle implies
0 < u(zx,t) a.e. in Q.

Next, define the constant function
u(x,t) = M.

Since u is independent of the space variable, we have
da = (—A);u = N pu = 0.
Since f < 0,7 <0, and M > 0, we get
0> BMF +~ML
Therefore,
O+ (—A)gu = 0> pu +~u "
Thus w is a weak supersolution of —. Since
up(z) < M = 1u(x,0),
the comparison principle gives
u(z,t) < M ae. in Q.
Consequently,
0 <wu(z,t) <M ae in Qp.

Hence the solution remains uniformly bounded on every time interval [0, 7).

4.2 A finite-time blow-up solution

Now let 5 > 0,7 = 0,k > 1. Take the constant initial value uo(z) = A > 0. Again we look

for a solution in the form
u(w,t) = 2(t).
Then z(t) satisfies
Gez(t) = B25(t),  2(0) = A

Since f > 0 and A > 0, the problem admits finite-time blow-up solution; see, for example,
[21,22]. Hence, there exists T, < oo such that

lim z(t) = 4o0.

=T,
Therefore, from
z(t) = u(z, t) < u(x,t),

we get also
tim [u(-, )] 1) = +0.
t—T;

Thus u is a finite-time blow-up solution of problem -.
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5 Conclusions

In this paper, we studied a nonlinear time-space fractional diffusion equation involving
the Caputo fractional derivative and the fractional p-Laplacian under a nonlocal Neumann
boundary condition. The main result is a comparison principle for weak subsolutions and
supersolutions under suitable assumptions on the parameters (3, , k, and /.

The proof is based on three main parts. First, we use the monotonicity of the map
r + |r[P"%r to handle the fractional p-Laplacian term. Second, we apply a truncation
argument with the positive part (v — v);, which allows us to compare subsolutions and
supersolutions. Third, the memory effect coming from the Caputo fractional derivative is
treated by a fractional Gronwall-type inequality. These arguments show that if the initial
ordering is satisfied, then this ordering is preserved for all later times.

As applications of the comparison principle, we obtained an a priori boundedness result
in the dissipative case and a finite-time blow-up criterion by comparison with a fractional
ordinary differential subsolution. These applications illustrate how the comparison principle
can be used to study qualitative properties of solutions, such as positivity, boundedness, and
blow-up behavior.

The results show that comparison methods remain effective for nonlinear fractional
diffusion problems with nonlocal Neumann boundary conditions, provided that the nonlocal
diffusion term, the nonlinear source terms, and the Caputo memory term are treated in a
compatible way.
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