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ON WEIGHTED BILINEAR INEQUALITY WITH A KERNEL

Introducing a kernel into integral bilinear Hardy-type operators represents a new direction
in operator theory. In the general case, since the criterion for the validity of an integral Hardy-
type inequality with a kernel in a weighted Lebesgue space is not defined, various conditions are
determined on the kernel, and wider results are obtained than in the case without a kernel. This
paper examines integral bilinear Hardy-type operators involving the Hardy and Hardy-Volterra
operators in weighted Lebesgue spaces. We obtained criteria for the validity of integral bilinear
Hardy-type inequalities with kernels in the classes Of and 07 for the parameter ranges 1 <
max{p,r} < ¢ < 00, 1 < min{p,r} < ¢ < max{p,r} < oo and 1 < ¢ < min{p,r} < co. An
iteration technique is applied to characterize the boundedness of certain multilinear operators,
reducing the problem to a linear operator case. This study contributes to the theory of integral
operators in functional analysis and can be used in finding solutions to differential equations. The
results obtained in this work fully describe the conditions for the validity of bilinear inequalities
with a kernel over a wide range of parameters. This, in turn, lays a theoretical foundation for
further research in this direction and makes it possible to extend the theory of operators with a
kernel to a new class of inequalities.

Keywords: bilinear operator, Hardy-type inequality, Hardy-type operator, Lebesgue space, weight
function, kernel.
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O3eK KaTbhICKaH CaJIMaKThl OMCBHIBBIKTBI TE€HCI3AIK TYpPaJIbl

WMarerpasiabik OUCBI3BIKTHI Xap/Iu TOPI3/Iec OIepaTopiapFa @3eK eHri3y OlepaTopJiap TeOpusi-
CBIHIArbl JKaHa 6areIT OOJIBIT TabbLIa bl 2Kanb XKargaiiga, caaMakThl Jleber KeHicTirimnme o3ek-
eH OepinreH MHTErPAIILIK, Xap d TOpi3aec TeHCI3MIKTIH OPBIHIAIY KPUTEPHili AaHBIKTATMATaHIbI-
KTaH, ©3€KKe 9PTYPJIi IMapTTap aHbIKTAJIbI 2KOHE s/IPOCHI3 YKaF/alira KaparaHia KeHipeK HOTHKe-
Jiep ajbrHa bl By xKymbicTa canaMmakThl Jleber kenicrikrepinge Xapu koue Xapu-Boabreppa
orepaTopJapblH KAMTUTHIH HHTEPAJIIBIK, ONCHI3BIKTHI XapIu TOPI3JeC OnepaTropsap 3epTTeses.
Of‘ sxoHe (O] KiacTapblHA *KaTaTbIH ©3eKTepi 0ap OHCHI3BIKTBI MHTErPAaJIIbIK XapIu Topiszec
TeHCI3IKTeP/IiH OPLIHIBLILIFBIHBIH Kpurepuiliepi napamerpiepain 1 < max{p,r} < ¢ < oo,
1 < min{p,r} < ¢ < max{p,r} < oo xoHe 1 < ¢ < min{p,r} < 0O APAIBIKTAPHIHIA AJBIH-
Je1. Keitbip MyJIbTUCHIBBIKTEI OTIEPATOPJIAP/IbIH, IMIEHETIMIUITIH CUTIATTAY YIIH UTEPAIUSIBIK, d/TiC
KOJIJTAHBLIAIbI, OYJT eCenTi ChI3BIKTHIK OIIepaTop XKaFaiibiHa Keripei. by seprrey dyHkimonas-
JIBIK, TAJIIIAaYTaFbl HTHTETPAJIIBIK, OIIEPATOPJIAp TEOPHUICHIHA YJIEC KOCAbI YKoHE TudhdHEPEHITNATIIHIK,
TEeHJIeYJIEPIH IeniMaepin Tabyaa KOJIAaHbUIYbl MyMKiH. 2K yMbICTa AJIBIHFAH HOTHKEJED ©3€K
KATBICKAH OMCBI3BIKTHI TEHCI3IIKTEP/IIH OPBIHIAIY MIAPTTAPBIH [IapaMeTPJIEP/IiH KeH ayKbIMbBIHIA
TOJIBIK, CHIIATTaiIbl. Byl 03 Ke3erinie ocbl OarbITTAFbI OJIaH 9pi 3€PTTEYIIED YIIIH TEOPUAJIBIK Heri3
KaJIall, ©3eKTi OIlepaTopjiap TeOPHUSICHIH YKaHa KJIAaCTarbl TEHCI3IKTepre KeHeTyre MyMKIHIIK Oe-
pesi.
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O BecoBOM OUJIMHEIHOM HEPABEHCTBE C sIAPOM

Beenenne sipa B mHTErpasibHble OUJIMHENHBIE OIEPATOPHI THUIIA Xap/u IPeJcTaBsieT coboit
HOBOE HAIIPABJIEHUE B TEOPHUU OIEepaTOpoB. B obIeM ciiydae, TOCKOJBbKY KPUTEPHUil BBITOTHEHUST
WHTErpajJbHOTO HEPABEHCTBA THUIA Xapd C SAPOM B BECOBOM IpOocTpaHcTBe Jlebera me orpe;ie-
JIEH, OIPENIEJISIIOTCST PA3JIMIHbIE YCJIOBUS HA sIIPO, U IOJy4YaroTcst OoJiee MUPOKUE pPe3yJIbTaThl,
JeM B ciaydae 0e3 sapa. B mammo#t paboTe mCCIeMyIOTCS WHTErpajbHble OMIMHEHHbIE OTIePATOPSI
Tuna Xap/u, BKJIIOYAIOIINe Oleparopbl Xapau u Xapau-Bojibreppa, B BECOBBIX IIPOCTPAHCTBAaX
Jlebera. Ilosyvuenbl KpuTepuu BBITOJHEHUsT OMJIMHEHHBIX WHTETPAJbHBIX HEPABEHCTB THUIA Xap-
¢ sapamu u3 kmaccos OF m OF s nmamasonos mapamerpos 1 < max{p,r} < ¢ < oo,
1 < min{p,r} < ¢ < max{p,r} < cou 1 < ¢ < min{p,r} < oco. [Ipumensiercss urepannoHHas
TEXHUKA IS XapaKTEPU3AIUH OTPAHUYICHHOCTH HEKOTOPBLIX MYJIBTHJINHEHHBIX OIIEPATOPOB, CBO-
JdIas 3aa9y K CJIydalo JimHeiffHoro omeparopa. JlanHoe ucciieoBanne BHOCHT BKJIAJ B TEOPUIO
WHTErpajbHBIX ONEePATOPOB B (DYHKIMOHAJIBHOM AHAJN3E U MOYKET OBITh HCIIOJIb30BAaHO IIPU Ha-
XOXKJIeHNH pernernii nuddepeHmanpbix ypapaennii. [lomydennsie B paboTe pe3yabTaThl TOJTHO-
CTBIO OIHUCHIBAIOT YCJIOBUS BBITIOJHEHNs] OMIMHEAHBIX HEPABEHCTB C SIIPOM B IIMPOKOM JIHATIA30HE
mapamMeTpoB. DTO, B CBOIO 0OY€Pe/Iib, 32K bIBAET TEOPETUIECKYIO OCHOBY JIJIsT JTATHHEHIITNX UCCIIe-
JIOBaHUIl B JJAHHOM HAIIPABJIEHUU U [TO3BOJISIET PACIIMPHUTH TEOPUIO OIIEPATOPOB C SIIPOM Ha HOBBII
KJIACC HEPABEHCTB.

KoiroueBbie cjioBa: OGUIMHEHHBIN OMEPATOP, HEPABEHCTBO THUIA Xap/Id, ONEPATOP THUIa Xapu,
npocTpancTBo Jlebera, BecoBas pyHKIUS, SIAPO.

1 Introduction

Let I = (0,00),1 < p,q,r < oo and }—17—1—1% = 1. u,v, and w are weights, i.e. positive measurable
functions on /. We define the weighted Lebesgue space L, ,(I) as the set of all measurable

functions f on I for which the norm || f||,. = (f;* v(t)|f(t)|pdt)% is finite.
The well-known Hardy operator

H f(x):= /093 f(s)ds, x € (0,00),

and the inequality that describes when H; is bounded from L, ,(I) to L, (I)

(/Ooo(Hlf(ﬂf))qU(a:)dm) v <C (/OOO fp(x)v(a:)dx> l/p, >0, (1)

are now fully established for all ratios of the parameters p and ¢. A full and detailed history

of continuous and discrete Hardy-type inequalities is available in the books [1}/2] and their

equivalence with the inequalities on the cone of non-negative sequences is demonstrated in [3].
Further research in this area focused on the boundedness of operators of the form

Ky f(t) = /OtK(t,s)f(s)ds, t € (0,00), @)

in various function spaces. This investigation is complex. For instance, the boundedness of the
Hardy-Volterra operator K; from a weighted Lebesgue space L, ,(I) to L,,(I) is generally
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resolved for any kernels K (t,s) only for cases 1 < p < oo, ¢ =00, andp =1,1< g <
oo |4]. For the case 1 < p,q < oo, the general solution is still unresolved. Consequently,
the problem is typically addressed by imposing additional conditions on the kernels. V.D.
Stepanov initiated the investigation of Hardy-type integral inequalities with kernels [5,/6].
Back in 1991, S. Bloom and R. Kerman [7], as well as R. Oinarov [8], independently presented
a class of kernels K (x,t) that satisfy the following condition

dNK(t, 2)+ K(2,8) < K(t,s) <d(K(t,2) + K(z,5)) (3)

for 0 < s < 2z <t < 0o, where the constant d > 1 does not depend on s, z,t. In work [9], less
restrictive classes of kernels O;F and O, , n < 0 was introduced.

In recent decades, the bilinear Hardy operator B; has been the subject of study and is
defined as follows

Bi(f,9)(t) == Hif(t) - Hig(t), € (0,00).
Aguilar Canestro et. al. and Krepela have established the boundedness criteria for By from

L,,(I) x Lsw(I) to Lg,(I), which is equivalent to proving the bilinear weighted Hardy
inequality

([ uos 9)(t))th); <o “w(ﬂgr(t)dt)i ([ 0 fp(t)dt)i eso

for all possible ranges of the parameters 1 < p, q,r < oo (see [10,11]). In [10], the discretization
technique was used. However, this standard technical method is particularly complex for
characterizing the inequality . Subsequently, a simpler proof of the characterization of
was presented in [11]. This approach consists of two steps, each step treating the problem
as the standard Hardy inequality . The same method was also applied in 12| to describe
the bilinear Hardy-type inequality for decreasing functions. Recently, the validity of the
discrete version of inequality has been proven for all possible relation of the parameters
p,q, 7 |13]. Ongoing research also focuses on multidimensional cases of the bilinear inequality
[14], |15]. Recently, results on discrete bilinear Hardy inequality involving a matrix satisfying
the discrete version of condition (3)) have been obtained in [16] and [17].

The goal of this paper is to discuss the following bilinear Hardy-type inequality involving
the Hardy-Volterra operator and the Hardy operator:

g€ Lew(I), f € Lyy(D), (5)

for f,g > 0. Here, the kernel K(z,t) belongs to the classes Of and O;, which are less
restrictive than the classes of kernels that satisfy condition ({3)).

The conditions for the validity of a bilinear inequality of the form have previously
been obtained for kernels in the classes OF and O;. In |18], the authors applied results
obtained for the quasilinear operator to characterize the conditions for the validity of the
bilinear inequality under the parameter case 1 < r/(r — q) < p/q. This study considers
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the same parameter case but utilizes a different method. Note that this paper considers the
approach introduced in |11] to characterize the inequality . Due to the similarity of proofs
for kernels from the classes O and Oy, only the proof for inequality involving kernel
from the class O; is provided in this paper.

2 Materials and methods

Let a := pq/(p — q) for p > q and 5 := rq/(r — q) for r > ¢q. Throughout the article, the
symbol F < M means that £ < cM for insignificant constant ¢ > 0. The symbol £ ~ M
means that £ < M < E. Furthermore, X (44 (-) stands for the characteristic function of the
interval (a,b) C R.
Let’s give the definitions of the classes O; and Of.

Definition 1. Let K(-,-) be a non-negative function, defined on the set {(z,s),0 < s <
xr < oo}, measurable and non-increasing in the second argument. We say that the function
K(x,s) belongs to the class O if there exist non-negative measurable functions 7(-) and
Q(-,-) and a constant d > 1 such that

d YK (z,t) + T(2)Q(t,s)) < K(x,8) < d(K(x,t) + T (z)Q(t, s))

forallt,z,s :0<s<t<uz<oo.

Definition 2. Let K (-, -) be a non-negative function, defined on the set {(z,s),0 < s <z <
oo, measurable and non-decreasing in the first argument. We say that the function K (z, s)
belongs to the class OF if there exist non-negative measurable functions 7'(-) and R(,-) and
a constant d > 1 such that

dY(R(z,t)T(s) + K(t,s)) < K(x,s) < d(R(z,t)T(s) + K(t,5))

forallt,z,s :0<s<t<uz<oo.
Remark 1. (see |9]). The functions R(z,s) and Q(z,s) can be considered non-decreasing
with respect to the variable x and non-increasing with respect to the variable s.

To prove the main result, we require the following lemma and remark from [19]:
Lemma 1. Let A be a o-finite measure on [a, b], where a,b € RU{—o00,+0c0}. For v > 0, the
relations

/ f@)ir) | < / £(t) / F@)dr() | daE) < / f@)drz) | f >0,
a,b] [a,b] a,t] a,b]
(6)
v+1 v v+1
/ f@ire) | < / £(t) / f@)dAz) | dat) < / f@)drz) | f >0, (1)
a,b] [a,b] t,b] a,b]

hold. For v € (—1,0) and f[a . f(z)d\(z) < oo, relations (6]) and (7)) also hold.
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Remark 2. If v € (—1,0) and [, f(2)dA(z) = oo, then the second inequalities in (6) and
@ obviously hold.

We also use the following theorems related to the two weighted Hardy inequality
(see [2,20] and [21]):
Theorem A. Let u,v be weight functions. For p,q € (1,00) set

cmgm ([ ([ o) ) ([ o)

Then the following hold. (i) If 1 < p < q < 0o, then

C = sup (/ u(s)ds)q (/ vl_p'(t)dt)p :
0<x<oo T 0

(i) If 1 < g < p < oo, then

C ~ (/OOO </OO u(s)ds) : </O vl—P’(s)ds) ! T (x)dx)
~ (/OOO (/OO u(s)ds) </0 Ulp'(s)ds) i u(x)dx) é .

Theorem B. Let u,v be weight functions. For p,q € (1,00) set

C = sup (/OOO (/too f(s)ds)qu(t)dt); (/OOO fp(t)fu(t)dt); .

Then the following hold. (i) If 1 < p < q < oo, then

o sup ([ utris)" ([0 o) i

(1) If 1 < g < p < o0, then

3R

Q=

We also use boundedness criteria of the Hardy-Volterra operator from L,,(I) to
L, (I). The result from [|9] (Theorem 5) regarding the inequality

”Klqu,u < CHf”p,vv Vf € Lp,v([)v (8)

with a kernel belonging to the class O and O] can be rewritten as follows:
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Theorem F. Let 1 < p < ¢ < oo and the kernel K(x,s) of the operator belong to
the class OF. Then the inequality holds if and only if one of the following conditions is

satisfied:
% z 5
Fi = sup (/ R(x, z)u(x)dx) (/ Tp/(s)vl_p/(s)ds> < 00,
0<z<o0 z 0

2:033300(/ K¥ (2, 5)0 1?()013) ’ </:Ou(x)dx)é<oo.

Moreover, || K1|| &~ F; + F», where || K || means the norm the of operator ||K;|| from the space
L,,(I) to Ly.(I).

Theorem G. Let 1 < p < g < oo and the kernel K(z,s) of the operator belong to
the class Q7. Then the inequality holds if and only if one of the following conditions is

satisfied:
i 2 %
G1 = sup (/ Kz, z)u )dx) (/ vlp/(s)ds) < 00,
0<z<0
9 = sup (/szslp ) (/ Tz dm) < 0.
0<z<o0

Moreover, ||Ki|| ~ G1 + G, where ||K;| means the norm the of operator ||K;|| from the
space Ly () to Ly (1).

Moreover, the results for the case 1 < ¢ < p < oo read as follows (see [22]):
Theorem D. Let 1 < ¢ < p < oo and the kernel K(z,s) of the operator belong to
the class OF. Then the inequality holds if and only if one of the following conditions is
satisfied:

D, = (/Ooo (/too Rq(x,t)u(x)dx)z (/0 TP (s)v' p’(s)ds>
- </Ooo (/Ot KY(t, s)vl—P'(s)ds> ’ (/too u(x)dx) ’ u(t)dt> é < 0.

Moreover, ||K|| = Dy + Ds, where || K| means the norm of the operator || K| from the
space Ly () to Ly (1).

Theorem E Let 1 < ¢ < p < oo and the kernel K (z, s) of the operator belong to the class
O7 . Then the inequality holds if and only if one of the following conditions is satisfied:

Q=

S =

o
/

_Q

T (t)vt (t)dt) < 00,

3

[e3

b ([ ([ ) ([ o-vtm)o-vt0m) <o

By — ( /0 h ( /O o, s)vlp/(s)ds) ( / Ti(x dx) ’ Tq(t)u(t)dt> T

‘d\‘ o)
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Moreover, || K || = E;+ Es, where || K| means the norm the of operator || K7 || from the space
L,.,(I) to Ly, (I).

To conclude this section, we recall the following duality property of the L, ,(I) spaces. If
p € (1,00) and v is a weight, then for any f it holds that

(/000 fp(m)v(m)dx)’l’ _ i‘;% = }{2 o (;;)1/”" (9)

3 The main results

3.1 The results for the case 1 < max{p,r} < ¢ < occ.

Theorem 1 Let 1 < max{p,r} < ¢ < oo and assume that K(z,t) of the operator belongs
to the class Oy . Then the inequality holds if and only if the following quantities

1

= ([ o) s ([ oron)” ([ oot
= g ([wren) ([ reme)’ ([ @)

are finite. Moreover, C =~ max{Ay, A }, where C is the sharp constant in (@

==

Theorem 2 Let 1 < max{p,r} < ¢ < coand assume that K (x,t) of the operator belongs
to the class OF . Then the inequality holds if and only if the following quantities

1

at = ([[oroms)” s ([ o) ([ o)
6= g ([wras) ([ o) ([ o)

are finite. Moreover, C ~ max{Af, A}, where C is the sharp constant in (@

Proof of Theorem (1l Let 0 < f, g be such that [ f(s)ds, [;° g(s)ds < co. Assume
that the inequality holds with a the sharp C', then

¢ = supsp ( [ ute) ( [atwar) ([ IK(x,s>f<s>ds)qu)é 1AMl (1)

We define u(x ( fo ) . First we take the supremum over f > 0, by using Theorem
G, we obtain that

C = sup gl7s sup | I ( |t ( I K(x,sms)czs) dw)q ~ max (. L}, (11)
g=>0 f>0 0 0
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where

5= suplall L s ( / Kz, =) >d:c) ( / vlp’<s>ds)”7
0<z<o0

o= spllit sop ([ o) ([ Pntas)’
0<z<00 0

Now we estimate each term in separately. We set characteristic function and changing
order of supremum in .J; as follows:

1 1

z o [e'¢] x q q

5= s ([T ) supllled ([ vem @R ([ o) ar)
0<z<00 0 g>0 0 0

Since 1 < r < ¢, by using standard results from Theorem A (i), we get the following
equivalency

L

Ji ~ sup (/ vlp/(s)ds>p sup </ X(zvoo)(x)Kq(:c,z)u(x)d:c)
0<z<o0 0 0<t<oo t

Now, by dividing the range of the supremum with respect to t into two intervals we have
1

z i t , p
J, ~ sup (/ vl_p/(s)ds) max{ sup (/ Kz, 2)u )dx) (/ w'™" (s)ds) :
0<z<o0 0 0<t<z 0
t , %
sup (/ K%z, 2)u )da:) (/ w'™" (s)ds> }
z<t<oo 0

N R e (e N T
s ([ s ) (/otwl‘“%)b}

= o ([ ) s ([ wowouone) ([[oon)”

By changing the order of supremum in last expression we obtain

Q=
VR
O\H\

S
—
L
—~
w
S~—
Q.
wn
—_ N
%\‘,_.

Q=

N

Ty~ A7 (13)

Jo may be estimated using the same approach as J;.

e ([ @)

sup ot ([ xeo@T0nuto) ([ gtoar) ar)’

e
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Applying Theorem A (i), we proceed

1 1 1
7 7

n s ([0 @is)” s ([Txem@Teua) ([ o)

(14)

([ or o) e (/Jw”’<s>ds>:' (/f ranc)’
s ([ o=reom) " ([ Tiontos
= ([ @Ca )
a () ([ rene)’]
“ ([ ron) (/otwl“S“S):'(/foT"@’)“(@dﬂﬂ)é
s ([ ) ([ riomtom) s ([ e o)

The estimate Q(z,s) < Q(t, s) for z < ¢ follows from the fact Q(z, s) satisfying condition (3)).
It allows that the last supremum respect to z can be taken t, then

==

=

It follows by (L1), and (15) that C' =~ max{Ay, A;}.
Remark 3. Theorem [1] and Theorem [2] mean that the inequality (5]) holds for both cases
l<p<r<g<ocandl<r<p<g<oo.

3.2 The results for the case 1 < min{p,r} < ¢ < max{p,r} < oco.

Theorem 3 Let 1 <p < g <r < oo and assume that K(x,t) of the operator belongs to
the class Oy . Then the z'nequalz’ty [B) holds if and only if the following quantities
1 1

o o) (- om) (T )
By = sup. (Of Ul_pl(s)ds)pll (T( K(z, 2)u (x)dac)g ( Of wl—r’(s)ds) wl—r’(x)dt) ,
By = sup (Of Qp’(z,s)vl—p’(s)ds) ({ wl"“'(t)dt>1/ ( [Tz )dx);,

0<z<oco

|

B8
q

S +—Q



12 On weighted bilinear inequality with a kernel

s ({ > S)Ulpl(s)ds) # (f (f Ti(x )dm)g (oft wl’”’(s)ds) ‘ wi"’ (x)dt)é

0<z<0 z

are finite. Moreover, C' ~ max{Bj , By, By, B, }, where C is the sharp constant in (@

Theorem 4 Let 1 <p < g <r < oo and assume that K(x,t) of the operator belongs to
the class Of . Then the inequality holds if and only if the following quantities
1 1 1

Bf = sup ( Of Tp’(s)vlp’(s)ds)”' (f w”’(t)dt)” CfoRq(x,z)u(x)dx)q,

0<z<0 0

Bf = sup_ ( Of Tp’(s)vl—p’(s)ds) ’ (}o (:f}zq(x e m)g ( J" wl—r’<s)ds)
Bf — sup ( g“ Kp’(z,s>ulp’(s)ds) g (g"wl”(t)dt):/ (jou(x)dx);,

0<z<00 z

2w
=

wl_’",(x)dt> :

|-

B
1 B ‘ £

Bf — sup ( I Kp'(z,s)vl_p'(s)ds)p/ (T (j’ou(x)dx)q ( J wl—r’(s)ds> ()t

0<z<oo \ 0 z t
are finite. Moreover, C =~ max{B;, By, By, Bf }, where C is the sharp constant in

_Q

Proof of Theorem [3| The proof can be started as Theorem [I] Given that ¢ < r in this
theorem, Theorem A (ii) is applied to equation (12, yielding

1

Ji ~ sup (/ vl_p/(s)ds)p X
0<z<0 0

g ([ ([ ([ moeomianr)” ([Lorion)
(/ (/ Kz, 2)u )da:> (/Otwl‘r’(s)dsfwl—f’(t)dt>

By using Lemma 1 to the estimation above, we obtain

Q@
™|

1 1
v -

e ([ o) ((/OZ ) ([ e
(/ (/ Ki(z, 2)u )d:r)ﬁ(/otwl_T/(s)ds>

Uw
=

wl_T/(x)dt> ~ max{By, By }. (16)
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Similarly, J, can be proved. In this case, Theorem A (ii) applies to (14)), then

Jo &~ sup
0<z<o0

x(/oo ([ xeml >1< >dx)§
([eremns) ([

) (o)

sup
0<z<o0

' ( [ ([ e

< /0 07, s)vlp/(s)ds> 7

B
Y

)+

w'" (:z:)dt) ~ max{By, B, }. (17)

Summing up, from and we have the estimate C' ~ max{By, By, By, B; }.

Theorem 5 Let 1 <r < g < p < oo and assume that K(x,t) of the operator . belongs to
the class Oy . Then the inequality . ) holds if and only if the following quantities

1
M; = sup (fwl ds)
0<z<o0 \ 0
P &
My = sup (fw )
0<z<oo \ 0
P &
M; = sup (fwl_’“/(s)ds>
0<z<oo \ 0

J

(s
( »

J ()

Of( [ K9, tyu(x )d:):)q ( fvlp'(s)ds);vlp'(t)dt) ,
(oo )a' p’(t)dt)é,

)daz) (fQP (t,s)v'~ p(s)ds)qu(t)u(t)dt)

Q=

Q=

are finite. Moreover, C' = rnaX{M1 , My, My}, where C is the sharp constant in (5).

Theorem 6 Let 1 <r < g <p < oo and assume that K(x,t) of the operator belongs to
the class Of . Then the inequality holds if and only if the following quantities

1

z 4
M = sup (fwl_ ds)
0<z<oo \ 0
P W
M, = sup (fwl_ ds)
0<z<o0o \ 0
P w
M = sup (fwl_’”/(s)ds>
0<z<o0 \ 0

o0

]
]

J

z

t

(TRq(x, t)u(x)dx) ‘

z

(:foRq@;, t)u(x)dx) : < Oj ¥ (s)o!

( Oft TV (s)v!

(Futoe)? (s o) wom)

o
l

P (3)ds> TV (t)v' P (t)dt

o

-» (s)ds) LT () (4)dt

are finite. Moreover, C' ~ max{M,", M, M}, where C is the sharp constant in (@

Proof of Theorem 5] In the proof, Remark 1 will be applied as necessary. Applying Theorem

E to (10), it follows that

C ~ max < sup ||g[|;.s, (/ (/ Kz, t)u dx)
920

QR

( /0 t Ul—p’(sms)

o

Q

1
vt (t)dt) :

)
)

[un

[

[e7
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oot ([ ([ eo-som) ([ o) i

= max{[l, [2}

o
I

I
—~
o~
S—
QL
ISy
\—/
Q=

Now we estimate each one in (|18) separately and denote V(¢ ( IN Ll P ) v (). Tt
is obvious that p := % > 1. Moreover7 we can use @ to I, we find

I = sup [|g|l %
g=>0

« (i‘iﬁ /0 " h) /t " K, () ( /0 ' g(s)ds)q dadt ( /0 h hp’(s)vlp’(s)ds>

By changing order of supremum and using Fubini’s theorem, we deduce

S
\—/
Q=

1
=7

I, = sup ( / hp’(s)vlp’(s)ds) T
h>0 0

xsup gl (/OOO () (/Oxg(s)ds)q/oz Kq(x,t)h(t)dtdx); | (19)

9=z

We first apply Theorem A (i), and then proceed by substituting the characteristic function.

L
q

I ~ sup < /O h hp’(swlp’(s)ds)_p'q sup ( / " (o) /0 " K9z, t)h(t)dtdx) .

h>0

1
o7

X (/ wl_’",(s)ds) " —sup (/ wl_rl(s)ds) ' (Sup (/ hp/(s)Vl_p/(s)ds) X
0 2>0 0 h>0 0
x/ X(z,00) (T / K%z, t)h(t )dtda:) = sup (/ wl_’”'(s)ds) "%
0 z>0 0

X (Tﬁ% ( /0 h hp’<s)v1—P’(s)ds) v /O h h(t) /t b X(z.00) (7) Kz, t)u(x)dxdt) q :

We apply equation @ once more to the previous estimate and, after updating the notation,
we obtain

L

s ([ ) </ooo V) ([ om0 0u(o)d ' dt) %
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~ o (/OZ wl_r,(s)ds) : { </oz V() (/:o K(x, t)U(ﬂ:)daz) ‘ dt) é +
(/ (/ K%z, t)u a:) dt) ‘1’} ~ max{ M, M; }. (20)

Now, we consider the following quantity:

S — ( /O h ( /0 o, S)Ulp/(s)dfs) ’ ( /t h Tq(x)a(x)dx> ’ Tq(t)a(t)dt> ' .

S can be rewritten as

- </°OO ([ @) K <— ([ i) 3) ) '
: </ OO / td </ @ S>vl‘p’<s>d8) " (_ (/ OO Tq(x)U(a:)dl“> 3) ) |

( < /Tq:cua: ) ))
( </ > ([ >>“'

Let u(z) = (Jy Q7 (2

From the last estimate we rewrite I, as follows:

o~ sup gl [( [ (] o ([ o) ) ' du(z)) Z] )

Since p = % > 1, we apply @D to previous expression, we find

fo~ o lollo sop (/OOO hp,“)d“(t)) o ( /OOO A(t) /t T wula) ( /0 x g(s)ds)q dxdu@));
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by Theorem A (i)

1 1 1

b ([ ono) Tap ([T rene o) ([oon)” -
sup ([0 (5105 ) ’ (iglg ([ #tau) 7 7m0 [ e <x>Tq<x>u<x>dxdu<t>)

By applying (9) again, we colculate the following way

Q=

Jun

tasun ([t o) (/om ([ xest@mwnisiir) % d“@) a
( [ xemtemion ([ xeoomioneas)’ dxdmw) a
g ([ ) ([ rmtrins ([ vmtrinss) )
(/“*rq W ) [o([reonron)

= M. (22)

|=

According to (18], and (22), it follows C' &~ max{M; , M, , M; }.

3.3 The results for the case 1 < ¢ < min{p,r} < co.

Theorem 7 Let 1 < ¢ < min{p,r} < oo and assume that K(z,t) of the operator belongs
to the class Oy .
(1) If 1 < p < 3, then the inequality holds if and only if the following quantities

Fo= sup ( [t ) (T (:fqu(t,x)u(t)dt)Z (Of vlp/(s)ds>;l o (2)da

0<z<oc0 z

By = swp < [ >1' <T (ZOKq(t,z)u(t)dt>§ <Of wl—r’<s)ds) ' wl’"'(x)dx>é ,

N——
o

|=

dx)

Q=



A. Temirkhanova et al. 17
; b (oo /o 5 5 5
F; = sup (f QY (z,t)v' P (t )dt) (f (f Tq(t)u(t)dt) (f wl_rl(s)ds> ' wl_rl(x)dx>
0<z<oo \0 z \z 0
F; = sup (fw - >N<T(f7’q ) (prxs 1p(s)ds)p/>a
0<z<o0 z
are finite.

(ii) If 1 < B < p then the inequality holds if and only if the following quantities

b= [F (7 (Frmonr)” (forrioas)” oriom) ™ (Fut-rton) = wrion]
- 2; (3 (7 i) (Fur=om) wrioe) (o) o o]
b= P (7 (Fromn)’ (furrion) wrviom)™ (fortomsion) =
b= [ (7 (romom) a(fecomrioa)”) 7 (purrion) " o]

are finite. Moreover, C ~ max{F; ,Fy ,Fy ,F; } in case (i) and C ~ max{Fy , Fy , Fy , F;}
in case (ii), where C' is the sharp constant in (7))

Theorem 8 Let 1 < ¢ < min{p,r} < oo and assume that K(z,t) of the operator belongs
to the class OF .

(i) If 1 < p < 3, then the inequality holds if and only iof the following quantities

[

Ff = s (jw“’u)dt):'(;f (J e <>dt) (Jr o >ds);Tp’<x>v1p'<x>dx>a,
= (frre ”t)l/ (7 (P (o) o)
= (Jooeion) (F (Fuom)' (Fur o) o)
oo (o) (7 (o) a( e )

(1) If 1 < B < p then the inequality holds if and only if the following quantities

r(a—1)

B = |:Ofo (T (j’ORQ(s,t)u(s)ds)E <ftTP'(s)vlp/(s)ds> ! Tp’(t)vlpl(t)dt> (fwlfrl(s)ds) o wlr'(x)da:] ,
0 T t 0 0
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P p(B—1)

7 /T s p—p t p—B
! (fwlfr’(s)ds)“ wlr’(x)dx> <0fTP’(s)v1P’(s)ds o TP’(t)ulp’(t)dt]

B8 B

(
s stpp
(fu(s)ds)E (fwl*r’(s)ds)7 wlr’(m)dx> h (g‘ K (¢, s)vlp'(s)ds> i (C:fou(s)ds)

Ff = [ZO <Ofo (T “<s>d8> i <0ft C S>v1p'(s>ds> ) . (J wl”"'(s>d8) o wl’“(z)dz] B

are finite. Moreover, C ~ max{F}", Fy", F;", F;"} in case (i) and C ~ max{F}", F,f, Fst, F,f}
in case (i), where C is the sharp constant in

Proof of Theorem [7 The proof of this theorem begins in the same way as Theorem [f| By
applying Theorem A (ii) to (19), it follows that

_ 1
=

I ~ sup (/ hp/(s)lel(s)ds> T
h>0 0

(/OOO (/OO u(x) /0 K%m,t)h(t)dtdm)g (/Ozwl—f’(s)ds)

We define W(z) = (f5 w )ds) @
two parts, then we conclude

U

w'™" (2). Next, we divide the range of the integral for

1

1

. ( /0 h ( / " u@) /0 ) Kq(:c,t)h(t)dtd:v>§W(z)dz) o

I, ~ sup </ hp'(s)le,(s)ds) ’
h>0 0

< /0 h ( / " (@) / ’ Kq(a:,t)h(t)dtda:)gW(z)dz)é

L

. !
A max { sup (/ hp/(s)le/(s)ds>
h>0 0

( [ ([ 00 [ s ipeyaear) W@dz) ,
sup (/Ooohﬁ’(s)vl—ﬁ’(s)ds)p}q (/ (/ / K9(z,t)u dmdt) W(z)dz)

= max{]ll,]m}. (23)

™|

Here, we have two possible cases:
) 1<p<lelcp<p,; i) l<l<pelcp<p
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In case (i), we apply Theorem B (i) to I4;.

Iy~ [ sup ( / b ( / b KI(t, x)u(t)dt)pV(l_p')(l_p)(m)d:ﬁ)

B |-
VR
c:\l3

=
Nt
&
N————
| E— |
l

0<z<o0

sup ( / h ( / h Kq(t,x)u(t)dt)z ( /0 ’ Ulp’(s)ds)

e
4
—
<,
&
QL
3
N———
Q=
N
N
Q
SH
|
1\
=
S~—
QL
~
N———
e
|
=

0<z<oo

In case (ii), Theorem B (ii) can be used to estimate [y;.

B/a@ —1) _B/q

- ( | ( I Kq<s,t>u<s>ds)pv(l—ﬁ’ﬂl—ﬁ)(t)dt) o ( / IW(s)ds)” "
W (w)da] T4 /0 ~ ( / h < /t h KQ(s,t)u(s)dsf ( /O tvl_”/(s)ds> vl"’/(t)dt> x

r(a—1) ar

( /0 xwl’"/(s)ds> T (0)da

= [7° Kz, t)u(z)dz in I)5. Given the relation 0 < ¢ < s <
s < zx. Accordlng to Definition 1, the kernel K (z,t) satisfies

3 (25)

I
—

There exists a kernel K
z, it can be deduced that 0 < t

K(z,t):/ Kz, t)u dxw/ Ki(z,s)u dx—l—Qqst/ T4 (z)u(r)dr

= K(z,8)+ Q(s,t)U(z).
It indicates that the the kernel K (z,t) satisfies condition of class O; . Therefore, I}, can be
estimated using Theorem G in the following way for case (i):

Iy ~max{ | sup ( / h < / h Kq(t,z)u(t)dt)g ( /O xwlrl(s)ds) w“’@)dx)

0<z<oo

([ ) ([ ([ romonm)” ([ o1
(/0 (/Otvl_p/(s)ds) ’

Ql~

Q“(z,t)vt /(t)dt> = max{F;, , F; }.
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In case (ii), by Theorem E

e { V“’ </ (e t>“<8>d5)§ ([ o eas)

B8
q

([O (/OO Tq(s)u(s)als)ng (/Oxw”'(s)ds) :
([ w) -

pB
Next we estimate I in ([21]). According to Theorem A (ii), we obtain

B

Q|

w" (t)dt] } = max{Fy , F; }. (27)

1

g (o) ([ () romo [romion) woe)
. max{ [ii% ( [ hp’<t>du<t>)_”1’ ( I ( [ h(s)du<s>)§ ( A frq@)u(t)dt) 5 W(m)dx> ] % |
lffilo) (/Ooohp/(t)du(t))_pl (/ </ / Tt )u(t)dtdu(s > W(:c)d:c) ]}

= max{[zl, [22}. (28)

)

i

Here, both case (i) and case (ii) will be also considered. In case (i) we apply Theorem A (i)
and Theorem B (i) to I; and Iy, respectively.

S (/ du(t))p ( 7 ( 7 T Q<t)u<t>dt)qw<w>daz>6 = Fy (29)
fn ™ _OEBE; (/ W<s>ds)g ( 7 (7 T q<t>u<t>dt)pdu<x>) ] | ~ Fy. (30)

Qe
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In case (ii), application of Theorem A (ii) to I5; and Theorem B (ii) to I, yields that

max{ Iy, I} ~ max{Fy; , F; }. (31)

The inequality

o
7

[ ([e ) @t wa < ([ @) : .

follows from the fact that o = p’ —|—p’§ and Q(t,s) < Q(t,z) for 0 < z < s <t < 00, as well
as the application of Lemma 1.

The inequality allows us to compare F; < Fy and F; < F. . Therefore, the letter
and ((18),(19), ([23)-(31)) give that C ~ max{F, , F, ,F;, F; } in case (i),

C ~max{F,,Fy,F;,F; }in case (ii).

4 Conclusion

Hardy-type operators are typically first examined without a kernel and subsequently with
a kernel that satisfies specific conditions, that is, wider results are obtained than in the
case without a kernel. The criteria boundedness of operator for general kernel classes are
particularly valuable. The inequality in [11] was previously studied for bilinear operators
without a kernel. The present work extends the research initiated in [11], introducing a new
direction in operator theory. At the same time, we applied the method presented in this work
to derive the main results. Specifically, necessary and sufficient conditions for the validity of
the integral bilinear inequality ([5), involving a kernel operator from the classes O7 and OF,
are obtained. Future investigations will address bilinear integral operators with kernels from
wider classes than Of and Op, considering various cases for the parameters p, ¢, and r.

Acknowledgment

This research received financial support from the Ministry of Science and Higher Education
of the Republic of Kazakhstan (Grant No.AP23488579).

Authors contribution

All authors contributed equally to writing, reviewing, and editing the manuscript and
approved the final version.

References

[1] Hardy, G. H., J. E. Littlewood, and G. Polya. Inequalities. Reprint of the 1952 edition.
Cambridge Mathematical Library. Cambridge: Cambridge University Press, 1988.

[2] Kufner, A., L. Maligranda, and L.-E. Persson. The Hardy Inequality: About Its History
and Some Related Results. Plzen: Vydavatelsky Servis, 2007.



22

On weighted bilinear inequality with a kernel

13l

4]

[5]

(6]

7]

8]

19]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

Bokayev, N.; A. Gogatishvili, and N. Kuzeubayeva. “Reduction Theorems for Discrete
Hardy Operator on Monotone Sequence Cones 0 < p < 1.7 KazNU Bulletin.
Mathematics, Mechanics, Computer Science Series 128, no. 4 (2025): 12-24.

Kratkov, V. V. Integral Operators. Novosibirsk: Nauka, 1983. (in Russian)

Stepanov, V. D. “On a Weighted Inequality of Hardy Type for Derivatives of Higher
Order.” Proceedings of the Steklov Institute of Mathematics 187 (1990): 205-220.

Stepanov, V. D. “Weighted Inequalities of Hardy Type for Fractional Riemann—Liouville
Integrals.” Siberian Mathematical Journal 31, no. 3 (1990): 513-522.

Bloom, S., and P. Kerman. “Weighted Norm Inequalities for Operators of Hardy Type.”
Proceedings of the American Mathematical Society 113, no. 1 (1991): 135-141.

Oinarov, R. “Two-Sided Norm Estimates for Some Classes of Integral Operators.”
Proceedings of the Mathematical Institute of the Russian Academy of Sciences 204 (1993):
240-250. (in Russian)

Oinarov, R. “Boundedness and Compactness of Integral Operators of Volterra Type.”
Siberian Mathematical Journal 48, no. 5 (2007): 1100-1115. (in Russian)

Aguilar Cafestro, M. 1., P. Ortega Salvador, and C. Ramirez Torreblanca. “Weighted
Bilinear Hardy Inequalities.” Journal of Mathematical Analysis and Applications 387
(2012): 320-334.

Kfiepela, M. “Iterating Bilinear Hardy Inequalities.” Proceedings of the Edinburgh
Mathematical Society 60, no. 4 (2017): 955-971.

Kiepela, M. “Bilinear Weighted Hardy Inequality for Non-Increasing Functions.”
Publicacions Matematiques 61, no. 1 (2017): 3-50.

Jain, P., S. Kanjilal, G. E. Shambilova, and V. D. Stepanov. “Bilinear Weighted Hardy-
Type Inequalities in Discrete and g-Calculus.” Mathematical Inequalities € Applications
23, no. 4 (2020): 1279-1310.

Stepanov, V. D.; and G. E. Shambilova. “Multidimensional Bilinear Hardy Inequalities.”
Doklady Mathematics 100, no. 1 (2019): 374-376.

Stepanov, V. D., and G. E. Shambilova. “On Two-Dimensional Bilinear Inequalities with
Rectangular Hardy Operators in Weighted Lebesgue Spaces.” Proceedings of the Steklov
Mathematical Institute 312 (2021): 251-258. (in Russian)

Zhangabergenova, N., and A. M. Temirkhanova. “Weighted Inequalities for Discrete
Bilinear Hardy-Type Operator with a Matrix.” Turkish Journal of Mathematics 49
(2025): 421-438.

Zhangabergenova, N., and A. Temirkhanova. “Weighted Bilinear Discrete Hardy-Type
Inequality for Class of Matrix Operator.” Journal of Mathematical Inequalities 19, no. 3
(2025): 839-864.



A. Temirkhanova et al. 23

[18] Kalybay, A., and R. Oinarov. “Weighted Estimates Containing Quasilinear Operators.”
Springer Proceedings in Mathematics and Statistics 357 (2021): 297-318.

[19] Prokhorov, D. V. “Hardy’s Inequality with Three Measures.” Proceedings of the Steklov
Institute of Mathematics 255 (2006): 221-233.

[20] Bradley, J. S. “Hardy Inequalities with Mixed Norms.” Canadian Mathematical Bulletin
21 (1978): 405-408.

[21] Sinnamon, G., and V. D. Stepanov. “The Weighted Hardy Inequality: New Proofs and
the Case p = 1.” Journal of the London Mathematical Society 54 (1996): 89-101.

[22] Arendarenko, L. S., R. Oinarov, and L.-E. Persson. “On the Boundedness of Some Classes
of Integral Operators in Weighted Lebesgue Spaces.” Eurasian Mathematical Journal 3,
no. 1 (2012): 1-17.

Information about authors:

Temirkhanova Ainur Maralkyzy — PhD, L.N. Gumilev Eurasian National University (Astana,
Kazakhstan, e-mail: ainura-t@yandex.kz).

Zhangabergenova Nazerke Salmenkyzy — PhD, L.N. Gumilev FEurasian National University
(Astana, Kazakhstan, e-mail: zhanabergenova.ns@gmail.com,).

Ruskul Oinarov — Doctor of physical and mathematical sciences, L.N. Gumilev FEurasian National
University (Astana, Kazakhstan, e-mail: o ryskul@mail.ru,).

Asmopaap mypaav, MIAIME:

Temupxanosa Atunyp Maparxwsv, — PhD, JI.H. Iymunes amoindazv, Eypasus yammuk yrueep-
cumemi (Acmana, Kazaxeman, asexkmpondo, nowma: ainura-t@Qyander.kz).

Kanabepeenosa Hasepre Caamenxwsve — PhD, JIL.H. I'ymusres amomdaev, Eypasus yammolk,
yrnusepcumemi (Acmana, Kasaxcman, anexkmpondo. nowma: zhanabergenova.ns@gmail.com,).

Otinapos Puickyn — dusuka-mamemamura 2uavimoapvirviy, doxmopot, JI.H. Iymures amvirndazv
Eypasus yammows yrusepcumemi (Acmana, xazaxeman, aaexkmpondo. nowma: o ryskul@mail.ru).

Ceedenus 06 asmopos:

Temupzanosa Atnyp Mapasxwsv, — PhD, FEepasuiickuil ynusepcumem umeny JI.H. lymuiresa
(Acmana, Kaszaxcman, ssexmponnas nowma: ainura-tQyandex.kz).

Kanabepeenosa Hasepre Caamenxusv. — PhD, Espasutickut ynusepcumem umenu JI.H. Tymu-
aesa (Acmana, Kasaxcman, srexmponnan nowma: zhanabergenova.ns@gmail.com,).

Otnapos Puickys — doxkmop dusura-mamemamuyeckur wayk, Fepasulickul ynusepcumem
umeny JI.H. lymunaesa (Acmana, Kazaxcman, ssexkmponnas nowma: o ryskul@mail.ru,).

Reuvised: July 13, 2026
Accepted: September 24, 2026



	Introduction
	Materials and methods
	The main results
	The results for the case 1<max{p,r}<=q<infty.
	The results for the case 1<min{p,r}<=q<max{p,r}<infty.
	The results for the case 1<q<minp,r<∞.

	Conclusion

