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ALGORITHMIC LEARNING OF SUBSPACES IN COMPUTABLE VECTOR
SPACES

Algorithmic learning of algebraic structures connects computability theory with artificial
intelligence. Classical inductive inference mainly deals with formal languages and recursive
functions. In contrast, analyzing vector spaces allows us to explore the theoretical limits of
automated scientific discovery. This study investigates the algorithmic learnability of subspace
families in computable vector spaces over a computable field. We focus on the fundamental family
of all finite-dimensional subspaces and examine whether learnability is an isomorphism invariant.
By combining constructive model theory with Gold’s paradigm of identification in the limit, our
results identify the exact recursion-theoretic barriers to learning algebraic invariants. We use the
classical model of explanatory learning in the limit from positive data (Ex-learning), where Turing
machines act as learners. By applying canonical index numberings of finite sets and effective
quotient space constructions, we establish two fundamental theorems. Our first result shows that
if a computable vector space has a decidable linear dependence relation, the family of all its finite-
dimensional subspaces is Ex-learnable.. Second, we construct a computable vector space where the
relation of linear dependence is undecidable. By using an effective priority-style diagonalization
argument, we prove that the family of finite-dimensional subspaces in this space fails to be Ex-
learnable. These results prove that algorithmic learnability is not an isomorphism invariant of an
abstract algebraic structure. Instead, it is strictly governed by the algorithmic complexity (Turing
degree) of the linear dependence predicate. This finding provides a theoretical foundation for
automated theorem proving and neuro-symbolic Al systems.

Keywords: computable vector space, algorithmic learning theory, inductive inference, linear
dependence, computable numberings.
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EcenreniMai BEeKTOPJIBIK, KeHiCTiKTepaeri inmki KeHicTikTepal aJlropuTM/IiK OKBITY

AurebpasibiK, KYpBLIBIMIAP/IBI AATOPUTMIIK OKBITY €CENTeIMJIIIK TeOPUICHIH YKACAH bl WH-
TeJITEKTIEH OalIaHbICTRIPAIbl. KIIaCCUKAJIBIK, WHIYKTUBTI KOPBITHIHIBLIAY HETi3iHeH (POpMaIIbl
TiIIEpMeH »KoHe PEeKYPCUBTI PYHKIUIIapMeH KyMbIc icTeitai. Kepicinie, BEKTOPIBIK KEHICTIK-
TeP/Ii TAJIIay aBTOMATTAH/IBIPHIIFAH FHIJIBIMU YKaHAJIBIKTAP/IbIH TEOPUSJIBIK, IIEKAPAJIAPbIH 3€PTTe-
yre MyMKiHIiK 6epesi. Byn zeprrey ecenreniMai epic ycTiHeri ecenTeiMIi BEKTOPJIBIK, KEHICTIK-
Tep/ieri ikl KeHICTIKTep *KUbIHIAPBIHBIH, aJITOPUTMIIK OKBITBLIYBIH 3epTTeiil. Bi3 6apibik akbIp-
JIBI ©JIIIEM/I iMKI KeHICTIKTep/IiH (PyHIaAMEHTAIIb KUBIHBIHA HA3ap ayaapaMbI3 KoHE OKBLITHIIY-
JIBIH T30MOP(MU3M WHBAPUAHTHI OOJIBITT-00IMaNTRIHEIH TeKcepeMi3. KoHCTpyKTuBTI MoeIbaep Teo-
pusicera [oaThIH 1TeKTeri naeHTHUKAIMIAY MapaurMachiMen 6ipiKTipe OTBIPDIT, 6i3/TiH HOTH-
2KeJIepiMi3 aJireOpaJIblK, THBAPUAHTTAP/bI OKBITY/IAFbl HAKTHI PEKYPCUBTI-TEOPUSIJIBIK KeJIepriiep-
Ji aHbIKTalAbp. Bi3 mosuTusTi gepekrep GoiibiHina mekTe TyciHmipmeni oKbITyabH (Ex-oKbiTy)
KJIACCUKAJBIK MOJIEJIIH KOJIJIAHAMBI3, MYH/Ia ThIOpUHT MalllMHAJIAPBI OKBITYIIBI areHTTep pPeTiHje
opeket eresi. [lekTeysi KUBIHAAPIBIH, KAHOH/IBIK WHIEKCTIK HOMIPJIEHYIH 2KoHe TuiMi dhakTop-
KEHICTIKTep KOHCTPYKITUSIIAPHIH KOJIIAHA OTHIPHII, 0613 eKi Heri3ri TeopeMaHbl gateeimisz. Bipin-
Il HOTM2KEMI3 KOPCETKEH/IEl, erep ecenTesiMIi BEKTOPJIBIK, KEHICTIKTe MIeNIiM/Il ChI3BIKTHIK TOY-
eJIIIIK KAaThIHACKI 00JICa, OHIA OHBLIH OapJIBIK aKbIPJIbI OJIIEM/Il iMKi KeHICTIKTEep *KULIHBI Ex-
OKBITBLIATHI.
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Exinmrien, 6i3 ChI3BIKTHIK, TOYEILIIK KATBIHACKHI MIEMTIIMCI3 OOJIATBIH eCenTeiMIl BEKTOPJIBIK,
KeHicTik KypaMmbi3. [Ipuopurertep omiciMer TuimM/ii [uaroHaIay J9JIe/Ieyin KOJIIaHa OThIPHII, 013
OY/T KEHICTIKTErl aKbIpJIbl OJIIMIEM/I iITKi KeHICTIKTep KUBIHBIHBIH EX-OKBITHIIMANRTBIHBIH 1071
Jaeiimiz. By HoTHXKeIep aTOPUTM/IIK OKBITBLIYABIH a0CTPAKTTHI aJIreOPAJIbIK, KYPBLIBIMHBIH T30~
Mophu3M MHBAPUAHTHI eMec eKeHiH jomenseiiai. Kepiciuie, o KaTaH Typ/e CHI3BIKTBHIK TOyeJ-
JUTIK [IpeIMKATBIHBIH aJropuTMaik Kypaesiiriven (Tohiopunr mopexeciMen) aHbIKTaIabl. Byt
TYKBIPBIM TeOPEeMAJIaP/Ibl aBTOMATTHI TYPJIE TRy Kyiiesiepl MeH HeIPOCUMBOJIIBIK 2KACAHTHI
WHTEJIJIEKT Kyiesepi YIIiH TeOPHUIBbIK, HeTi3 KAMTaMaChl3 eTeTl.

Tyitin ce3mep: ecenreiMl BEKTOPJBIK KEHICTIK, AJTOPUTM/IIK OKBITY TEOPUSCHI, WHIYKTHBTI
KOPBITBIH/IBLIAY, ChI3BIKTHIK TOYEJJILIK, ecernTe/ M/l HoMipJIey.
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AnropurMudeckoe obydeHne MOANPOCTPAHCTB B BbIYUCINUMBIX BEKTOPHBIX MPOCTPAHCTBAX

Asnropurmudeckoe obydeHre aaredpamvecKuX CTPYKTYD CBSI3BIBAET TEOPUIO BBLIYUCIAMOCTH
€ MCKYCCTBEHHBIM MHTEJIEKTOM. Kiraccmyecknit MHYKTHBHBIN BBIBOJ, B OCHOBHOM HMEET JIEJI0 C
dopMaIbHBIMU SI3BIKAMH U PEKYPCUBHBIME (PYHKIUSIMUA. B oT/IMdme OT 9TOro, aHaJM3 BEKTOPHBIX
IIPOCTPAHCTB ITO3BOJISIET HUCCJIEIOBATH TEOPETUIECKUE IIPENEbl aBTOMATU3UPOBAHHBIX HAYIHBIX
oTkpbITHil. /JaHHOE MCCIeoBaHME M3ydYaeT aJrOPUTMHUYECKYI0 00ydaeMOCTh CEMEHCTB IOIIpPO-
CTPAHCTB B BBIYMCIUMBIX BEKTOPHBIX IIPOCTPAHCTBAX HAJI BBIYUCJUMBIM 1mojieM. MbI cocpemora-
quBaeMCsl Ha (DYHIAMEHTAJIBHOM CeMeHCTBE BCEX KOHETHOMEPHBIX IOJIPOCTPAHCTB U BBISCHSIIEM,
SIBJISIETCSI JIX 0OYYaeMOCTbh WHBapHaHTOM u3oMopdusma. OObeauHsis TEOPUI0 KOHCTPYKTHBHBIX
Mojiesteit ¢ mapaaurmoit l'osima 06 npeHTHdUKAIMN B TIpejiesie, HAIA PE3YJIbTATHI BBISABJISIOT TOU-
HBbIE PEKYPCUBHO-TEOpPETUYIECKUe bapbepbl i 00yUueHus ajaredpandeckuM mHBapuanTtam. Mbr uc-
[TOJTB3YEM KJIACCHIECKYIO MOE/Ib OO bSICHUTEILHOTO 00y IeHNs B IIPEJIesie 0 TO3UTUBHBIM JAHHBIM
(Ex-obyuenue), rje B KadecTBe OOYYAIOIUXCS AreHTOB BBICTYHAIOT MallMHbl 1biopunra. [Ipu-
MeHsIsT KAHOHHYIEeCKHEe HYMEPAIUU KOHEIHBIX MHOXKECTB M KOHCTPYKINHU 3P HEKTUBHBIX (HaKTOD-
IIPOCTPAHCTB, MbI YCTAHABJIUBAEM JBe (pyHIaMEHTaIbHbIE TeopeMbl. Halll epBbIil pe3ysibrar moka-
3BIBAET, UTO €CJIA BBIYUCIUMOE BEKTOPHOE ITPOCTPAHCTBO UMEET PA3PEITNMOe OTHOIIEHUE JIMTHEWHOH
3aBUCUMOCTH, TO CEMEHCTBO BCEX €ro KOHETHOMEPHBIX MMOAIIPOCTPAHCTB SBJsieTcss Ex-00yaaeMbiM.
Bo-BTOpBIX, MBI CTPOUM BBIYUCIMMOE BEKTOPHOE IIPOCTPAHCTBO, B KOTOPOM OTHOIIEHUE JIMHEN-
HOW 3aBUCUMOCTHU HepazpemunMo. Vcnob3yst 3deKTUBHBI METOJT AMArOHAIU3AINH C IIPUOPUTE-
TaMU, MbI JIOKA3bIBAEM, YTO CEMEHCTBO KOHEYHOMEPHBIX IOJIIPOCTPAHCTB B 9TOM IIPOCTPAHCTBE
He siBJisieTcs Ex-00ydJaeMbIM. DTH Pe3yJIbTaThl JOKA3BIBAIOT, YTO aJrOPUTMUYECKAs 00yIaeMOCThb
HE sIBJISIETCsI MHBAPUAHTOM M30MOpP(du3Ma abCTPaKTHON anaredbpanmdeckoit crpykrypsl. Hamporus,
OHA CTPOTO OIIPEJENISIeTCs AJTOPUTMUYECKOH CJI0KHOCTBIO (THIOPHHIOBOI CTEIEHBIO) IIPEJIUKATA
JIMHETHON 3aBuCHMOCTH. JIaHHBIN BBIBOJI MIPEJIOCTABIISIET TEOPETUIECKYIO OCHOBY JIJISi CUCTEM aB-

TOMAaTHUYECKOT'O JOKA3aTeIbCTBA TEOPEM U HEHPOCHMBOJIMYECKOTO UCKYCCTBEHHOI'O MHTEJJIEKTA.
KurrogueBbIe ci10Ba: BBIYUCINMOE BEKTOPHOE IPOCTPAHCTBO, TEOPUS aJTOPUTMUIECKOT0 00y YeH U,

I/IH,Z[‘yKTI/IBHbIIjI BBIBO/I, JIMHEHAA 3aBUCUMOCTD, BbIYUC/JIUMbIC HyMepallun.

1 Introduction

Algorithmic Learning Theory (ALT), initiated by E. M. Gold in his 1967 study of
identification in the limit [5], investigates the capability of algorithmic learners to infer rules
or structures from data. While early inductive inference research focused primarily on formal
languages and recursive functions, the field has since expanded to explore deep connections
with algebraic structures and mathematical logic |1L|13].

The foundational framework for examining the algorithmic properties of algebraic models
relies on the theory of constructive models, established by Mal'tsev [10] and advanced by
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Ershov and Goncharov [4]. In this paradigm, a structure is computable if its domain is
enumerated by a Turing machine and its operations are represented by total computable
functions. A central issue in this area is how the syntactic descriptions of model classes
interact with their algorithmic complexity, often analyzed using the Ershov hierarchy and
Turing degrees [6},/15].

Investigating the learnability of specific substructures — such as ideals in rings or
subgroups of abelian groups — began with Stephan and Ventsov [16]. Their results
demonstrated that the learnability of such families is governed by their topological
and recursion-theoretic complexity. To formalize these learning processes, the theory of
computable numberings, developed by Badaev and Goncharov |2|, provides the necessary
structural architecture for managing canonical hypotheses.

The learnability of subspaces in vector spaces was significantly advanced by Harizanov
and Stephan [8]. They focused on recursively enumerable (r.e.) infinite-dimensional subspaces,
showing that learnability is linked to properties such as the existence of low linear dependence
algorithms. Additional research by Harizanov et al. [7] further highlighted how vector space
automorphisms and embeddings depend on the algorithmic complexity of the basis.

Despite these advancements, the role of finite-dimensional subspaces remains fundamental
to linear algebra and automated reasoning. A significant open question arises regarding
the interaction between algorithmic learning and pure algebra: does the simplicity of an
algebraic structure — specifically its finite dimension — guarantee that the corresponding
inductive inference task is computationally robust? Furthermore, the question of whether
algorithmic learnability acts as an isomorphism invariant within these classes warrants formal
investigation, which we address in the present study.

Object of study: The fundamental family of all finite-dimensional subspaces within
computable vector spaces over a computable field (specifically, the field of rational numbers

Q).

Subject of study: The algorithmic complexity of explanatory learning in the limit (Ex-
learning) for families of finite-dimensional subspaces, and its dependence on the Turing degree
of the linear dependence relation.

Aim and Objectives: The primary aim of this paper is to determine whether the
algorithmic learnability of finite-dimensional subspaces is an isomorphism invariant of the
vector space, or if it is strictly governed by the constructive presentation of the space. To
achieve this aim, we set the following objectives: (1) to construct an algorithmic learning
procedure for spaces with a decidable linear dependence predicate; (2) to design an effective
priority-style diagonalization construction of a computable vector space with an undecidable
linear dependence predicate; and (3) to evaluate the convergence of algorithmic learners on
this family.

Hypothesis: We hypothesize that despite the topological simplicity of finite-dimensional
subspaces (each being finitely generated and closed), their Ex-learnability is not an invariant
of the algebraic structure itself, but is strictly dictated by the algorithmic decidability of the
linear dependence relation.
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2 Materials and Methods

The research relies on the rigorous mathematical apparatus of computability theory, Turing
machines, constructive algebraic systems, and Gold’s formal model of identification in the
limit from positive data. We assume familiarity with standard notations of recursion theory as
outlined by Soare 15| and Rogers [14]. Let w = {0, 1,2, ... } denote the set of natural numbers.
Throughout this paper, we consider vector spaces over a computable field F'; without loss of
generality, we fix F' = Q, the field of rational numbers with its standard effective encoding.

Definition 1. A vector space V over a computable field F' is called a computable vector
space if it satisfies the following effective conditions:

1. The underlying domain |V| is a computable (recursive) subset of w.

2. The vector addition operation +: |[V| x |[V| — |V| and the scalar multiplication
operation -: F' x |V| — |V] are total computable functions.

3. The equality relation = on |V is algorithmically decidable.

While the fundamental arithmetic operations of a computable vector space are guaranteed
to be computable by definition, the deeper algebraic structure — such as basis extraction and
subspace generation — may exhibit immense algorithmic complexity. The pivotal recursion-
theoretic parameter of a vector space is the complexity of its linear dependence relation [11].

Definition 2. A computable vector space V is said to have a decidable linear dependence
relation if the set of all linearly dependent finite tuples of vectors in V', defined as

k
Dy = {(v1,vs,...,v) € |V|F| there exist ay,...,a, € F not all zero such that Zaivi = 0},
i=1
is a computable (recursive) set. Otherwise, the linear dependence relation is called
undecidable.

2.1 The Algorithmic Learning Model

We formalize our investigation using the classical paradigm of explanatory learning in the
limit from positive data (Ex-learning), originally introduced by Gold [5] and extensively
formalized for indexed families by Jain et al. [9]. Let £ be a designated family of subspaces
of a computable vector space V.

A positive presentation (or a text) for a subspace S € L is an infinite sequential
enumeration of vectors o = (vg, vy, ve, ... ) from V such that the range of the sequence equals
the subspace precisely: rng(o) = {vo, v1,v9,... } = S. We denote by o[n] = (v, v1,...,Vn-1)
the finite initial segment of length n of the text o.

An algorithmic learner is a total Turing machine M that maps finite initial segments
of texts to hypotheses. To represent hypotheses mathematically, we utilize canonical index
numberings of finite sets [3]. Let Dy denote the canonical finite set of vectors in V' associated
with the index k € w under a standard bijection between w and the collection of all finite
subsets of w. A hypothesis output by the machine, h,, = M(c[n]), is interpreted algebraically
as the finite-dimensional subspace spanned by the finite generator set Dy, :

Hypothesis h,, = span(D,, ).
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Definition 3. A family of subspaces L is said to be Ez-learnable (Ex-identifiable in the
limit) if there exists a Turing machine M such that for every target subspace (the specific
subspace to be identified by the learner) S € £ and for every possible positive text o for S,
the infinite sequence of conjectures generated by M,

M(a[0]), M(a[1]), M(a[2]), ...,

converges to a correct canonical index of S. Formally, there must exist a stabilization stage
no € w and a fixed index h* € w such that for all n > ng, we have M(o[n]) = h* and
span(Dy+) = S.

Our methodological framework constructs explicit algorithms for learning when linear
dependence is computable, and employs priority-based diagonalization constructions over
quotient spaces V,,/span(R) to prove non-learnability when dependence is undecidable.

3 Results and Discussion

In this section, we present our main theorems regarding the learnability of the family of all
finite-dimensional subspaces, denoted henceforth as Lg,(V'). We first establish that effective
algebra guarantees learnability, and then prove our negative diagonalization result.

3.1 Positive Learning Theorem

We begin by demonstrating that "standard"computable vector spaces — such as the finite-
dimensional rational spaces Q™ or the infinite-dimensional space of rational polynomials
Q[z] with their natural representations — permit effective identification of all their finite-
dimensional subspaces.

Theorem 1. Let V' be a computable vector space over Q with a decidable linear dependence
relation. Then the family Ls,(V') of all finite-dimensional subspaces of V' is Ex-learnable.

Proof. By Definition 2, the assumption that V' has a decidable linear dependence relation
implies the existence of a total algorithmic procedure IsDependent(v,{by,...,br}) which
accepts a vector v € V and a finite set of vectors {by,...,b} C V, terminating in finite
time with output True if v € span({by,...,b}), and False otherwise.

We construct an explicit algorithmic learner M operating sequentially on any input text
o = (vg,v1,...) for a target subspace S € Lg, (V') through the following inductive rules:

1. Initialization (n = 0): The learner initializes its internal basis set as empty: By = (. It
computes the canonical index kg such that Dy, = ), and outputs the initial hypothesis
M(c[0]) = ko, which corresponds to the zero subspace {0}.

2. Inductive Step (n > 0): Suppose at stage n, upon reading the initial segment o[n],
the learner has maintained a linearly independent basis set B, C V. When presented
with the next vector v, = o(n) from the text, the machine executes the procedure
IsDependent(v,, B,,).

e [f the procedure returns True, the vector v, is already spanned by the current
basis and provides no new algebraic information. The learner sets B, .1 = B,.



Zh. Talasbayeva 29

e If the procedure returns False, the vector v, is linearly independent of B,,. The
learner expands its internal basis: B, 11 = B, U {v,}.

3. Hypothesis Output: At stage n + 1, the machine computes the unique canonical
index k,11 € w corresponding to the finite set B,y (i.e., Dy,,, = Bn41) and outputs
M(a[n +1]) = kns.

Convergence Analysis: Let S € Lg,(V) be the target subspace presented by the text
o, and let d = dim(S) be its exact algebraic dimension. Since S is finite-dimensional by
definition of the family, d is a finite natural number (d < 00).

By construction, the learner’s internal set B, is strictly linearly independent at every
stage n. Every time the algorithm encounters a vector where IsDependent evaluates to False,
exactly one linearly independent vector is added to B,, increasing the cardinality |B,| by
exactly 1. Because all vectors in the text ¢ belong to S, any independent set formed from
elements of o can have a cardinality of at most d. Consequently, the basis update rule
Bny1 = B, U{v,} can be triggered at most d times across the entire infinite duration of
the computation.

Since the text o is total and enumerates all elements of .S, it must eventually present a
set of vectors that span S. Let ny € w be the earliest stage by which the initial segment
o[no] contains a complete basis for S. By stage ng, the machine’s internal set B, must
satisfy span(B,,) = S. For any subsequent stage m > ng, any incoming vector v,, € S
will inevitably satisfy v, € span(B,,). The procedure IsDependent(v,,, B,,) will permanently
evaluate to True, ensuring B,,11 = B,, = B,,.

Therefore, the sequence of conjectures generated by M stabilizes precisely at stage ng on
the canonical index h* = k,,, where span(Djy«) = span(B,,,) = S. Thus, M Ex-learns Lg, (V)
in the limit. [

3.2 Negative Diagonalization Theorem

We now establish our main negative result, proving that the decidability of the linear
dependence relation is not merely a convenient sufficient condition, but an absolute recursion-
theoretic necessity for learnability.

Theorem 2. There ezists a computable vector space V' over Q such that the family Lg,(V')
of all its finite-dimensional subspaces is not Ex-learnable.

Proof. We construct the target computable vector space V' as an effective quotient space of
the infinite-dimensional computable free vector space V., over Q. Let G = {go, ¢1, g2, - .- } be
a standard computable basis of V.. Our objective is to enumerate a recursively enumerable
(r.e.) set of linear relations R C V, in stages, defining the final space as the quotient structure:

V =V /span(R).

In this representation, enumerating a vector w € V, into the relation set R during the
construction effectively enforces the algebraic identity w = 0 in the quotient space V. Because
R will be r.e., the quotient structure V' satisfies all conditions of Definition 1, forming a valid
computable vector space |11].

Let {M,}cc, be a standard effective enumeration of all deterministic Turing machines,
representing the complete universe of potential algorithmic learners. To guarantee that



30 Algorithmic learning of subspaces in computable vector spaces

no machine can Ex-learn Lg,(V), we must satisfy the following infinite sequence of
diagonalization requirements for each e € w:

R.: The machine M, fails to Ex-identify the family Lg, (V).

Construction: We partition the infinite basis G of V, into an infinite sequence of pairwise
disjoint, infinite computable subsets G, = {x. o, Zc1, T2, ... } for each e € w. Each machine
M. is assigned the exclusive set of generators G, to satisfy requirement R.. At any stage
s € w of the construction, we maintain an index pointer k(e, s) indicating the current "active
testing generator"z, y(es) for requirement R.. Initially, we set Ry = 0 and k(e,0) = 0 for all
e.

Stage s: We execute the following priority instructions simultaneously for each
requirement R, where e < s:

1. We construct a finite test sequence 7. s of length s consisting of the active generator
vector Xe k(e,s) repeated s times:

Te,s = (Ie7k(e,s)7 Lek(e,s)s - -+ 7xe,k(e,s))'

2. We simulate the computation of Turing machine M, on the finite input segment 7
for at most s computational steps. We check whether M, terminates within s steps
and outputs a canonical index Hy = M,(7. ) such that the hypothesized subspace
span(Dy, ) has dimension > 1 in the current quotient approximation Vi, /span(Ry).

3. Case 1 (No reaction): If M,.(7. ) does not converge within s steps, or if it outputs
an index corresponding to the zero subspace {0}, the machine has not yet conjectured
a non-zero subspace. We preserve the algebraic independence of the active generator:
set Rsy1 = R, and maintain the pointer k(e, s + 1) = k(e, s).

4. Case 2 (Diagonalization / Spoilage): If M (7. ) outputs a hypothesis H, such
that dim(span(Dp,)) > 1, the learner "believes"that the non-zero generator . (s
generates a valid 1-dimensional subspace. We immediately invalidate this hypothesis
by enumerating the active generator into the relation set:

Rs—i—l = R, U {xe,k(e,s)}'

In the quotient space V', this enumeration forces x. (s = 0. Consequently, the text
presented to M, up to this point is actually an enumeration of the zero subspace
{0}. The machine’s conjecture H,, having dimension > 1, is rendered strictly false.
To prepare for potential future recovery by M., we increment the pointer to a fresh,
uncontaminated generator: k(e,s + 1) = k(e, s) + 1.

Verification: Let R = J,., R;. Since at each stage s we add only finitely many vectors
to R via effective procedures, R is recursively enumerable. Hence, V' = V, /span(R) is a
computable vector space. Consider any arbitrary learner M,. Exactly one of the following
two mutually exclusive outcomes must occur during the infinite execution:

Subcase 2a (Case 2 applies infinitely often): The learner M, repeatedly conjectures non-
zero subspaces upon seeing repetitions of active generators. Each time it does so, we collapse
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the active generator to 0 and increment k(e, s). Consequently, the infinite text o, generated by
taking the limit of the test segments is simply an infinite sequence of zeros in V: (0,0,0,...),
which is the unique canonical text for the zero subspace {0} € Lg,(V). However, because
Case 2 is triggered infinitely many times, M, outputs indices of dimension > 1 infinitely
often. Thus, M, fails to stabilize on the correct hypothesis {0}, and convergence fails.

Subcase 2b (Case 2 applies only finitely many times): There exists a stabilization stage sg
after which Case 2 is never triggered for R.. Let N = k(e, sq) be the final value of the index
pointer. From stage s, onward, when fed the infinite constant text o. = (e n, Te N, Ten, - - - ),
the machine M, either fails to converge or almost always conjectures the zero subspace {0}
(or an index where dim < 1). However, because Case 2 was never triggered after stage s,
the vector z, y is never enumerated into R. Since G, is independent of all other generator
sets in Vi, . v remains strictly linearly independent and non-zero in the quotient space V.
The target text o, is therefore a valid positive presentation of the 1-dimensional subspace
S =span({z.n}) # {0}. Since M, fails to conjecture an index generating S, it converges to
an incorrect hypothesis.

In both subcases, requirement R, is definitively satisfied. Because the enumeration of
learners { M.}, is exhaustive, no Turing machine can Ex-learn Lg, (V). O

3.3 Discussion

The results established in Theorem 1 and Theorem 2 reveal fundamental insights into the
nature of algorithmic identification in classical algebra, highlighting a profound dichotomy
between syntactic structure and recursion-theoretic complexity.

In classical computability theory, two algebraic structures are recursively isomorphic
if there exists a computable bijection between their domains that preserves all algebraic
operations. In abstract algebra, any two vector spaces over Q having the same countable
dimension are isomorphic. However, Theorem 2 proves that algorithmic learnability is not an
isomorphism invariant. We can construct two algebraically isomorphic vector spaces — for
instance, the standard space V; = Q@ with a decidable standard basis, and our quotient
space Vo = V/span(R) from Theorem 2 — such that L, (V1) is effortlessly Ex-learnable,
whereas Lg,(V2) is completely non-learnable by any algorithmic machine.

This finding contrasts sharply with the classical results of Harizanov and Stephan
[8], who analyzed infinite-dimensional recursively enumerable subspaces. In the infinite-
dimensional setting, the failure of learnability often arises from topological phenomena:
an r.e. subspace cannot be learned if the space contains chains of infinitely many r.e.
subspaces that accumulate limit points in the topology of positive presentations. Unlike
the infinite-dimensional setting, finite-dimensional subspaces lack these topological obstacles.
In our study, we restricted the hypothesis space strictly to Lg,(V'), where every subspace
is finitely generated, closed, and topologically isolated from such accumulation chains.
Consequently, our negative result in Theorem 2 is particularly striking: it demonstrates that
even when all topological barriers are completely eliminated, algorithmic learnability can still
be fundamentally blocked by the pure recursion-theoretic limitations of the underlying vector
space logic.

The fundamental barrier established by Theorem 2 has profound implications for
modern data-driven artificial intelligence. Contemporary deep learning models operate purely
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inductively, attempting to infer underlying invariants directly from positive examples (data
streams). However, our results demonstrate that if the structural logic of the environment
(such as the linear dependence relation in our quotient space) is algorithmically undecidable,
no purely inductive model can reliably converge to the correct mathematical invariant. The
inability of Turing machines to identify finite-dimensional subspaces in such spaces proves
that data alone, regardless of its volume, is insufficient to overcome recursion-theoretic
limitations.

This theoretical constraint rigorously justifies the necessity of neuro-symbolic Al
architectures. As demonstrated in recent frameworks integrating machine learning with
explicit logical ontologies (e.g., the neuro-symbolic systems explored by Kadir and Mosavi
[12]), purely data-driven agents must be augmented with an explicit symbolic resolver.
Without a symbolic module capable of grounding predictions in decidable logical rules, an Al
system cannot guarantee the correct identification of algebraic structures. Consequently, the
capacity of an agent to infer invariants of linear models is bounded not by the dimensionality
of the data, but by the decidability of the underlying logical equality and linear dependence
relations.

4 Conclusion

In this paper, we investigated the algorithmic learnability of finite-dimensional subspaces
within computable vector spaces, applying Gold’s paradigm of identification in the limit
from positive data.

We provided a theoretical characterization of learnability for this family. We proved that
if a computable vector space possesses a decidable linear dependence relation, the family of
its finite-dimensional subspaces is Ex-learnable via an effective basis-expansion algorithm.
Conversely, using a priority-based diagonalization argument over quotient vector spaces,
we constructed computable vector spaces where these subspaces cannot be algorithmically
identified by any Turing machine.

These results show that algorithmic learnability is not an isomorphism invariant of the
abstract algebraic structure. Instead, the feasibility of inductive inference depends entirely
on the recursion-theoretic complexity — specifically the Turing degree of unsolvability — of
the linear dependence relation.

Our findings have practical implications for automated reasoning and Al systems
operating on mathematical structures. Specifically, they suggest that for an automated agent
to successfully identify algebraic invariants from data, the underlying representation must
ensure the decidability of basic linear dependence. Future research will extend this analysis
to bounded learning models, such as anomaly-bounded learning (Ex,) and PAC-learning, as
well as to the learnability of submodules over computable Noetherian rings.
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