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ON A DIAGONAL SYSTEM OF THE FIRST-ORDER PARTIAL
DIFFERENTIAL EQUATIONS FROM TWO INDEPENDENT VARIABLES

A diagonal system of three first-order partial differential equations in two independent variables
is considered. The equations entering into the diagonal system are independent from each other,
therefore, the compatibility condition of the system does not arise. We consider the asymptotic be-
havior of solutions at an infinitely distant point, with respect to some parameter. The main place
in the system is occupied by a nonlinear first-order partial differential equation, the remaining
equations are adjoining equations, the solutions of which contain the initial value of one indepen-
dent variable as a parameter. The attached equations are chosen appropriately, and the solution
to the system is already studied, which already has an internal connection. The adjoint equations
are linear first-order partial differential equations. Using the fact that the zero solutions of the
characteristic equations are asymptotically stable on Lyapunov, the conditions when the set of
three differential equations, considered as a diagonal system of partial differential equations of the
first order, has a solution with certain initial values and is an infinitesimal function in the vicinity
of an infinitely remote point are described . Methods of the theory of functions and differential
inequalities in the theory of first-order differential equations are used.

Key words:differential equations, diagonal system, first order partial derivatives, asymptotic be-
havior.
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Os-Papabu aTbiHAarbl Kasak yaTThIK yHUBEpcuTeTi, AjiMarhl K., Kaszakcran
Exi Toyescis alitHpimasibl Oolibiaina GipiHmii perri gepbec TybIHABLIBI AU hepeHITnATIIbIK
TeHAeyJIePiH JUAarOHAJIbIBIK >KYylieci TypaJibl

Exi Toyesciz aiiHbIMaJibl OOMBIHIIA VII TEHJEY/IE€H TYpPAThH OipiHIT perTi Jepbec TybIHIBLIbI
muddepeHInanaplK  TeHIAEYIepain Kyieci kKapacTolpbLiaapl. Jlmaronananbik Kyilere Kiperid
TeHeyep Oip-Oipimen Toyesci3 OOJFAHABIKTAH, >KYWEHIH YVHIeciMIiIiK IIApTHIHBIH KayKeTi
oosmvaiinel. Kamgait mga  6ip mapamerp OOMBIHITIA IMEKCI3  afjbIC HYKTEAEri IeniMHiH
ACUMIITOTUKAJIBIK, TOpTiOl KapacThIpbliaabl. 2Kyitejeri Herisri opbiHa, OipiHImi perTi jepbec
TYBIHJBLIBI OEHCHI3BIKTHI Aud depeHnnaabK, TeHaey OOoJIbIT TabbLIa bl, KAJFAH €Ki TeHJeysep
menriMaepi 6ip Toyesici3 alHBIMAJIBIHBIH AJFAINKB MOHIH IMapaMeTp PEeTiH/E KapacCTbIPATHIH,
yJiecreri GOipimmti perti gepbec TYyBIHABLIBI AudMEPEHITHANIBIK, TEHAEYIep OOJBIT TaObLIAIbI.
Y necreri 6ipiuii perTi mepbec TybIHABLIB AudepeHITnaIbIK TeHIEY/IeD bIHFAMIbl TYP/Ie TaHIall
aJBIHAIBI Jla, €HJ 1MKi OallylaHbICTapbl Oap TEHJEYJIEePJeH TYPAThIH >KYWEHIH IMIeNTiMi OKBII
3eprreseni. YJjecreri TeHieysep OipiHimi perti mepbec TybIHIBLIBI CHI3BIKTHI Tu(dOePeHINATIIBIK,
Tergeysiep 6osibit TabbIabl. OIapablH COfKeC CUIATTAYBINT TEHIEYJIePiHIH HOJIIIK MM IepiHiH,
JIsmynoB OoffbIHINTA ACHMITOTAKAJIBIK, OPHBIKTHUIBIKTAPBIH ITANAJIaHbII, AHBIKTAJITaH Oesrim
O6ip ajramkbl MOHIEpiMeH OepinreH yin auddepeHIuaIIbIK, TeHJACY/IIH KUBIHTBIFGI, OipimtIi
perTi Jepbec TYBIHABLIBI AuddEPEHITNANIbIK TeHIeYAeP/iH JUArOHAJIBIK, Kyikeci TypiHme
KapacTBIPBLIBII, IIIEKCI3 ajbICTaFbl HYKTEHIH aiiMarbIH/a IIelriMi MeKci3 a3 GpyHKIus 60JIaThiH
maprrap cunarrajrad. OyHKIUsSIap TEOPUSICHIHBIH, 2K9He OipiHmm perti mepbec TyBIHIBLIBI
b depeHITnaANIbIK TEHIEYIED TEOPUICHIHBIH, TOCLIIEP] KOJITAHBLIFaH.

Tyitin ce3zep: muddepeHInaIIbIK, TeHIEYIED, JUArOHANIBIK, XKYyite, mepbec TybIHIbIIap Oipintri
PeTTi, ACUMIITOTUKAJIBIK TOPTIIL.
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06 oanoli auaroHasibHON cucreMe audHepeHIaIbHbIX yPABHEHUN C YACTHBIMUA
MIPOU3BOAHBIMYU EPBOr0 MOPSAKa OT JABYX HE3aBUCHMbBIX I€PEMEHHbIX

PaccmaTrpuBaeTcst quaronaabHasi cucTeMa nu3 Tpex auddepeHInaabHbIX YPABHEHUN ¢ YACTHBIMU
MIPOU3BOJIHBIMU TIEPBOTO TOPSJIKA OT JIByX HE3aBUCHUMBIX IMEPEMEHHBIX. Y PABHEHUS, BXOISIIIE
B JUArOHAJIBHYIO CHCTEMY /[Pyl OT Jpyra He3aBUCUMBbBI, II09TOMY YCJIOBHUS COBMECTHMOCTH
cucTeMbl HE BO3HUKAeT. PaccMarpuBaercs aCHMITOTHYIECKOE MTOBEJEHNE PelreHnii Ha OeCKOHETHO
YIAJIEHHON TOYKe, OTHOCHTEJIBHO HEKOTOpOro mapamerpa. OCHOBHOE MECTO B CHUCTEME 3aHNMAeT
HesinHeltHOe JnddepeHIinaibHoe ypaBHEHNEe € YaCTHBIMU ITPOU3BOIHBIMH II€PBOTO  TOPSIIKA,
OCTaJIbHbIE YPABHEHUSI SBJISIOTCS IPUCOEIMHEHHBIMU YPABHEHUSIMU, PENIEHNUST KOTOPBIX COJEpKaT
HadaJbHOE 3HAYEHHE OJHOTO HE3aBUCHMOIO IIepeMEHHOro Kak mapamerp. lIpmcoemmuennbie
YPaBHEHUS BBIOMPAIOTCS MOIXOMANAM 00PA30M, U M3yUaeTCsd PEIIeHNe CHCTEMbBI, yXKe HMEIOIee
BHYTPEHHIOIO CBsA3b. lIprcoennnennble ypaBHEHUS SBJSIOTCS JUHEHHBIMEU InddepeHnaabHbIMA
YPaBHEHUSIMH C YACTHBIMH IIPOM3BOJIHBIMU IIEPBOrO IOpPsAnKa. VICIonp3ysi, YTO HYyJeBbIe
pelieHnsl XapaKTEePUCTUYECKUX YPABHEHUIl SBJISIIOTCS ACUMITOTUYECKH YCTOWYUBBIMU 11O
JISIIyHOBY, ONMCHIBAIOTCS YCJIOBHSI, KOTJIa COBOKYITHOCTb TpeX jaudepeHImalibHbIX ypaBHEHMIA,
paccMaTpUBAEMbIX KaK JHAroHajbHas cucreMa uddepeHInalbHbIX YPABHEHUN C YaCTHBIMU
IIPOU3BO/JHBIMU IIEPBOT'O IOPSAJKA MMEET DeIIeHHue C OIpeeJeHHbIMU HadabHBIMU 3HAYECHUAMU
U sABJSEeTCHd OECKOHEYHO MaJjioit (yHKIMeil B OKPECTHOCTH OECKOHEYHO VIAJIEHHOW TOYKH.
[Ipumensitorcas MeToabl Teopuu GYHKIUA u guddepeHnuaaibHbIX  HEPABEHCTB B TEOPUU

,HI/I(beepeHI_LI/IaJH)HBIX ypaBHeHI/Ifl C 9aCTHBIMU IIPOU3BOJIHBLIMHU II€PBOT'O IMOPsAJIKA.
JIFOYEBbI JIOBA.: n cpeHIIa/IbHbIC ABHEHU A HNaroHaJlbHasd CHCTEMa qaCTHBbIE
KumaroueBble ciioBa , ,

IIPOU3BOAHBIC IIEPBOI'O IIOPAIKa, aCUMIITOTUYCCKOE IIOBEJICHUE.

1 Introduction

Without pretending to completeness, we note some works, whose interests more or less in-
tersect with questions on the subject of discussion. As known, the problems of a differential
equation with first-order partial derivatives in the analytical case were considered in [1-2].
The first- order partial differential equations in the nonanalytic case were considered in [3-7].
There is a guide to first-order partial differential equations [8|. Also note some useful works
under the subject of investigation [9-22]. Some information on the subject is available in
books [23-29].

The study of system of the first-order partial differential equations in the nonlinear case is a
difficult task, since, generally speaking, the characteristic system is not developed. The pa-
per considers a certain diagonal system of the first-order partial differential equations, which
arises as a result of differential inequalities. Using the methods of the theory of functions
and differential inequalities in the theory of the first-order partial differential equations, the
behavior of the solution is studied.

2 Materials and research methods
On the plane of variables (x,y) € R?, the set

S=((z,y):0<x <400, c— Lr <y<d+ Lx)
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is defined, where ¢ < 0, L > 0, d > 0. The first-order diagonal system of partial differential
equations is considered

B — (by (2)y + ha(,9)) 2

% = (bz(x)y + ho(z,y, u, g_;j)) g_;j; "
& = (bs(x)y + hs(z,y)) g_l;;

(bi(x)y + hi(z,y)) 5 € C*(E),

(bg(x)y + ho (x, Y, 1, g—;‘)) g—; € C*(E),

(bs(z)y + hs(z,y)) g—; € C?(E); where E is a convex domain in R* containing the point 0, the
projection of which onto the (x,y)—plane contains S. Denote by I = [0, +00). The variable
xel.

The diagonal system (1) is considered with initial values

0(0,y) = wi(y), wi(y) € C?
u(0,y) = ¢(y), ¢ly) € C? (2)
v(0,y) = wa(y), wa(y) € C?
where y € (¢, d);
The equation
G = () + o) 5 ®)

has a characteristic equation

dy

i —bi(2)y — hi(z,y) (4)

(4) we consider under the initial condition y(zo) = Ty, (0, 7y) € S, and we assume that the
solution y = y(x, zo,7,) is defined on the set I . The equation

ou ou ou

Fri (bg(x)y + hy (x,y, u, 8_y)> 8_y (5)
consider under the initial condition

u(0,y) = ¢(y) (6)

where ¢(y) € C2, (0,0,¢(0),¢'(0)) € E; as known, problem (5), (6) for small z, |y| has a
unique solution u(x,y) of class C*(S). The equation

ov ov

o (bs(x)y + hs(z,y)) 8_y (7)

has a characteristic equation

dy

i —b3(x)y — hs(z,y) (8)
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Considering (8) under the initial condition y(xg) = yo(zo,yo) € S and assume that the solu-
tion y = y(x, g, yo) is defined on the set I.

Theorem. If in the diagonal system of first-order partial differential equations (1) the fol-
lowing conditions are satisfied:

(4) b(2) € C21), & € = [0, +00). i) € C(S), Aul,0) = 0 = (13)

(B) hy(z,y,u,2%) € C*(E),hy(0,0,u = 0 and satisfies the Lipschitz condition with

" By ) a_y)
ou

respect to (u,!) in the domain E; there is an inequality ugzuy, — uz, # 0 and the so-
Bu)

lution u(x,y,u > 0 of equation (5), with the initial value (6), can be continued for

x>0, (z,y) €S;
(C) The inequality holds by(x) < by(x) < bs(x), x € [;|bi(x)] < Kpp(z), = € I;

Y(x) € C(I),¢(z) > 0, hm P(x) =0, f Y(x)dr = +00;

xT

By definition, q(x) = [ (
0

q(@) 6@7 ]-737 Bl < 07 63 < OJ
(D) Inequalities hold: hi(z,y) < hQ(I,y, ’8y) < hay(z,y), (x,y) € S;
(E) |hi(z,y)| = 6(@)lyl, i = 1.3; 6(x) € C(I), (x) > 0, lim = 0;

0o Y(@)
Ko(z)|yl, hn (Lof

xT
There are limits lim f
J:—H—oo 0

ou

dy

< K,

hZ(x Y, 73y)gz

Bo < B3 are satisfied;

Then there exists a solution 0(x,y), u(z,y), v(z,y) of system (1), with initial value (2) such
that

VO2(z,y) +u2(z,y) + v3(x,y) — 0 as xg — +o0.

Proof. Consider the solution u(z,y) of equation (5) with the initial value u(0,y) = ©(y).
By condition u(z,y), the solution is defined for x € I and y € (—9,9) C (¢,d), where a
sufficiently small number § > 0. Consider equation (4) and solutions y = y(z, g, 7o) of equa-
tion (4), where (zo, %) € S. From conditions A) and E) It follows that the zero solution to
equation (4) is asymptotically stable as © — +o00. In fact, in (4), the equation of the first
approximation has the form

q(t) = P2, and the inequalities 3 <

dy
=—b
dx 1( )

From condition A), C) it follows that for solving the equation of the first approximation we
have the estimate
ly(z)| < |y(x0)|€/31[q(ﬂc)—q(mo)]

Using this estimate to represent the solution of equation (4) in the form of an integral

equation, found by varying an arbitrary constant, for any € € (0 15 1') we obtain the estimate

ly(z)] < |y(x0)]e (B1+e)[g(z)—a(z0)]

This implies the asymptotic stability of the zero solution to equation (4). We assume that
asymptotic stability occurs for the initial values |go| < J. Take wi(y) and the integral



On a diagonal system of the first-order partial differential equations. .. 7

Y00 (z,y, ) of equation (4) satisfying the conditions g—z > 0, 0(0,y,x0) = wi(y), wi(y) <

p(y) and gy € (=9, 9).

Then 0(z,y) = 0(x,y,xo) is a solution of equation (3) satisfying the condition #(0,y) =
wi(y), (z,y,0,0,) € E, and 0(x,y,z9) — 0, 19 — +00.
Consider equation (8) and solutions y = y(z,xg,yo) of equation (8), where (z¢,90) € S.
Similarly to equation (4), it is established that condition A) and E) imply that the zero
solution to equation (8) is asymptotically stable as x — +00. We assume that asymptotic
stability occurs for the initial values |yo| < 0. Take wy(y) and the integral gy = v(z,y, x¢)
of equation (8) satisfying the conditions g—; > 0 and v(0,y,x0) = wa(y), p(y) < wa(y) and
Yo € (—6,0). Then v(z,y) = v(x,y,xo) a solution of equation (7) satisfying the condition
v(0,y0) = wa(y), (z,y,0,6,) € E, and v(z,y,xo) — 0, x9g = +00.
By virtue of conditions C) and D), the inequalities hold

8u)> ou v

(el + Inlo0) 5 < (b2<x>y oo 5 ) 5 < Oualy + ) 52

in the domain E. By the choice of wi(y), wa(y), the inequalities holds:
wi(y) < ¢(y) <wa(y), y € (¢, d), (,y) € 5;

Consequently,
VO (z,y) +u?(z,y) + 2 (2, y) — 0 as zg — +o0.
The theorem is proved.

3 Results

The paper considers a diagonal nonlinear system of first-order partial differential equations.
The equations in the system are interconnected by differential inequalities and have initial
values, the set of which is the initial values of the system and the initial values of the associated
equations are selected appropriately. It is proved that the diagonal system under certain
conditions has an infinitesimal solution in a neighborhood of an infinitely distant point.
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ON CONTINUOUS SOLUTIONS OF THE MODEL HOMOGENEOUS
BELTRAMI EQUATION WITH A POLAR SINGULARITY

This paper consists of two parts. The first part is devoted to the study of the Beltrami model
equation with a polar singularity in a circle centered at the origin, with a cut along the positive
semiaxis. The coeflicients of the equation have a first-order pole at the origin and do not even belong
to the class Ly (G). For this reason, despite its specific form, this equation is not covered by the
analytical apparatus of I.N. Vekua [1] and needs to be independently studied. Using the technique
developed by A.B. Tungatarov [2] in combination with the methods of the theory of functions of a
complex variable [3] and functional analysis [4], manifolds of continuous solutions of the Beltrami
model equation with a polar singularity are obtained. The theory of these equations has numerous
applications in mechanics and physics. In the second part of the article, the coefficients of the
equation are chosen so that the resulting solutions are continuous in a circle without a cut [5].
These results can be used in the theory of infinitesimal bendings of surfaces of positive curvature
with a flat point and in constructing a conjugate isometric coordinate system on a surface of
positive curvature with a planar point [6].

Key words: Beltrami equation, equation with a polar singularity.
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oui-Papabu areiHgarsl Kazak yaTTK yHUBepcuTeri, Ayimars! K, Kaszakcran
3podeccop, E-mail: amirassadi@gmail.com, Buckoncun yausepcureri, Mamucon, AKIII
Ilonsaparwik epekurestiri 6ap moaeapai Beasrpamu TeHaeyiuiy y3imiccis menrimaepi

Kapacteippin oTbipran eHOeK eki Oesimmen Typasabl. bBipinmii Oesimi meHTpi KoopamHaTaaap
bac HYKTeciHJe OpHaJacKaH OH »KaK KapTbl OChCIi3 JIOHrejsekTe OepiireH  TOJISPJIbIK,
epexkiImestiri 6ap mozennai Benbrpamu TeHaeyiH 3epTTeyre apHaaraH. KapacThIpbLIraH TEHJCYIiH
KO3 punmenTepinin KoopauHaTagap 6ac HyKTecimme OipiHm perTi moJjrocTepi H6ap »KoHe oJap
Ly(G) wuaceipa xarnaiigsl. Congpikran V.H.Bekyanbin [l| aHaquTvKajbIK —amnmaparbiMeH
KAMTBIMATAH YKOHE JKeke 3eprreyai Kaxker eremi. A.B. Tyrrarapos 2| xacaram xypmesni oficri
[3] xoHe dyHKIMOHANIBIK TAIAAYABIH [4] TeopusiChl opicTepiMeH yitrectipe oTwbipbin, Benxrpamn
MOJIEJIJII TeHJIEYiHiH IOJISPJIBIK €PeKIesIiri 6ap y3miKci3 mernriMaepidin TypJepi ajablHabl. By
TeHJIeyJIep TEOPUSICHIHBIH, MEXaHNKa MeH (PU3MKaJa KOITereH KOoJIaHbICTapbl O6ap. 2KyMBICTHIH
eKiHmm OesiMiHIe TEHAEYIiH IIeIniMi KapacTBhIPBIIFaH AOHTeJIeKTe y3laicci3 GoJaThiHmail erim
koaddunuentrep Tanmanansl [5]. Bysn HormKesepai THIFBIBALIK HYKTeci 6ap KUCBHIKTBIFBI OH,
aKBIPCBHI3 a3 MiJeTiH OeTTep TEOPHUSICHIHIA KOHE THIFBI3IBIK HYKTECI 6ap KUCHIKTBIFBI OH OeTTepae
M30METPHUsLIIBI TYHIH/IEC KOOPJAMHATTAP/ Bl KYPACTHIPY YIIMH KosaHyFa Goast [6].
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Hacrosimmas pabora cocrout u3 /iByx dacreil. [lepBast 4acTb HOCBAIIEHA HCCIETOBAHUIO MOJEIHHOTO
ypaBHeHUsT BesbrpaMu ¢ MOJISPHON OCOOEHHOCTBIO B Kpyre C IIEHTPOM B HAYaje KOODIWHAT,
C pa3pe3oM BIOJIb ITOJIOXKHUTENbHON mosayocu. Koaddunmentsr paccMaTpuBaeMoro ypaBHEHH
UMEIOT IIOJIIOC IIEPBOIO NOPsAJKAa B HadaJbHOM TOYKEe KOOpJAMHAT U He IIPpUHAJJIeXKaT JlaxKe
kinaccy Lo(G). Tlo sTolf npuumHe, HECMOTDsI Ha CBOM crenudu9IecKuil BUJ 9TO ypaBHEHHE He

oxBaTblBaeTcs aHanuTudeckuM ammaparom W.H. Bekya [l] m HyXKIaercss B caMOCTOSTEIBHOM
uccienoBanuu. Vcnonb3ys Meromuky paspaboranuoit A.B.Tyuraraposbim [2] B coueranun c
MerojgamMu Teopur (BYHKIUHA KOMILIEKCHOIO IepeMeHHOro [3] u dbyHKiuoHampHOro anajiusa |4

[IOJIy 9€HbI MHOTOOOPAa3Hsl HEIPEPHIBHBIX PEIIeHn MOIeJILHOTO ypaBHeHNsI BebTpamMu ¢ moJIsipHO
0CcOOeHHOCTBIO. Teopusi 3THX ypaBHEHUII MMeET MHOIOYUCJIEHHBbIE IIPUJIOXKEHUs B MeEXaHWUKe U
dusuke. Bo Bropoit 4acTu craThbu BOSHUKIINE [TPOU3BOJIbHBIE IIOCTOSIHHBIE TT0I00PAHBI TaK, YTOOBI
[OCTPOEHHBIE PellleHNsi ObIIM HEIPEPLIBHBL B Kpyre 6e3 paspesa [5]. 9Tu pe3ysabrarsl MOIYT ObITh
HCIIOJIB30BaHbI B TEOPUU OECKOHEYHO MAJIBIX U3THOAHMI TTOBEPXHOCTEN MTOJI0KUTEIHHON KPUBI3HBI
C TOYKOU YIJIONIEHUA U IIPU IIOCTPOCHUU COIPAXKEHHO HM30METPUYECKON CHUCTEeMbl KOODJMHAT Ha
MOBEPXHOCTH TOJIOYKUTENHHON KPUBU3HBI ¢ TOUKON yIutomenus [6].

KuroueBbie ciioBa: ypasHenue BebTpaMu, ypaBHEHHE C TOJISPHON 0COOEHHOCTHIO.

1 Introduction and review of literature

The fundamentals of the theory of generalized analytic functions (representations of the first
and second kind, a generalized Cauchy formula, expansions into generalized Taylor, Laurent,
and other series, as well as the theory of corresponding boundary value problems), with
which the present work is closely related, were constructed by the famous mathematician
LN. Vekua [7] - |9] in the case when the coefficients of elliptic systems are summable to
a power of more than two. N.K. Bliev [10, 11] extended the theory of generalized analytic
functions to cases where the coefficients and free terms belong to the fractional spaces of
O.V. Besov. In the work of M.O. Otelbaev and K.N. Ospanov [12], the generalized Cauchy-
Riemann system from the space obtained by the completion of infinitely smooth functions is
investigated. A.B. Tungatarov [13] found in explicit form the right inverse operator for the
Beltrami differential operator d— @ (an analog of the well-known operator T from [1]) for the

case iu(z) = i, 0 < B < 1. The solutions of the corresponding Beltrami equation are called -

analytic functions. Ricardo Abreu-Blya, Juan Bori-Reyes, Dixan Pena-Pena and Jean-Maria
Villiers [14]-[10] investigated the solvability of analogues of the Riemann boundary value
problem and a number of related questions for such functions.

Let R>0and G={z=re¥:0<r <R, 0< ¢ <2r}. In the area G we consider
equation of the form

oV — pervo,v + 22y Woly (1)
2z 2z

where 0 < 3 < 1 is a ellipticity condition,

a(p), blp) € Cl0,27], alp+2m) =alp), bly+2m)=b(p).

The equation (1) if 8 = 0, a(p) = 0 will be used in the study of infinitesimal bendings
of surfaces of positive curvature with a flattening point, in the neighborhood of which the
surface has a special structure 6], [17]. The coefficients of the equation (1) do not even belong
to the class Ly(G). Therefore, using the known methods of the theory of generalized analytic
functions [1], [18], it is not possible to prove the existence of continuous solutions to this



12 On continuous solutions of the model homogeneous ...

equation. The theory of the equation (1) for § = 0, a(¢) = 0, b(p) = Aexp(iky), where A
is an arbitrary complex number and £ is an integer number, is constructed in [19], [20]. A
variety of continuous solutions of the equation (1) was obtained in [21], [22]; the boundary
value problem for the jump for one particular case of the Beltrami equation was considered
in [23].

2 Material and methods

2.1 Beltrami model homogeneous equation with a polar singularity

We proceed to solve the equation (1).
Equation (1) in the polar coordinate system is written as

ov. 1 av 1 —
ot A5 T L@@V + b)) =0

Finding continuous solutions of the last equation by the method of separation of variables

(1-5)

V(?“, 90) = T(T) ’ \IJ((P)? (2)

where T'(r) = T'(r), T(r) € C[0, RJNC*(0, R], ¥(p) € C*[0,27], we get the following system:

(1= BT () = \T(r) =0, )
V() = 15 (ale) + V) = U T =0 ()

where A\ > 0 is a real parameter.

A

The solution of the equation (3) is the function T'(r) = A - 71— B, where A is a real
number.
We seek the solution of the equation (4) in the form

U(p) = Pa(p) exp <ﬁ (A T+ /OSD a(v)%))

Substituting the function W(y) into (4), we obtain the equation for Py(y) :

Pi(¢) — Ax(@)Pa() = 0, (5)

where
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Thus, the solution of the equation (1) has the following form

A

Vi(r, ) = Tmp)\(@) exp (ﬁw + B(w))) ,

where Py(¢p) is the solution of the equation (5).
Now let’s start solving the equation (5).
Integrating the equation (5) we obtain

@

Pi(p) = / APy + e,

where ¢, is an arbitrary complex number.
Hence

/ AP ()dy = / A7) / A0 Py (1 )dyadry + 75 / A7)y

0 0 0 0

Using (8) and (7) we obtain the following equation

Pr() = (BaPx) () +exlxi(0) + e,

where

(Baf)(p) = / A7) / 0 (n)dndy, Iu(e) = / A7)

Further we use operators of the form

(BXA)() = (BA(BA)(@)(9), (Bif)(9) = (BABY)(@)(),

L) = / ATy, (k= L0).

The following easily verifiable relations hold for these operators

(BAD) (@) (@) = Dkga(0),  (Baca)(p) = eaxlra(e),

(1A4xlo - #)*

A - 2n
< o D b)), 1) < Il 28

(2n)!
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where |f|o = HfHC[O,27r]'

Applying the operator (B)f)(¢) to both sides of equality (9) and using (10), we obtain

(BAPA(9)) () = (BXP)(0) + Tlaa(p) + exlna()

From (9) and (12) the following equation follows

Py(¢) = (BYP))() + ex(Dai(e) + s(@) + ex(1 + Lha(e))

Applying the operator (B)f)(y) to both sides of equality (13) we obtain

(BAPx)(9) = (B3PA) () + ea(Ins(@) + Lus(9)) + ex(Iaz(@) + Inale))
From (9) and (14) we get
Pa(p) = (BiP)(9) + ex(Ini(0) + Ds(w) + Ls(9)+

+ex(1 4 Ina(w) + Hoa(e))

Repeating this process, we have

o) = (BiPY(@) -3 Droia(@) + x4 3 L))
k=1 k=1

Passing to the limit in (15) as n — oo, and by (11) we obtain

Pi(p) = exPr1(p) + exPaa(e),

where Py1(p) = > 0y Dnar—1(9), Pao(e) =14+ 3207 Doaw(e).

Using inequalities (11) Py1(p), Pr2(p) we obtain the following expressions:

P1(9) — Ax(@) Pra(0) = 0, Py ,(9) — Ax(@) Pri() = 0,

[Pri(@)| < sh([Axlg @), [Paa(@)] < ch(]Ax]g ),

® ®

&MW4=/&MRNW%PM@=/&WRKWV

0 0

From the second equation (19) and (17) it follows

(12)

(14)

(16)

(17)

(18)
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Pa(p) = 1=Pri(9) > Dae-1()—
k=1

P

—P2(p) mek(@) + /AA(V)IA,zk—l(V)PM(W)dV

where n > 1 is a whole number.
Passing to the limit in (15) as n — oo and using the inequalities (11), (18), we get the
identity

[Pra(@)]” = [Pra(p) = 1 (20)

It follows from (6) and (16) that any solutions of equation (1) can be found by the formula

A

Va(r, ) = 1= B (@ Prs(9) + xPaale)) x exp ( /

1+

(g + B@))) (21)

Using the formula (17), we find

A

oV =rl —5 exp (www%lg@) ((1 - ﬁ(kswra(w))) X

% (@ Pa1(9) + aPra(0)) + i) (aPra(@) + 5 Pra(9)))

2(1 —
Obviously, the following relation holds 0V € L,, 1 < p < %, 0<A+p48<1.
2(1 —
Similarly, the following relation holds 0,V € L,, 1 <p < %, 0<A+p8< L
We use the theorem of I.N. Vekua from [1] : if 9V € L, p >, then there is 0,V and also

belongs to L,,.
2(1-p)
1_/\_ﬁ,0<)\+ﬁ< 1. So

the function Vj(r, ) will be a solution of the equation (1) from the class C(Go) N W, (G),

2(1 —
l<p< %, 0 < A+ < 1 where W, (G) is the space of S.L. Sobolev from [1] and G
is a region of G with a cut along the semiaxis {z =re’? : r >0, ¢ = 0}.

Thus, we have obtained the lemma.

Therefore, by definition we get V'€ W (G), 1 < p <

Jlemma 1 Equation (1) has the solutions from the class C(Go) N W, (G), where 1 < p <
2(1-p)

5’ 0 < A+ B < 1. Any such solutions can be found by formula (21).
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2.2 Construction of continuous solutions of the Beltrami model equation with a polar
singularity

Now we proceed to the construction of continuous solutions of the equation (1) in G. It
follows from (21) that in general case we have that V)(r,0) # V)(r, 27). Therefore, we choose
the numbers ¢, and A from (21) so that the following equality holds

Va(r, 0) = Va(r, 2m). (22)
For this purpose, substituting (21) in (22), we obtain

A1 (N)ex + Ag(N)ey =0, (23)
where A;(X) = Py 1(27),
Ag(N) = Pyo(27) — exp (;—?—Wﬁl (A + d)) ,d = BS:T).

Expanding on the real and imaginary parts of a complex number ¢, and expressions Aj(A),
Ay () and then substituting them in (23), we obtain the following system of homogeneous
equations with respect to unknowns c’/\ and c:\’, where c:\ and c’/{ are real and imaginary parts
of the complex number ¢, respectively.

é, (RePA,1(27T) + Re (PM(%) — exp (—27m' (A + d)))) +

113
+ey (]mPM(QW) —Im (PAVQ(QW) —exp (— ff SO+ d)) )) —0,
N <ImPA,1(27r) +Im (Pm(zw) — exp (— Qfﬁ()\ i d)))) _

"

1
) (RePM(ZW) ~ Re (PM(%) ~exp <— 1212'5 (\ + d)) )) — 0.

This system is linear and homogeneous with respect to ¢, and cy. Therefore, it has a
nonzero solution if [Ay(A)|* — [A1(A)[* = 0. Thus, equation (23) has a nonzero solution only
when |Ay(A\)| = |A1(A)]. This equality is equivalent to the equation for A :

2 21

Re Py 5(2) cos <1 T d)> — ImPy5(2) sin (1 T d)) ~1 (24)

Since, by virtue of (20) |Py2(27)| > 1, then for each integer k > 0 there exists a solution
of the equation (24) A = A\ belonging to the segment [k, k 4 1]. Let k be an integer, k <
A < k+1 and \g be a solution to equation (24). Then |A;(\g)| = |A2(Ag)| and the equation
A1 (M) + Az (Ag)cr = 0 has a nonzero solution ¢, which is found by the formula

__ (25)

A, if Al()\k) = 0,
CL =
Tl A O — AOvar, if Ay(M) £0



U.R. Kusherbaeva et al. 17

Here a4 is an arbitrary complex number. Therefore, for each integer k£ the function

Ak
1
Vil =11 =B @Pae) + aPyale)) x o (115 e+ Ble)) (20
will be a solution of the equation (1) from the class C'(Go) N W, (G), 1 <p < - and

satisfies the condition (22). Thus, we have obtained the theorem.

Teopema 1 If A, + 8 > 1, then for any integer k > 0 the equation (1) has solutions from
the class C*(G). These solutions can be found by formulas (26) and (25), where \g is the
solution of the equation (24) from the interval [k, k + 1].

Teopema 2 If Ao+ 5 < 1, then the equation (1) always has solutions from the class C(G)N
2(1 —
W)(G), where 1 < p < % These solutions can be found by formulas (26) and (25),
— o —
where A is the solution of the equation (24) from the interval (0;1).

3 Conclusion

In conclusion, we note that in the article we construct varieties of continuous solutions of
the Beltrami equation with a polar singularity in a circle centered at the origin, with a cut
along the positive semiaxis. In the second part of the article, the arising arbitrary constants
are chosen so that the constructed solutions are continuous in a circle without a cut.
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DISCRETE ITERATED HARDY-TYPE INEQUALITIES WITH THREE
WEIGHTS

Discrete, continuous Hardy-type inequalities are of great importance and have numerous
applications in harmonic analysis, in the theory of integral, differential and difference operators,
in the theory of embeddings of function spaces and in other branches of mathematics. In recent
years, weighted estimates for multidimensional Hardy-type operators have been intensively studied,
which have an important application in the study of boundedness properties of operators from a
Lebesgue weighted space to a local Morrey-type space, as well as in the study of bilinear operators
in Lebesgue weighted spaces. The discrete case of Hardy type inequalities with three weights is an
open problem. An inequality involving an iteration of the discrete Hardy operator is traditionally
considered difficult to estimate because it contains three independent weight sequences and three
parameters at their different ratios. In this paper we prove some new discrete iterated Hardy-type

inequality involving three weights for the case 0 < p < min{q, 6}.
Key words: inequalities, Hardy-type operator, weight, sequences, discrete Lebesgue spaces.
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JL.H. T'ymunes arwianars Eypasus yarreik yausepcureri, Hyp-Cynran k., Kazakcran
Y11 caaMakThl JUCKPETTI mTepalusajanral XapAu TUIITI TeHCI3aiKTep

Huckperri, y3imiccis Xapan TUNTI TeHCI3TIKTepi rapMOHUKAJIBIK aHAJIN3/E, HHTEIPAJIIBIK, Aud-
depeHnaIIBIK XKoHe albIPBIMIBIK, OIIEPATOPJIap TEOPHUSICHIH A, (PYHKIIMOHAJIIBIK, KeHICTIKTepIeri
€Hri3y TeOPUSICHIHIA YKoHE 0AaCKa1a MaTeMaTUKAHBIH OOIIMIEpiHIe KONTEereH KOIIAHBICTAPhI 0ap.
CoHFBI KBUIIAPHI KOII eJIIeMIl XapIu TUITI OlepaTop/IapablK, CAJIMaKThl Oaraiayaapbl KapKbIH-
JIBI TYPJIe 3ePTTeye, ssruu oaap Jleber canmakTo! Kenicririnen Moppu tunti okasibai KeHicTirine
MeHeTIMIIIIK KACUeTTEePiH 3epTTey/ e, COHBIMEH KaTap Jleber caaMakThl KeHICTiriHaeri ONChI3bIKTHI
oTIepaTOPJIAP/Ibl 3EPTTEY/IE KOJJIAHBLIAIbI. YT CAJMAKTBI Xap/i TUITI TEHCI3/IriHiH JUCKPETTI
KAFJAMbl alllblK Macese DOJIBIT TabbLIaAbl. OJETTe, MUCKPETTI Xap/Inu OlepaTOPbIHBIH, UTePAIlUsi-
CBIMEH 0OJTATBIH TEHCI3mMiKTep/ai Garamay KUbIH Jel CAHAJIAIbI, OMTKEHI OHBIH KYPAMBIHIA VI TOY-
eJici3 camMakThl Ti30eK »KoHe op TYpJIi KaThIHACTAFbI YIIT mapamerp 6ap. by makamrama 6i3 keitdbip
JKaHA YIII CAJIMAKTHI JIUCKPETTI uTepanusianrad Xapau Tunti rercisaikri 0 < p < min{q, 6} xar-
Jaibl YITiH gaJ1e/1efiMiz.

Tyiiin ce3aep: TeHci3AiK, Xap/u TUIITI OllepaTop, cajaMak, Tizbekrep, auckperti Jleber KeHicTiri.
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JnckpeTHble UTEpAIMOHHBIE HEPABEHCTBA THUNA XapAu C TPeMsl BecamMu
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JluckpeTHble, HEIPEPhIBHbIE HEPABEHCTBA TUIA Xap/IU UMEIOT OOJIBIITOe 3HAYEHNE U MHOTOYHCJIEH-
HBIE TIPUJIOXKEHUS] B TADMOHUYIECKOM aHAJN3E, B TEOPUSIX MHTEIPAJIBHBIX, MUMQEPEHITNAIBHBIX 1
Pa3HOCTHBIX OIEPATOPOB, B TEOPHUH BJIOXKEHUU (DYyHKIIMOHAJIBHBIX IIPOCTPAHCTB U B JAPYTUX Da3-
Jenax MareMaruku. B mocsemnume rojbl MHTEHCHBHO HCCJIEAYIOTCS BECOBBIE OIEHKH JJIs MHOI'O-
MEPHBIX OIIEPATOPOB TUTIA Xap/ii, KOTOPbIE UMEIOT BaXKHOE ITPUJIOKEHNE B UCCTICTOBAHIUU CBOWCTB
OTPAHUYEHHOCTHU OIIEPATOPOB M3 BECOBOIO IpOCTpaHcTBa Jlebera B JIOKAJIbHOE IPOCTPAHCTBO THUIIA,
Moppu, a Tak)ke B HCCJIEIOBAHUNA OWJIMHEHHBIX OIEPATOPOB B BECOBBIX ITPOCTPAHCTBax Jlebera.
JuckpeTHBIN cydail HEPABEHCTB TUIA XapIU ¢ TPeMs BECAMH SIBJISIETCH OTKPBITON MPOOJIEMOii.
HepagencTBo, BKIIOYaIoiee UTEPAIUIO JUCKPETHOTO OMEPATOPA XapAau, TPAJAUIIMOHHO CINTAETCs
TPYAHBIM JJIsl OIIEHKH, IIOCKOJIbKY OHO COJEP?KHUT TPU HE3aBUCUMBIX BECOBBIX I10C/IEJ0BATEIbHO-
CTell ¥ TPU MapaMeTpa, IMPU UX PA3JIUIHBIX COOTHONIEHUAX. B 9TOi cTaThe MBI JIOKA3bIBAEM HEKO-
TOpOE HOBOE JIUCKPETHOE UTEPAIIMOHHOE HEPABEHCTBO THUMA XAapJU C TPEMS BECAMH JIJIS CJIydast
0 < p < min{g, 6}.

KitroueBbie ciioBa: HEPABEHCTBO, OLIEPATOD TUIA XaP/IU, BEC, IOCIEI0BATEIHLHOCTH, JUCKPETHOE
mpocTpancTso Jlebera.

1 Introduction

Let 0 < p,q,0 < 0o and ¢ = {@x}72; be a non-negative sequence, u = {u; }3°;, w = {w; }2,;
be positive sequences of real numbers, which will be referred to as weight sequences. We
denote by 1,,, the space of sequences f = {f;}32, of real numbers such that

j=1
00 1
1l = (Do lusfil)” < +00, 1<p< o,
j=1
In this paper we characterize the following discrete Hardy-type inequalities:

(iwi(i\wiﬁ q>2>é§0(§:|u]~f]~|p>;, Vf € lpu, (1)
n=1 k=n i=k

for the following cases:

a) 1 <p <min{q,0} < oo,
b) p € (0,1] and p < min{q,0} < oo,

where C' is a positive constant independent of f.
Note that our result in case b) is especially interesting, since a continuous analogue of
inequality (1) doesn’t exist in this case.

2 Literature review

Since last century, one-dimensional discrete, continuous weighted Hardy inequalities have
been investigated intensively in various functional spaces. The results of these works can
be seen in the books of such authors, as for example B. Opic, A. Kufner, L. Maligranda,
L.-E. Persson and N. Samko ([1]-[3]). In recent years, the general cases of the discrete,
continuous weighted Hardy inequalities are investigated. For example the papers [4]-[15] have
been devoted to the continuous analogue of discrete Hardy-type inequalities (1). An interest
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in this type of inequalities are caused by their applicability to spaces of the Morrey type
([16], [17]). Moreover, the characterizations of these inequalities can be applied to research
weighted inequalities for Hardy’s bilinear inequalities ([18]-[20]). However, the discrete Hardy-
type inequality (1) is study very little. For example, see the papers [21| and [22], where in
particular, in [22] a criterion for the fulfilment of inequality (1) was obtained for the case
O<g<b<p<oo,p>1.

3 Material and research methods

The research methods are as follows: in this paper a method of partition of the sequence of
elements of the Hardy operator on the part in each point is developed, which allows us to
effectively estimate the sum on the parts. Note that such "blocking technic" was developed in
[4]. During the estimate, various classical inequalities are used, such as Minkowski inequality,
Holder inequality and the following elementary inequalities:

Ifa;>0,i=1,2,....k, then

(iai>a§z]€:a?, 0<a<l, (2)

m=1 m=1

and
(iai>azz]€:a?, a>1. (3)

In the proofs of our main results we will need the following well-known version of the
discrete Minkowski inequality:

Lemma. Let {a;,}, 1 =1,2,...,n < 400, j = 1,2,...,m, be a positive matrix. Then the
inequalities

) e () )

=1 gj=1 J=1 =1
and
n i o\ L n n 1
(X)X (Elaur)” )
i=1  j=1 j=1  i=j

hold, where o > 1.
Convention: The symbol M < K means that M < cK, where ¢ > 0 is a constant
depending only on unessential parameters. If M < K < M, then we write M ~ K.

4 Results and discussion

4.1 Main result

Our main result reads as follows.
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Theorem. (i) If 1 < p < min{q,0} < oo, then the inequality (1) holds, if and only if

Ay < o0, where )
A 3:SUP<Z:1%€(Z ) > (2;15_7’)/.

rzl b= =n
Moreover, C' = Ay, where C' is the best constant in (1).
(11) If p € (0,1] and p < min{q, 0} < oo, then the inequality (1) holds, if and only if Ay < oo,

where
Ag :sup<2w (Z%) ) sup uy, .

r>1 r<k

Moreover, C' =~ Ay, where C is the best constant in (1).
Proof. Necessity: Suppose that the inequality (1) holds with best constant C' > 0.

(i) Let us show that A; < oo. Let 1 < 7 < N < oo and take a test sequence f = {f,}>

suchthatfs—()for1<5<rand5>Nandfs—up forr <s <N < 0.
Then

Hﬂhp,u:(irﬁwp);:(iw ap)’ (Zu /) (6)

s=r

By substituting f in the left hand side of inequality (1), we can deduce that

1= (St(Cla 1)) = (Sl 7]) ) 2
z(ng@\@éuﬂqy)

From (1), (6) and (7), it follows that
T T 6.1 N 1
C > 0 a)7) " 7)Y for all 1< 7 < N.
(;w (;gok) ) (Zu )", forall 1<y

Since r > 1 is arbitrary, passing to the limit as N — oco, we have that

A—su (St (X)) (Tur) < )
n=1 k=n =7

r>1

22
q

U=
AV
/
&
SIS
/~
(7
S
TS
N———
QD
N——
U=
/N
E\
N——
—
\]
N~—

(1) Let us show that Ay < co. Now for 1 < r < k < oo we assume that g = {gs}32,, where
gs = 0 for s # k and g, = u;, ' for s = k, where uy, # 0. Then
[l = g - e = 1. (9)

Substituting ¢ in the left hand side of inequality (1), we find that

- (XAl 2l

T

>é2 (Zw (Z(’Os) ) uet, Yk >,

QI
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=

I(g) > (iwﬁ(iw?)fl) supug’, Vr> 1.
1 s=n

— r<k
— <
[herefore

I(9) zsup<zr:wz<igpg>g)ésupu;1 = A,. (10)
1 s=n

r>1 r<k
= n— <

From (1), (9) and (10), we have that

T 1

Agzsup(sz(zr:cpg>z)esupu,;1 <C. (11)

r>1 r<k

Sufficiency: Now, we prove that the inequality (1) holds. Let 0 < f € [,,,, be such that

ifi < oo0. (12)

Let -
ki :=inf{k € Z: Zfl < 2R,
i=1

then -
ok1-1 < Zfi < okt
=1

We consider the sequence {ji}, where j;. are defined by

Je=min{j > 1: ) fi < 2R

i=j
We note that
[o¢]
jr=min{j>1:> fi<2M}=1
=

For all £ > 1 it yields that

iﬁ < 2T < i fi (13)

i=ji i=ji—1
Therefore the set of natural numbers N can be written

N = kgl[]ka.]k-i-l —1].

Moreover,

jm+1_1 jm+1_1

ok1—m+1 i £ = Z fi+ i fi < Z fi+2k1_(m+1)+17 m > 2.

1=Jm—1 1=Jm—1 1=Jm+1 1=Jm—1
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Hence,
jm+1_1
< N fi, m>2,
i=jm—1
]m+2 1
oki—m — oli=(mt)+l — o gki—(m+1) - 9 Z fi, m > 2.
1=jm+1—1
We have that
Jo+1—1
A I LR A
i=jo—1
Then we obtain that
jm+2_1
Qi N m> L (14)
i:jm+1_]-

Therefore, in view of (13),

00 00 00 oo Jrk+1—1 00 00 g
() =3 (z a3 ) vy (z a3 ) 5
n=1 s=n =5 k=1 n=jj s=n =5
0o Jk+1—1 Jm41—1 00 q %
B NI SIS w?(Zﬁ) 5
k=1 n=j m=k s=max(n,jm) 1=jm
oo Jry1—1 Jm1—1 g
<> > wn Z > ()
k=1 n=jj m=k s=max(n,jm)
Hence, by applying (14) we have that
oo Jrk+1—1 Jm+1—1 Jm42—1 ! %
03NN ST I NI R (15)
k=1 n=j m=k s=max(n,jm) 1=Jm+1—1

We must now consider the cases § < ¢ and 6 > ¢ separately.

4.2 The case 6 < g

(1) Let 1 < p < 0 < ¢q. By applying (2) in (15), we find that

6
oo Jr+1—1 Jm41—1 q Jmy2—1

QZZZ > & >

k=1 n=ji s:max(n,jm) 1=Jm+1—1
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Now, by changing the orders of sums, we get that

0
0 Jm42—1 m Jk+1—1 Jm41—1 4
0
<4 > 2:2: >, et <
m=1 \i=jm+1—1 k=1 n=j s=max(n,jm)
. 0 9 Q
9 Jm42—1 Jo—1 Jm+1—1 m Jk+1—1 Jm+1—1
<Y L X S [ en| et D e 2w | <
m=1 \i=jm+1—1 n=ji s=n k=2 n=jj S=Jm
. 0 [
00 Jm42—1 J2—1 Jm+1—1 <1 Jm+1 1 Jm4+1—1 q
0 6
531 D DR I DI Z% DI I =
m=1 \‘i=jm4+1—1 n=j1 n= Jz 5=jm
) 0 s (4 [
0 Jmt2—1 j2—1 Jm+1—1 q jm+1 1 Jm4+1—1 q
0 § E E 6 § § q
S 4 fZ Wp, (ps Ps S
m=1 \i=jm+1—1 n=ji n= ]2 s=n
. 0 . A
[e'e} Jm+2—1 ]m+1_1 Jm+1—1 q
92 : 2 : E : 0 § q
S 4 fz wn 905 )
m=1 1=Jm+1—1 n=ji s=n
so that
. 0 . 4
0o Jm42—1 Jm+1—1 Jm+1—1
0
m=1 \i=jmy1—1 n=ji
Therefore, by using Holder’s inequality and (3) in (16), we obtain that
. L . 8 . pva
[ee) Jm+2—1 P jmy1—1 Jm+1—1 q Jm42—1 p
0 p 0 q —p’
I'(f) < E E | fi - wi E W, E Vo E u; <
m=1 \i=jm+1—1 n=ji s=n 1=jm+4+1—1

6 0
00 Jm+2—1 P Jm41—1 Jm41—1 q 00 P
E E 2 0 § q 2 —p’
uz|p sup wn 905 ui
m — i

m=1i=jm+1—1 - n=ji

SA

YRS
D=

-

0
p7u> ‘

(S (s (52 ()

r>1

(i_oj u) — (4l

Hence,

I(f) < Al fllpw, if 1<p<O<q
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(17) Let 0 < p < 1. We start with the inequality (16):

. pl o
00 Jm+2—1 Pj Jm+1—1
0 —1
m=1 1=Jm+1—1 n=1 s=n

By applying (2) with 0 < p < 1, we obtain that

0
oo Jm+2—1 P 0 jm+1—1 Jm41—1 g
I°(f) < E E | fi - wil? max u; E w) E el <
jm+1*1§i§jm+2*1

m=1 1=Jm+1—1 n=j1 s=n

4
oo Jm42—1 P 0 jmy1—1 Jm+1—1 q
—1 %
SE E | fi - wil” o Sup Wn § el -

m=1 1=Jm+1—1 s=n

By using (3), we get

0 1 0
00 Jmt2—1 P Jm+1—1 Jm+1—1 a\ °
SSTANETSS wz(z wZ) | <
m=14i=jm41—1 mz1 n=j s=n Jm+1—1<k
0 o\ b o

oo p T q 0

< (Z\fi-uii”> sup Zw (sz) supu! | = (Axllflla) -
i1 r>1 s—n r<k

so that
I(f) < Ao|| fllpur if P<0<gq, (18)

where p € (0, 1].

4.3 The case 6 > q

(1) Let 1 < p < g < 0. We start with the inequality (15). First we raise both sides in (15) to
the power § <1, ie.,

| | o\ 279
oo Jr+1—1 Jm1—1 Jm42—1 a
q
Yy uly Y o« Yo
k=1 n=jj m=k s=max(n,jm) i=jm41—1
Next we apply (4) in the inner sum with o = (QI and obtain that
q
9o @
o 2] % a ’
q

o) Jk+1—1 Jm+1—1 Jm—+2—1

1‘?<f<4q Z DR B ook ,

m=k n=j s=max(n,jm) 1=jm4+1—1
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Using (5), we get that

. , o 0779
00 m Je+1—1 Jm4+1—1 4 Jm42—1
0
() <40y 1Dy D Wb > ! > f; <
m=1 | k=1 n=ji s=max(n,jm ) i=jm+1—1
q oy
S Jm42—1 m Jr+1—1 Jm+1—1 q
q E § § E 0 § q
S 4 fl Wy, Ps S
m=1 \i=jm+1—1 k=1 n=j s=max(n,jm)
. . o §
00 Jm42—1 Jm41—1 Jm41—1
S 4q § E fZ E w E 905 9
m=1 1=Jm+1—1 n=ji
so that
9
00 Jm42—1 e Jm+1—1 Jm4+1—1 al’
q
I(f) < ) > i > E ot : (19)
m=1 \i=jm+1—1 n=ji
Hence, by using Holder’s inequality,
z & 614
o j'm+271 P jm+271 p j'm+1 1 ]'m+1 1
q p -
I <y > 1fi il >y ) E v
m=1 1=Jm+1—1 1=Jm+1—1 n=j1

Therefore, by applying (3) with a = %, we obtain that

hSES]

o jm+2_1

Jm+1—1 Jm+1—1 % 00 P
rn< (375 ewr ) s 24@5@ AR
m=1i=jmy1—1 mz1 n=j s=n i=

-
[}

[ Il 1
L4 0 =

o0 % r q 0 L P q
< (Zlﬁuilp> Sup Zw (Z w?) (Z uip> = (A1||f p,u) ,
=1 r s=n i=r
so that
I(f) < A1l fllpu, when 1 <p<gqg<@. (20)

(11) Let 0 < p < 1. We start with the inequality (19):

q
, P
Jm+2—1 p

00 Jm+1—1 Jm+1—1
<SS (7S fowear d<2%>

m=1 1=Jm+1—1 n=1
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By applying (2) with 0 < p < 1, we obtain that

1
q o\ ¥ q

oo Jm+2—1 P Jm+1—1 Jm+1—1 q
RUES 1 (b SIRETY I IRV 5 e B o)

m=1 \i=jms1—1 Jm+1—1<k n—1
By using (3), we get that
oo jm+2_1

I(f) < Z Z | fi - wal?

m=1 i=jm+1—l - n:jl

hSHNSY
)]
[wr
o]
S
3
b
|
—
&
RICS
-~
oL
3
I\t
|
—
S
nQ
~
)]
[wr
o]
e
el
AN

=

[4

0 T r q
q
g(z|fi~uirp> sup | " (Z@Z) supu! | = (AellFlp)
=1 n=1 s=n =

hSHTS]

r>1
so that

I(f) < Al fllpws if p<q<, (21)

where p € (0, 1].

The estimates (17), (20) and (18), (21) were obtained under the condition (12). Let
M={fe€l,,:3N =N(f) >0and f; = 0,7 > N}. Since f from M satisfy the condition
(12) and the set M is everywhere dense in [, ,, then the estimates (17), (20) and (18), (21)
are satisfied for all f € [, ,,. Therefore from the inequalities (8), (17) and (20), we get C' ~ A,
and from the inequalities (8) and (18), (21), we get C' &= A, where C' is the best constant in
(1). The proof of Theorem is complete.

5 Conclusion

In conclusion, we have established necessary and sufficient conditions on functions v and w
are ensuring boundedness of a discrete Hardy-type operator from a weighted sequence space
Iy to a weighted sequence space for a wide range of the numerical parameters p, u and 0.
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ON A COMPARISON THEOREM FOR STOCHASTIC
INTEGRO-FUNCTIONAL EQUATIONS OF NEUTRAL TYPE

In this paper, we will discuss a comparison result for solutions to the Cauchy problems for two
stochastic differential equations with delay. On this subject number of authors have obtained
their comparison results. We deal with the Cauchy problems for two integro-differential equa-
tions. Except transient- (or drift-) and diffusion coefficients our equations include also one integro-
differential term. Basic difference of our case from the case of all earlier investigated problems is
presence of this term. We introduce a concept of solutions to our problems and prove the com-
parison theorem for them. According to our result under certain assumptions on coefficients of
equations under consideration, their solutions depend on the transient-coefficients in a monotone
way.

Key words: stochastic differential equation, comparison theorem, Hilbert space.
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Byn makamama Kigipic ocepusi eki cToxacTHKaJIbIK guddepeHnna bk, TeHaeytep yuiin Komn
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B nmammoii crarhe paccmarpuBaeTcs 3ajlada CpaBHEHHWs perneHuit 3ajad  Komm i IByX
croxacTudeckux guddepeHnnaabHbIX YpaBHEHHU ¢ 3ama3abpiBanneM. B 3Toit 06/1acTi MHOXKECTBO
aBTOPOB TIOJIyYUJIU CBOM Pe3YyJIbTaThl, KACAIOIIMECs CPaBHEHUsl PeIeHMil II0J00HBIX 3aJad.
B nmammoit pabore paccmarpuBaroTcs 3amadn Ko i IBYX CTOXACTUYECKUX WHTErpo-
nuddepeHuaabHbIX ypaBHenuii Hefirpaabaoro tuna. [Tomumo koaddunuenra crnoca (mepeHoca)
n Koadpdunmenta auddy3un, paccMaTpUBAEMble yYPABHEHUS COMAEPXKAT TaKKe OJUH HHTErpPO-
nuddepeHIaabHbiil Yien. Haindane 5Toro HHTErpaJbHOrO 9JIeHa sIBJISIETCS OCHOBHBIM OTJIMYAEM
9TOI 38,1241 OTO BCEX PaHee UCCJIeIyeMbIX 3aad. JIjis Hallux 3a/1a9 BBOJIATCS [TOHSITUSI PEIIEeHMIA,
JIJIsT KOTOPBIX JIOKa3aHa TeopeMa cpaBHeHusi. COTJIACHO MOJIYIYEHHOMY Pe3yJIbTaTy, IPA HEKOTOPBIX
MIPEJIITOJIOKEHUSIX Ha KOI(MDMUIIMEHTHI PacCMATPUBAEMBIX yDABHEHMII, WX PENIeHUus MOHOTOHHO

3aBUCAT OT KOIPPUIMEHTOB IEPEHOCA
KuroueBbie ciioBa: croxactuueckoe guddepeHnagibHOe ypaBHEHHe, TeOopeMa CpPABHEHUS,

TJIEOEPTOBO MMPOCTPAHCTBO.

1 Introduction

In the given paper the following Cauchy problems for two neutral stochastic integro-
differential equations

d(ui(t,x) +R[bi(t,x,ui(oz(t),f),f)df) = filt,u;(a(t),z), z)dt "

+o(t,2)dp(t),0 <t <T,zecR? ic{l2},

wi(t,z) = ¢i(t,x), —r<t<0,z¢€ RY r>0,i€ {1,2}, ( 1%)

are studied, where T > 0 is fixed, /3 is one-dimensional Brownian motion, f;: [0, 7] x
xRxR?—R,i€{1,2},0:[0,T]xR? = Rand b;: [0,T] xR{xRxR? — R, i € {1,2}, are
some given functions to be specified later, ¢;: [—7,0] x R? — R, i € {1,2}, are initial-datum
functions, a: [0,T] — [—7, +00) is a delay function. For solutions u; and sy of these problems
a comparison theorem is proved. According to the obtained result, if f; > fo, then u; > us
with probability one. A comparison problem for solutions to stochastic differential equations
in finite-dimensional case has firstly arised in [141]. A comparison theorem for equation of the
form d&(t) = f(t,&(t))dt + o(t,&(t))dB(t) has been proved in this work by A. V. Skorokhod.
According to this theorem, under certain assumptions, a solution of the equation above
is monotonously non-decreasing function, depending on drift-coefficient f. A more general
presentation of the comparison theorem is given in |1 1], [13]. Variations of these results have
been proposed in [2] — [10]. The aim of the given work was to prove the comparison theorem
for solutions of problem (1) —( 1*).

2 Literature review

For the first time, the problem of the comparison of solutions of stochastic equations in the
finite-dimensional case arose in [14]. It is proved in it that, under certain assumptions, the
solution of the equation is a monotone non-decreasing function of the transfer coefficient.
A more general form of the comparison theorem is given in [10] [13]. Variations of these
results were proposed in [ 1], [2], [3], [5], [7]-9], [1 1]-]25]. Comparison theorems for solutions of
stochastic partial differential equations with a multidimensional Wiener process are presented
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in [3]. In [6], a proof is presented of a comparison theorem for solutions of the Cauchy problem
for stochastic differential equations with a multidimensional Wiener process in a Hilbert
space. The aim of this paper was to prove a comparison theorem for solutions of problem (1)
using ideas from [6] and [14]. This result plays an important role in studying the existence and
uniqueness of a solution to this problem under non-Lipschitz conditions on drift coefficients.

The structure of the article is as follows: Section 2 contains the statement of the problem,
3 — preliminary facts and auxiliary results, 4 — proof of the main theorem.

3 Material and methods

3.1 Comparison theorem for stochastic differential equations in the finite-
dimensional case
We consider the Cauchy problem of the form

d(ui(t,x) + /bi(t,x,ui(a(t),f),f)cK) = fi(t,u;(a(t), z), z)dt + o(t, z)dS(t),

Rd
0<t<T,zeRyic{l2},

ui(t,x) = ¢i(t,z), —r <t<0,ie{l,2},
where 3 one-dimensional Brownian motion. We regard the following conditions to be fulfilled:
1. a: [0,T] — [—r, +00) belongs to C*([0,T]) with 0 < o/ < 1.

2. fi: [0,T]xRxR? =R, i€ {1,2},0: [0,T]xRxR? — [0,00], b: [0, T] xR x R x R% —
— R are measurable functions.

3. The initial-datum functions ¢(¢,z,w): [-7r,0] x RY x Q — Ly(R?), i € {1,2}, are
Fo-measurable random variables and such that

E sup H(bz(ta .)H%Q(Rd) < 00, (S {172}a E sup ¢2(t,l’) < Q3.
—r<t<0 —r<t<0

4. b, satisfy the Lipshitz condition in the third argument of the form
|b(t, x,u,&) — b(t,z,v,&)| <IU(t,x,&)|u— v,
0<t<T, {z,&} CRY {u,v} CR,

where the conditions are valid for the function [

sup /(/ F(;k—zié)dgp(x)dx < %, sup /l?(Z’(—gOdé“ < oo,z €RYL(3)

0<t<T 0<t<T
Rd Rd Rd
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5. There exists a function b;: R x R? — [0, 00), such that

2
/ ( / bl<x,s)d£> p()dz < oo, / (2, €)dE < o0, € RY;
]Rd Rd ]Rd
such that
sup [b(t,z,0,8)| < bi(z,€), x € R.E € RY (4)
o<t<T

6. The function f;, o, ¢ € 1,2, satisfy the conditions of linear growth and Lipschitz in the
second argument, that is, there are L > 0 such that

filtou, )] + lo(tua)| S LA+ ul), 0t < TueR, z € RY, (5)

|fi(t,u, 2)— fi(t, v, 2)|+|o(t,u, x)—|o(t,v,z)| < Liu—v|, 0 <t < T,{u,v} €R, z € R% i€ 1,2

(6)

Let U = Uy, ¢E¢’L: bEbw fEfza S {172}
Definition. A continuous random process w;(t,-,w) : [—r, T x Q@ — R, i € {1,2} is called
a solution to (1) — ( 1*) provided

1. It is F;-measurable for almost all —r <t < T.

2. It satisfies the following integral equation

Rd

wilt, ) = 6(0,) + / b0, . (. €), £)dE — / b, - ua(t). €), €)de

t

4 / fi(s,us(a(s), ), )ds + / o(s,usla(s), ), )AB(s), 0 < ¢t < T, i € {12},

ui<t7 ) = ¢(t’)v —r<t<0,7¢€ {172}- (7)

3. It satisfies the condition
T

T
B [t et < o0 B [ul e < oc.i € 41,23
0

0

The following theorems are true.
Theorem 1. Denote by u = u;, f = f;,i € 1,2. Assume that the conditions (1)—(6) are
satisfied. Then (7) has a solution continuous with probability one, unique in the sense that if
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u(t,-), v(t,-), 0 <t < T are two continuous solutions to (7), then P{ sup |u(t,-) —v(¢,-)| >

0<t<T
0} =0.

Theorem 2. Suppose that conditions (1)-(6) are satisfied. Suppose further that
wi(t,z),0 < t < T,i € {1,2} are continuous (with probability one) solutions to problem
(7). That, if fi(t,u,-) < fa(t,u,-) for all 0 <t < T the condition uy(t,x) < wus(t,z) are
satisfied.

Proof of the theorem 1. In order to prove existence and uniqueness of solution to
(7) we use the method of successive approximations. The idea of the proof is to construct a

sequence of approximations, which converges to the solution w. From now on z is supposed
to be fixed. Let

and for n € {1,2, ...} define u™ as

+/f(s,u("_1)(a(s), ), - )ds + /a(s,-)dﬁ(s), 0<t<T, 9)

0 0

1.1 Firstly let us choose a small 0 < T} < T and prove that sup El[u™(t,
0<t<T

L ]b(O, ’ ,¢(—T, §)7 §)|d§

I, gy b

a bound, independent of n. We obtain

2
sup El[u (¢, )17,z < SEl¢(0, )7, s + SE

0<t<Ty

Lo (R%)
2
+2 sup Bl [[blt, - Va(0), ), 6l
0<t<T} i Lo (Rd)
t 2
+8 sup E /]f(s,u(”l)(a(s), ), - )|ds +8 sup E /
0<t<T} La(RY) 0<t<Ty 0 Lo (R4)
= 8E[|¢(0, -2, Rd)+25., 0<t<T. (10)

From (2) and (4) we have

|b(t7 '7“75)’ < |b(t7 '7“75) _b<t7 707§>| + ’b(t, 70,§>| < l(t, ,£)|u| —|—X(-,£)7
0<t<T,ueR, ¢ecR?
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Then we obtain

S1 8E/<R |b(0,x,¢(—r,£),§)\d£>2dx < 16E/<E/Z(O,x,§)¢(r,f)d§> de
+ 16/<R/x(x,§)df) de < 16(@//12(0>w,§)d6d$)E¢(?", -)Hiz(w)
/(R/w,@dg) i

2
R4 d

R R4

2
XO;lSPTIE”u(n—l)(a(t), ')H%Q(Rd) +4/<m/x(x,§)d§> dx. (11)
R Rd

According to properties of «, there exists a point 0 < t* < T3, a(t*) = 0. Then

sup Ellu""Y(a(t), )L @e < sup Bllu""V(a(t), )|, e
(R) o<t<ts (RY)

0<t<Ty
+ sup  E[u™ Y (a(), ')Hig(Rd) < sup E|o(t, ~)H%2(Rd) + sup E|u (¢, .)||%2(Rd)
t*<t<a(Ty) —r<t<0 0<t<Ty

and we get from (11)

0<t<T —r<t<0
Rd Re

"y /(m/w,@dg)zx.

If t* does not exist, then a(t) < 0 for all £ and further conclusions are obvious, because

Sy < 4( sup //lz(t,x,g)dﬁd:c> ( sup E|o(¢, .)H%Q(Rd) _|-021<pT EHu(n—U(t’ '>H%2(Rd))
U111

sup Ellul"Y(a(t), Mo = sup Elo(t, )7, @
0<t<Ty _r<it<0

In order to estimate S3, we take (5) into account and obtain

t

t 2
S3 =8 sup E/(/|f(s,u(”_1)(oz(s),a:),x)|ds> dx < 1677 sup E//(ng(s,x)
0<t<Ty J 0<t<Ty

R4 0 Rd
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a(T1)
—|—L2(u(”_1)(a(s),x))2) drds < 16T} <T1 sup /772(t,317)d90—|—L2 / E|u™ (s, -)||%2(Rd)ds)
0St<T1 ) J
T
<1677 sup /772(15,93)0[93+16L2T1 (7’ sup E|[¢(s, ')Hi(u@d)"‘/EHU(n_l)(Sa ')||%2(Rd)d3)~
0<t<Ty —r<s<0
R¢ 0

For S; we conclude

t

S, =28 sup //( (s, :t:)ds)d:z: < 8/”0 HL2 ]Rd)ds
0<t<T 2

R4

Let denote

S(T1) = 8E[|¢(0, -)|IZ,ge) + 16 //12 (0,2,¢ dédfv>EH¢( oo

de
2
20 [ @/ x(fc,f)dﬁ) d:c+4<sup I/ F(t,x,s)dsd:c) sup Ello(t, 12, g
0<t<T —r<t<0
Rd d Rd Rd

+167T}¢ sup /n2(t,x)d:c+16rL2T1 sup Elo(t, )17, @ +8/Ha I, @y dt < oo
0<t<Ty —r<t<0
Rd

Then from (10) we obtain

0<t<Ty 0<t<T
Rd Rd

sup Bllul™(t, )HL ®ey < S(Th) —1—4( sup //52 (t,x,& dfd:ﬁ)

X sup EHu(" Y ( , ')HLQ(Rd) + 16L2T1/E||U (=1 ( , ')HLQ(Rd)dt’ (12)
0<t<T) )

If n =1, then from (12) we have

0<t<T) 0<t<T
Rd R

sup Ellu(t, )2, e < S(T1) +4<Sup //Ptxfdﬁdx)Ech( ST

T

16T / El|6(0, - )12, g d.
0

For an arbitrary n € {2,3, ...} we obtain

sup E[lu™(t, )7, < S(T1)

0<t<Ty

144 sup //lg(t,x,f)dfdx +...
0<t<T
Rd R4
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T

n—1
—|—<4 sup //ZQ(t,x,f)d§d$> +16L2T1/S( 144 sup //l2 (t,z,&)dédx
0<t<T 0<t<T
Rd Rd 0 Rd Rd
-2 T,
+. (4 sup / / Ptz & dgda;) ds + 16L°T, / (16L*Ty (T1 — s))S(Th)
O<t<TRd R
n—3
X |1+ ( sup //lztxﬁdfdx> ]ds
0<t<T
R4 R4
1 (16227, (T, - 5))"
—|—...+16L2T1/ S(Ty)|1+4 sup //Zthfdﬁda: ds
(n - 3)! 0<t<T
Rd Rd
4 sup //52 (t,x,€) dgdx 4 sup //12 (t,2,&)dedx | E[¢(0, I, e
0<t<T 0<t<T :
Rd Rd Rd Rd
n—2
—|—16L2T1/EH¢( I, (RaydS +16L*T; (4 sup //ZQ(t,x,f)dfdx>
0<t<T
Rd Rd
T
/ [(40% JNEY: dsdx)Er|¢< M e + 16273 [ Eo(o ->H%2<Rd>ds] dr
Rd Rd 0
n—3 T1
(16L7T7) (4 sup //l2 (t,z,¢ dfdx) /(T1 —7)
0<t<T
R? Rd 0
T
x [(4022 [/ F<t,x,£>dfdaz>EH¢<o, M yaey +162°T1 [ Bl ~>||%2<Rd>ds] ar
7 Rd R4 0
h T n—4
4o+ (16L2T)" [ 4 sup //12 (t,z, €)dEdn /@
0<t<T (n - 4)!
Rd Rd 0
T
[( sw [ [Pt dﬁdfv>EH¢( M ey + 162°T: [ BJo(0 ->||%2(Rd>ds] ar
Rd R4 0
T, — 3
+(162°T1)" 7?4 sup / / 2(t,x,€)dedx / L=
0<t<T (n —3)!
Rd Rd
Ty
[( oilffT//F (t,z,¢) dﬁdw>Ell¢( oo +16L2T1/E||¢(0, -)Ilig(uad)dsl dr
0

Re R
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n—2 Ty
( sup //l2 (t,z,& d{dx) 16L2T1/C(T1 )ds + ( sup //l2 (t,z,& d&dx)
0<t<T 0<t<T

R4 R4 0 Rd Rd

T

x16L°T, / (16L*Ty (T — 5))C(Th)ds + .. <4 sup / / (t,z,& dgdx> 16L2T,
0<t<T

0 Rd Rd

T _
16L2T, (T, — s))" "
x/( (71— 5)) C(Ty) ds+< Sup //F (t,x,& dgd;c> 16L2T,
0

(n—4)! 0<t<T
Rd Rd

-3 -2

. 1 (16227, (T, — 5))" o [ (1622Ty(T, — 5))"
/ (T s + 161 / g C(Ti)ds

Rd Rd

_ T
( sup //l2 (t,x, & déd:c) 16 L2T / 16L2T1 T, — s))EH¢( )HQLQ(Rd)dS
0<t<T
0/

16L2T 2
( sup / / lztfcédédaz> 161°T, T =) 0, )2, g ds

0<t<T
Rd R4

0st<T S J, (n—3)!

2 2 n—3
+...+< sup //12 (t,z g)dg@) 16L2T1/ (LT3 (T — 5) E[|l¢(0, - )II7, @ads
0

—2

T 9 B n
+<4 < / / l2(t,x,§)d§d:r) 16L2T, / L Tl(?z)!sn E[|¢(0, )17, gayds
0

0<t<T (n
R? Rd

! n—1
16L2T1 (Tl — S)

0<t<T'Rd Rd

where C(Ty) = S(T1) + <4 sup [ [ 13tz &)dédx | Ell¢(0, ')”%Q(Rd)' It is easy to see that

if 77 is small enough and assumption (3) is true, then the the right-hand of (13) is not more
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than
T
16L°Ty - S(Th) - [ exp{16L*Ty (T} — s)}ds
S(Th) N 0
1—4 sup [ [Ptz §&)dédx 1—4 sup [ [Ptz §&)dédx
0<t<TRd Rd 0<t<TRd Rd

Ty
16L2T, - 16L2T,(Ty — s)}d
C(Ty) - exp{16L*T?} 1 OfeXp{ 1(Th — s)}ds

2
1—4 sup [ [Ptz §&)dédx 1—4 sup [ [12(t,x §)déd E[[6(0, )17, (ga)

0<t<TRd Rd 0<t<T'Rd Rd

B (S(T1) + C(T1)) - exp{16L*T#} + (exp{16L*T7} — 1) E||¢(0, N e
N 1—4 sup [ [ 12t x,&)dédr
0<t<T'Rd Rd
Thus there exists ¢(77) > 0 such that for an arbitrary n € {1,2,...}
sup E[lu™(t, )7,z < e(T1). (14)
0<t<Ty

1.2 Second let us prove that (u(”)(t, ne{l,2,.. }), 0 < t < T, is convergent. In order

to do it we estimate sup E[u™V(t, ) — u™(t, N, @ay n € {0, 1, 3
0<t<Th

If n = 0, then we obtain, taking into account estimate (14),

sup Bl (t, -) = u®(t, )20 <2 sup Efu(t
0<t<Ty

0<t<Ty

+ 2E| (0, ')Hi(u@d) < 00|

s ML

If n € {1,2,...}, then we obtain, taking into account estimates from 1.1,

sup Blut D (t, -) =t )|, o) < <wp//ﬁtx§&m)
0<t<Ty 0<t<T

Rd R4

0<t<T}

x sup Ellu" (¢, ) —a(t, )17, g +2L2T1/EHU (s, ) = u™ (s, I gy ds
0

g( sup / / z2txsd§dx+2L2T2> sup Efa™ V(¢ -) = u(t, )I[7 gy < -
0<t<T

0<t<Ty
Rd R4

sGam//mmwmm+u%ﬁ sup B (t, ) — u(t, )|,z
0<t<T

0<t<T1
R4 R4

Due to assumption (3) and choose of small Ty, sup [ [ 1*(t,x,§)dédx + L*TE <
0<t<TRd Rd
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0<t<T'Rd Rd

therefore (2 sup [ [ 13(t,x, &)dédx + 2L2T12> < 1 and we conclude

lim  sup 4/E[u(t, ) —ulm(t,

m,n— o0 OStSTl ) ||L2 Rd)

n—1

D (ub(t, ) —ud(t, )

-1

= lim sup E

m,n—o0 0<t<Ty

A

La(R4)

n—1
<t 3 Lo B ) = 00 I

i=m—1 Ost<T
< \/ sup El[lu(t, -) —uO(t, >||L2(]Rd
0<t<Ty
n—1
x lim Z ( sup //Zthfdfdx+2L2T2> = 0.
mnmeo L T 0<t<T
Re Rd

Thus, ( M(t, - )n € {1,2,. }) 0 <t < Ty, is a Cauchy sequence. Consequently, there
is a limiting function u(t, -) € Lz(Rd) 0 <t < Ty, such that

lim sup Elu™(t, ) — u(

n—oo OStSTl

t ')HLQ(Rd) = 0. (15)
From (14), it follows from Fatou’s Lemma that

sup El|u(t, -)[|7, g < c(Th).

0<t<T

The function u is F-measurable as a limit of F;-measurable functions.

1.3 Next we show that u(t, -), 0 < t < T3, solves the equation (7). To this end, we need
to pass to the limit in the identity (9). Taking into account (15), we have

2

lim sup E /qu-,w”4xauxsxf>—bag-Jwa@xsxgndf
n—00 0<t<T)
Lo (R4)
< ( sup // (t,x,& dfdm) lim sup Elu™Y(t, ) — ult, ')||%2(Rd) =0,
0<t<T N—00 0<¢t<T}
Rd R4
2

lim sup E /(f(s,u("l)(oz(s), ' )7 ) - f(s,u(oz(s), : )7 : ))dS
n—oo 0<t<Ty

0 Lz (R9)

a(Th)

2 . n—1 2
<27l [ B s, ) = (s, IR, o ds

'

< L*T? lim  sup EHu(n_l)(t, ) —u(

n—oo 0<t<Ty

2 ’)H%Q(Rd) =0.
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Therefore, passing to the limit in (9), we have

R4

ult, ) = 6(0, ) + / b0, - (1. ). E)dE — / bt - u(a(t), €), €)de

t

—l—/f(s,u(a(s), ), -)ds—i—/a(s,-)dﬁ(s), 0<t<T,

0 0

— the solution to (7) on [0, 77]. This procedure can be repeated in order to extend the solution
to the entire interval [0, 7] in finitely many steps, thereby completing the proof.

Proof of the theorem 2. Let prove the desired result under the hypothesis M1. From
now on, suppose that x is fixed.

2.1 Let us solve the problem

d<u2(t, )+ /bg(t, -,u2(a(t),§),§)d§) = f(tus(alt), -), )dt + o(t, )dB(t), 0 < t < T,

R4

i.e. satisfy the following identities

(Ug(t, ) + /b2(t7 : ,u2(04<t),f),£)d£> - <u2(07 )+/b2<07 ’ 7u2<a(0)7£)7§>d§>

Rd R4
t t

= /fg(S,'UQ(Oé(S), ), -)ds—i—/a(s, )dp(s), 0 <t <T, (16)
ug(t, - ) = ¢alt, -), —r <t <0. (16%)

Let ug solve the problem

d(ug(t, -)+/b1(t, -,u2<a(t),5),g)dg> — fltus(alt), ), )dt+o(t, )dB(t), 0 < t < T,
US(ta '):¢1(ta ')7 _TStS()’

i.e. satisfy the following identities

<U3(t, ) + /bl(tv : 7“2(a<t)7§)7£)d£> - <U3(0, )+/b1<07 ’ ,U,Q(CY(O),f),f)df)

R4 R4
t t

= /fl(s,uz(a(s), ), -)ds—i—/a(s, )dB(s), 0 <t <T, (17)

0 0
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us(t, ) = dn(t, -), —r <t <O0. (17%)

Subtracting (17) — (17*) from (16) — (16¥*), we obtain

(u2(t, ) - u3(tv )) + /(62(t> ' 7“2(05(15)75)75)616 - bl(ta -,u2<&(t),f),f))df
+ (U3(O, ) - u2(07 )),+/(b1(07 : 7u2(a(0)7£)a§)d§ - b2(07 : 7u2(a(0)7£)a§))d§

= /(f2(57u2(0‘(5)a ), ) = fils,us(als), -), -))ds, 0 <t < T,

v~

<0

u2(t7 ')_u3(t7 '):?Q(tv ')_¢1<t7')7 _T§t§07

<0

therefore us < ug with probability one.

Now let consider us — a solution to

U3(t, ):(bl(t’ ')7 _rstsoa

i.e. is defined from

<U4(t, )+ /bl(t7 '7”3(a(t)7€)7§)d§) - <U4(0, ) + /bl(oa ’ ,U3(O./(O),f),€)d€>

R4 Rd
; t

:/ﬁ@%m@,%q@+/d&yw@m<tgﬂ (18)

0 0

ug(t, -) = ¢i(t, -), —r <t <0. (18%)
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Subtracting (18) — (18*) from (17) — ( 17*), we conclude

(U3(t, ) - ’LL4(t, )) + /(bl( u2(a( ) 5) f)df - bl( U (a(t)75)75)>d5

= /(fl(sauz(oé(s% D, ) = fils,uzlals), -), -))ds, 0 <t < T,

J/

g

<0

US(ta ')—U4(t, ) :qbl(t? )_¢1(t7 ) :07 —’f’StSO,
therefore uz < uy with probability one. Continuing in a similar way, one obtain a sequence
(un,n €{2,3,.. }), fulfilling

Uy CTuzg <uy <...<u, <...

)

where u,, n € {5,6,...}, is defined as

(un<t7 ')+ /bl(ta ' 7un—1(a(t)7§>7£)d§> - (un(07 ')+ /bl(oa : 7un—1(a(0)7§)7£)d£>

R4 R4
t t

= /fl(s’unl(&(s), ), -)ds+/0(s, )dp(s), 0 <t <T, (19)
un(t, -) = ¢u(t, =), —r <t <0. (119%)

2.2 Hereafter we argue in a similar way as in the proof of theorem 1. We establish that
(un,n €{2,3,.. }) is convergent. In order to do it, we prove that

lim sup Elju,(t, ) — u(t, )HLQ(W =0,

n—o0 0<t<T

where u; is defined from

(ul(t> ) +/bl(t7 : ,Ul(a(t),f),f)d€> - (ul(ov )+/b1<0a : 7U1<a(0)7§)7€)d5>

Rd R
t ¢

= /fl(s,ul(oz(s), ), -)ds—i—/a(s, )dB(s), 0 <t <T, (20)
wr(t, ) =¢(t, -), —r<t<0. ( 20%)

It follows from the proof of theorem 1 that there exists a constant ¢(7)) > 0 such that
sup Elus(t, )HL2 ray < ¢(T') and sup Ellu,(t, DI, ey < ¢(T) forn € {3,4,...}. The rest
0<t<T 0<t<T

of the proof is similar to the case of theorem 1.
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4 Results and discussion

As mentioned in the introduction, comparison theorems play an important role in the study
of solutions with non-Lipschitz coefficients, in the study of the behavior of solutions at in-
finity, for optimal control of stochastic systems ([1],[2],[4],[5], [7]-[9], [L1]-[25]). However, for
equations with a delay of the neutral type, such studies have not been carried out before. This
is due to the fact that lag is among the stochastic derivative, and therefore it is impossible
to apply the classical Ito formula of differentiated functioning. Namely, on the application of
Ito’s formula, the proof of the classical comparison theorems is constructed.

5 Conclusion

Thus, the paper considers the existence, uniqueness and comparison theorems for stochastic
functional-differential equations of neutral type with variable delay. When obtaining these
results, the methods of stochastic and functional analysis were used, namely, the principle
of compressed mappings, monotonicity methods, coupling method and others. Using these
methods, we obtain local and global theorems on the existence and uniqueness of initial
problems for stochastic functional differential equations with variable delay of a neutral type,
as well as theorems for comparing two solutions. In the future, this method will allow us to
obtain similar results for equations with unbounded operators, in particular for stochastic
functional differential equations of the neutral type of partial differential equations.
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OB O/IHOM IIEPEOIIPEJAEJIEHHOM BECOBOM
JANPOOPEPEHIITMMAJTIBHOM HEPABEHCTBE TUIIA XAPIN
BTOPOI'O IIOPAAKA

Kitaccuaeckoe ogHOMEpHOE HHTErPAIHLHOE HEPABEHCTBO X AP/, HECMOTPS HA OJHOMEDPHOCTD, UMEET
MHOTOYHUCJIEHHDbIE TPUJIOKEHNST BO MHOTUX pasenax marematuku. Haunnasa ¢ 1930-x romoB cTaim
WHTEHCUBHO KCCJIEJIOBATHCS BECOBblE BAPUAHTHI HEPABEHCTBA XapJH, OIHAKO IIEepBble YCIEXW,
6pum mostyderbl B 1969-1970 romei. B Hacrosiiiee BpeMmsi OJJHOMEPHOE WHTErpPAJIbHOE BECOBOE
HEPABEHCTBO XAap/id, MOYTH IIPUA BCEX 3HAUECHUSX MAPAMETPOB JOCTATOYHO XOPOIIO MCCJIETOBAHO.
Hapsiny ¢ uaTerpajabHbIM HEPABEHCTBOM HE MEHEE BayKHOE MECTO 3aHmMaeT AuddepeHInaabHoe
BecoBoe HepaBeHCcTBO Xapmau. uddepenimaabnoe BeCOBOE HEPABEHCTBO Xap/IW M3ydaeTCs MpH
Pa3/IMYHBIX T'PAHWYHBIX YCJIOBHUSX Ha TIPaHUIE 3aJaHHOro wuHTepBasa. OIHAKO, 3ajaBaeMble
rpaHUYHbBIE YCJIOBUsI 3ABUCST OT IIOBEJIEHUsI BECOBBIX (DYHKIMK HA KOHIAX WHTEpBaJja. Kpome Toro,
WCCJIEZIOBAHUE 3aBUCUT OT TOTO, sIBJIAETCS JIM WHTEPBAJ KOHEUHBIM WM OECKOHEYHBIM, ITOCKOJIBKY
WHTErpajbHOE [OBEIEHNE BECOBBIX (YHKIUI 3aBucAT OT ciydasd. CylmecTBYIOT pPa3IndHbIe
11pobJIeMbI, 0OCOOEHHO B IIEPEOIPEIETIEHHOM CIydae, T.e. KOTJA YHCJIO I'PAHUYHBIX YCJIOBHUIl BBIIIIE,
geM MopsIoK auddepeniiuposanns. B manHoit craTbe 3ajata UCCIeIyeTCs Ha KOHEIHOM OTPE3Ke
¥ CYHATAETCs, 9TO OCODEHHOCTU BECOBBIX (DYHKIME COCPEJIOTOYEHBI Ha OJIHOM KOHIIE MWHTEPBAJIa U
TPAHUYHbBIE YCIOBUS SABJISIOTCS IEPEOIPEIEICHHBIMHU.

KiroueBbie cJsioBa: BecoBoe udepeHInaibHOe HEPABEHCTBO XAap/d, BecoBble (YHKINM,
rpaHnYHOe 3HaYeHWe (DYHKINH, IIePEOIPe/e/I€HHbIE TDAHUYHbIE 3aJa4d, JIOKAJIHHO abCOJIIOTHO
HellpepbIBHAs (PYHKIINS.

LA 2K. Anuesa, ?A.O.Baitapeicranos
! noxTopant, E-mail: a.aina70@mail.ru

2.-m.r.K., E-mail: oskar 62@mail.ru
JI.LH. I'ymunies arbingarsl Eypasus yirTeik yHuBepcureri, Hyp-Cyaran k., Kaszakcran

Exiumi perri ken maprtel Xapam TUOTEC cAJIMaKThl AuddepeHnnaiablK TEHCI3AIK Ty paJibl

Knaccukanpik 6ip emmemai Xapam WHTErPAJIAbIK TeHCI3miri Oip emmemaiiirine KapamacTaH,
MaTeMaTUKaHbIH KOITereH Oesimjepinie opTypJi KoJsganbsicTapbl 0ap. 1930 :xburman Gacrar
Xapan TEHCI3MIrHIH CcaJMaKThl HYCKAJapbl KAPKBIHILI 3epTTeie 6acTagbl, Oipak aJiFallkbl
2KeTIiCTIKTepi, IFHU OpBbIHJaay Kpurepuitaepi 1969-1970 :xpuimapsl anbiaabl. Kasipri yakwiTTa
6ip emmemai Xapanm caJMaKThl TEHCI3IrN mapaMeTpsepair, Oapiblk MOHIAEpIHIe JIepJIikK
KETKITKTI Typ/e KakChl 3epTTeNreH. Xapau WHTETPAJJILIK TEeHCI3IriMen kKartap Xapmau
auddepeHnaiiblK, CaJIMaKThl TEHCI3r /16 MaHBI3ALI OPBIH  AJAJIbl. XAPIUJIIH CAJTMAKTDHI
nuddepeHIuaIIbIK, TEHCI3AIri OepijireH HMHTepBaJIAbIH IMeKAPACHIHIA OPTYPJH IIeKapaJibIK,
maprrapja 3eprrejaeni. Ajaiina, GeplireH IIeKapasblK, IapTTap CaJMaKThl (DYHKIUSTIAPIBIH
WHTEPBAJIIBIH IIeTKI HyKTeJepinjgeri Toprinrepine Oaitnanbictol. COHBIMEH KaTap, e€cer
WHTEPBAJIIBIH, MIETKI HYKTEJEPiHiH aKbIpJIbl HEMece aKbIPCHI3ILIFbIHA OaIaHbICThI, OWTKEHI
CAJIMAKTHI (PYHKITUSIAPILIH, MHTETPAJIABIK TOPTIITepi opTypJii Oomaabl. By karmaiimga opTypJi
MoceJiesiep TYBIHIAMIbI, 9cipece KO MapTThl YKariaiiia, Ssrau OepiireH meKapasblK apTTap
canbl guddepennnaiay perineH ker OosiraH kKe3je. By Makaiaga ecer aKbIPJbl HHTEPBAJIIA
3epPTTeN, CaJIMaKThl (DYHKIUSIJIAPIBIH epeKIIeJikTepl WHTEePBAJIbIH Oip KAk [EeKapPACHIHIIA
IIOFBIPJIAHAIBI JKOHE IMEeKAPAJIbIK MapTTap KOIMIAPTTHI OOILII TaObLIA b

Tyitin ce3mep: Xapmnm caaMakThbl Aud@EpeHIUAIIBIK, TEHCI3IIr, CaJIMaKThl TEHCI3IiKTep,
GYHKITUAHDBIH, TIIEKaPAJIBIK, MOHI, KO MAPTTHI MeKapasblK eCcernTep, JOKaII abcoaioTTi y3imiccis
byHKITHIS.
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On an overdetermined weighted differential inequality of Hardy-type of second order

It is well known that the classical one-dimensional Hardy integral inequality has various appli-
cations. Since the 1930s, weighted versions of Hardy’s inequality are intensively studied, but the
first results of the criterion-type were obtained in 1969-1970. The one-dimensional weighted Hardy
inequality is rather well studied for various parameter values. Hardy’s weighted differential inequal-
ity has the same level of importance as the integral one. Hardy’s weighted differential inequality
is studied under various boundary conditions at the ends of a given interval. Meanwhile, the
boundary conditions depend on the behaviour of the weight functions at the ends of the inter-
val. Moreover, the study depends on whether the interval is finite or infinite, since the integral
behaviour of weight functions depends on the case. There are various problems, especially in the
overdetermined case, i.e. when the number of boundary conditions is higher than the order of
differentiation. Our study relates to the case of a finite interval, when the singularities of the
weight functions are concentrated at the same end of the interval and the boundary conditions are

overdetermined. ) ) ) ) ) )
ey words: weighted differential Hardy inequality, weighted functions, the boundary value of a

function, overdetermined boundary value problems, a locally absolutely continuous function.

1 BBenenmne

[Iycte I = (0,1), w - HempepblBHasi U HeOTpUIATETbHAs (DYHKIHs, & IOJOKUTEIbHBIE

GYHKIIMU v U 7, COOTBETCTBEHHO HEIPEpPbIBHAA W HENPEpbIBHO juddepeHimpyemMas Ha
1—p ) -1 _1

unrepsaie I, v'77 € Ly(I) n pana moboro a : 1 > a > 0 dynxmua r~' = - uaTerpupyeMa Ha

unrepsase (a,1), tae 1 < p’ < oo.
d d
[ostoxum D2 f(t) = Er(t)% u D! f(t) = r(t)%.
[lyectrb 1 > T > 0,1 <p<oo,lp =(0,T) u Livv(r) = Li,v(r;IT) MHOKECTBO (DyHKITHH

) . Pl
f It — R yokajgbHO abCOJTIOTHO HENPEPBIBHBIX HA [Tl BMecTe ¢ dyukmuein D, f u s

oo P
koTopbiX ||D2fl|,0 < o0, Tie ||gllpn = (f v(t)|g(t)\pdt) - HOpMa BECOBOTO MPOCTPAHCTBA

T
Lyo(I) = Ly, B cuny nanoxennsix ycosuit Ha dbyskmuit v' 7, r~! gz moboro f € L2 (r)
CYWIECTBYIOT KOHEHbIE Clespl lim DIf(t) = DLf(T), lim f (t) = f(T).
— —

ITostozxumM
L'RL2, (1) = {f € L2,(r) : f(T) = 0, DLf(T) = DLf(0) = 0}.

PaccmorpuMm nepasencTso

T
/U |pdt<CT
0

HepagenctBo nipu r = 1 umeer Bu

o) D2f(0)Pdt, f € LR, (r). (1)

St~

T

/MMﬂPﬁ<%

0

v f"(O)Pdt, fe L'RL;,(1). (2)

O\ﬂ
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HepagencrBo Buja (2) paccMaTrpuBajoch BO MHOIMX paborax (CM. HHUKEIPUBEICHHDII
JaurepaTypHbiit 0030p). Hepasencrso (1) ormaaercst ot HepaBeHcTBa (2) HagmaneM GyHKIUT
rt = % Eciu dynkmus r~! He unTerpupyema B OKPECTHOCTH HyJisl, TO U3 pe3yJIbTaTa
no HepaseHcTBy (1) He ciiemyer Kak CjeJcTBHe pe3yJbTar 1o HepaseHncrBy (2). B
pabotre [1]| mepasencrso (1) paccMaTpuBasoch B GECKOHETHOM IIPOMEKYTKE ¢ HPUMEHEHHEM
PE3yAbTATOB K BOIPOCY OCIMLIATNN TudHepeHnnaaIbHOr0 YPpaBHEHUs 9€TBEPTOTO MOPSIKa,
korfga (GyHKIma 7! MOXKeT HMeTh HEeHHTerpupyeMble OCOOEHHOCTH. B JaHHOil cTaThe
paccMaTpuBaeTcs ciaydail, Korja (byHKIUA 1! MOXKeT UMeTh OCOOCHHOCTH B OKPECTHOCTH
Hy/g. OCHOBHOI TIeJIBIO PAOOTHI SIBJIETCSA TIOJIY9€HIEe HEOOXOIUMOTO U JJOCTATOYHOIO YCJIOBUS

BBINIOJTHEHUST HepaBeHcTBa (1).

2 O630p auTepaTypbl

UccieioBanne BecoBbixX juddepeHuaibHbIX HEPABEHCTB Xap/u BBICOKOIO MODSJIKA BHIA
(2) npm pas/IMYHBIX I'PAHUYHBIX YCJIOBUAX HAYaIUCh B Hadaje 80-X TOJOB IMPOIILIOrO BEKa.
['paHUYHbBIE YCJIOBUS HA3BIBAIOTCH IEPEOIPE/IEJeHHBIMI, €CJH KOJUYECTBO HE3aBUCUMbIX
IPAHMYHBIX ycsIoBUil Gosibiiie mopsaka guddepennuposanns B Hepasencrse. CrHadasa
paccMaTpuBaJioch BecoBoe uddepeHnnaibHoe HEPaBEHCTBO [EPBOrO IHOPsIKa. B 3roM
ciIydae, 3aj1a9a ¢ OlPEJICICHHBIMU TPAHUIHBIMU YCJIOBUSMU ObLIa 9KBUBAJIEHTHA U3BECTHOMY
BECOBOMY HEPABEHCTBY Xap/IH, a IePeolpeIeIeHHbII C/Iydail 0Ka3aJIicsi OTKPBITO IIPOBIEMOI.
D1y 3a;ady BHepBble pernms venickuil Mmarematuk P.Gurka u 1osydeHHBI UM pesysibrar,
u Jpyrue ero obobieHus omyGgnKoBaHbl B KHEHre [2]. VI B ¢Bs3M ¢ BayKHOCTBIO ITOIf
3ajiaun B Teopun uddepeHnnaibHbIX OrepaTopos, B paborax |3, [4] moaydenst pasiudnbie
SKBUBAJICHTHbIE KPUTEPHUHU BBIIOJHEHHsT BECOBOTO i depeHnnajibHOro HepaBeHCTBa, Xapiu
B 1epeolnpesiesieHHOM ciydae. B paborax [5], [6], [7], [8],[9], [10], [11] mosmyuens
KPUTEPUH BBIIIOJHEHNS HEPABEHCTBA BUJA (2) BBICOKOTO MOPsJIKA HA KOHETHOM OTPE3KE C
OIIpe/IeJIEHHBIMI IPAHUIHBIMU 3HaYeHUsIMU. Bosiee obiias cutyarums paceMoTpeHa B pabotax
[12], [13]. HepasencrBo Buma (1) g BTOporo m 6ojiee BBICOKOIO IOPSAKOB Ha KOHETHOM
OTPE3Ke B II€PEOIIPE/IeJIEHHOM CJIydae MCCaeoBanbl B cepun pador [14],[15],[16], [17]. Xors B
5TUX paboTax MOJIydeHbl HEOOXOUMbBIE U JIOCTATOYHBIE YCJIOBUS BBIIOJIHEHHsI HEPABEHCTBA,
OJIHAKO TaM He JIAHbl ONEHKM Jijisi HAWJIydInell KOHCTAHThI HepaseHcTBa Buja (2). [uiasa
4 xnurm [18], [19] mocBsmena mMCCIEAOBANMIO HEPABEHCTBA BHAA (2) JUIA IPOM3BOJIHBIX
BBICOKOTO MOPS/IKA B OIPE/ICJICHHOM U B [EPEOIPE/ICJICHHOM CJIydae W B KOHIE JaH KPATKHIL
AHAJM3 IOJYYCHHBIX DPe3y/abraToB. llepeonpesesennstii ciaydaii ma orpeske I = (0,00)
nccsesoBan B paborax [20], [21]. B pabore [20] HepasencTBo (2) nccsieoBaHo IPU pas3IMIHbIX
COOTHOIIECHNAX TpaHnvHbIX 3Hadenuit Gynknuu f: f(0), f(0), f(o0), f(c0), a B pabore
[21] wmcenmemoBaMeh HepaBeHCTBA BBICOKOIO MOPSAIKA HPU HEKOTOPBIX MEPEOIPEIETeHHBIX
rpaHUJIHbIX 3HadeHusaAX. B paborax [20],[21] Haiiienbl Kpurepun BbINOJHEHUsI HEPABEHCTBA
(2), HO mpu OIEHKe HaWIydIleil MOCTOSHHOW B (2) He yKasaHbl 3HAYCHHUS KOHCTAHT
SKBUBAJICHTHOCTH. MBI, HCHOJB3yst Merojbl paborsl [20], BbIYmMC/sieM BCe KOHCTAHTHI
SKBUBAJIEHTHOCTH. VICTOpHsI BOIpOCa 10 HEPABEHCTBAM Xap/ W IIOJY9IEeHHBIE PE3yJIbTaThl
MOzKHO Hafitn B KHurax (2], [18], [19], [22]. Kak Bugno us L'RL? (1) MbI Gyzem uccieoBarh
HepagencTso (1) TosbKo TpH cieaylomux rpanmdnbix sHadenuax f(T) = DLf(T) =
0, D} f(0) = 0 dynxmm f € L2 (r). B pabore [1] mepasencrso (1) paccmarpusaioch Ha
OECKOHETHOM TIPOMEXKYTKE.
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3 Marepuan n MmeToabl

MeToibl rCCIeIOBAHUST CJICAYIONINE: UCIOJIB3YsI 33/IaHHbIe I'DAHIYHbIE 3HAYEHUS, (OYHKIINIO
f us L’RL;}U(T) IIPEJICTaB/IIEM B BUJIE HEKOTOPBIX MHTEI'PAJIBLHBIX COOTHOIIEHU, & 3aTeM
UCIIOJIb3Ysl U3BECTHBIE PE3YJIbTATHI 10 BECOBBIM HEPaBEHCTBAM Xapju © II0 BECOBOI
OIlEHKE MHTETrPAJIBHBIX OIEPATOPOB MOJIyYaeM HEeOOXOMMbIE OIeHKHU. [IpuBegeM m3BecTHBIE
YTBEDK/ICHUsT, HEOOXO/IMMbIE HaM IIPU JIOKA3ATEILCTBE BBIIOJTHEHNsT HepaBeHCcTBa (1).

[Iycrs 0 < a < b < 0o. U3 pesynbraros paborsr [23], [cTp.42-45] cremyer

Teopema A. ITycmov 1 < p < c0. Tozda

(i) nepasercmeo

=

b 1

b x P -
(/u(x)(/f(t)dt) dx) < C’(/v(t)fp(t)dt> , f>0 (3)

a a
BHINOAHEHO Mo20a U MOoAbKO Mmozda, k0204

1 1
b 1 r e
P

At :asggb </u(x)dx) </v1p/(t)dt> < 00,

T a

=

L,
npu omom AT < C < pr(p/)7 AT, 2de C -nauaywwasn nocmoarnas 6 (3).
(i1) nepasercmeo

(/bu(x)</bf(t)dt>pdx> < C(/bv(t)fp(t)dt>;, F>0 (4)

a a

S =

BYLINOAHEHO MO0204 U MOALKO Mozda, Ko20a

T

= o ([t

a

1
b o

</vl_p,(t)dt> < 0,

T

D=

1
npu amom A~ < C < p%(p’)FA_, 2de C' -Hausywwas nocmoannas 6 (4).
[Iyctn

/

A = s (/yu(z)dz);</bvlp’(t)</tr1(x)dx>pdt>;,,

a Yy Y
/

Ay = s ( /y u(z)( /y rl(;c)d:c>pdz) ( / vlp’(t)dt> -

a z Y

b 1

D=

Creyionee yTBep:KIEHHAE CJIEJIyeT U3 PE3YJIbTaToB paboThl [24] .
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Teopema B. [Iycmv 1 < p < 0o. Tozda nepaserncmeo

(/ (/f / dmdt)pdz); < C(/bv(t)fp(t)dt> L f>0 (5)

a

S =

svnoaneno mozda u moavko mozda, kozda maz{ Ay, Ay} < 0o, npu smom
maw{Al,Ag} <0< 8p%( i’mam{Al,Ag} (6)
ede C' -nausyvwan nocmosnman 6 (5).

4 OcHOBHBIE Pe3yJIbTATHI

Io yeaosmo v' =7 € Ly(I). Tlosromy cymecrByer eauncrennas touka op € (0,7T) Takas,
qTOo "N

T o
/vl—P’(t)dt = /UI—P’(t)dt.
o 0

[Iycrs dyukims pr(-) TakoBa, 9T0

T pr(s)
/ o (1)t = / T (Bdt, 0<s<T. (7)
s 0

OueBniHo, 9To (DYHKIUSA pr JOKAJBLHO abCOIOTHO HENpPEepbIBHAs, HEBO3PACTAIONIAA U
lim pr(t) =0, lim pr(t) = T. OueBngno, aro or = pr(or).
t—=T— t—0

Huddepennupyst 06e gacru (7) umeem
—0' 7 (s) = 0" (p(5)) pp(5), 0 (s) = 0" (p(5)) ] p7p(5))] (8)

nouru Jyist Beex s € (0, 7).
Bejiem o6o3HaueHUs

Al,l (p7 T; = sup
T>y>0'T

/
T /u () /T i) s o)
Aor(p, T, ) = ( / vlp/(t)< j rl(:c)d:c>pdt>p_17u(z)dz,
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/

Asa(p.T,0) = sup- /y u(2)dz ( 7vl—p’ (t) ( 77~—1 (x)dx) ! dt) pl,

Y t

or

Ays(p, T, o) = 5P / u(z) <7r1(:v)d:v>pdz< / vlp'(t)dt>p_1,

y z
A<p7 T7 J) = Inax {Al,l (p; T7 0)7 Al,?(p7 T: 0-)7 AQ,I(p7 T7 U)) AQ,Q(p) T7 O->a A2,3<pa T7 0)}

Teopema 1. ITycmo 1 > T > 0,1 < p < oo. Torja nepaercTso (1) BBINOJHEHO TOT/A U
TOJILKO Tora, Korga A(p, T, o) < 00 U IIpU 3TOM MMEeT MEeCTO OIEHKA

1
SA(.T.0) < Cr < 2.8y - A, T, 0), )

riae Cp - Hansydinas mocrosiaas B (1).

Hokazarenbcro Teopembr 1. docrarounocts. Ilycrs A(p,T,0) < oo. Ilokaxkewm
soiosHenne HepaseHncrsa (1). Tak kax f(T) = le( )= le( )=0mua f € L’RL2 (T,

to unrerpupya D2f(t) = g(t), t < T, umeem D} f(z) = — fg t)dt wma D} f(x fg
T
st Beex 0 < x <Tm f g(t)dt = 0. Tanee upencrasnenne D} f(z) = — [ g(t)dt ucnonbsyem

upu T > x > or u D} f(z) =

f(z) = /T () /T g(t)dtdz = /T g(t) /t () dadt, (10)

upu 1l >z > oru

g(t)dt mpu 0 < z < or. Torma

C—=5

f(z):/Tg(t)/t ( )dxdt—fg(t)7r_l(x)dxdt / ()dt]T (z)dz, (11)

npun z < or.
Ucnomnsays (10), (11), umeem

T T T t

p ar

/ ()| f(2)Pdz = / / / 2)dadt| dz + / u(z) / o(t) / v () dadi—
- 79(15) 7 x)dxdt — / / (x)dx pdz = F + F. (12)

z t 0 z
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[Ipumenss Teopemy B, kak B Teopeme 3.1, mosrydaem

T T t p
F = /u(z) /g(t)/r_l(x)dxdt dz < 8p(p/)P~tx
o7 z z
T
x max {A11(p,T,0), A12(p, T, 0)}/v(t)|g(t)|pdt. (13)
or
Terepsn, onennm F :
o7 T ¢ B or o7 o7 p
F, < 3p1[/u(z) /g(t)/rl(x)dacdt dz—i—/u(z) /g(t)/rl(a:)da:dt dz+
0 or or 0 z t
or or Pl Z p
+ / u(z)( / rl(x)dx> / o(t)dt dz] — 3 U(Fyy + Fys + Fry). (14)
0 z 0
[Ipumenss nepasencrso ['enbiepa, nmeem
or T ¢ p
Fyq :/u(z)dz /g(t)/r_l(x)dxdt <
0 or or
o7 T t P oqp-1 T
< /u(z)dz[/vlp/(t)</r1(x)dx> dt] /v(t)]g(t)\pdt: (15)
0 or or or
T
— Aus(p.T,0) [ o(Olg(0)at.
or

s onenku Fho, F,3 npuMensem teopemy A.

or or

Fyy — 7u(z) / o(t) / v () dadt

Fos = 7u(z) <7rl(w)d:v>p / g(t)dt

0 z 0
[oxcrassas (15), (16) u (17) B (14) mveem

T

Aos (. T, 0) / o(®)lg(t)Pdt+

or

p

0z < ()" Aga(p. T 0) / o(B)g(t)Pdt,  (16)

z P or

2 < Py Aaslp. To0) [ ool (17

F, < 3rt

+p(p)P ! (A22(p, T,0) 4+ Az3(p, T’ 0)) / v(t)lg(t)lpdt]- (18)
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Aty onenky u orenky (13), nomcrasiss B (12), momyanm

T

/ﬁu»ﬂ@m&s28%@w*aMnTmy/mm03uWﬁ,few%WJw (19)

0

Tax xkak L'RL? (r,T) C W2, (r,T), To m3 (19) creayer, uro mepasencTso (1) BBITOIHEHO
C OILIEHKOM

Cr <2-8p(p)’~" - Alp, T, 0) (20)

1yt Hawutyaredi mocrosigaoit Cr B (1).
Heo6xomumocts. Ilycers Hepasencrso (1) BbinosiHeno ¢ Hauay4diieil nocrosiauoit Cpr > 0.
[Iyctn

K{ (o0, T)={f € Li(or,T) N Ly, (op,T) : f>0,f#0},

Kip(0,0'T) = {f € L1(07UT) N Lp,v(O7UT> : f S Oaf # O}

IMoxazkem, uro Kaxuomy fi € Ki (or, T) maiinercs f, € Ki(0,07), obparso yus fo €
Ky ,(0,07) naiinerca f1 € Kffp(aT,T) rakue, aro mius f(t) = fi(t),t € (or,T) n f(t) =
T

f2(t),t € (0,0r) Bomonnsierca coornomenue [ f(t)dt =0 u
0

/v (t)|Pdt = 2/v(t)\f1(t)\pdt = Q/U(t)\fg(t)\pdt. (21)

Hns f1 € Ky (op, T) nonoxum fo(x) = —fl(pfl(:v))M z € (0,07).

vt (p~ ()’
Torga fo < 0 u npoussed 3ameny p ' (x) = t, uMeem

ey = e

:—/ﬁ@%ﬁ%@www:—/ﬁ@w (22)

B/ech B moCaeIHEM paBeHCTBe Hcnosb3oBasm (8). U3 (22) ciemyer f |fo(z)|dx < oo m

T
f fi(t)dt + f f2(t)dt = [ f(t)dt = 0. Ousatp, ¢ nomompw 3aMeHbl p~ ' (x) = ¢ 1 ucnoNB3ys
0

coorHomenus (8), nmeem

/m () /
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CI) [ 0 0)
/ e OO / AP i P Ol
- [In@Proae

Otkyma ciemnyer (21). Obparno, s fo € K (0, 07) momoxnm

v (@)
(1 (@)

filz) = —falp™ ()

Torma

/T x)dr = / ’f2(ﬂ_1(33) ‘vl Uplgp /‘f2 Uz?'}(){p( L;»p’(t)dt _

P (p(t

/fz - ,(t>))|p )|dt = /]fg )|dt < oo.

0

T
Caenosarensno, [ fi(t)dt — f|f2 (t)|dt = ffl t)dt + ffg Ydt =
or
AnanorngabiM 00pa3oM BhIHOHSETCS U (21).

Cosokynnocts yuknuit f(t) = fi(t) npu t € (op,T) u f(t) =

ftydt = o.

o(t ) upu t € (0,07),

J
f ff1 )dt +

rae fi € Ky (o0,T), fo € K1 ,(0,07) 1 1/1s1 KOTOPBIX BBIIOIHSIETCS
f fa(t)dt = 0 u coornomrenue (21), obosnauum wepe3 K ,(0, 7).

[To ycioButo HepasencrBo (1) Bemmosasiercs. Tak kak yCJIOBI/Ie f € LR Wp%v(r, T)
SKBUBaJIEHTHO ycjouto D2 f = g € [ij,U(O,T) = {g € L,,0,T) fg t)dt = 0}

To u3 (1) u (12) caexyer, uro HepaBeHCTBO (1) SKBUBAJIEHTHO HEPABEHCTBY

/T | r~(z)dxdt pdz + 7u(z) /Tg(t) /tr‘l(x)dxdt — 79(75) 7T_1(x)dxdt—
/g / ()dx p dz < CT/TU(t)|9(t)|pdta g€ L,,(0,T) (23)

[puyem, namtyumme nocroguusie B (1) u B (23) copnasaior.
Ouesnyno, uro K ,(0,7) C L,,(0,T). IlosTomy HepaBeHCTBO (23) BBIIOIHEHO JJIsl BCEX
9 € K1p(0,T). Tax xax mza g € K1,(0,T) g(t) = g:(t) mpn t € (o7, T) u g(t) = ga(t) npu
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€ (0,0r), rue g1 € K{ (o0, T), g2 € Ki,(0,07), 10, noxcrasnas g € K1,(0,T) B (23),
HOJTY IUM

T T t

/u(z)(/gl(t)/r_l(x)dxdt>pdz

z

+7u(z)</Tg )/ dxdt+/’92 |/ x)dzdi+ (24)

/ ga(0)]d / Ya)d )dz<0T / o(0)lg(t)Pdr, g € Kip(0,T). (25)

Tak Kak Bce ciaraeMble B JIeBoii 4actu (25) HeoTpumaresbHble, TO ¢ yderom (21),
BBIIIOJTHEHBI HEPAaBEHCTBA

/Tu(z)(/Tgl(t)/t Yz )dxdt)pdz< ZOT/T g (e, g1 € K (o7, T),

or T t

/u(z)dz(/gl(t)/r_l(x)da:dt) < QCT/TU Bgr()|Pdt, g1 € K (or,7),

0

/ (/|g2 \/ d:cdt) dz<ZCT/'U Ng2()[Pdt, g2 € Ki,(0,07),

0
or

/u(z)(/r‘l(x ) </|gg |dt>pdz < QCT/v(t)|gQ(t)|pdt, 92 € K1 ,(0,07).

0 z 0

W3 nepBoro HepaBeHCTBAa Ha OCHOBAHUM TEOpPEMbI B, cO BTOpPOro HEpaBEHCTBA B CUJIY
HepaBeHCTBa [ejbliepa, a ¢ TPeThero M YeTBepPTOro HEPABEHCTB HA OCHOBAHUHU TeopeMbl A
HOJIy9YaeM HUZKHIOI OIEHKY MoCTogHHON Cp, 00bejuHsst 9Tu OleHKH u ¢ yderom (21), B
HUTOre MoJIyYaeM OIEeHKY

1
§A(p7 T7 U) < CT7

koropas Bmecte ¢ (20) maer (9). Teopema 1 mokazana.

5 3akJroudenue

Henbio paboOThl siBJIsieTC MOJIyUeHUEe HEOOXOIUMBIX M JIOCTATOYHDBIX YCJIOBUI BLIIIOJTHEHUS
HepasercTtBa (1), st qocTHXKEeHWs] [OCTABJIEHHOW 1@ UCIOJIB30BAMCH  BECOBBIE
HepaBeHCTBa Xap/ju W TUla XapJud C sJIpOM M IIOJIyYeHHbIE Pe3yJbTaTbl MOI'YT OBbITh
IPUMEHEHBI [IJIsT YCTAHOBJIEHUS OCIHUJLIATIMOHHBIX CBOWCTB MUEPEHITNATIbHOIO YpaBHEHUS
YETBEPTOro IOPsAJIKA B OKPECTHOCTH KOHEYHONW 0cOo00il TOYKM U, CBA3aHHBIE C HUMH,
CHEKTPAJIHHBIX XaPAKTEPUCTUK HEKOTOPBIX UM @epeHIInaATLHBIX OIIepaTOPOB.
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6 BiaromapHocTu

Pabotra BeITO/IHEHA TP TIO/IJIEPZKKE TPAHTOBOTO (PUHAHCUPOBaHU TPOeKTOB MuHICTEPCTBOM
obpasosanusi u Hayku Pecrybsimku Kasaxcran (rpant Ne AP05130975, 2018-2020 rogibr).
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NMHTEI'PAJIBHOE YPABHEHVIE B TEOPUN OIITUMAJIBHOI'O
BBICTPOJENCTBUSA JIMHEMHBIX CUCTEM C OTPAHUYEHUIMUI

IIpemyaraercss Meron perieHus 3aJa9d  ONTUMAJIBHOIO OLICTPONENCTBUS IS JIMHEHHBIX
OOBIKHOBEHHBIX M hepeHITnATbHBIX YPABHEHU C KPAEBBIMU YCJOBUSIMU U3 33 JAHHBIX MHOYKECTB
IpU HaJIMIUK (Pa30BBIX M MHTErPAJIbHBIX OTPAaHUYEHUil, 8 TaKyKe IOJJOHOMHBIX CBsi3eil. B oTyimame
OT W3BECTHBIX METOJOB DPEIeHUs 3aJadi OINTHMAJIBLHOTO OBICTPOAEHCTBUsT pa3pabOTaH HOBBIA
MO/IXOJ, K Ipo0siemMe OBbICTPOMENHCTBUS B BUJE NPHUHINIA MOrpyKeHus. lIpmHIUN morpykeHus
CO3/IaH Ha OCHOBE HCCJIEOBAHUS PA3PEIIMMOCTH U IIOCTPOEHUE OOINEro PEIeHNs WHTEerpaIbHOe
YPaBHEHHUSI.

OCHOBHBIMU PE3YJIBTATAME SIBJISTFOTCS:

— HEOOXOIMMOE U JIOCTATOYHOE YCJIOBHUsI CYIIECTBOBAHUS PEIEHUsI OJHOTO KJIACCA WHTErpajIbHOTO
YPaBHEHUS U MTOCTPOEHUE e€ro OOINEro pPeIeHus;

— BblJleJICHHE BCeX MHOXKECTB YyIIpaBJI€HUH, KarKJIblil 3JIeMEHT KOTOPOI'O IIE€PEBOJIUT TPAEeKTOPHUIO
CHUCTEMBI W3 JIIOOOrO0 HAYAJIBHOIO COCTOSHHUA B JI000e »KejJaeMoe KOHEYHOE COCTOsIHUE JIJIst
JIMHEMHBIX CUCTEM;

— IpeJylaraeMblii IPUHIAN IIOTPY2KEHUs IIO3BOJISIONINN CBECTH HCXOJHYIO KPAaeBYIO 3ajlady
ONTUMAJILHOTO  OBICTPOJEHCTBHE € OrPAHUYEHUSIMUA K CIIEIHAJIBHOW HAYAJBHON 3ajade
ONTUMAJILHOI'O YIIPaBJICHU;

— HeOOXO/IMMOE U JIOCTATOYHOE YCJIOBUS CYIIECTBOBAHUS JIOIYCTHMOIO yIIPABJIEHUS;

— pa3paboTaH aJrOPUTM PeIIeHus 33]a91 ONTUMAJIHLHOTO OBICTPOIEHCTBHS C OTPAHUYIEHUSIMU JIJTsT
JIMHEWHBIX CHCTEM JIIOOOrO MOPSIIKA.

[Tonyuyennunie pe3yabTATHI SIBJISIOTCS PEIIEHUSIMA AKTYAJIBHBIX TPOOJEM TEOPUU ONTHMAJIBHOTO
OBICTPOIEHCTBUS C OTPAHUICHUSIMU MMEOIIe MHOTOYNC/IEHHBIE TTPUJIOKEHMUS.

Paspaboran HOBbIIl MeTOH pelnreHus 33729 ONTUMAJIBLHOTO OBICTPONEHCTBUS JUHEHHBIX CHCTEM
C KpPaeBBIMHU YCJIOBHSMY, IPU HAJUYIUU (DA30BBIX, MHTEI'PAJBHBIX OIPDAHUYEHUN U T'OJIOHOMHBIX
cBszeii. Cosmana oOImasi Teopusi KpPaeBbIX 3aJad ONTUMAJBLHOTO OBICTPOIEHCTBUSI WMEOIIAs
MHOT'OYMCJIEHHBIE TIPUJIOZKEHNE B €CTECTBEHHBIX HayKaX, TEXHUKE, SKOHOMUKE.

[TpuaIIIIAIBHOE OT/IMYME TMPEJIATAEMOT0 METO/Ia OT M3BECTHBIX METOJOB COCTOUT B TOM, UTO
UCXO[IHAS 3aJa4a [IOTPYKAETCS B 33/1a9y YIPABJISEMOCTH C YIPABICHUSIMHI U3 (DYHKIIMOHAJIHHBIX
IIPOCTPAHCTB C IOCJIEeAYIOMUM CBeJleHHeM K HadaJbHOI 3a/a4e ONTUMAaJILHOIO YIIPaBJIeHUA.
Kurouesbie cioBa: OnrumasbHoe ObICTPOeiicTBrE, (a30Bble U MHTEIPAJIBHOIO OTPaHUYEHMUS,
TOJIOHOMHBIE CBA3W, IPUHITUAI OTPYKEHUS, HHTEI'PAJIbHOE YPaBHEHHE.
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ITenenren ChI3BIKTHI XKYieaepaiH TUIMOi Te3 9cep eTy TeOPUsICHIHAAFbI UHTErPAIAbIK TEHIEY
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DazajblK, KOHE WHTErPAJIBIK IIEKTeysepi, COHIai-aK TOJOHIBIK OafijgaHbicTapbl Oap OoJaThIH
GepinreH >KUBIHAAPIAH IIEKAPAJIBIK IIapTTapbl 0ap CHI3BLIKTHI KapamailbiM anddepeHInaIIbK,
TeHeyJIep VIMH THIMI Te3 dpeKeT eTy ecebin mrernty omici yehiHbLTaabl. TuiMai Te3 opekeT eTy
ecebiH TmemymiH Oesriii omicTepine Kaparamma, 06aTBIPY Karumgachl TYPIiHIe THIM/II Te3 9peKeT
eTy mpobJeMachiHa KaHa Ko3Kapac 93ipJjeHi. Barbipy Karn1achbl HHTEIPAJIBIK TEHCY/IIH YKAJIIIHI
MIENTiMiH KYpy K9HEe MIEMTIM/IIITH 3epTTey Heri3iHje KypbLIFaH.

AJTbIHATBIH HEri3ri HOTHXKeIep:

— 6ip KJIACCTHI MHTErPAJIIBIK, TEHIEYIEPIiH MenmiMiHiH 6ap OOIybIHBIH KAXKETT] 2KOHe KETKLTKTI
MIAPTTAPHI 2KAHE OHBIH, 2KAJIITBI TIENTIMIH KYPY;

— opbip 37eMeHTi ChI3BIKTHI KYHEHIH TPAeKTOPHUSICHIH Ke3 KeJreH OacTamKbl KYHIeH Ke3 KeJreH
KaJlafaH COHFBI KYHTe aybICTBIPATHIH 0aCOPY/IbIH OAPJIBIK KUbIHIAPBIH TAHIAY;

— YCBIHBUIFaH 0ATBIPY KAFWUIachl IIeKTeysepi 6ap THIMII Te3 9cep eTyiiH OaCTAIKbl ITeKapPaJIbIK,
ecebin TuiMi GacKapy/IblH apHaibl OacTanKbl ecebiHe KeJTipyre MyMKIHIIK Oepes;

— MYMKiH 60/IaTBIH OACKAPYIbIH KAXKeTTi YKoHEe YKETKLTIKTI MapTTaphl;

— Ke3 KeJITeH PeTTi ChI3BIKTHIK, YKYyitemep VIl mexkTeyaepi bap THiMai Te3 ocep eTy ecebiH mrenty
aJITOPUTMI O3IPJICH]I].

AJIbIHFaH HOTUXKEJIEP KOITEreH KOChIMIaaphl 6ap 6OJATHIH MeKTeyIepi 6ap THIMJII Te3 9cep eTy
TEOPUSICHIHBIH, ©3€KTi MOCeJIeIePiHiH, menriMi OOJIbIT TaObLIAIH.

DazasblK, KOHE HWHTErPAJIIBIK, MEeKTeyIepi, CoHmaii-aK TOJIOHIBIK OaitlaHbIcTaphbl Oap 0OJaTHIH
OepinreH KUBIHAAPIAH IMEKAPAJIBIK, IapTTaphl 0ap CHI3BLIKTHI KapamaiibiM auddepeHItna bk,
TEHJIEYJIep VIITH THIM/II Te3 9PEeKeT eTy ecebiH MIeNTy/IiH, 2KaHa 9/1ici KypbutraH. 2KapaTblIbICTaHy
FBUIBIMJIAP/IA, TEeXHUKAJA, SKOHOMUKAJIa KOITereH KOCBhIMINAjapbl 0ap THIMII Te3 ocep ery
IIeKapPaJIbIK, €CEIITEPIHIH YKAJIIIBI TEOPUACHI KYPBLIJIbI.

Y ChIHBIIFAH 9ICiH Oe/ril oaicTepaeH TPUHINIHAIL albIPMAIIBIIBIFEI OACTAIKBI €CeIl THiMIi
bacKapy/IbiH 6acTamKel ecebitne KeaTipimeTin pyHKITMOHAIIBIK KUBIHIA AHBIKTAJIFaH OacKapyIapbl
b6ap GacKapbIMJIBLIBIK, ecebite KeaTipiiesi.

Tvyitia cesmep: Tuimii Te3 ocep ery, dasaiblK MIEKTEYJIED, TOJOHOMIBIK OailjlaHbICTAD, OATHIPY
KAFUJIaChl, THTEIPAJIILIK TEHJIEY.
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Integral equation in the theory of optimal speed of linear systems with constraints

We propose a method for solving the optimal speed problem for linear ordinary differential
equations with curve conditions from given sets in the presence of phase and integral constraints,
as well as holonomic connections. In contrast to the known methods of solving the problem of
optimal performance, a new approach to the problem of performance in the form of the principle
of immersion is developed. The immersion principle is based on the study of solvability and the
construction of a General solution of the integral equation.

The main results are:

— necessary and sufficient conditions for the existence of a solution of one class of integral equation
and the construction of its General solution;

— selection of all sets of controls, each element of which translates the trajectory of the system
from any initial state to any desired final state for linear systems;

— the proposed immersion principle allows reducing the initial boundary value problem of optimal
performance with restrictions to a special initial problem of optimal control;

— necessary and sufficient conditions for the existence of acceptable management;

— an algorithm for solving the optimal performance problem with constraints for linear systems
of any order has been developed.

The results obtained are solutions to current problems in the theory of optimal performance with
restrictions that have numerous applications.
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A new method is developed for solving the problem of optimal performance of linear systems with
boundary conditions, in the presence of phase, integral constraints and holonomic connections. A
General theory of boundary value problems of optimal performance has been developed that has
numerous applications in the natural Sciences, technology, and Economics.

The principal difference between the proposed method and the known methods is that the initial
problem is immersed in the manageability problem with controls from functional spaces, and then
reduced to the initial optimal control problem.

Key words: Optimal performance, phase and integral constraints, holonomic relations, immersion
principle, integral equation.

1 Bsenenue

PaccmaTpuBaercs cieytomas 3aja9a ONTUMAJIBHOIO OBICTPOJIENCTBUS: MUHUMHU3NPOBATH
dyHKIMOHAI

t1

J(2(), u(), 20,21, 1) :/1-dt:t1 ity - inf (1)

to

Ha MHOXKECTBE peIlleHuil ypaBHeHUI

T = A(t)r + B(t)u(t) + u(t), tel=lty, ti] (2)
C KpPaeBbIMU yCJIOBUAMU

(x(to) = zo, x(t1) = x1) € So X S1, Sp C R", S; C R", (3)
IpU HAJIMYNN (DA30BBIX OTPaHMYEHUIT

z(t) € G(t) : G(t) = {z € R"w(t) < L{t)z < p(t), tel} (4)

MHTErPaJIbHBIX OrpaHnYCHUNI

gj(x(~),u(~),xo,m1,t1) < G, J=1m, (5)
gj(x(-),u(-t),xo,x1,t1) =¢j, j=mi+1,mg (6)
gj(x(-),u(-), o, x1,t1) = / [a3(t) x(t) + bj(t) u(t)]dt, j=1,ma, (7)

a TaKzKe C y9€TOM I'OJIOHOMHBIX cBd3eit

Ti(2(t), u(t),t) = e (t)a(t) +r;() =0, t €1, j=T,p, (8)

J

C OI'PaHUYE€HUAMUN Ha 3HAYCHUA yIIpaBJICHUA

u(t) € U(t){u(:) € Lo(I,R™) |.u(t) e V() CR™ uB tel,} (9)



62 C.A. Aiicarasues, I.'T. Kopnebait

rae (*) — 3HaK TpaHCOHWpOBaHWs, fo— (DUKCHPOBAHHBIA MOMEHT BpEMEHH, f; — He
dbukcuposan, t; > to. 3aecy A(t), B(t) — MATPHIBI TOPSIIAKOB 1 X 1, N X 1M COOTBETCTBEHHO,
C KyCOYHO HenpepbIBHbIMU sjiemenTamu, ((t) € Lo(I, R") — 3anannas dyukius. [Ipu
yKa3aHHbBIX yCJI0BUSAX juddepeHiuaibioe ypaBaerue (2) uMmeeT eJMHCTBEHHOE PEIlleHue Jisl
soboro dukcuposannoro u(t) € U(t) m js 060l HAYaJIbHON TOYKU To € Sp, QYHKIHs
x(t) = x(t; to, xo,u), t € I abcomoTHA HEIPEPHIBHA.

B kpaesom yciioBun, Sy, S1 3a/laHHbIE OIPAHUYEHHBIE BBIIYKJIbIE 3aMKHYTHIE MHOXKECTBA
u3 R". B daszosom orpanumuennn, L(t),t € [ — 3ajaHHasg MaTpuiia MOPsJKa S X N1 C
HerpepbIBHbIME 3jieMeHTaMu, W(t), ¢(t), t € [ 3ajaHHBIe HENPEPBIBHBIE BEKTOP (DYHKIMU
s x 1. B muTerpambubix orpanmvennsx, a;(t),b;(t),j = 1,ms — 3amaHHBIE KYCOYHO -
HelpepbIBHbIe BeKTOp (GyHKIuU n X 1, m X 1 cooTBeTCTBEHHO. B TOJOHOMHBIX CBA3AX
e;(t), rj(t), 7 = 1,p — menpepbiBuble BekTop dyHkmmu n X 1, 1 x 1, coorsercrsenno. B
OrpaHNYeHNN Ha 3HaUeHWs yupasjenus, V (t), ¢ € [ — 3a/jaHHbIe OrPAHUYECHHBIE BBITYKJIbIE
3aMKHYTOEe MHOKECTBO n3 R™.

Creqyer OoTMETUTh, YTO HWHTErpajibHble OrpaHuYeHusi B Buje (5), IMyTeM BBeJeHUs
JIONOJIHATENBHBIX 1epeMeHnbix d; > 0, j = 1,mj, MoryT ObIThb 3allMcaibl B BHJE
g;(x(),u(-), xo, x1,) = ¢; — dj, 7 = 1,my. Oboznaumm 4epes ¢; = ¢; — d;, j = 1,my,. [ycrs
BECKTOD C = (a, ,%) I‘,ZLeC_j = Cj—dj,j = 1,m1, a = Cj, j =m, —|—1,m2, dj > O, j = 1,m1.
[Iycts MHOXKECTBO

Q={ceR™|gG=c;—d;, d;>0, j=T,m, &G =c;, j=mi+1Lm}
rjae d; > 0, j = 1,m; — Heu3BecTHBIE THUCIIA.

Ounpepnesienne 1 Jlas a0b6020 purcuposannozo ti,ty > to, mpotxa (u(t), To,T1) € U X Sy X
S1 masweaemes donycmumovie ynpasaeruem s zadavu (1)-(9), ecau xpaesas zadaua (2)-(9)
¢ ozpanuveruamu umeem pewenue. Mrootcecmeo ecex donycmumox ynpasieruts 0603HaHUM

uepes D, 52, CU X Sp x S1.

Bamaua 1 Hatmu neobrodumuvie u 00Cmamounvie s CYUECMBOBGHUA Dewenul Kpaesot
3adavu (2)-(9) npu durcuposarrom ty.

Bamernm uto ecim y, =({, (- mycroe MHOXKECTBO, TO KpaeBad 3ajiaua ONTHMAJILHOIO
opicTposieiicTust (2)-(9) He umeer pemienust pu GUKCHPOBAHHOM t.

Bagaga 2 Hatimu donycmumoe ynpasaenue (U(t), To,71) € Y, CU X Sy x Si.

Kpaesas 3amada (2)-(9) HasbiBaeTcs 3ajadeil yUPaBISEeMOCTH DU (DUKCHPOBAHHOM
ti,t1 > to, vae gomycrmmoe ympasienue (U(t), To,Z1) € ), , TEPEBOJUT TPACKTOPHUIO
cucreMbl (2) UCXOJSIILYI0 W3 TOYKU To € Sy B MOMEHT BpeMeHHu tg, B TOUKy T; € S B
MOMEHT BpeMeHU t1, ¥ BBINOJHEHbI: BKJovYenue Z(t; U, To,T1) € G(t), t € I; paBencrsa
gj(f(')vﬂ(')ax_(h Tl) =G5, J=1,my, Fj(f('%t) =0,j=1p tel

Omnpenenenue 2 Jlonycmumoe ynpasaenue (u.(t), x5,77) € Y, , Hasvieaemcs

ONMUMaALHBIM Ynpasaenuem o 3adavu (1)-(9), ecau ti, — tg = trmP [t1 — to].
1>to
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Bagaga 3 Hatimu onmumanvnvie ynpasaenue (u.(t), x5, i) € ), ., 2de (5,27) € Sy X
Sty (b w25, 27) € G(t), t € I, gj(a(), ua(), 25, 27) =, J = 1,me, Tjai(t), 1) =
0, t e ]1, j = 17]), Il = [to, tl*]

Oyakmusa z.(t) = zo(t,ue, xi,27), t € I = [to,t14]- Ha3BIBAETCH ONTUMAILHOM
TpaekTopueii s 3agaan (1)-(9).

B cratbe mpejyiaraeTcst METOJ PellleHus] YKA3aHHBIX 3ajad IyTeM MOCTPOeHUs OBIIero
peIleHNsT MHTErPaJIbHOIO YPABHEHUsI CJIEJIYOIIEro BH/IA

Ko = /K(t*,t)w(t)dt =B, t.el=ltt], (10)

to

rie K(t,,t) = K(t) — u3BecrHast MaTpuna mopsijika ny X m ¢ sjaeMenTamu u3 Lo, t, € [to, t1]
— dukcuposannast Touka, w(t) € Ly(I, R™) — uckomas dyukimu [ € R™.

Bamaga 4 Hatdmu neobxrodumvie u Adocmamounvie YCA06UA CYWECMBOBAHUA PEULEHUSA
unmezpanvrozo ypasrerus (10) das aobwx € R™.

Bagada 5 Hatmu obwee pewenue unmezpasvnozo ypasuenue (10) das aobvx § € R™.

Pemennst 3a7ad1 4, 5 MO3BOJISIOT BBIIEJNTH BCe MHOXKECTBA JIONYCTHMBIX YIPABJICHUI
>, Vg 3alaunm  ynpawidgemoctd (2)-(9) um mocrpouth permenus 3sagaum  (1)-(9),
npu duxkcupoBanHom ti. Hawmmenbiee snauenune ti, , t1, — tog > (0 omnpejgesnsiercd
IIOCJIEIOBATE/ILHBIM PEIeHIeM 3a/1a41 yrpasisgeMocTh (2)-(9) meTogoM mesrenus “monaiam”
3HaYeHU t.

2 O630p JuTEepaTypbl

Teopus sKCTpeMaJIbHBIX 3a7a9 B 6aHAXOBOM IIPOCTPAHCTBE, PElIeHus 33/1a49K OITHMAJILHOTO
VIIPaBJIEHUS U ONTUMAJILHOTO ObicTposieiicTBre conepxkarcs B |1, 2 3]. Teoperuueckast ocHOBa
peleHns 3a1a91 OITHUMAJILHOIO OLICTPONECTBUA B BUJIC IIPUHIMIIA MAKCHMYMa HMEETCS
B [3]. IlpuHnunm makcumMyma CBOJUT peIlleHHe 3aJadi ONTHMAIBHOIO OBICTpOJEiicTBUS K
PEIIeHnIo KPAeBoil 3a/a49u CucTeMbl quddepeHnnaabHbIX ypaBHeHnit mopsiiaka 2n. OgHako
pelleHre KpaeBoil 3aJaun IIPUHINIIA MAaKCUMyMa IPAKTUYeCKH HEBO3ZMOXKHO JIJIS CHCTeMbI
nopgaka n > 2. B gamnoii pabore mnpesjaraeTcsa COBEPIICHHO HOBBIA MOJXOJ K PEIICHUIO
387491 ONTUMAJILHOIO OBICTPOJCHCTBUS IIyTeM CBeJICeHHd HMCXOJHON 3a1a4M K HadaJIbHOM
3a/1a4e CIeIUaJIbLHOIO BUA.

Nnrerpasnbroe ypasaenue (10) oTHOCHTCsI K TUIY HHTEIPAJILHBIX ypaBHeHnit pearoapma
HepBOro  poja. PaspemmMocTh W IOCTPOCHHE PEeNICHHS WHTErPAJbHOIO  yPaBHEHHUS
dDperoabMa IEPBOro PoJia OTHOCATCH K THUILY CIOXKHBIX IpobGJaeM MaTeMaTHKu. V3BecTHble
Pe3y/ILTATHI 110 PA3PEIIUMOCTH HHTErPAJILHOIO YPaABHEHHE OTHOCUTCS K CJIydalo, KOIIa gpo
cummerpuaso |1, 5, 6]. [losTomy pemenus 3a71a4 4, 5 SBIISIOTCH aKTyaIbHBIM KaK JIJIsl TEOPUH
MHTETIPAJILHBIX YPABHEHUU TaK U €€ MPUJIOXKEHUIA.

OtresibHBIE PE3YJIBTATHI [0 UCCIEOBAHUIO WHTErpasbHOro ypasHenus (10) u permenus
3ajaun yrpasiagemoctu (2)-(9) npusenenst B |7, 8, 9]. HekoTopble pe3ysbraThl 10 PEIIeHUIO
3aJ1a41 ONTUMAILHOTO ObicTpoeiicTue (1)-(9) comepkarest B padorax |12, 11, 12, 13].
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3 Marepuan u meToambl

BBong obosnauenus

a(t) bi(t)
Ao (8) = o CBo=| 0w = (@nt), - am(®), bi(e) = B (), by (D)),

amz (t b’m2 (t)
dbyuxrnmonasn (7) 3anuiemM B BUIE

t1

g(x(-), u()7 Zo, X1, 11 = /[A0<t)l‘(t> + Bo(t)u(t)]dt.

to

[Iycrs BekTop dyukiws n(t) = (n1(t), ..., nm,(t)), t € I, e

t

o) = [ Ao(r)a(r) + Bolr)u(r)ldr.

to

Torma
n(t) = Ao(t)x(t) + Bo(t)u(t), te€l, (11)
n(te) =0, n(t1) =€ Q, (xg,x1) € Sy x S1, u(t) € U(t), (12)

rie Ag(t), Bo(t) MaTpuIipl ¢ KyCOUHO-HEIPEPBIBHBIMU SJIEMEHTAME OPSIIKOB 1My X 1, Mg X M,
coorsercTBerHO. Terneps 3a1a4da onTuMaIbHOrO ObIcTpOeiicTBusA (1)-(9) 3ammmiercs B Buje:
MUHUMU3UPOBATH (DOyHKIIMOHAJ

J(£('),u(-),x0,x1,d,t1):/1-dt:t1—t0 s inf (13)
to

IIPU YCJIOBUSX

€= A(D)E+ Bu(tyult) +7t), 1€ 1. (14)
e = (o) ) et = (20 0 ) —e e = (U010 ) — e s = o,
PL= (I, Opmy),  Pr(t) € G(1), ult) € U(t), (wo,1) € So x i, (15)

(S Q, F(Plf) = Dplg(t) + T(t) = O,

rie
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r@y:(rfg),ﬁ@yz(zgj),deH:{deRm|dzoL

Tp
Ay (t), Bi(t), D(t), r(t)- maTpunsr nopgakoB (n+ms) X (n+msa), (n+mg) xm, pXxn, px1
coorBercTBeHHO [i(t) € Lo(l, R™™2), Oy, — UpsMOyroJjbHas MaTpUla Iopsiika k X ¢ ¢
HYJICBLIMU 3JIeMEHTaMu, [, — ¢JJMHUYHAA MaTPUIlA HOPAIKA 1 X 1.
Paccmorpum unterpanbuoe ypasuenne (10). Pemenus sagaq 4, 5 paior ciemyionme
TEOPEMBI.

Teopema 1 Humeepaarvhoe ypasuenue (10) npu awbom durcuposanmnom [ € R™ umeem
pewenus mozda u mosvko mozda Ko2da Mampuua

t1
amm:/K@@wm@ﬁ (16)
to
nopadka My X Ny ABAAEMCA  NOAOHCUMEAOHO — onpedesennol, e2de () — 3HaK
mpaHcCnoHupoeaHUA.

Teopema 2 Ilycmv mampuya C(tg,t1) nosooscumenvno onpedeaennasn. Tozda obwee
pewerue unmezpasvrozo ypasnenus (10) onpedeasemes no dopmyae

w(t) = v(t) + K*(t,, t)C‘l(tO,tl)ﬁ—K*(t*,t)(]_l(to,tl)/K(t*,t)v(t)dt, tel, (17)

2de v(-) € Lo(I, R™) — npoussosvhas pynryus, B € R" — a0bol eexmop.

Paccmorpum sinHeiiHyto yrpasisemyto cucremy (eu. (14))

y=Att)y+ Bi(wi(t) + ), tel, w()e€ LI, R"), (18)
y(to) = &(to) = o = (70,0) € Sp X Oy, y(t1) = E(t1) = (7,0) € S1 x Q. (19)
Pemmenns nmuddepennuanibaoro ypasuenus: (18) umeer Buj
t t
y(t) :(I)(t,to)fo+/¢(t,7)31(7)w1(7)d7+/‘D(tﬁ)ﬁ(ﬂdT, tel, (20)
to to
e ®(t, 7) = 0.()0; (1), 01(t) — dynmamenTaTbHAA MATpPUIA DelTeHuil JMHEHOM

onHopoHoit cucrembl 1) = Ap(t)n. Ilockoabky y(t1) = &1, To u3 (20) cienyer
¢ ¢
to to
Takum obpazom, yupasienne wq(-) € Lo(I, R™) siBisieTcss pereHreM HHTerpajibHOrO
ypasuenns (21). Kaxk caegyer n3 (10) s permenust muTerpasibHoro ypasuenus (21)
npumeHnMbl TeopeMbl 1,2, tie K (t,,t) = ®(to, t)Bi(t) , B =a, w(t) =wi(t), t.=ty €=
[to,tl], ny=n-+mey m=m.
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Teopema 3 [lycmv mampuua
t1

W (to, t1) — / B(to, t) B (1) By (1)@ (to, t1)dt (22)
to
nopsdka (n + msy) X (n + mg) nososcumesvro onpedesennas. Tozda ynpasaenue wi(-) €

Ly(11, R™) nepesodum mpaexmoputo cucmemuvt (18) us 110600 nauarvhot mowku §y € R
6 a1060e Koneunoe cocmosanue & € R"™2 moezda u moavko moada, Kozda

wi(t) € Uy = {wi(-) € La(1, R™)|wi(t) = v(t) + T1(t)€0 + To(t)&1+

L) + My(D)2(tv), tET, Wo(t), v() € Lo(I, R™)}, (23)

2de

Ti(t) = =B (t )‘I) (to, YW (to, t1), Ta(t) = By (t)®* (to, )W (to, t1) (o, t1),

0 t
My (t) = =By ()" (to, t1)W ™" (to, 1) D(to, t1),

b (24)
o, (t) = —B;(t)cb*(to,t)w—l(to,tl)/q)(to,t)ﬁ(t)dt,

to
Qynruyua z(t) = z(t,v), t € [-pewenue dupdeperyuarvorozo ypasHerus
z = Al(t)Z + B1<t>1}(t), Z(to) = 0, U() S LQ(I, Rm) (25)
HokazareabcTBo. /lokazaTe/ibcTBO TeOpeMbI cjiejlyeT u3 TeopeM 1,2. B camom nene, u3
(10) npu K(tg,t) = P(to,t)B1(t) umeem (21). Torma (cm.(16))

t1

C(to,tl):/K(to,t)K*(to,t)dt:/<I>(t0,t)Bl(t)Bi‘(t)@*(to,t)dt:W(to,tl).

to

CrieoBaTeIbHO, JJIst CYIIECTBOBAHKSI PEIIeHNsT MHTErPAIbHOrO ypasHenusi (21) HeobXoammo
U J1ocTaToqHo, aro0bl Matpura W(tg,t1) > 0. Kak cieayer u3 Teopembl 2, ymnpapieHue
wi(t), t € I onpenensiercst 1o dopmyste (17). Torma

w (t) :v(t)+K*(tg,t)W_l(to,tl)a—K*(to,t)W_l(to,tl)/K(to,t)v(t)dt:

= 0(t) + B (10, )W (t0,t)[Blto, )61 — 0 — [ Do, O(e)d)-
B 1)@ (to, )W (to, 1) / B(ty, £) By ()0 (t)dt

= U(t) + Tl(t)&) + Tg(t)gl —I—ﬁ(t) + Ml(t)Z(tl,U), t e ]7 VU, U() S LQ(I, Rm),
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riae marpunst 17 (t), To(t), Mi(t), t € I — onpenensiores cooTHoOeHusIMA (24),

t1
/ B(te, ) By (H)o(t)dt = B(to, t1)2(t1,0), v() € Lo(I, R™)
to
z(t,v), t € I — pemenne nuddepentuasnbuoro ypasuemnus (25). Muoxkecrso U mopoxaercs,

Korya npousBosibHast GyHKius v(-) € Lo(l, R™) mpoberaer Bce 31€MEHTHI POCTPAHCTBA
Lo(I, R™). Teopema joka3aHa.

Teopema 4 I[Tycmv mampuya W(tg,t1) > 0. Toeda pewenue Judpepenyuanvrozo
ypasnenus (18) coomeemcmeyrowee ynpasaenuro wi(t) € Uy onpedeasemces no gopmyae

y(t) = 2(t,v) + Ex ()& + Ea ()& + [o(t) + Ma(t)2(t1,v),t € 1, (26)
2de

Ey(t) = ®(t, to)W (¢, t1)W L (to, t1), Ex(t) = ®(to, )W (to, )W (to, 1)@ (to, 1),

mo(t) = [ @t TR — Bt 0) W 10, W (1011 [ @0, tiple)r

to to
t

Mg(t) = —(I)(t, tQ)W(t(), t)W_l(t(), tl)q)(to, tl), W(to, t) = / (I)(to, T)Bl (T)BT(T)Q)*(to, T)dT,
W(t,tl) = W(to,tl) — W(t[),t), tel. (27)
HoxkazareabcTBo. Kak cienyer u3 (20) bdyukus y(t),t € I upu w,(t) € U; paBua
y(t) = O(t, to)&o + /@(t,T)Bl(T)wl(T)dT + /@(t,T)ﬁ(T)dT =
= @(t,to)fo—i—/ CD(t,T)Bl(T)[U(T)+T1(T)§0+T2(T)§1+E1(T)+M1(T)z(tl,v)]dT—l—/CD(t,T)ﬁ(T)dT

to to
t t

= ®(t,t9)&0 + /(I)(t,T)Bl(T)U(T)dT + ®(t,to) /@(tO,T)Bl(T)Tl(T)deo—l—

to to
t t

LBt to) / B(ty, 7) By (r)Ta(7)dre, + D(t 1) / B(to, 7) By (1), (7)dr+

to to
t t

—i-(I)(t,tg)/@(tO,T)Bl(T)Ml(T)de(tl,U) —|—/<I>(t,T)Bl(7')ﬁ(7')dT,t el

to to
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Orcro/1a ¢ y9eToM TOTO, 9TO:
/@(t,T)Bl(T)U(T)dT = z(t,7), /CD(tO,T)Bl(T)Tl(T)dT =
= /(I)(to, T)Bl(T)[—Bik (T)(I)*(to, T)W_l(to, t1>]d7' = —W(tg, t)W_l(to, tl),

to

/@(to,T)Bl(T)TQ(T)dT = /CID(to,T)Bl(T)[Bi‘(T)CI)*(tO,T)W1(t0,t1)<1)(t0,t1)]d7':
= W (to, )W 1 (to, t1)®(to, t1),
/ B(to, 7) By (T) M (7)dr = / B(to, 7) By (7) = B (7)* (to, TYW (10, 11)B(to, )] dr =

= —W(ty, )W (to, t1)®(to, 1),
D(t,t0)&0 — P(t, to)W (to, )W L (to, t1)E0 = (¢, t0)[Ln — W (to, )W *(to, 11)]&0 =
= ®(t, to){L, — [W(to, t1) — W (ty, t1)]W (to, t1) Yo = P(t, to)W (¢, t1) W (to, 1),
nostyanm opmyist (26), tae Fi(t), Ea(t), fig, Ma(t),t € I oupemensioTcs COOTHOINIECHUSIMU

(27). Teopema mokazana.

JIemma 1 [Tyemv mampuya W (to,t1) > 0. Jas mozo wmobw dymnxuus y(t) = E(t), t € 1
He0OTOOUMO U DOCNAMOYHO BBINOAHEHUE CACOYIOULULT COOMMHOULEHUTL:

wl(t) :Ul, wl(t) :u(t) S U(t) CLQ(I,Rm), UlﬂU?é@, (28)
p(t) = L(t)Py(t) € V = {p(-) € Lo(I, R*) | w(t) <p(t) < (t), tel}, (29)
L(Py(t),t) = DPy(t) +r(t) =0,t € I,(xg,21) € So X S1,d € 11 (30)

Jlemma 2 ITycmo mampuua W (tg,t1) > 0. Toeda 3adaua onmumanvrozo 6vicmpodeticmeus
(1)-(9) axeusanenmna caedyrowets 3adave: Munumusuposams GyYHKUUOHAA

J(y(), u(-)v(-),p(), (w0, 21,d) = /1 ~dt =ty —to — inf (31)

npu Yycao6uAx

Jl(?i()? U()U(),p(), Lo, L1, d) =

- / [wn () — u(®)? + |p(t) — L) Pay(t)> + [ DPry(t) + r(0)Fde = 0,

to

(32)
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s = A(t)z + Bi(to(t), z(ty) =0, v(-) € Ly(I, R™), (33)

(1’0,1‘1) € Sy X S1, p(t) S V(t), u(t) c U(t), d e 1II, (34)

ede pynryuu wy(t), y(t), t € I onpedeasromes dopmyramu (23), (26) coomeememeeriro.

3.1 IlpeoGpa3oBaHue

Kaxk ciemyer u3 jgeMMbI 2 CyIIeCTBOBAHUE JOIYCTUMOTO yIIPABJICHUS IPU (PUKCUPOBAHHOM 11
CJIeJyeT U3 PelleHns 3a/a9i ONTUMAJILHOTO YIIPABJICHUS: MUHIMU3UPOBATH (DYHKIITMOHAJ

ty

L0 ul),v(), p(), 20,0, d) = / Fy(q(t). £)dt — inf (35)

to

IIPA YCJIOBUAX

z2=A1(t)z + Bi(t)v(t), =z(to) =0, t el =/t t1], (36)

v(+) € Lo(I, R™), (xg, z1) € So X Sy, p(t) € V(1), u(t) € U(t), d €11, (37)

rie
q(t) = <0<t)7 Z(t7 U): Z(tlv ’U)),

0(t) = (u(t), v(t), p(t), o, 21, d),
Fi(q(t),t) = [wi(t) — u(t)]* + [p(t) — L(t) Pry(t)]* + [ DPry(t) + r(t)|*,

dbyukmuu  y(t),wy(t),t € I onpenensiorcs dopmynamu  (26), (23) coorBercTBEHHO,
§0a€17 ‘/7 F(P7y7t) us (15>7 (29)7 (15>
Bseem ciepyroniue obo3HaMEHUS:

X =UXLL(I,R™)xV xSox Sy xII,, H= Ly(I, R™)X Lo(I, R™)x Ly(I, R* ) X R"x R" x R™*,
L5(I, R™) = {v(-) € Ly(I, R™)| | v [|< p, p > 0 — gocrarouano Goibimoe mcio},
II,={de R™||d| <p}, 0 € X, X CH,

rie X — OorpaHHYeHHOE BBINYKJIOE B3aMKHyTbhle MHOXKecTBO B H,H — ruisbepToBo
npocrpancTBo. Ournmusanuonnast 3aja4a (35)-(37) MoxkeT ObITh IPeJICTAB/IEHA B BHUJIE

t1

wa:/ﬂmwﬁﬁ%mLHOEXCH

to

[Tycts muOKecTBO X, = {0,(-) € X|J1(0,) = elél)f( J1(0(-)}
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Jlemma 3 Ilycmo mampuya W (to, t1) > 0. Jlas moeo wmobwv xkpaesas 3adava (2)-(9) umena
pewenue, Heobrodumo u docmamouno, wmobv, snavenue Jy(0.(-)) = 0.

JlokazaTe/IbCTBO CJIe/lyeT U3 JIEMMBI 2.

Bamerum gto: 1) dyakrmmonan Ji(0), € X — BoInyKIiblii u c1abo MOIyHEIPEPHIBEH CHUZY
B X, X — ciabobukommnakTHoe MHOKecTBO. CitesoBarenbro, Ji(6), 6 € X nocruraer HuzKHE(
rpaHd Ha MHOXKeCTBe X, MHOXKeCTBO X, # @, @ — myctoe MHOXKecTBO; 2) ITockosbky
snauenune Ji(0) >0, 6 € X, o Bosmoxubl caydan: a) Ji(6,) = ;g)f{ Ji(0) = %Iélxn Ji (0) =0;
b) Ji(6,) > 0. B cyuae, J1(6,) =0, 0, = (U, s, P,, Tpy, T, d) € X, — ONTEMATBLHOE PETIEHIE
safgaun (35)-(37), Tpoitka (U(t) = s, To = T, T1 = T;) € ), JOMYCTUMOE yIPaBJICHHE JIJIs
sagaun (1)-(9). Ecm Ji(0.) > 0, 0. € X,, 10 ), = ©, ©- nycroe Mmuoxectso. Kpaepas
zaja4da (2)-(9) ne umeer pemtenne Ipu (HUKCHPOBAHHOM .

Teopema 5 [Tycmo mampuya W(tg,t1) > 0, dynxuyua Fi(q,t) onpedeaena u nenpepwvieo
no cosokynHocmu nepemeniuir (q,t) emecme ¢ YACMUYHOMUY NPOUEOOHBLMU MO .

Tozda Pyrxyuonan (35) npu ycaosuax (36), (37) wnenpepvisno Juddepenyupyem no
Dpewe, 2paduerm

J1(0) = (J14(0), J1,(0), J1p(0), iz (0), 1, (0), J1a(0)) € H

6 A10601 mouke 0 € X svuucasemes no Gopmyae
J1(0) = Fru(q(t),t),  J1,(0) = Fro(a(t),t) — Bi(O)¥(t), Ji,(0) = F,(a(t), 1),

To® = [ Fin(att) 0t T, 0) = [ Fiolat)0dt, Jiu0) = [ Futa(o) 0, (38)

ede z(t), t €l — pewenue dugppepenyuanrvrozo ypasuenus (36), a gynxyua (t), t €l -
PEWEHUE CONPANCEHHOT, CUCTEMDL

t1

)= Fr(q(t),t) = A O9(), o(t) = - / Fra(q(t), t)dt. (39)

to
Kpome moeo, epaduenm J;(0), 0 € X ydosaemsopaem ycaosuto Junwuua
17(61) — J1(62)]] < K[[61 — Ool|, V01,6 € X, (40)
2de K = const > 0.

JloKa3aTeIbeTBO aHAIOTHIHON TeopeMbl MOKHO HaiTi B [10)].
Crponm mocsie1oBaTeabHoCT Q) = {Uy, Un, Pn, 24, 21, dyp}, n=10,1,2, ... o agropurmy

Up+1 = Pu [Un - anJ{u<0n)]> Un—i—ll PL” [ Unp, (9 )]
Pn+1 PU [P anJ{p(Qn)], n+ PSO [ 0 anjlx ( n)] (41)
21 = P, 2} —ay 1oy (00)], dn+1 P, [dy — a1 J{4(0,)],

n=0,1,2,..., 0<ey <, <2/k+2e >0,

rie Pg [-] - npoeknusg roukn Ha muOKecTBe (2, K = const > 0 u3 (40).
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Teopema 6 I[Iycmv ewvinoanenv. ycaosua meopemve 5, nocaedosamenvrocmo {0, C X
onpedeasemea no gopmyae (41). Tozda:

1. nocaedosamesvrocmo {0,} C X asasemea munumusupyrowet, im Ji(0,) = Ji. =
n—0o0

inf Ji(6);
feX 1( )’
CA CA CA CN
2. 0,—0,, 0.€ X., u,—=Us, DD, Up—Us, T§ =T[5, T} =T,

dp = de n—00, O, = (U, v, s, 25, 27, dy) € Xy

3. cnpasedausa cAedyUGA CKOPOCTIL CTOOUMOCTIU

O§J1(0n)—(]1*§@ , n=12, ..., ¢g=const>0; (42)
n

4. 0aa mozo, wmobwv 3adava (2)-(9) npu durcuposannom ti,t; > to umesa pewenue,
neobrodumo u docmamouno, wmobw, lim Jy(0,) = Ji. = J1(0,) = 0.
n—oo

3.2 IlocTpoeHue penieHUd 3a0aYU ONITUMAJILHOTO ObICTpOaelicTBUS

Kak cieryer u3 jieMMbl 3, Jiisg TOro 9T00bI £, — tg = min [t1 - to] T.€. Pa3HOCTb L1, — ty ObLIA
t1>10

HaUMEHbIINM 3HadeHneM ¢ynkiwonas (1) npu ycmosusx (2)-(9) HeOOXOIUMO U JIOCTATOTHO
BBINIOJTHEHUS CJIEJLYIOIIUX YCIIOBUIA:
1) marpuna W (tg, t1.) mopsyika (n+ms) X (n+ms) ObLIA HOJOKUTEIBHO OIIPE/IC/ICHHOI;
2) snavennus Ji(0,(-)) = 0. CrenoBaresbao, HEOOXOAMMO ITOOBI 3HAYeHHE t1 > t1,. [lycTb
t1, t; > 0 HamMeHbIIee 3HaUEHME 1] TIe trgg W (to, t1) = W(to, t1) > 0. Bamernm, uTo ecn

marpuna W (tg, t1) > 0, to marpuna W (tg,t1) > 0 npu Beex t; > t1. U3 yenosuit W (tg, t1.) >
0, Wi(to,t1) > 0 cnemyer ty, > ty. U3 memmbl 1-3 1 Teopem 1-6 coeryer ciietytonuii aaropuTm
pelIeHns 3a0a91 OIITUMAJILHOIO OBICTPOAEHCTBYS.

Crpoutcss Kakoe-1mbo JOIMyCTHMOE yIpaBICHUE II0 METOLY M3JI0KEHHOMY Bblme. s
3TOrO JIOCTATOYHO BLIGPAaTh HeKoTopoe 3Hadenue 1 = t9, t0 > ¢, waiitu pemenue
onTuMuzanmonnoit sajgaun (35)-(37). Iyers maitnena touka 0, = 0,(19) € X, Ji(0.) =
J1(0.(t9)) = Glg)f( J1(0). 3/1ech BO3MOXKHBI JBa CJIyHast:

2) Ji(0.(0)t) > 0

b) J1(6,(1?)) = Ji. = 0. Jasee, paccmaTpuBaercs B OTIEILHOCTH, Cilydan a), 6). B ciy4dae

a) BeIOUpaeTca HoBoe 3HaueHue t; = 2t9 a B ciayuae

6) HoBoe 3Havenue t; = (to +19)/2 u .0, Huxke npuse/ieHb! J[Ba alropuTMa HaxXozK IeHus
SHAYCHUA b1y, TJIE L1, — g = trln>1£1) (t1 — to).

A. Tlycrb usBecTHO 3HadeHue ti,t, > tg, rie trln>1% W(to,t1) = Wo(to,t1) > 0. B srom
cilydae, Iejecoo0pasHo BeIOpaTh 3Hadenue t, = mity;, m = 1,2,... Cieayer oTrMeTHUTh,
aro ecan 3uadenus Ji(0.(mt;)) > 0 mia mobeix m = 1,2,... TO 3aJa4a ONTHMAJIBHOTO
oeicrponeiicTeus (1)-(9) me nmeer permenust. B cyuae korma npu m = my, Ji(6x(m.ty)) = 0,
HEOOXO MO BBIOpaTh t1 = t1(m, — 1 +m,)/2 = (m, — %)fl = Mt1, My = My — % Haiitu
suavenns Ji(6,(T,t1)) myrem perrenue onruMaabHocTu 3ajadu (35)-(37). 31ech BO3MOXKHBI
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cayaan: 1) Ji(0.(M.ty)) > 0;  2) Ji(0.(Mit1)) = 0. B cayqae Jy(0,(myty)) > 0 mHeobxommmo
BLIOPATD 1 = t1(my — 5 +my)/2 = (m, — 1)t1, a B cayuae Jy(0.(Mty)) = 0 meobxomumo
BoIOpaTh ¢ = t(my — 1+ my — 3) = (m. — )t u na. [losropss JaHHyIO IPOLUELYPY
MOZKHO HaliTH CO CKOJIb yT'OJHON TOYHOCTBIO 3HauYeHue ¢ = t7, rj1e t] — ONTUMaJIbHBII MOMEHT
BPEMEHU.

B. Ilyctn 3navenue ti,t, > ty, rJe tm>1P W (tg, t1) = Wi(to,t1) > 0, smbo marpuna
1 0

W(to,t;) > 0 gz moboro ¢ > ty. B arom ciiyuae, Beibupaem 3nadenue to, = t9, e
W (to, 1)) > 0. Haxomum suauenue Ji(6,(t9)) myrem pemenns onrnvusanuonmbii 3agauan (35)-
(37). Bosmokunl cayuan: a) Ji(0,(t9)) > 0; B) J1(0.(¢9)) = 0;

Pacemorpum cityuait a). B aTom ciyuae Beibepem 3nadenue t; = 2t), HaXO[UM 3HAYMEHUE
J1(0.(2t0)). Ecim suauenue J;(6.(mt?)) > 0, m = 1,2,..., To 3aja4a ONTHUMAILHOIO
obicTposeiicTus (1)-(9) e umeer pemenust. B ciyvae, korua upu m = my,, J(60,(m,t9)) = 0.
BeiGepenm ¢ = t9(m. — 1 +m,)/2 = (m. — 3)t).

Paccemorpum citywait 6). B stom ciyuae Ji (0, (t9)) = 0, Beibepem t; = (to+1Y) /2, nposepum
oyner s marpuna W(tg, t1) > 0, t; = (to+1Y)/2. Ecom W(tg, ¢1) > 0, To HaX0MM 3HAMEHHTE
J1(0.(t1)), tme t; = (to + t9)/2. B cuyqae J1(0.(t1)) = 0, t; = (o + t9)/2, To BHIGEpEM
t = @ +19/2 = (t, + 3t?) /4 n Tax nasee.

3.3 Pemnenus MoIe/IbHOI 3agavuu

PaccmorpuMm  cremyroniyto  3ajiady  ONTHMAJIBHOTO  OBICTPOJNENCTBUS: MUHUMH3UPOBATD
dyHKIMOHAT

t1
0

IIPU yCJIOBUAAX

L1 =129, To=u, t€l= [O,tl], (44)
I1(0> = 1, IQ(O) == 0, (L’l(tl) = 0, Ig(tl) == 0, (45)
u(t) e U ={u(:) € Ly(I,RY)| —1<u(t)<+1 ns tel}. (46)

s maHHOrO IIpUMeEpa

=(33) m=(1)=(2) m= (). w=(8)

OTCYTCTBYIOT (ha30BbIe U HHTEIPAJIbHbIEC OPPAHUYCHHST, TOJIOHOMHBIE CBSI3H, MHOXKECTBA Sy =
{(1,0)}, S; ={(0,0)} comepxxar exuncrsenible Touku. B Bekropnoit dpopme 3ama4aa (44)-(46)
3aIIMIIEeTCs] B BH/IE

J(u,t1> =1 = Z’flf

&= Ax + Bu, z(0)=z9, z(t1)=xz1, t€l=1[0,t1], u(t)eU.
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[Tockombky n(t) =0, t € I, 10 &(t) = x(t), t € 1. Jluneiinas ynpasisiemas cucrema (18)

JJId JaHHOT'O IIpUMEpPa 3alluIIeTCA Tak

y = Ay+ Bwl(t)7 y(O) = Xy, y(tl) = I, te [7 wl() € LQ([7 Rl)v

e & = xg, & = 1. Marpuirst

D (t,7) = M7 A = ( (1] i ), e~ 4T = ( (1) —07' ), 6 (t) = 7.

Beraucmm cirepyrorye BeKTopbl u MaTpuilbl (cm.(21)-(27)):

a=o(0,t)r1 —x0 = —20 = ( _01)7

t1 3
4 -4
W (0,t,) = /e—AtBB*e—A tdt = ( 3 t21 ) >0, t >0,
1 1
0 2

)

N
& st o

Wil (0, tl) = (

12t 6
Ty(t)6o = Ti(t)zo = —B" (0. W10, tr)wo = — — .
1 1
. _ 12t 6 6 2
Ty(t)é1 = Tn(t)zy =0, My(t) = —B*@*(0,H)W 1(0,151)@(07151) = (t_3 -5 - = + t_)7
1 1 1 1

t3+2t3 3t

El(t)éo = El(t>l'0 = @(t, O)W(t,tl)W*I(O,tl) = ( 6t2ff6tt1 ), Eg(t)fl = Eg(t)ilfl = O,

t

2t3—§t2t1 —t3—2t1t2
M2(t): _(I)(taO)W(t7t1)w_1(07t1)®<07tl) - ( 6t2i16tt1 fStQtiQttl )
t} t]
Torna
12¢ 6 12¢ 6 —6t 2
wi(t) =v(t) + (3 — ) — (5 — Z)alt,v) + (5 + )zt v),
t 34263 — 3tt2 213 — 3%
u(t) = ( z; 8 ) o will) ==zt o) + : t3 * t3 Jalt o)+
—13 4 112 6t% — 6tt 612 — 6tt
gzt v), galt) = 2(t0) + gt 4 (Fg)a(t, o)+
1 1 1

—3t? + 2tt
)t ).
1
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Basatda onTUMAaJIBLHOTO yipasienus (35)-(37) mveer Bug

t1 t1 31
12t 6
0) = | Fi(q(t),t)dt = t) — u(t)|?dt = )+ (5 —
70) = [ a0 = [funo) = uoPa = [ o) + (G =)+ .
0 0
—l—(lt—? — 2)zi(t,v) + (;—gt + %)zg(tl, v) — u(t)]Zdt —nf
2= Az+ Bo(t), 2(0)=0, v(-) € Ly(I,R"),u(t) € U, (48)
riae 0 = (u,v), ¢ = (u,v, z(t,v),z(t1,v)).
['paguenTt dpyukimonasia. YacTHble TPOU3BOIHOE
aFjl(qvt) . aFl(QJ t) - aFl(Q7t> o
ou - = (w17 —’LL), ov - (wla —U), Oz - 07
0Fi(q,t) 12t 6, OFi(qt) —6t 2
Oz (t) 20wy —w)( £ t%)’ Ozo(t1) 2wy = u)( £ R tel

[paguent dbyukunonana Ji(0) = (J;,(6), J;,(0) € H, rue

(o) = 20D ey

_ aFl(Q(t)v t)

T, (8) = 1A

rie z(t,v), t € I — pemenue nuddepennuanbaoro ypasuenus (47), a dyukuus ¢ (t) pererne
COIIPSIZKEHHOI CUCTEMBI

t1

V=A%, P(t)=— / %(Z)),t)dt - @;EZD

t1 0 t1 (49)

o=~ o= [0

MUHEMHU3UPYIOIHE OC/IEI0BATETBHOCTH
Un+1 = Pylun, — andiy,(00)], vngr = vp — anJi,(0,), n=0,1,2..., (50)

vie 0, = (up,v,) € X, a, < ML%’ e > 0, l;— nocrostanag Jlunmuna (em. (40), [} = k)

[TocTpoenne perrennst 3a1a41 ONTHMAJIBHOTO OBICTPOAEHCTBUsI. 3aMETHM, UTO MaTpPHUIA

/3 —t2/2
W(O,tl):(_%//z tll/ >>0

mts ioboro ¢ > 0. Onpenenum t1, > to MO aaropuTMy
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B. Bribepem 3nadenune t; = 8. CrpouM JA0MyCTUMBIC YIIPABJICHHUS IIyTEM ITOCTPOCHUS
MUHUMU3UPYIOMUX TocaeoBaTepHocTeii (50) ¢ yaerom (49).

a). s mamnoro npumepa npu t; = 8 omrumasibHoe perienne 3agadn (47), (48)
cIeIyolee:

-1 0<t<17/8,
W (t)=v, (t)=¢ +1 17/8 <t <49/8, w; (t)=v.(t), t €0, 8.
—1  49/8 <t <8,

Buauenne J1(0,) =0, 6, = (u.(t),v.(t)), t€I=10,8].
6). Boibepem t; = 8/2 = 4. [Tng 3uadvenuii t; = 4, onTUMaJIbHBIM perenneM 3ajaqau (47),
(48) Gymer

-1 0<t<5/4,
Wer (1) =V (t) =< +1  5/4 <t <13/4, wy (t)=v. (t), t€][0, 4]
-1  13/4/8 <t <4,

Buauenne Ji(0u) = 0, 0 = (U (1), v4:(t)), t € I]0,4].
B). Boibepem t; = 4/2 = 2. Jlnsg 3uadenus t; = 2. OUTUMATIbHBIM DEIEHHEM 3a/1a49K
(47),(48) sBrsiercs:

—1 0<t<l1,
Wens (£) =Vis (1) = { L] 1<t<g W (t) =Vias (t), t€[0, 2]

Buauenue Ji(Ouw) =0, Ouse = (Usns (1), vins(t)), t €1 =10,2].
OnrumasnbHas TpaekTopust st 3aaaan (44)-(47):
1-2, 0<t<l1 —t, 0<t<l1
R I 2 — Y _ Y — I
xl*(t)_yl*(t)_{§—2t+2, T<i<n W1y i<

OTU PE3yJbTAThl COBIAJIAIOT C PE3YJAbTATAMU, IOJYIEHHBIMU C IOMOIIBIO PUHIIUIA
makcumyma JI.E. Tlorrpsiruna [3], mis snadennit n = 2. B orwmann oT npuHIHIIA MAKCHMYMa,
JIAHHBII MeTOJ| MO3BOJIFET peliarTh 3aJadd ONTHUMAJbHOIO OBICTPONENCTBUS IS CUCTEMBI
JII0OOro0 MopsiiKa 1 > 2.

4 Pe3ynbTaThl 1 00CYy2K/IeHUE

OCHOBHBIMU PE3Y/IbTATAMU SIBJISTFOTCSI:

— HeOOXOJUMOEe U JIOCTATOYHOE YCJIOBUS CYIIECTBOBAHHMS PEIIECHUsI OJHOTO KJIAcCa
HHTErPAJIbHOTO YPaBHEHUs U ITOCTPOEHUE ero OOIIEro perieHus;

— BbIJIEJIEHNE BCEX MHOXKECTB YIPaBJEHUN, KaXKJIbIIi 3JIEMEHT KOTOPOIO IIEPEBOJIUT
TPAEKTOPUIO CUCTEMBbI U3 JIIOOOI0 HaYaJbHOIO COCTOsIHHS B JII0OOE KejJaeMoe KOHEUHOe
COCTOSTHUE JIJId JIMHEWHBIX CUCTEM;

— I[pejijlaraeMblil TPUHIUII TIOTPY2KEHUsT IO3BOJISIIONINAI CBECTU MCXOJHYI0 KpaeBYIO
33149y OITUMAJILHOIO OBICTPOJIEHCTBIE ¢ OTPAHUYEHUSIMHI K CIIEIHAJILHOM HAaYaIbHOM 3a/1at1e
ONITUMAJILHOTO YIIPABJIEHUS;
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— HEOOXOJIMMOE U JIOCTATOYHOE YCJIOBUSA CYIIECTBOBAHUS JIOIMYCTUMOIO YIIPABJICHUST;

— pa3paboTaH aJrOPUTM pEHIeHUus 3aJa4dd  ONTUMAJbHOIO  OBICTPOJIEHCTBUASA  C
OrpaHMYEHUAMHU LISl TMHEIHBIX CHCTEM JIFOOOTO MOPSIKA.

[Tonydennble pe3yabTaThl ABJAIOTCS PENIEHUAMEM aKTYAJIbHBIX IMPOOJIEM Teopuu
ONTUMAJILHOT'O OBICTPO/IEHCTBHS ¢ OrPAHMYEHUSIME UMEIOIIe MHOTOYUC/ICHHBIE TTPUJIOZKEHUS.

5 3akJirouyeHue

Paspaboran HOBBINE MeTOJ PEIIeHUS 3aJa9d OINTUMAJILHOIO OBICTPOJAEHCTBUS JIMHEIHBIX
CHCTEM C KPaeBbIMH YCJIOBUSIMH, NPH HaJUIUK (PA30BBIX, MHTEIPAJbHBIX OI'PDAHUYCHUN U
rOJIOHOMHBIX CBs3eit. Co3tana o01ast Teopust KPAeBbIX 3a/1a1 ONTUMAIBHOTO OBICTPOIEHCTBHS
MMeIoIasd MHOTOYNC/IEHHbIE TTPUJIOZKEHNE B €CTECTBEHHBIX HayKaxX, TEXHUKE, SKOHOMUKE.

[IpunnunuanabHOoe OTIMYUE TMPEIAraeMoro MeTO/a OT HU3BECTHLIX METOJI0B COCTOHUT
B TOM, YTO HCXOJHAs 3ajlada IOTIPYy2KaeTcsd B 33Jlady YIPaBISEeMOCTH C YIPaBJIeHUSIMU
u3 QYHKIUOHAJIBHBIX IPOCTPAHCTB C IOCAEAYIONINM CBEJICHHEM K HadaJbHON 3ajade
ONTUMAJIbHOT'O yIIPABJIEHUS.
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Annoranusi. [lonsTre BBIPOXKIEHHBIX M HEBBIPOXKIEHHBIX KPaeBbIX 3a1a4 BBel B.A. Mapuenko.
Hesbipoxk mennbie KpaeBble 331a91 COTVIACHO Kiaccudukanun Bupkroda aemsaTcs Ha peryispHbie
U HeperyJisipHble I'DaHUYHbIE YCJIOBHUsl. B JlaHHON paboTe NPUBEIEHBI NIPUMEDPHI BBIPOXKIEHHBIX
U HEBBIPOXKJEHHBIX KpaeBblx 3amad lllrypma-Jluysuis ¢ HeperyiaspHbiMu 1o Kupxrody
TPAHWYHBIME YCJIOBUSIMA Ha rpade-3Be3ie. YKa3aHHBIE TPUMEPHI 0000IIAIT pe3yJIbTaThl PaboT
B.A. CamoBuuuero u ero coaBTopoB, a Takxke paborer B.E. Kanryxuna ¢ coasropamu. s
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Tam ke wu3ydeHbl Ga3UCHbIE CBOWCTBA CHUCTEMBI COOCTBEHHBIX M IPUCOEIUHEHHBIX OYHKITHIT
B IIPOCTPAHCTBE KBaJPATUIHO-CYyMMUPYEMBIX (DYHKIMI HEPEryJIsSpPHBIX 110 BUpKrody KpaeBbIxX
sagau [{Itypma-/InyBuiis Ha KOHEIHOM OTPE3KE.
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Teomerpusinbik rpadTapaarsl Iltypm-JInyBuiias e3reiie MeTTiK ecenrepi Typasibl

Anparma. Ogsreme KoHe e3reme eMec TMIETTIK ecenrepain  Tycinirin B.A. Mapuenko
eHrizgi. ©Osreme emec meTTiK ecenrep bupkrod KiaccupuKausCbiHa COUKEC PErysispJibl
JKOHE DPEryJsipjibl eMec IeKapaJjblK, mapTrapra Oesinemi. Bys kymbicTa rpad-»KyJIbI3Iarbl
Bupkrod mekapaJblk Imaprrapbl OOWBIHINA PETyJIsSpJibl €MeC ©3rellle >KOHE ©3relle eMec
[Irypm-JluyBuwuis merTik ecenrepinuy, Mbicaiagapbl keiripisred. Kepceriiren mbicaimap B.A.
CasroBHnYni *KoHE OHBIH OipJIeCKEeH aBTOPJIapBIHGIH, conbiMeH Katap b.E. Kanryxuunin 6ipiaecken
aBTOPJIAPBIMEH »KYMBICTAPBIHBIH, HOTUKeJIEPiH Kasnbuiaiiasl. CuMmMerpusiiibl kKo dhdurnmenTrepi
6ap IItypwm-JIuyBuaab omepaTopbl YIIUH KeCiHJIi/Ie ©3Telle/IeHy/iH OCBhIHJal Topis3mi ocepi
M.CroyHHBIH *KyMBICTAPBIH A aral oTiired. CuMMerpusiyibl KO3 dunmenTTepi 6ap KOFapbl PeTTi
muddepeHuaIbK OIepaTop/ap Kargaibiaga Kecinaineri esremeneny ocepi B.A. Canopamanii
xkoue B.E. Kaury)xunnif KyMbIChIHIa KopceTiiren. [loTeHmaaapi KacueTTepine OailiaHbICThI
Oipmeit Ilrypm-JInyBusis IeKapasblK, ecenTepiHiH JIUCKPeTTI HeMmece y3ijiccis cmekTpre wue
6osaroierbl Typassl b.E. Kanryxun xone M.A.CajpibexoB MoHOrpadusIChIHIa OYPBIH aTan
erker. Cout xkepje Keciugi Ooibiagarbl [1ITypm-JInysuiuiain Bupkrod OoiibiHINIA perysispiibl
eMeC MEeKAPAJIBIK, eCEeITePiHiH, MEHIIKTI KOHEe KOCAJIKbI (DYHKIMSIAPbIHBIH, KBaIPATTHIK, KOCHIH b
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On degenerate Sturm-Liouville boundary value problems on geometric graphs

Abstract. The concept of degenerate and non-degenerate boundary value problems was introduced
by V.A. Marchenko. Non-degenerate boundary value problems according to the classification of
Birkhoff are divided into regular and irregular boundary conditions. This paper gives examples of
degenerate and non-degenerate Sturm-Liouville boundary value problems with Birkhoff irregular
boundary conditions on a star graph. These examples summarize the results of V.A. Sadovnichy
and his co-authors, as well as the work of B.E. Kanguzhin with co-authors. For the Sturm-Liouville
operator with symmetrical coefficients on an interval similar effect was observed degeneration in
the works of M. Stoun. In the case of higher-order differential operators with symmetric coeflicients
on the interval, the degeneracy effect is indicated in V.A. Sadovnichy and B.E. Kanguzhin. The
effect when the same Sturm-Liouville boundary value problem, depending on the properties of
the potential, can have a discrete or continuous spectrum was previously noted in the monograph
by B.E. Kanguzhin and M.A. Sadybekov. The basic properties of the system of eigenfunctions
and associated functions in the space of quadratically summable functions of Birkhoff irregular
boundary value Sturm-Liouville boundary value problems on a finite interval were also studied
there.

Key words: degenerate boundary value problems, non-degenerate boundary value problems, reg-
ular and irregular boundary conditions, Sturm-Liouville boundary value problem, star graph.

1 Bsenenue

Cuenyiomas cucrema JuddepeHualibHbIX YPaBHEHUN ¢ IIaJIKUMI KOI(hDUITUEHTAME
- 1;/—1-1 (@p11) + @1 (Tpr1)Ups1 (@pr1) = AUps1(@pr1), 0 < @pia < lppa,
- U;(xp) + Gp(@p)Up(wm) = AUp(p), 0 <) <1y,
— {/(Il) + ql({El)Ul(Il) = /\Ul(l'l), O0<x < ll.

C YCJIOBHAME BH/IA (2)

Upi1(1) = U1 (0) = ... = U,(0), @
L (1) =Ui(0) + ... + U, (0)

u ycaosuamu Buna (b)

2
Wo(Urs oo, Up) = Y [aiUP ™ (1) + auapy U™ (1) + - + agpoa—py UGV (1) 5
=1

J
+ as(2p+j)U;Ei_11)(0)} =0, s=1,...,p+1

MOXKeT OBITh MHTEPIPETHPOBaHa Kak 3a/a4a Ha cOOCTBeHHBIE 3HadeHus ormearopa IlITypma-
JImyBunng Ha reomerpmdeckoMm Tpade . Ilpmuem, B KadecTBe reomerpmdeckoro rpada
& = {V, E} Boicrynaer rpad-3Besna. Muoxectso V' IpejicraBisieT MHOXKECTBO BepIIUH,
saryMepoBaHHbIX 0T 0 ;0 p + 1. Bepmmnua (p + 1) HasbiBaercss BHYTpEHHEH BepITHHOMN
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rpada. YesioBug Buja (a) O3HAYAIOT, YTO BO BHYTPEHHEH BEPIIUHE BBINOJHAIOTCA 3aKOHbI
Kupxroda [!]. Bepumuner 0, 1, ..., p Ha3bIBatoTCsl PAHNYIHBIMEI BepITHHAME. Ycaosus Buaa (b)
UHTEPIPETUPYIOTCA KAaK I'PAHUIHbIE YCI0BUs. JIJisi OJTHOTHI U3JI0KEHKs IPUBEIEM MATPUILY
emexknocrn |2| rpada-3esapt & = {V, E'}. Pasmeprocts maTpuiip emexkuoctu (p+2) X (p+2)
1 OHa MMeeT BUJL

0 0 0 0 0 1
0 0 0 0 0 -1
0 0 0 0 0 -1
-1 1 1 1 1 0

MuoxkecTtBo E 03Ha4aeT MHOXKECTBO OPHEHTHPOBAHHBIX AYT €1, ...,€p+1 I'Pada . Ilpn
i =1,...,p ayra e; HapaBJeHa OoT BepiuHbl (p+ 1) K BepimHe 7. B To xKe BpeMst HarpaBjieHne
JYTH €,41 BbIOpano ot Bepumusl 0 K Bepruuie (p + 1). [lanma gyru e; cauraercs paBHoil ;.

[lpu p = 1 zamaga (1), (2), (3) cosmamaer ¢ 3amaueit ltypma-Jluysmins na
KoHedHoM otTpeske. [lomobubie 3amaunm mompobHO wm3ydeHbl B MoHOrpadmax 3], [1].
Coryacuo pesynbraraM yKasaHHbIX B MoHorpadusx [3], [1] B ciydae mocrarodno riagkux
ko durenTos nuddepennnaababix ypaBaenuii (1) mpu p = 1 BO3MOMXKHBI TOJIBKO
CTIeTYTOINNE JBE BO3MOXKHOCTH:

1) smbo cymecrByer He GoJiee CUYETHOIO YHCJIA COOCTBEHHBIX 3HAYEHUH, HE UMEIOIIIX
KOHEUHBIX IPEJIEIbHBIX TOYEK;

2) b0 KazK10€ KOMIUIEKCHOE IHCJIO SIBJISIETCsI COOCTBEHHBIM 3HATECHHEM.

Bosbiite Toro, niepBblit ciryuaii pa3dbuBaeTcs Ha JiBa aJbTEePHATUBHDBIX CJIyYasd:

— cobCTBEeHHbIE 3HAUEHUsT BOOOIIE OTCYTCTBYIOT (K mpuMepy, 3a1ada Kormmm);

— CcOOCTBEHHBIX 3HAYEHUN CYEeTHOE YHCJIO C eIMHCTBEHHON IIpeaejbHONl TOYKOH Ha
HeckorevHOCTH (K mpuMepy, 3a1ada upuxie).

[Tokazano, uro npu p = 1 HeT TaKMX 3aja4 Ha COOCTBEHHbIE 3HAYEHUSA, Y KOTOPLIX €CTh
COOCTBEHHBIE 3HAYECHUS, HO UX TOJbKO KOHEYHOE YHCJIO.

Cayugait p > 1 masio usyden. B pabore [5| mpu p = 2 BbliesieHbl TaK Ha3bIBaeMble
HEBBIPOXK/IEHHbIE KpaeBble 3aJauul Ha COOCTBeHHble 3HadeHus. B pabore 6] mpu p =
2 u3ydeHbl BO3MOXKHBIE CJIydau, KOIJA IOSBJISIOTCH BBIPOXKICHHBIE KDPAEBbIE YCJIOBUSI.
B wacTHocTH, HOKa3aHO, YTO BBIPOXKJIECHHBIE KpaeBble 3aJadll HEBO3MOXKHBI, KOIJIa HeT
ommHakoBeix 1o jymmHe gayr 6. Ilpm p = 1 BBIpOXKJEHHBIE KpaeBble 3aJadd st
muddepeHImantbHbIX ypaBHEHHH TTOPs/IKa BBIIIE JIBa UCCJIEI0BAINCh B paborax |7, 8, 9, 10,

, 12, 13]. Bopochl ¢XOIMMOCTH CIIEKTPAJIbHBIX PA3JIOXKEHNUH BBIPOZKIEHHBIX KPAEBbIX 3a/1a4
MIrypma-JInysuiiig MoxkuO HaiiTn B MoHorpaduun [14].

B nannoii crarbe ucciemyercs 3ajgaqa (1), (2), (3) upu p > 1 Ha npeMer CyIecTBOBAHUS
BBIPOXKJICHHDBIX 33J1a4. [IpuBoisaTCcsS KOHKpEeTHbIe IPUMEDPBI, NITIOCTPUPYIOIIUE T€ WU HHbIE
BO3MOKHBIE pacipe/ieieHusi COOCTBEHHBIX 3HaUYeHnil KpaeBbix 3a1a4d (1), (2), (3).

2 IIpumep, Korga crekTp Kpaesoii 3agauu (1), (2), (3) npu npousBosibHOM p > 1
3aIl0/IHsIeT BCIO KOMILJIEKCHYIO ILJIOCKOCTh

IIyctn p — duxcuposannoe HaTypajbHOe YHCIO0, He paBHoe enunuie. Ilycrs dynkmum g; €
Ly[0,0;] mpm j = 1,2, ...,p+ 1, tae |; - nymua nyru e; € E. [Ipennonoxkum, 910 CyecTByeT
myra es € F/; 1 < s < p rakad, 94T0
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1) ls = lp+1;
2) qs(ls —x) = qurl(x) B Lo(0, lerl)'
B Takom ciydae cupaBe/IuBO yTBEPKJICHUE.

Teopema 1 [Ipednonootcum, wmo ycrosus (3) 3amenens, Ha CACOYIOULLE 2PAHUYHBLE YCAOBUA

(U,1(0) + U,(1) = > (esUi(1) + BU(L)
1) =T = Y (WUi(1) + & UA(1)
= @)
S (ayUs(1) + byUl(1) =0, j=1,..p—1
z;ﬁip

NPU NPOUBBONLHOIT YWUCAAT O, [, Vi, Eiy Qij, Dij. T020a Mpouseosvioe KOMNAEKCHOE YUCAO A
Asagemcs cobemeentom 3navenuem 3adavu (1), (2), (4).

HokazarenbcTBo. PukcupyeM MPOU3BOJILHOE KOMILIEKCHOE Yucyo A. IlokarkeM, dToO
omuopojHast 3a1a4da (1), (2), (4) umeer HeTpuBHAILHOE perierre. HeTpuBuabHBIM pellieHreM
YKa3aHHOM 3aJ1aui SIBJISETCS CJIeIYIOmuit Habop (pyHKITHil.

ITyctp Ha Beex ayrax e; € E, kpome e 1 e, 1, yuxuuit U;(z, \) = 0. Teneps BoIOepenm
Us(z,\) 1 Upy1(x, ) Ha 1yrax es u e,+1 coorBeTcTBeHHO. 13 cucremsl (1) BbITeKaeT, IT0

()

_Uzlvl—kl(xa A) + @1 () Upyr (2, A) = AUp (2, ), 0 <2 <lpy,
Uz, A\) + qs(2)Us(z, A) = NUg(, N), 0<z<lpn.

31eck ydTeHo, uTo Iy = lp1.
B 10 ke Bpems ycioBus (2) npuMyT BHI

Uppr(1,A) =0,  Us(0,A) =0,
{ pr1(LA) = U0, A). (6)

Brenem dyukiuio-norennuast mo dhopmysie

o(z) = Qpi1() upu 0 < x <y,
qs<x — lp+1) Ipu lp+1 S X S 2lp+1

1 paccMoTpuM JudepeHiuaibHoe YpaBHEHNEe Ha HHTEPBAJIE

V" (2, \) + q(z2)V(z,\) = AV (z,\), 0<z<2ly. (7)
K ypasrenmio (7) pobasum yciaosust Konm B Touke & = [,4 1.

V(lp1,A) =0, V'(lpr1,A) = 1. (8)

[Morennman ¢(r) sBIseTcs CHMMETPHIHON (DYHKIHEH OTHOCHTENBHO TOUKH T = l4q.
Heticrurensho, upu 0 < x < l,41 BepHO paBeHcTBO ¢(z) = ¢py1(x), a upu q(2l,41 — ) =
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¢s(lp+1 — x). o ycrosuio Teopemsr 1 Borrekaer q(x) = q(2l,41 — ) B L2(0,2l,41). Ecom
¢(T) CHMMETPUYHO OTHOCHTEJIBHO T = [,41, TO pemenue 3agaqu (7)-(8) aHTHCHMMETPUTHO
OTHOCUTEIBHO T = lp41, TO €CTh

V(z,A\) ==V (21 —x,N), 0<x <2 9)
fAcno, uro V(x, \) ne moxer 6bpITh TpuBnHabHoit Ha [0, 20,41] dyuxuumeit. Ilomoxmm
Ups1(z,A) =V (x,A), upu 0 <z <y,

Us(z,\) = =V (2lp11 —x,N), mpu lp < < 2l,4.

Takum  obpasom, oupenesnennsie bynknun  Upiqi(z,\) u  Us(x,\) npeacrasisior
HeTpuBUabHbIe pemtenus 3amaqdu (5), (6). C Apyroil CTOPOHBI, BBIMIOJHEHHE I'DAHUIHBIX
yesoBuii (4) He BbI3BIBAET COMHEHWi, B cuiy cBoiictBa cumMerpuu dyukuuu V(z, ) Ha
[0,2l,41]. Takum o6pasoM, Teopema 1 MOTHOCTBIO JOKA3aHA.

Sameuanue 1 Teopema 1 ocmaemcs 6 cune, €CAU CYWECMEYEMm HECKOALKO O0y2 €5 €O
ceoticmeamu 1) u 2).

B caedyrowem nynxme yrazan npumep kpaesot 3adawu (1), (2), (4), koeda napywenue
na dyee es ycaosue 2) npusodum K JuCKpemHOCMU CNeKmpa.

3 Ilpumep HEBBIPDOXK/IEHHOW C HeperyisipHbiMH 10 Bupkrody KpaeBbiMu
ycsoBusimu 3agaqgu (1), (2), (3)

Hamomuum, 49To peryngpHocTh 110 BUpKrody rpaHmdHbIX YCIOBUN OOBIYHO HE 3aBUCUT
or kodhdurmentos muddepennnanbroit cucrembr (1). To ectsh, ecim wabOp ycsoBuii
(3) perymsiper mo Bupkrody mupu omHom Habope kosbdunmentos cucrembr (1), To oH
OCTAeTCs Pery/IsapHLIM U IPH Beex Apyrux Koadgdunuenrax. B HACTOAIIEM IIyHKTE ITOKAZKEM,
YTO UPHUMEP, IPUBEJECHHBIA B NPEJBLAYINEM IIYHKTE, COOTBETCTBYET HEBLIPOXKJICHHON
Kpaepoii 3ajade. To ecTh mpm HEKOTOpOM BBIGOpPE KOIDMUIMEHTOB CHCTEMBI ¢;(%;),1 =
1,2,...,p+ 1 cuekrp 3amauan (1), (2), (4) muckperen. Orcrofa ciejyer, 9TO ClEKTPaIbHbIE
coiictBa KpaeBoil 3agaun (1), (2), (4) CHIBHO MEHSIFOTCA TIPH [epexoje OT OJIHHUX
ko3 dburentor cucrembl (1) K gpyrum. Kak usBecTHo, KpaeBble 33/Ia4u ¢ PEryJIAPHBIMU TI0
Bupkrody rpaHnYHBIMU YCJIOBUAMHU 00J181aI0T YCTORYUBLIMU CIIEKTPAJILHBIMU CBOMCTBAMMU.
CrnenoBaresnbHo, KpaeBast 3agada (1), (2), (4) mpemcraBiserT TpUMED HEBBIPOXKICHHOIT
(JIMCKPETHOCTH CHEKTpa) ¢ HeperyIsipHbBIMU 110 BUpKrody rpaHUIHBIMEI YCIOBHUIMU 33191
Ha cobcTBeHHbIe 3HadYeHusd. [Iycts p - dbukcupoBannoe HarypasibHoe ducio. [Ipesmnonaraem,
aro q; € Ly[0,0;] mpu j = 1,2,...,p + 1, tae |; - nuna ayru e; € E. Ilpeanonoxnm, aro
CyIecTByer Jyra e, € E Takas, 9410
D ls=1lp1, s<p;
2) ¢pi1(x) =0, gs(x) = a s seex © € Ly(0,1y41).

Brech u nasee a — dukcnpoBanHoe ducao. [peanonokum, 9o yeaosus (3) 3aMeHeHbI Ha
CJIEJIYIONIE TPAHUYIHBIE YCIOBUS:

Up+1(0> + US(ZS) =0, z/)+1(0) - U;(ZS) =0,

. | (10)
Ui(l;) =0, j#s, 1<j<p.
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Teopema 2 Kpaesas sadaua (1), (2), (10) umeem duckpemmwii cnexmp npu q; = 0,5 # s.

HokasarenbcTBo. BoinumineM xapakTepucTUIecKuil onpeenTelib Kpaesoii 3agaun (1),
(2), (10). Ilpu j # s u j # p + 1 pemenus U;(x, \) uiem B Buje

ASiH \/X(l] — Z’j) '

Ui(x,\) =
]( ) sin\/le

Eciu j = s, To pemenue Ug(x, \) umem B Bujie

sin vV A — axg

Us(z,\) = Acos V) — azs + By A

Ecmm j = p+ 1, 1o pemenne Uy (z, \) uimem B BuIC

sin \/X<lp+1 — Tpi1)
ey .

Ups1(z, A) = Acos \/X(lpH — Tp1) — Bpa

[Tpuaem

Bp+1 = Bs — A\/X Z Ctg \/Xl]

1#£s
1<i<p

Tenepsb u3 nepsbix jByX ycsaosuii (10) moyuuM cucremy JByX ypaBHeHUil oTHOCHTE/bHO A
u B,.

(cos \/le+1 + tg \/leﬂ Z ctg \/le) A— W#BS—F
J#s

sinvA—al,
VA—a B

A (\/X sin(VAlp1) — VAcos(VALy1) Z Ctg(\/le)> + B, cos(V Ay )+
J#s
+AVA —asin(V — als) — Bscos(VA —als) = 0.

Takum 0b6pazoM, xapakrepuctudeckuii onpejeantesb A(\) nveer Buj

+AcosV A —als + By 0,

@11 a2
Q21 A22

A(N) =

3/1€Ch

a1 = cos(VMpy1) + cos(v A — aly) +sin(v A1) 3 ctg(VAL),

JFs
- sin(vVA —als) sin(v/ A1)
12 — /—>\ 4 \/X 3
as1 = VAsin(VALy1) + VA — asin VA — aly, — VA cos(VAL41) Z ctg(VAL),

i#s

agy = cos(v Mpy1) — cos(v/X — aly).



O BBIPOXKIEHHBIX KpaeBbIx 3amadax LITypma-JInyBuiiis Ha reomerpudeckux rpadax 85

Otciona ciefyer yTBepKIeHne TeopeMbl. 3amernM, 9To Kpaeas 3ajgada (1), (2), (10)

JacTHLIA ciayvait 3agaqau (1), (2), (4). CiaenoBarensno, npu a = 0 u [y = [, CleKTp 9TOM
3a/1aH 3AI0JIHAET BCIO KOMILIEKCHYIO IVIOCKOCTD. TeM caMbIM oIy daeM, 9TO KpaeBasi 3a,1a9a

(1),

(2), (10) me sBsieTcs Kpaewoil 3ajadeil ¢ peryjspHbiME 10 Bupkrody rpaHudsbMET

ycaoBusiMi. JIpyrue IpEMepbl BBIPOXKJICHHBIX, HEBLIPOXKJICHHBIX KDAECBBIX 3aJad MOXKHO
Haiitu B pabore |5].
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OBPATHASA 3AJTAYA OJ1d OIIPEJIEJIEHU Y ITIPABO YACTU
IICEBAOITAPABOJIMYECKOI'O YPABHEHU A

B nmammoit crarbe wuccienoBaHa oOpaTHas 3aj@da OUpPeJesIeHds pPeIleHus U HEM3BECTHOMN
IIPaBOil YacTH, 3aBUCHIIEN TOJBKO OT ITPOCTPAHCTBEHHBIM II€PEMEHHBIM JIJIsl JIMTHEHHOI'O TICEBJIO-
mapaboIMIECKOTO YPABHEHHUSI TPEThero Mopsiaka. B obpaTHBIX 3a/adax BMecTe ¢ HavaJbHBIMU
U TPAHUYIHBIMHU YCJIOBUSIMUA 3aJa€TCs TAKXKe JIONOJHUTEIbHAsd WHMOpMAIUsi, HEOOXOINMOCTD
KOTOPO# 0OyC/IOB/IEHA HAJUYIAEM HEU3BECTHLIX KOIMDMUIMEHTOB WM MPABOil YaCTU yPABHEHUS.
B pabore B kadecTBe MONOJHUTEIHHON HMH(MOPMAIMK PACCMATPUBAETCS HHTEIDAJIHHOE YCJIOBHE
nepeonpejieenus. OOparTHble 3ajadM  ONPEJEIeHUs IMPaBoil  dacTh JuddepeHnnaIbHOro
ypaBHEHUsI BO3HUKAIOT 1PU MATEMATHIECKOM MOJEJIUPOBAHUU HEKOTOPBIX  (DU3MIECKUX
IIPOIIECCOB B TOM CJIydae, KOIJa TOMHMO peIleHus ypaBHEHUs TpeOyeTcs BOCCTAHOBUTH
JeficTBUE BHEITHUX HCTOYHUKOB. Ha ceromsamHuili [1eHb WCCIIEIOBAHUSA MPSAMBIX U OOPATHBIX
3a/1a9 [JIsl IICEeBAONAapaboINYecKnX ypaBHEHU! OypHO PA3BUBAIOTCA B CBA3U C HOTPEOHOCTAMHU
MOJI€JINPOBaHUA W yIpaBJIEHUdA IIpOoIecCaMU B TGII.]'IOCI)I/IB.I/IKG7 T'nApOJMHaAMUKEe " MeXaHUuKe
crtontHo# cpebl. [lomobHBIE TICeBIOMapabOINIecKe YPaBHEHUSI PACCMATPUBAEMble B JIAHHOM
paboTe BO3HUKAIOT [P OIMCAHUU IPOIECCOB TEIIOMACCOIEPEHOCA, IIPOIECCOB JIBUYKEHUE
HEHBIOTOHOBCKHUX KUJIKOCTEl, BOJTHOBBIX IPOIECCOB W BO MHOTHX JApyrux obsactax. C mMOMOIIbIo
Pa3JIOKEHUS B PAJbl JIOKA3aHbl TeOpeMbl CYIIECTBOBAHHUS M €JWHCTBEHHOCTU KJIACCUYCCKUX
peltennit JaHHOM 3ajadn. Pe3yabraToM JaHHOW paboThl SBISETCS peIleHue, MpeaCcTaBIeHHOe
B BHJE psJia, GTO IO3BOJISIET ITPOU3BOJUTL HEOOXOIUMBIE YHUCJIEHHBIE PACUYEThl C 33IaHHO
TOYHOCTBIO.

KuoueBbie cioBa: OOpartnHas 3amada, IICEBAONAPabOINYIECKUE yPABHEHUS, TEOPEMAa
CyIIIeCTBOBaHUA U €IMHCTBEHHOCTH DEIICHUA, KJIaCCHIeCcKoe pellleHue.
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IlceBmo-nnapabosiajibiK TeHJEY YIIIiH OH >KarblH aHbIKTAy Kepi ecebi

Byn makamama yunHIm peTTi CHI3BIKTHI IICEBAONAPAOOIAIBIK, TEHJEY VIIMH IIeNiMiH KoHe
KEHICTIKTIK afHbIMAJIBIIAH TOYEJJII OH JKaFblH aHbIKTay Kepi ecebi KapacTbipbLiajbl. Kepi
ecernrrepie OAaCTAIKbI YKoHE IIEKAPAJbIK, IIapTTapMeH Koca, besrici3 koadduimenTrep HeMece OH,
JKarbiHa GalJIAHBICTBI KOCBIMIIA aknaparTap Oepiieai. ATajMbIll KYMBICTa KOCBIMINA aKIapaT
peTiHjie MHTErpasiIblK, KOCBIMINA IIApPT KapacThIpbuiabl. JuddepeHnnanaplk TeHIAEYIiH OH
JKarblH aHBIKTay Kepi ecernrepi keitbip DU3MKAIBIK, KYOBLIBICTAPIBIH, HAKTHIPAK allTKAHIa TEHIEY
IIENTMIHIH CBIPTKBI KbLIYy KO3JEPIH KaJIIbIHA KeJITIPY/iH MaTeMaTUKAJIbIK, MOJIEJIH KacaraHa
TyblHAaMapl.  Kazipri TaHma Kbuly (U3MKACH, THAPOJUHAMWKA, TYTaC OpTa MEXaHUKAChI
KYOBLIBICTAPBIH OaCKapy 2KoHE MOJEJeyre OallJIaHBICTHI ICEBIOMapabOIA/IbIK TEHIECY/IeD YIIiH
Kepi 2KoHe Typa ecenTepil 3epTTey KAPKBIHILI JaMy ycriage. Bys KyMmbicTa KapacTbIPbLIATHIH
IICEB/I0IAaPA00JIATIBIK, TEHIEYJIEPTE YKCAC TEHJEYIIED Kby *KOHE KBLIY aJIMaCy, HbIOTOH/IBIK €MeC
CYHBIKTap/IbIH KO3FAJIBICHIH, TOJKDBIH 2KoHEe 0acka J1a KyObLIBICTap/Ibl CUTIATTAY/ 18 KOJIAHBLIAIHI.
Karapra xkikTey omici KemeriMeH, OepijireH ecemnTiH KJACCUKAJIBIK INelriMiHiH 6ap OOJIybl KoHe
2KAJIFBI3JIBIFBI  TYpaJbl TeopeMajap JpJesaer . KapacThIpbIbl OTBIPFAH KYMBICTBIH, KAaTap
TypiHzeri merrimMi Keibip CaHIbIK, ecenTeyep/IiH, HAKThI MOHJIEPIH alyFa MYMKIHIIK Oepes.
Tyitin ce3aep: Kepi ecern, miceBnomapaboIaibiK TEHILY, MIENTiMHIH 6ap O0TybI >KOHe »KAJIFbI3IbIIbI
TypaJibl TEOpeMa, KJIACCUKAJIBIK, IIIEITiM.
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The inverse problem for determining the right part of the pseudo-parabolic equation

In this paper the inverse problem of determining a solution and an unknown right-hand side that
depends only on spatial variable for the linear pseudo-parabolic equation of the third order is
investigated. In inverse problems, together with the initial and boundary conditions also consider
an additional information, the need for which is due to the presence of unknown coefficients or the
right side of the equation. In this paper, as additional information the integral overdetermination
condition is considered. Inverse problems of determining the right-hand side of a differential equa-
tion arise in the mathematical modeling of some physical processes in the case when, in addition
to solving the equation, it is necessary to restore the action of external sources. Today, studies
of direct and inverse problems for pseudo-parabolic equations are rapidly developing due to the
needs of modeling and process control in thermophysics, hydrodynamics and continuum mechan-
ics. Similar pseudo-parabolic equations to considered in this paper arise in the description of heat
and mass transfer processes, processes of motion of non-Newtonian fluids, wave processes, and
in many other areas. Using series expansion, the existence and uniqueness theorems of classical
solutions to this problem are proved. The result of this work is a solution presented in the series

form, which allows the necessary numerical calculations to be performed with a given accuracy.
Key words: Inverse problem, pseudoparabolic equations, theorems of the existence and uniqueness

of the solution, classical solution.

1 BBenenue

[Tom obpatnoit 3ajadeil i ypaBHEHUN C YAaCTHBIMUA IPOM3BOJIHBIMU B HACTOSIIEH
pabore Io/pa3yMeBaeTCs Takasd 3ajlada, B KOTOPOH BMecTe C pelleHueM TpedyeTcs
OIPEJIEIUTh TPABY0 YacTh win (1) ToT uian uHoi Kodbdurment (KoaddumeHTs) caMmoro
ypaBHeHHA. B o0OparTHBIX 3ajadax BMecTe C HAYAJIbHBIMU U TPAHUIHBIMU YCJIOBHUSIMH,
XapaKTEPHBIMU JIJId TOM WJIM MHOU MPAMOIT 3a/1a4u, 3a/1aeTCs JIONOJHATeIbHAs nHMOpMaIs,
HEOOXOIMMOCTh  KOTOPOi  00yCJIOBJIEHA HAJMYHEM HEU3BECTHBIX KOI(DDUIMEHTOB WK
npaBoit yactu ypasuenud. lomomnurenbaas nHOpMaIng, KOTOpas HA3bIBAETCH YCJIOBHEM
nepeonpeiesicHusi, MOXKeT OBbITh TpeJicTaB/ieHa B pasjnmdHbix dopmax. Hampumep, eciaun
U3BECTHO 3HAUYEHNWE WCKOMOTO peIleHus B ONpeJeJeHHON MOMEHT BpEMEHU, TO 3TO
JIOTIOJTHUTE/IFHOE YCJIOBHE Ha3biBaeT (DUHAIBHLIM TepeoripejesienneM. OHAKO 9acTO Kak
UHTErpaJl OT UCKOMOTO pelrenus. VIMeHHO Takoe ycJIoBre Tiepeolpeie/ieHsl PACCMaTPUBACTCS
B CTaThe.

UccnenoBanust mpsiMbIXx ¥ OOPATHBIX 3aJa4d JIJIsl IICEBIONAPabOINICCKUX YpaBHEHUN B
Pa3/IMYHBIX ITOCTAHOBKAX PA3BUBAIOTCA OYPHO B CBA3U C MOTPEOHOCTAMU MOJETUPOBAHUSI
MPOIIECCOB MEXAHUKM CILJIOMHON cpebl. [lomobubie 1mceBionapadboindecKkne ypaBHEHUS
paccMaTpuBaeMble B JIaHHOI paboTe BO3HUKAIOT TPHU OMUCAHUU IIPOIECCOB IBUKEHUS
HEHBIOTOHOBCKUX KUJIKOCTEl, BOJHOBBLIX IPOIECCOB W BO MHOTUX JIpyrux obsacrdax. Tewm
CaMBIM HCCJIeIOBAHUE TaKUX 33J1a9 sIBJIAETCS aKTYaJbHBIM.

2 O0630p JuUTEPATYyPHI

K HacCTodIlleMy BpPEMEHU II04dBUJIOChH 3SHaYUTE/JIbHOE KOJIMYeCTBO pa60T, IIOCBAIICHHBIX
uccjie J0BaHnIo O6paTHbIX 3a/lad  C HHTErpaJIbHbIM  YCJIOBUEM II€PEOIIPEIC/ICHUA. B
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OOJILIITMHCTBE padOT, MOCBAIIEHHBIX UCCIEIOBAHUAM B 9TON O0JIACTU, U3YYAJMCH OOPATHDLIE
3aJadu Jyis ypaBHeHuil mapadosmdeckoro tuima (Cm. mampumep [l]-[9] u 6ubiamorpadum
B HHUX). B ommume or ykKasaHHBIX pabOT HaMH WCCIeLyeTcs obparTHasi 3ajada  Jist
ncesJionapabosimieckoro ypasuenuns (ypasaenusi tuna Cobosea). O6parTHble 3aga4u st
[ICEB/IONAapa00/INIeCKUX YPaBHEHUN HUCCJIe/I0BAIUCh KpaiiHe MaJjo, OJiHaKo Oubsuorpaduu
o sToMy Bompocy Moxkuo wmafitu B [L0]-[11]. Dusmueckne npmMmeneHust MOJOOHBIX
HCeBIONAapabOIMIeCKIX yPaBHEHNU MOKHO Haiitu B paborax [17]-[19].

B nmammoit  pabore  W3y4YeHBI ~ BOIPOCHI  CYIIECTBOBAHUSA  €JIUHCTBEHHOCTU
KJIACCUYECKOI'O pellieHnsi oOpaTHOI 3aJiadu OIpeJie/ieHnsl 1IPaBOil YacTu i JIMHEHHOTO
[ICEBIONTAPA00/IMIECKOr0  YPABHEHUS TPETHEro IOpsIKa C HWHTErPAJbHBIM  YCJIOBHEM
[ePeoIpe/IeIeHI.

2.1 IlocranoBka 3agadm

B npamoyrossanke Qr = {(x,t) : x € (0,1),t € (0,7)}, T < 00, paCCMOTPHM CJIE/YIOIIYIO
00paTIyIO 33/ady Olpeeenus Ipasoil actu f(z) mnceBronapaboIndecKoro ypaBHeHnsI

Up — Uy — Uz = f(2), (2,t) € Qr, (1)
u ero pemenust u(x,t), yJI0BIETBOPSIONEr0 HAYATLHOMY YCJIOBHIO

uw(z,0) = ¢(x), = €]l0,1], (2)
HEJIOKAIbHBIM IIePUOAMIECKUM YCIOBUSIM

uw(l,t) =0, ug(0,t) = u,(1,¢), t €[0,T], (3)

1 MHTEeTr'PpaJIbHOMY YCJIOBHUIO II€peolIpeacIeHuA

/0 w(w, dt = ¥(z), =€ 0,1] (4)

rie (x) u ¢ (x)—3anannbie Gynknnm, a u(z,t) u f(r) ucKoMbIe.

Omnpepenienne 1 Kaaccuueckum pewenuem obpammoti xpaesot 3adavu (1)-(4) nasosem

napy {u(z,t), f(x)} dywyuu uw(z,t) € CH(Qr)NCof (Qr) u flx) € C[0,1],
ydosaemsoparouuz ypasnenuto (1) 6 Qr, yeaosuam (2), (4) 6 [0,1] u ycaosuam (3) 6 [0,T]
6 00LINHOM CMBLCAE.

[Iycrs mst dbysximn (), 1() BBIIOJHAIOTCS YCJIOBUS COIJIACOBAHUS

p(1) =0, ¢'(1) = ¢'(0), (1) =0, ¥'(0) = ¥'(1) (5)
CupaBeyiBa cJie/lyionas TeopeMa O CyIIeCTBOBAHUS PENIeHHS.

Teopema 1 ITycmv evnoanstomesn yeaosua 6 (5) u p(x), Y(xr) € C3[0,1], (1) =
¢"(1), ¥"(0) = ¢"(1). Toeda obpammnas 3adaua (1)-(4) umeem waaccuweckoe pewenue

(u(, 1), f(x)) € Coy (Qr) x C[0,1].
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JlokazareabcTBo. Pemrenune 3aja4um OyjgeM HMCKaTh B BUJIE PA3JIOXKEHUs 110 CIEIHUAJIBHO
BBIOpAHHOMY 0a3uCy U3 CUCTEMBbI (PYHKITHI

2(1—x), {41 —=x)cos2mnx} ” , {4sin2wnz} . (6)

Dra cucrema paccmorpera B paborax [15]-[16], rme Gbuto mokasaHo, YTO OHa 3aMKHYTa,
MUHUMaJIbHA 1 obpasyer 6asuc Pucca B Lo (0, 1). Cucrema (6) He siBJIgieTCsl OPTOrOHAJIBHOIA,
u Jyid Hee B |16], 6buta BhIIcana GHOPTOrOHAJIbHAS CHCTEMa (DYHKITHI

[e.e]

1, {cos2mnz} >, {zsin2mnx} > . (7)

Cucrema (7) ucnosb3yercs HaMu Jajiee Ui JOKA3aTeIbCTBA €JIMHCTBEHHOCTH DEIIeHUsT
3aj1a9n U onpejeserns Koaddurmentos B psajx no dyrkiumam (6). Tak kak cucrema (6)
obpasyer 6asuc Pucca B Lo (0,1), To pemenne u(z,t), f(x) samaun (1)-(4) Gymem uckarh
B BHJIE PAJIOB

u(z,t) = 2up(t)(1 — x) + i Auy, (1) (1 — x) cos 2mnax + i 4ugy (1) sin 2, (8)
n=1 n=1
flz)=2f(1—2)+ iélfln(l — x) cos 2mne + i 4 fon sin 2mnz. 9)
n=1 n=1

[oncrasas (8) u (9) B (1)-(4), moayuum ciaefyromue 3a1a4n Jyist HAXOXKICHUA QYHKIHI
up(t), urn(t), ugn(t) m mocToaHHBIX fo, fin, fon:

47%n? J1
(t) = () + g (t) = —"5—,
up(t) = fo, ul,(t)+ 11 dm2p2 ™ (*) 1 + 472n?
(10)
47%n? fa mn dmn
, t _amns . t _ n n t - t .
UQTL( )_|_ 7 +4ﬂ_2n2U2 ( ) 1 —|—47T2n2 + 1+47r2n2u1 ( )+ 1 +4712n2u1"< )

uo(0) = @0, u1,(0) = P1n, u2,(0) = pan,
T T T (11)
/ UQ(t)dt = ¢0, / Uln(t)dt = 1/11117 / U/Qn(t)dt = 1/)271-
0 0 0
Ob61ee perrernst 0ObIKHOBeHHBIE T depeninanbhbe ypasaerus B (10) cooTBeTCTBEHHO

fln _4%2”1?75
— 4 o) + Clne 14474n
mTn

UO(t) = fot -+ Co, uln(t)

. A 4r?n? .
n n _ _4n“n n -7 i o o
- 4]2 2 4f§’> 3 + Cyre ThanZnZ ! + (1:-—22)20171156 1+ 4r°n? )
m2n m™n + 4n2n

Uon (t)

e Coy, Ch,, Cop, fo, fin, fon - Tpou3BoJIbHBIE TTOCTOSTHHBIE. OHM ONPEIEISIIOTCS U3 YCIOBHS
(11)

wln - SplnT

_ _ar2p2 1+ 47%n? ’
|:1 — e l+47r2n2 T:| # + T

Co = ®o, Cin =
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2.2\ 2 w2n2 2,2 x2n2
Yon — Pon T — 147TZC2M2 (1 Z 427T 2” ) [1 - e_liMQnQ T} B : Z 427T zn_Te_liWn?T
+ 4dm4n TN T™n
Cy, =
n 1 4 2,,2 _ 2202
(12)
2 _
fo = M, fln = 47T2n2901n - 47T2n201m

t (13)
fon = 402 0o, — 41202 Cy,, — dmnpr, + 47nChn,

I ©0, Pin, Pon T Yo, Win, Yo, — COOTBETCTBEHHO KOI(PMDUIMEHTHI PA3JIOKEHUs (QYHKITHIT
o(x) m P(x) B pag no cucremam (7):

1 1 1
Yo = / o(x)dx, @1, = / o(x) cos 2mnxdx, Yo, = / o(x)x sin 2rnadz,
0 0 0

g = /01 W(x)de, Yy, = /01 W(x) cos2mnzdr, e, = /01 Y(x)x sin 2mnadz.

[MoncraBnsis  Haifigenuble KodbGUIUeHTor Uo(t), U1, (t), oy (t) u  fo, fin, fon B (8)-(9),
HOJIYy MM perenust obpatroit 3amaqau (1)-(4)

2 (v — woT -

u(z,t) = p(z) + 2%75(1 — )+ Z4C’1n [e=7"" — 1] (1 — ) cos 2mna+

. = (14)

™m
40y, [e7mt — 1] sin 27nz + 4. ———— Oy, te 7" sin 2mna,

; ’ [ } nz:; (1+ 47r2n2)2 !

flx) = —¢"(x)+ Co + Z Chp cos2mna + Z Coyp sin 2. (15)
n=1 n=1
4m2n?
riae o, = T a2 <1, VneN.

Tenepsp ucctenyem nosydenusie pemenust (14)-(15) u nX HpPOM3BOJHBIE BXOASIINX B
ypaBHenue (1) mHa cxommmocru. VHTerpupyst 10 d9acTsM TpPH Das3a BbIDAXKCHHE s
koabummentos Cy, B (12) ¢ yuerom yenosmit p(z), v(z) € C3[0,1], ¢'(0) = ¢'(1) n
Y'(0) = ¢/ (1) momyanm

wln - QplnT _ 1
1—e T, +T [1—eonT

1 1 3 3
[1—eoT]6,+T 8mn3 <¢1" ~ ¥in T) '

Cin = 6,57 /0 [V(z) — T'o(x)] cos 2mnadr =

(16)
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rje goﬁ), (3)—K03(1)c1)HuHeHTI>I pasioykeHnust QyHKIW gp’” ( ), ¥"(x) B psm Dypbe 10
1 1+ 47%n?
<2, VneN.

cucreme (7) IpU KOCHHYCaX U CHHYCaX, a 0, = — =
B (12) Ha ocHOBaHUU

on 42n2
AHasloruaHO, MHTErPUPYS 10 YaCTAM TP pasa Bblpakenue g Cy,
0) = ¢"(1) nmeem

yenosuit p(z), ¥(z) € C*[0,1], ¢(1) =0, (1) =0, ¢"(0) =¢"(1) u ¢"(0)

41n
@Z)Qn - (PQnT mcm [52 [ —anT] _ 5nT X e—onT]
CZn = +4 _
Op[l —e T+ T

(5 —ebT) 43 (0l —oliT) 4 (17)

O [l —emonT] + T ‘ 87r3n3+

1 [52 [1 — e*crnT:| — 6nT . e*crnT} <¢(3) (3)T>

On [1 — efanT] +T in Pin .

212n2 (1 + 472n?)

rje gog?;), z/;éi)— ko dburentsl pazsokenust byskmuit ¢ (z), " (z) B pag Pypee 1o
cucreme (6) Ipu cuHycaxX U KOCHHYyCAX.

ITo ycsosuio reopemsl, dbyukuuu ¢ () n )" (x) nenpepsisubl Ha cermente [0,1], To B cuity

HEpaBEHCTBa Beccess JJId TPUTOHOMETPUYIECKOI'O PAla, CXOHAATCA WU CJACAYIOITUE DAIbI

3 2 ,
S [e[ < @l @l o <G @I 0 =12 (18)
n=1 =
[oncrasnssa (16) u (17) B (14), (15), HOJIY MM COOTBETCTBEHHO
2 (1o —
u(, 1) = olz) + Mt(l - x>+
24 5. 7T 87r3n3 (1/11n n > [e=" — 1] (1 — z) cos 2mna—+
4( ()—s0§n)T) +3(wln —sOﬁ)T) L ot q7gino
; P S [e=7" — 1] sin 27na+ (19)
0o (3) (3)
24 ( — Pin T> [(52 [1 — €_UnTi| — 0,1 - e—anT} [ ot 1] 09 I
e~ 2m°n? (1 + 4m*n?) o[l —e T+ T ‘ SHL AT
3 3
i‘l . ( 5n)_spil)T)t ~ont 5in 2
. : e ""sm2rne,
—~ (14 An2n2)? (1 — e T] 6, + T 8m3n3
flx) = )+ o + Z Y1 = P1n T cos 2mna+
o[l —e T+ T
47m _ - (20)
< Pan ———Cy, [62[1 — e T =, Te "
quh — @, I 1+47r2n2 1 [n[ € } € }
_ p—onT
— o[l —e T+ T
Paypt (19) u (20) npu mobom (z,t) € Q) MazKOPUPYIOTCs CXOJFAIIUM DsiJIOM
soﬁi) soén) i
(21)

+3

n=1

>
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Crnenosaresnbro psizpl (14), (15) B cmry Teopembr Beitepmirpacca cxomsTcss abCOTIOTHO U
paBHOMEPHO B 3aMKHyToii obactn @ n dynxman u(z,t), f(z) HenpepwsHbl Ha Q. Termepnb
HCCIe/lyeM Ha CXOIUMOCTHU PSJIOB JIjIsi UX IIPOU3BOJIHBIE.

Teneps o wiennom juddepennupys psiyia (19) oxaun pas mo nepementoii ¢ u jBa pasa
0 IePEeMEHHOI X, HOKayKeM, UTO HOJIy9YeHHbIe IPH 110 WICHHOM g QdepeHnnpoBaHuy PsIbl
CXOIATCS abCOMIIOTHO U PABHOMEPHO Ha (.

2(y
(1) ( 0T2 >(1 )+
« 4(% T 43 (0 —elT) 2
; on [l — eI+ T Qe C | smemnat

i <¢1n 901n T) [5721 [1 _ B*O'nT} _ 5nT . efanT}

4 . —0,) et sin 2 99
; 272n2 (1 + 472n?) 6ol —eoT]+ T (—on)e sin 2mnz+ (22)
3 3
0 . 4mn 1 ( in) —S0§n)T> o .
z_; ' (1+4m2n2)* [1 —e o T] 0, + T ‘ 87303 [e77" = onte™ "] sin 27,
)
1 (wln B nT) —ont .
Uao (%, 1) 24 [1—eonT]6, + i 87303 [6 — 1] 4mn sin 27nx
(7/’171 901n T)
24 710, + T {7303 [e_ant - 1} 47T2n2(1 — x) cos 2mnr—
—em ™n

o (8 —o9T) 43 (0 — LPOT
;4< : 5n{1_)6_0"g’]:‘T >.27m

[e="" — 1] sin 2na— (23)

< 2 () —elT) (g2 [1— o] < 0,7 e

—ont .
; 4 (1 + 47r2n2) ’ 5, [1 — @—anT] T [6 — 1] sin 2mnx—
°° )
Z1 (1 + 4m? n2) [1—eT]0,+T ‘ 2mn © S 7L,

24 — (¢1n (pln )[e—ont

O'nT 6 + T 87T3n3 - 1:| (_Jn) 4mnsin 2mnx

umt x, t

(3)p
EOO: 1 (¢1n — ¥Filn ) .

4[1 —e o5, +T 87313 [e77" = 1] (—0,) 4n*n*(1 — x) cos 2mna—
n=1 n
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<¢1n nT> [57% [1 — e*"”T} —0,T - e*"”T}

—ont
(1 + 472n?) ’ 6ol —e T+ T (—on)e sin 2mnr— (24)
n=1 n
= 1 (’l/}ln gp]_n T> .
§ . e—o'n _ O_nte—ant Sin 27_(_7,’/1_’
=1 (1 + 472 n2) [1—eonT] 6, +T 2mn [ }

KOTOPBIE TIpH T060M (2,1) € () MarKOPUPYIOTCs PATaMM

(2)
lu,| < C(T) n:1 ) ‘ = ‘¢1n N Z ) Z ’¢1n
0o |3 (3)

CXoMMOCTD TIOCTIEJIHUX PSAJIOB CJIEIYIOT W3 CXOUMOCTH PsaoB (18) 1 omeHkn

2
l(@ )§1<1+2< )),izl,Q,k:Q,S.
n 2

Toryma nHa ocHoBanmmu mpusHaka BefiepriTpacca cxomadTcs aOCOJIOTHO U PABHOMEPHO Ha
Q. CiemoBaTe/IbHO, 3aKOHHO ,ZLI/I(b(bEpeHLLI/IpOBaHI/Ie paga (14), u QYHKIUA Uyy, Upg W Uy
HEIIPEPBIBHBI B 3aMKHYTO# obstactu ().

(k)

in

0|

+ [p®) eI+ )

Teopema 2 ITycmv swvnoansomes yeaosua 6 (5) u donoanumeavno ¢(x), ¥(x) €
C30,1], ¢"(1) = ¢"(1), ¥"(0) = ¥"(1). Toeda waaccuueckoe pewernue obpamnoti 3adanu
(1)-(4) eduncmserno.

Jloka3aTebCTBO €AWHCTBEHHOCTHU. [IpeoyioKuM, dTO CYIIECTBYeT JiBe pas3Hble
pemenust {ui(x,t), fi(x)} u {us(z,t), fo(z)} 3amaan (1)-(4). Obo3uaunm pasznocreit u(z,t) =
uy(w,t) — uy(w,t) u f(z) = folx) — fi(x). Torma dbynkmmm u(z,t), f(z) yaosaersopaioT
yPABHEHHIO

Uy — Uy — Uggy = f(2), (2,t) € Q, (25)
FpaHHqulM yCJIOBI/IHM
u(l,t) =0, u,(0,t) =1, (1,t), t€]0,T], (26)

1 HYJIEBbIC Ha4daJIbHbIC U UHTEI'DAJIbHbIC YCJIOBUA

i(z,0) =0, /OTu(a:,t)dt:O, zel0,1]. (27)
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Ucnonb3yst 6uoproronaibubiii K (6) 6asuc (7), BerYuCIUM
1
uo(t) = / u(x, t)dz, (28)
0
1
Ui (t) = / u(z,t) cos2mnzdr,n = 1,2, ..., (29)
0
1
TUon(t) = / u(z, t)zrsin 2rnede,n = 1,2, ..., (30)

0
_ 1 — — 1 — = ! a .
fo :/0 f(x)dz, fin :/0 f(z) cos 2mnzdz, fo :/0 f(z)xsin2rnade, n=1,2, ...

Huddepennupyst dpopmyiy (25) ofun pas 1o t u yuurbiBas ypashenue (1), umeem

1 1 1
ag(t):/ ﬁt(a:,t)dx:/ ﬂzz(x,t>d17+/ Uger (2, t)dz + fo.
0 0 0

Beraucsisist mocsieiHeit mHTErpasl U yIUThIBas rpaHudHble yeiaosus (26),(27), moayduM, 9To
Uo(t) yoBaeTBOpsieT ypaBHEHHIO

g (t) = fo (31)

1 KpaeBbIM YCJIOBUAM

T
uo (0) =0, / uo (t) dt = 0. (32)
0
O61iee pemtenne ypasaenue (31) umeer Bu

uo(t) = fot + Ko,

rie Cp Mpou3BOJIbHAS TIOCTOSTHHAS. Y YMThIBas, UTO ITO PEIIeHHe YIOBJIETBOPSIET YCJIOBUIM
(32), maxomum Ky = 0, fo = 0 u crenosarensuo ig(t) = 0.

Huddepennupys (29) mo 3HaKOM HHTErpaJjia OJMH pa3 U yuuTbiBas yciaosus (26), (27),
3aKJII0UaEeM, UTO Ui, (t) YIOBIETBOPSIET YPaBHEHUIO

47T2n2 f_l
e iy, (1) = n 33
W (t) + 1+ 47r2n2u1 ®) 1+ 4m2n? (33)
U KPaeBbIM YCJIOBHAM
T
a1, (0) =0, / Uy (z,t) dt = 0. (34)
0

O61ee pemtenne ypasuenust (29) mmeer By

fin _an?n?

n
-~ _ - 73
uln(t) = L2 + Cpe 1+ar2n?”
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rie Cp,— npousBosibHas THOcTOsiHHAsA. Vcmosb3ys ycnousi (34), mosmydaem, uro Ky, =
0, fin=0mu,(t) =0 yan=1,2,....
AHAJIOTUYHO MOJIyYaeM CJIEYIONLYIO 3aa9y JJIst Usy, (1)

42n? fa 47tn 4mn
i (t Uy, (1) = n Ui (T - (t 35
tian () + 14—47?2712“2 (*) 1+ 472n2? 1+47r2n2u1 (t) + 1+47T2n2u1”( ) (35)
T
tion (0) = 0, / oo (2,1) dt = 0. (36)
0

KOTOpasi TaKyKe UMEET TPHBUATIBHOE PeIIeHne Us, (1) =0 mia n = 1,2, ...

B pesyabrare mosyumsin, [gro s soboro dukcupoBannoro t € [0,7] dynknum
— r o o0 . e}
u(x,t), f(x) oproronansusl cucreme dynkmmit {1, {cos2mnz} ~, , {zsin2wnx}, ~ }, KoTopas
ABJICTCS 3aMKHYTON U mosHoit B Ly (0,1) . Torma u(x,t) = 0, f(x) = 0. Equncreennocts

peleHnd 3aJaund J0Ka3aHa.

3 MeToabl uccjeaoBaHuA

B pabore wucciemoBaHbl COBPEMEHHBIE METOJbI PEIeHUsl IPAMBIX W OOPATHBIX 3aJad
JIJIsT YpaBHEHHUI B YACTHBIX IMMPOM3BOJIHBIX. B WacTHOCcTH ¢ rmomombio Metogamu Pypbe u
AIIPUOPHBIX OIEHOK JOKa3aHbl CYINECTBOBaHUA W €JUHCTBEHHOCTH KJIACCUYIECKOI'O PCIICHUA
HUCCJIeIyeMO 3a/1a4u.

4 3akJjro4deHue

B pabote mncciaemoBana oaHO3HAYHASI PA3PENIMMOCTh OJHON OOpaTHON 3aadi OIpe/ e IeHusT
KO3 PUIMEHT TPaBoil YacTu, 3aBUCAIICHI OT POCTPAHCTBEHHLIM IIEPEMEHHDBIM  JIJIst
JIMHEHOTO  IICEBI0-TIapabOIMIecKOro  ypaBHEHUs TpPEThbero Iopsiaka. B KadecTBe
JIOIIOJIHUTE/ILHOM MH(MOPMAIUU PACCMATPUBACTCS UHTEIPAJILHOE YCJIOBHUE II€PEOIIPE I/ ICHUS.
[lomoOHbIe ypaBHEHUsI paccMaTpuBaeMble B JaHHOH paboTe BO3HUKAIOT IIPU OIMCAHUU
IIPOIIECCOB  TEIJIOMACCOIIEPEeHOca, IPOIECCOB JIBUKEHUE HEHbIOTOHOBCKUX — YKHJIKOCTEI,
BOJTHOBBIX IIPOIECCOB M BO MHOrUX Apyrux obsactax. C momompio Dypbe goKa3aHa
TeopeMa CYIIEeCTBOBAHUS KJIACCUYECKOIO pelleHuil jJanHoil 3ajadu. Vcmoms3ysd crernuaabHo
BBIOpAHHOM 0a31MCcy M METOIOM aIlpPUOPHBIX OIEHOK TaKyKe JO0Ka3aHbl €JINHCTBEHHOCTH
perenus. Pe3ynbrarsl aHHONl PAOOTHI MOTYT OBITH MPUMEHEHBI JIJIs PEIIEHUsT PA3JTMIHBIX
00paTHBIX 3a/1a4 JIJId JIMHEHHBIX U HEeJIMHEHHBIX YPaBHEHUI MaTeMaTUIeCKOl (DU3UKU.

5 BmaropapuocTtu

Pabora BbInosmnena mpu MOJJIEP:KKE TPAHTOBOIO (PUHAHCHPOBAHUS HAYTHO-TEXHUICCKUX
nporpaMM U 1poekToB MuHmcTepcTBOM Haykum u obpaszoBanus Pecrnybsimkn Kazaxcran
(rparr Ne  AP05132041 "Teopust m MeTOJbI pPeIIeHUs] MPSIMBIX ¥ OOPATHBIX 3aJa9 JJIsi
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MATHEMATICAL MODELING OF THE PROBLEM OF COMPRESSION
OF A ROCK SAMPLE WITH FRICTION AT THE END

Analytical solutions of the problem of the stress-strain state of the environment around the work-
ings with non-uniform compression in the elastic-plastic formulation, with account for transbound-
ary deformation are few. Some solutions of the problem under the conditions of Tresk and Coulomb
plasticity are obtained.

In these solutions, there are simplifying assumptions that the area of inelastic deformations cover
the entire contour of the mine, the angle of internal friction is zero, etc. The features of the post-
limit deformation of rock masses near underground mines consist on the formation of destruction
zones around the mine workings, zones of plastic and elastic deformation, covering the part of con-
tour or the entire contour depending on the boundary conditions and contour profiles, and a given
law of the state of the environment. The mathematical description of the process of formation of
inelastic deformations areas near the workings and obtaining a solution by the analytical method
is rather difficult. Due to the lack of knowledge of this problem to date, it is advisable to use
numerical methods of mathematics and mechanics using modern information technology and tech-
nology. The article presents mathematical models and results of solving a geomechanical problem
based on information technology and the finite element method. The developed procedures and
programs allow solving with the help of modern computers a wide class of mining tasks in which
it is required to determine the stress-strain state of the rock mass weakened by mine workings in
different mining and geological conditions.

Key words: geomechanical tasks, field structures, mathematical models, array heterogeneity, rock
properties, rock samples.
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Byiiip mreringe yiikesici 6ap Tay >KbIHBICTAPBIHBIH, YJIT1JIEpiH CBhIFYy ecebiH
MaTeMaTUKAJbIK, MOJEJIb/IEY

2

IMlekapagan TbhiC gedopManAAIapAbl  €CKepeTiH OipKAIBIIThLI eMeC CBhIFBLTY Ke3iHjeri ke
Ka30aJJapbIHbIH,  aiffHAJIACBIHIAFBI  CEPIIMTI-TIIACTUKAJBIK, KOWBLIBIMIATEI OPTAHBIH, KEepHEYJIi-
nedopMalsiIaHFal Kyl TypaJibl ecenrTep/liH aHaJUTUKAJIBIK IIemniMaepi ore a3. Tpecka MeH
KyouHbIH mIacTUKAIBIK KaF IalbIHIAFbI €CENTiH, Keitdip mentimaepi agabagabpl. Byur memtivaepae,
cepruimai emec jedopManys afiMarbl OHIMHIH OapJIbIK, 2KUETiH KAMTHUIbI, MKl yiiKesic OypbIITb
HeJire TeH »KoHe T. 0. cekimai KapamaiibiM Ookammaap 6ap. Tay-KeH MacCUBTEpiHIH 2Kep acThbl
KasbaJiapblHa YKAKbIH IIeKapaJaH ThIC AedOopMalusIanybIHbIH ePeKIeTiKTepl MbIHA/IaM: Tay-KeH
Ka30aJlapbIHbIH, alfHAJIACKIHIA KUpay aliMaKTapbl, »KUEKTIH MEeKaAPAJIBbIK IIapThl MeH TpoduiHe,
COHJAM-aK OpTa KarmailbIHBIH OepireH 3aHbIHA OANIAHBICTHI YKUEKTIH OOIriH TOJBIK YKUEKTI
KAMTUTBIH IJIACTUKAJBIK KOHE cepriMil jgedopMarus aiiMakTapbl maiiga 00Jaapl. eHiMIepre
JKaKbIH CepIiMci3 edopMarms OPTACBIHBIH, KYPBLIY ITPOIECCIHIH MaTeMATUKAJIBIK, CHMIATH MEH
AHAJIMTUKAJIBIK OJIICIIEH TIeITiMin Taby eTe Kyp/iesi OO TaObLIa IbI.
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Kasipri Tanma ocbl mpobyieMaHbIH, a3 3epTTeslyiHe OailIaHbICThI KA3ipri 3aMaHayd aKIapaTThIK
TEXHUKA MEH TEXHOJIOTUSAHBI IaiijlaJlaHa OTBIPBIII, MaTeMaTUKa MEH MeXaHUKAHBIH, CAHJIbIK
oMicTepin maimamanran KeH. Makaiamza akKmapaTThIK TEeXHOJOTHsS YKOHE COHFBI JIEMEHTTED 9Iici
HET13iHJ/Ile TeOMEeXaHUKAJbIK €CENTeP/l IIeNIy/iiH MaTeMATUKAJbIK MOJEJbIepl MeH HOTHXKeJepi
KeJITIplireH. O3ipJIeHreH IIPOIeypa MeH IporpaMMajap Kasipri 3aMaHayd KOMIIbIOTEPJIEP/IiH
KOMeriMeH opPTYPJIi Tay-KeH TeXHUKAJIBIK KOHE Tay-KeH I'e0JIOTHUSLIBIK, XKaFpailiap/ia KasbaiapMeH
9JICIpETeH Tay-KeH MACCHBiHIH KepHeyIi-nedopMaIisIaHFaH KYHiH aHBIKTAyIbl TAJIAIl €TETIH Tay-
KE€H OHJIpici ecenTepiHiH KeH KJIACHIH IMIENIyre MYMKIHIIK Oepesi.

TyitiH ce3mep: TreoMexaHWKAJBIK eCcenTep, KEHOPHBIHBIH KYPBIIBIMBI, MaTEMATUKAJIBIK,
MOJIEIbJIEP, MACCUBTIH, OipKeJIKieMecTiri, Tay »KBIHBICTAPBIHBIH KACUETTEPi, Tay *KBIHBICTAPBIHBIH,
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MaremaTundyeckoe MOAeJIMPOBaHUE 33a9U CXKATHUsI 00pa3iia ropHbIX MOPO/I,
C TPEHHEeM Ha TOPIAax

2

AnajiuTudecKue perieHus 3a7a9i O HAIPSKEHHO-Ie(POPMUPOBAHHOM COCTOSIHUU CPEJIbl BOKPYT
BBIPAOOTOK IMPH HEPABHOMEPHOM CXKATHU B YOPYTO-IUIACTUYIECKON ITOCTAHOBKE C yIETOM
3ampeiesIbHOrO  1ePOPMUPOBAHAS MAJIOYNCIEHHBI. [lo/IydeHbl HEKOTOpBbIE pEeIleHns 3a1aqu
B ycaoBuax 1mmactuanoctn Tpecka m Kymoma. B aTmx pemeHmsx WMEIOTCS YIIPOITAIONIEE
[IPEJIIIOJIOZKEHNUS], 9TO 00JIaCTh HEYIPYyrux JjedopMaruii 0XBaTHIBAIOT BeCh KOHTYP BBIPAOOTKH,
yroJl BHYTPEHHEro TpeHus paBeH Hy/ao u jap. OcobeHHOCTH 3alpeiesbHOro e OpMUPOBAHUS
MMOPOJHBIX MACCHBOB BOJIM3W ITOI3EMHBIX BHIPAOOTOK 3aKJIIOYAETCS B TOM, UTO BOKPYT TOPHBIX
BBIPAOOTOK 0OOpPa3yIOTCA 30HBI PA3PYIINEHWUs, 30HBI IUIACTUIECKUX W YOPYTuX medOpMarimii,
OXBATBIBAIONINX YaCTh KOHTYpAa WJIM BECh KOHTYDP B 3aBUCHMOCTH OT TDAHUYHBIX YCJIOBUI
u upodwmieil KOHTYpa, a TaKyKe 3aJ[aHHOrN0 3aKOHA COCTOsHUSI Ccpejibl. MaremaTndaeckoe
omnmcanue mporecca (opMmuposanue obJacreit Heynpyrux Jedopmanmii BOIU3M  BHIPAOOTOK
W TOJyYeHWs PEIIeHUs AHAJUTUIECKUM METOJOM IPEJCTABJISETCS JIOCTATOYHO CJIOXKHBIM.
B cBa3m ¢ masio m3ydeHHOCTH JAHHON WPOOJEMBbI HA CETOMHSIIHUNA JIeHb, IeJIeCO00pa3HO
WCIOJIb30BATh YUCJEHHBIE METObl MATEMATHKH W MEXAHUKH C HCIOJIb30BAHMEM COBPEMEHHON
nHGOPMAIMOHHON TEXHUKM W TEXHOJOIMHU. B cTaThbe MPUBEIEHBI MaTeMATHIECKHe MOJIETH U
pe3y/IbTaThl PEIIeHUs] NeOMEXaHUYECKON 3aJlaud Ha OCHOBe HMH(MOPMAIMOHHON TEXHOJIOTHH WU
MeTOa KOHEYHBIX 3/IeMeHTOB. PaspaboTaHHBIE IIPOIEIYyPhl W IIPOrPAMMBI ITO3BOJISIIOT PEIIaTh
C TIOMOINBIO COBPEMEHHBIX KOMIIBIOTEPOB IIMMPOKUN KJIACC 3aJad TOPHOIO IIPOM3BOJCTBA, B
KOTOPBIX TPEOYETCs OIPEIEIIsiTh HAIPSIKEHHO-/1e(DOPMUAPOBAHHOE COCTOSIHUE TIOPOIHOTO MACCHUBA,
0CJIabJIEHHOTO BBHIPADOTKAMHU B PA3HBIX TOPHOTEXHUYIECKUX W TOPHOT€OJIOTMIECKUX YCIOBUSIX.

KuaroueBble cjioBa: reOMeXaHMYECKUE 339, CTPYKTYPbI MECTOPOXKJIEHUS, MATEMATUIECKHE
MOJIeJIH, HEOTHOPOIHOCTh MACCUBA, CBOMCTBA MOPOI, 0OPA3Ihl TOPHBIX IIOPO/.

1 Introduction

In the national economy of the Republic of Kazakhstan, the mining industries occupy one of
the most important places in their role in social production, economic importance and social
factors. In this regard, in order to create effective and reliable designs of mines and quarries,
the development of an environmental monitoring system for the environment in the field
of mining must be comprehensive, combining basic and applied sciences. In the Republic,
one of the priorities is to increase the rate of extraction and supply of natural resources to
the markets in order to use the current high global demand in the interests of the country.
The competitiveness of mining enterprises is mainly ensured with large volumes of mineral
extraction. Their high-performance work is achieved on the basis of introducing into practice
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the results of scientific research to create new and improve existing technological schemes
with the inclusion of cyclical and continuous technology, rational equipment, full expansion
of the field of application of advanced technological solutions, as well as the use of advanced
forms of organization and management of mass mining works.

The rapid development of information technology is currently placing new demands on
traditional, well-established areas of knowledge, one of which is geomechanics and the devel-
opment of subsoil. In connection with the depletion of mineral resources located at accessible
depths, the main direction of development of the mining industry will be the further develop-
ment and improvement of methods and methods of mining with involvement in exploitation
of fields with complex mining and geological conditions, great depth of development and
long service life of pit walls and underground workings. The modern level of development of
the mathematical apparatus for solving problems of geomechanics and computing technology
allows us to automate the design of workings, take into account all the details of the array
structure, achieve greater reliability of design solutions that ensure minimal amounts of over-
burden work, safe working conditions, and rational use of the subsurface and land resources
which becomes relevant in a market economy.

2 Review of literature

At the present stage of development of information technology, the most popular computa-
tional methods for assessing the stress-strain state of a rock massif and various structures
are the methods of finite elements [1-11] and boundary elements [12-14]. As is well known,
the boundary element method (MGE) is well suited to stress concentration problems or
to infinite regions, and the finite element method (FEM) provides a cost saving procedure
in many three-dimensional problems for finite regions. The simplicity of the mathematical
theory, the ease of generalization in solving the problem and the applicability to physically
and geometrically non-linear problems make the FEM more attractive, while for the MGE
this is still the subject of research. The finite element method (FEM) is a synthesis of the
latest achievements of continuum mechanics and numerical methods of mathematics. It has
received extremely wide application in various fields of physics and technology, mainly in the
analysis of the stress-strain state. Fundamentally new FEM opens in the mechanics of rocks
and soils. Before its appearance, the solution of geotechnical problems was possible only in
an elastic formulation, or by means of limiting equilibrium - and then under fairly simple
boundary conditions. Most of the elastic-plastic problems are not amenable to an analytical
solution, as a result of which, in many cases, the loads on the soil are artificially limited to the
elastic phase of deformation [15-25|. The current literature on FEM is extremely extensive

and literally every entry into the scientific and technical libraries brings new information in
this field.

3 Objects and research methods

Mining enterprises, unlike many other industrial facilities and structures (metallurgical,
machine-building, chemical plants, etc.) are natural-technological complexes. The parame-
ters and indicators of the economic efficiency of mining enterprises are determined for this
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level of technology mainly by natural factors (structure and size of deposits, terrain, hy-
drological conditions, etc.) and their permissible environmental impact. It should be noted
that at the present stage of development of mining science it is the differentiation of mining
science, the emergence of its new industries and divisions on the basis of its integration with
related fields of science and technology. Search and scientific substantiation of the methods
of rational and integrated use of the subsoil, ensure their comfortable working conditions and
optimal state of the environment.

The latest stage in the development of mining science should be associated with the de-
ployment of the scientific and technological revolution (STR). Scientific and technological
revolution, as is known, has set new problems for humanity: environmental protection and
depletion of mineral-fuel resources. These problems are particularly relevant for the mining
industry and science, without deciding which, the further production use of mineral resources
can become socially ineffective. It should be noted that in the areas of mining the geograph-
ical environment is sharply deteriorating, a method of open-cast mining causes great harm
to it, an increase in the share of which is planned in the near future. The effectiveness of the
method is already currently minus large inevitable costs of reclamation of disturbed land.
Hence the formulation before science of a fundamental change in the technology of mining.
This is especially true because modern technology does not allow developing deposits in the
deep bowels of the earth, as well as with a low mineral content. Therefore, it is so impor-
tant to develop fundamentally new methods and means of mining, to avoid the movement of
masses of waste rock, to exclude the presence of a person under the ground, to dramatically
increase labor productivity. This is a real task, as there is an internal training and maturity of
mining science to enrich it with the latest achievements of the fundamental sciences, on which
meringue a fundamental shift in the technical base of mining production can be achieved. In
world practice, technical progress is primarily related to the orientation on the widespread use
of self-propelled mining equipment: the development of self-propelled drilling, loading-hauling
and transport equipment, self-propelled bucket loading-hauling machines (PDM) with both
diesel and electric drive. The development of information and communication technologies,
the widespread introduction of automation and remote control of mining machines and ag-
gregates are priority areas for the improvement of underground technology. Differentiation of
mining science on the basis of its integration with related fields of science and technology and
at the same time is a synthesis of mining sciences into a single system of knowledge for finding
methods for the rational and integrated use of the subsurface, providing comfortable working
conditions and an optimal state of the natural environment. The goal of mining science is
not only to describe, explain the conditions of means and methods of exploration for mining
and primary processing of minerals, but mainly in finding ways to improve and change them
to facilitate working conditions and increase production efficiency. Mining science today is
a complex, developing complex of scientific disciplines. All processes and phenomena occur-
ring during the exploration, mining and processing of minerals contain internal and external
contradictions, the discovery, study and resolution of which is the main task of mining science.

The general trend of mathematization of sciences has not bypassed mining sciences, but
today for solving most major mining problems there are not enough mathematical tools,
because the task, for example, of developing fields is to create self-organizing multi-factor
systems, and later on self-programming auto steps. At the present stage, the tasks arising,
for example, in the development of mineral resources, can be quantitatively solved only in
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relation to certain, ideal deposits. Therefore, in order to impart practical significance to such
"quantitative"decisions, the assumptions underlying the analysis should, in accordance with
accepted values, be consistent with natural conditions [1-5].

4 Mathematical media models

In the process of formation in the massif of open or underground mine workings, the natural
stress-strain state is disturbed. Zones of non-elastic deformations appear around the workings
for various purposes. Of particular importance are the patterns of deformation of rocks beyond
the limits of strength associated with loosening (irreversible increase in volume), weakening
(decrease in resilience) and hardening. These patterns largely determine the nature of the
stress-strain state of the rock mass near the workings, especially with the combined mining of
mineral deposits by open and underground methods in mutual influence on each other [6-13].
We write Hooke’s law for the conditions of plane strain ({2 = 0) in the following form:

01 :EH(€1+VH€3)/(1—V%), (1)
03 = EH(€3 + Vngl)/(l — Vlgl)
where (II), vi; — are the "flat" analogs of the Young’s modulus E and the Pausson coefficient
v, related to them by the relations: 1 = /(1 — v?), vp = v/(1 — v).
Considering that the ultimate strength of the medium under consideration in the field of
compression is described by the Coulomb criterion:

01:S+03Ctg5 (2)

where S = 2cctg(m/4 — ¢/2) — is the uniaxial compression strength; ctgd = (1 +sinp)/(1 —
sin p); ¢, ¢ — grip and angle of internal friction.

In the field of tension, we supplement the criterion o3 = T', T' is the tensile strength. After
simple transformations, we obtain descriptions of the limits of strength through the main
deformations - compression are considered positive:

[(Ener — S)(1 —vpctgd)/(ctgd —v) —vnS|/En—e3 =0 (3)

T(1—vf)/En —vpe, —e3 =0 (4)

In the coordinates €, and 3 equations (3) and (4) have the form, respectively, of straight
lines A’B” and D’A’ (Fig. 1, a). Thus, in region 1 within the limits of circuit D’A’B’, according
to the known deformations €1 u 3 of stresses o1 and o3, can be found by formulas (1). Outside
the contour of A’B’C’, other equations of the connection of deformations and stresses act.

Let in the process of loading the deformed state of the element of the medium reached
a certain point E on the border of the elastic zone (Fig. 1a). Consider the laws of further
plastic deformation occurring at a constant minimum principal stress. An increase in the
strain e; (i.e., shortening of the element of the medium in the direction &;) is accompanied
by a decrease in the strain e3 (expansion in the perpendicular direction). The full vector
of plastic deformations ¢, (E'F’ in Fig. 1a) consists of two components: 1, u €3, and the
interrelation of these components is determined by the adopted law of flow.
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Figure 1: The law of the state of environment

If we accept €3, = —¢1, the shortening in the direction £; will be equal to the elongation
in the direction 3, and the volume of the element of the medium during plastic deformation
will remain unchanged. Such plastic flow can be called equilibrium. In a more general case,
the relationship between the components of plastic deformations can be characterized by the
ratio of the form

€3p = — ctg Beqy. (5)

The angle S in Fig. 1a determines the degree of loosening during plastic flow; the value ctg £
can be called the dilation coefficient. When § = 4, formula (5) corresponds to the principle
of normality (the associated law of flow).

Moreover, if the deformations of the medium element €; and €3 characterize the point F’
in Fig. 1a, then they can be represented as a sum of elastic and plastic components:

€1 =E¢€1, T €1,; €3 =E3, +E3,; (6)

The elastic components 1, and €3, are the coordinates of the point E’ and are determined
from the elastic formulas (1) when the value oy is substituted in them on the elastic boundary
by the Coulomb formula (2). Substituting the values €;, and €3, and value €3, thus obtained
from formula (5) into equations (6), we obtain a system of two equations, which having solved
relatively o3 and €,,, we find the voltage value o3 corresponding to this deformed state:

03 = [EH<€1 + 53) + S(I/H — 1)]/(1 — U Ctg5 + ctg6 — I/H). (7)

To determine the value of oy, a family of connection graphs o; and £, should be specified
for plastic deformation under the conditions o3 = const of Fig. 1b. If in the process of
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deformation resistance remains constant (perfect plasticity), then the graphs oy, —e; have
the form of horizontal lines (solid lines in Fig. 1b), and the value ¢, itself can be calculated
from the previously determined value €3 using formula (2).

For rocks that are weakened in the process of transboundary deformation, for example, a
family of graphs shown in Fig. 1b, by dashed lines, may be prompted. These graphs charac-
terize the environment, the resistance of which in the process of plastic deformation decreases
from the initial value, determined by formula (2), to the residual value

o1 = min|[(S + o3 ctgd), (5" + o ctg d')], (8)

where S” and ¢’ — residual strength characteristics (S’ < .S, ¢’ < §). The developed models are
implemented in the form of numerical procedures for cases of plane strain in the deformation
variant of the theory of plasticity based on the finite element method.

The main procedure of the finite element method considers the medium as elastic and
reduces to solving a system of linear algebraic equations for unknown displacements

{u} : {F} = [K|{u}, (9)

where [K] — the stiffness matrix of the system; { F'} — vector of nodal forces.

Since the study of the stress-strain state of the rock mass, taking into account transcen-
dental deformability, is a non-linear problem, we have obtained new developments in the
combined procedure for the general case, when the law of the state of the medium is given
on the basis of the proposed model [14-16].

5 Research results

For the quantitative and qualitative assessment of the FEM solution using the above algo-
rithm and the program developed on a PC, the test problem of uniaxial compression of the
sample with friction on the ends was solved. Due to the presence of two axes of symmetry,
only a quarter of the area is considered (Fig. 2a). The axes of symmetry in the deformation
process do not bend, and shear stresses are absent along the axes of symmetry. Three top
nodes are set to move down equal to 0.018. Properties of the elements: = 100Pa, v = 0.3,
v=20,c=0.1Pa, p = 30°.

The problem is solved according to the developed program in two versions: in the first
version, the state law obeys the associated flow law; in the second, a softening medium with a
dilatation coefficient A = 3 is considered. In Fig. 2b and 2c¢ show the shapes of the deformed
sample obtained as a result of calculation on a PC. To ensure equilibrium, these forces must
be equal in magnitude and opposite in direction to given external forces, and in those nodes
where external forces are not specified, they are equal to zero. In general, the sum of the nodal
forces applied to the region in the x and y directions to ensure equilibrium must be zero.
When solving each specific problem by checking, the fulfillment of the equilibrium condition
was established.

To verify the fulfillment of the state law, we provided for printing not only the actual
stresses found in the elements, but also the "theoretical" stresses calculated using the formulas
for the adopted state law and the found strains. The quality of the solution can be estimated
from the proximity of the values of the actual and theoretical voltages in Fig. 3a and 3b
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Figure 2: Test task: a — design scheme; b — form of the sample after loading with the associated
law of flow; ¢ — form sample in a softening medium

where the medium-strength datasheets and the actual stresses in the elements (points) are
shown. In elements 2 and 4, the calculated deformations 1 and 3 are smaller than the limiting
elastic deformation for a given stress 3, therefore, they are in the elastic state. The remaining
elements are in inelastic state. From Fig. 3a, b and from the calculation results it follows
that the state law is satisfied for a given accuracy, the coaxiality of the main stresses and
strains is maintained. Next, we check the fulfillment of the given law of flow, for example,
on element No 10. The stresses in the element are equal:oy = 4.9, 03 = 0.39, and the
deformations: o1 = 0.0070, 03 = —0.0097. Under plane deformation, according to Hooke’s
law, the elastic components of the deformations under such stresses are: €/ = 0.0043, e} =
—0.0016. Accordingly, the plastic components are equal to:

el =e1 — e =0.0027;, &f =¢e3—¢ej =—-0.0081 (10)
As you can see, the ratio of plastic component strain
A = g8 /e)] = (0.0081/0.0021) = 3 (11)

isexactly equal to the given (associated) law of flow, characterized by A = 3. In the considered
problems the found solution is unique. In principle, the solution of a plastic problem may not
be the only one: for example, stretching an ideally plastic rod with a load equal to the yield
strength of a material will not have a single solution. At the same time, stretching this rod
to a given strain will have a single solution.

6 Conclusion

The developed mathematical models, procedures and programs allow us to solve with the help
of modern computers a wide class of mining tasks in which it is required to determine the
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Figure 3: The stress state in the elements: a - with the associated flow law; b - in a softening
environment

stress-strain state of the rock mass. The components of the natural stress field are represented
as dependent on the geomechanical structures of the field, and are taken into account in the
program using boundary conditions. In this case, the boundary conditions can be specified
in the form of zero or nonzero nodal forces or displacements (or mixed conditions). Array
heterogeneity is taken into account by model by introducing various strength and deformation
characteristics F, v, 7, ¢, ¢ (modulus of elasticity, Poisson’s ratio, density, adhesion, and angle
of internal friction). Surfaces of weakening and breaking in an array are imitated by layers
of elements with corresponding lowered strength properties.
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RESEARCH OF THE STRESS STATE OF AN ELEMENT OF A
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CORROSION EFFECT

The stress state of an element of a thick-walled pipeline is studied under conditions of power and
corrosion effect in the statement of plane deformation. The material of the element under the
influence of external loads goes into an elastic-plastic state. The corrosive effect of the pumped
medium leads to softening of the material in the plastic zone. This softening of the material is taken
into account by a special inhomogeneity function in the Tresca-Saint-Venant plasticity condition.
The elastic-plastic problem in the axisymmetric setting (uniform pressure) and non-axisymmetric
setting (non-uniform external pressure along the contour) is considered. The problem is solved by
the method of sharing static and physical equations for the considered elastoplastic material and
the perturbation method in the theory of an elastoplastic body. An assessment of the strength and
bearing capacity of a thick-walled element under corrosive force effect is given.
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UcciiemoBaHO HaIpsiZKEHHOE COCTOSIHME 3JIEMEHTa TOJICTOCTEHHOI'O TPYOOIPOBOJA B YCJIOBUSIX
CHUJIOBOTO ¥ KOPPO3MOHHOI'O BO3MEHCTBUS B IOCTAHOBKE ILIOCKOW medopmaruu. Marepuadt
3JIeMeHTa 110/, JIefiCTBAEM BHENIHUX Harpy30K IIepeXOJUT B YIIPYTONJACTUYECKOE COCTOsSHUE.
Kopposuonnoe Bo3ieiicTBrE MEpEeKAYMBAEMOIl Cpebl IPUBOAUAT K PA3yIPOYHEHUIO MaTepUuasa
B IJIACTUYECKO 30HE. IDTO pa3ylpodYyHEHHEe MaTepuaja yIUTHIBAETCS  CIEIUAJIBHON
dyHKIMEl HeogHOPOAHOCTH B yejaouu ItactuanocTu Tpecka-Cen-Benana. Paccmorpena
YIPYIOIIACTUYECKAs 3ajlada B OCECUMMETPUIHON NOCTAHOBKE (PABHOMEDHOE JaBJICHUE) WU
HEOCECUMMETPHUYHON IOCTAHOBKE (HEpABHOMEPHOE O KOHTYDY HApYXKHOE JaBjieHue). 3ajaua
pellieHa MeTOJOM COBMECTHOI'O WCIIOJIb30BAHUS CTATHYECKUX U (DU3MIECKAX yPABHEHHI IJIst
paccMaTpuBaeMoro yIPYTOIJIACTUYECKOI'O MaTepuasa M METOJOM BO3MYIIEHHII B TeOpUHU
YIPYTOIJIACTUYIECKOTO Tena. Jlama oIeHKa MPOYHOCTH U HeCymieill CIoCOOHOCTH TOJICTOCTEHHOTO
3JIEMEHTa IIPU KOPPO3MOHHO-CUJIOBOM BO3/I€ICTBUU.

KirroueBble cJji0Ba: TOJCTOCTEHHBIN SJIEMEHT, YIPYTOIJIACTUYECKOE COCTOSHIE, KOPPO3UOHHbBIE
MOBPEXKJIEHNsT MaTepHaJia, MJIaCTUIeCKas HEOHOPOTHOCTD, (DYHKITU PA3YIIPOIHEHMUSI.

1 Introduction

According the normative documents |1, 2| in engineering practice, when calculating, as a rule,
elastically deformable elements of pipelines are considered. At the same time, with an increase
in external loads, the material of a thick-walled element passes into an elastoplastic state.
Most pipelines are operated with prolonged exposure under increased loads in aggressive work
environments. The corrosive effect of an aggressive pumped medium leads to damage and
microcracking of the material during operation. In the plastic zone, as a result of corrosion-
force action, a softening of the element occurs, which leads to a significant decrease in its
strength and bearing capacity. The danger of exposure to aggressive media on the material
working under load is due to the fact that in such cases the pipelines fail in a very short
time, sometimes even with accidents. In this regard, this work is devoted to the study of
the stress-strain state, strength and load-bearing capacity of the elastic-plastic element of
a thick-walled pipeline under conditions of force and corrosion, which leads to the material
softening in the plastic zone.

2 State of the problem

The effect of large loads and aggressive working environments (containing hydrogen sulfide,
mercaptans), penetrating into the volume of structural elements, leads to their damage |3, 4].
The effect on the strength of the material of an individual crack or the final system of cracks in
the framework of the linear theory of elasticity is the subject of linear fracture mechanics [5].
Nonlinear fracture mechanics [6] involves the analysis of the criteria and properties of material
ductility in the vicinity of the tip of a single crack. Corrosion damage to the contact zone of
the element material under high stress and corrosive environment leads to the appearance of
many defects and microcracks, the account of the overall impact of which is not possible in the
framework of fracture mechanics. Mathematical models and criteria describing the occurrence
and development of scattered microdamages are formulated mainly within the framework
of continuum mechanics |7]. Different types of corrosion affect on different parameters of
metal structures. For example, the general mechanochemical continuous corrosion of metals
leads to a loss of weight and volume of the material without significant loss of its strength
[3]. The calculation of the decrease in the wall thickness of a pipeline subject to general
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mechanochemical corrosion in the framework of the linear theory of elasticity is given in [9].
Moreover, the process of metal loss is significantly extended over time. In case of intergranular
and transcrystalline corrosion, on the contrary, the mechanical properties of the metal change
practically without loss of its weight [3]. The combined action of corrosion and static tensile
stresses leads to a gradual decrease in the resistance to plastic deformation and a decrease in
the plasticity limit in ductile metals, carbon and low alloy steels, and various alloys [10]. The
decrease in the mechanical properties of the material during loading due to the accumulation
of damage and defects can be taken into account in the framework of the plasticity theory
of inhomogeneous bodies [11, 12, 13]. In [11, 12, 13], to take into account the accumulation
of damage to the material, it was proposed to introduce a special softening function (radial
inhomogeneity of strength characteristics) in the criteria used for plasticity of the material for
axisymmetric and some plane problems. In [11], modified plasticity criteria were used, which
can take into account the accumulation of material damage in the case of more complex
boundary conditions under which plastic inhomogeneity should change in accordance with
the change in the elastoplastic boundary. In this paper, this is exactly the approach taken.

3 Solution of the problem

3.1 Basic assumptions and relationships

The element of a thick-walled extended pipeline is in flat deformation conditions. Consider
the cross section of a pipeline with an internal circuit ag + fi(r,0) and an external circuit
1 4+ fo(r,0) in the polar coordinate system r, 6. The material of the pipeline is considered
perfectly elastic-plastic.
The equations of equilibrium of the pipeline have the form:
do, 107, or— 0O o, 100 T
+ 2 0 9:07 9+__9+2_9:O (1)
or r 00 r or  r 00 r
Here are o,., 0y, 7,4 the components of the stress tensor. In the elastic region, Hooke’s law
is valid for a homogeneous, isotropic linearly elastic material:

cis = ((1+ pay — o). )
Where o0;; and ¢;; are the components of the stress and strain tensors, F£ — is the elastic
modulus, ;o — is the Poisson’s ratio, d;; — is the Kronecker symbol.
As a condition for the transition of the material into a plastic state, we accept the Tresca-
Saint-Venant condition, which is widely used in the calculation of plastic deformable metal
structures

(00— 0,)° + 475 = 4K’ (3)

where K, is adhesion coefficient.

The material strength parameter K, in condition (2) characterizes the plastic inhomogene-
ity formed as a result of varying degrees of damage to the material due to the force-corrosion
effect and distributed over the thickness of the plastic zone, similar to the outline of its
boundary. At the boundary of the plastic zone, the value K, is constant: K, = K;. The value
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K, is a special softening function, depending on the coordinates r, 6 and loading parameters
To, ) [ ]Z

K, = K.(r,ro,0,0) (4)

Here ry, 6 — is the axisymmetric and nonaxisymmetric loading parameters: ro = ro(FPy, P1 +
P), 6 =0(P — Py).

The problem is solved by the method of joint use of static and physical equations for
the considered elastoplastic material. In the non-axisymmetric formulation, the perturbation
method is applied |[15]. The solution is searched for in the form of series by degrees of a small
parameter, which is the parameter ¢

v

oy =30 = ot S e, K= S KD = KO 43 KW,
0 1 1

0
14 14

ry = E 0'r, =19+ E 0'r,,
0 1

where 7, is the desired elastoplastic boundary.

Linearizing equations (1), (3) and introducing, according to (1), the stress function F' =
F(r,0)

LOF®™ 1 9?F®) O*FW) o (10FW™)
v) (v) _ w__Y (2 —
2 r te %0 T T e or (7“ 00 ) » v=012...(6)

" r Or r2 002
we obtain in the plastic zone an inhomogeneous partial differential equation for the function
F®(r,0):

,OPFW) OFW)  92p®)

_ 20w
"oz T "oy 02 " fr,60), v>0 (7)
where f*) is the right side of the corresponding linearized relation:
L
1O =2k f0 =20, {0 = =g (r) 4 2K,

The solution of equation (7) F®) is determined taking into account static or geometric
boundary conditions.

In the elastic region, the stress function ®(r, ) satisfies the biharmonic equation (V? is
the Laplace operator)

ViVi0 = 0. (8)
The solution of equation (8) with r, mf can be represented as
®,, = (O™ + Cor™™ + Car™ 2 + Cyop(r)) cosmb, m =0,1,2, ..., 9)

where @,,,(r) = r™Inr at m = 0,1; @,,(r) = r~™2 at m > 2. Constants C; — Cy are found
from the boundary conditions.
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Figure 1: Design scheme for a thick-walled pipe element in an axisymmetric setting

3.2 Thick-walled element in an axisymmetric setting

First, find the axisymmetric state of the pipeline element. The axisymmetric problem for a
thick-walled element is known in elasticity theory as the Lame problem. Assuming in the
initial equations 7 = 0, dof; /00 = 0, K /06 = 0, § = 0 we obtain the Lame problem in
the accepted formulation (Fig. 1).

The axisymmetric boundary conditions on the internal and external contour of ag and 1
and the conjugation conditions on the contour of ry have the form (square (round) brackets
at the indices mean belonging to the plastic (elastic) zon

03}:}_’0 at r = agp; O'?T):P at r=1;

[Uﬂ = [02] =0 at r=ry,

(10)

Here big [ : } brackets means a jump of a given value when crossing through the specifical
boundary.
In the axisymmetric (zero) state of a thick-walled element, the softening function in the
plastic zone K depends on the current radius » and the boundary radius 7
K = K.(r,r0) = (Ko — K1) f(r,r0) + K1 (11)
Where K and K is the value of the strength of the material on the inner contour of the
element and on the elastic-plastic radius 7, f(r,79) — some core with properties f(ag,1) = 1,
f(ro,r9) = 0. Such properties of the core allow us to describe the decrease in the value H°
not only by the radius, but also depending on the position of the boundary radius ro. As a
core f(r,7g), one can take the core [12], which well describes the softening of the material
ag(rg — ™)
(1 — af)
Using equilibrium equations (1), plasticity condition (3), and also axisymmetric boundary
conditions and conjugation conditions (10) we find all stress components and the radius of

during loading (Fig. 2). It has the form f(r,ry) = (n — nonlinearity parameter).
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v=0,4

Figure 2: Decrease in the strength parameter K? depending on the position of the elastoplastic
radius 7y according to the presented softening function K, (r,rg)

the plastic zone ry.

To
oy =Pot2 [ oy = ofy 2K,y =0 (12)

ao

O_?r) 2 1 0

The radius rq is implicitly determined from the equation

T
PO—P—i—Q/T_lKSdr—i—Kl(l—TS) =0 (13)

ag

In the absence of corrosion damage, the parameter K? = K, and radius of the plastic
zone rg are found from the equation

Py— P 42K, (ln (@) +%(1—r§)) —0 (14)

o

Numerical calculations were performed using formulas (11) — (14) with the following data:
iw=0,34; £ = 110GPa; AP = P — Py; E = 3667K;. According to numerical results, the
presence of corrosion damage affects the elastic-plastic state of the thick-walled element.
The greatest interest is the relationship AP = AP(ry) between value of uniform pressure
AP and the radius of the plastic zone ry (Fig. 3). This dependence is determined by the
thickness parameter ay and the softening parameters of the material n, v = Ky/K;. From
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Figure 3: The relationship between the value of uniform pressure AP and the radius of the
plastic zone rq for various thickness parameters and softening parameters of the material n,
v = Ko/ K,

the calculations it follows that the presence of corrosion damage (v < 1) leads to an increase
in radius ro. Moreover, all curves with v < 1 have one maximum point with an abscissa
ro = T4, where ag < r, < 1. In the absence of damage (v = 1), the radius r, = 1. The
existence and uniqueness of maximum points follows analytically from the nonmonotonicity
and convexity of the function AP = AP(ry).

The maximum point characterizes the moment of loss of the bearing capacity of a thick-
walled element. Corresponding to the maximum point, pressure AP, (AP, < AP) and radius
r. (re < 1) are limiting for the destruction of a thick-walled element. The value r, depends
significantly on the thickness parameter ag : in a thinner element, it is located closer to the
inner surface (Fig. 3). The obtained results can serve as an explanation of the phenomenon
of premature failure of structural elements with corrosion damage.

We denote the relationship between external loads P, Py and radius r¢ as g(P, Py, 79) = 0.
Then the existence of a maximum point on the interval ay < ry < 1 is expressed as an
additional equation dg(P, Py, rq)/dry = 0, which has the form: K, (ag,ro) — K172 = 0.

The bearing capacity of a thick-walled element is determined as follows. From the two
transcendental equations g = 0, dg/drg = 0, we first find the critical radius ., and then the
critical loads at which the thick-walled element is destroyed.

With the known softening parameters and given external loads, it is possible to establish
the optimal (minimum permissible) thickness parameter aq for a thick-walled element of two
equations g = 0, dg/0ry = 0. Calculations show that the bearing capacity of the element is
significantly reduced in the presence of corrosion damage, for example, when the thickness
d=1—ay=0,4is reduced by 12-15%. The bearing capacity of an element that allows only
elastic deformation is lower by 34-50% in comparison with elastoplastic elements. It follows
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from the calculations that the bearing capacity of the elements increases most effectively
when their thickness increases only to d = 0.4 = 0.5.

3.3 Thick-walled element in a non-axisymmetric setting (outward pressure uneven in
contour)

Figure 4: Design scheme for a thick-walled pipe element in a non-axisymmetric setting

Consider an extended thick-walled element loaded with an external pressure that is not
uniform along the contour P(6). The cross section of an element with an inner radius ay and
an outer radius of 1 is in plane deformation (Fig. 4).

External pressure is elliptically distributed along the contour and can be written as

P(0) = P[1 — ¢ cos 20| (15)

where P = (Pyax+ Puin)/2 is the averaged uniform pressure, 6 = (Ppax — Puin)/(Pmax + Prin)
— a parameter characterizing the deviation of external pressure from uniform.

The solution is sought in the form (5) at ¥ > 0. The zero solution for v = 0 was found
in the previous part of the paper. Find a solution at v = 1. The function F® in (7) is
represented based on the static boundary conditions (15) on the outer contour of the element:
FY) = R(r) cos 26.

Solving (7), we find the function F() in the plastic zone:

T

PO = AiRﬂrRz‘/Vi(T)dr cos26, i=1,2, (16)
v(r)

ap

where A4;R; = AiRy + AyRy = 7(A; cos(v/3Inr) + Aysin(v/31nr), V(r) — is the Wronskian
of the solution system R;, V;(r) is the determinant obtained from the determinant V' (r) by

replacing the i-th column with a column with a single nonzero element 2 K. @) cos~1 20 located
at its end.
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Using (6), (16) we find the stress components in the plastic zone. They must satisfy the
linearized boundary conditions on the inner contour

[(T]]) =0, T[EQ] =0 at r =ay. (17)

The components 0[(:}), a[(el]), T[(TIG)} of the stress tensor in the elastic region of the cylinder are

determined from (6), (9). They satisfy the given static boundary conditions on the external
contour (15) and two linearized conditions of stress conjugation o, and 7,9 on the boundary
of the plastic zone:

of)]1 =0, [rig] =0 at r=r (18)

As a result, we obtain the boundary-value problem for an elastic ring of radius ry and 1
under the following boundary conditions:

0[(:]) = N;(r) cos 20, T[ge)} = Ny(r)sin260 at r =ro,

[([]) —Pcos 20, T[Efe)] =0 at r=1.

Solving this problem, we find the stress components in the elastic region.

The equation of the boundary of the plastic zone r, is sought in the form r, = ro + ory.
To determine the value of r;, we use the linearized conditions for the conjugation of the
components oy and K, on ry :

d dK©
[ ()+dirr1] — 0, [KE” dr* 1} =0 at r =1y, (19)

where will we get it

doly  do? dK°
r = (o5 —opy)/ (—d[] - —df)> KD === at =

Then for r; we will have 1 = ¢(ro)ro cos 26, where ¢(rp) is a function of 7y :

Xo 2 -2 4 —P
— 20 X, = 4(1— D
QD(TO) Xl +X2 +Z7 0 ( Ty +T0 TO) N )

1
N=6—4(rg+715°) +rg+r5", A:§(12+120‘2_O‘§)U2’

K
Xy = (10—47‘3—47’62—rg—ra4+a1N)Wx

X [(\/gcos(\/gln ro) + sin(v/31n r0)> By + <cos(\/§ln o) — \/gsin(\/glnro)> BQ:| :

K.
Xy = —2(4 —4rd 4+ 71§ — 7’54)W x (sin(v/31n7o) By + cos(v31nrg)By),

Toon

T—airy B, = %sin(\/glnro - g) — —s1n(\/_lnr0 — §>

Z - 4K1, F* - (KO - Kl)
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B, = %Ocos(\/§ln ro — g) - % cos(v31nry — %)

In the homogeneous case we have: X — the same thing, X; = X, =0, H? = H, 7 =0

X, =X,=0, K'=K,, KW =0, Z=4K,.
Moreover, the radius ry corresponds to the homogeneous case.
The equation of the boundary of the plastic zone 7y takes the form:

rs = 1o(1 + 0p(ro) cos 26).

The solution exists under the condition r¢(1 — dp(rg)) > ap.
The bearing capacity of a thick-walled element can be determined from the transcendental
equation

re = 1o(1+ 0p(ro)) (20)

First, from (20) we find the radius ry. Substituting the found radius ry into equation
(13), we obtain critical loads at which the plastic zone reaches some "critical" points of the
thick-walled element.

In the absence of corrosion damage to the element, r, = 1 should be taken in equation
(20) and equation (14) should be used. The critical points in this case (marked with zeros in
Fig. 4) are on the external contour of the element in the directions of the minimum external
pressure P;,. In the presence of corrosion damage to the element, the critical points (marked
with crosses in Fig. 4) are inside the element on circuit r, in the same directions. Reaching
these crosses with at least one point of the plastic zone will lead to the destruction of the
element. As can be seen from Figure 4, the plastic zone is elongated in the directions of
action of P,;,. Damage to the material leads to an increase in the size of the plastic zone.
The degree of damage to the material depends on the size of this zone. The element has the
greatest damage in the directions of action of P;,. Therefore, the softening of the element
depends both on the size of the plastic zone and on the orientation of its boundary.

4 Conclusion

The stress-strain state of an elastoplastic element of a thick-walled pipeline is studied under
conditions of force and corrosion using a special softening function (plastic inhomogeneity)
in the plasticity condition of Tresca-Saint-Venant.

The elastoplastic problem for a thick-walled element in an axisymmetric formulation (with
uniform external and internal pressure) and non-axisymmetric formulation (with an external
pressure uneven in contour) is considered. The problems are solved by the method of sharing
static and physical equations and the perturbation method in the theory of an elastoplastic
body.

An assessment of the strength and bearing capacity of a thick-walled element under
corrosive force is given.
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STRESSED-DEFORMED STATE OF TWO DRIFTS IN A TILTLY
LAYERED CRACKED ARRAY IN THE CONDITIONS OF ELASTIC
DEFORMATIONS OF ROCKS

In the study, based on a homogeneous anisotropic mechanical-mathematical model of an inclined,
finely layered array with a biperiodic system of slots, the patterns of distribution of elastic stress-
es and displacements near two drifts of arbitrary profile shape and depth by the finite element
method under conditions of plane deformation have been systematically numerically investigated.
The calculation was carried out by converting weakened rocks with two excavations in elasticity to
an equivalent homogeneous medium. It is difficult to solve the problem of the initial static stress
state of two-diagonal workings on a rock weakened by two-period cracks by the analogous method,
therefore it was solved by the generalized method of plane deformation using the first and second
isoparametric elements by the finite element method. Methods for dividing the area specified by
the finite element method into parametric quadrangular elements and numerically determining the
stress-strain state of double workings are given.

A computational algorithm has been developed and a software package has been developed for
studying the elastic state of adjacent cavities of arbitrary depth and shape. A multivariate numer-
ical calculation and analysis of the influence on the components of stresses and displacements near
cavities, geometrical, physical parameters of rocks was carried out.

Key words: drift, isoparametric element, transtropic array, finite element method.
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Exi miTpekTin cepniMai Tay >KbIHBICTAPBIHBIHBIH, »KAaPbIKTAPhl MACCUBTI CaJIMaKThl KabaTTarbl
KepHeyJIiK-/1edopMaIlusiJIbIK, >KaF Jaibl

1

3

3eprreyne OulepuoiTHI  CaHbLIAyJIap Kyilieci 6Gap kesbey, Kyka KabaTThl MaCCHBTIK
GIpTEKTI aHU30TPOITHl MEXAHUKAJIBIK-MATEMATHKAJBIK, MOJIEIIH aJila, OTBIPHII, YKA3BIKTHIKTHIH,
nedopMaIusIany KaFafiblHa, MEKTI JIEMEHT OJIICIH KOJIIAHIBIK KOHE TEePEHIKTIH €Ki IITPEeKTiH,
MaHAWBIHIA CePHiMi KepHeyJIep MeH OPBIH aybICTHIPYJIAPABIH 3aHIbLIBIKTaphl KYileai Typre
3eprresi. Tay KBIHBICTAPBIHBIH, [€OMETPUSIIBIK, (PU3NKAJIBIK IapaMeTpJepiHe KepHEyJIep MeH
OPBIH ayBICTHIPYJIAP KOMIIOHEHTTEPIHE dCEP €Ty Il CAHJIbIK eCeIlTey YKOHE TaJjjiay KYPrisiiii.
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Koc kaszbamen oJicipeTiyireH Tay >KBIHBICTAPBIH KATAHJBIFBl YKAFBIHAH SKBUBAJEHTTI OipTEKTI
oprara KeaTipy ecebi apKbLIbl 2Ky3ere achlpbLiabl. CajaMakThl €Ki HMEePUOATHI YKaPBIKTAPMEH
QJICIPETIJITEH Tay YKBIHBICHIH/IA KOJIIEHEH, KIMACKI 9P TYPJIi KOC AUarOHAJIBIK Ka30aHbIH OACTAIIKBI
CTATUKAJBIK KEPHEYTIK KYHiH aHaJIATHUKAJBIK 9ICTEPMEH IIemy Kypaeai OOJFaHIbLIKTHIH ecerl
MEKTI JIEMEHTTEP OJiciMeH OipiHI »KoHe eKiHI W30MmapaMeTp/IiK JIeMEHTTEPl KOJIIAHBIII,
JKaJIbLIaMa, YKa3blK JedopMaliys mapThiaga memiji. IlekTi sgemenTTep o/1ici apKbLIbI Oepiarex
OOJIBICTBI TOPTOYPBIIMITHL U30MIAPAMETPJIK 3JIeMEHTTEepre 0Oy KoHe KOC Ka30aHBbIH, KepPHEYIIiK-
nebopMaIusIIbIK, KYHiH CAHIBIK, AHBIKTAY KOJIIAPHI KEeJITipiImi.

Ecenrey anaropurmi »kome epKiH TE€pEHJIK TEH MNTIHHIH ipremec KybICTaAPBIHBIH CEPIIMI KyHin
3epTTeyre apHajraH OarJap/iaMaJiblK KeIlleH YKACAJIBIHIBI. 1ay >KbIHBICTAPBIHBIH [eOMETPHUSIIBIK,
bUBHKAJIBIK, TapaMeTpJiepiHe KepHeyJiep MeH OPBIH aybICTBIPYJIAp KOMIIOHEHTTEpIHE ocep eTyi
CAHJIBIK ecernTey KoHe TaJIay KYPri3iimii.

Tyiiin ce3aep: mrTpek, n30mapaMeTpiaiK JIeMEHT, TPAHCTPOITHI MACCHUB, IEKTi 3JIEMEHTTIK 9IiC
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Hanps>xenHno-n1edopMrpOBaHHOE COCTOSIHUE ABYX INTPEKOB B HAKJIOHHO CJIOMCTOM
TPEIUHOBAThIM MAacCCHUBE B YCJIOBUSAX yHpyrux aedopMarnusax IIOPOL

3

B pabore Ha OCHOBe OJTHOPOIHOI AHU3OTPOITHON MEXAHWMKO-MATEMATHIECKON MOJIEIN HAKJIOHHOTO
MEJIKOCJIONCTOT0 MACCHBA C BOSKOIEPUOIUIECKON CHCTEMON Iejeil CHCTeMATHIeCKU YUCICHHO
UCCJIEIOBAHO 3aKOHOMEPHOCTH DPACIPEJIeJIeHNs] YIPYTUX HANPSKEHUI U IepeMerneHuii BOIu3n
JIBYX IITPEKOB IIPOU3BOJILHONW (OpMbI TPOhUIs U TIyOMHBI METOJOM KOHEYHBIX 3JIEMEHTOB B
YCJIOBUSIX ILJIOCKOU JlepopMmarnuu. Pacder ObLI OCYIIECTBJIEH C IIyTeM IIPeBPaIleHusT 0CIab/IeHHBIX
ITOPOJL, C IBYMsI PACKOIIKAMHY II0 YIIPYIOCTH K KBUBAJIEHTHON OIHOPOIHOI cpese. Permars 3amaday
HAYAJbHOTO CTATHIECKOTO HAIPS?KEHHOTO COCTOSHUS JIBYX/IMATOHAJBHBIX BRIPAOOTOK HA MTOPOJE,
0cJTabJIEHHOM JIBYXIIEPUOIHBIMU TPEIIUHAME 10 AHAJOTMIECKUM METOJIOM TPYIHO, IO STOMY ObLIa
pertea 000OIEHHBIM METOJIOM ILIOCKOH mAedopMalini ¢ UCIOJIb30BAHUEM IIEPBOTO M BTOPOTO
U30MaPAMETPUIECKHUX JIEMEHTOB METOJOM KOHEYHBIX 3JIeMEHTOB. [IpuBe/ieHbI CIIOCOOBI JesIeHusT
ILJIOIIA/M, 3aJaHHOH METOJOM KOHEUYHBIX 3JIEMEHTOB, Ha IapaMEeTPUYECKHe YeThIPeXyroJIbHbIe
9JIEMEHTBI U YHUCJIEHHOI'O OIIPEJIEJICHUs HAIPSXKEHHO-1e(POPMUPOBAHHOIO COCTOSIHUST JTBOMHBIX
BBIPAOOTOK.

Paspaboran pacueTHBI aJrOPUTM W COCTABJIEH MPOIPAMMHBIN KOMIIEKC JJIsi  WU3y9EHUs
VIIPYTOTO COCTOSTHHS COJIMZKEHHBIX IOJIOCTEHl TPOM3BObHON Tybuasl u dopmbl. [Iposemaen
MHOI'OBapUAHTHBIM YHCJIEHHBIA pacyeT U aHAJM3 BJIUSTHUSI HA COCTABJIAIOIIAE HAIPSXKEHUN u

IepeMernennii BOJIU3u M0JI0CTel, TeOMETPOMYECKUX, (DU3NIECKUX TapaMETPOB TIOPO/I.
KiroueBbie ciioBa: IMTpEK, M30MAPAMETPUUYECKUIT 3JIEMEHT, TPAHCTPOIIHBIA MACCUB, METO.,

KOHEYHBIX 3JIEMEHTOB.

1 Introduction

In the last century, the works of Soviet and foreign scientists mainly carried out theoreti-
cal studies of the VAT of underground cavities in an isotropic massif. Using the symmetry
of the biharmonic solution and based on the special properties of the harmonic functions
O.Muller [1], K.Stocke 2], the corresponding classes of problems are considered. G.V.Kolosov,
N.I.Muskhelishvili [3] successfully solved the theory of functions of a complex variable in solv-
ing plane problems in the theory of elasticity of an isotropic body.
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The analytical function proposed by Appel made it possible to consider the state of a single
and multiply connected isotropic body with circular holes. An orthotropic medium with a
doubly periodic system of round holes was considered by L.A.Filshtinsky [4], and such a body
with elliptical holes by A.S.Kosmodamiansky, M.M.Neskorodev [5]. A.S.Kosmodamiansky
studied the SSS of an anisotropic elastic body with three and infinite rows of holes and
based on these solutions Zh.S.Erzhanov, K.Kaydarov, M.T.Tusupov [6] studied the effects
of slot systems on the static stress state of the underground working out. Zh.S.Erzhanov,
Sh.M.Aytaliev and Zh.K.Masanov [7| proposed a computational mechanical-mathematical
model of elastic deformation of an anisotropic massif with doubly periodic gap systems,
and by solving the reduction problem, we obtained elastic constants of a transtropic body
equivalent in stiffness to the main an array with gaps, depending on the elastic properties of
the latter and the geometry of the gaps. Based on this model, the static initial elastic state
of mostly single underground deep-seated cavities was studied using strict and approximate
methods.

A significant contribution to the development of the theory of FEM and their applica-
tion to solving complex problems of statics and dynamics of the mechanics of a deformable
body was made by scientists L.Segerlind [8], B.Z.Amusin, A.B. Fadeev [9], Zh.S.Erzhanov,
T.D.Karimbaev [10], Sh.M.Aytaliev, Zh.K.Masanov, R.B.Baimakhan, N.M.Makhmetova [11]
and others.

2 Finite elemend method

The elastic static stress and deformable state of two shallow cavities in a heavy transtropic
massif is studied depending on the degree of discontinuity by adhesion of shallow inclined
layers at an angle ¢. We denote by H the depth of the workings with the distance between
their centers 2L.

The equation of the generalized Hooke law of an anisotropic array with cavities under
generalized plane deformation relative to the Cartesian coordinate system Ozyz (Figure 1)
is written as

{o} = [D{e} (1)
where {0} = (0,,0,,0..)7, {e} = (ex,€2,722)7, [D] = [dy], (i, = 1,2,...,5) is strain coeffi-
cients [7].

Here EZ,v2, G3(k = 1,2) effective elastic constants of the transtropic massif, equivalent
in stiffness to the anisotropic massif with gaps that depend on the elastic constants of the
latter Ej, v, Go(k = 1,2) and slot geometry a,w, iw.

The cross-sectional area ABCD of the drifts during plane deformation is divided using n
nodes into m isoparametric design elements (Figure 1b). A basic resolving system of 3n-order
FEM algebraic equations is compiled with respect to the projections of node displacements
and it is solved under the following boundary conditions:

base of the BD settlement area ABCD non-deformable

u=w=1>0 (2)
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the lateral sides of AB and CD under the influence of the weight of the rocks move only
in the vertical direction due to the absence of the influence of the cavities

u =0, w = w(z). (3)

1

[ ]
o

D
u=w=0
z P E)
by
T B Tl ke Rt
- q

Figure 1: Calculation scheme for studying the stress state of an anisotropic array a) spatial
view; b) flat view; ¢) a plane with a periodic system of slots

The investigated computational domain with cavities is automatically divided into
isoparametric elements using the FEM 3D program in the Delphi object-oriented environ-
ment. Each node is affected by vertical force by weight.

Solving the basic system of FEM equations with respect to component displacements with
boundary conditions 2, 3 by strict methods is difficult; Therefore, it is solved in the paper
by the iterative Seidel - Gauss method with the upper relaxation coefficient with a given
accuracy [12].

An attractive feature of this method is the following: firstly, the system stiffness matrix is
compiled only once [K] and its elements and column matrix elements are used during iteration
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{U}; secondly, when k + 1 iterations for unknowns w,,+1, (m = 1,2,...,3,n), uy, g, ..., U
values needed at k + 1 iteration, and for wu,, 9, ..., us, value at k iteration.

To verify the correct operation of the developed algorithms and software systems, the test
problem of the elastic stress state of a circular cavity in an anisotropic array with a horizontal
plane of isotropy under conditions of plane deformation and hydrostatic stress distribution in
an untouched medium is solved. Due to the symmetry of the problem, a quarter of the region
with a cavity is divided into 342 isoparametric elements using 380 nodes. The basic system of
1140-order equations is solved using 1000 iterations. The difference between the displacement
values at the characteristic points of the contour obtained by iterative and known rigorous
methods is not more than 1-2%.

When calculating the values of the components of displacements and stresses near ad-
jacent drifts of various depths () and the profile shape in a slit-like transtropic massif
with incomplete adhesion of layers (w/a = 2.5,3,4,6,00) and inclined plane of isotropy
(p = 0,30°,45°,60°,90°) the study area was divided into 2064 elements with 2189 nodes.

The calculation results of the study are presented in the form of diagrams; they are ana-
lyzed in detail regarding the effect of incoming parameters on the elastic state of underground
structures.

Other things being equal, the parameter w/a significantly affects displacements near cav-
ities of various shapes; with its decrease, the values of the latter increase (Figures 2,3).
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H=10M;L =5M;Ry =3,5M; Ry = 2,5M;w/a = o0;

1 =90%¢p =30%w/a=06.0;w/a=2.5;

Figure 2: Displacement contours u (mm) around cavities of different profiles.
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Figure 3: Isolines of vertical displacements w (mm) around cavities of different profiles.
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Figure 4: Contours of the vertical movement o, of the plane at different locations.
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3 Results
Given 12 points in anisotropic rocks weakened by two elastic periodicities, the value of the

change in the tangential stress og/vH in Table 1 was obtained, depending on the proximity
of the minerals, the frequency of the stress crack and displacement.

Table 1: Change in displacement depending on the transverse angle ¢in the horizontal plane

Left fossil Z =0 p =30 p = 60 o =90

w U w U w U W

1 -0,002 | -1,03 | 0,099 | -1,421 | 0,267 | -1,057 | -0,002 | -0,51
2 -0,004 | -0,992 | 0,085 | -1,407 | 0,318 | -1,058 | 0,006 | -0,483
3 -0,007 | -0,877 | 0,077 | -1,278 | 0,353 | -0,955 | 0,009 | -0,408
4 -0,008 | -0,71 | 0,069 | -1,059 | 0,359 | -0,777 | 0,008 | -0,311
5 -0,008 | -0,525 | 0,047 | -0,799 | 0,321 | -0,579 | 0,005 | -0,209
6 -0,004 | -0,374 | 0,043 | -0,592 | 0,285 | -0,407 | 0,002 | -0,126
7 0,001 |-0,317 | 0,063 | -0,511 | 0,263 | -0,315 | -0,001 | -0,096
8 0,005 |-0,371 | 0,089 | -0,564 | 0,246 | -0,332 | -0,004 | -0,125
9 0,007 |-0,52 | 0,102 | -0,739 | 0,219 | -0,462 | -0,008 | -0,207
10 0,008 |-0,703 | 0,11 | -0,976 | 0,197 | -0,658 | -0,01 | -0,307
11 0,004 |-0,871 0,11 |-1,2 0,197 | -0,847 | -0,014 | -0,404
12 0,001 |-0,988 | 0,113 | -1,361 | 0,224 | -0,983 | -0,01 | -0,481
. L= p = 30° © = 60° © = 90°

Right fossil " ” U " " " u W

1 0,002 |-1,031 | 0,378 | -1,485 | 0,501 | -0,823 | 0,002 | -0,51
2 0,004 |-0,992 | 0,396 | -1,507 | 0,567 | -0,853 | -0,006 | -0,483
3 0,007 | -0,877 | 0,372 | -1,374 | 0,584 | -0,8 -0,009 | -0,408
4 0,008 |-0,71 | 0,312 | -1,13 | 0,547 | -0,678 | -0,008 | -0,311
5 0,008 | -0,525 | 0,237 | -0,842 | 0,467 | -0,508 | -0,005 | -0,209
6 0,004 |-0,374 | 0,153 | -0,593 | 0,368 | -0,36 | -0,001 | -0,126
7 -0,001 | -0,317 | 0,082 | -0,47 | 0,273 | -0,283 | 0,001 | -0,097
8 -0,005 | -0,371 | 0,041 | -0,5 0,204 | -0,29 | 0,004 | -0,125
9 -0,007 | -0,52 | 0,045 | -0,65 | 0,174 | -0,363 | 0,008 | -0,207
10 -0,008 | -0,703 | 0,099 | -0,868 | 0,2 -0,475 | 0,01 -0,308
11 -0,004 | -0,871 | 0,185 | -1,11 | 0,274 | -0,611 | 0,014 | -0,404
12 -0,001 | -0,988 | 0,297 | -1,33 | 0,382 | -0,731 | 0,01 -0,481

4 Conclusion

When the cavities are at different levels, the stress distribution is very difficult; they change
with growth w/a. At an angle of inclination of the plane of isotropy ¢ = 0,90° (and slit planes)
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of a slit-like massif with cavities, all other things being equal, both stress and displacement
are distributed around them symmetrically with respect to the vertical axis Oz and grow
with the depth of the structures stresses decrease, displacements increase with decrease w/a;
when ¢ # 0,90° both stresses and displacements are symmetrical about the vertical axis Oz.
With a length of 5D or more, where D is the largest diameter of the cavities, the mutual
influence of the structures is negligible.
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STUDY OF FORCED VIBRATIONS TRANSITION PROCESSES OF
VIBRATION PROTECTION DEVICES WITH ROLLING-CONTACT
BEARINGS

Many seismic isolation and vibration protection devices use asan essential element the various
types of rolling-contact bearings. The rolling-contact bearing is used for creation of moving base
of body protected against vibration. The most dynamic disturbances acting in the constructions
and structures have highly complex and irregular nature.

This article considers the oscillation of a solid body on kinematic foundations, the main elements
of which are rolling bearers bounded by the high order surfaces of rotation at horizontal dis-
placement of the foundation. It is ascertained that the equations of motion are highly nonlinear
differential equations. Stationary and transitional modes of the oscillatory process of the system
have been investigated. It is determined that several stationary regimes of the oscillatory process
exist. Equations of motion have been investigated also by quantitative methods.

In this paper the cumulative curves in the phase plane are plotted, a qualitative analysis for sin-
gular points and study of them for stability is performed. In the Hayashi plane a cumulative curve
of body protected against vibration forms a closed path which does not tend to the stability of
singular point. This means that the vibration amplitude of body protected against vibration is not
remain constant in steady-state, but changes periodically.

Key words: protection against vibration,rolling-contact bearing, nonlinear vibrations, cumulative
curves, singular point.
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T.¥.]1., npoceccop, Y.A. 2KonnacbekoB aTbIHIarbl MEXAHUKA YKOHE MAIIUHATAHY WHCTUTYTHI,
Anvarer k., Kazakcran, E-mail: kuat _06@mail.ru
2okpITymBI, AGait aTEHIArsl Ka3zak YITTHIK IIeJaroruKablK, yHIBEPCHTET],
Asnmvarer k., Kazakcran, E-mail: sultanovaa.86@mail.ru
TeHcenMesti TipeKKe OpHAJIACTBIPBLIFAH AipijAeHKOPFay KOHAbIPFLICHIHBIH, MIXKOYP
TepOeJticiHiH oTmesi mpolleccTepin 3epTTey

1

Kemnreren nmipimeHkopray KoHe CeHCMOKOpPFay KOHIBIPFBLIAPBIHA HEri3ri 3JIeMeHT peTiHje
OpTYpJIi TYpJeri TeHcenMeri TipekTep Ko aHa bl TeHcenmeni Tipek ipiyijieH KOprajaThiH JeHere
KO3FaJIMaJibl TabaH »Kacay VIIH KOJJAHbLIaJbL. T'uraparapra KoHe KYpPBLIFbLIAPFa OCEp eTeTiH
JIMHAMUKAJIBIK, YIBITKBITYJIAP/IBIH KOTIIIIIr eTe Kype/ii KoHe XKyiteci3 cunarrap/ia 60J1aIbl.
Bepinren makanama, TabaHbl TOPU30HTAJL OAFBITTa OPBIH AyBICTHIPFAH KAFBIIANIAFbl, HEri3ri
9JIEMEHTI >KOFapbl JOpexKeai affHagxy OeTTepiMeH IIEeKTeJreH TeHCeaMeNl TipeKk OoJaThiH
KUHEMATUKAJIBIK, TaDaHFa OPHATBHIIFAH KATThl JeHeHiH Tepbesici KapacToipbliaabl. Kosramabic
TeHJIeyl alTap/IbIKTail ChI3BIKTHI eMec aud pepeHInaibIblK Teraey oosaanl. 2Kyitenin Tebesvelt
MIPOIIECCIHIH, CTAIMOHAPJIBI JKOHE OTIeIl pekuMaepi 3eprrenmi. Tepbenmeni MpoleccTepais,
Gipmere peskuMaepi 6ap eKeHIiri TarafdbIHmaaabl. Ko3raabic TeHJeyl CaHIBIK 9IiC apKBLILI Ja
3epTTeIi.
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Byn xywmbicra, da3aiblK Ka3bIKTBIKTa, WHTEPAJBIBIK, KUCHIKTAD YPPBI3BLIFAH, €peKIIe
HYKTEJIEpre CAllajIbl TAJayJsiap *KACAJIBIHBIIT YKOHE OJIApIbl OPHBIKTHIIBIKKA 3€PTTEreH. XasCh
JKA3BIKTBIFBIHIA JIPLIIEH KOPFaJIAThIH [eHEHIH HWHTErDAJIBIBIK, KHCHIFBI TYHBIK TPAeKTOPUS
2Kacafipl YKOHE OJI OPHBIKTBI €peKIlle HyKTere yMTBhLIMAalIbl. Bysl nipiyiieHKoprajaaTelH JeHeHiH,
TepOeIiCiHiH, OPHBIKKAH PpEKUMJIErT aMILIATYIAChIHBIH, TYPAKThl OOJIMAailThIHbIFbIHBIH,OHbIH,
[IePUOITHI ©3TePEeTIHIIrH OlImaipeti.

Tvyiiin cesmep: AipiigeHKAPFalTHIH KOHIBIPFBI, TEHCEJIME TipEK, ChI3BIKTHI eMeC Tepbesticrep,
WHTErpajIb/IbIK KIUCHIKTAP, ePeKIe HyKTeJIep.

K. Bucembaes, K. Cynranosa
Ln.rH., npodeccop, MHCTUTYT MeXaHUKN U MamuHOBeneHns uM. Y.A. Jxxomrnac6exosa,
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Uccnenosanne nmepexoIHbIX MPOIECCOB BBIHYXKIEHHBIX KOJI€GAHNI BUOPO3aIUTHBIX YCTPOMCTB
HA OMOpaxX KaveHUs!

Bo muOrmx BuOpPO3AIUTHBIX U CEHACMO3AIUTHBIX YCTPOMCTBAX, B KAYECTBE OCHOBHOIO IJIEMEHTA
WCIOJIB3YeTCsT Olopa KadeHusi pasandHoro Buga. Omopa KadeHWs] TPUMEHSIETCs JUIsl CO3/IAHUsI
IIOZIBU2KHOI'O OCHOBaHMUA BI/I6pOB&HLI/IHl&€MOFO TeJ1a. BOJ'H)HH/IHCTBO JaHUMHUYICCKUX BOSI\/IyIIIeHI/IfI,
JEMCTBYIOIMX B COOPY2KEHUsIX U KOHCTPYKIIUSIX, HOCAT BeCbMa CJIOXKHBIl W HeperyJsipHbIi
XapaxkTep.

B mammoit craTtbe paccMaTpuUBAaOTCs KOJEOAHUS TBEPAOrO Tejla HA KHHEMATHIECKUX OCHOBAHUSX,
OCHOBHBIMHU 3JIEMEHTAMH KOTODPBIX SIBJISIOTCS TIOJIBUXKHBIE OMIOPBI, OTPAHIIEHHBIE TTIOBEPXHOCTIIMHI
BpAINEHHsST BBICOKOI'O TIOPSIJIKA IPU TOPU30HTAIHLHOM CMENEHUH OCHOBAHUS. YCTAHOBJIEHO, UTO
YPABHEHUSI JIBUXKEHUsI SIBJISFOTCS CUJIBHO HeJUHEHHbIMU judhepeHIabHbIMI Y PABHEHUSIMU.
UcciiemoBalbl  cTalmoHapHBbIE W IEPEXOHBIE PEKMMBI  KOJIEDATETBHOIO IIPOIECCa CHUCTEMBI.
VCcTaHOBJIEHO, 9TO CYIIECTBYET HECKOJIBKO CTAIMOHAPHBIX PEXKUMOB KOJE€OATEIBHOTO IIPOIECCA.
VpaBHenusi ABUKEHUS ObLIA UCCIEIOBAHBI TAKXKE KOJIUIECTBEHHBIMUA METOIAMU.

B nmammoit pabore, mOCTPOEHO WHTErpajbHble KpuUBbIe Ha (Ha30BOH IJIOCKOCTH, ITPOBEICHO
Ka4eCTBEHHOE aHaJIn3 Ha OcoDble TOYKM M MCCJIEJOBAHO WX Ha yCTON4YMBOCTH. Ha miockocTu
Xasicu wmHTerpajbHas Kpubasi BUODPO3AINIUINAEMOro Teja 00pasyerT 3aMKHYyTYIO TPaeKTOPHIO,
KOTOpasi He CTPEMUTCS K yCTOWYMBON OCOOON TOYKE. DTO O3HAUAET, UTO AMILIATYIA KOJEOAHUS
BUOPO3AIIUIIAEMOr0 TeJIA B YCTAHOBUBIIEMCST PEXKUME He OCTAeTCsl TOCTOSTHHOM, a MepUOInIecKn
MEHSTIOTCSI.

KuaroueBble cjioBa: BUOPO3AIUTHBIE YCTPOHCTBA, OMOpa KadeHUs, HeJIMHEHHbIe KOJOAHMWSI,
WHTErpajbHbIe KPUBbIE, 0CODasT TOUKA.

1 Introduction

The tasks considered in this work have arisen from the problems of earthquake-resistant
constructing.

The essence of the matter is that the protection of building structures from the destructive
forces of nature, appeared in earthquakes, is carried out almost exclusively by strengthening
the structures nowadays. The taken measures, although they provide the seismic resistance of
the facilities under construction to a certain extent, lead to a rise in the cost of construction
in seismically active areas, depending on the seismic zone score. Therefore, along with further
improvement of measures to increase the seismic resistance of building structures, clarifying
the parameters of seismic effects and the values of the calculated seismic loads, the search
for new effective methods of seismic protection is of great relevance.

First of all, these searches are carried out by developing new structures and their elements
that ensure reliability and high economic efficiency of construction in seismic areas.
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The use of devices called seismic insulating foundations involves the counteraction of
building structures to seismic forces not by improving the strength properties of structures,
but, as it is done in a wide variety of vibration protection systems, by reducing the seismic
load on the protected objects. This is quite new for the earthquake-resistant constructing.

In work [1] we gave a review, a classification and the comparison of the devices designed
to reduce the seismic load on buildings and which are the integral part of their foundations.
Two classes of seismic isolating devices have been identified, which are the example of the
direct transfer of vibro-isolation principles to constructing.

These are foundations with elastic support elements and dynamic dampers of seismic
vibrations. Two classes of shock absorbers of a different kind have been established:

1. Foundations with servomechanisms, which include rigid supports with an indifferent
or even unstable equilibrium position (balls, rollers, vertically arranged spars, etc.) and
servomechanisms that return the building to its equilibrium position; at the same time, a
compromise solution is often given, combining rolling or sliding bearings and elastic shock
absorbers that replace servomechanisms;

2. Kinematic foundations, in which, as in foundations with servomechanisms, the seismic
isolation is carried out not due to the elasticity of the shock absorber, but using supports
of a special geometric shape; a building, a structure installed on such supports, has a stable
equilibrium position, when removed from that position it oscillates with a frequency that
depends [1,2] mainly on the geometric dimensions of the supports and the acceleration of
gravity (for this reason, such devices are called kinematic [2] and [3| gravitational seismic
isolation systems);

3. The most acceptable and promising from an engineering point of view, as noted in [1, 3],
is the newest class of seismic isolating devices — a class of supporting kinematic foundations
that favorably differ from other types of seismic shock absorbers in cost-effectiveness and
simplicity of technical solution.

The kinematic supports developed in connection with the requests of earthquake-resistant
constructions can be used as shock absorbers in vibro-isolation systems of various machines
and equipment, and as elements of devicesas well.

This article [19, 20| considers the oscillation of a solid body on kinematic foundations,
the main elements of which are rolling bearers bounded by high-order surfaces of rotation
at horizontal displacement of the foundation. Equations of motion of the vibro-protected
body have been obtained. Stationary and transitional modes of the oscillatory process of the
system have been investigated.

The work contains geometrical analysis of non-linear vibrations of vibro-protective sys-
tems on rolling bearers bearing elements of which are restricted by high order spherical
surfaces in transition regime.

2 Literature review

Rolling bodies of various types are applied as the main element in many vibro-protective and
seismo-protective devices.

The work [4] contains systematic depiction of non-linear systems analysis method, de-
scribed by differential equations of second rate. This work contains also topological and
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graphical methods, applicable for calculation of autonomic and, especially, non-autonomic
systems.

In the work [5] the author focuses attention on decision of tasks on determination of orders
of initial conditions, leading to various stable stationary decisions. In the work [6] the author
considers problems of self-oscillations of various mechanical systems, particularly, examines
in detail self-oscillations of rotors.

The work [7] studies the features of vibrational motion of an orthogonal mechanism with
disturbances, such as restricted power in the presence of a fixed load on the horizontal link.
Dynamic and mathematical models were prepared, and the operating conditions’ fields of
existence for the vibration mechanism in terms of the driving power were defined.

This paper [8] presents results of modelling of vibrations of rigid rotor caused by the
degradation of hydrodynamic bearings. Model is composed applying equations of nonlinear
hydrodynamic forces and measured parameters of a real rotary machine.

In order to study the resonance of a rotating circular plate under static loads in magnetic
field, in the work [9] the nonlinear vibration equation about the spinning circular plate is
derived according to Hamilton principle. The algebraic expression of the initial deflection
and the magneto elastic forced disturbance differential equation are obtained through the
application of Galerkin integral method.

This paper [10] presents a new semi analytical approach for geometrically nonlinear vi-
bration analysis of Euler-Bernoulli beams with different boundary conditions. The method
makes use of Linstedt-Poincar’e perturbation technique to transform the nonlinear governing
equations into a linear differential equation system, whose solutions are then sought through
the use of differential quadrature approximation in space domain and an analytical series
expansion in time domain.

In the work [11] a systematic method is developed for the dynamic analysis of the struc-
tures with sliding isolation which is a highly non-linear dynamic problem. According to the
proposed method, a unified motion equation can be adapted for both stick and slip modes
of the system. Unlike the traditional methods by which the integration interval has to be
chopped into infinitesimal pieces during the transition of sliding and non-sliding modes, the
integration interval remains constant throughout the whole process of the dynamic analysis
by the proposed method so that accuracy and efficiency in the analysis of the non-linear
system can be enhanced to a large extent.

The paper [12]| features a survey of some recent developments in asymptotic techniques,
which are valid not only for weakly nonlinear equations, but also for strongly ones. Further,
the obtained approximate analytical solutions are valid for the whole solution domain. The
limitations of traditional perturbation methods are illustrated, various modified perturbation
techniques are proposed, and some mathematical tools such as variational theory, homotopy
technology, and iteration technique are introduced to over-come the shortcomings.

The effects of neglecting small harmonic terms on estimation of dynamical stability of the
steady state solution determined in the frequency domain are considered in the paper|13].
For that purpose, a simple single-degree- of-freedom piecewise linear system excited by a
harmonic excitation is analyzed. In the time domain, steady state solutions are obtained by
using the method of piecing the exact solutions (MPES) and in the frequency domain, by
the incremental harmonic balance method(IHBM). The stability of the solutions obtained in
the frequency domain by IHBM is determined by using Floquet-Liapounov theorem and by
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digital simulation of the corresponding perturbed motion.

In the paper[14 |the nonlinear response of a base-excited slender beam carrying an at-
tached mass is investigated with 1:3:9 internal resonances for principal and combination
parametric resonances.

3 Material and methods

3.1 Equations of the motion

Let us consider the principle of work of the kinematic foundation of moving supporting
elements, which is a rolling bearing with bounded surfaces of rotation of a high (n) order
(Fig.1).

On the Figure 1, the object I is a rolling bearing with bounded (top and bottom) surfaces
of rotation, expressed by formulas

Y1 =y, Y2 = axxy’ (1)

and having a common axis of symmetry; but objects 2 and 3 are stationary base (foundation)
and inner coat of the vibro-protected body.

Equations (1) are referred to the coordinate system associated with the rolling bearings
(See Fig.1). The curvature radius of the vertices of these surfaces at n, m > 2 tends to infinity,
i.e. there is straightening of the bearing surfaces. Let us denote the horizontal offset of the
bases as To(t). As Z(t) we denote a displacement of the upper body, supporting on the rolling
bearing.

Figure 1: Scheme of rolling bearingswith higher ordersurfaces

The equation (2) can be reduced to an equation in dimensionless form [19]:

T+ ®(x —x9) —x = —x0(1), (2)

where

®(z — 29) = Np(z — m0)n — 1 (3)
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1 1 1
nf\l/ﬁH( + n—1 ) (4)

)

N, =

n—1
ay

3.2 Periodic solutions and their stability

Let us study the vibrations of a body at harmonic horizontal displacement of the lower base

zo(t) = Q sin pt, (5)

where () and p — dimensionless amplitude and frequency of perturbations.

Assuming that in the case of harmonic oscillations, a component of the fundamental
frequency, having period 27 /p, dominates over the higher harmonics. Periodic solution and
first derivative of the equation (5) can be approximately represented as,

x = asinpt + bcospt, & = apcos pt — bpsin pt, (6)

Let us suppose that the amplitudes a and b are functions of time and slowly vary depending
on t.
For the nonlinear term of the equation (2), Fourier series expansion looks as:

1 1

O(z—x0) = N,C1 = Lsin® = L(pt+y) =Y By sin(2k— 1)pt+ Day_y cos(2k—1)pt, (7)
k=1
where
n—2
b (a—Q) 2(n—-1)
C=v@—QP2 18 tgy=—"\ By =N,Konp ,
(a—Q) g7 a_Q w1 110 O 4 1)
, ®)
D1 = Ny Kop—q R Ko = \/Lgk,l + M3,

(= @)+ 12200 = 1)

2 1 2 1

1 1
Loj_1= - /sinn — Lopsin(2k—1)ydyp, Moy = - /sinn — 1oy cos(2k—1)vdy, ¢ = ptty.
0 0

Substituting (6), (7) to (2) and equating to zero the individual coefficients of the terms,
containing sin pt and cos pt, we have

do 1
dt  p

(p* +1) — N, K,

(a= Q)2+ 0220 — 1)
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(a=Q)+p°Q p =Y(a,b). (9)

n—2
(o= Q)22 = 1)
Let us consider the steady state, when amplitudes a(t) and b(¢) in (6) are constant, i.e.

da _ db
In light of these conditions, from equations (9) we can get that the set amplitude ag = A,

bo = 0 of the periodic solution z(t) is determined by the formula

&= (p* 4+ 1) — N, K,

1
N, K (A-Q)n—140Q]. (11)

1
= T

Let us derive the conditions for the stability of periodic solutions. We will consider small
deviations ¢ and 7 from the amplitudes ag and by and will find out, when these deviations
(with increasing time) are close to zero.

From equation (9) we get

% - 0415"‘0427]7
(12)
dn
- B1€ + Ban,
Where
B (TL — 2) 1 Wo
a1 = (n— 1)50—3(610 — Q)bo,
v )
(13)
= -H%—Wji%%%—@ﬁ,
0
N 1 n—2 W()
52——5{(?1_1)02( Q)bo}>
where
Wo= ey —a-q,
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The characteristic equation of the system has the form:

A — (a1 + Bo) A + 1By — zfhy = 0. (14)
The stability condition is given by Routh-Hurwitz criteria, i.e.
a1+ =0, (p=0,5=0).

a1y — ey >0
to

[@?+U—Mﬂ{@?+n—nwi > 0. (15)

The singular point, i.e. steady system state, is a center.
The boundary of unstable periodic solutions of equations (9) is determined by the curves.

Wo

pPP=Wy—1, p*=
n—1

—1 (16)

and stability areas are determined by the following inequalities [19]

W
P (Wo=1)> 0" = (5 = 1) >0,
n —
(17)
W,
PP —(Wy—1)<0, p*—(—=—1)<0.
n—1
4 Simulation Results:Geometric analysis of the integral curves
From equation (9), we have
Y (a,b)da — X (a,b)db = 0. (18)

oxX _ ov
Oa 0b

complete integral has the form

As due to equations (9) = 0, the equation (9) becomes integrable, and its

n
N, K:Cn—1 — p?’Qa = F, (19)

C* 2(n-1)
2
- +1l)—=+—=
(" + 1) -
where F — constant of integration. In order to examine the integral curves in the neighborhood
of a singular point, we move the origin of coordinates to this particular point ag, by introducing
new variables ¢ and 7, namely:

a:ao—i—g, b:bo+77
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Then the basic system of equations (9) takes the form,

de —2. 11, , 30, 1, 1.W
— b _ p ht 3 20
= a1£+azn+( l)p {2 0&” + (a0 — Q)&n + Sbon” + € + 5 o
(20)
n—2.17[3 1 W,
- —ﬁ1£+ﬁzn+( —); {Q(QO_Q)£2+bO£W+§(a0_Q)W + 577 + 5] 2
where the following relations are used
- n—2 W() 1 2 1 2 - NnKl B NnKl
W—Wo—(m)o—g [(GO—Q)§+§§ +bo77+§7]}7 W=——, Wo=——"3
cn—1 Con—l
Taking into account that by = Odue to the equation (9), we get
¢ n-21  NK 1, 1.,
g et 7)) e— _(ao Q)&n + 5E0 + 507
(ap—Q)n—1
(21)
dn n—21 N, K; 3 , 1 s 1 5 14
=0+ (=) e— _2(ao Q)E + 5 (a0 — Q)" + &7 + 5€7]
(ap—Q)yn—1
where
_ 1 N, K; - 1 N, K,
062:]; (P> +1)— n—9 | 6121—9 —(p*+1) - n—9
(ao—Q)n—1 (n—1)(ao—Q)n—1
Equations (21) are integrated. As a result of integration we obtain
=9 _ o m—21 N, Ky R N
Big? = aw? + () g (@0 = QI+ (€~ )| = ) (22)

(ao—Q)n_l

where F' — constant of integration.
In order to classify the type of singular points, we calculate the roots of the characteristic
equation (14):

a1 + Bo £ /(a1 — B2)? + 4By

A = 5

where from
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AL, A2 =tV b, ar+ B =0.

The dependence curve between (Q and A is presented on Fig. 2. Let us divide the curve
into three parts 1, 2, 3 (as shown in Fig. 2): the boundaries of each part are determined by

the points D and B, for which,
A _ NnKl n—29 NnKl
p2 +1 p2 + 1’

g =D+ -1 -, N, K
(n—1)(p*+1)p? (n—1)(p*+1)

These areas correspond to the following special terms:

1. Center (apf; < 0)

2. Saddle (s > 0)

3. Center (azf; < 0)

We shall consider the case when (Q = 0.014081. Here there are three possible states of
equilibrium (Fig. 2); data for the respective singular points are shownin Table 1.

Table_1. — Singular points (Fig. 3)

Singular | Ag A1, Ao 1, o Classification
point

1 -0.055919 +1.209¢ Center

2 0.045107 1.552 F1.139 Saddle

3 0.015344 +18.965¢ Center

Directions of the integral curves at the singular points (node and saddle) can be found
by the following expression

—(o1 = B2) £ /(o1 — $2)? + 4
Hi12 = .
2062
Integral curves of equation (9) can be easily obtained by using equation (19) for different
values of E. The results are shown in Fig. 3. We see that in a conservative system, each
integral curve forms a closed trajectory, which does not tend to a stable singular point.
This means that the amplitude and phase fluctuations angle in a steady state do not
remain constant, but vary periodically. Thus the phase fluctuations can outperform an ex-
ternal force and be behind it. If a closed trajectory does not cover the origin of coordinates,
so the angle of advance and the angle of retard are mutually compensated after passing the
representation point over a closed trajectory, and an oscillation will be synchronized with
an external force. On the other hand, if the origin of coordinates is located inside a closed
trajectory, so as a result of each cycle, there will be a phase difference of 27 radian, and
oscillation will not be synchronized with the external force.
a. The integral curves of the system, corresponding to the point D (Fig. 2).
Assuming that ) = 0 in equations (9), we have

db
da

a
b
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1 1 1

1] nt 1] |:£|
Kinematic perturbaybions

Figure 2: Amplitude response curve for harmonic vibration

or after integration
a® + b* = const.

Consequently, the integral curves form a family of concentric circles with a center at the
coordinate origin, so that the singular point (in this case - the origin of coordinates) is a
center.

Figure 3: Cumulative curves for harmonic vibration

Period T, necessary in order to the representation points a(t) and b(t) make one revolution
along a closed trajectory, is defined by the expression.

B ds B pds B 2mp
T_% VX2(a,b) + Y2(a,b) f p? = (W 1A pP?—(W-1)
(23)
ds = /{daP T (@02, W = —BL
An—1

Now let us suppose, that the initial condition is given by the point a(0), b(0) located on a
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n—1

NnKl
p*+1
seen from the equations (9), the representation point a(t), b(t) in this case remains in its
initial position. This means that the oscillation frequency coincides with the frequency of the
external forces. Then from equations (9) we can see that the representation point a(t), b(t)

circle of radius A = ( )7 — 2; then the period T" will be equal to infinity. As can be

n p—
N, K
is moving circumferentially in the counterclockwise direction when A > (ﬁ)n —2 and
p
N K n—1
in the clockwise direction — when A < (=~ yn—2,
p°+1

In the first case, the oscillation frequency is higher than the external force; in the second
case, the pattern will be reversed. So we can conclude, that the oscillation frequency varies
depending on A and coincides with the frequency of an external force only in the case where

n—1
)n—2'

N, K
A= (5=

p*+1
b. The integral curves of the system, corresponding to the point B (Fig. 2)
In this case, from equations (11), we obtain

n—1
n—1)p?+1 N, K _
Q:( )(219 )[ ! ]n 2 g0,
p (n—1)E*+1)
(24)
n—1
n(p?+1)—1 { Ny Ky ]n—?
ag = A= .
p? (n—=1)@*+1)
Let us investigate nature of the singular point B. From (21) we have
_ +1
a2:_(n_2)pp ) 61207
Where from A; = Ay = 0. Then equation (21) takes the form
s _ 1, 1.,
o = v+ CuColn + S+ o),
(25)
dnp 1 2 2 2 3
a 501(3005 + Con” +&n° +£7),
Where
3n —4
2 2 _
p?+1 1 n—2[n—1p*+1)]n—2
S PR Ak A i ) L
p pn—1 (NnKY) (26)
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Substituting dz = —~dt, we get

d§ Ch 1
o = 7(00577+ §n+277)

(27)
dT] Cl

L = 3
£ = g B+ Cur’ + 6+ €0)

Integral curves in the plane £, n approach to the origin of coordinates, touching the straight
line n = 0. Applying the substitution n = z1£, we have

d C,C C
d—glef— 10152——153 1353
z Y
(28)
%__3010()&._ 2 —f +010() 2§+Ol 4.2
z 2 2y 2y

Now the integral curves in the plane &z approach to the origin of coordinates, touching
the straight line £ = 0. Next, using the substitution £ = x1y;, equation (28) is reduced to the
form:

dy1 301 C() Cl 301 C() Ol Cl
== 2 Ui+ 2011 + 27131@/:{’ 2 — 1YL — > G > 71y
(29)
dl‘l 30100 Cl
e == 2y 1Y — CU% + % {—37%3/% + Cox?yl + 75??/%}

Tangents to the integral curves at the coordinate origin on the plane x1, y; are determined
by the Theorem of Bendixson [4]

C1Cy

wiyi (e + ———y) =0 (30)

However, in the equation tangents x; = 0, y; = 0 degenerate at the coordinate origin of
the plane &, 7, therefore, we consider only the integral curves, having at the coordinate origin

0y1 = 0. For this purpose, we apply the transformation

C1Cy

a tangent z; +

X1 = (CUQ - )y1

Then equation (29) takes the form

301G

ot 35 + Y1 (2, y2)
0 90y + Y2 (0, 1)
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where ¢(x9,y1) and 1(z2,y1) are polynomials relatively x5 and y;. Equation (31) can be
presented as:

y1—— = —6x9 + B(z2,v1) (32)

where B(xs, 1) consists of the terms of higher degree relatively xs and y;. Bendixson inves-
tigated the differential equation of the form

" @

I :ay+bx+B(:c,y) (33)

x
and determined, that if a < 0, m — an odd number, then the origin of coordinates is a saddle
point.

For equation (32) we have m = 1 (odd number) and a = —b < 0 so, the singular point
(x2 = 0,y; = 0) is a saddle; and the integral curves tend to it, having tangents z5 = 0,3; = 0.
Thus, as a result of all the transformations we have

Cl CO 2

i, 0 =& =iy = (

0100)2 3

§=my = (72 — 41
As it was mentioned previously, tangent y; = 0 in the plane &, reduces to the origin of
coordinates; tangent x5 = 0 enters the curve

_0100 2

C,C
§: Y1, 77:(10
Y

)i (34)

and we can assume, that it represents the integral curves in the neighborhood of the origin
of the plane &, 7.

Fig. 4 (in the corresponding coordinates) represents the tangent xo = 0.

In conclusion we shall note, that this singular point is a saddle-node: as it can be seen
from the equations (25), the representation point £(¢),7n(t) with increasing time is moving
along the integral curve along the direction, indicated by arrows.

5 Conclusions

Peculiarities of integral curves of vibro-protective systems on rolling bearings in absence of
rolling friction are investigated. Special points of integral curves ar defined and it is ascer-
tained that special points are centre, saddle and centre. The special point D (in this case the

point of reference) is centre. Oscillation frequency (fig.8) changes depending on A and coin-
n—1

cides with frequency of external force frequency only in case, when A = (N, K, /p*+1)n — 2.
The special point B is regarded as sadle-knot.
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Figure 4: Integral curves in respective coordinates: a special point suits the point B in Fig. 2
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KINEMATIC ANALYSIS AND SYNTHESIS OF THE LEVER MECHANISM
OF CRANK PRESS STAMPING

Expanding technical and technological capabilities of forging and stamping machines and equip-
ment can be carried out by introducing new designs of actuators with wide functionality. These
features are provided by the crank lever mechanisms of the press. This article presents a kinematic
analysis and synthesis of a six-lever mechanism for stamping a crank press with a forging feed
mechanism. We propose an analytical method for kinematic analysis of the mechanism, which
allowed us to implement a numerical calculation program in the integrated Maple environment.
Methods of kinematic synthesis of the six-lever crank press mechanism based on the standard-
square approximation, as well as the synthesis of the four-lever crank-slide forging feed mechanism
have been developed. All the required constant geometric parameters of the stamping mechanism
are determined; as a result, the mechanism implements the specified law of motion of the working
slider with high accuracy. The comparative analysis was carried out in the ASIAN-2014 environ-
ment.

Key words: crank, press, linkage, the slider, the treatment of materials by pressure.

A K. Tynemos, 2B.M. Mepku6aesa, >°B.A. Axmerosa
T.F. 1., pod., O.A. J:Kon1acOeKOB aThIHIAFBl MEXaHUKA JKOHE MAITUHATAHY WHCTUTYTHI, AJIMATHI K.,
Kazakcran, E-mail: aman_58@mail.ru
2PhD nokropant, E-mail: bakhyta23@mail.ru
3PhD nokropant, E-mail: balzhanibragimovna@mail.ru
2:391-Papabu areiEgarsl Kasax yaTTeIK yEEBepcuTeTi, AmMaTs! K., KazakcTam
Kocinai mpeccrin ninTipeKTi mitamMbLiay MeXaHn3MiH KMHEMATUKAJIBIK, TAJIAAy >K9HEe
CUHTE3/IeY

1

Y cranbIK-IITaMIblIay MAITAHAJIAPBI MEH KaOIbIKTAPBIHBIH TEXHUKAJIBIK, KOHE TEXHOJIOTHUSIIBIK,
MYMKIHJIIKTEPiH KeHeHTy/ i KeH (QyHKIIMOHAIB MYMKIHIIKTEpl 0ap aTKapyIIbl MEXaHU3MIEPIiH,
JKaHa KYpPBLIBIMIAPBIH €HTi3y ecebinen »Kyprizyre OGomampl. Mymmail MyMKiHIIKTEpre IpecTiH
KOcHiHIi WiHTIipeKTI MexaHm3miepi me. Bysn mMakamama corymabl Oepy MexaHm3mi Oap KOCHiHIL
IIPECTi IMITaMIBLIAYIBIH AJTBIOYBIH/IBI MIHTIPEKTI MEXaHU3MIHIH KMHEMATUKAJIBIK, TAJJIAYbl XKOHE
cunTe3l Gepliren. MexaHu3MI KUHEMATUKAJIBIK, TAJJIAy YIIH AHAJUTAKAJBIK OJiC YCHIHBLIFAH,
Oy wmHTerpasinblk Maple opTachiHIAa CaHIBIK, ecemnTey OargapiaMachlH Ky3ere achIpyra
MYMKIHK Gepai. Opraima KBaJpaTThIK KYBIKTAay, COHJAM-akK COFyJIbl OGepy/iH, TepT OybIHIIbI
KOCHUIH/TI->KYTipTKI MEXaHU3MIHIH CHHTE31 Heri3inje KOCUiH/Ii MPECTiH aJThIOYBIH/ I MEXaHU3MIHIH
KUHEMATUKAJIBIK, CHHTe31 oicTepi o3ipsensai. Illtamnbuiay mMexanusMiniy, 6apsblk i3mectipimeria
TYPAKThl T€OMETPUSJIBIK TTapaMeTpJIepi aHbIKTAJIbI, HOTUKECIHIE MEXaHU3M YKYMBIC YKYTipTKici
KO3FaJIbICHIHBIH, O€piJireH 3aHbIH KOFApbl JRJIIKIEH icKe achipaibl. CasbICTBIPMAJIBL TAJIAY
ASIAN-2014 aitmarbiaa *Kyprisia.

Tyitin ce3mep: KocuiH, mpecc, WIHTIPEKTI MEXaHW3M, KYTIpTKi, MaTepHAIIAPAbl KbICHIMMEH
OHJIEY.
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Kunemaruyeckuii aHaIN3 M CUHTE3 PHIUYA>KHOITO0 MEXaHU3Ma HITAMIOBKU
KPUBOIINIIHOTO Ipecca

Pacmmpenne TeXHUYECKUX M TEXHOJOTHIECKUX BO3MOYKHOCTEH Ky3HETHO-IITAMIOBOYHBIX MAIITITH
u 060PYJIOBaHUsI MOXKHO IIPOBOJIUTH 33 CYET BHEJPEHUsS] HOBBIX KOHCTDPYKIIUN HCIOJHUTETHHBIX
MEXaHU3MOB C IIUPOKUME (DYHKIIUOHAJBHBIMA BO3MOYKHOCTSIMHA. TAKUMU BO3MOXKHOCTSIMU
o0JialaeT KPUBOIIHUIIHBIE PBIYAXKHBIE MEXAaHH3MbI IIpecca. B [MaHHOW CTaTbe MPEeICTABJICH
KAHEMATUYIECKAN aHajWM3 ¥ CUHTE3 IIECTU3BEHHOTO PBIYayKHOTO MEXaHW3Ma IIITAMIIOBKA
KPHUBOIIUIIHOTO [Ipecca € MEeXaHW3MOM IIOJadu TOKOBKHU. llpejiaraercss aHAIUTHIECKUI
MeTOJ KHHEMATUYIECKOI'O aHAJM3a MeXaHU3Ma, KOTOPBIA ITO3BOJIMJI Peajin30BaTh I[IPOrPaAMMY
YUCJIEHHOIO pacyera B MHTerpupoBaHHOU cpeie Maple. Pazpaboranbl MeTOIbl KMHEMATHIECKOTO
CUHTE3a IEeCTU3BEHHOTO MEXAHU3Ma KPHUBOIIUITHOTO IPECca HA OCHOBE CPETHEKBAIPATHICCKOrO
MpUOIMKEHNsI, TAKXKe CHHTE3a YETHIPEX3BEHHOI'O KPHUBOIMUIIHO-TIOI3YHHOTO MEXAaHU3Ma ITO/Iaqu
mokoBku. OmpesiesieHbl BCe HCKOMBIE IIOCTOSIHHBIE TE€OMETPHYECKHE IapaMeTphl MeXaHH3Ma
IITAMIIOBKH, B pe3yJibTaTe MEXaHW3M C BBICOKOW TOYHOCTBIO PEAJIM30BLIBAET 3aJaHHBIN 3aKOH
JBUKeHUs pabodero mossyHa. CpaBHUTEIbHBIN aHam3 nposeieH B cpege ASTAN-2014.

KitroueBbie cjioBa: KPUBOIIUII, MPECC, PHIYAXKHBIA MEXaHU3M, MMOJI3YH, 00pabOTKAa MaTEepPUAJIOB
JaBJICHUEM.

1 Introduction

To increase the competitiveness of forging and stamping equipment, it is necessary to increase
its operational characteristics (accuracy, durability, efficiency, high manufacturability) while
reducing overall development and production costs [1, 2]. This encourages the transition to
modern design methods based on mathematical modeling of ongoing processes throughout
the technological cycle and rational use of modern CAD tools. Expanding the technical and
technological capabilities of forging machines and equipment can be carried out by introducing
new designs of actuators with wide functionality. These features are provided by the crank
lever mechanisms of the press. The development begins with solving the problems of kinematic
synthesis and analysis of mechanisms.

2 Literature review

The development of new machine mechanism designs, including crank presses [1], begins
with solving problems of analysis and synthesis based on mathematical modeling. When
implementing the technological process in crank presses, it is necessary to provide a specified
cyclogram of the movement of the working slider: fast ascent, dwell, slow descent. Research on
crank presses considers two ways to achieve this goal, the first is to synthesize a mechanism
with a single degree of freedom [2, 3, 4, 5], where these properties are embedded in the
properties of the kinematic chain, the second is the solution of this problem due to the
additional freedom of the kinematic chain, which are called the hybrid press system [6].

M. Erkan Kyutyuk’s work [6] provides a review of the scientific literature on the analysis
and synthesis of hybrid mechanisms of crank presses. In this paper, we consider a seven-way
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lever mechanism with two degrees of freedom (2 DOF), in which one degree operates on the
basis of a DC power motor (for the implementation of the main technological process), the
second — on the basis of a servomotor to provide a cyclogram of the technological process.

In many other studies, hybrid press systems are based on five-link and seven-link mech-
anisms with two degrees of freedom. The first study of this kind was performed by Dulger
(originally Tokuz) and Jones in a hybrid configuration [7, &, 9]. The constant-speed engine
and servomotor were combined by a differential transmission, which further drives the crank
mechanism |7].

Yuan and others explored the two combined machines having seven links, two DOF linkage
[10]. Ouyang et al. proposed a five-link lever mechanism consisting of a five bar linkage, an
AC CV motor and a frequency controller, an AC brushless servo motor and a servo amplifier
with a gear transmission, a shift encoder, a flywheel and a belt [11]. Zhang proposed a hybrid
five bar mechanism [12].

Connor et al. have presented a study on the synthesis of hybrid five bar path generating
mechanisms using genetic algorithms [13]. Dulger et al. have presented a study on modeling
and kinematic analysis of a hybrid actuator; a seven link mechanism with an adjustable
crank [14]. Yu has offered a study with HM system using five bar mechanism [15]. Li and
Zhang have applied a seven bar linkage configuration with kinematics analysis and optimum
design of hybrid system [16]. Li and Tso have presented a seven bar mechanism [17]. Tso and
Li have later used a seven bar mechanism to investigate the stamping capacity and energy
distribution between the servomotor and the flywheel with different motion inputs [18]. Tso
has again used a seven bar mechanism. A control system with iterative learning control and
feedback control techniques was developed [19].

In all these mechanisms, the issue of providing the necessary cyclogram for moving the
working slider is solved by controlling two or more engines and, accordingly, the problems of
dynamic synthesis of drive control functions are solved.

The implementation of a technological cyclogram using a mechanism with a single degree
of freedom requires a significant complication of the structure of the lever kinematic chain,
the so-called Assur groups [20, 21]. In the works by A. Tuleshov [2, 3, 1, 5] a kinematic chain
(structural group) of the fourth class is used for the synthesis of the crank press mechanism.

In [3], a vector method for kinematic analysis of crank two-rod presses has been developed
on the basis of four-link groups [2]. As a follow-up to these studies, a vector model of the
time diagram of the automaton was developed |[2|, which allows solving various dynamic
problems by changing the parameters of the time cyclogram of its mechanisms, including the
analysis of the mechanism using the Matlab / Simulink platforms [5]; based on this, it was
possible to expand the motion scenarios for the slider with servo inputs. In [4], the authors
used simulations to compare a conventional press with a power transmission using a crank
mechanism and a press with an FEM yoke mechanism (Chval and Cechura 2014) [22].

3 Material and methods

3.1 Structural analysis

Figure 1 shows a kinematic diagram of the stamping mechanism under consideration with a
feed-and-removal mechanism of the processed material. The structural formula of the mech-
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anism has the form [20].

Figure 1: Kinematic schemes of the stamping mechanism

I(1) = IV(2,3,4,5) = 11(6,7) = 11(8,9).

A special feature of the mechanism is that the modified contour BB'C” (' is a parallelo-
gram and the ABB’ triangle is equilateral. This imposes certain conditions on the movement
of individual joints: joint 2 makes a forward movement on the plane and joints 3 and 4 occupy
the same angular positions.

The following symbols for the coordinates and dimensions of joints were introduced: r
— length of crank 1; a — height of ABB’ triangle; | — length of parallel connecting rods
BC = B'C'; ¢ — angular coordinate of crank 1; ¢ — angular coordinate of two connecting
rods 3 and 4; S — linear coordinate of slide 5; e — eccentricity of slide 5, i.e. the deviation of
the trajectory of the center of gravity of the slider from Oy axis; b — distance between ball
joint C' and the center of the slide 5 along Ox axis; [; ; — the length of the leash triangular
joints, where ¢ = 4.7 takes the number value of the joint j = 1,2 — number of sides on a ¢
triangle; [; — the length of the i-joint; ¢; — angular coordinate of the i-joint; Sy — movement
of slide 9 parallel to the axis Osx.

3.2 Kinematic analysis

The kinematics equations of the Stephenson mechanism I(1) = IV(2,3,4,5) in the crank
press structure have the form [2]

rcosp +lcosy =e
{ (1)

rsinp —a+Ilsiny = -9



Kinematic analysis and synthesis of the lever mechanism ... 149

Solutions of equations (1) with respect to S = S(¢), 1 = () are obtained explicitly

S=a—rsinp £ /12— (e—rcosp)?

1 2
1 = £ arccos |:7(€ — 1 Cos (p)} 2)
The signs 4 correspond to different assemblies of the mechanism.
The first and second derivative (analogs of speed and acceleration) are written as

S = —rcosp —lcostp -/
e T ®)
Y siny = —?smgo

_ T (4)

" sin) + cosp - P = —7 o8y

Solutions of equations (3) and (4) with respect to the first and second derivative are
written as

{S” =rsing + [siny - " — [ cosp - "

= D) ) 20, £, R k=1,2.3,...

1 T _
w(%) sin(v)’
2° Té,((p) — S/ = —Trcosy — - T&(s@) COSQp,
1
3° T(p)=v" = —— ” [%cosgo— (Ty,)%costp|, singp #0, ¥ #£0, km, k=1,2.3,...
Sin
12 TUp)=8"=rsing+1- (T;)2sin¢) 1. T@ZCOSW

(5)

In real crank presses, the eccentricity e = 0, the above formulas are slightly simplified
and the algorithm for kinematic analysis of the mechanism is recorded

. S=a—rsinp+/I>—1r2cos?y
1) = & arccos [% coS 90}

( 2 3

S'=—rcosp+ e 4

90 24/1?2 —r2 cos? ¢

7 sin

Y =F (6)

2 —1r2cos?p

\
;

cos r?sin? ¢ cos ¢
12 — 12 cos2 ) 2([2 — 12 cos? @)3/2

S”:rsingoj:r2< —
3 2 2
cos r? sin? ¢ cos @

"_ 4 _
4 ' ( 2 —r2cos?g  2(12 —r?cos? p)3/?
\

Next, we make the kinematics equations for the following mechanism structures 17(6,7) =
I1(8,9). To do this, write down the coordinates of the joints B’ and C” :

g =rcosp+b, yp =rsing—a, ro=e+b yo =S. (7)
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Let us write the equations of the geometric connection of a B’DC” triangle:
(zp —xp)* + (yp —yn)* = iy,

(xp —xcr)? + (yp — yeor)* = Ui,
The solution of this system of equations with respect to two unknowns xp and yp can be
represented as [1]

B++vB%2—- AC
(xp)ia2 = 2 . (yp)i2 =c(zp)i2+d, (8)

where A =1+ B=c(yp —d), C =1% + (yp — d)* — 12,

_QJC/—I’B/ d_lil—lZQ—O—xé,—xQB/—Fy%/—y%/

= , . Yo F Y 9)
Yo — Yp 2(ycr — yp)

Let us write similar geometric connection equations for the group I7(6,7)
(xp —2k)* + (yp — yx)* = &,

(2K = 20,)* + (yx — y0.)* = Iz,
The zo,, Yo, coordinates are calculated, then the solution of this system of equations
with respect to two unknowns xx and yx can be represented as

B+ VB2 —AC

()12 ) . (yr)i2 =c(xr)12 + 4, (10)

where A=1+¢* B=c(yp —d), C =23+ (yp —d)* — 3,

2 2 2 2 2 2
Lo, —ID d_lﬁ—l71+5’702_95D+3/02—3/D

, . Yo, F Y. (11)
Yo, — Yp 2(yo, — Yp) :

CcC =

Let us determine @7 angle of the angular position of joint 7 (O P) using the formula

—1 yK - yOQ ] (12>

w7 = 2w — By + tan
xK_xOQ

Now let us write the kinematics equations for the rocker-slider mechanism 7(7) = I1(8,9)
in the following form

TN = To, + l7cospr +lgcos s, Yn = Yo, + l7sin o7 + lg sin ps.
Given that we have the kinematics equation zny — xp, = So and yy — yo, = hg = const
Sg = l7cos 7 + lgcos g, l7sin g7 + lgsin pg = hy. (13)
Whence

-1 h9 - l7 sin 24

; +kr, k=0,1,2,3,..., Sy =l7cos 7+ lgcosys, (14)
7

g = £ sin
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3.3 Choosing the law of motion

It is required to carry out the synthesis of the crank press reproducing the specified law of
motion, Sy = Sy () on the site 0 < ¢ < 2.

Let us assume that it is necessary to implement an equidistant law of motion of the slider
to the crank press. Then the analog of the slider accelerations has the form |1, 21]

" _Joap at 0 <9 <0,50,,
Lsule) = { —ap at 0,5py < < @y, (15)
where ag = const is the amplitude of the acceleration analog.
Using the unit function, equation (15) has the form
Tgp () = ao — 2a06(¢ — 0,5, ), (16)

B 0 at o<y
where d(¢ — o) = { 1 at o> o

By double integrating 7¢,,(¢) function we get the position functions (18) and the analog
of the slider speed (17)

is the Dirac unit function.

Ton () = a0 — 2a0(p — 0,5¢,)d(¢ — 0,5¢,) + C, (17)
Sur = Tsu () = 0,5a00” — ao(p = 0,5¢,)3(¢ — 0,5¢,) + Cp + D, (18)
where C, D — are integration constants defined from initial conditions, if ¢ = g = 0,

Tsnr(po) =0, Ty (o) =0, then C' =0, D = 0.
From the boundary condition Tsp(¢0) = Tmax, we determine the amplitude of the accel-
eration analog

ag = 4T max /- (19)

3.4 Kinematic synthesis of the stamping mechanism

From the kinematic scheme of the six-lever crank press stamping mechanism, we have [7]

S(p) =Ts(p) =a—rsinp £ /12 — (e — rcos )2 (20)

The task of kinematic synthesis is to determine the constant parameters of the six-lever
mechanism a, [, r, , ¢ from the minimum functional conditions |

I5() = Sue)ll | = win (21)

The solution of the synthesis problem based on functional (21) has difficulties related to

the nonlinearity of functions (2) (or (20)) and (18). Therefore, we apply another method

related to the implicit representation of the kinematics equation of the mechanism and its
transformations. To do this, we exclude the angle i from equation (1), then we get

I?=a®> 4+ S* + e+ 1% —2aS — 2ar - sin o + 257 - sinp — 2re - cos (22)
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Replace in equation (22) S with S; + Sy and ¢ to ¢; + ¢o to account for the reference
point S; and ¢;, =1,2,.... N

P =a*+ (S;+ Sp)* + €* +r° — 2a(S; + So) — 2ar - sin(y; + o)+

+2(S; 4 So)r - sin(¢; + @o) — 2re - cos(w; + @o) (23)

We define the deviation function, which expresses the degree of proximity of the movement
of the working joint and reproduced by the mechanism (21), in the form

A=A, S;), i=1,2,...,N, (24)
where
Ai(pi, Si) = a® + (S; + So)? + € + 12 — 17 — 2a(S; + So) — 2ar - sin(p; + o)+
+2(S; + So)r - sin(p; + o) — 2re - cos(p; + o) (25)
After transformations of the last expression, we get, assuming Sy = 0
A; = Bofoi + Pufiu+ Pafai + Pafsi + Pafai + Ps fsi — Fi (26)
The following symbols are introduced here:
Joo =1, fu=0S5i fu=sing; f[fs=cose; fu=5i;
fri = Sising;;  fsi = Sicospi; Fy =57 (27)

Py=a*>+e2+1r>—1% P = —2a; P,=2re-singpy,— 2ra - cosyy;
P3; = —2re-cospy — 2ra -sinpy; Py =2r-cosypy; Ps=2r-singq; F; = SZ-2

Thus, the 5 required parameters of the lever mechanism of the crank press r, a,l, e, g are
determined using 6 parameters Py, ..., Ps. For the compatibility condition of the P, and P;

PPy Py Ps

P2:P5€+ 5 P3:—P4€+ 5 (28)
From here the value of the eccentricity can be found e
P, PP P, PP
-2 _ = 2
e P~ 3P or e P, + 2D, (29)
and the equation written down
Pi(P} + P2) = 2(P,Py + P3Ps) (30)

The rest of the required parameters can be found from the ratios (27)

1 1 P,
a=—3Pi r=c\[Pi+Ph tgpo =55 1= V@ +@ 42— Ry (31)
5

To determine Py, Py, Ps, Py, Ps, we apply the method of quadratic approximation [], which
consists in determining the minimum sum of square deviations for the positions of the mech-
anism N taking into account (26), i.e.

C=Al=0. (32)

min
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The necessary conditions for the minimum (32) can be obtained by differentiating C' by

— =2) A~ =0, j=0,....,5 (33)

. : . . ... 0A : .
Substitute in the equations (33) A; and its derivatives ——-, which are calculated according

op,
to (26). As a result we get a system of linear equations with respect to the desired parameters
P07P27P37P47P5

(P f3+ iy fuifoi + PeY foifoir + P3Y faifoi + Pods faifoi + Ps Y. fsifoi = Y Fifoi
PoY forfui+ LY [+ oY foifui+ B3y faifui+ Pud faifu+ Psy. fsifui= Fifu
BodY  forfoi + PLY° frifoi+ PodY foi> + Py faifoi + Puy faifoi + Ps Y foifoi = 3 Fifo
PoY > forfsi+ oY frifsi + P2 foifsi+ Pad f3i2 + Pud. fuifsi+ Ps Y fsifsi = 2 Fifa
PoY forfsi + Py frifai + P2 foifui+ PsY. faifui+ Poy f2+ Py fsifu = Fifu

L PoX- forfsi+ PrY frifsi + Pa X foifsi + Py Y faifsi + Pay faifsi + Ps Y foo = >0 Fifsi

(34)

The system (34) must meet the minimum condition (32). Let’s find from the first 5
equations of the system (34) coefficients P; (i=0,2,3,4,5) expressed in P

B:ci+dipla iZO,Q,...,5 (35)

Substitute (31) in the coupling equations (28) with (22), then we get one equation with
respect to Py

Pl[(C4 + d4P1)2 + (65 + d5P1)2] = 2[(62 + dgpl)(C4 —+ d4P1) + (Cg + d3P1)(C5 + d5P1)], (36)
which is converted to a third-degree equation

Plg(di —f- d%) —f- P12<204d4 + 265d5 — 2d2d4 — 2d3d5)+ 37
+P(c2 + 2 — 2cody — 2dycy — 2c3d5) = 2(cacq + c305) (37)

Solving this cubic equation, we find P;, and then using the formula (35) we find
Py, Py, Py, Py, Ps coefficients. Then, based on the formulas (27), the desired parameters of
r,a,l, e, oo mechanism that implements the law (2) or (20) are determined. Thus, the prob-
lem of synthesis of this crank press mechanism by the quadratic approximation method is
fundamentally solved.

3.5 Kinematic synthesis of the workpiece feed mechanism

The feed-and-remove mechanism works as follows (Figure 3): the slider 5 occupies three
positions sequentially: 1 — upper; 2 — middle; 3 — lower position, when the workpiece is
stamped, respectively, the slider 9 occupies three positions: 1 — right position where the
workpiece is siezed to the feed table; 2 — average position, feed the workpiece into the matrix
(table) and remove the finished stamping; 3 — left position, removal of the finished workpiece.
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Kinematic synthesis of the rocker-slider mechanism I(7) = I11(8,9) is performed using
three specified positions of the slider and rocker [24]. The method is described in an analytical
way.

S0, o, and yp, coordinates are known, the equation of the forward stroke of the slider
relative to Ozy system has the form y = —yo, — ho. On this line, Bi(x1,y1), Ba(x2,y2),
Bs(x3,ys) three slider positions are set, and y; = —yo, — hg, I = 1,2,3 are considered to be

set 90(1 23 — tan~! (M) that correspond to the three positions of the slider 5
TK =202/ (1,2,3)

(see Figure 3). The algorithm for the synthesis of the rocker-slider mechanism is as follows:

1. Calculate the distance between Os(z0,,Y0,) point and the corresponding B (z1,y1),
By(x9,12), Bs(zs,y3) points using the formulas

V(@ — 20, + (yr — yo,)? = li, i=1,2,3.

2. Calculate g0(721) — cp%) and go(%) — cp%) angle difference using the formula 90(71123) =
TK—TOy ) 193"

3. On a circle with a radius I based on the equation (x —20,)* + (Y — yo,)* = 13, find the
o))
coordinates Bj(zh, y4) : find dy = 215 sin “L—F7- then

) (1) ) (1)
T — Q7 + Ppy yé :y2+d251n7r Y71 T P71

2 ’ 2 ’

xh = x9 — dy oS

4. On a circle with a radius I3 based on the equation (x — z0,)* + (y — yo,)? = I3, find the
oD _ )
coordinates Bj(z%, y4) : find ds = 2l3sin 821 then

G (1) 3 (1)
T — Q7 + Ppy yé :y3+dgsin7r Y71 T P71

2 ’ 2 ’

ry = x3 — d3 o8

5. Let us write equations of lines that pass through points B;(z1,y;) and Bj(xb, yz) and
yz Y1

Bl (x4, yh) and B(xh, y4) y = kox+qo and y = k3x+ g3, respectively, where ky = rri—

xT

@2 = Y1 — kowy and k3 = xg— /27 Q2 = Y1 — k3.

6. Let us create equations of perpendicular lines to lines that pass through points By (x1, y1)
and Bj(xh,yh), as well as Bj(xh, yh) and Bj(xh, v4)
From the beginning we find the coordinates of Cy, C3 points in the middle of the
segments (Bi(r1,y1), By, 95)) and (By(wh.p). By(ahh)) = ey = 5™, ye, =

yh+y1 xy+ay Yoty
2

, and then the equations x¢, = =52, yo, = 52, of perpendicular lines have the

form

Yy = _éx + 44 and Yy = _k_lsl‘ + qs, Where g4 = ?/Cz + émea gs = ?/03 + émC;{'
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7. Next, we solve the equations of two lines y = —éa: +q4 and y = —k%)x + g5, relative to
P(zp,yp) center coordinate:
koks 1
T = — s = ——2X _|_ ,
P ko — ks (5 —q1), yp s P T (5

8. As a result, we find the length of the rocker l; and the connecting rod ly using the
formulas

lr =V (xp —20,)2 + (Yp — ¥0,)%  lo =/ (xp —x5,)2 + (yp — yn,)%

also the constant length of the base joint 7

lkr = \/(ﬂfp —2r)?+ (yp — yr)2.
3.6 Results and discussions

In order to solve the problem of analysis and synthesis of the six-lever mechanism (Figure
1), a program was developed in the integrated Maple environment.

To assess the quality of the sintered crank press stamping mechanism, the following criteria
are used Ky, Ko

K =Ty + & T, K= (T'T" )max + &/(T'T" ) minl- (38)

It is known [1] that geometric characteristics significantly affect the dynamics of mech-
anisms. Therefore, the criteria (38) can be used as preliminary dynamic criteria [!], which
are used to compare different laws of motion, as well as to synthesize new laws that have
optimal properties in a certain sense. This problem is relevant when studying the dynamics
of the crank press and its further automation. Criterion (38) allows monitoring the pulsation
of inertial loads on the slider and flywheel, from the external load on the workpiece side in
the crank press [0].

Example. Consider an example of the synthesis of the Stephenson lever mechanism of
a crank press. Initial data for synthesis: law of motion of slider 5: S = S(y), (see Figure 2)
on the section of the crank rotation angle 0 < ¢ < 2. Slider stroke Sp.c = 120mm. The
angular velocity of the crank is constant w = ¢ = 10 rad/s.

oL 30 60 90 120 150 180 210 240 270 300 330 360

—

— ) " [} w [} W § g
40 o Nl IR SR S B G
L

[mm]

T

-120 e S -
() [deg]

Figure 2: The law of motion of the slider of a six-lever mechanism

Note that since the slider moves in the opposite direction of the axis Oy, the axis Ox is
directed to the right, then as a result of modeling the graphs relative to the specified graph
in Figure 2 will be shifted to the left by —m /2.
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As a result of synthesis based on the above method in the Maple integrated environment,
the following parameters of the Stephenson mechanism are obtained:

r =60 mm, | =160 mm, a =41,85 mm, b=43 mm, e =0, vy = —7/2.

According to the algorithms for the synthesis of the rocker-slider mechanism described in
this paper, the mechanism with the following data is synthesized: lg = 134.5mm, [; = 86 mm.
Other geometric parameters of the stamping mechanism are summarized in Table 1.

B'D C'D le l71 = | KR hg TO, YO,
O K
163 mm 36 mm 134.5 mm 103.5 mm 176.6 mm 56.5 mm 136,5 mm -207.2 mm

The kinematic analysis of the mechanism in the ASTAN-2014 environment is carried out
[25]. Figure 3 shows a kinematic diagram of the Stephenson synth mechanism with an analysis
of the trajectory of the characteristic hinges.

_z
\

Figure 3: Kinematic analysis of the stamping mechanism

Figures 4, 5, 6 show graphs of movement, speed, and acceleration of work joints: of
the slider 5 and slider 9. Analysis of slider 5 movement graph (Figure 4,a) shows that the
mechanism implements the specified law of movement of the working body (Figure 2). Slider
5 takes the upper position at ¢ = 7/2, the lower position at ¢ = 37/2. The forward and
reverse moves of the slider occur at ¢ € (7—;, 37“) and ¢ € (377’, %) In the working lower
position, slider 5 makes a uniform movement in the gp € (246°,282°) interval.

The amplitude of the slider speed change at ¢?) = 186° and ¥ = 339° remains the
same (Figure 5, a). The amplitude of the change in the slider acceleratmn at ¢\ = 87° and
@) = 264° is 1.5 (Figure 6, a). At the interval ¢ € (53°,124°), the acceleratlon of slider 5 is
close to constant and the speed is linear.

Slider 9 makes a uniform movement in the interval ¢ € (66°, 180°). Acceleration is close
to zero, speed is constant. The amplitude of forward slider movement is greater than the
reverse by 4.7 times; speed — 2 times, acceleration —1.5 times (Figures 4,b, 5,b, 6,b). There

are no abrupt changes in kinematic parameters that cause shock loads.
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Figure 4: Analysis of the provisions of the stamping mechanism
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Figure 5: Analysis of the stamping mechanism speeds
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Figure 6: Analysis of the stamping mechanism acceleration

4 Conclusions

A method for kinematic synthesis of link mechanisms based on the mean-square minimiza-
tion of the objective function has been developed, and a method for deriving this objective
function is proposed taking into account the structural (constructive) features of the mech-
anism. Based on this method and the synthesis method for the three given positions of the
slider and rocker of the four-link crank-slide mechanism, algorithms were constructed and
Stephenson’s stamping mechanism is synthesized with additional workpiece feeding mecha-
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nism. Numerical modeling programs based on the Maple environment were developed, and
verification calculations were performed to analyze the position, velocities, and accelerations
in the ASTAN-2014 environment.
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OBb ABTOKOJIEBAHUAX B BEPTUKAJIbBHBIX POTOPHBIX
CUCTEMAX, YCTAHOBJIEHHBIX HA VIIPYI'IX OIIOPAX

B nmanHOll paboTe WUCCIIEYIOTCSI TPUYUHBI BO3SHUKHOBEHHS CAMOBO30YKIAIONIUXCS KOJIeOaHUA
(aBrokosiebanmii) W WX JaJbHelllllee IIOBeJeHME, TaK KaK JIAHHble KOJIEOAHUS SIBJISIOTCS
OCHOBHOI TNPUYMHON HEYCTOWYMBOCTH BEPTUKAJBHBIX POTOPHBIX CHCTEM, YCTAHOBJIEHHBIX
Ha MOJIMUIHUKAX CKOJIbXKeHUs. [IpUamHOil BOZHUKHOBEHHS CAMOBO30YKIAIONIUXCS KOJEOAHMH
CITy>KaT THJIPOINHAMUIECKIE CUJIbI, BOSHUKAIOIIHE 38 CIET CMA30THOTO CJIOST MEKTY TOIITUITHIKOM
u ero mumnoM. Ha ocHOBe KJIaCCHYeCKIX METOJIOB TEOPUH KOJIeOaHMiT 1 THIOTE3bI 30MMepdEhIa O
CMAa309YHOM CJIOE B TIOJIIITUITHUKAX CKOJIBYKEHUs OBLIIN TI0JIYY€HbI HeJIMHEHHbIE Y PABHEHUS JIBUKEHUST
BEPTUKAJBHON POTOpHOIT cucteMbl. llosydennbie HesmHeliHble MuddepeHnnaIbHbe YPABHEHUS
IBUYKEHUS POTOPa U OIOP TOYHOIO PeIleHns He nMeioT. lcciaenoBanme mpoBOAUTCH YUCTEHHBIMUI
MeTojiaMu. [1oJIydeHbl 3aBUCHMOCTH AMILIATY/ L, POTOPa U OMOP OT BSI3KOCTU MAacCJia B MOJIIIUITHAKE,
OT BEJIMYUHBI 3a30pa, OT MACChl OIOP, OT YKECTKOCTH U OT KO3(DPUIHMEHTOB JAeMI(pUPOBAHUS.
PesynbraThl ucciieioBanus JJaHHONW pabOTHI IO3BOJISIIOT C JOCTATOYHONW TOYHOCTBIO OIPEIe/IuTh
U TPOTHO3MPOBATH BCE HEOOXOJIMMBIE XAaPaKTEPUCTUKM pabodero mporecca JTaHHONW CHCTEMBI.
PesynbraTsr paboThl TOATBEPKIAIOT (DUBNIECKUIT CMBICJ IIPOIIECCA, PACCMATPUBAEMOrO B 3ajade,
9TO MOYXKET CJIy’KUT OOOCHOBAHMEM WCIIOJIB30BAHUS JTAHHOW MATEMATHYIECKON MONEJN IIPHU
[IPOEKTUPOBAHUY BEPTUKAJIBHBIX POTOPHBIX CUCTEM HA HOIIMUITHUKAX CKOJIbXKEHIS.

KuaroueBble cjioBa: camMoBO30yKaaronuecss  KojgebaHusi, aBTOKOJIEOAHUSI,  IOJITUITHUK
CKOJIbXKEHUsI, TuroTe3a 3oMMepdesibia, POTOPHAS CUCTEMA, HEJIUHETHbIe YDABHEHMUSI.
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Ou-Qapabu areiagarsl Kaszak yiaTTeik yHEBepcuTeTi, Ajmarsl K., Kazakcran
Ceprimai TipekTepai opHajlacKaH BEPTUKAJ POTOPJIBIK, »Kyiiesiepiid, aBrorepbesicrepi

Bepinren xyMmbicTa CBIDFY MOWBIHTIDEKTEPiHIE OPHAJIACKAH BEPTUKAJIIBI POTOPJIBIK *KYHeIepiH
OPHBIKCBI3IBIFBIHBIH, 0acThl ce6ebi OOMBIT  TAOBIIATHIH O3iriHeH KO3aThiH TepbesricTepain
(aBrorepbesnicrep/in) maiima 6oy cebenrepi KoHe OJapABIH KeiiHri Typ esrepici seprresei.
©3JliriHeH KO03aTblH Teplesicrep/iH cebebi  periHjge ChIPpFY MONBIHTIpEriHiH —e3eri MeH
MOUBIHTIpEri apacblHIarbl Mail KaOaTbIHBIH, Oap O0JyblHa OailIaHBICTHI TMaiifa OOJIATHIH
TUIPOIMHAMUKAJIBIK, KYIITep OO0Jbil TadbLIaabl. TepbesicTep TEOPHUSICHIHBIH —KJIACCHKAJIBIK,
ojticrepi MeH 3oMMepdesbITIH CHIPFY MONBIHTIpeKTepiHjeri Mail KabaThl TypaJjbl THIIOTE3aChl
HETi3iH/e BEpPTUKAJ POTOPJIBIK KYHEeHIH OefiChbI3bIK KO3FaJIbIC TEHJIeyJIepi aabliHabl. PoTrop MeH
TIpeKTEP/IiH aJIbIHFaH OefChI3bIK I depeHnual TeHIeyIePiHiH »KaJIbl IIeliMi XKOoK. 3eprrey
CAHJIBIK, 9JIiICTep apKbLJIbl Ky3ere ackaH. POTOp MeH TipeK aMILIATYIAJIapbIHBIH, JeMIipepey
K03 durnmenTTepiHeH, KaTaHIBIKTAH, TIPEKTED MAaCCACHIHAH, CAaHBLIAY IIAMACHIHAH JKOHE
MOUBIHTIpEKTErl MafIbIH TYTKBIPJBIFBIHAH TOYEJII OPHEKTepi ajblHraH. DeplireH »KYyMBICTBHIH,
3epTTey HOTHXKEIepl KETKIMIKTI Jos/Iikiien OepifareH KyieHiH OapjblkK KaxKeTTi JereH »KYMBbIC
yJepiciHig cumarTaMasapblH aHBIKTAIl 2KoHe OoJsKayra MyMKIiHaiK Oepeni. 2Kymbic ecerre
KapacTBIPBLIBII  KATBIPFAaH VAEPICTiH (PU3MKAJBIK MaFbIHACBIH pacTayblHAa OallJIaHBICTHI,
HOTHUXKEJIED ChIPFY MONBIHTIDEKTEPIH/Ie OPHAJACKAH BEPTUKAJIILI POTOPJIBIK, XKYitesepi kobaay
Ke3iHae OepireH MaTeMaTUKAaJIbIK MOJEIb/Il KOJJAHyFa Herizaeme O60JIbIT TabbLIaIb.

Tyitin ce3mep: eo3/irineH Ko3aTbIH TepOesicTep, aBTOTEpOEsicTep, CBHIPFY MOMWBIHTIpEri,
3ommepdestb 1 TUIIOTe3aChl, POTOPJIBIK, XKYiie, 6efChI3bIK TeHIeyIep.
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The self-oscillation in the vertical rotor system mounted on elastic supports

In this paper, we study the causes of self-excited oscillations (self-oscillations) and their further
behavior, since these oscillations are the main cause of instability of vertical rotor systems
mounted on sliding bearings. The cause of the self-excited oscillations are hydrodynamic forces
arising from the lubricating layer between the bearing and its spike. Based on the classical
methods of the theory of oscillations and the Sommerfeld hypothesis of a lubricating layer in
sliding bearings, nonlinear equations of motion of a vertical rotor system were obtained. The
obtained nonlinear differential equations of rotor motion and supports do not have an exact
solution. The study is carried out by numerical methods. The dependences of the amplitudes of
the rotor and bearings on the viscosity of the oil in the bearing, on the size of the gap, on the mass
of the bearings, on the stiffness and on the damping coefficients are obtained. The results of the
study of this work allow us to accurately determine and predict all the necessary characteristics
of the working process of this system. The results of the work confirm the physical meaning of
the process considered in the problem, which can justify the use of this mathematical model in
the design of vertical rotor systems on sliding bearings.

Key words: self-excited oscillations, self-oscillations, sliding bearing, Sommerfeld hypothesis, ro-
tor system, nonlinear equations.

1 BBenenmne

[ToImUITHUKN CKOJIBXKEHUST UMEIOT PsiJl CYIIECTBEHHDBIX MTPEUMYIIECTB TePe/ TTOITUITHITKAM
kadeHust. OHU yCTOWYMBBI JIJIsl IIITPOKOTO CIEKTPA HATPY30K U JUHAMUYECKUX BO3MYIICHUII,
crocobHbI paboTaTh 1Ipu 60JIee BBICOKUX CKOPOCTAX BpAIEHUS, UMEIOT JIOJTHI CPOK CJIy2KObI
1 HU3KYIO CTOUMOCTD, a TaKzKe IIPOCThI B SKCILIyaTalllN.

B cuny cnemuduyueckux CBOMCTB THIPOIMHAMUYECKUX CHJI, BO3HUKAIOIINX W3-3a
HaJIMIWA CMa309HOI'O CJIOA IIpU BpallleHUKW pPOTOpPpa B IIOAIIUIIHUKAX CKOJIb2KEHUA, MOI'yT
BOBHUKATH CAMOBO30Y K/ IafoIuecst Kojaebanus (aBTokosebanmsi) ¢ GOIBITIMI AMIUIATYIAMH,
Pa3BUBAIOIINECS B IMUPOKOM JHAITA30HE CKOPOCTEH BpalleHud. B CBI3W ¢ 9TUM 9acTO B
IIPOMBIIIIJIEHHOCTH U B IIPOU3BOJICTBE BO3HUKAET HEOOXOMMOCTD PA3pabOTKU Mep MO/ ABICHUS
U UICCJIE/IOBAHNS [TOBEJIEHUS JIAHHOIO BUIa KOJIEOAHUI B 3aBUCUMOCTHU OT Pa3HbIX (PU3UIECKUX
U PEOMETPUIECKHUX TapaMeTPOB CUCTEMBI.

2 O0630p JuTepaTypsbl

Ha ceropusaimuuii ieHb MOAIMMUAITHUKNA CKOJIBYKEHUST, BCTPEYAONINECT BO MHOIMX POTAIIMOHHBIX
MalllMHaX B KadeCTBE Y3JIOBBIX JIEMEHTOB U CJIyzKalllie JIJIsl TepeJladn SHEPIUn BPaIlleHus,
ABJISIIOTCS CJIOKHBIMU 3JIEMEHTAMU JIJTs JIMHAMUIECKOT'O aHa N34, TaK KaK [P OIPEIe/IEHHBIX
reOMeTPUIECKUX U pabOvnX rmapaMerpax OHU MOTYT CJIyKUTh IPUIUHON BOSHUKHOBEHUS, KAK
rOBOPUJIOCH BBIIIIE, caMOBO30y K natonuxces |1, 2, 3|, mapamerpudeckux |3, 1| u xaoTmaeckux
kosiebanmii |1, 5]. Tak Kak mpu pabodnX YaCTOTAX CUCTEMBI, AHAJIOMMIHBIX PACCMATPUBAEMOIT
B JIAaHHOM paboTe MOJIe/Id, JacTO UMEIT MECTO CaMOBO30YIK IaloNuecs KoJeDaHusd, B CTaThe
HCCIEIYIOTCS YCJIOBUSI BOSHUKHOBEHUsI U JaJIbHEilIee MoBeeHne JTaHHbIX KOJIeOaHMil.
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O(HUM U3 HEPBBIX UCCJIEN0BATE/IEN, N3y IUBIIUX SIBJICHUE CAMOBO30YZKICHUS U [IPUIUHDI
ero BosHukHOBeHus, O6bu1 Newkirk B 1924 . [6]. On coBmectHo ¢ Taylor mposes mepsoe
9KCIEPUMEHTAIBHOE UCCJIC/OBAHNE JTAHHOIO SBJICHHU U OODICHAI IPUIUHBI BOSHIKHOBEHHU
caMoBO30y K jlatonuxcs kKosiebanuii (aBrokosebanuii) [7|. [Ipu usyuenun asrokosebanuii Bo
MHOIUX CJIydasiX 3ajada CBOIUTCH K HMCCIIEJO0BAHUIO MPEIECCUOHHOIO JIBUMKECHUS CHCTEMBbI.
[TpubinzKeHHbIe PelleH sl [IPH JOIYIEHUH TOr0, UTO BeJIMUNHA HAPY3KHU Ha IIHIT JJOCTATOUHO
MmaJsia, BrepBble Obuta moiydena Hagg [8] m Yukio Hori [9]. PaGorbr mo amamusy
[PENECCHOHHOTO IBMKEHAS TN B IIOAIMINIHUKE, 3allOJHCHHOIO MAaCJIOM, TaKyKe ObLIn
nposejierbl Kesten [10].

YeI0BusL yCTOMYMBOCTH OJIOKEHWsI PABHOBECHsT POTOPHOI CHCTEMBI yCTAHOBJIEHHOTO
Ha TIO/IIMIIHAKAX CKOJIbKEHHsI, a TAK)Ke XapaKTep HECTAIMOHAPHOIO JIBUKEHHs MPU

HEYCTOWYMBOM TIOJIOXKEHUH ObLIM HCcjeoBanbl B pabore Someya [11]. Tak ke psg
takux aBTopoB kKak Hagg, Boecker, Schnittger u Hori npoBommimm skcnepumeHTaIbHOE
uccsieioBanue stux spieHnit |3, 9, 12, 13]. OTHOCHTENIBHO BIMSHUS BSI3KOCTH Macja U

BEJINYMHBI 3a30Pa B MOJIIUITHUKE B UCCJIEIOBAHUSX 3aMETHBI pPacXOokKIeHus. Hekoropbie
aBTOpbI Takue Kak Schnittger ormedannm mpenMyInecTBa HU3KONW BA3KOCTH, TaK KaK OHa
criocobcTBOBasIa yeroitamBocTu mmumna. Jpyrme aBropel kak Boecker, Schnittger m Pinkus
[14] ormeuanu, uro ycroiiuuBocTr GOJIbIE CIOCOOCTBYET BbICOKas Bs3KOCTb. CoryacHo
TpeThell rpyime aBropoB, Takux Kak Hummel [15] u Hagg, oba BblmenepednciieHHBIX
cydasi SKBUBAJIEHTHBI. Pa3/invaHble TOYKN 3PEHUs TaKKe HaDJIIOIAI0TCS IPU UCCICOBAHUSIX
BJINSTHUS TIIMPWHBI MOIIMUITHAKA HA JUHAMUKY cucTeMbl. OJIHAKO MCCIeI0BATE/N CXOIITCS B
TOM, YTO HEYPABHOBEIIEHHOCTH POTOPA He OKa3bIBaeT HUKAKOI'O BJINSAHUS HA BOSHUKHOBEHUE
U UHTEHCUBHOCTDL CaMOBO30YZKJIAIOMIMXCA KoJiedaHuii. Y HEKOTOPLIX aBTOPOB PAa3JIMYHBIMU
HOJIyYUJINCH 9aCTOTa CaMOBO30y K paomuxest kosebanuit [16, 17, 18, 19]. ¥V 6osbmmHcTBa
aBTOPOB YacTOTa CaMOBO30YKJIAIOIINXCS KOJIeOaHUil coBIaJjaJia ¢ COOCTBEHHOW dYacTOTO
poTopa, B HEKOTOPBIX ClIydasx, Hampumep, y Pinkus ona Bo3pacTaJsia ¢ poCTOM CKOPOCTH,
Torja Kak B pabore Schnittger skcrepumenTaabHO OBLIH MOy YEHBI PE3YJIbTATEI, B KOTOPBIX
KpUBas 4aCTOThI CHavYasa yobIBasia, a jajee HaunHaja Bo3pacrtars |13, 14].

OKCIepuMeHTaIbHbIE HCCIEIOBAHASA CAMOBO30YKIAIOIINXCS KOJEOAaHWA B IEJIOM
[IOKa3aJn He TOJbKO CJIOXKHOCTb JIAHHON 3aJladd, HO TaK»Ke BBISIBIJIN PsAJ OCOOEHHOCTE
JaHHOro  gByieHnsi. HamboJsiee  BaXKHBIM U3 BBIABIEHHBIX  3(D@EKTOB  sBJIAETCS
"uneprus" (3aTAruBanue), T.e. CAMOBO30YXKAIONIMECs KOJeOAHUsI IOCJIe TIOSIBJICHUS IIPU
OIIPEJIEJIEHHON YacTOTe IIPOJIOJIZKAIOT CYIIEeCTBOBAThL JAXKe MPU [MOHWKEHUU YaCTOTHI
BpallleHWsI POTOpPa HUKE YaCTOT BO3HUKHOBEHUsI CaMOBO30OYIKIAIOIMMXCA —KOJIeOAHMIT
[20, , , |.  Hpyroit 0COGEHHOCTBIO —SIBISIETCS BO3MOXKHOCTb — BOSHUKHOBEHIST
caMOBO30Y 2K TAIONUXCA KOoJiebaHuil 1o/ JIeficTBIeM KPATKOBPEMEHHOTO UMITYJIbCA, HAIIPIMED,
yJiapa 10 POTOpY, IPU CKOPOCTSX, JIEYKAIUX HUXKE XapaKTEPHBIX CKOPOCTEll MpH KOTOPLIX
BOBHHKAIOT CaMOBO30Y K Ialonmecs Koyebamus |24, 25].

3 IlocTraHOBKAa 33/la4u U YpPaBHEHUs JBU>KEHUSI

Paccmorpum BepTUKaIbHBIN CUMMETPUIHO YCTAHOBJIEHHBIN Ha TMOKOM BaJly OTHOCHUTEIHHO
OTIOp CILJIOITHOM poTOp Maccoit m. Baj ycranoBsien na ynpyrux omnopax. Poropuas cucrema
BpalaerTcs Ha MOJIIUIHIKAX CKOJIbYKEHUsI MACChl Mg € YIJI0BOil ckopocThio w (PucyHok 1).
DKBUBaJIEHTHASA YKECTKOCTH YIPYTOro IOJIg OIOp — ¢; 0 — BEJIUYNHA 3a30Pa B HOIIUITHUKE;
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t — TeMiepaTrypa Macja B HOIIAIHUKE; (i — BA3KOCTb Mac/ja B HOIUIMIIHAKE; d — JUAMETD
IIWIIa, HOIAIHNKA; L — JIMHA NMOMIIMIIHAKA; [ — JuaMerp IOAIUIHUKA; | — JIuHa BaJla;
ki, ko — kKoaddunnenTso! gemidupoBaHus; e — aucbaaanc poropa.

i BBIBOJIA ypaBHEHMH JBUKEHHsI BBEJEM HEIOABUKHYIO cucreMy Koopauaar Oxy.
[Iycts B 9100 cucreme 1, y; — Koopauaarsl O (IleHTpa yIpyroi omopsbl), T2, Yo — KOOPAUHATHI
O, (meHTpa Mmuna IMOIIUIHAKA), T3, Y3 — KoopauHaThl O3 (IEHTpa TSKECTH POTOpa), ¢ —
HOJIAPHLIN yTOJI JIMHUY EHTPOB.

b~

k1

Pucynox 1: Poropras cucrema, BpalaoIiascs Ha HOJMUITHUKAX CKOJIbXKEHUS

[TpuHrMas BO BHUMAHUE, 9TO
T3 = To +ecoswt, Y3 =y + esinwt, (1)
nosyunM audgepennuaabHble YPaBHeHN JIBUKCHUS CHCTEMbI

moZ1 + k&1 + cxy — 2 (Pecosp + P,sing) = 0,

moij1 + kg + cyr — 2 (Pesing — P, cos ) = 0,

. . . 4 (2)
mio + koto + 2 (P, cos p + P,sin p) = mew® coswt,
mija + kata + 2 (P, sin o — P, cos p) = mew? sinw t.

rie P, m P, ompejensiorca #3 TUNoTesbl 3omMMepdenbia, COINIACHO KOTOPOH Ha
IIPOTA2KEHHOCTb CMAa304Y9HOI'O CJIOAd MEXKJ/Y IMINOAMIMIIHMKOM MW HIWIIOM HE€ HaKJIaJAbIBalOTCHA
HUKAKIe OTPAHNICHUS U OLPEIesioTcs Kak [26]

_ 12muLR%y _ L2muLRx (w — 2¢9)
-t T 2e+d)VI-N
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Pucynok 2: [logmununk ckoibKeHns

[lepBble jBa ypaBHEHHsI CUCTEMbI (2) SIBIAIOTCS YDaBHEHUSIMHU JIBUYKEHUs OTOPBI IO/
JICCTBUEM YIPYTUX CHJI €Ty, CYp, CWI jemidupoBanusd kiTy, ki U CHJI peakiuu
cMas304Horo cnod P, u P,, HalpaB/IeHHBIX B IIPOTUBOIIOIOKHOM HAIIPABJICHUH OJTHOMMEHHDBIM
cujiaM n300pazkeHHBIM Ha pHUCyHKe 2. Bropbie jBa ypaBHeHusi cucteMbl (2) ONpeessiior
YPaBHEHHd JIBUKEHUs POTOpa II0J| JICHCTBHEM CHJI peakIuu cMazouHoro ciog P, u P, u
CUJI BHEIIHEro JIeMIUpOBaHus koda, KoY. UTOOBI ypaBHeHHsi cucreMbl (2) COBMECTHO C
YPABHEHUSAMU THIPOIUHAMUIECKAX CHJI OOpa30BBIBAIN 3aMKHYTYIO CHCTEMY, HEOOXO/IMMO
BBIPA3UTD IKCIIEHTPUCUTET IEHTPA IIUIA € W MOJIAPHBINA yTroJl (p depe3 KOOPJUHATHI IEHTPa
YIPYTOil ONOPBI X1, Y1 U KOOPJIMHATHI IIEHTPA IIHIA To, Yo. VI3 PUCYHKA 2 BUIHO, YTO

To —T1 = €CoSQ, Y — Yy = esineg. (3)
Torma
e = /(22— 21)2 + (2 — 91)?, (4)

0 (zg — 1) (82 — d1) : (Y2 — y1) (%2 — y'1)7 (5)

sinp = —(y2 _ yl), cos p = —(xg _ xl), (6)
e e

L (g — 1) (92 — 1) — (Y2 — Y1) (L2 — 31) 7

90 - 2 . ( )
e

Cucrema ypasaenuii (2) u ypasuenus (4)-(7) o6pasytorT COBMECTHO C BBIPAZKEHUSIMHE JIJIsT

CHJI PEaKIUii CMa309HOrO CJIOsI, B KOTOPBIX 3aBUCUT OT IMPUHATON T'MIIOTE3BI, 3aMKHYTYIO

CHCTEeMY HeJIMHEAHBIX ypaBHEHHWH WHTErPUPOBAHUE KOTOPBLIX B OOINEM BUJE HE SIBJISETCS

BO3MOZKHBIM.
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4 Pe3ynbTaThl U oOCy2KJieHUE

Pacuérsl mpoBejieHbl I POTOPHOI CHUCTEMBI, Bpalaloleiics co ckopocrbio ot 0 10
20000 oboporoB B muHyTy. OTMETHM, YTO HPHU PACIYETEe BAPHUPYETCS MSATb OCHOBHBIX
napameTrpa, a UMEHHO BI3KOCTb YKUJIKOCTU B CMa309HOM CJIOE€, Macca Omnop, Koddduiment
JieMiupoBanusd, KO3(pUIUEHT KECTKOCTH SKBUBAJEHTHOI'O MOJS YIPYTOCTH W BEJIUYHHA
3a30pa B TOIIUIIHUKE, TaK KakK JaHHble TapaMeTpbl ABJIAIOTCSA OCHOBOMOJIATAIONIUMU B
BOIIPOCE HCCJIe0BaHUsI IOBEJIEHNs CaMOBO30YIKIAIOMMXCA Kosiebanuii. AHaans Kojebanumit
ObLI TPOBEJIEH HA OCHOBE YHCJIEHHOTO PEIIeHUsI CUCTEMbl ypaBHEHHI (2) KJIACCUYECKUMU
MEeTOJaMU pelleHusi OOBIKHOBEHHBIX JndDepeHIuaabHbIX ypaBHEHUN, IIPU  CJIEIYIONIIX
MCXOJIHBIX JTAHHBIX: Macca poTopa — m = H KI, mMacca ornop — mg = 0.15 Kr, BeamamHa
3a3opa B nommanKe — 0 = 0.06 MM, Temieparypa Macia B nogmunanke ¢ = 50°C BI3KOCTD
MacJia B MOINUIHUKE — (1 = 22.39 ci3 (TypOMHHOE MAac/I0), JMaMeTp IIMUIa IO/ IMUITHIKA —

= 20 MM, giuHa nommunHuKka — L = 20 MM, auamerp nommunauka — D = 20 4+ 20 MM,
mmana Bajga | = 650 MM, SKBUBaJIGHTHAst KECTKOCTb yIPYTOro T0JIst ONopbl — ¢ = 29 Kr/c?,
kovddurments gemidupoanus — k; = 42 kr/c, ko = 6.59 kr/c.

1.4

5

1.2
1

0.8

B

0.6

B

0.4

B

AMITTHTYIA POTOPa, MM

0,2

>

0
0 5 10 15 20

YacToTa BpallleHHs, THIC 00/MHH
=7KecTKag onopa ==Ypyras onopa

Pucynok 3: AMIUIUTYIBI pOTOpa IPH yIPYTOM U YKECTKOM 3aKPEIUICHUM B CjIydae, KOTZa
d =20 mm, [ = 650 MM, ¢ = 29 kr/c?, § = 0.06 MM, t = 50°C, ky = 42 xr/c, ky = 6.59 kr/c,
p= 22.39 cr3 (TypOHHHOE MACIIo).

Ha pucynke 3 mokazaHbl aMILIUTYHO-YACTOTHBIE XAaPaKTEPUCTUKH CUCTEMBI ITIPU
sazope 0 = 0.06 mm. M3 pucyHka BHJIHO, 9YTO HPU KECTKOM KpeIUICHUH (KpacHast
JMHYs) pabOTOCIIOCOBHOCTD CUCTEMbI OIPAHMYEHA CKOPOCTBIO BPAIIEHUS, TIPUMEPHO PABHOI
VABOEHHOI KpuTuaeckoii ckopoctu poropa. Hauunast ¢ 6000 06/MuH B crcTeMe HACTYHAIOT
MHTEHCHBHBIE aBTOKOJieOaHMA B IIIMPOKOM juanaszoHe dvactoT. I[lpm ympyrom BapuaHTe
KpeIieHuii (CuHsist JIMHUs) YPOBEeHb BUOpaIruii Bo MHOTO pa3 MeHbIle. PoTop, ycTaHOBIICHHBII
Ha YIPYTHX OIOpax, BOOOINE He MMeeT 30HbI aBTOKOJEOAHWI, W cUcTeMa IIpuodpeTaeT
CIIOCOOHOCTh K ycToitunBoit pabore Ha ckopoctax or 20 000 ob6/MuH ¥ BbIIE, T.e.
Ha CKODPOCTSX, B JIBQJIATh pPa3 IPEBBLIMAIONNX IEPBYI0 KPUTUUIECKYIO CKOpoCcTb. [Ipu
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pasbere poTopa MOC/e JIETKOIO U CIIOKOWHOIO Iepexojia Yepe3 JBe KPUTUYECKHEe CKOPOCTHU
BpallleHusi 00OHAPYKUBAETCsI IIepBasi 30Ha, CAMOIIEHTPUPOBAHUsI, B KOTOPOII BO3MOXKHa, paboTa
¢ MaJIBIMH aMILIATYIaMu BuOparuii. Bropas, ere 6oJiee mupokas 30Ha CAMOIEHTPUPOBAHUS
pacrniosioxkena B juanazore or 6000 jgo 20 000 o6/mun. Hakoner, u3 pucyHKa BHJHO, YTO
JIIAITa30H BO3MOXKHBIX CKOPOCTEH yCTOMYHMBOrO BpallleHus poTopa OJarojgapst yCTaHOBKE
poTOpa B yIPYIHUE ONOPBLI YBEJIUYUJICA B TPU Pa3a [0 CPABHEHUIO C KECTKUM KpPEIJICHUEM
MOJIIIUITHUKOB, IMPUYEM, U 3TO OCOOEHHO BaXKHO, BEPXHUI TIPEJIe/I CKOPOCTEel BpalieHus
poTopa He HuMeeT NPUHIUIHAJLHBIX Tpanur. [Ipm sToM Hab/IIOMaETC YTO yCTAHOBKA
poTopa B yIpyrue OIOpPbl MPUBOJIUT K CHUXKEHUIO YPOBHA BHOpaluii He TOJbKO B
00J1aCTSIX CaMOIICHTPUPOBAHMS, HO U IIPU IIEPEX0/ie depe3 pe3oHaHCHbIe pexKuMbl. [Ipu aTom
BUOPOIIEPErpy3Ku OY/IyT TEM MEHbIIe, YeM MEHbIIE KEeCTKOCTh OIOpP.

0.8
§ == 14,99 cm3
a“ 0.6 =1 =22.39 cm3
2 =11 =387 cm3
& 0.4 =1 =40 cm3
5]
=i
>
E 0,2
Z 0

0 5 10 15 20
YacroTa BpatieHis, Toic 06/MHH

Pucynok 4: AMmmaTyabl poTopa IpH pa3HbIX 3HAYEHUSX BA3KOCTH KUJIKOCTH B IOITUITHAKE
B ciaydae, koryia d = 20 MM, [ = 650 MM, ¢ = 29 kr/c?, § = 0.06 mm, t = 50°C, k; = 42 kr/c,
ks = 6.59 xr/c, p = 22.39 cus.

g O —n=1499 cm

= 025 B=1%

—-z9=
= =387 cm3

g o — 1 = 40 cI3

E 0.1 H

: 0,05

= 0

0 3 10 15 20
YacroTa BpammeHus, Teic 00/MHH

PucyHnok 5: AMILINTYIbI OHOPBI IPKH PA3HBIX 3HAYCHUSX BA3KOCTH KHJIKOCTH B IIOJIIIMITHUKE
B ciaydae, korjia d = 20 MM, [ = 650 MM, ¢ = 29 kr/c?, § = 0.06 MM, t = 50°C, k; = 42 kr/c,
ks = 6.59 xr/c, p = 22.39 cus.

Ha pucynkax 4 u 5 mokazaHbl aMILIATY/THO-9aCTOTHBIE XapAKTEPUCTUKHN POTOPA U OIOPDI
B 3aBUCHMOCTH OT THUIA MAacJja HaXOJSIIErocs BO BKJIAJIBINIE TOAMATHUKA CKOJILYKEHUS,
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korma t = 50°C & = 0.06 mm, jgasiaenune 1 arm. B mepsom ciyuae (KpacHasi JinHWEs),
korma 1 = 14.99 cn3 (6e3BOMHBIN TUIMIEPUH) aMIUIATY/Bl KaK pPOTOpA, TAK U OHOPBI
UMEIOT MaKCUMaJIbHble 3HadeHndA. Jlajlee ¢ yBeJmYeHMEM BA3KOCTU YKUJIKOCTH aMILIATY/IBI
YMEHBIITAIOTCA U UMEIOT MUHUMAJIbHbIE 3HAYEHUS IIPU MAKCUMAJIbHBIX 3HAUYEHUAX BI3KOCTH
(uepnast ymnmsi), T.e. g = 40 cu3 (masyr). B ganHoM ciydae onTuMaJibHbIE 3HAYCHUS
COOTBETCTBYIOT CJIYYalo UCIIOJIb30BaHUs TYPOMHHOTO Macja, T.e. Korja i = 22.39 cn3, Tak Kak
JlaJIbHeliee yBe/InIeHrne BA3KOCTH MOXKET TOBJIeYb 3a cO00 HAPYIIIEHUE TEILIOBOIO PEXKUMA
B IIO/IIIUITHUKE CKOJIbXKEHUS.

g —m0 =015 kr
< 08 _

5] —m0 =025 xr
g 0,6 =m0 =05 kT
% 0.4 =m0 = | k1

=

B 02

5

<0

0 3 10 15 20
YacToTa BpalieH:s, Toic 00/MIH

Pucynok 6: AMILINTY bl poTOpa IpU PasHbIX 3HAYEHUAX MACChI OLOPLI B cllydae, Koraa d =
20 MM, [ = 650 mm, ¢ = 29 kr/c?, § = 0.06 mm, t = 50°C, k; = 42 xr/c, ky = 6.59 kr/c,
= 22.39 ci3 (TypObuHHOE MacJIo).

s 025

= =m0 =0,15 kr
= 0.2 -

g =m0 =025 kT
= 0,15 =m0 = 0,5 kT
% 0,1 =m0 =1 KT

= 0,05

=

< 0

0 5 10 15 20
YacToTa BpailieHus, Thic 06/MIH

Pucynok 7: AMIJIATYIbI ONOPBI IPH PA3HBIX 3HAYCHUAX MACCHI OIOPHI B CIydae, Korja d =
20 mm, [ = 650 mm, ¢ = 29 kr/c?, § = 0.06 mm, t = 50°C, ky = 42 xr/c, ky = 6.59 kr/c,
p = 22.39 ci3 (TypOHHHOE MACIIO).

Ha pucynkax 6 m 7 IOKa3aHbl aMILIUTY/IHO-YACTOTHBIE XapaKTEPUCTHKU POTOpa U
OTIOPBI B 3aBUCUMOCTH OT MACChI OIMOPBLI. B 000uX ciydasx aMILUIATYJIbl POTOpa M OIOPBI C
yBEJIMTIEHUEM MaCChl OTIOPBI JIEMIIPUPYIOTCS, TaK KaK Olopa IIPHU JTOCTATOTHO DOJIBIION Macce
CIIy?KAT aHTUTPY30M U BBINIOJIHAET POJIb TacUTe st KOJeOaHuil, T.e. MMEET MECTO siBJICHUS
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AHTUPE30HAHCA, HAIpUMED, Korjia mg = 1 Kr (uepnas Jjmausi). CjelyeT OTMETUTB, UTO C
YBEJIMIEHNEM MaCChl OTIOPBI KPUTHYECKHUE YaCTOThI CMEIAI0TCA B CTOPOHY MEHBIINX YTJIOBBIX
CKOPOCTeIi, TOT Ia KaK CUJIBHBIX CMEIEeHN yIaCTKOB CaMOIIeHTpUpOoBaHust He Hab oaercst. C
YMEHBIIIEHUEM MACCHI OIOPHI PE30HAHCHIE YACTOTHI CMEIIAIOTCS B CTOPOHY OOJIBINNAX YTJIOBBIX
CKOPOCTEl, K TOMY K€ YBEJIMYUBAIOTCSA W aMILIATY/bl, TaKXKe CYXKaeTCs TEPBLIM y9acTOK
CaMOIIEHTPUPOBAHUS, K PUMEPY, Caydail, kormga mg = 0.15 Kr (KpacHast JINHUS).

Z 1
= =] =21 kr/c
g 0.8
§‘ : —k1 =42 xr/c
% 0.6 k] = 84 kr/c
EE 0.4 k1 =126 KT/C
=
= 02
<t

0

0 5 10 15 20

YacToTa BpaImneHus, ThIiC 00/MIH

Pucynok 8: AMmmuTy bl poTopa Ipu pa3HbIX 3HaUYeHnAX KoddduimenTa gemidupoBanns kq
B ciydae, korja d = 20 M, [ = 650 mm, ¢ = 29 kr/c?, § = 0.06 MM, t = 50°C, ky = 6.59 kr/c,
p = 22.39 cu3 (TypbuHHOE MACIO).

z —k1 =21 51/
E._ 0,3 =21 xr/c
g 0,25 —%k] =42 xr/c
z 0.2 —] = 84 xr/c
]
5 0.15 —Kkl = 126 kr/c
2 01
=
S 005
< 0

0 3 10 15 20

YacroTa BpatieHis, Toic 06/MHH

Pucynok 9: AMImTy i1 OOpbI IPU Pa3HBIX 3HAYEHNAX KoddduinmenTta mpeMidupoBannst ky
B ciydae, korja d = 20 M, [ = 650 mm, ¢ = 29 kr/c?, § = 0.06 MM, t = 50°C, ky = 6.59 kr/c,
p = 22.39 ci3 (TypOHHHOE MacIo).

Ha pucynkax 8 m 9 mnokazaHbl aMILIUTYIHO-YACTOTHBIE XapaKTEPUCTUKU POTOpa U
OIIOPBI B 3aBUCUMOCTH OT Kodddurmenrta jemicdupoBanus, s 3a30poB 0 = 0.06 mm.
31ech aMIUITY/IBI IPHU IIEPeXojie depe3 Pe30HAHChI PEe3KO CHUKaroTcs. IIpumuem Hambosee
s dexTuBHO Aemirupyiomiee JAefCTBUE YIPYTUX OINOP CKa3bIBaeTCd IIPHU IIEpPeXojie depe3
IIEPBYIO U BTOPYIO KPUTHUYIECKHE CKOPOCTU poTopa. BiusgHue jnemMidupoBaHus OIOp HA TPEThIO
KPUTUYIECKYIO CKOPOCTH MeHee 3HAUYUTENbHO. YBeIUdeHHe aMILIUTY KojebaHuii B 30HaX
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CaMOIIeHTpUpOBaHus He HabJomaeTcd. B 3Tux 30Hax no-npezkuemy HabJII0/IaeTCsd CIIOKOWHAS
paboTa CUCTEMbI ¢ MaJILIMA aMILIATY/IaMUi BHODAITUIi.

§ — =15 KT/c"2
< 038

£ —_— =20 Kr/c”2
é 0.6 — = 40 Kr/c"2
g 04 — = 70 kr/c"2
3

5 02

: -

Z 0

0 3 10 15 20
YacToTa BparmeHus, ThiC 06/MIH

Pucynok 10: AMIUIMTYabl poTopa IpH pasHBIX 3HAYEHHAX KO3(DQUIMEHTa »KECTKOCTH ¢ B
ciydae, korga d = 20 MM, [ = 650 MM, 6 = 0.06 mm, ¢ = 50°C, k; = 42 xr/c, ky = 6.59 kr/c,
p=22.39 cr3 (TypOHHHOE MACIIO).

. 0,2

— " — M
g c= 15 xr/(c"2)
E 0.15 —c =29 k1/(c"2)
o s
5 0.1 ¢ = 40 x1/(c"2)
a —c = 70 x1/(c"2)
2 0,05
E E]
B
2 0
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YacToTa BpammeHus, ThiC 00/MITH

Pucyrok 11: AMIUIATYIBI OMOPBI NIPU PA3HBIX 3HAYEHUSX KOIDDUIMEHTa KECTKOCTH ¢ B
ciydae, korja d = 20 MM, [ = 650 MM, 6 = 0.06 mm, t = 50°C, k; = 42 kr/c, ky = 6.59 kr/c,
p = 22.39 cn3 (TypOHHHOE MACIO).

[Ipu pa3HbIX 3HAYEHUSAX YKECTKOCTU SKBUBAJEHTHOI'O IOJIA ONOP TaKxKe HabJIIoIaeTcs
CMeIleHre aMILUIATYl KoJlebaHuil 10 OCH 4YacTOT W WX M3MEHEHWe 10 BeJudnHe (PUCYHKH
10 u 11). Hampumep, ¢ yBesndeHueM KECTKOCTH yBEJMYUBAIOTCA AMIUIATYJIbI KAK POTOPA,
Tak u omop. Tak ke ¢ yBejaumdeHueM KO3(DPUIMEHTa CMEIAI0TC MUK aMILIATY B
CTOPOHY DOJIBIIUX YTJIOBBIX CKOpOCTeii. B 1e/iom yBentieHne KecTKOCTH KakK ObLIO IOKA3aHO
nsHadaabHo (Pucynok 3) He sydmmM o6pa3oM CKasbIBaeTCsl HA MOBEJIECHUN CUCTEMbI, TOT/A
KaK C YBEJUYCHHEM TOJATINBOCTH HaOJIIOaeTCsd oOpaTHas KapTUHA.

Ha pucynkax 12 m 13 mokazaHbl aMILTUTY/THO-YACTOTHBIE XapaKTEPUCTUKU POTOpa U
OTOpPbI B 3aBUCUMOCTHU OT TOJIIWHBI 3a30pa B MOJIIUIIHUKE CKOJIbXKeHus. Kak BHJIHO
U3 PHUCYHKOB yBeJHMYEHHE TOJIIUHBI 3a30pa OTPHUIATE/ILHO BJIHSET Ha PabOTy CHUCTEMBI.
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Pucynok 12: AMiumTyasl poTopa IpHM pPasHbIX 3HAYCHUSX TOJIMUHBL 3a30pa 0 B ClIydae,
korjad = 20 MM, [ = 650 MM, ¢ = 29 kr/c?, t = 50°C, k; = 42 kr/c, ks = 6.59 kr/c,
p = 22.39 cu3 (TypbuHHOE MACIO).

z 05

Z 04

=

g 0.3 —_—3=0,02 MM

I g

g‘ 0,2 — = 0,06 MM
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Pucynok 13: AMILIUTYIBI OIIOPHI IIPU PA3HBIX 3HAYEHHUAX TOJIIINHBI 3a30pa 0 B CJIydae, KOra
d =20 mm, [ = 650 MM, ¢ = 29 kr/c?, t = 50°C, ky = 42 kr/c, ky = 6.59 kr/c, u = 22.39 cus
(TypbuHHOE MACI0).

VBe/mdenne BeJIMYUHBI 3a30pa MPUBOJUT K YBEJUYEHUIO AMILUIUTYJIbI KaK POTOPA, TaK
u omopel. C yMeHBIIEHHEM TOJIIUHBI 3a30pa HaOJojaeTcsd obpaTHblit 3ddexT, T.e.
MUHUMAJBHBIM 3HAYEHUsIM 0, COOTBETCTBYIOT MUHUMAJbHBIE 3HAYEHUS aMImuTya. Ho Tak
KaK Ha MMPaKTUKe MaJias TOJIIIHA 3a30pa BJeYeT 3a cOOON HApPYIIEHUE TEILJIOBOTO PEXKUMa,
u3-3a Harpesa |27], TO ONTUMAJILHBIM BAPUAHTOM B 9TOM CJIydae fBJFETCS BeJUYNHA 3230Da
0 = 0.06 mm.

B nepBoii pesonancHOil 30He KoebaHus JUCKa U OIIOP IMPOUCXOAAT B da3e, T.e. XapaKTep
dopMbI KOJIEOAHHI IpeacTaB/sseT co0O IMMJIMHIAPUIECKYIO Ipereccuio. Bo Bropoil 30mHe
KOJIe0AHUST OIOP MPOUCXOAT [0 OTHOMIEHUIO JIPYT K JAPYry B HpoTuBO(da3se; mpu 3TOM B
paitone jmcka dopma Kojebanuit mmeer y3es. Takmm oOpas3om, BO BTOpoOil 30He dopma
KoJIeOaHUi IpeJicTaBageT cobOil KOCOCMMMETPUYHYIO Iipereccuio. B Tperbeil pe3oHaHcHOi
30HE KOJEOaHMS OIOpP II0 OTHOIIEHWIO JPYT K JAPYTy IPOUCXOIAT 1o dase, a y IUCKa
— B nporuBodaze. Takum obpaszom, TpeTbs dopma KojgebaHuit mpejcTaBisgeT coboit
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JIBYXY3JIOBYIO CHMMETPHUHYIO ((HOpMy, XapakTep KOTOPOHl HAIIOMHHAET IEepBYIO (hopMy
koJiebanuii Gezomoproro Baja. CjelyeT OTMETHTH, YTO €CJIU PACIOJIOKEHNE U XapakTep
1epBoil m BTOpOil hopM KojebaHWil OIpPeIe/sTioOTCsS B OCHOBHOM IIOJAATINBOCTBIO OIIOD,
TO TpeThs (opMa 00ycI0oB/I€Ha M3rMOHBIMEU KOJIeOaHUSIMU BaJjia poropa. MTak, jJ1aHHbIE
HCCJIEIOBAHUST TTOKA3bIBAIOT, UTO 30HBI ITOBBIINIEHHBIX BUOPAINl IIPEJICTABIAIOT COOOI y3Kue
pPE30HAHCHBIE 30HBI, 00YCIOBIEHHBIE IUHAMUIECKON U CTATUIECKON HeypaBHOBEIIEHHOCTSIMEI
poTopa.

5 3akJrodenue

YcraHoBKa poOTOPOB B yIPYTHEe OIMOPHI MPUBOJUT K IIOJJHOMY IIOJIABJICHUIO aBTOKOJICOAHMIT,
HMEBIIIUX MeCTO IPHU KECTKOM KPeIJIeHUU IOAIIAITHIKOB CKOJIbYKEHUs, W KOJIeOaHus
CUCTEMBI BO BCEM JIHAITA30HE CKOPOCTEH CTAHOBSATCS YNCTO BBIHY 2K ICHHBIME. DD HEKTUBHOCTD
JIeMII(pUPOBAHUA YIPYTUX OIOP HUCKJIOYUTETHHO BBICOKA U BO3PACTAET C yMEHbLIIIEHHEM
nx KectkocTu. (CaMOIeHTPpHPOBAHWE CHUCTEMBI B 3apPEe30HAHCHBIX 30HAX MPUBOJUT K
3HAYUTETHHOMY CHIKEHHIO BEJIMYUH BHOpaIuii 1 BUOPOIIEPErPY30K CHCTEMBI. YCTAHOBKa
poTopa B YIpyTrHe ONOPhI «JIUHEaApU3yeT» JUHAMUYECKYIO CUCTEMY «POTOP - OIOPbI». TakxKe
cJIeJlyeT OTMETHTb YTO OCHOBHBIM ITapaMETPOM OIPEIeIAIONINl TUIT KOJIEOAHWIl SABJISIETCS
BeJIMUMHA 3a30pa IOJINNAITHAKA CKOJbXKEHUs, TaK KaK C €ro yBeJMYeHUeM aMILIUTY/IbI
OYIyT YBEJIMUUBATHCS, a IIPH MPEJIC/IBHBIX €r0 3HAUYCHUAX CaMOBO30Y K TaloNuecs KoJIeOaHus
Oy/IyT MEepexXo/IuTh B XAOTHYECKHUN THUIl KOJeOAHUT 9TO OTPHUIATE/IHHO OyJIeT CKa3bIBATHCS
Ha YCTOMYMBOCTH CHUCTEMBI JlaykKe IPHU OOJIBINUX YacToTaxX BpalieHus. CorjacHo Teopuu
CaMOIICHTPUPOBaHus [28|, rye mokKasaHo |YTO IEPErpy3Kd B 00JIACTIAX CAMOIECHTPUPOBAHMUS
OTIPEJIETIAIOTCS JIUITb BEJIMIUHON JINCcOAIaHCa U 2KECTKOCTBIO OIOP, MOXKHO CJIeJIaTh BBIBOJI,
YTO BUOPOIIEPErPY3KU CUCTEMBI HE OY/IYT IMPAKTUYIECKN BO3PACTATD JlaKe IIPU 3HAYUTEILHOM
3HAYCHUH Juchaianca poropa. Takum o6pa3oM. IPU JIOCTATOYHON TOIaTIUBOCTH OTIOD, JIAXKe
npu OoJIbIIUX gucOaaHcax, MOXKHO OXKHUIATh CTaOMILHON PabOThI MAIWHBI C YMEPEHHBIM
ypOBHEM BHOPOIIEPErPY30K B MIMPOKOM JIHAIIA30HE CKOPOCTEIA.
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DESIGNING SMART GREENHOUSES, SATISFACTORY
PRICE-QUALITY

Smart greenhouse is a revolution in agriculture, which creates a self-regulating microclimate suit-
able for plant growth through the use of sensors, actuators and control and management systems
that optimize growth conditions and automate the growing process. The global smart greenhouse
market was valued at approximately 680.3 million in 2016 and is expected to reach approximately
1.31 billion by 2022, an increase of 14.12% on average between 2017 and 2022.

However, high installation prices and high upfront investment costs can constrain greenhouse
adoption in many underdeveloped and developing countries. Therefore, the urgent task is the de-
velopment and implementation of smart greenhouses that are suitable for the wider population,
which provide the population with vegetables and fruits seasonally or year-round. Improving the
quality of service of greenhouses, controlling and monitoring microclimate processes is possible
through the use of programmable logic controllers, modern smart, wireless and web technologies
WSN and IoT.

The article is devoted to the design of the Home Smart Greenhouse system, the control device of
which is implemented on the basis of NLC. The system allows you to perform a) control (monitor-
ing) of microclimate processes in Online mode; b) fuzzy control in manual and automatic mode;
c¢) adjust the parameters of the three microclimate processes: cooling, watering and lighting.

The described NLC model adequately reflects the microclimate control process in the greenhouse.
As a result of using the system, the productivity of the farmer user is increased, thereby helping
the farmer user control the plant growth process and take the necessary measures to care for them.
The developed system meets the criterion of price-quality, that is, it is simultaneously accessible to
the population, and at the same time has an acceptable quality of service, using wireless network
and web technologies (WSN, IoT) and fuzzy control. The cost of the system is 86.75 (the price is
not higher than the minimum wage of Kazakhstan), the economic effect of using the system is 25,
the payback period of the greenhouse is 4 seasons.

Key words: smart greenhouse, price-quality criterion, fuzzy logic controller (NLC), WSN, IoT,
ESP 32, Matlab.
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AKpUIIBI KbUIBDKAN — JaTduKTepi, arkapylibl Kypasjjap MeH bakpliay/6ackapy Kyitesepin
naiiIaIaHbIl, ©CIMIIKTepre BIHFAIIBI MUKPOKJIAMAT YKACANTBHIH K0HE ©OCy IPOIECIH OHTAMIBI
eTil, aBTOMATTAHJLIPY KbI3METIH aTKAPATHIH aybLl MAPYaIlbUILIFBIHIAFE TOHKEPIC. AKBLIIbI
KBITBIZKAUIBIH, 971eMTiK HaphIrel 2016 k. 680,3 mura. mornap Kypar, 2022 k. 1,31 mapa. monanapra
xeremi jeren Goskam Gap, sram, 2017-2022 oK. apasbirbiHga oprama ecenmen 14,12% ecyi
MYMKIiH.

Auraiizia, opHaTyFa KoHE AJIFAIKbl WHBECTUIMSJIADFA KEeTEeTiH IIBIFBIHIAD 9JICI3 JaMbIFaH XKOHE
JIaMBITT KeJle »KATKAH MeMJIEKeTTep/le >KbLIbDKANIaIbpl eHIipy mporecin mekreiiai. CoHIbIKTaH,
XaAJIBIKTHI MayBICHIM OOWBI HEMece KbLJI OOfbI KOKOHICTED MEH YKEeMiC->KIUJIEKTEPMEH KaMTaMacChI3
eTeTIiH KOJIKETIM/II aKbLIJbl KBIIbKAN Kypy »KOHE EHIIpYy ©3eKTi Mocese OOJIBIT TadbLIaIb.
ZKputbKaitiapapl  camasibl  KAMTaMachl3 eTy, Oakblaay KoHe Oackapy Oarmap/iaMajiaHaThIH
JIOTUKAJIBIK, KOHTPOJIepsep, 3amanayn cMapt, WSN/IoT ceiMchI3 KoHE BEO TEXHOIOTHsIIAP/IbI
naiiaany apKbLIbl MYMKIH 0OJIaIbI.

Maxama "Yiigeri akpuinpl KbLIbRKai" KyiieciH kobajiayra apHaJallbl, OHBIH 0acKapy KypaJibl
aHblK, emec Jorukaiablk, Kourposiep (AEJIK) meriznenren. 2Kyiie keseci KpI3MeTTepii aTKapaibl:
a) Online TopribiHme MUKpoKJIUMAT IporecTepin 6Gakpliay (MOHUTOPHHT); 9) KOJIMEH KOHEe
aABTOMATTHI TOPTIlITe MUKPOKJIMMAT IIpoIecTepin 6acKkapy; 6) MUKPOKIMMATTHIH YII IPOIECTePiHiH
rapaMeTpJiepiH PeTTey: CYBITY, Cyapy YKOHE YKAPBIKTaHIIbIPY.

Cunarrayran AEK mogeni KbuibpKaiigaiiarel MUKPOKJIUMAT HTPOIECTEPiH OacKapyabl JyphIC,
akpuFa cait kepceremi. 2Kyiieni mnaiimajany HOTHXKeCiHIEe Naiiia aHymb-0arOaHHBIH €HOEK
OHIMILTITI ecemi, 0/ OCIMIIKTIH 6Cy MpoIecin HGakbLIal, OCIMIIKKe KYTiM Kacay OOMBIHITIA THUiCTi
mapaJiap KaObLIIail arabl.

Kypacrbuibipran kyite Oara-calia KpUTEpHiliH KaHaraTTaHIbIPAJbI, SFHU, HalilajaHyIlbl YIIiH
KoskeTiMzl skone 3amanayn cMapT, WSN/ToT cbiMcbI3 KoHe Be6 TEXHOJIOTUAIap/Ibl HaifaJany
APKBLIBI KETKLIKTI JeHreiige cananbl Goubin Tabbuiagnl. 2Kyilenin 6Garacot 86.75 (Garacs
Ka3aKCTaHIBIKTBIH €H Killli 2KaJaKbICBIHAH a3), XKyileH] maiijasany by SKOHOMUKAJIBIK, THIMILIIIr
- 25, eTey Mep3iMi - 4 MayBICHIM.

TyiiH ce3mep: akbLIIbI >KBLIbIXKail, Oara-cama KpPUTepHi, aHBIK €MeC JIOTUKAJBIK, KOHTPOJLIED

(AEJIK), WSN, IoT, ESP 32, Matlab.
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IIpoekTupoBaHue cMapT TEMJIUIIbI, yIOBJIETBOPSIONIEN KPUTEPUIO IEHA-KAYECTBO

CMapT TeIIuIa — 9TO PEBOJIIOIHS B CEJTBCKOM XO3SCTBE, KOTOPast CO3AeT CaMOPEry NPy IOMIIICs
MUKPOKJIUMAT, TOAXOJAIMMA JjIs pOCTa pacTeHwil, OJarozapss MCIOJIb30BAHUIO JATINKOB,
UCIIOJTHATEIbHBIX MEXAHU3MOB U CHCTEM KOHTPOJIA W YIPABJICHUS, KOTOPBbIE ONTUMHU3UPYIOT
VCJIOBUS POCTAa U ABTOMATH3UPYIOT IIPOIECC BbIpaIuBaHusa. MwupoBoil PBIHOK CMapT TEILIUIL
onennBaJicst npumepro B 680,3 muta mgosutapos CIITA B 2016 romy u, Kak OXKHUJIAETCS, JOCTUTHET
npumepno 1,31 mapa gosrapos CIITA x 2022 rony, yBenmauBmmch B cpeaneM Ha 14,12% B mepumon
mexty 2017 u 2022 rogamu.

OjiHAaKO BBICOKWE IE€HBI HA YCTAHOBKY U BBICOKHE IME€PBOHAYAJILHBIE MHBECTUIMOHHBIE 3aTPATHI
MOTYT CJ/IEp?KUBATH BHEJIPEHHUE TEILTUI] BO MHOTMX CJIaDOPA3BUTBHIX U PA3BUBAIOIINXCS CTPAHAX.
IlosTomy axTyaJsibHOM 3ajadeil gBjseTcs pa3paboTKa U BHEJIPEHHE JOCTYIHBIX MMHUPOKOMY
HACEJIEHUIO CMAaPT TEILIUII, TIOCE30HHO WJIN KPYTJIOTOAUIHO 0DECIIeInBAIONINX HACEIEHIE OBOIIAMU
u dpykramu. [loBsienne KadecTBa 00CIyKUBAHUS TEILINI, MOHUTOPHUHT U YIIPABJIEHUE IPOIIECCOB
MHUKPOKJINMAaTa BO3MOXKHO 38 CUeT IpuMeHeHust [IporpaMupyeMbIx JTOTUIeCKIX KOHT-
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POJILIIEPOB, COBPEMEHHBIX cMapT, 6ecpoBoaHbIX 1 Beb Texnomornu WSN u IoT.

Crarbsi TOCBsIEHa OpoeKTUpoBanuio cucrteMbl "Jlomammmss cmapr remmuna, ycTpoRcTBO
yIpaBJeHus KOTOpOil peasu3oBaHo Ha 6aze HedeTKoro jormdeckoro kourposuiepa (HJIK).
Cucrema [103BOJISIET BBIIOJIHATH &) KOHTPOJIb (MOHUTOPHHL) IIPOLECCOB MUKPOKJIMMATA B PEXKUME
Ounline; 6) HeweTKoe ympaBJeHHEe B DPYYHOM M ABTOMATUIECKOM DEXNME; B) DeryJInpoBaTh
rmapaMerpbl TPeX IIPOIECCOB MUKPOKJ/IMMATA: OXJIAXKIEHHE, TIOJINB U OCBEIleHNE.

Omucannast momens HJIK agekBarHO oOTpakaerT mpomecc yIpaB/ieHHsT MHUKPOKJIIMATOM B
Temmnie. B pe3ysibTaTe WCIIOIH30BAHUS CHUCTEMBI ITOBBIMIAETCS HTPOU3BOIUTEIBHOCTD TPY/IA
I0JIb30BaTeNA-pepMepa, TEM CAMBIM IIOMOTasi M0JIH30BATENO-(hepMepPy KOHTPOIHMPOBATH IIPOIECC
pocTa pacTeHus U IPUHUMATh HEOOXOIUMbIE MEPHI 110 YXOIY 38 HUMHU.

Paspaborannasi cucrema yJIOBJIETBODSieT KPUTEPHIO IeHA - KadeCTBO, TO €CTb SBJISEeTCs
OJIHOBDEMEHHO JIOCTYIIHOW HACEJEHWIO, W B TO K€ BpeMsl HMEEeT IpUeMJIEMOe KadeCTBO
00CIIyKUBaHWs, UCIOJb3ys TexHosoruu Gecuposogubix cereit u Be6 (WSN, IoT) u mederkoro
yupasienus. CTOMMOCTb cucTeMbl cocrapisger 86.75 (leHa He Bblle MUHUMAJBHON 3apaboTHOl
IUTATHI KA3aXCTAHIIA), SKOHOMUIECKUH 3 DeKT OT NCIONBb30BaHNUS CHUCTEMBI - 25, CPOK OKYIIAEMOCTH
TEIIUIIEL - 4 Ce30HA.

KuroueBble cJjoBa: cMapT TeIUIANA, KPUTEPHil IEHA-KAYECTBO, HEYETKUNH JIOTHIECKU

kourposutep (HJIK), WSN, IoT, ESP 32, Matlab.

1 Introduction

Greenhouse farming is one of the leading branches of agriculture. Public health directly de-
pends on the development of this sector of the economy. Since the development of agriculture
is an important problem of each state, huge funds are allocated to this industry. However,
the problem of the lack of fresh vegetables/fruits, that is, the problem of import substitution,
remains a big problem in many countries [17,22].

Smart greenhouse is a revolution in agriculture, which creates a self-regulating microcli-
mate suitable for plant growth through the use of sensors, actuators and control and man-
agement systems that optimize growth conditions and automate the growing process. The
global smart greenhouse market was estimated at approximately 680.3 million in 2016 and
is expected to reach approximately 1.31 billion by 2022, an increase of 14.12% on average
between 2017 and 2022 [20].

However, high installation prices and high upfront investment costs can constrain green-
house adoption in many undeveloped and developing countries. Therefore, the urgent task
is the development and implementation of smart greenhouses that are suitable for the wider
population, which provide the population with vegetables and fruits seasonally or year-round.
Improving the quality of service of greenhouses, controlling and monitoring microclimate pro-
cesses is possible through the use of programmable logic controllers, modern smart, wireless
and web technologies WSN and IoT. Therefore, the urgent task is the development and im-
plementation of smart greenhouses that are suitable for the wider population, which provide
the population with vegetables and fruits seasonally or year-round. Improving the quality of
service of greenhouses, controlling and monitoring microclimate processes is possible through
the use of programmable logic controllers, modern wireless and web technologies WSN and
IoT [22].

A greenhouse is a closed-type agroecological system in which energy processes are strictly
determined by the technological process of growing plants, taking into account the influence
of the environment. The complexity of modeling agroecosystem processes is that they include
a large number of subsystems of various physical, chemical and biological nature. The general
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scheme of the theoretical model of the plant production process consists of four blocks: energy
and mass transfer in the soil-plant-atmosphere system, photosynthesis, respiration, and the
processes of growth, development and movement of organic substances inside the plant [10].

Since agricultural systems are extremely complex structures and practically exclude the
possibility of analytical solutions, you should use simulation modeling associated with repeat-
ed testing of the model with the necessary input data in order to determine their impact on the
output criteria for evaluating the system. Simulation is perceived as a "last resort"method.
However, in most cases, we recognize the need to resort to this tool, since the studied systems
and models are too complex and need to be presented in an accessible and understandable
way for the user.

2 Literature review

The existing technical solutions of smart greenhouses can be divided into two groups: indus-
trial, which have a high price and are not accessible to the general user, and household (home)
ones, which are inexpensive and affordable for the population, but which have limitations on
productivity and functionality.

Industrial solutions of leading manufacturers based on the Simatic S7-1200 from Siemens
[21] are very expensive (465) and are designed for complex automation, private firms’ solutions
[15,25] are also not available to the general public (Smart standard VENT - 772), although
designed for home use.

The way out of the situation is independent research and development of the project,
which makes it possible to choose the necessary functionality and having a product price lower
than market ones. Models of solutions using fuzzy control and have various functionalities,
such as modelling and simulation [3], monitoring based on Micaz [13], irrigation based on
Raspberry Pi [7], monitoring based on ESP 32 [1], processing and analysis of crop data using
IoT [8], control based on Arduino Uno |2, 8, [1], fuzzy control [4,9, 12, 14,16, 19|, adaptive
control [0, 19], temperature control of the greenhouse [16], web monitoring [2, | 1|, automatic
drip irrigation system [5,23], phytomonitoring [2].

The development of an effective smart system for managing agricultural processes in
a greenhouse with a lack of measurement information and a variety of factors affecting the
result of regulation is possible based on the apparatus of fuzzy logic (NL) and neural networks
(NN). To obtain the input data of the sample, an experiment was carried out on specially
developed real equipment of the Home Smart Greenhouse system (the conFigureuration of
the system is described in paragraphs 3.1-3.3).

In the work, the Home Smart Greenhouse system is proposed, the control device of which
is implemented on the basis of ESP 32 using a fuzzy logic controller (NLC). The previous
embodiment of the proposed system is described in 1] and has only the function of monitoring
processes in the greenhouse, that is, it lacks a control function using NLC.

The developed system meets the criterion of price - quality, that is, it is simultaneously
accessible to the population, and at the same time has an acceptable quality of service, using
wireless network technologies and Web WSN, IoT and smart management.

As a result of using the system, the productivity of the farmer user is increased, thereby
helping the farmer user control the plant growth process and take the necessary measures to
care for them.
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3 Material and methods

3.1 Architecture of the Home Smart Greenhouse system

The system architecture has three levels (Fig. 1): 1st level — application level. At this lev-
el, operations are performed to manage the object and display reports using the interface
tools (control buttons, charts, and histograms). 2nd level — the level of processing and data
transfer. At this level, data exchange operations between devices are implemented. ESP32
microcontrollers with built-in Wi-Fi and Bluetooth modules are used.

The first module ESP32 (1) acts as a transmitter — it receives a signal from the sensors
of the control object and transmits a signal to the second module ESP32 (2), which plays
the role of a receiver. The ESP32 (1) and ESP32 (2) modules together perform two-way data
exchange, providing measurement and control operations, interacting with the third level.
3rd level is the level of the object. The greenhouse has greenhouse environmental sensors.

= (487 s
= O I Apphcation Layer

Reports Miohile App. Control MW onitoring,

™

.))) ‘:D) @ II Drata and cormumcation Layer

ESP 32 (13 ESP 3z (y [mtemet

ﬁ measuring G conirol

9-»

r&l U ﬂ T, —‘ I Enwirenmental Layer

Figure 1: System Architecture

3.2 Control and management processes in "Home smart greenhouse"

The control object is a home mini-greenhouse, which considers three technological processes:
heating/cooling, lighting and drip irrigation (Fig. 2).

The main element of the system is the control device (CU).

The drip irrigation system works this way. Water is filled in the tank (1). CU (11) controls
the water supply (control action us), that is, opens/closes the water valve (2) by turning
on/off the controller relay. When the valve opens, water flows down (blue arrow), passing
through the main pipeline (3) and the dropper (4), and water the plant that is in the pot
(brown vessel). Information about the state of soil 2 is measured by a moisture sensor (5)
and transmitted to the controller, the CU is received.

The cooling system is described as follows. The CU controls the air supply to the green-
house, forming the control action u;, by turning on/off the fan (6) through the relay. Air
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supply is indicated by a gray arrow. The temperature sensor (7) measures the temperature
and air humidity of the greenhouse z; and transmits data to the controller CU.

The lighting system controls the light mode of the greenhouse. The UE generates a control
action uz, which turns on/off the spotlight (8) via the controller relay. Light intensity data
x3 is measured by a light sensor (9) and transmitted to the controller CU.

®l ul
— —
w2 u?
3
u
13
_’ —"

Figure 2: Technological processes in mini greenhouse

3.3 Control device based on a fuzzy logic controller

CU implemented on the basis of NLC [15]. A fuzzy inference is an approximation of the "in-
puts - output" relationship based on linguistic statements like "IF - THEN" and operations
on fuzzy sets. The typical structure of the model based on fuzzy inference (NLC) is shown
in Fig. 3.

It contains the following blocks:

— a fuzzifier that converts a fixed vector of influencing factors X into a vector of fuzzy
sets X needed to perform fuzzy inference;

— a fuzzy knowledge base containing information about the dependence Y = f(X) in the
form of linguistic rules of the type "IF - THEN";

— a machine of fuzzy inference, which, based on the rules of the Knowledge Base, deter-
mines the value of the output variable in the form of a fuzzy set Y corresponding to fuzzy
values of the input variables X; B

— a defuzzifier that converts the output fuzzy set Y into a clear number Y.

A zero-order Sugeno-type model is considered, in it the relationship between the input
variables X = (x1,22,...,z,) and the output y is determined by the following fuzzy knowl-
edge base:

IF (ZL‘l = ale) AND (ZEQ = ag’ﬂ) AND ... AND (ZEn = an,jl)
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OR (1’1 = al,j?) AND (.CEQ = (127]‘2) AND ... AND (.an == Gn’jg)

OR ((L’l = al,jk(j)) AND (ZEQ = CLQJ]{;(]‘)) AND .. AND (l’n = an,jk(j))

where a; j, is the linguistic term by which the variable in the line with the number jp
(p = 1,k;) is evaluated; k; — the number of lines — conjunctions in which the output y is
evaluated by a linguistic term b;; m is the number of terms used to linguistically evaluate
the output variable y.

Membership
functions

Decision Making
machine

!

Fuzzy
Knowledge Base

v

— " Fuzzyficator —| Defuzzgficator |[——

Figure 3: NLC structure

Using the operation (OR) and (AND), we will rewrite the fuzzy Knowledge Base in a
more compact form:

U m(ifz =aijp) —y="b;, j=1m (1)

p=1i=1

All linguistic terms in the Knowledge Base (2) are represented as fuzzy sets defined by
the corresponding membership functions.
Fuzzy term membership function of x; is

arjp, i=1,n, j=1,m, p=1k;

T n e

The degree of belonging of the input vector X* = (27,23, ..., ) to fuzzy terms d; from the
Knowledge Base (2) is determined by the following system of fuzzy logical equations:

Md,J /\ \/ ,Ujp :1_ (3)
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where A (V) is the operation from the s-norm (t-norm), that is, from the set of implemen-
tation: for the operation OR (AND). The following operations are most often used: OR —
finding the maximum, AND — finding the minimum.

The output of model y is determined by a linear combination:

(4)

y=">bjo+0bj1-x1+bjo-zo+...+bj,xpn, j=1m,

where b;; are some numbers.

In the model under consideration (Zero-order Sugeno), the conclusions of the Knowledge
Base rules are given by functions in which all the coefficients of the input variables in the
linear "input-output" laws are equal to zero. The output of model (2) — (4) y =b;, j=1,m
correspond to the control signals uy(t), us(t), us(t) of the NLC (Fig. 2 and 3), i.e.

y = {un(t); ua(t); us(t)}. (5)

Let us consider in more detail the operation algorithm of the control unit. The basis of
UU is the Knowledge Base, which contains the Databases and the Rule Base. The initial
Rule Base is set by an expert. The process of the system includes three stages: Monitoring
data; Signal transmission via WiFi/Bluetooth; Management (data processing using NLC).

At the first start-up, in the conditions of an operating greenhouse, the Database is filled
with actual values characterizing the state of the microclimate. After filling in the database
of previous states and the rule base, the system goes into the operating mode of controlling
the microclimate of the greenhouse.

Table 1 provides a description of the linguistic variables of the model (2) — (5). The
model has 5 inputs and 3 outputs. Since air temperature and air humidity are measured by
one DHT11 sensor, these two physical quantities are denoted by the same variable x;(t). The
fourth variable is the start time of the irrigation system ¢, ap.

Table 1: Linguistic variables and their scope

Linguistic ~ vari- | Variable = Range | Type of member- | Variable designa-
ables and their intervals | ship function tion
Inputs— X = {z1(t), z2(t), x3(t), t}
Air  temperature | L = [10, 12, 18]; Triangular x1(t)*
(air _temp), C Z = (16,20, 24];
H = [22,28,30]
Air humidity | L = [40,42,60]; Triangular x1(t)*
(air_hum) % Z = [45,55,65];
H = [50,68,70]
Light (light), 1k L = [100,150,500[; | Triangular xo(t)
7 = [300,450,600);
H = [400,750,800)
Irrigation time | t _zap = 20:00; Singleton t
(uakit), hour (Runs at 20:00)
Soil humidity | L = [40,45,60]; Triangular x3(t)
(top__hum), % Z = [50,65,80];
H = [70,85,90]
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Outputs—y={u(t);us(t);us(t)}

Actuator L, | {0;1} Singleton uy (t)
On/Off
Actuator 2, | {0;1} Singleton ug(t)
On/Off
Actuator 3, [ {0;1} Singleton us(t)
On/Off

The purpose of the NLC is to develop control actions wuy(t), us(t), uz(t) for the corre-
sponding actuator based on the monitoring data x;(t), xo(t), z3(t) and the built-in rules of

the Expert Knowledge Base described in Table 2.

Table 3 shows the results of monitoring using the system "Home smart greenhouse". They
are obtained using the signal sensors of the ESP 32 Transmitter (see paragraphs 2.3 and 2.4).
The monitoring process was carried out for 162 hours (database update frequency — every 3

Table 2: Rules from the Knowledge Base

IF THEN
Rule 1 air _temp is Low AND air hum is Hi Actuator 1 is On
Rule 2 air_temp is Hi AND air hum is Low Actuator 1 is Off
Rule 3 light is Hi AND uagqit is NOT K Actuator 2 is Off
Rule 4 light is Low AND uaqit is NOT K Actuator 2 is On
Rule 5 air_temp is Low AND air hum is Hi Actuator 3 is Off
AND top hum is Hi AND uagqit is K
Rule 6 air_temp is Hi AND air _hum is Low Actuator 3 is On
AND top hum is Low AND uagqit is K

hours).
Table 3: Monitoring results using the "Home smart greenhouse” system

Air tempera- | Air humidity, | Light, 1k Soil humidity, | Irrigation
ture, % % time (h)
16 63 0 55 0

15 70 0 58 3

13 82 136 52 6

14 82 375 48 9

17 66 476 42 12

18 64 524 40 15

19 65 497 45 18

20 56 464 66 21

14 44 0 62 24

14 68 0 60 0

13 73 0 57 3
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13 68 117 92 6
18 60 321 95 9
20 99 476 20 12
20 o7 424 ol 15
20 65 222 62 18
14 60 316 81 21
15 78 0 72 24
15 78 0 70 0
14 73 0 65 3
13 70 117 60 6
20 o8 321 o8 9
22 o4 408 55 12
21 63 363 48 15
20 65 190 93 18
19 o8 460 68 21
14 74 0 64 24
14 74 0 63 0
11 70 0 60 3
11 61 195 57 6
18 49 936 50 9
22 44 680 45 12
24 41 606 20 15
24 42 318 93 18
21 o6 470 o8 21
13 95 0 62 24
13 95 0 60 0
12 44 0 27 3
10 39 195 o4 6
20 38 236 49 9
26 31 680 45 12
27 32 606 48 15
27 36 993 47 18
25 48 268 52 21
16 45 0 %) 24
16 45 0 o7 0
16 44 0 60 3
15 38 195 63 6
24 32 236 60 9
28 31 680 53 12
29 29 363 50 15
20 42 338 95 18
16 99 316 81 21
19 37 0 78 24
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4 Results and discussions

The simulation results are reflected in the form of the NLC structure (Fig. 4), the rules of
the Knowledge Base (Fig. 5), the values of the fuzzy logical inference of the system for three
IM1, IM2 and IM3 (Fig. 6, 7, 8 and 9).

NLC is a Multi Input Multi Output (MIMO) system in which there are 5 inputs and 3
outputs (Fig. 4). Inputs: Air Temperature, Humidity, Illumination, Soil Humidity and Wa-
tering Time. Outputs: state IM1, IM2 and IM3 (see Table 2). The Knowledge Base contains
6 rules (see Table 3).

<) FIS Editor: AQILDI_JILIJAY =10] =l
File Edit ‘wiew

A=

i ACILDI_JIL 8

[sugeno]

e T

(NN N

‘ FIS Mame: ACILD_JILL2 FIS Type: sugeno ‘
And method I prod = I Current Wariakble
Or method [erobor =] e I.Jelde‘tu
T Lt
Implication min = XBC SLiR
Range 1]
Agoregation mas -
Defuzzification I wetaer - I | Help I Cloze I ‘

Figure 4: The structure of the NLC model in Matlab

An example of creating a Knowledge Base based on Table 3 in the Matlab environment
is shown in Fig. 5. Here the variable On means to turn on the corresponding IM, the variable
Off to turn off the corresponding IM.

Let us explain the calculated control values in Fig. 6-9.

For example, with an input vector z; = {15.12;66.71;620.7;69.88;12.06} NLC output
y1 = {u; = 0;uy = 0.5;u3 = 0} (rule 1 is fulfilled, that is, at low air temperature and high
air humidity — the fan must be turned off and rule 3, that is, at high daylight — the projector
must be turned off).

With the input vector xzo = {27.32;44.02;450;65;11.5} NLC output yo» = {u; =
0.734;us = 0.5;u3 = 0} (rule 2 is fulfilled, that is, high air temperature and low air hu-
midity — the fan must be turned on).

With the input vector x3 = {19.51;55;193.9;65;11.5} NLC output y3 = {u; = 0;us =
0.5;u3 = 0} (rule 4 is satisfied, that is, during the day in low light — the spotlight must be
turned on).

For example, with an input vector X4 = {27.8;44.76;193.9;46.71;22.16} NLC output
yd = {uy = 0.53;uy = 0.5;u3 = 0} (rule 2 is fulfilled, that is, at high air temperature and
low air humidity — the fan must be turned on and rule 6, that is, at high air temperature
and low air humidity and low soil moisture after 20:00 hours — the irrigation valve must be
enable).
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Monitoring data (input vector) for 162 hours are shown in Fig. 10-A in the form of graphs.
The values of the logical output of the NLC (output vector) — control signals of actuators
are shown in Fig. 10-B — in graphs.

In Fig. 11 shows the monitoring process using the mobile application of the Home Smart
Greenhouse system in ONLINE mode.
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Figure 5: Rules from the NLC Knowledge Base in the Matlab environment
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Figure 6: NLC fuzzy output: rules 1 are complied with (Fan off) and rule 3 (Spotlight off)
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Figure 7: Fuzzy NLC output: rule 2 is fulfilled (Fan is on)
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Figure 8: Fuzzy NLC output: rule 4 is fulfilled (Spotlight is on)
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Figure 9: Fuzzy NLC output: rule 2 is fulfilled (fan is on) and rule 6 (watering valve on)

i , : i i : : : o : r
Cor 1 OB T T
600 |'II I"... || ] ( | i
Y
500 | | - | NI ! ‘i | | J | |
| B | | | ||| | - |
f [ [l ] I 06 ' - |
H :I ‘ .I| |'.". | | |Ii! | | . ' II'. i
| ' i ' 05 \ ,
at || || | TR | |"||\| f | _)|| |
| A | | | i I.i
| { r| l | | | " i | L1
M | ‘ l- ( | | || | | | 03 i |\ | h | | | J
NI E“|||,}-|. i ||f;/||.|| \H
Ndeh ot A L R FIATRI (I
r | i' _, IT ﬂi‘L\‘“—,L f}\::}-h | I'IJ_-!!I |_‘_| |_I||f‘l|_ll_l| ||_l| II
= B AN A ey ] s | |
40 ] | 0 10 A 2 40 E:1] B0
A B

Figure 10: A — Monitoring data for 162 hours; B — the logical output of the NLC (output
vector) — control signals of actuators
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Figure 11: Mobile application "Akyldy zhylyzhay" , in the process of work

5 Conclusion

The paper proposes an approach to the development of the Home Smart Greenhouse system,
the control device of which is implemented on the basis of NLC in the form of the Sugeno
model. The system allows you to perform:

1) control (monitoring) of the microclimate processes in Online mode;
2) fuzzy control in manual and automatic mode;

3) adjust the parameters of the three microclimate processes: cooling, watering and light-
ing.

The main element of the system is a control device based on NLC. The device is based
on the ESP 32 microcontroller using wireless networks and web technology (WSN, IoT) and
fuzzy control.

The described NLC model adequately reflects the microclimate control process in the
greenhouse. As a result of using the system, the productivity of the farmer user is increased,
thereby helping the farmer user control the plant growth process and take the necessary
measures to care for them.

The developed system meets the criterion of price-quality. The cost of the system is 86.75
(the price is not higher than the minimum wage of Kazakhstan), the economic effect of using
the system is 25, the payback period of the greenhouse is 4 seasons.
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IIPOEKTUPOBAHUE YMHOTI'O JJOCTYIIA ABTOMOBUJIEI HA
TEPPUTOPUIO YHUBEPCUTETA "TYPAH"

C pazsButuem o0IecTBa Bce Hojiee BaXKHBIM CTAHOBUTCS Tpobiiema obecriedenusi Ge30MacHOCTH
JKU3HE/IESTEIHHOCTH 9€JI0BeKa BO BCEX ee acleKTax. B janHoil paboTe pacCMOTPEHBI TPOrPAMMHBIE
U TEXHUYECKUE CPEJICTBA IJjIs CO3AaHNs aBTOMATHIECKOrO PACIIO3HABAHUSI OObEKTOB, B YaCTHOCTH
aBTOMOOMIbHBIX HOMepoB. llesb paborel. PaspaborTka cucTeMbl aBTOMATHYECKOTO JOCTYIIA
TPAHCIOPTHBIX CPEJCTB HA TEPPUTOPHUIO MAPKOBKU yHEUBepcuTera <«Typans. lannas pabora
JIEMOHCTPUPYET BO3MOXKHOCTH HCIIOJb30BAHUS O0YYAEMBIX CHCTEM B KOHTPOJIBHO IIPOIIYCKHBIX
MIYHKTaX, UCIOJb3YI0 Ipu 3ToM Mukpokomubiorep RassberryPi 3 Model B, xoTopsiit oTutiaercs
CBOEil MOOMJIBHOCTBIO M MOJYJIbHOCTB. OOJIACTBIO UCCIIEIOBAHIS SIBJISIETCsI KOMITBIOTEPHOE 3PEeHMe
U MaIlUHHOEe OOydYeHHMe UCIOJIb3yeMOe CPEJICTBA MaTEeMATHIECKON CTaTUCTUKH, YHUCICHHBIX
METOJ[0B, METOJIOB ONTHUMHU3AIUU. B pe3ysibrare pabOTHl CO3MaHA MOJIEIb JIEMOHCTPHUPYIOMAs
paborocrocobHoCTh cuctembl. Cucrema paboTaer Ha MUHM KOMITBIOTEPE, HUCIOJBL3Ys KaMepy
Rassberry i pacrosnaBaHus HOMEPOB, CEPBOIPHUBOM, IS JIEMOHCTPAIAA PAOOTHI CHCTEMBI
CKV/. Ilpu nonamanuu B 00JIaCTh BHJMMOCTH KaMepbl, CPAOATHIBAET CHCTEMbl CUUTHIBAHUE,
[P [IOMOIIX aJrOPUTMOB IIPOUCXOJUAT PACIIO3HABAHWE HOMEpa W IIPOBEpKa ero mo 6ase u B
cIydae yCIEITHOW IPOBEPKU, MPOUCXOIUT OTKpbITHE TIurarbayma. J[aHHBIA KOMIBIOTED HUMEET
BO3MOKHOCTBH 00y4IaThCsl JAJIbINE HA PEATbHOM OOBHEKTE.

KiroueBbie cioBa: aBTOMATH3MPOBAHHBIN JTOCTYI, KOMIbIoTepHOe 3perne, CKVY/I, mamunHOe
obyJenue.
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«TypaH» yHUBepCHUTETIHiH ayMarbIHa KOJIKTEepPIiH Kipy pPYKCAaTbIH OepeTiH aKbLJIIbI
XKylieciH >kobaJsiay

KoraMubiH JaMybIMeH aJaMHBIH TipHIUTK 9peKeTiHiH Kayilci3Iirin KaMTaMachl3 eTy mpodeMach
OHBIH, DAPJIBIK, ACIIEKTIJIEPIHJIE HEFYPJIBIM MAaHbI3bI OOJIBIIT OTHIP. ByJ »KyMbicTa OOBEKTiIEPI],
aTall alTKaHa aBTOMOOWIbL HOMIPJIEPIH aBTOMATTHI TAHY YIIIiH OaF 1apiaMaJIbiK, >)KOHE TeXHUKAJIBIK,
KypaJjap KapacThIpbIFaH. « T'ypaH» yHUBEPCHUTETIHIH Typak ayMarblHa KOJIKTEeP/iH, aBTOMATTHI
Kipy XKyitecin o3ipaey. Bym kymbic yiipenymii kyitemepai Oakplaay ©TKI3y TyHKTTEPIHIE
maiilagany MyMKIHIITIH KepceTesi, OyJl perTe o3iHiH MOOWIBIIIINT MEH MOIY/IbIIIIr apKbLIbI
epexkimesienerin rassberrypi 3 Model B MuKpokoMIibioTepi KOJIIaHBLIAIALI. 3€PTTEY CAJIacChl
KOMIIBIOTEPJIK KOPY KOHE MATEMATUKAJIBIK, CTATUCTUKAHBIH, KOJIJIAHBLIATHIH KYPaJJIaPbIH, CAHJIBIK,
oJlicTep i, OHTANIAHIBIPY O/IICTEPIH MAIMHAMEH OKBITY OOJIBIIT TAOBLIAIbI. 2K yMBIC HOTHXKECIH e
KYHeHIH »KYMBICKA KabijaeTTiririn kepcererin Mojensb kacajasl. 2Kyite HOMipsepai Tamy yImia
rassberry kamepachiH, Kipymi 6acKapy »KyHecinif KYMBICHIH KOPCETY VIITH CEepBOIMPHUBO aPKBLIbI
IIArbIH KOMIBIOTEDie KYMbIC icTeiini. Kamepanbiy KepiHy aliMarblHa TYCKEH Ke3Je OKY Kyileci
iCKe KOCBLIaJbI, aJITOPUTMJIEP/IIH KOMEriMeH HOMIpJl TaHy »KoHe OHbI 6a3a OOUBIHINA TEKCepy
2KYpriziziesi xkoHe TeKcepy COTTI OOJIFaH XKargaia miarbayM ablaaIbl. Byl KOMObIOTED HAKTHI
obbeKTie opi Kapail oKy MyMKIiHIiTiHE He.

Tyitin ce3aep: aBroMaTTaHJBIPBUIFAH Kipy, KoMmbioTepsik keprimrik, CKY/, mMammuHHAJIBIK,
OKY.
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Designing smart access for transports to the territory of «Turan» University

With the development of society, the issue of ensuring human security in all its aspects has become
increasingly important. This scientific article considers software and technical means for creating
automatic recognition of objects, in particular car numbers. Purpose of the work. Development
of a system of automatic access of vehicles to the parking area of «Turan» University. This work
demonstrates the possibility of using trainee systems at checkpoints, while using a microcomputer
RassberryPi 3 Model B, which is characterized by its mobility and modularity. The field of research
is computer vision and machine learning used means of mathematical statistics, numerical methods,
optimization methods. As a result of the work, a model has been created that demonstrates the
operability of the system. The system runs on a mini computer, using a Rassberry camera for
number recognition, a servo motor to demonstrate the operation of the access control system.
When the camera enters the area of visibility, the reading system is activated, the number is
recognized by algorithms and checked by base, and in case of successful check, the barrier is

opened. This computer is able to learn further at a real site.
Key words: automated access, computer vision, access control, machine learning

1 BBenenue

s obecrievenus: 6€30MACHOCTU CTYJIEHTOB, IIperojaBaTesieil 1 pabOTHUKOB YHUBEPCUTETA, a
TaK>Ke UX JITIHBIX TPAHCIOPTHBIX CPEJACTB. B X0j1e BBITOIHEHNS TPOEKTAa HEOOXOIUMO ObLIO
CIIPOEKTUPOBATH ABTOMATH3UPOBAHHYIO CHUCTEMY KOHTPOJIA JIOCTYIIA € HCIOJHUTEIbHBIMUI
yCTPOHCTBAMM, KOTOpasd IMO3BOJIUT B aBTOMATHYECKOM PEXKHMME ITPOIYCKATbh TPAHCIOPTHBIE
CPEeJICTBA, WMMEIONIUEe JIOCTYIl Ha TEPPUTOPUIO MapKOBKU yHuBepcurTera. [locpencTBom
MaIlIUHHOTO 3PEHUA AaBTOMATUYECKU OIPEJIEJATh 00JaCTh C HOMEPOM AaBTOMAIIUHBI U
o poBBIBATL CaM HOMep Id JaJjbHeiirreir paborbl ¢ HEM. OpgauM u3  (HaxTopoB
AKTyaJIbHOCTH PabOThl sBJseTCst MUKpOKOMIIbIoTep RaspberryPi 3 Mogens B [1, 2, 3|,
HA KOTOPOM ObljIa MOCTPOEHa CHCTeMa KOHTPOJIA JIocTyIa. lIpenmytnecTBa MCmob30BaHU
JIAHHOT'O KOMITBIOTEPA 3aKJII0YaeTCd B TOM, UTO:

e MOOUJILHBIC pa3sMepbl  IIO3BOJIAIOT MOHTUDPOBaTb HeHTpaJIbeIfI y3€eJI CHUCTEMBI
HEIIoCpeaCTBEHHO B H_[.HaI‘6aYM 1 3aHUMaTbh MUHUMAJIbHOE KOJIMIECTBO ITPOCTPAaHCTBA;

® JIcHa B CpeaHeM B 3 pa3a MeHbIlle II0 CpaBHEHUIO CO CTallMOHapHbIMHN KOMIIbIOTEpaMu
HCIIOJIb3YEMbBIX B aHAJIOTUYIHBIX CUCTEMaX;

® [I03BOJIAET UCIIOJIb30BaThb pa3Hbl€ MOAYJIX JIJid YCOBEPHIECHCTBOBaHNUA CUCTEMDI.

[naBuoit  mnesibio  gBjsiercss  pa3paboTKa CUCTEMBbI IO  aBTOMaTH3allud  JIOCTYIIa
TPAHCIIOPTHBIX CPEJCTB Ha TEPPUTOPUIO TAPKOBKHM yHUBepcuteTa <« Typan». Iloctpouth
MaKeT, HATJISAIHO JeMOHCTPUPYIONIHI PabOTOCIIOCOOHOCTD CUCTEMBI.

B cooTBeTcTBUE C 1TOCTAB/IEHHO TEJIBIO OBLIN OIPEIeICHBI CJIEIYIONINE 33, 1aNn:

1. 3yunutsb npobsieMy KOHTPOJISI JOCTYIIA;
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2. N3yunth u BBIOpPATb JIOCTYIIHBIE IPOrPAMMHbBIE U allapaTHble CPEJICTBa  JIJIs
peann3anuy MpoeKTa;

3. CupoekTupoBaTh U pazpadorars 0a3y JaHHBIX;

4. PaspaboTka cHCTeMbl CUATBIBaAHUs HOMEDPHBIX 3HAKOB ITOCPEJICTBOM KOMIIBIOTEPHOI'O
3peHnsd;

5. O6beuHUTh TPOrPAMMHBIN U amlmapaTHBIl KOMILIEKC B €IMHYI0 MH(MOPMAIMOHHYIO
CHUCTEMY;

6. [TocTtpouTh NPOTOTHII, JIEMOHCTPUPYIONINI pabOTy MPOEKTA.

JLnst Toro uto ObI pousBecTu HoJIee O IPOOHOE N3y YEHNE, OXBATUTH KAK MOXKHO OOJIBIITYIO
ayJINTOPUIO, COCTOAIILYIO0 W3 CTYIAEHTOB, IperojaBareneii m paborHukor BY3a, mogyanTsb
OOJIBIIIOE KOJIMYECTBO JIAHHBIX JIJId aHAJM3a MbI CO3Ja/id aHOHUMHBIA ompoc «IlapkoBka
yuuBepcurera «Typam». Ompoc HAXOIWICT B OTKPBITOM JOCTyIle ¢ (heBpaJisd M0 Mail, MbI
moJIyumjin OTBeThl OT 427 dejioBek. B KOoTOpOM OOJIBINYIO 9acTh PECHOHJIEHTOB COCTABUJIN
yJaliecs yHuBepcuTeTa. B xose anammsa oTBETOB OITpoca MbI TaK »Ke Y3HaJIU, YTO TAPKOBKOI
qamie MmoJb3yITCd B 1ocae 00eleHHoe BpeMs, JaHHbIX O0TBeToB coctasuio 60%, Ha BTOpoM
mecre 110 obementoe Bpemsd 25,7% u KTo mosb3yercsa mapKoBKoi nenbtit genb 14,3%. Onna
TPeTbs YacTh OIPAIIUBAEMbIX OTBETHJIN HAM YTO YacTO CTAJKHBAIOTCSI Ha IAPKOBKE C
[MOCTOPOHHUMU JIIOJIbMU Ha JINYHOM aBTOTpaHCIOpTe. BoJibias 4acTh OmpaInBaeMbiX, PEIKO,
HO 3aMedaJid IIOCTOPOHHMX JIojiel u Tojbko 23% He Korjga He BHjesa IIOCTOPOHHUX JIIOJIEH.
Kax mb1 BujmM, u3 pucyaka 1. OHa TpeThbst 9acTh ONMPAITHBAEMbBIX OTBETHIA HAM UTO JacTO
CTAJIKMBAIOTCS HA MMAPKOBKE C TOCTOPOHHUMU JIFOJbME Ha, JTUIHOM aBTOTpaHcropre. Bosbimas
YaCTh OIPAIINBACMBIX, PEIKO, HO 3aMedajd IOCTOPOHHMX JIOJel U TOIbKo 23% He Koraa
He BHJEJIa MOCTOPOHHUX Jitojieit. Mexons u3 maHHbIX ompoca, ObLIO BBISICHEHO, 9TO OOJIbIIe
IIOJIOBUHBI OIIPOIIEHHBIX .HIO,ILGﬁ, CYUTAIOT, 9TO HeO6XO,ILI/IMOCTb B TaKOil CUCTEME €CThb.

3ameuanu am Bbl NOCTOPOHHUX NOLEN C
MallMHaMK, Ha NapKOBKe YHUBepcuTteTa? U
KaK yacTto?

M Yacro sameuaro
M Peago, Ho Beieaer

Het

Pucynok 1: HabJiio/ieHue pecrionieHToB 110 HaXO0KIEHUIO TOCTOPOHHUX JIIOJIeH HAa TepPUTOPUN
IIAPKOBKH YHUBEPCUTETA
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2 O630p JuTepaTypbl

[Io pesynbratam wucciaenoBaHus OBIJIO PEIIEHO CO3/IaTh IPOEKT Ha  OJHOILJIATHOM,
MUHUATIOPHOM, ITOJTHOIEHHOM U THUXOM KOMIIBIOTEpe pa3MepoM ¢ OaHKOBCKYIO KapTy Rasp-
berryPi 3 model B. Biiarogapst koropoMy MOXKHO yHPAaBJISATbH PA3JIMIHBIME yCTPOUCTBAMHE.
Hcnonb3oBanme JaHHOTO KOMIILIOTEpa COKpaIaeT OI0ZKET ITPOEKTa, U PACIIUPIET TOPU30HT
ero JIaJbHENINero pa3BUTHUs, MOJYJIbHOCTH IPOEKTa IO3BOJIAET ITPOM3BOJUTH OOHOBJICHHE,
PEMOHT U 3aMeHy TEXHHYECKUX U IMPOIPAMMHBIX YacTell IPOeKTa, He MoIBepras N3MEeHEHUIM
nesioii cucrembl. [Ipemmymectso wucnonb3oBanune Raspberry Pi. Kommnbiorep unmeer na
o6opry mnpusbrunble [IK cocraBngiomue: mporeccop, onepaTtuBHyO HaMATb, pa3dbém HD-
MI, xommozutnubiit Bbixos, USB, Ethernet, Wi-Fi u Bluetooth. I'maBroe mpenmytiectso
RaspberryPi — 40 komrtaktoB BBOja/BbIBOma obmero masnadenns (GPIO). K mmm wmbr
Oy/ieM MOAKJIIOYATH MepudePHIo I B3aUMOIEUCTBUS ¢ BHEITHUM MHPOM: UCIOJHUTETHHBIE
yCTpoiicTBa U ceHcopsl Jioboro Buja. [lltarHoit onepanuonnoii cucremoit st RaspberryPi
spsisiercst Linux [4, 5, 6]. Ona ycranasiusaercs Ha microSD kapry, a Ta — B ClelUaJIbHbII
CJIOT Ha ILIaTe.

Jlnst mpoekTa ObLia BbIOpaHa oOlepalMoHHasi cucreMa Raspbian. 9To odunnaabHas
orepalnnonnas cucrema g Raspberry Pi, ona pazpaborana crenuajgbHO JIJIg TOTO
YCTPOWCTBA W WMeeT Bce HeoOXOoImMoe IporpaMMuoe obecriedenue. Raspbian ocnoBana
na ARM Bepcun Debian 8 Jessie |7, 8]. OcHoBHO# 1eiibi0 pabOThl SIBJISUIOCH CO3JIAHKE
COOCTBEHHOT'O TTPOTPAMMHOTO TPOJIYKTa, pa3padoTaHHOroO crenuaabHo i Kazaxcrana, co
cueruuKoil MeCTHBIX HOMepoB. Tak Kak B KazaxcTraHCKUX HOMepax HCIIOJIL3YeTCs CBOIt
mpudT, pazMep u pacrojozkenne 6yks u nudp. Heodxoimmo Ob110 HancaTh KOH(MUTYPAITHIO
noyi Kasaxcranckme momepa. [Ipomssectu oOydenue mporpaMmbl, Jjisi 0oJiee TOYHOTO U
OBICTPOro pacro3HaBaHue HOMepa. BwibpaB #a3blk paspaborku Python [9, 10, 11] wu3-3a
YUTAEMOCTU KOJIa U HAJIMIUEM OIIPeIe/IEHHBIX ONO/IMOTEK, TOIXOIAIINX i pa3paboTku. Tak
JKe HeMaJIoBaXKHO ObLIO BBIOpaTh (DYHKIIMOHAJIBHYIO M YJIOOHYIO cpejly pa3paboTku. Buioop
nas Ha PyCharm [12, 13|, cpena paspaborku ot komnanuu JetBrains.

3 Marepuan u meroampl

[t TOTO 9TOOBI OIEPATOP MOT TPOCMATPUBATH JIAHHBIE TI0 BhE3/1y, YIIPaB/IsITh KOHTPOJIBHO-
MPOIYCKHBIM ITYHKTOM, 8 UMEHHO B TOT MOMEHT, KOIJIa MO/Ibe3KaeT aBTOMOOUJIb C HOMEPaMH,
He 3aHECEeHHBIMU B 06a3y JaHHbIX. Bbi1o co3man KianenTckuit nnrepdeiic, rjie oneparop uMeet
BO3MOKHOCTE yrpaBiaaTh CKVYJ]I, miasg Toro 4robbl cienarh JOCTYII K 9TOMY HHTepdeiicy
HE3aBUCUMBIM, OT YCTPOHCTBA, IIAT(HOPMBI, OIEPAIIMOHHON CHCTEMBbI, OBLIIO PEITEeHO HAIMCATD
BeO-cTpanuity. [logkmodenne K Heil MOXKHO OYJIET OCYIIECTBUTH KaK JIOKAJIbHO, TaK U Yepe3
uHTepHeT. BpiOupas #3bIK JiId HallucaHus BeO-CTPAHUIIBI, Mbl B3[VIAHY/JIH Ha MHPOBYIO
IPAaKTUKY U OKa3as10ch, 9To 6osee 80% caiitos B Mupe ucnoansyer PHP. Xpanenns nomepos
HEOOXOMMO IIPOM3BOAUTL B 0a3e JIAHHBIX, a TaKKe HCIOJIb30BATh CHUCTEMY YIIPABJICHUS
6azamMu jgaHHbIX. JljIst perenunst JIaHHON 3a/a4U MOJAXOJAT PEJIAINUOHHBIE 0a3bl JTAHHBIX.
Jlaruble OyayT OpraHn30BaHbI B Bujie HaOOpa TabJINI], COCTOSIINX U3 CTOJOIOB M CTPOK. B
Tabaumax xpaunuTces nadopMmalns 00 00bekTax, IpeJICTaBIeHHBIX B Oa3e JaHHbIX. PaboTaTs ¢
6a30i1 JJAHHBIX OCYIINECTBJIAIOCH C IIOMOIIBIO JEKJIAPUPOBAHHOIO A3bIKa ITPOTPAMMUPOBAHUS
SQL, s3bIK CTPYKTYPUPOBAHHBIX 3allPOCOB, € TaKUM (PYHKIIMOHAJIOM KakK: CO3JaHHe,
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MopUKAIs, YIIPABJICHUE JAHHBIMUA B PEJISIINOHHON 0Oa3e JAHHBIX U PAbOTOH ¢ cucTeMoit
ynpasiennst 6azamu ganabix MySQL [14]. Ho usyuas MySQL u anbrepunarusasie CYB/],
Hamu Obio Haitnena CYBJ] MariaDB [15]. Ee npenmyiiiectBo — 910 TPOU3BOUTEIBHOCTD.
U3 obbranoit KamMepnl B HAIllell crucTeMe, OBbLIO CO3JaHO HACTOLAIIee KOMIILIOTEPHOE 3PEHHE.
st sToro HaM HeoOXOJMMO OBLIO WCIOJIb30BATH OUOJIMOTEKY C OTKPBITBIM HCXOHBIM
KOJIOM, KOTOpas MPEI0CTAB/ISIET BO3MOXKHOCTH paboOTaTh C AJIrOPUTMaMU KOMIIBIOTEPHOTO
3penns, obpabarbiBarh n3obpaxkenud. llomaxomgamasa oudbmoreka, paborarorias Ha Python,
¢ HeOOXOIMMBIM 71 Hac HAOOPOM WMHCTPYMEHTOB Il PeaJM3alliy HAINX Ieeil ITpoekTa
510 OpenCV [16, 17]. Mogenn anropurma naieil cucrembl npusejier B Bujge UML cxembr
(Pucynok 2).

MpWHUMN OeACTEMA paspadoTaHHon cucTemMsl
[ NpoW3soaQnTCA )
oOHapy#eHue
OBEMHYLerocs
aBTOMOGWUNA B 30He
SHCTEMR Kamepsl

H
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OTras
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Y
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@ Erezn

Pucynok 2: [Ipunnur jeficrBus pa3padoTaHHON CHCTEMbI

4 Pe3yabTaThl 1 00CyXK/1eHUE

lanee namM HeOOXOAMMO OBLIO, UTO OBI HaIlla CUCTEMa HE TOJbKO MOTJIA BBICTYIIATh KakK
KOMIILIOTEPHOE 3PEHMe, HAXOAUTh HEOOXOIMMBIE JIjIsI HAC OOBEKTHI, HO U MOIJIa CYUTHIBATDL C
HUX HHAMOPMAIINIO, a 3aTeM ee OIUdPOBATH /s JaabHelnei paboTol ¢ Heit. [ qocTuKeHnst
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9TOl Te/m HaM HeoOxo Mo ObLio uctosib3oBarh ojgny u3 OCR (Optical Character Recog-
nition) 6ubamorek. OCR, winm onrudeckoe pacro3HaBaHHE TEKCTa, MPEICTAaBsieT Coboil
MeXaHUIeCKOe MM 3JeKTPOHHOE IMpeoOpas3oBaHme M300paskKeHuil HaledaTaHHOIO TEKCTa B
MaruaHbIi. [loce nacTpoiiku OubmoTekn u OOyUEeHUIO ee Ha HaXOXKJIeHne OObEKTOB Ha
n300pakeHny Wi B BuJeornoToke. HaM Hy»kHO ObLI0 HaiiTh He mpocTo 0bsacTh Ha (POTO B
KOTOpPOH BCTpedaeTcsd MCKOMbBII OOBLEKT, HO W OTJIEJINTHL BCE €r0 TOYKU OT JIPYTUX OOBHEKTOB
nin (poHa. DTa PA3HOBUIHOCTH 33184 Ha3biBaeTcs «Instance Segmentationy. Tak ke 0OyauTh
HaIlly cHUcTeMy paboTaTh ¢ KOHQUIypalueil, KOTopyo Mbl Hanucaan 1oj; Kazaxcranckue
HOMepaA.

5 3akJroueHue

Wcnonib3yst TeXHUYECKHEe U IPOTPaAMMHBIE CPEJICTBA, CO3/aH IIOJHOIEHHDBIH MaKeT st
JIEMOHCTPAIIU PAbOTOCIIOCOOHOCTH Halei cucteMbl. OOyYINUB CHCTEMY paclo3HaBaTh HOMEPA,
IIOJIYYMJIN II0JIOZ2KUTEJIbHBbIE PE3YJ/IbTAaThl B T€CTaX. IL.HH TOYHOI'O pacCllO3HaBaHUAI, H€O6XO,ZLI/IMO
MPOBO/IUTL O0yveHue Ha OoJiee OOMUPHON 6a3ze aBTOMOOMJILHBIX HOMEPOB. s moBTOpPHOrO
Oo0ydYeHrsl CHUCTEeMBI W JIOCTUKEHUs] BBICOKHX Ppe3yJIbTaToOB 0Oe30MMO0THOTO OIpeIeIeHusT
HOMEPOB, MMEETCS BO3MOXKHOCTH COOpaTh JOCTATOYHYIO 06a3y aBTOMOOMJIBHBIX HOMEDOB M
KapTUHOK, CJ/IeJIAHHBIX HAIlel CUCTEMOI.
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ENCRYPTION ALGORITHM "QAMAL NPNS"BASED ON A
NONPOSITIONAL POLYNOMIAL NOTATION

Processing, storage, and transmission of information are important processes in modern society.
The practical application of cryptography has become an integral part of the life of modern society.
In Kazakhstani, for the protection of the electronic information are mainly used foreign software
and hardware-software tools . Therefore, the development of Kazakhstan cryptographic protection
tools is certainly necessary. This article describes the new Qamal NPNS encryption algorithm,
which is a modification of the previously developed Qamal encryption algorithm. The modification
lies in the use of a transformation based on a non-positional polynomial notation (NPN). To
build a new encryption algorithm, an SP-network is also used. The theoretical justification of the
appropriateness of applying the NPN and the results of the analysis of the encryption algorithm
are given. Algebraic cryptanalysis for multiplication in non-positional polynomial notations was
considered separately. The study of the algorithm strength for separate procedures showed good

results, which suggest the cryptographic strength of the developed algorithm.
Key words: cryptography, encryption, S-box, non-positional polynomial notation, SP-network.

IP.I". Busimes, 2A. Cyomap, 2K.T. Anrazer, A. XowMmsim
lrp.a., KP BxxI'M T'K, AKDapaTTBIK >KoHE eCelTeyill TeXHOIOTHAIAD HHCTHTYTEL,
Amvarer k., Kazakcran, E-mail: brgQipic.kz
2r.p.1., JTio6mn Texnukanbik yausepcureri, Jlio6mmn K., [Toabnra, E-mail: a.smolarz@pollub.pl

3 noxropant, oi1-Papabu aTbiHIarsl Kasak yITTHIK yHHBEPCUTETI,

Asmvarer k., Kazakcran, E-mail: kunbolat@mail.ru
4 nokropant, KP B:xxI'M 'K, AKDapaTTHIK >KoHE eCenTeyill TeXHOIOTHAIAP HHCTHTYTEL,
Amvarer k., Kazakcran, E-mail: ardabek@mail.ru
«QAMAL NPNS» mmdpiey aJropuTMiHiH MMO3UIUASIIBI €eMeC MOJMHOMIBLIK, CaHay >KyieciH
naiiIalaHFaH MOJU(PUKAIASICHI

AKnaparThl €HJIey, caKTay YKoHe aJMacy Kasipri KoraMIarbl MaHbI3Ibl IIPOIECC OOJIBIIT TaObLIAIbI.
Kpunrorpadusms ic Ky3imge KoamaHy Kazipri Koram eMipiHiH aKbipaMac OeJiirine aifHaJIIbI.
Kazakcranga 3/IeKTPOHIBI aKIapaTTbl KOPFray VIMH Heri3iHeH MMeTe/ ik OarIapaaMalIbiK,
JKOHE alllapaTThIK-OarmapiaMalblK, Kypaaiap KoJaanbuiagbl. COHIBIKTAH /18 Ka3aKCTaHIBIK,
KpUNITOrPaUSIBIK, KOPFAYIbIH KYPAJIIAPbIH 93ipiey KaxkeT. Bys mMakaigajia OYypbIH 93ipJIeHreH

Qamal mudpiey agaropuTMiniz, 2KaHA MOAMMUKAIIUAICH CHIATTAIaAbl. Monudukaius mo3unsibl
emec moJMHOMIBIK, canay Kyienepine (ITETICZK) wmerizgenren mudpiey ajropuT™min Kypy

yiria SP xemici konmanburan. Consiven Katap mudpieyae [TETIC2K maiinamany MakcaTbIHBIH,
IYPBICTHITBIHA TEOPUSIIBIK, TYCiHiKTeMe Oepinzl komHe mudpiiey aJropuTMiH TAIIay HOTHKEIEP]
kenripinmi. Ilosunusaiablk emec MOMMHOMILIK CaHay Kyienepingeri kebefiTyre apHaJFaH
aJiredpaJsiblK, KpUIITOTaJjlay HoTuKejepi Oesiek kepcerijireH. COHbIMEH KaTap, aJlOPUTMJIe
naiijaiaHbIFalH 0acka Ja Ipoleypaiapra apHaJfaH OepIKTLIINH 3epTTey *KYMBICTAPhI YKAKCHI
HOTHXKeJIED KepceTTi. Bysl o3 Ke3zerinjge o3ipJeHreH aJIfOPUTMHIH KPUITOrpaduUsiIbK, Oepik
OOTATBIHABIFBIHA OOJIZKAM Kacayra Heri3 OOJIBIT TabbLIAIbI.

Tyiiin ce3aep: kpunrorpadust, mudpJiey, S 60K, TO3UUSIBI €MeC TOJTMHOM/IBIK, CAHAY KYiieci,
SP kyiieci.
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Agropurm nmdpoanus "QAMAL NPNS"c ucnosib3oBaHneM HEMO3UIMOHHOMN
HOJIHHOMHaJIbHOﬁ CHUCTEMBbI CUMCJIEHUA

Ob6paboTKa, XpaHeHue u TIeperada HHPOPMAINH SABJISIOTCS BaXKHBIMU ITPOIIECCAMU B COBPEMEHHOM
obmectBe. [IpakTudeckoe mnpuMeHenne KpUITOrpadUd CTAIO0 HEOTHEMJIEMON YaCTbIO YKU3HU
coBpemenHoro obmectBa. B Kazaxcrame ajs 3amuThl 971€KTPOHHON UHAMOPMAIMH TPUMEHSIIOTCS
B OCHOBHOM 3apyOexKHble WpPOrpaMMHBIE H AlIapaTHO-IIPOrPAMMHBIE cpejicTBa. [loaTomy
pa3paboTkKa Ka3axXCTAaHCKUX CPEJICTB KPHUITOIPAMUIECKON 3aluThbl OE3YCJIOBHO  SIBIISIETCS
HeoOxouMoOit. B maHHOI cTaThe ONUCHIBAETCsT HOBBIA ajropurMma ImudpoBanus «Qamal
NPNS», koropsiit sBiasercs MmomuduKanueil paree pa3zpabOTAHHOIO AJTOPUTMA IMTH(DPOBAHUS
«Qamaly. Moandukaims 3aKJI0YaeTCd B MCIOJIL30BAHUN IIPeOOpa30BaHKsI, OCHOBAHHOIO Ha
HEMO3UIMOHHON mosmHOMuanbHol cucreme cumcnenust (HIICC). st TOCTPOEHHSI HOBOTO
ajropuT™a mugpoBaHus TakxKe npuMensiercs: SP-cers. [IpuBomsiTcst Teopernyeckoe 060CHOBaHME
nesrecoobpasuoctu  npumenenus HIICC wu  pesynbrarbl aHajin3a ajropuTMa  IMUQPOBAHUS.
O1mesibHO TPUBENEHBI  PE3YIbTATHI  aaredpandeckoro KPUIITOAHAIU3 JJIsS YMHOXKEHUsI B
HETIO3UIMOHHBIX MTOJIMHOMUAJIBHBIX CHCTEMaX CYUC/IeHusx. VcciesoBanne CTONKOCTH aJropurMa
JUTsT OTJIETBHBIX MTPOIEIYP MMOKA3AJI0 XOPOIINE Pe3yJIbTATHI, YTO MPEII0JIaraeT KPUITOCTONKOCTh
pa3pabaTbIBAEMOro aJrOPUTMA.

KuroueBbie cioBa: kpunrorpadus, mudpoBaHue, S-0JI0K, HEMO3UIMOHHAS ITOJIMHOMUATHHAS
cucreMa cuucjenus, SP-cerb.

1 Introduction

The science of secret transmission of information arose in ancient times. The development
of writing and communications has greatly advanced its formation. The advent of affordable
internet has taken cryptography to a new level. Due to the increasing dependence of society
on information technology and the need to ensure information security, the use of crypto-
graphic methods has become relevant for almost everyone. However, secrecy can be inferior
in importance to ensuring integrity, authenticity and other aspects of security. The invention
of new principles of cryptography and the emergence of the so-called public key cryptography
gave a powerful impetus to the widespread use of this science for the needs of civil society,
business, banking and other fields of activity [1].

Cryptographic information protection is one of the main subsystems of any information
protection system. The processes of handling, storage, transmission and use of information
become dominant in the life of modern society [1-3|. All specific tasks of cryptography sub-
stantially depend on the level of development of engineering and technology, on the means
of communication used, and the methods of transmitting information [4, 5|.

2 Literature review

The security of sensitive information has begun to be governed primarily by the key. The
encryption algorithm itself is considered to be known to the enemy and available for study,
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but the algorithm provides for the use of an unknown to the adversary key, on which the
applied information transformations substantially depend [3-6].

Claude Shannon was the first who with mathematical rigor formulated questions about
the absolute and theoretical strength of ciphers. Namely, to what extent a cryptosystem is
resistant to an attacker with unlimited resources |7]. Requirements for perfect secrecy: 1) the
key is truly random (equally probable); 2) the key is exactly as long as the message that
is encrypted; 3) the key is used one time only. In case of violation of at least one of these
conditions, the cipher ceases to be completely unbreakable, and there appear possibilities
in principle to break it. But these conditions make a completely unbreakable cipher very
expensive and impractical. Before using such a cipher, it is necessary to provide all subscribers
with a sufficient supply of random keys and exclude the possibility of their repeated use. And
this is extremely difficult and expensive to do [5, 6]. Therefore, completely unbreakable ciphers
are used only in communication networks with a small amount of transmitted information,
and these are usually networks for transmitting sensitive or critical information.

Most typically, legitimate users are forced to use not completely unbreakable ciphers to
protect their information. Symmetric block encryption algorithms have gained wide use, and
now they are the main cryptographic means to ensure confidentiality in the processing of
information in modern information and telecommunication systems [5-7].

The main types of block ciphers are a Feistel network and a substitution-permutation
network (SP-network). An SP-network is a block cipher in which the transformation of each
round is a combination of substitutions (S-boxes) and permutations. Two fundamental prin-
ciples for constructing cryptographic transformations, confusion and diffusion, proposed by
Claude Shannon in 1949, can clearly be implemented in the structure of SP-network|7-9].
Recall that confusion means complicating all kinds of connections between the plaintext and
the ciphertext. Examples of SP-networks are the ciphers IDEA, AES (Rijndael), Serpent,
Kuznyechik [10-13|. Every day there are more and more such examples. It is the new practi-
cal applications of cryptography that are one of the sources of its development.

For Kazakhstan, information and communication technologies play a big part in the devel-
opment of the young state. In 2017, the Cybersecurity Concept was adopted. The objectives
of the Concept are to achieve and maintain the level of security of electronic information
resources, information systems, and the information and communication infrastructure from
external and internal threats, ensuring sustainable development of the Republic of Kaza-
khstan in the context of global competition [14].

In recent years, the Institute of Information and Computational Technologies of the Sci-
ence Committee of the Ministry of Education and Science of the Republic of Kazakhstan has
carried out research on the study of symmetrical block encryption algorithms for electronic
messages and has developed various modifications, including those based on non-positional
polynomial notations (NPNs) [15-21]. These works, in turn, will contribute to the creation
of domestic cryptographic information protection facilities.

3 Materials and methods

The paper [19] introduced the new symmetric block encryption algorithm Qamal. The Qamal
algorithm scheme is shown in Figure 1 (a). The encryption algorithm includes pairing a
plaintext with a key using the bitwise addition (XOR) operation, a substitution S-box, and



R.G. Biyashev et al. 201

mixing procedures Mixerl and Mixer2.

The considered algorithm is a modification of the above one, where a non-positional
polynomial notation is used (Figure - 1 (b)). Instead of the operation of pairing (addition) a
key modulo 2 (XOR operation) to a plaintext block, multiplication by the NPN is performed.
For this reason, the algorithm was named Qamal NPNS. The developed algorithm supports
a fixed block and a key length of 128 bits. This is yet another difference from the basic
algorithm.

Building an NPN is the selection of its bases designated as working bases. Let some
irreducible polynomials be chosen as such bases:

pl(l’),pg(l’),...,pg(x) (1)

Let us denote their degrees by mq,ms, ..., mg respectively. The polynomials (1), consid-
ering their arrangement, form a single system of bases. The main working range of the NPN
is the polynomial P™(x) = p;(2)pa(x)...ps(z) of degree m = £, m;. In the NPN, any poly-
nomial F'(z) whose degree is fewer than m has a unique non-positional representation in the
form of a sequence of residues of its division by the bases(1):

F<I> = (a1<x)7a2(x)v ‘”7055(x))7 (2)

where a; = F(x)(modp;(z)),i = 1,...,S. The positional notation of F(x) is restored by
its nonpositional form (2) [22-25]:

F(z) = 7 0i() Bi(z)
where
P (@)
p()
The polynomials M;(x) are selected in such a way as to satisfy the congruence in (3).

In the case of only the transmission and storage of information, the positional form of the
polynomial F(x) according to the formula:

Bi(z) = M;(x) = 1(modp;(x)). (3)

Fr) = X cu(x) Pi(x)

where

P (@)
—. (4)

()

Each working base must have a degree not higher than the value of L (in our case, 128).

The bases (1) are selected from among all irreducible polynomials of degree mjtomg with the
condition that equation (4) holds:

P(z) =

k1m1 + k?gmz + ...+ k?gmg = L. (5)

In the equation (5), 0 < k; < n;,7 = 1,...,S are unknown coefficients and the number
of selected irreducible polynomials of degree m;. One specific set of these coefficients is a
solution of (5) and defines one system of working bases, n; is the number of all irreducible
polynomials of degree m;, 1 < m; < L, S = ky+ky+ ...+ kg is the number of selected working
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Figure 1: Qamal encryption algorithm scheme, b) Qamal NPNS encryption algorithm scheme

bases. Complete residue systems modulo polynomials of degree m; include all polynomials of
degree at most m;_1, for the notation of which m; bits are required.

Encryption. The used key sequence of L bits long is also interpreted as the sequence
of remainders kq(z), k2(x), ..., ks(z), but from dividing some other polynomial K(x) by the
same working bases of the system:

K (2) = k(). ka(e), .. ks (@) (6)
where K (x) = k(x)(modp;(z)),i = 1,...,S. Then, as a cryptogram wy (), we(z), ..., ws(x),
some encryption function H(F(z), K(x)) can be considered:

H(z) = wi(x),ws(x),...,ws(x). (7)

where H(z) = w;(z)(modp;(x)),i =1,..., S.

In accordance with the operations in the NPN, the operations in the functions F(x), K(x),
H(x) are performed in parallel modulo the polynomials (1) selected as the working bases of
the NPN.

For encryption, elements of the residue sequence wi(x),ws(x),...,ws(x) in the cryp-
togram are used, which are the least remainders on dividing the products a;(x)k;(x)

by the corresponding bases p;(z), if the multiplication operation is used as the function
H(F(z), K(x)) |22-25]:

a;(2)ki(x) = wi(x)(modp;(x)),i = 1,...S. (8)
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Decryption. When decrypting the cryptogram H(x) using the known key K(z), for each

value k;(x), we calculate, as follows from (8), the reciprocal (inverse) polynomial kfl)(x)
from the following congruence:

k:(x)k;g_l)(x) = 1(modp;(x)),i =1,..., S (9)
The result is the polynomial

KV () = (K@), kS (@), o kS V()

which is inverse to the polynomial K(x). Then the elements of the residue sequence (2) in
accordance with (8) and (9) are restored by the congruence:

a;(2) = kU (@)wi(2) (modp(2)),i = 1,..., S

Thus, in the considered model of the encryption algorithm for an electronic mes-
sage of a given length L bits in the NPN, the complete key is the selected system
of the polynomial working bases pi(z),pa(2),...,ps(x) and the inverse key KV(z) =
(k(x), k:é_l)(x), - ké_l)(x)) to decrypt the message.

Round keys. The round-key generation algorithm remains the same as in the basic algo-
rithm [19]. The round keys K; are generated from the cipher key K, using the key extension
procedure. As a result, an array of round keys is formed, from which the required round key
is then directly selected.

The complete key in the developed encryption algorithm modification is comprised
of the chosen system of polynomial bases pi(x),ps(x),...,ps(x), the key K(x) =
(k1(z), k2(x), ..., ks(x)) obtained while generating a pseudo-random sequence, and the inverse

key K=V (z) = (kfl)(x), kéfl)(x), o kgﬁl)(w)) calculated according to expression (9).

4 Results and discussions

4.1 Encryption algorithm analysis

The main methods for analyzing the strength of such algorithms include brute force attacks,
statistical and algebraic methods. Brute force attacks are to check all possible keys by using
them to decrypt the ciphertext and then to verify whether the result obtained represents a
plaintext.

Statistical methods for purposes of analysis use some statistical dependence of the al-
gorithm, which is performed for the correct key with a greater frequency than for a false
key.

The basis of algebraic methods is the building of a system of linear equations in which the
elements of plaintext and key are selected as variables. When solving the system of equations
using the linearization method, the possibility of finding key elements in parts is considered.

Keyspace calculation. In the algorithm, the key consists of two parts that are generated
independently of each other. The length of each key is 128 bits. One part of the key is
a pseudo-random sequence generated for the bitwise addition operation and for the non-
positional encryption system. In an NPN, the second part of the key is the selected set
of polynomial bases pi(x),pa(z),...,ps(x). It is known that the number of operations to
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enumerate all candidate keys with a length of 128 bits is equal to 2'28. The cryptographic
strength of the encryption algorithm based on an NPN is determined by the number of all
possible and different options for choosing complete keys. The cryptostrength of encryption
of a message of a given length L is calculated by the formula [26]:

e =25 S ke (B + oo + Kg)ICHL.CFS (10)

To find the exact value of )y for each L, it is necessary to calculate the number of
irreducible polynomials of degrees up to L. and the compositions of L.

The number of irreducible binary polynomials of degree L is calculated by the following
formula [26]:

Io= 2 S ()2 = -5 ()2’

d\L d\L

where d are divisors of L, p(x) is the Mobius function defined as follows:

0, if x has a squared prime factor
(=1)*, if z is the product of k different numbers
11, ifx—1

Table 1 shows the values of I; from 1 to 32. If L = 128, then I; ~ 222,

Table 1: Values of I from 1 to 32

ITLI ] I, [I] I, I I
129 5 |17| 7,710 | 25| 1,342,176
21 1 [10] 99 |18 14,532 |26 | 2,580,795
312 [11] 186 | 19| 27,594 | 27 | 4,971,008
4] 312 335 [20] 52,377 | 28 | 5,586,395
516 | 13| 630 | 21| 99,858 | 29 | 18,512,790
6| O | 14 | 1,161 | 22 | 190,557 | 30 | 35,790,267
711815 | 2,182 | 23 | 364,722 | 31 | 69,273,666
8130 [ 16 | 4,080 | 24 | 698,870 | 32 | 134,215,680

It is known from the theory of numbers that in the general case for the number L there
251 compositions, of which exactly C+~1 ones have the length of k.

Based on this fact, the total number of complete keys was calculated for different values
of L. For L equal to 16, 32, and 64, the number of enumeration operations is 234, 2% and
2138 respectively. Taking into account these calculations, it is suggested that when L takes

the value of 128, the number of enumeration operations is close to 227,

are

4.2 Algebraic analysis results

Algebraic methods are based on the algebraic properties of an information transformation
algorithm. The strength of algorithms against statistical methods depends on the amount of
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accumulated information about plaintexts and the corresponding converted texts. Algebraic
methods usually do not require a lot of statistics when using the same key.

Algebraic cryptanalysis for multiplication in non-positional polynomial notations was con-
sidered separately. For multiplication in an NPN, a partial attack was used. Earlier studies
had been conducted in this direction [27]. The system of equations binding the key, plaintext,
and ciphertext in the encryption scheme based on an NPN for one irreducible polynomial is
given below:

(cn—ldn—l @ knsn—Q =0
Cn—ldn—Z @ Cn—an—l @ knsn—S @ kn—lsn—Q =0

Cn—ldl @ Cn_gdg @ @ Cldn—l @ k’nSO @ kn_lsl @ @ ]{ngn_g =0
Cn—1dy @ Cp—2d; @ @ Coly—1 @ Fn-150 EB @ kisp—o = an_1
Cn—2dp @ Cn—3di... @ Colp—2 EB Fn—250 @ kn—3s1 EB @ Kosn—2 = an—2

cady @ cidy @ cody @ [PEN @ kis1 @ kosa = ap
Cldo @ Cod1 @ ]{?180 @ k?()Sl = ay
\Codo D koso = ao

Here ¢ = (¢p-1,Cn—2,...,C2,C1,¢0) is a numerical sequence of the given ciphertext,
a = (ap_1,0p_9,...,a2,a1,ag) is a sequence of characters of the unknown plaintext, k =
(Kny kn—1,y ..y k2, k1, ko), d = (dp—1,dp—2, ...,d2,d, dy), and s = (Sp_2, Sp—_3, ..., S2, S1, So) are the
sequences of unknown variables.

In this context, the input data are random sequences resulting from other transformations.
It was shown in [25] that after one cycle, each bit of the intermediate result depends on each
bit of the plaintext and on the key. Minimal changes in the plaintext or in the key lead to
changes of about 50% of the bits (an avalanche effect). In view of the above, an attack in
parts is impractical.

In the case of an algebraic attack, provided that the ciphertext and plaintext are known,
the number of search operations for finding the key lies within the following interval [27]:

> Imi) < J(m) < ][ 1my)

where I(m;) is the number of irreducible polynomials of degree fewer than m;, J(m) is the
number of search operations for complete keys of length m.

5 Conclusion

The study of the cryptostrength of the algorithm begins with the cryptanalysis of each
transformation separately. Then, depending on the results obtained, an analysis of the entire
algorithm, i.e. for the whole round transformation, is conducted.

The basis of algebraic methods is combining a set of equations describing the internal
transformations in the cipher system, and solving the simultaneous equations. Typically,
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these internal transformations include linear and non-linear parts. Developers of modern
encryption systems often use S-boxes, which due to their non-linearity significantly increase
the level of strength of such encryption systems against algebraic cryptographic attacks. In
addition, in order to complicate the use of analytical approaches, iterative (round) schemes
are widely used, when the transformation output is again fed to the input a certain number
of times.

The study of the algorithm strength for separate procedures showed good results, which
suggest the cryptographic strength of the developed algorithm and the possibility to study
the algorithm comprehensively, i.e. considering all transformation procedures and rounds.
Work in this direction is ongoing. The results will be presented in the following publications.
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Te paboThl, KOTOpPbIe MUTUPYIOTCA B TekcTe. CChUIKM HA JIMTEPATYPY OMOPMIISIIOTCST B KBAJIPATHBIX
cKODKaxX ¢ yKaszauueM HoMepa Jjureparypbl. Ctusb odopmiterus "Crucok jureparypbl"Ha pyccKOM
n KazaxckoM s3bike coryiacao ['OCT 7.1-2003 "Bubmmorpadudeckas 3anuch. bBubnmorpadudeckoe
ommcanne. OOmue TpeGoBaHWsI W TpaBUia cocraBieHus"(TpeGoBaHWE K W3JAHUAM, BXOISANUX B
nepederb KKCOH). Crusb odopmiennust "References” poMaHn3npoBaHHOrO ClMCKa JUTEPATYDHI (CM.
BBIIIIE), & TAKYKE UCTOUYHUKOB Ha aHIVIUICKOM (JPyrOM HHOCTPAHHOM) A3BIKE JJIsl €CTECTBEHHOHAY THBIX
u TexHuueckux HanpasJenuii corsacao Chicago Style (www.chicagomanualofstyle.org).
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