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C.A. Aiicarasmmen, 9.2K. I1labenoBa*, C.K. Kerebaesn
Kazaxckuii HallmoHAJIbHBIN yHUBEpcUTET UMeHn anb-Dapabu, r. Anmarer, Kazaxcran
*e-mail: Shabenova.aika@gmail.com

PASPEIHHINMOCTD 1 IIOCTPOEHHNE PEINIEHN A KPAEBBIX 3AJJIAY
JIMHENHBIX CUCTEM C ®A30BbIMU OTPAHUYEHUAMN

PaccmarpuBatorcst kKpaeBbie 3amaun ¢ (pa30BbIMU OTPAHUYCHUSIMU JIJIsT JIMTHEHHBIX OOBIKHOBEHHBIX
muddepennnanbabix  ypaBuenwmit. [losydensr  HeoOXogmMoe U JIOCTATOYHOE — YCJOBUS
CYIIIECTBOBAHUS peIeHUs KPAaeBbIX 3aJad JIMHEHHBIX OOBIKHOBEHHBIX JuddepeHnaIbHbIX
YPaBHEHUI C KPAEBBIMU yCJIOBUSAMHU U3 38 IaHHBIX MHOXKECTB IIPU HAJAINAN (Pa30BBIX OTPAHUICHU.
[Ipemyioxken MeTO TOCTPOEHUS PEIIEHUsS KPaeBOil 3a/adn ¢ (a30BBIMU OIPDAHUYEHUSIMU ITyTEM
IIOCTPOEHUST MUHUMHU3UPYIOMAX TOCAEI0BATEIbHOCTEl B  (DYHKIIMOHAJIHLHOM ITPOCTPAHCTBE.
[Toyuena oreHKa CKOPOCTH CXOAMMOCTH MHHAMHU3HUPYIOIMMX MHOCesoBaTebHocTell. OCHOBOI
[IPEJIJIAraeMoro MeTOJ/la peIIeHHs KPAaeBbIX 3a7ad ¢ (Hha30BBIMU OI'DAHUYEHUSIMU SIBJISETCS
BO3MOXKHOCTb CBeJleHMsl YKa3aHHBbIX 3a/iad K OJHOMY KJacCy HWHTerpa/lbHOIO ypaBHEHU:A
Openronpma nepsoro poja. MaTterpanbaoe ypasHennme PDpeirosbma MEpBOTO POJA OTHOCHTCS
K 9YHC/Iy MAJIOU3YYEeHHBIX Mpobsiem maremMaTuku. llosromy DyHIameHTAJbHBIE HUCCIIEIOBAHUS
[0 MHTEI'PDAJbHBIM YPaBHEHUSM U PellleHre HAa UX OCHOBE KPAaeBBIX 33134 JAuddepeHInaIbHbIX
ypaBHEHHUIl fABJISETCA OCHOBHBIM II€PCIEKTHUBHBIM HalpaBjieHreM B Maremaruke. llpennaraercs
HOBBIl MeETOJ, peIleHnusl KpAaeBbIX 3aJad JUHEHHBIX OOBIKHOBEHHBIX auddepeHnnaabHbIX
ypaBHeHHUil ¢ (a30BBLIMU OTPDAHUYCHUSMY HUMEIONUI MHOTOYUC/ICHHBIE MPUJIOXKEHUs B TEOPUU
JUHAMAYIECKUX cucTeM. HaydHOoil HOBU3HOI TOJIYyI€HHBIX PE3YIbTATOB ABJSIOTCS: (DOPMAJIN3AIIAST
o0rmeit 337291 IUHAMUYIECKAX CHCTEM W IIPUBEJEHWE €€ K KPaeBbIM 3aJadaM OOBIKHOBEHHBIX
nuddepeHnnaabHbIX  ypaBHEHHE ¢ (HA30BBIMU OrPAHUYIEHUSIMHU; HailiJIeH HOBDLIA KpUTepuil
CyIIeCTBOBaHUs DeIlleHUd KPaeBbIX 3aJad B BHUJIE IPUHIUIIA IIOI'DYKEHUd Ha OCHOBE TEOPEMbI
CYIIIECTBOBAHMUS MU IIOCTPOEHUE PEINIeHUs WHTEIPAJbHOIO YPAaBHEHUS; CO3J/IaH HOBBII MeTO
peIlleHnsT KPAaeBbIX 3aJlad JIMHEHHBIX OOBIKHOBEHHBIX MUMO(MEPEHIINATBHBIX YPABHEHAN IIyTeM
TIOCTPOEHUS] MHHUMU3UPYIONIAX IIOCJIE/I0BATEJbHOCTEN IS CIenuabHONl HadaJ bHON 3aJa4dnd
OITUMAJILHOI'O YIIPaBJICHU.

KurogeBble ciioBa: KpaeBble 3aja4H, ()a30Bble OIDAHUYEHHUs, OITUMHU3AIMOHHAA 337a4a,
MUHUMU3UAPYIOIIKE I10CJIe/I0BaTe/IbHOCTH, HHTErPaJbHOE YPaBHEHNUE.

C.O. Aiicaranues, O.2K. [ITa6enosa*, C.K. Kerebaen
Osi-Papabu aTbiHgarbl Kasak yiaTTeIK yHuBepcuTeTi, Ajimars! K., Kaszakcran
*e-mail: Shabenova.aika@gmail.com
D azasbiK MIeKTeyJIepi 0ap ChI3BIKTBIK, >KYyiieJep/IiH IIeKapaJblK eCeNTepPiHiH MeIniMiH TYPFbI3Y
JKoHe ILIeIniMiHiH TaOblJIaThIHIbIFbI

ChoI3BIKTHI KapamaiibiM 1uddhepeHnuasIbK, TeHIeY/Iep YITiH (ha3ablK, MEeKTEeyJIEPMEH eKaPAJIBIK,
ecenrrep KapacThIpbliazabl. Pa3asblK, —MIeKTeyjIep OoJiFaH Ke3ze OepinreH  KUbIHIapIaH
IeKapaJIblK ~ MapTTapbl 06ap CBhI3BIKTBI  KapamaibiM  aud@epeHnuaniiplK — TeHIeYIEePIiH,
IMEKAPAJIBIK, €CeNTEP/IiH, IIenTyiHiH O0Iybl VIMH KAXKETTI YKoHe YKEeTKITIKTI mapTTapbl aJbIHIb.
OYHKITMOHAJJIBIK, KEHICTIKTErT MUHUMAJIIBI PETTUIKTED KYPY apKbLIbl (ha3asIbIK, MEKTEYIePMEH
MeKaPaJIbIK, €CeNTeP/IiH MIENTMIH KYpy 9Jici yChIHBLIAB.. MUHUMAJIAL PEeTTLMIKTIH, KUHAKTATY
JKBUIJIAMIBIFBIHBIH Oarachl ajblHIAbl. (Pa3asiblk IIEKTeyJIEPMEH IMIEeKAPAJIBbIK, eCelTepIl ey i
YCBIHBLIFAH 9JiciHiH Herisi - 6epinren ecenrrepi 6ipinmm Tunteri @pearosibM UHTETPAJIBIK, TEH-
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4 C.A. Ajicaraimes u jap.

Jeyain 6ip kiraceina kearipy. Bipinmr tunreri @penrosbm HHTErpaJIIbIK TEHICY] - MATEMATUKAHDBIH
a3 3eprTejireH MocesesepiniH, 6ipi. COHIBIKTAH HWHTErPAJIBIK TEHIeyJIep OOUbIHIIA iprei
3epTrTeysep YKoHe OJIapIblH Herisinge auddepeHnuaiiblk TeHIeYAePIiH MeKapaablK, eCenTepin
eIy MATEeMATUKAIAFbl 0ACTHI MEPCIIEKTUBAJBIK, OarblT O0JbIn TabbLIa i bl. JIMHAMUKAJIBIK,
JKyifleslep TeopUsACHIHIA KOITereH KOJIIaHbIChl 0ap da3asblk —IIekTeysaepi 0ap ChI3BIKTHI
Kapamnaiieim  guddepeHnnaiaplK, — TEHIAEYIePAiH  IIeKapaJiblK — eCelnTepiH  IIenryJiH  KaHa
onici yceiHbUIFaH. HoTukesnepnin FHUIBIME 2KaHAJIBIFBL: JIMHAMUKAJIBIK 2KYHeJepIiH 2KaJlbl
ecenTepiH KAJBIITACTHIPY YKOHE OHBI (Da3aJIbIK MIEKTEyJIEPMEH Kapamaibiv auddepeHnuaiibk,
TeHeyepiH merTik ecenrepine kearipy; lermmimuin 6ap 6oy TeopemMachbl MEH WHTETPAJIIBIK,
TEHJIEY/IiH TIeNNnMiH Kypyra Herizzejnren OaThbIpy NPHUHIUIN TYPIHIET] IeKapasblK eCcenTepIi
menriMidig, 60JIybl VINiH 2KaHa Kpurepuiili TadbLibl; ChI3BIKTHIK, KapamnaibiM auddepeHnuaibkK,
TEHJIEYJIEP/IiH, MMeKAPAJIbIK, €CEeIITEPIH NIyl apHaiibl 0acTAIKbI OHTAMIBI OacKapy ecebi yImiH
MUHUMU3AIMS PETTIMINH KYPY apKbLIbI YKaHa 9JIiC YKACAJIIbI.

Tyitin ces3zmep: wmekapajblK ecenTep, @a3ajblK IIeKTeyaep, ONTUMHU3AIUsI MOCeJec,
MUHUMUI3AIUSIAY PeTi, MHTerpaJjIblK, TEHIEY.

S.A. Aisagaliev, A.Zh. Shabenova*, S.K. Ketebayev
Al-Farabi Kazakh National University, Almaty, Kazakhstan
*e-mail: Shabenova.aika@gmail.com
Integral equation in the theory of optimal speed of linear systems with constraints

Boundary-value problems with phase constraints for linear ordinary differential equations are con-
sidered. The necessary and sufficient conditions for the existence of a solution to the boundary
value problems of linear ordinary differential equations with boundary conditions from given sets
in the presence of phase constraints are obtained. A method is proposed for constructing a solution
to a boundary value problem with phase constraints by constructing minimizing sequences in a
functional space. An estimate of the convergence rate of minimizing sequences is obtained. The
basis of the proposed method for solving boundary value problems with phase constraints is the
ability to reduce these problems to one class of the Fredholm integral equation of the first kind.
The Fredholm integral equation of the first kind is among the poorly studied problems of mathe-
matics. Therefore, basic research on integral equations and the solution based on them of boundary
value problems of differential equations is the main promising direction in mathematics. A new
method is proposed for solving boundary value problems of linear ordinary differential equations
with phase constraints, which has numerous applications in the theory of dynamical systems. The
scientific novelty of the results is: Formalization of the general problem of dynamical systems and
its reduction to boundary value problems of ordinary differential equations with phase constraints;
A new criterion is found for the existence of a solution to boundary value problems in the form of
the immersion principle based on the existence theorem and the construction of a solution to the
integral equation; A new method has been created for solving boundary value problems of linear
ordinary differential equations by constructing minimizing sequences for a special initial optimal
control problem.

Key words: boundary value problems, phase constraints, optimization problem, minimizing se-
quences, integral equation.

1 BBenenue

Pacemorpum  cirenyromyio  KpaeByoo  3ajady Ul JIMHEHHBIX — OOBIKHOBEHHBIX
b depeHImaIbHbIX ypaBHEHTIT

T =A(t)xr+ B(t)P(t)x + p(t),t € I = [to, 1], (1)
C KPaeBbIMU YCJIOBUSIMU

l’(to) =1x9 €Sy C Rn,l’(tl) =z, €5 C R", (2)
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pu HaAUIuU Pa30BbIX OI'PAHUICHUT
2(t) € G(1); G(t) = v € R"w(t) < L{t)z < (1)t € I, (3)

rie to,t1,t1 < to — duxcupoBanubie MoMeHThl BpeMmenwu, A(t), B(t), P(t),t € I — marpuiibt
HOPSIJIKOB 1 X 10, 1 X M,y M X N, ¢ KyCOYHO-HEITPEPBIBHBIMU 3JIEMEHTAME COOTBETCTBEHHO, [i(t) €
Lo(I, R™) — sanannas dyuknus. [Ipu 3amanubix yeiaousx auddepeHnnaabHoe ypaBHEeHNe
(1) ms m060ro UKCUPOBAHHOTO Ty € Sy UMEET €JMHCTBEHHOE PEIIeHne KOTOPOE SIBJISIeTCS
abCOJIIOTHO HellpepbIBHON dyHKnueii, Sy, S — 3aJaHHbIe BBIIYKJ/ILIC 3aMKHYTBIC MHOXKECTBA,
L(t),t € I — 3aaHHast MATPHUIA HOPSJIKA S X 1 C HEIPEPBIBHBIMH jieMenTami, w(t), ¢(t),t €
I — 3ajtannbie BeKTOp MYHKIUU § X 1.

Onpenenenne 1 Bexmop ¢ynkyusa x(t) = x(t;to,xo,x1),t € I,xg € Sy, 71 € 54
nasvieaemcsa pewenuem kpaesot zadavu (1)—(3), ecau x(ty) = xo € So,x(t1) = x1 € Sy,
Pynryusn x(t;to, ro, x1) € G(t),t € I.

MmuozxkectBa Sy, S1, B 9aCTHOCTH, MOI'YT OBITH 3aMKHYTBIMU IIAPAMU, THIEPILIOCKOCTSIMU.
U B obmem ciyaae S = Sy x S = (29, 21) € R*™|H;(x0,21) < 0,5 = 1,815 Hj(z0,21) =<
aj,z0 > + < ejx1 > —a; = 0,57 = 81+ 1,p; tme Hj(zg,21),j = 1,51 — BolnyKibie
(YHKIUE OTHOCUTEJIBHO HMEPEMEHHBIX Zg, L1, %o = Z(to), 1 = z(t1),0; € R",e; € R",j =
s1+ 1,p1,aj,7 = s1+ 1, p1 — 3agannsie uncia. CraBaTcs CJIe/yIONIIE 38 1atH:

Bagaua 1 Hatimu neobrodumoe u 00cmamouHoe Ycao6us CYULeCme08anus, PEWeHUs, Kpaesot
zadavu (1)—(3).

Moy caosamu, maimu neobrodumoe U  00CTNAMOYHOE YCAOBUA CYULCTNEOBAHUSA
pewenua ypasnenus © = Ai(t)r + wu(t),t € I npu ycaosuaxr (2), (3), 2de Ai(t)r =
A(t)r + S(t)P(t).

Bama4da 2 [Tocmpoumsv pewenue kpaesot 3adayvu (1)—(3).
Caedosamenvro, nocmpoums pewenue ypasnenus & = Ay (t)x + u(t),t € I npu yeaosuax

(2), (3).
2 O630p suTEpaTypPHI

K kpaesbim 3aadtam Buya (1)—(3) cBoggaTcs MHOrHE MaTeMaTHIecKne 1 (bU3NIeCcKue 3a1atH.
HecMoTpst HA aKTyaJbHOCTh pEIIeHNs KPAeBbIX 3aJad B HACTOSIIEe BPEeMsl, OTCYTCTBYIOT
MeTosibl perienns Kpaesoit 3azaun (1)—(3). OmauM U3 CyIIECTBEHHBIX PE3Y/IBTATOB IO
HCCIeJIOBaHII0 KpaeBbix 3ajad sipisiercs paborbl C.K. Tomynosa u ero yduenukos [1].
UsBectrble pe3ynbrarsl |2, 3] OTHOCATCS K KPAEBBIM 3a/1a9aM BTOPOTO MOPSIKA M CBOJATCS
K PEIICHUIO OJHOPOHOIO HHTErpajbHoro ypasuenus Opearosbma BTOPOro pojia ¢ MOMOIIBIO
dyukmuu ['puna.

Cosznanue 061l Teopun KpaeBbix 3a/1a4 0ObIKHOBEHHBIX JinddepeHInaibHbIX yPaBHEHUN
J060ro  MOPSJIKA CO  CJIOKHBIMU IDAHUYIHBIME  yYCJIOBUSAMM DU HAJUIUA  (DA30BbIX,
MHTEIPATBHBIX OIPAHNICHNUIT SBJIACTCA aKTyaJIbHOM MpobiieMoii. B crarbe mpesyiaraercs oaum
I3 METOJIOB PEICHUS JTAHHON ITPOOIEMBL.

OcHoBoOIt mpe/TaraeMoro Meroja pernieHns Kpaesoil 3agadn (1)—(3) ABisgercs TpUHIAL
norpykerns. [IpUHIMII TIOIPY’KEHUs [O3BOJISIET 3aMEHUTh MCXOJHYI0 KDPaeBYIO 3ajady
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C OrpaHMYEHUSIMU Ha PABHOCUIBHYIO 3324y OINTHMAJIBLHOIO YIIPABIEHUs CO CBOOOIHBIM
IIpaBbIM KOHIIOM TPAEKTOPUU. TakKoil IOIX0J CTaJ BO3MOXKHBIM OJiarojiaps HaXOXKICHHUIO
o0Iero  perieHust OJHOTO KJjacca WHTErpaJibHOTO ypaBHeHus @Dpearonbma  MepBoro
porma. PaspemmiMocTh u TOCTpOeHMsI pellieHHsI KPaeBbIX 3ajad ¢ orpanmdenueM (1)—
(3) ocymecTBisiercss  IyTeM IMOCTPOEHUSI MUHUMHUBMPYIOMIUX — OCJIEJI0BATEILHOCTH B
ruIb0EPTOBOM IIPOCTPAHCTBE /s (DYHKIIMOHAJA CIIENUAJILHOIO BUIa. B 9TOM 3aK/IodaeTcs
IIPUHITAINAIbHOE OTJIMYNE TIPeIaraeMoro MeTo/Ia OT U3BECTHBIX METO/0B UCC/IeJIOBAHUS.
CraTbs gBJIsI€TCs MPOJOJIZKEHNEM HayJIHBIX HUCCACIOBAHUI aBTOpa MO0 KPAEBBIM 3aa9YaM
[4], o Teopun yupasisiemoctn [5|, HHTErpaJbHBIX YPABHEHUN ¥ ONTHMAJIBHOIO YIIPABJICHHSI
[6]. Psi pesysbraToB 1mo TeopuM WHTErPAJILHBIX YPABHEHUII U ee MPHJIOXKEHWH IIPUBEIeHBI

B [7-25].

3 Marepuan u MeToabl

3.1 NurerpajbHoe ypaBHEHUE

YHacTHbIM CJlIydaeM HHTETrpaJJibHOI'O YpaBHCHUA che,ZLFOJ'[I)Ma IIEpBOIr'o poaa

a

Ku= /K(t,T)u(T)dT = f(t),t € I =[t1,to], 7 € I1 = [a,b)],

SIBJIIETCS UHTETPAJILHOE yDABHEHUE
Kiw = /K(t*,T)’w(T)dT =p,t. €1, (4)
b

rne K(t.,7) = K(1) = ||[K;;(7)||,4 = 1,n,j = 1,m — u3BecTHasg MaTpHUIa ¢ 3J€MEHTOM W3
Lo, t. € [to, t1] — dukcuposannas rtouka, K;;(7) € Lao(Iy, RY),w(r) € La(I1, R™) — uckomas
dyukmus, 3 € R".

HeobxosuMoe 1 J10CTATOYHOE YCJIOBUsSI  CYIIECTBOBAHUs DEIIEHHUs MHTErPAJILHOIO
ypaBHenus (4) cieyer u3 Teopemsr 1.

Teopema 1 Unmeeparvroe ypasnenue (4) npu awbom [ € R™ umeem pewenue mozda u
MoAbKO mozda, k0206 Mampuua

Clab) = C = / K(r)k*(r)dr (5)

NOPAIKG 1 X T AGAACTNCA NOAOAHCUMENLHO ONPedeseHHol, 20e (x) — 3HaK MPAHCIOHUPOBAHULA.

Jlokazamenbcmeo TeopeMbl IpuBesieHo B [6].
O61iiee perieHne MHTErpaJIbHOrO ypasHeHust (4) cjeayer u3 TeopeMbl 2.
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Teopema 2 ITyemv mampuya C us (5) noaoorcumensvro onpedesennasn. Tozda obwee
pewenue urmezpasvrozo ypasuenus (4) npu aobom [ € R™ umeem ud

w(r) = K (1054 p(t) = K*(C [ Klnplydn. € i = (o, 3] ©)

20e p(+) € Lo(I1, R™) — npouseosvrasn dymnxuus, f € R" — mobot eexmop.

Joxasamenncmeo TeopeMbl MOKHO Haiftu B [6).
OcCHOBHBIE CBOMCTBA DEIeHNiT MHTErpaJIbHOTO ypaBHeHus (4):
1. ®ynukius w(7),t € I; Moxer ObITE mpejcTaBieHa B Buie w(T) = wi(T) + wy(T), T1e
* — * — b
wi(r) = KX1)C7'B,wy(r) = p(r) — K*(7)C™" [T K(n)p(n)dn, 7 € I. Oynxmua wi(7)
oproroHasbHa we(T) T.e. wq(T)Lwy(T) B Lo(I1, R™);

2. Oyukiws wy(7),7 € I} — YacTHOe pellleHne WHTerpajbHOrO ypasHenus (4), dyHKIms
b

wy(7), T € I — obiee perenne 0AHOPOHONO HHTErpaabHoro ypasuenus [ K (7)wq(T)dr = 0;
a

3. Oynknug wy (1) = K*(7)C~'3,7 € I} — aBigerca perenneM UHTErpaIbHOTO yPaBHEHUS

¢ MUHIMAJIBHON HOPMO# B Lo (1, R™);
4. MHOXKeCTBO pEIIeHNi HHTErPAJIbHOTO ypaBHeHns (4) sABJIAeTCs BBILYKJIBIM MHOXKECTBOM.
B YaCTHOCTH, a = to, b= tl, I = ]1 = (to, tl)

3.2 JIuueiitnast ynpasisieMasi cucreMa

PacemorpuM simHeitHy0 yIIpaBiageMyio CUCTEMY CJIEIYIONIEro BUIA

y=A(t)y + B(t)u(t) + u(t),t € I, (7)
y(to) = xg € R",y(t1) = x1 € R", (8)
u(-) € Lo(I, R™). (9)
HyCTb‘ #(t),t € I — dynmamenTajbHas MATPUIA PEIIEHUN JIMHEHHONW OJIHOPOIHON

cucremer ¢ = A(t)¢. Oupeaenny MaTpuity

t1

W(to, t1) = /(ID(to,t)B(t)B*(t)(I)*(to,t)dt, (10)

to

rae ®(t,7) = x#(t)»"'(7),t € I,7 € I. Bosuukaer Bompoc: cyliecTByeT Jiu (PyHKIUA
u(-) € Ly(I, R™), KOTOpasi MepeBOIUT TPAeKTOPHIO cucreMbl (7)—(9) u3 s11060ro HavIaIBHOTO
cocrosnus y(tg) = xg € R B m06oe xKemaeMoe KonedHoe cocroguue y(t) = x1 € R™.

O6bruno dyukimio u(-) € Lo(I, R™) Ha3bIBAIOT yIpaBjeHuEM. EKC/IH CYIIECTBYeT Takoe
yupasierne u(-) € Lo(I, R™) mns koroporo x(ty) = x(t1;te; xo; u) = 1, 10 cucrema (7)—(9)
HA3BIBACTCS YIPABIIACMOIL.

Teopema 3 Jlas mozo wmobw, cucmema (7)~(9) 6vaa  ynpasasemots 1eobrodumo u
CMamouHo, 4mobv, ma a 1 edenseman MYAE Aadka n
docmamoywro, wmob: mpuya W (ty,t1), onpede no ¢o 10), nopsod X n

0BG NOAOHCUMENLHO ONPEDENEHHOT.
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Jlokazameavcmeo. Pemenne nuddepentmanipaoro ypasuenus (7) umeer Bu/L

t t

y(t) = O(t,t)xo +/(I>(t,T)B(T)u(T)dT + / O(t, T)u(r)dr, t € I. (11)

to to

Torma yupasyenue u(-) € Lo(I, R™) KOTOpOE HIEpEBOAUT TpaeKTopuio cucreMsbr (7)—(9) u3
0600 HAYAIBLHOTO COCTOAHUA Ty € R™ B moboe xegaeMoe KoHedHoe cocrosune r; € R (B
YaCTHOCTU To € Sp, 1 € S1) ONPEeNISeTCs U3 YCIOBHs

t1 t1

y(tl) =T = q)(tl, to)l’o + / (ID(tl,t)B(t)u(t)dt + /@(tl, t),u(t)dt

Orcroma numeem

t1 t1

/@(tl,t)B(t)u(t)dt =T — (I)(tl,t())l’() — /(I)(tl,t)u(t)dt (12)

to to
Tax wak ®(ty,t) = ®(ty,t0)P(to,t), P (t1,t0) = ®(to,t1), To coornomenue (12)
3allUIIeTCs B BUJIE

t1 t1
/@(to,t)B(t)u(t)dt = q)(t(), tl)l’l — Ty — /(I)(to,t),u(t)dt = ﬁ (13)
to to
Takum o6pazom, wuckomoe ympasienne u(-) €  Lo(I, R™) sBiagercd perieHueMm

uaTerpasbHoro ypasuenus (13). Uurerpanbhoe ypasaerue (13) MoKeT ObITH [IPEICTABICHO
B BUJIE

KU:/K@mmwﬁzﬁjﬁmw:Mmﬁ3®jeL

Kak ciemyer u3 reopembl 1, uarerpajibHoe ypapaerue (13) umeer perneHue TOrIa 1 TOJBKO
TOTJla, KOrJla MaTpHuIla

t1 t1
amm:/K%@W%@ﬁ:/MWWWWWWWMWZW%@)
to to
IIopaaKa 1 X1 ABJIA€TCA IIOJIOZKUTEJIBHO OHpe,D;eJIeHHOP’I rae ﬁ € Rn — HIO6OI>’I BEKTOP. TeOpeMa
JOKa3aHa.

13 Teopembl 3 cienyer, 9to kpaesas 3ajgada (7)—(9). umeer perieHue TOTIA U TOJLKO
Torja, Korya Marpuna W(tg, t1) > 0, rme W (to, t1) onpenensiercs mo dpopmyste (10).

Teopema 4 ITycmov mampuya W(ty,t1) nopadka n X n nosoHCUMEALHO ONPEOEACHHAA.
Tozda ynpasaenue u(-) € Lo(I, R™) nepesodum mpaexmoputo cucmemv, (7)—(9) us 060t
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HauaAvHot mouku Ty € R™ 6 aboe owcesaemoe konewnoe cocmosnue 1 € R" moada u
moavko mozda, K020a

u(t) € U =A{u(-) € Lo(I, R™)|u(t) = v(t) + M\ (t, zo, x1) + N1(t)2(t1,v),t € I,
Vu(-) € La(I, R™)}, (14)

t1
20e \i(t, zo, x1) = B*(t)®* (to, )W 1 (to, t1) 5, B = ®(to, t1)x1 — 20 — [ P(t0, t)p(t)dt,

to
Ni(t) = —B*(t)®*(to, t)W 1 (to, t1)®(to, t1), (15)
dynxuyua z(t,v),t € I — pewenue dudgepenuuarvrozo ypasHenus,
H() = A(t)2 + B(t)o(t), =(to) = 0,0(-) € Lo(I, R™). (16)

Joxazameavcmeo. Kaxk ciegyer u3 TeopeMbl 2, 00Iee pelieHre WHTErpaJbHOro
ypasuenus (13) mmeer Bug (cMm. (6))

mw=Kﬂmw0%mnW+pm—kﬂmwc*%Jg/KmmmwwieL

rie K(tg,t) = O(tg,t)B(t), C(to, t1) = Wito,t1),p(t) = v(t),t € I = [to,t1],[1 = I. Orcroma
u(t) = B* ()2 (to, )W ™" (to, t1) 3+
+o(t) — B*(t)®* (to, )W (to, t1) / O (tg, t)B(t)v(t)dt,t € 1,
5=t t)ar — 50— [ St )u(ty a7)

Bamerum, uro perrenue auddepenimaibioro ypasaenus (16) umeer Bu

St = 2(t,v) = Bt to)2(to) + / B(t, 7)B(r)v(r)dr / o(t, ) B(rw(r)dr,  (18)

t1
rie z(tg) = 0. Cnemosarensro, z(t1) = z(t1,v) = [ P(t1,t)B(t)v(t)dt =

to

t1

= B(t), ) / B(to, ) B(t)o(t)dt

to
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Torma

t1

/@%@B@uwﬁ:mmnpmwy (19)

to

U3z (17)—(19) caemyer, uro uckomoe ympasienue u(t),t € I onpeneinsercs mo dhopmyiie
(14), tme A\ (t, o, 1), N1(t) onpenensiiorest o dopmyiae (15). Korna nponssosbaas dyHKITws
v(t),v(-) € Lo(I,R™) mpoberaer Bce 3aeMeHTH mpoctpancTtsa Lo(l, R™), momydnm
muO)kecTBo U n3 (14). Teopema mokasaHna.

Teopema 5 ITycmo mampuua W (to,t1) noarosrcumenvro onpedeaennas, ynpasaenue u(t) €
U. Tozda pewenue dupdeperyuarvnozo ypasnenus (7) coomeememeyrouiee ynpasaeHuto
u(t) € U onpedeasemes no gopmyae

y(t) = z(t,v) + Xao(t, xo, 1) + Na(t)z(t1,v),t € I, (20)

ede z(t,v),t € I — pewenue duddeperyuarvrozo ypasnenus (16),

Ao (t, o, m1) = (¢, to)W (t,t1)W ~(to, t1) a0 + P(t, 10 )W (to, )W (to, t1)P(to, t1) 21+
+/®@ﬂMﬂm-@@mﬂﬁmﬂW”@mQ/@%JM®ﬁ,

to to

Ny(t) = —®(t, to)W (to, )W " (to, t1)P(t0, 1),
W (to, t) = /@(tO,T)B(T)B*(T)Cb*(tO,T)dT, (21)

W(tatl) = W(t07t1) - W(t(bt)vt €l

Jloxasamenvcmso. Pemenune muddepenimanbioro ypapuenns (7) Ompemessiercst 1o
dbopmyite (11). U3 (11), B wacrnocru, xkorma u(t) € U umeem

t t

y(t) = <I>(t,to)x(ﬁ—/@(t,T)B(T)[U(T)—i-)\l(T, xo,x1)+N1(7')z(t1,v)]dT+/CI)(t,T),u(T)dT,t el

to to

Orcroza ¢ yuerom Toro, 9to A1 (T, g, 1), N1(t) onpenensorcs mo dpopmyste (15) moryanm
t

y(t) = Ot to)ro + O(t,7)B(r)v(r)dr + tf<I>(t,T)B(T)B*(T)(I)*(to,T)dTW‘l(to,tl)ﬁ—
—j(I)(t,T)B(T)B*(T)(I)*(tO,T)dTW_l(to,tl)q)(to,tl)z(tl,U) + jq)(t,T),u(T)dT = z(t,v)+
+ Ao (T, xo, 1) + No(t)z(t1,v),t € I, 2(t,v) :jq)(t,T)B(T)U(T)dT,

rae Ao(T, g, 1), No(t) onpenensiorest no dopmyite (21).
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3aMeTUM YTO y(to) = Z(to,v) + )\(to,l'o,l’l) + Ng(to)Z(tl,U) = l’o,y(tl) = z(tl,v)+
+A(t1, xo, x1) + Na(t1)2(t1,v) = 21 B cuity Toro, uro: z(tg, v) = 0, Ao(to, zo, 1) = o, Na(to) =
= 0,Na(t1)z(t1,v) = —z(t1,v),\(t1, 20, 21) = x1. Urak, gokasano coorHomenne (21).
Teopema gokaszana.

Bosuukaer BOIPOC: IIPU BBINOJHEHUN KAKUX YCJIOBUil pernenne Kpaesoii sagaqau (1)—(3)
COBIIQJIAET C peIleHneM JIMHEeHHOH yipasisiemoit cucremoit (7)—(9) re. x(t) = x(t; to, xo, x1) =
=y(t) = y(t,to, zo,x1),t € I. Ha manubiii BOIpoC JaerT OTBET CJELYIONas JeMMA.

JIemma 1 ITyemo mampuuya W(ty,t1) > 0. Jasa mozo wmobw, pewenue kpaesol 3adawu ¢
dazosvimu oeparueruamu (1)—~(3) dgynryua x(t) = x(t;to, ko, x1) = y(t) = y(t, to, To, 1), t €
I neobxodumo u docmamouHno 6vNOAHERUE CACOYIOWUL COOMHOWEHUTE:

u(t) = P(t)y(t),u(t) € U, (22)
y(t) € G(t) ={y € R"|w(t) < L)y(t) < p(t),t € I}, (23)
T9g € So C R",xz1 €5, C R", (24)

ede dynruyuu u(t),y(t),t € I onpedessomesn gpopmysamu (14), (20) coomeememaeentio,
dynxyua z(t) = z(t,v),t € I — pewenue dugdepenyuarvrozo ypasruenus (16).

Jlokasamenvcmeso. Kak caemyer u3 teopeM 4,5 coorromtenus (14), (20) BepHbI 115t TI06BIX
xo € R",z1 € R™. Torga Brmovenue u(t) € U u coorsercryioree pemienne y(t) = y(t,u),t €
I,u € U Bepubl jyis 3navenus rg € Sp C R",xy € 57 C R". VI3 ypaBHenus ynpaBsgeMoii
cucremsl (7)-(9) ¢ yaerom (22)—(24), moxyanm

y=AQ@)y + B)P(t)y + p(t),t €1, (25)
y(to) = mo € So,y(t1) = x1 € 5y, (26)
y(t) € G(t),t € I. (27)

Orcrofa cireyer, 9To Kpaesas 3ajada ¢ (a3oBbIME orpanndeHnsMu (25)—(27) coBnajaer
¢ kpaesoit 3agaqeit (1)—(3). CremoBarensno, x(t) = y(t),t € 1. Jlemma gokasamna.

U3 teopem 1-5 m jemmbl 1 ciiemyer, 9ro pereHne MCXOMHON KpaeBoil 3amaqan (1)—(3)
MOKeT OBIThb CBEJIEHO K DEIICHWIO 3aJadd ONTHMAJIbHOTO YIPaBJICHUs: MUHUMH3HUPOBATH
dbyukmonan (cm.(22)-(24))

t1

J(v(-), o, 21, w(+)) = /HW) = Py + [w(t) — L)y (t)|*|dt — inf (28)
IIpu yCJIOBUAX

Z2=A(t)z+ B(t)v(t), z(ty) = 0,t € I, (29)

v(-) € Lo(I,R™), 29 € Sy C R",x1 € 1 C R" (30)

w(t) e W =A{w(-) € Lo(I, R®)|w(t) < w(t) < o(t),t € 1}, (31)

rie u(t) = v(t)+A1 (L, 2o, 21)+Ni(t)2(t1,v), y(t) = 2(t, v)+A2(t, o, 21)+No(t)2(t1,v), t € 1, ||
— eBKJIIJIOBa HOPMaA.
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JIemma 2 ITyemv mampuuya W (tg,t1) > 0. Jaa mozo wmobw ucrodnas kpaesas 3adaya
¢ gasosvimu oepanuvenuamy (1)—(3) umesa pewenue, neobrodumo u docmamourno 4mobov

anavenue J(v.(-), zh, x5, wi(-)) = 0, 2de (vi(+), xf, x5, wi(+)) € X = Lo(I, R™) X Sy xSy x W C
H,H = Ly(I,R™) x R" x R" x Ly(I, R®) — pewenue onmumusayuonnol 3adavu (28)—(31).

Jlokasamenvcmeo. Ecmu (vi(+), xf, 27, wi(+)) € X — pelenne onTUMU3AIMOHHON 38,1491
28)—(31), snauenue J(vi(:), zg, 7, ws(0)) = 0, TO BBIIOJHAIOTCI CJICIYIONIIE PABCHCTBA!
( 01 Y

Ue(t) = 0o (t) + N (t, xh, 27) + Ni(8)2(t1, v.) = P(t)ys(t),t € I, (32)

w,(t) = L(t)y«(t), x5 € So, x] € S, (33)

rie Y« (t) = 2(t, vie) + Xa(t, 8, 27) + Na(t)2(t1, vs), t € I. Tak kax w,(t) € W, o BeIONHACTCSA
HEPABEHCTBO

w(t) = wa(t) = L{t)y.(t) < p(t), t € I. (34)

Orciona ciemnyer, aro y.(t) € G(t),t € I, tie y«(t),t € I — pemenne auddepeHnuaaTbLHOTo
yPaBHEHUSI

Uu(t) = A(t)y.(t) + B(t)P(t)y.(t) + p(t),t € I, y.(to) = x5, y«(t1) = 27, (35)
Oyukryst z(t,vy),t € I — pemenne uddepeHIajibHOr0 ypaBHEH s
5(t,0.) = A()=(tv.) + By, (b), 2(to,0.) = 0,0.(-) € Lo(I, R™). (36)

U3 (32)—(36) ciaemyer, 9T0 BBIIOTHEHBI Bee yesoBus jgemMbl 1. CrreoBarerbho, y.(t) =
= 2,(t) = x.(t, o, xf, 27),t € I, viie .(t),t € I — permenne ncxoxnoit 3amaan (1)—(3). JIemma
JIOKa3ama.

[Tepexon or umexommoit 3amaqan (1)—(3) K 3amade onTuMasbHoro ympasienus (28)—(31)
HA3BIBACTCS IPUHITAIIOM [TOTDY7KCHHS.

3.3 IlocTpoenue peinienusi KpaeBoii 3a/iauu ¢ (pa30BbIMU OTPAHUYEHUSIMU

Paccmorpum  permenme  3azadm 2, [myTeM  [OCTPOCHHS — MUHUMU3UPYIONTHX
[OCJIEIOBATE/ILHOCTEH U1t ONTHMI3AIMOHHOM 3a1aau (28)—(31).
3amMeTuM 4To:

u(t) = v(t) + M\i(t, o, 1) + Ni(t)z(t1,v) =
= ’U(t) + Tl(t)l’(] + Tg(t)l’l + ,ul(t) + Nl(t)z(tl, ’U),t c ], (37)

o Ty (t) = —B*()®*(to, )W " (to, t1), To(t) = B*(t)®* (to, )W L (to, t1)P(to, 1),
(®) = =B (O (t0, OW (0, :) [ @t (0}t

y(t) = z(t,v) + Xao(t, wo, 1) + No(t)2(t1,v) =
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= Z(t, U) + C1(t)l’o + Cg(t)l’l + ,Ug(t) + Ng(t)z(tl, U),t el, (38)
rje
Ci(t) =@ (t, to) W (t,t)) Wt (to,t1),Co (t) = @ (t,t0) W (to, t) W (to, 1) ® (to, 1),

t t1

uﬂﬂ:/@@ﬂuhMWJNMMWﬁmﬂw*me/Q%JMQMt

Brenem creyiomnue 0603HaMEHUS:
F(q(t),t)=1lu(t) =Py @)+ w(t)— L)y ), (39)

Ar(g,t) =u(t) =P (t)y(t), Da(g,t) =w(t) = L)y (t),

q(t) = (v(t),zo,z1,w (t),z(t,v), 2 (t1,v)) = (0 (t),2(t,v),z(t1,v)),0(t) = (v (t),x0, x1,w (1))

Teneps onTuMusannontas 3axada (28) — (31) sammmercs B Buje

t1
N@z/F@@JMhﬂﬁﬁeXcH

to

rie z (t,v), t € I - pemenune auddepeHiagibHOro ypasaenus (29).
JIemma 3 ITycmv mampuvua W (tg,t1) > 0. Tozda wacmmvie npoussodnvie
Fv (q7t> = QAI (q7t>7Fw (qvt) = 2A2 (qut)v

Fao (q,8) = [217 () = 2C7 (8) P* ()] Aq (q,8) — 2CT (1) P (t) L™ (1) A2 (g, 1),

Fyy (q,t) = [2T5 (t) = 2C5 (t) P* ()] Ay (q,t) — 2C5 (t) P* (t) L* (t) Az (g, 1)

F.(q,t) = =2P" (t) A1 (g, t) = 2P (t) L™ (1) A2 (¢, 1),

Foey (q,1) = [2N7 (1) = 2N5 (8) P ()] Ay (q,t) — 2N; (8) P* (¢) L™ (1) Ao (q,t) . (40)

Jlokasamenvcmso eMMbl HermocpecTBeHHo cienyer u3 (37) -(39).

|A
|A

JIemma 4 [Tycemv mampuua W (tg, t1) > 0, mnoorcecmea Sy, St-evnykavie. Tozda:
1) pynruyuonan (28) npu yeaosuaxr (29) -(31) asaaemea euinykavimg
2) npouseodnas F,(q,t) = (Fv, Fo, Fr  FL, F, Fz(tl)) Y00BACMBOPAET.  YCAOBUIO
Jlunwuya
1Fy (g + Agq,t) — Fy (¢, )| < K |Aql, Vq,q+ Aq € RY,

20e K = const > 0, Aq = (Av, Axg, Axy, Aw, Az, Az (t1)), N =m+4n+ s.
Jloxasameavcmeo cnenyer u3 (40), rye Bce YaCTHBIE NPOU3BOJHBIE SIBJISIOTCA JIMHEHHON
dynkmueit or ¢ € RY, bynxuua F(q,t) = ¢*E (t) E* (t) ¢ + 2¢"E* (t) Ay (t) + A7 (t) A (1),

riae E (t)- marpuna mopsinka N X N, Ay (t), t € [- Bekrop dyukmua N x 1, F, (¢, t) =
2E (1) E* (1) >0, t € 1.
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Teopema 6 ITycmv mampuya W (tg,t1) > 0. Toeda dynryuonan (28) npu ycaosuszr (29)
-(31) nenpepuwero duddepenyupyem no Ppewe, epaduenm

! !

T (v, 20, 21,w) = J () = (J; ©),J. (9),J. (0),], (9)) cH,

xo x1
6 10001 mouke § € X C H swuucasemes no gopmyae

J, (0) = F,(q(t),t) = B* (1) ¥ (t) € Ly (1, R™),

t1 t1

’ /

t%@:/&mmwwmﬁﬂlﬂ@z/%@@ﬁﬁem,

J.(0) = F.(q(t),1) € Ly (I, R°), (41)

w

2de wacmmuwie npoudsoduwvie onpedeasromen no gopmyae (40), dynkyus z (t) = z(t,v),
t € I — pewenue duddeperyuarvnozo ypasuenua (29), a dynrkyus (t), t € I — pewenue
CONPANCENHOTE CUCTILEMDL

t1

¢=E@®M—N@W,Mm=—/ﬂwmwiwt (42)

to

Kpome mozo, epaduenm J (0), 6 € X ydosaemesopsem ycaosuro Jlunwua

|

2de K = const > 0 — nocmoannasa Jlunwuuya.

T 6) ~ T (92)H <K 00— 6], Vo, 62 €X, (43)

Jlokasamenbcmso aHATIOTHYHOl TeopeMbl uMeeTcst B [4].
Ucnosnb3yst yrBepzK ienne TeopeMbl 6, Ha ocHoBe (opmyiisl (41) — (43) crpoum cienyrorine
HOCJICIOBATEILHOCTH

! !

Un+1 = Up — anJU (en) y Lon+1 = PS() |:I0n - anjmo (en)} s

’ /

Tins1 = Ps, [xm —and (en)] Wt = Py [wn —and, (en)] : (44)

0<e <a, < ﬁ, g1 > 0, B wacrnocru, npu £; = Ki/2. o, = 1/K; = const > 0,
K; > 0 — nocrosinnaas Jlummuna w3 (43), 0, = (v, Top, T1n, wy) € X, So, S1, W — BbIIyKJIbIE
3aMKHYTBIe MHOKeCTBa, Pg [-] — mpoekius ToUKn Ha MHO)KeCTBe S.

Teopema 7 Ilycmv mampuya W (tg,t1) > 0, wmmnoocecmea Sy, S1, W — ewnykavie

3amrnymuie, nocaedosamenrvrocms {0,} C X onpedeasemes no gopmyae (44).
Tozda:

1) wucaosan nocaedosamenvrocmv {J (6,)} cmpozo yoweaem;

2) |6n = Ongall = 0 npu n — oo,
Ecau, kpome mozo, mnoocecmeo M (6y) = {0 € X/J(0) < J (6p)} oeparunero, mo:



PaszpemnmocTs u mocTpoenue perienus . . . 15

3) nocaedosamenvrocmo {0,} C X asasemca munumusupyrowed, lim J(0,) = J. =

inf J (0);

0eX

4) mmoorcecmeo X, = < 0, € X|J (0,) = Ieni)l(lj (0) = Ji ¢ # ¢, - nycmoe mHoscecmeso;
€

5) nocaedosamervrocms {0,} C X caabo crodumes x mmoocecmey X, U, BN VyLop —
Ty, Tip — T, Wy <X w, mpun — oo, 0, = (U, 5, 25, w,) € Xy

6) cnpasedausa ouenxa cxopocmu crodumocmu 0 < J(0,) — J. < fn = 1,2,..,C =
const > 0;

7) xpaesas 3adava (1) — (3) umeem pewenue mozda u moavko mozda, kKo2da 3naueHue
J (0.) = 0 npu omom x, (t) = ys (t) = 2z (t,0.) + A2 (L1, 2§, 7)) + N2 () 2 (t1,04), 24 () € G (B),
tel, w,(t)=L(t)z.(t), t €l

Jlokaszamenbcmseo aHAJIOTHYHO TeOpeMbl MOXKHO HalTH B [5].

4 3akJrodeHue

[Ipegnaraercs HOBBIE MeTOH PpeIIeHUs KpPaeBbIX 3aJad JUHEHHBIX OOBIKHOBEHHBIX
nuddepeHImaIbHbIX YpaBHeHHH ¢ (pa30BBIMU OrPAHHICHUSIMEA UMEIOIIHI MHOTOYUCICHHbBIE
MPUIOKEHUS B TEOPUN JTUHAMUIECKUX CHCTEM.

Hay4noit HOBU3HOI MOy I€HHBIX PE3Y/IBTATOR ABJISIETCH:

dopmasmsaiust o0Ieil 3a1aun IUHAMHIECKHX CHCTEM U IIPUBEJCHHE ee K KPaeBbIM
3aJ1a9aM OOBIKHOBEHHBIX UM DepeHInaIbHbIX ypaBHEHUH ¢ (pa30BBIMUA OTPAHUICHUSIMU;

HaiiJleH HOBBIII KPHUTEPHUl CYIIECTBOBaHUsI PeIIeHHs KPaeBbIX 3aJiad B BHE IPUHITAIIA
MOTPY?KEeHNsT Ha OCHOBE TEOPEMBI CYIIECTBOBAHUS U ITOCTPOEHNE PEIIEHUsI WHTErPATHLHOTO
YPaBHEHUT;

CO3JIAaH  HOBBII ~ METOJ  peIleHns KpaeBbIX 3aJad  JIMHEHHBIX  OOBIKHOBEHHBIX
nnddepeHImaIbHbIX yPaBHEeHMI Iy TeM ITOCTPOEHNUsT MUHAMHA3APYIOTIX
[IOC/IeI0BATEILHOCTEN I CIEIUAIbHON HAavYaIbHON 3a/1a9i ONTUMAILHOIO YIIPpaBJICHUST;
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THE CONVOLUTION IN ANISOTROPIC BESOV SPACES

We study the boundedness of the convolution operator in Nikol’skii-Besov anisotropic spaces B a.
These spaces are constructed on the basis of anisotropic Lorentz spaces Ly, where p u T are vector
parameters. The properties of anisotropic Nikol’skii-Besov spaces are investigated. The main goal
of the paper is to solve the following problem: let f and g be functions from some classes of the
Nikol’skii-Besov space scale. It is necessary to determine which space belongs to their convolution
f *g. We prooved the inequality of different Nikol’skii metrics for trigonometric polynomials with
spectrum in binary blocks in anisotropic Lorentz spaces Ly,. Conditions are obtained in terms of
the corresponding vector parameters «, p, q, 7, r, &, 3, 1, h, v, 7, £, which are necessary and
sufficient conditions for embeddings

BEY « BYS — B4,

This statement is an analogue of O’Neil inequality for Lorentz spaces. In particular, the clas-
sical O’Neil inequality follows from the proved results. The obtained criterion is generalized by
the results of Burenkov and Batyrov, who considered this problem in Besov spaces with scalar

parameters.
Key words: Young-O’Neil inequality, anisotropic Besov spaces, convolution operator.
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Anunsorpontsl BecoB keHicTikTepinaeri yiiprki

Bepinren  xympicra  Bp?  anmsorpontsl  Hukosbckuii-Becos  kemicrikrepingeri  yHiprki
ollepaTOPLIHbIH, IIeHe Iyl 3epTTenei. By xenicrikrep Ly, anusorponTs! Jlopenn KeHicTiKTepiHiy,
Heri3iH/e KYpbLIFaH, MYHJIAFbl P 2KOHE T — BEKTODJBIK Hapamerpiep. 2K YMBICTBIH MaKCATHI
Kejeci ecenti mrenty 6ok TaObLIaAbL: alTanblk, f koHe g Hukosbckuit-bBecoB keHicTiKTepiHiH,
KaHgai jga Oip IIKajacblHAH ajblHFaH (yHKImsaaap 6osceiH. Omapabiy f * g yiipTKici KaHaai
KEHICTIKKe »KaTaTBIHBIH aHBIKTay KepeK. Ly, anmzoTponTsl JlopeHI KeHicTikTepingeri eximik
OeJIIIIEKTeHY/le CIEKTPJI TPUIOHOMETDPHUSJIBIK KOIMYyIejgepre apHajaraH HuKoJbCKuiimig op
Typsi MeTpuka TeHcizmiri mosenmenai. Coiikec o, p, q, 7, r, p, 3, n, h, v, v, £ BeKTOPJIBbIK
rmapaMeTpJepiHiH, TepMUHAEPIHIe

BE1 « BYS — B2,

€HTi3yi VIIH KaXKeTTi yKoHe KEeTKIIIKTI maprTap aJbliHabl. by Ty)KbipbiM Jlopeni, KeHicTikTepi
yuria  O’Heitn  Tencisairinin  anajgorsl  6osibil  Tabbuiaabl. COHBIMEH KaTap, I9JIEJJIEHIeH
HoTHKeJIepAeH Kiaaccukaibik, O'Heitn Tencizmiri meranpl. Anbiaran kpurepuii becos kenicririnzge
OCBHI €CeNTi CKagp IMapaMeTpjepMeH KapacThblpraH BypeHKOB meH BaThbIpOBTBHIH HOTHKeIepiH
2KaJIIIbLIA AbL.

Tyitia cesnep: FOur-O’Heiin rencizairi, anuzorporrsl BecoB KeHicTikTepi, YHIPTKI O1epaTophI.

© 2020 Al-Farabi Kazakh National University



N.T. Tleukhanova, K.K. Sadykova

19

H.T. Tneyxanosa, K.K. CaabikoBa*
Espaswniicknuit Hanmonasbabeiil yausepcurer umenu JI.H. I'ymunesa, r. Hyp-Cynran, Kazaxcran
*e-mail: sadkelbet@gmail.com
CBepTKa B aHM30TPONHBIX MpocTpaHcTBax BecoBa

B pabore wuccienyercss orpaHHYEHHOCTH OIEPATOPA CBEPTKU B aHU30TPOIHBIX IIPOCTPAHCTBAX
Hukonbckoro-Becosa Bp. JlanHble NPOCTPAHCTBA IIOCTPOEHBI Ha OCHOBE AHU30TPOIHBIX
npocrpancts Jlopenna Lpr, rie p U T BeKTopHble Iapamerpnl. Icciemosanbl cpoiicTsa
aHM30TPONHBIX TpocTpaHcTB Hukombckoro-Becosa. Iebio paboThl siBJIsSIeTCs pelteHne CIre Iy Formeit
3afaun: mycTb f W ¢ (PYHKIUH W3 HEKOTOPBIX KJACCOB MIKAJBI IIPOCTPAHCTB HukosbcKoOro-
Becosa. Hy:kHO ompeieuTh, KAKOMY IIPOCTPAHCTBY MPUHAIEXKUT ux cBepTka f * g. JlokazaHo
HEPABEHCTBO Pa3HBIX METPUK HUKOJIBCKOIO JJIsl TPUTOHOMETPUYECKUX [TOJIMHOMOB CO CIIEKTPOM B
JIBOMIHBIX MaYKaX B aHU30TPOIHBIX IpocTpancTBax Jloperna Ly, . Ilomydens! ycnosns B TepMIHAX
COOTBETCBYIOINX BEKTOPHBIX MApaMETPOB &, P, q, T, r, u, B, n, h, v, v, &, asiasomuxcs
HEOOXOIMMBIMHU U JOCTATOYHBIMU YCJIOBUSIMA JJIS BJIOYKEHUH

B2« BYS — B2,

JlanHoe yTBepkKieHMe siBJjisiercss aHaJioroM HepaBeHcrBa O’Heitnia nyst npocrpasncts JlopeHiia.
B uwacrHOCTH, W3 OKa3aHHBIX peE3YJIbTATOB Cjeiyer Kiaccuyeckoe nepaseHcrBo O’Heiia.
[Tosygennsiit kpuTepuit 0000AIOT pe3yabTaThl BypeHkoBa n BaTbipoBa, KOTOPbIE PaCCMOTPEIH
JIAaHHYIO 3329y B IIPOCTPAHCTBAX BecoBa CO CKAJIPHBIMUA TapaMeTPaMM.

KuroueBbie cioBa: mepaernctBo IOura-O’Heiina, amm3orpomHble mpocTpancTBa becosa,
OIIepaTOp CBEPTKHU.

1 Introduction and review of literature

Let I be either a n-dimensional torus T" = [0,1)", or a Euclidean space R". Let f(z)

/f@—yM@My

In this case, it is said that the convolution of these functions is defined

U*muvzjfu—ymwmy

The classical Young’s inequality [1, 199] has the form: suppose
1 1

1
].Sp,T,QSOO, _+1:_+_'
q p T

If*glleg < Wfllz,mllgllz.o-

We write this statement in the form of a relation

Lyp(I) * Ly(I) = Lo (1)

and g(x) be determined and measurable functions on I with respect to the n-dimensional
Lebesgue measure such that for almost all « € I there exists an integral

(2)

If f e L,(I), g € L,(I),then almost everywhere in I there exists a convolution fx*g, belonging
to the space L,(I) and the following inequality holds

(3)
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These inequalities play an important role in harmonic analysis and in the theory of partial
differential equations [1-3].
It
1 1

1
1<p,T,q<OO, _+1:_+_7 (4)
q p r

1
then for go(x) = —5 the inequality holds

|z

1f * goll,) < CllfllL,m)-

n
T

This inequality is called the Hardy-Littlewood-Sobolev inequality. It does not follow from
Young’s inequality, since ||go|z, (1) = 00. Generalization of inequality (3) obtained by O’Neil
[4] (see also [5,6]).

1 1 1

If (4) is true and 0 < $1, 82,8 < 00, — = — + —, then
S S1 S92

Lyps, * Lysy > Lgs (5)

and in particular
L, * Lo — Ly, (6)

where L, is Lorentz space.

Note that in relation (5), condition (4) is essential. The limiting cases of the O’Neil
inequality with condition (2) were considered in |7].

The O’Neil inequality for anisotropic Lorentz spaces was studied in [8-10]. In the case of
n > 2 these results are extended the inequality (6). In the one-dimensional case, the O’Neil
inequality was extended in [11,12].

There are generalizations of the Young and O’Neil inequalities for various functional
spaces: weighted L, spaces, classical and Lorentz weighted spaces, Hardy spaces, Wiener
spaces, Orlicz spaces; see [5,6,8,13-18|, and references therein.

Convolution operators were studied in spaces of smooth functions in [19-24].

V.I. Burenkov and B.E. Batyrov in [21] received the following statement: Let —oo <
li,la,l3 < 00,0 < p1,p2,p3 < 00,0 < 01,605,053 < oco. In order for there to exist a number
c3 > 0 such that for any f; € BIl}lel (R"), f, € B2, (R") such that Ff, and Ff, are regular

D202
generalized functions and their (pointwise) product F'f; - F'fo € S(R™), the inequality

||f1 * f2||BL?;03(Rn) < C3||f1||B;1191(Rn) |f2||BL2292(Rn) (7)

it is necessary and sufficient that the following conditions be fulfilled:

1) p13 > p11> s 12 Po;
) —+———-12>0;
D1 D2 P3
and one of the conditions

1 1 1
3&) l3<l1+l2—n(——|—————1>
or b1 P2 D3
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1 1 1 1 1 1
3b)l3:l1+l2—n<—+————1> —_—
P P2 D3
where F'f is the Fourier transform of the function f:

(F1@) = 2m)F [ epe
R

For po = p3, 0 = 05,0 < Iy < I3 < oo inequality (7) and some of its generalizations
follow from the results obtained in the works of K.K. Golovkin and V.A. Solonnikov [19,20]
and [23].

In [24] we investigated the boundedness of the norm of the convolution operator in Sobolev
spaces, with the dominant mixed derivative and anisotropic Nikol’skii-Besov spaces. For
Sobolev spaces with the dominant mixed derivative, an analogue of Young’s inequality is
obtained, namely, relations of the form

W3« WE — W (8)

are proved when the corresponding conditions on the parameters are satisfied. Using relation
(8) and the Nursultanov interpolation theorem for anisotropic spaces, an analogue of the
O’Neil theorem was obtained for the Nikol’skii-Besov space scale B, , where , p, q are vector
parameters. Relations of the form BJ BrﬁS2 — Bgs are obtained, with the corresponding
ratios of vector parameters.

The theorems obtained in [24] complement the results of Batyrov and Burenkov, where
similar problems were considered in isotropic Nikol’skii-Besov spaces, that is, in spaces where
the parameters are scalars.

2 Material and methods

Let o € R* 0 < q = (q1,¢2), 7 = (11, 72) <00, 1 <p=(p1,p2) <00, T>=1[0,1)%
We denote the space BS3(T?) as the set of all trigonometric series f = Z () €20 (0%)
meZ?

(generally speaking, divergent) for which

o0 00 a2/
£l peaerey = | Y (Z (2°”k1+a2k2HAkf)HLp,T(T%)ql)

k2=0 \k1=0

1/q2

is finite, are called as Besov type spaces Bg‘f}(T2), where

Aflona) = 3 Yo am (e,

2k2=1<|mo|<2k2 2k1 =1 <|my |<2F1

k € N. In the isotropic case, these spaces were investigated in [25|, where the interpolation
properties were studied.

We define the concept of convolution for the elements of this spaces.
oo o0 [e.e]

Let f — Z Z ak17k2627ri(k1x1+k2x2) and g = Z Z bk17k2627ri(k1x1+k2x2) be

ko=—00 k1=—00 ko=—00 k1=—00
trigonometric series. By convolution of these series we mean the series

(F+ 9)(y1v2) Z Z Uk by ([ Dk ey () 2T 11 FR202), 9)

ko=—0c0 ki=—00
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Note that for the "good" functions f and g, the convolution defined by equality (9)
coincides with the classical definition (1). If the functions f and ¢ from the corresponding

spaces in (3), then f(x Z F(k)e*™ %) and g(x ) Z §(k)e2m ik and

kezn kezm™

(F+9)a / Fo = w)o)dy™ Y F0e )

kezn
Here, equalities are understood in the sense of the corresponding metrics.

Lemma 1

Ax(f *9)(y1,92) = //Akf(zlalé)Akg(yl — X1, Y2 — Ta)dx1dTs.

1 1 1 1 1 1
Lemma 2 ( [10]) Let1 < q,p,r<oo, 1<hé,n<oo,andl+—=—+—-, — =<+ —
g p rh & n
Suppose that f and K are respectively measurable on [0,1]* and [—1,1]* functions such that
fe Lpg([(), 1]2) and K € Lr,,,([O, 1]2). Then fx K € th([(), 1]2) and
1f 5 Kl g < 4100 (1l £pe 1 K 2y - (10)

Lemma 3 Let0 <h &n<o0,1<p,r,q<oo

1 1 1 1 1
1. [f +l=—+—and — = — —i— —, then the following inequality
q1 P N hy &1

1 #1091y a0y ) < C||f||L<m,qz),<51,hz)||g||L<r-1,qz),<n1J»2>

holds for the transformation
(f *1 9)(z1, 22) = /f(y1,932)9($1 — Y1, T2)dy1.

1 1 1 1 1 1
2.If —4+1=—+—and — = — —l— , then the following inequality
2 p2 T2 hey &

Hf *2 g||L(q17¢Z2)v(h17h2) < CHfHL(qLPQ)y(hLéz) ||gHL(¢Z1’T2)7(h1m2)

holds for the transformation

(f *#2 9)(x1,20) = / f(x1,y2)9(21, 22 — y2)dys.
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Proof. The proof of the lemma is similar to the proof of Theorem 3.1 from [10].
We note here that the application of the classical O’Neil inequality in one variable does
not give the statement we need.

Lemma 4 Let
Tk(x1,$2) = Z Z am17m2e2ﬂ(m1$1+m2w2)'
2k2*1§|m2‘<2k2 2k171S‘m1|<2k1
Let 1 <p,q<oo, 0 <7< o0,
1 1 1 1 —segnb;
91:___207 _:7g7 7;:1727
Pi G t; Ti
then

|1 Ticllzq, < C290HE%| T,
Proof. Let 6; > 0, ¢ = 1,2. Note that for Ty there is a representation
Tx(x) = Ty * Dk,
where Dy(z1,x9) = Z Z p2mi(mizi+maxa)

2k2 =1 <|mgy|<2k2 2k1 71 < |my |<2k1
Using Lemma 2, we have

1T/l g < Cll T Lpoo [ Dx|

1 1 1
where — =1+ — — —.
r

q P
We also note that
1 1
D} (11, t2) < C'min <2k1, t_) i (2;32, t_)
b 1 2

and therefore

Lr-r Y

1Dl = 25 (i) (s —a)

Let now 6; > 0, 65 = 0. Then

Ty (1, 72) = / Ti(y1, v2) Dy, (21 — y1)dyn,
where Dy, (1) = Z emimm,

2k1=1<|my |<2F1
Further, applying the Lemma 3, we derive
1T < CN Tl Ly, 0 oomm | Dii |2, 2, = 29| T

”L(ql,@),m,m) =
1 1 1
where — =1+ — — —.
1 VAN | ) ) o
The case 05 > 0, #; = 0 is considered similarly.

The case #; = 05 = 0 is obvious.

[[ZMPRYSRE
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1 1
Lemma 5 Let a, B3 €R?, 1 <p,q<o00,0<7< 0. Leta——=0B——, a—BF=60>0,
q p
then
By - B
1 1—sgn@
where — = ————.
t T

Proof. Let 6; > 0,1 =1,2. Let f € Bgf. Using Lemma 4, we have

1/s2

o o 82/81
||f||B€.,S- = Z (Z (261k1+62k2||Akf||Lp,_)81>

ko=0 \k1=0
1/s2

e ] o) s1 82/81
<c Z(Z (2Crramis ) g, ) )

k2=0 \k1=0

=Clflsg-
Other cases are checked similarly.

Lemma 6 Let a,a € R?, 1 <p,p<o0, 0 =a-a>0,0"=p-p>0,0<q,7< 0.
Then

&g aq
Bz — Bpr

1 1-sgn® 1 1—sgn@”
where = = ————— = = — 2
q q T T

Proof. The proof follows from the embeddings lg‘i"' — lgt and Lgz — Lpr.

~ - 1 1
Lemma 7 Let a,aa € R?2, 1 <p,p<o0,0<q,T <00, 8 = <a—:)—<a——) >0,
P
0 =a—a>0. Then

aa aq
13ﬁ§3 — lgpﬂ'a

1 (1—sgnd’)(1—sgnB) 1 1—sgnd'sgnb’
where = = , = = )
T t q q

Proof. Let the conditions of the lemma be satisfied. Then there are & and p such that

-~ 1
a—-=0o-—

p

, a>Za>a, p=>p.

T =

Moreover, for 6; > 0, 6; > 0, a; > @; > «, p; > p Lemma 6 implies the embedding

aq aq
Bpr — By s
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where

l_l—sgn(c‘u—a) 1 1-—sgn(p—p)

)

q q T T
Applying Lemma 5, we have
B3 < B3R,
where
- 1 _ 1 1
aO—=—=a——>0— —.
q q p
1 (A-sgn(a—a)) (1—sgn(a—a))(l—sgn(p—p))
T T T ’
I 1 1-sgn(a—a)
a q q '

We note that (@; — a;) > 0 if and only if §; > 0 u €, > 0, i.c.
sgn(@; — a;) = sgnd, - sgn ..

And a; —a; =0, p; — p; = 0 if and only if 6; = 0, 6/ = 0, which means
(1—sgn(a — a))(1 —sgn(p — p)) = (1 —sgnd’)(1 —sgn@’).

Theorem 1 Let o, 3,7 € R?, 1 < p,r,h < o0, 0 < 7,u,v,q,&,m < co. In order for the
inequality

||f * 9||BS$‘([0,1]2) < CHfHBfJ([o,l]?)Hg”BﬁE([o,l]?) (11)

to hold for f € Bf;]([o, 1]?) and g € Bgf([o, 1]?) it is necessary and sufficient that the following
conditions are met:

0=08B+v—a>0; (12)

1 1 1
§=B+y—a+l+——>—= > 0; (13)

p r h
(1 —sgnd)(1—sgnb) < l_i_l; (14)

T [TV
(1 —sgndsgnb) < 1_1_1 (15)

q £ n
Proof. Let conditions (12)-(15) be satisfied. In this case, there are p, & such that 3+~ >
~ ~ ~ 1 1 1
a> o, p > pﬂﬁ+'y—a+1—i—:———ﬁ = 0. Moreover, if §; > 0, 6; > 0, then
r

p
Bi + 7 > a; > «y, p; > p. Applying Lemma 7, we have

& o
s — Dpr
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where

1 1—sgn(<5z—%> —(a—%))(l—sgn(a—a))

-~ 3

1 _1—sgn((5z—%>—(a—%))sgn(&—a)
a q '

We note, that

(1= ((a-5) - (a=2))) 0 - (@ - 00) = (1~ s )1 - o)
— ((a— %) - (a— é)) san(@ — a) = 1 — sgn 8 sgn .

that is
1 (1-—sgnd)(1—sgnf) 1 1—sgndsgné
T T " q q ’
Therefore

17 gllsga < CILF gl yaa =

oo 0 N\ 2/a 1/a2
=C Z (Z (2a1k1+a2k2||Ak(f *g)HLﬁ;)ql>
k2=0 \k1=0
Using Lemma 1, Lemma 2, and Hoélder’s inequality, we derive
o o \ &/a 1/a
Ifxgllmge < C | D D0 (@70 Anf + AkgllL,;;)m)
ko=0 \k1=0
o oo N\ 2/a 1/a
S C Z Z (2a1k1+a2k2||Akf Len AkgHLh;)ql)
k2=0 \k1=0
0 [ee} ~ 772/771 1/772
<C Z Z (2ﬁlk1+ﬁ2k2HAkaLrﬁ)m>
k2=0 \k1=0
0 0 N\ &/& 1/2
£
<Y (Z (278252 Ay r,,,) 1) = 171l gga llgl poe.
ko=0 k1=0 U

Whereﬁzu,ﬁzv,ﬁzn,gzsand

1 1 1 1 1
::t—i—:é——f——,
T QB vV pov
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1 1 1 1 1
—==4+=<—4—.
q n I3 n v

And therefore, considering that

B — BS1. BYE — BY,

we obtain the inequality (11).
Conversely, we show that the conditions (12)-(15) are necessary.

Let (11) hold.

Let k € N2 We consider the functions fi(zy,a5) = X @1742272) 0 (4 2,) =

2mi(25171425272) ey

(fl * 91)(:61, [1,"2> 627rz(2k1ccl +2kaw2)

From the inequality (11) we have

! k1+azks < 0251 k1+B2ka+v1k1+v2k2 )

Given the correct choice of k € N?, we derive
; < B+ i (16)

Let k € N2. We consider the functions

2k2 1 2k1 -1

p2mi(2m1T142m272)
f 331,36’2 E E ( )—92($1,$2)-

mo= 2k2 177’1,1 Zkl 1

Then f5 % go = fo = go. Using Hardy-Littlewood theorem, we have

oo
||f2 * 92||B,§',‘3 = 2a1k1+a2k2HAkf2||LpT - 2<0l1+p,1> 1+ a2+p,2 2
B +%>k +<6 +i>k
||f||Bﬁ? = 2< e 2T 2’

1 1
||gHng - 2<’Y1+h,1>k1+<w2+h,2>k2'
hv
From the inequality (11), since k is arbitrary, we have

1 1 1 )
—Bi—p<l+t—————, i=12
Di T hi

that is, the condition (13) is necessary.
From (13) and (16) follows (12).
The condition (15) makes sense when §; = 0 (¢ = 1,2). We consider the functions

2k 1

A (21, 2) Z Z < +5@> e2mimai

kOkal
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N 2k—1 _< 1 +'y->k
93(251, ,],’2) = Z Z 2 \ N 27rzmmi7
k?:O m:2k71
then
N  2F_1 _(<L+L>+(ﬁ-+~/~)>k
(.f3 * 93)(I1, 1'2) = Z Z 2 vy b v e27rzm:ci.
k=0 m=2k—1

Then we have

(-
/\
[\)
7N
8
+
=
3
i
2
N—
N
SN—
a
v
—_
~
A
Il
o

ruwmyx<

1
17l g = N

1
ol spe < V.
v

Therefore, 1 < 1 + fl follows from (11).
7_. .

z M i
The condition (14) makes sense when §; = 0, §; = 0. This means that o; = 3 + i,
1 1 1

I+ —=—+_—.
Di T; h,
Let &k € N.
2k—1 N
f4($1, x2) = Q_Blkl Z (m _ Qk_l) rg 627”777'552"
m=2k—1
2k _1 B
ga(xy, 29) = 277k Z (m _ 2k—1) B p2mima;
m=2k—1
Then
1
2k_1 i

g = [ S| =,
m=1

1
Il e = k7.

1
Hf*gHng = ki

1 1 1
Therefore — < — + —.
Ti m; v;
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3 Conclusion

In conclusion, we note that in the article we investigate the boundedness of the norm of the
convolution operator in anisotropic Besov spaces. We proved a criterion for the fulfillment of
the inequality

1S = g||Bg$l([o,1]2) < CHfHBEJ([O,l]z)H9||Bg§([o,1]2)

in terms of the corresponding parameters. The resulting theorem:
1) summarizes the result of Burenkov and Batyrov [21];
2) it implies the classical O’Neil inequalities.
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THE NON-COMMUTATIVE HARDY-LITTLEWOOD MAXIMAL
OPERATOR ON NON-COMMUTATIVE LORENTZ SPACES

In this work we study the non-commutative Hardy-Littlewood maximal operator on Lorentz spaces
of 7-measurable operators. Non-commutative maximal inequalities were studied, in particular,
in [1-3]. Another version of the (non-commutative) Hardy-Littlewood maximal operator was in-
troduced by T. Bekjan [4]. Later J. Shao investigated the Hardy-Littlewood maximal operator on
non-commutative Lorentz spaces associated with finite atomless von Neumann algebra (see [5]).
Namely, for an operator T affiliated with a semi-finite von Neumann algebra M, the Hardy-
Littlewood maximal operator of T is defined by

1
MA(x) = sup
r>0 T (E[z—r,ac-i-r] (|A|))

While the classical Hardy-Littlewood maximal operator of a Lebesgue measurable function f :
R — R, denoted by M f(z), is defined as

T (|A|E[17T7I+T] (|A|)) , x> 0.

1
Mf(a:)—ig%—m([w_nx_w])[ /]If(t)ldt,
r—r,c+7r

where m is a Lebesgue measure on (—oo, c0) [10]. In view of spectral theory, |A| is represented as

Al = / tdE,,
o(|4])

and M A(]A|) is represented as M A(x). Thus, for the operator A, Bekjan’s consideration is that
M A(|A|) is defined as the operator analogue of the Hardy-Littlewood maximal operator in the clas-
sical case. Our purpose is to investigate the non-commutative Hardy-Littlewood maximal operator
M in the sense of T. Bekjan (see [4]). In particular, we obtain boundedness of the non-commutative
Hardy-Littlewood maximal operator in non-commutative Lorentz spaces.

Key words: Cesaro operator, Hardy-Littlewood maximal operator, Lorentz space.

H.T. Bex6aes!", K.C. Teomenos?
' MaTemaTrKa yKoHe MaTEeMATHKAIBIK MOIETbIey HHCTHTYTEH, AmMaTe! K., Kazakcran
291-Papabu arsinaarsl Kasax YaTTeK yHEBepcuTeTi, AIMaTsl K., KaszakcTan
*e-mail: n.bekbaev@mail.ru
KomvmmyTaruBTi emec Jlopenrnl KeHicrikTepinaeri Xapau-JInTTiBy], KOMMYTAaTUBTI eMec
MaKCUMAJI OIe€PATOPHI

Byn xywmbicra 6i3 KoMMyTaTuBTI emec Xapan-JIUTTIBY MaKCHMaJ ONEPATOPBLIH T-OJIEeHETIH
onepaTopaapasry, JlopeHr KeHIiCTIKTepiHAe KapacThIpaMbls. KoMMyTaTwmBTi emec MaKcUMaJ
reHcizaikTep Typaabl [1-3] kymbicTrapbinan kepyre Gosaipl. Xapau-JIuTTiBy| onepaTopbIHbIH,
backa nyckacoin T.Bexwxan [4] xymbicbinga kearipai. Keitinipek J.Shao Xapau-JIurtiasys
MaKCHMaJl OIePATOPBIH IeHesreH arToMmchls ¢don Heiiman asredbpachbIMeH acconMalUsIaHFAH
KOMMyTaTHBTI eMec JIopeHt KeHicTikTepiH e 3eprrerer [5]. Aram afiTkan/a, >KapThlIaii MeHereH
M dou Heiiman anrebpaceiMeH KochuiMa 1 omeparopbl YImiH Xapan-JIuTTiByn MakcuMas
OTIepaToOPhI

MA(x) = sup !

7 (Al By ot (JA]) , >0
r>0 T (Efg—r ot (|A]) (41 Bf—ror) (141)

© 2020 Al-Farabi Kazakh National University



32

N.T. Bekbayev, K.S. Tulenov

TypiHje aHbIKTaAaIbl. Jleber GoiibiHIa esmeHeTiH f : R — R QyHKOmMsCH YIIiH KJIaCCHKAJIBIK,
Xapau-JIurrasyn makcumad oneparopbia M f () men Gesriserr,

1
Mf@)—iglgm[ /+] |f(t)|dt

TypiHJe aHBIKTAlMBI3, MyHIaFEl M — Jleber emmewmi [10]. CnexTpiik Teopust GoiibrHIIA

A = / tdE,
o(14])

GoslaTBIHABIFBIH  Oalikayra OGosanl, conbiMen kKarap M A(|A|) oneparopwin M A(z) Typinge
»kazambi3. ConbimeH, A oneparopst yuiin T.Bekxkan Ty>kbipbiMbl Goiibrama M A(|A|) oneparopst
KJIACCUKAJIBIK, JKarJaigarsl  Xapau-JIuTTiBy, MaKCHMaJ OIepATOPBIHBIH, aHAJOIBl peTiHje
aHbIKTaabl. Bisnig makcaTbivbrs — T.Bexkan [4] xxymbiceianarst M Xapau-JIuTTisys MakcuMad
omnepaTopbiH 3eprTey Oosbin Tabbuiagel. HakThipak aiiTkammga, 6i3 kommyTtaTuBTi emec Jlopenry
KEHICTIKTepiHJe KOMMYTATUBTI eMec Xapau-JIuTTaBysl MaKCcuMaJl ONepaTOPLIHBIH, IIEHeTeH TiTH
AJIAMBI3.

Tyiiia ce3aep: Yesapo omneparopsl, Xapau-JIuTTaBy 1 MakKcuMaJsl onepaTopsl, JIopeHI| KeHicTiri.

H.T. Bex6aes!”, K.C. Tynenos?

'MHCTHTYT MaTeMATHKH U MaTEMATHYECKOrO MOJeInpoBanus, I. Anmarsl, Kazaxcran
2Ka3axcKuil HAIMOHAJIBHBIH YHUBEPCHTET UMeHH ajb-Dapadu, r. Anmarsl, Kazaxcran
*e-mail: n.bekbaev@mail.ru
HexoMMyTaTUBHBIN MaKCUMAaJILHBINA omeparop Xapau-JIUTTIBya B HEKOMMYTATUBHBLIX
npocrpaHcTBax JIopeHna

B nmammoit pabore MbI nccaeyeM HEKOMMYTATHBHBIN MAKCHMAJIbHBIN oriepaTop Xapau-JIlurtisysa
B CHUMMETPUYHBIX ITPOCTPAHCTBAX T-U3MEPUMBIX OmepaTopoB. HekoMMyTaTHBHBIE MAKCHMAJIHLHBIE
HEPABEHCTBA ObLIM pPACCMOTPeHbl, B dactHocTH, B [1-3]. pyras Bepcus HEKOMMYTATHBHOIO
MaKCUMAaJLHOTO oneparopa Xapan-Jlurtasyna npencrasiena T. Bexxkanou [4]. TTosxke Tx. [Tao
3aHMMAJICS UCCJIEJOBAHUAMU MAaKCUMAJIBHOTO oleparopa Xapau-JIuTTiByaa B HEKOMMY TATUBHBIX
npoctpancTBax JIopeHIa accormuanupoBaHHON ¢ OrpaHUYeHHON Oe3aToMHON asarebpoit Gou
Heiimana [5]. A umenno, jyia oueparopa T, adduimpoBaHHOro ¢ MOJyOrpaHUYEHHON aarebpoii
dou Heitmana M, makcumaJibHBIH otepaTop Xapau-JIuTTiBya onpeesasercs Kak

1
MA(x) = sup
r>0T (E[z—r,ac-i-r] (|A|))

B 10 Bpems kak KiraccmueckKuii MaKCHMAJbHBIA Oomeparop Xapau-JIuTTiBya M3MEpUMBIX 110
JleGery dbyukumii f : R — R, oboznauaembiii uepes M f(x), onpenessiercs Kak

T (|A|E[I,T11+T] (|A|)) , x> 0.

1
R e L

rae m—mepa Jlebera [10]. C Touku 3peHns: cneKTpasbHO Teopun, |A| npegcTaBum B BUE

1A = / tdE,,
o(14])

a MA(|A|) wmpencraBum B Buge M A(x). Takum obpasom, g omeparopa A, paccyxkjeHue
T. Bekxana rosopur o ToMm, uro MA(|A]) ompenensercs Kak AaHAJIOr MAKCHMAJBHOTO
onepatopa Xapau-JIurtasyna B KaaccuaeckoM caydae [4]. Hamelt nesbio siBaisieTcst ncciieoBaTh
HEKOMMYTATUBHBIN MakcuMmaJsbHblit omepatop M B cmbicie T. Bexxkana. B wactoocTtw, MbI
[OJIYYUM OIPAHHYEHHOCTH HEKOMMYTATHBHOINO MAKCHUMAJBLHOrO omneparopa Xapau-JIluTrisyma B
HEKOMMYTATUBHBIX [TPOCTPAHCTBAX JIopeHIA.
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KuaroueBbie cioBa: Omneparop Yesapo, wMakcumMmasibHBIN —omeparop Xapau-Jluttisyna,
mpocTpancTsa JIopenta.

1 Introduction

The Hardy-Littlewood maximal operator M is an important sub-linear operator with numer-
ous applications in real analysis and harmonic analysis. It takes a locally integrable function
f :R? — C and returns another function M f that, at each point z € R%, gives the maximum
average value that f can have on balls centered at that point. More precisely,

1

M) = s e [ £y )
B(z,r)

where B(z, ) is the ball of radius r centred at z, and | F| denotes the d-dimensional Lebesgue
measure of £ C RY. There is an uncountable number of papers devoted to investigation of
the Hardy-Littlewood function defined by the formula (1). For instance, see |7, 8, 10| and
references therein.

2 Materials and methods

Let (R, m) denote the measure space Ry = (0,00) equipped with Lebesgue measure m.
Let L(R,,m) be the space of all measurable real-valued functions on R, equipped with
Lebesgue measure m i.e. functions which coincide almost everywhere are considered identical.
Define S(R;, m) to be the subset of L(R,m) which consists of all functions x such that
m(t: |x(t)] > s) < oo for some s > 0. For x € S(R;) we denote by u(x) the decreasing
rearrangement of the function |z|. That is,

pu(t,z) =inf{s > 0: m({|z| > s}) <t}, t > 0.

We say that y is submajorized by z in the sense of Hardy-Littlewood—Polya (written
y << ) if
4 t
/u(s,y)dsg /,u(s,x)ds, t>0.
0 0

Let M be a semifinite von Neumann algebra on a separable Hilbert space H equipped
with a faithful normal semifinite trace 7. A closed and densely defined operator A affiliated
with M is called T-measurable if 7(F)4/(s,00)) < oo for sufficiently large s. We denote the set
of all T-measurable operators by S(M, 7). Let Proj(M) denote the lattice of all projections
in M. For every A € S(M, 1), we define its singular value function p(A) by setting

plt, A) = inf{[| A1 = P) ||y P € Proj(M), 7(P) <1}, t >0,

where the norm || - ||z_(m) is the usual operator (uniform) norm. Equivalently, for positive
self-adjoint operators A € S(M, 1), we have

na(s) = 1(Ea(s,00)), u(t,A) =inf{s > 0:na(s) <t}, t > 0.
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An operator in S(M, 7) is called T-compact if p(oo, A) = 0. This notion is a direct generaliza-
tion of the ideal of compact operators on a Hilbert space H. For more details on generalised
singular value functions and 7-compact operators, we refer the reader to [9] and [13|. Let
L1,c(M, T) be the set of all T-measurable operators such that

T(|A[E4(I)) < +o0,
for all bounded intervals I C [0, +00).

Definition 1 /4, Definition 1]. For A € Li,.(M, 1), we define the maximal operator of A
by

1
MA(z) = sup
r>0 T (E[gc—r,m—l—r} (|AD)

(let 3 =0). M is called the non-commutative Hardy-Littlewood mazimal operator.

7 (|AlEg-rain (1A]) 220,

MA(|A]) is represented as MA(x). Then for A, we consider MA(|A|) as the operator
analogue of the Hardy-Littlewood maximal operator in the classical case. Hence roughly
speaking, M A(|A|) stands in relation to A as M f(x) stands in relation to f in classical
analysis, i.e.

MA(A]) = / MANE(|A]),
a(|Al])

where o(|A]) is the spectrum of |A].
Define Ly (Ry) = {f € S(Ry) : suptu(t, f) < oo} equipped with the quasi-norm
>0

[ fl1,00 = suptp(t, f).
t>0

It is well-known that this space is a quasi-Banach space (see [8]).
Let C: Li(Ry) — Ly »(R4) be the Cesaro operator defined by

(Cf)(t) = %/f(s)ds, feLi(Ry), t>0.

In [14], it was proved the following result.
Theorem 1 For every A € L,.(M,T), we have
p(t, MA(JA])) < 16 - (Cu(A))(t), vt > 0.

Definition 2 [6, Definition 1.1, p. 49]. A function ¢ defined on the semiazxis [0, 00) is said
to be quasiconcave if

(1) ¢(t) =0 &t =0;

(ii) ¢(t) is positive and increasing for t > 0;
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(11i) @ is decreasing for t > 0.

Observe that every nonnegative concave function on [0,00) that vanishes at origin is
quasiconcave. The reverse, however, is not always true. However, we may replace, if necessary,
a quasiconcave function ¢ by its least concave majorant ¢ such that

p<p<p

N =

(see |7, Proposition 5.10, p.71]).
Let © denote the set of increasing concave functions ¢ : [0,00) — [0,00) for which
tlir& ¢(t) = 0(or simply ¢(4+0) = 0). For the function ¢ in 2, the Lorentz space A, (R} ) is

defined by setting

A,(Ry) =gz e SRy): /,u(s,x)dap(s) <00y,

R4

and equipped with the norm

el = / (s, 2)do(s).

Ry

Let ¢ be a quasiconcave function on [0, c0). Define the Marcinkiewicz space M, (R) by
setting

My(Ry) = {f € SR) : |z < o0}

equipped with the norm

1 t
1l eey = igg Wofu(s,f)ds.

The space (L1 + Leo)(Ry) = Li(Ry) + Loo(R4) consists of functions which are sums of
bounded measurable and summable functions = € S(R,) equipped with the norm given by

%] (214 Looy @) = Inf {[|21]| 2y a) + |22l w®y) @ = 21 + 22,21 € Li(Ry), 2 € Loo(Ry) }

For more details on Lorentz spaces, we refer the reader to |7, Chapter I and II| and [6,
Chapter IIJ.

As in the commutative case, for a function ¢ in 2 define the corresponding non-
commutative Lorentz space by setting

ApM) = d A e SIM, ) - /MS,AW(S) coo b,

and equipped with the norm
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1Ay = / (s, A)dp(s).

R4

3 Main results.
Let ¢ be an increasing concave function on [0, 00) such that ¢(+0) = 0 and satisfying

o(t) > ctlog(l+1/t), t > 0. (2)
The following is the main result of this paper.

Theorem 2 Let ¢ be an increasing concave function such that p(4+0) = 0 and satisfying (2)
and let ¢ be an increasing concave function on [0,00) such that 1»(+0) = 0 and

[ (s)

ds <
52 -

‘pff), t>0. (3)

t

Then the non-commutative Hardy-Littlewood mazimal operator
MAC) s A, (M) = Ay(M)
15 bounded.
Proof. It is known that if ¢ satisfies (2), then Cesaro operator (see [11, Proposition 4.4|)
CAp(Ry) — Ay(Ry)

is bounded if and only if (3) holds. Moreover, A,(Ry) is minimal among such symmetric
Banach function spaces. That means, there exists a constant ¢ > 0 such that

1Cfllay®y) < cllfllag®y), Vf € Ap(Ry). (4)

Hence, by Theorem 1 and by (4), for any A € A, (M) we have

IMA(AD Ay = (M A(AD) 2, @) < 16CR(A)]a,@y)

< 16C||N(A)||Aw(R+) - IGCHAHA‘P(M)’

where ¢ is an absolute constant independent of other parametrs. This concludes the proof.

Corollary 1 Let ¢,(t) = tlog® (1 +t_1/°‘) ,a > 1. Then the non-commutative Hardy-
Littlewood maximal operator

MA() : Mgy (M) = Ay, (M)

18 bounded.
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Proof. It was proved in [11] that the function ¢, (t) satisfies

/ —‘pa(;)ds L“(t), £>0.
S t

t

IA

Therefore, the assertion follows from Theorem 2.
Moreover, we illustrate two examples of Lorentz spaces which the Hardy-Littlewood max-
imal operator bounded on.

Example 1 Let ¢(t) = maz{1,t}, t > 0. Then

MAC) : Ap(M) = My(M)
is bounded, where (t) = log(1+1t), t > 0. Here

My(M) ={A € S(M,T): n(A) € My(R,).}
Indeed, the Cesaro operator C' is bounded from A,(R.) into My(Ry) (see Example 2.9 in
[12]). Therefore, by Theorem 1 we obtain the desired result.

Example 2 Let ¢(t) = tlog(1+ 1), t > 0. Then

MA(-) : Ap(M) — (L1 + L) (M)

is bounded. Here, (L1 + Loo)(M) ={A € SIM,7) : n(A) € (L1 + Loo)(Ry)} As in Example
1, it was shown in [12, Example 2.10] that C : A,(Rg) — (L1 + L) (Ry) is bounded. Hence,
the assertion follows from Theorem 1.

4 Conclusion

In this paper, we investigated boundedness of Hardy-Littlewood maximal operator (in the
sense of T. Bekzhan) on non-commutative Lorentz spaces. As an illustration we showed
several examples of non-commutative Lorentz spaces in which the maximal Hardy-Littlewood
operator is bounded.
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ACUMIITOTUYECKUE OIIEHK! PEIIIEHUN KPAEBOI 3AJAYN IJ1d
CUHI'YJISIPHO BOSMVIIIEHHBIX NMHTEI'PO-AN®PEPEHITMAJIBHBIX
VPABHEHUM

MareMaTHIeCKIMI MOJEISMI MHOTHX IIPOIECCOB B (bu3mke, acTpoduU3UKe, XUMUU, OHOJIOTHH,
MEXaHUKN U TEeXHUKEe daCTO CJayKaT gauddepeHinaabible U HWHTErpo-auddepeHnuaibHbe
ypaBHEHUs, COJIEpKalllie MaJjble IapaMeTpbl IIPU CTApIINX IIPOU3BOJHBIX. 1aKie ypaBHEHUs B
HACTOsIIee BpeMs IPUHATO HA3bIBATH CHHIYJISPHO BO3MYIIEHHBIMHU. B craThe paccMaTpuBaeTcs
JBYXTOUYEYHAsT KpaeBasl 3ajada JJisd JIMHEHHOTO WHTerpo-anddepeHaibHOro ypaBHEHUS
TPEThEro TMOPSIKa C MaJbIM [IapaMeTPOM IpPHU JABYX CTAPIIAX [TPOW3BOJHBIX DU YCJIOBUH,
KOTJ[a KOPHU <«JOMOJTHUTEIBHOIO XaPAKTEPUCTUIECKOrO yPABHEHUS» OTPHUIATEIbHBI U KPAEBBIE
YCJIOBHS COIEPKAT UJIEHBI C MAJBIMU BO3MYIeHUAMH. 1leJIbio mcciie1oBaHus SBJISAETCS Oy YeHue
ACHUMIITOTUYECKUX OIEHOK pEIIeHUs U BBbISICHEHNE AaCHUMITOTHYECKOIO IIOBEIEHUsS pPeIleHnit
B OKPECTHOCTH TOYEK, B KOTODPBIX 3aJaHbl JIOMOJHUATEIbHBIE YCJIOBHUS, TEPSAIOIMINECT IIpU
BBIpOXKJeHUH. B paboTe mocTpoeHbl TpaHUYHbIE (DYHKIUA KPAEBOU 3aJa49d Ijisd CHHTYJISPHO
BO3MYIIIEHHOT'O OJTHOPOIHOTO (D (DEPEHITNATBHOIO YPABHEHUS, MOJyIeHbl X ACHUMITOTAIECKHUE
omenku. C momorpio TpaHndHbIX GyHKIME u Gyaxnuil Komm monydeHa aHaIUTHYECKast
dopmynra pemenuit kpaeBoil 3amadn. Jlokazama Teopema 00 ACHUMIITOTUYECKON OICHKE
pellleHnsl pacCMaTPUBAEMOil KpaeBOil 3aJadu. YCTAHOBJIEHBI ACHUMITOTHYECKOE II0 MAaJIOMY
mapaMerpy IOBeJEHWE peIIeHnusl ¥ MOPsJ0K POCTa €ero mnpom3BOAHBIX. llokazano, 4UTO
peIlleHre pacCMATPUBAEMONl KPaeBOHl 3a/adM Ha JIEBOM KOHIE [AaHHOTO OTpe3Ka o0Jsajaer
fABJIEHMEM HAa4YaJbHOI'O CKadKa IIepBOro nopsjka. llokazaHbl oTyinduTesbHBIE OCODEHHOCTHU
B aCUMITOTHUYECKUX CBOHCTBAX pelleHuil JaHHOW KpaeBOH 3a/ja4u 110 CpPaBHEHUIO C
aHAJIOTMYHBIMA Pa0OTaMU B O0JIACTH CHHI'YJISPHO BO3MYIIEHHBIX NUM@EPEHITUAIBHBIX U UHTETPO-
nuddepeHInaIbHbIX YPAaBHEHU, 00/1aIAI0MNX HAYAIbHBIMU cKagkaMu. [lorydeHtbie pe3yabraTh
MMO3BOJISIOT TOCTPOUTH PABHOMEPHOE ACUMIITOTHIECKOE PA3JIOKEHNE PEIIEHU KPAEBBIX 33184 JJIs
CUHTYJISPHO BO3MYIIIEHHBIX HHTErPO-1udHepeHITNAIBHBIX Y PABHEHMIA C JIFODOI CTEEHBI0 TOYHOCTH
II0 MaJIOMy IIapaMeTpy.

KmioueBbie cioBa: CuHryjaspHOe BO3MYIIEHHE, MAJBI [apaMeTp, HAYaJbHBIH CKAYOK,
ACHMIITOTUIECKHE OIEHKH.
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M.K. Haysuibaes u jap.

Asymptotic estimates of the solution of the boundary value problem for singularly perturbed

«KOCBIMITIa, CHUIATTAYBIINI TeHJAeYiHiH» TybepJsiepi Tepic, aj IIeKapaJsblK IMapTTapblHIa Kirri
aybITKBIMAJIBI MYIIejiepi 0ap eH VJIKEeH €Ki TyBIHIbLIAPBIHBIH AJIBIHIA Killli mapaMerpiiepi
Gap VIIHIN perTi ChI3BIKTHL WHTErpPaJIbl-IuddEepeHnnaIblK, TEeHIey VIMH €Ki HYKTesl
MIETTIK €ecel KapacThIPBLIAIbI. 3E€PTTEYIIH MAKCATHI IIENNMHIH aCHMITOTUKAJIBIK, OarayiaybiH
aJly JKOHEe TO3FBIHIAJIFAH Ke3Jle TYCII KaJaTblH KOCBIMINA MIapTTap OepiireH HYKTeJIepIiH
MaHAWBIHIA [IENIMHIH AaCHUMITOTUKAJBIK CHIIATBIH aHBIKTay OO0JbIn TabbLIaabl. 2K yMbIC
OapBICBIHIA CHHTYJISIPJILI ayBITKbIFAaH OipTeKTi auddepeHnmanablk TeHaey VIMiH KOHbLIraH
IIETTIK €CEITiH MeKapaJIblK, (OYHKINAIAPHI KYPBLUIIbI 2KOHE OJIaP/IbIH ACHMIITOTUKAJIBIK, OaraJiay bl
anpraabl. lekapasbik dyHKIUSIapabH Kone Kormm (GyHKIUSICHIHBIH, KOMETIMEH IEeTTIK ecer
MIeITiMHIH AHAJTATAKAJIBIK, (POPMY/IACKH aJIbIHIbl. KapacThIPhIIbII OTHIPFAH IIETTIK eCell MeTiMiHiH
ACHUMIITOTUKAJIBIK, Oarasiaybl TypaJibl TeopeMma Jajenaensai. Kimri mapamerp OOMBIHINA IIENTIMHIH,
ACUMIITOTUKAJIBIK CUIIATHI 2KOHE TYBIH/IBLIIAPBIHBIH 6CY PeTi aHbIKTaJIbl. KapacThIPBIIbII OTHIPFaH
MIETTIK ecem IIenriMiHiH OeplireH apajbIKTBIH COJ 2Kak IeTiHge OipiHmni perTi OacTamnkb
cekipicinig, 6ap ekeni kepcerinmi. Bacramker cekipicri muddepeHnnaIabK, KoHE HHTETPAJIIbI-
muddepeHnnaIIblK, TEHIEYIep CaJachblHAAFbl 0acKa YKCAC KYMBICTAPDMEH CAJIBICTBIPFAHIA
OepinreH MIETTIK ecen IMIENNMiHiH aCUMITOTUKAJIBIK, KACUETTEePiHIeri epeKIeikTep KOPCeTLImi.
AJIbIHFAH HOTHKEJIEp CHHIYJISADJIBL aybITKBIFAH HHTErpaJIbl-1uddepeHiinaIbK, TeHeyaepre
APHAJIFAH IIETTIK eCerTep MENTMiHIH Kill mapaMeTp/iiH Ke3-KeJIreH JopexKeci OOMbIHINA TOJTIKITeH
GIPKAJIBIIITHL ACHMITTOTUKAJIBIK, JKIKTE/IYiH KYPpyFa MyMKIH/IIK O6epe/.

Tvyitin ce3aep: CHUHIYJSIPJBI AyBITKY, Killli mapamMerp, OacTAIKbI CEKipiC, aCHMITOTHUKAJIBIK,
baraJay.
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LAl-Farabi Kazakh National University, Almaty, Kazakhstan
2Institute of Information and Computational Technologies, Almaty, Kazakhstan
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integro-differential equations

The mathematical models of many processes in physics, astrophysics, chemistry, biology, mechan-
ics and technology are differential and integro-differential equations containing small parameters
at the highest derivatives. Such equations currently are called singularly perturbed equations. The
paper considers a two-point boundary value problem for a third-order linear integro-differential
equation with a small parameter at the two highest derivatives, when the roots of the «addi-
tional characteristic equation» are negative and the boundary conditions contain terms with small

perturbations. The aim of the study is to obtain asymptotic estimates of the solution and to obtain
the asymptotic behavior of the solution in a neighborhood of points where additional conditions

are given that are lost during degeneracy. The boundary functions of the boundary value problem
for a singularly perturbed homogeneous differential equation are constructed, and their asymptotic
estimates are obtained. Using boundary functions and Cauchy function an analytical formula for
the solutions of the boundary value problem is obtained. A theorem on the asymptotic estimate of
the solution of the considered boundary value problem is proved. The asymptotic behavior of the
solution and the growth order of its derivatives with respect to a small parameter are established.
It is shown that the solution of the boundary value problem at the left point of given segment has
the phenomenon of an initial first-order jump. Distinctive features in the asymptotic properties of
the solutions of this boundary-value problem are shown in comparison with similar works in the
field of singularly perturbed differential and integro-differential equations with initial jumps. The
obtained results make it possible to construct a uniform asymptotic expansion of the solutions of
boundary value problems for singularly perturbed integro-differential equations with any degree
of accuracy with respect to a small parameter.

Key words: singular perturbation, small parameter, initial jump, asymptotic estimates.
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1 BsBenenue

Briepsble HadaJIbHbIE 33/1a490 ¢ HEOIPAHMYCHHBIMUA HAYAJIbHBIMU JIAHHBIMEA TIPU CTPEMJICHUH
MAaJIoOro IapamMerpa K HyJIo u3ydenbl B paborax M.U. Bumwka, JI.A. Jliocrepuuka [1| u
K.A. Kacevosa [2]. OcobeHHOCTBIO 9THX 3a/1a9 SIBJISIETCS TO, YTO PEIIeHHe CHHIYJISIPHO
BO3MYIIEHHON HAvYaIbHON 3aJa49d IPU CTPEMJICHHN MaJoro IapaMeTpa K HYJII0 CTPEMHUTCS
K PEIICHUIO BBIPOXKJIECHHOTO ypaBHEHUs, HO YK€ € M3MEHEHHBIM HaYaJbLHBIM YCJIOBHEM.
B Takom ciydae TOBOpSAT, YTO HMMEET MECTO sIBJCHHE Ha4daJIbHOro cKadka. Haubosee
obmue caydan 3ajad Komm ¢ HadaJ bHBIMA CKa9KaMU JIjIg CHHIYJISPHO BO3MYIICHHBIX
HEJIMHEWHBIX CHCTEM OOBIKHOBEHHBIX M HHTErpo-auddepeHInaabHbIX YpaBHEHH, a Tak:Ke
JUIT CHUCTeM U ypaBHEHUI B YACTHBIX IIPOU3BOJHBIX T'HIEPOOJIUIECKOTO THUIIA U3y UICHBI
K.A.KacbiMOBBIM 1 OBLTH ITPOJIOJIZKEHBI €70 yaeHnKaMn. KpaeBble 3a1a9u J11s1 OOBIKHOBEHHBIX
b depeHImaIbubIX U UHTErpo-auddepeHnuaibHblX YpaBHEHUN ¢ MaJbIM IapaMeTpoM
IPU CTAPIIUX [POU3BOIHBIX, 00/Ia/IaI0NNe ABICHUSIME HAYaJbHBIX CKAYKOB PACCMOTPEHBI
B [3,4]. B macrosimeit pabore paccMarpuBaercst JmHeHOE HHTErpo-IuddepeHnaIbHOe
ypaBHEHHE TPEThEro IMOPsAKA C MaJbIM IapaMeTpPOM IIPH JBYX CTApPIIUX IIPOU3BOIHBIX C
KPaeBBLIMH YCJIOBUSAMU, COJCPXKAIIUMU YJCHBI ¢ MaJIBIMH BO3MYIIEHUSIMHU B CJIydae, KOTJia
KOPHH TaK Ha3bIBAEMOI'O <«JOTOJHUTEILHOIO XapaKTEPUCTUIECKOTO YPABHEHUS» HMEIOT
OTpHUIaTe/TbHbIe 3HAKW. ACHMITOTHYECKOE TOBEJIEHNE PeNIeHusl TaKuX KpPaeBbIX 3a/ad He
uccae0Baanch. Pabora moCBsIIeHa YCTaHOBICHUIO ACHMIITOTHIECCKUX CBOMCTB PEIIeHUs I10
MaJjiomy mapamerpy. CHHIYISPHO BO3MYIIEHHBIE YpaBHEHHSI UMEIOT OOJIBIIYIO ITPUKJIAIHYIO
3HAINMOCTh. OHM BBICTYIIAIOT B KadecTBE MaTeMaTHIEeCKUX MOJesell MpH UCCIeI0BAHIT
pa3HOoOOpa3HbIX IIPOIECCOB B (bU3KMKe, XUMUMU, OMOJIOIMM U TEeXHUKe U T.JI. 1eM caMbIM
UCCJICIOBAHUE TAKUX 3aJ1ad ABJISCTCS aKTya bHbBIM.

2 O630p JuTepaTyphl

AcuMnroTuueckne M YHCJICHHBIE METOILI IPUOJMKEHHA K PEHICHUSM CHHIYJIAPHO
BO3MYIICHHLIX T depeHualbibIX ypaBHeHNl B HACTOSAIIEe BpeMs aKTUBHO HCCJICLyIOTCS
KaK, OT€YeCTBEHHBIMHU, Tak u 3apybexkubiMu asropamu (Cw., nanpumep, [5-20]). Cuemyer
OTMETHUTh, YTO B 3THX M B JAPYIHX paboTax MO CHHCYJIAPHO BO3MYIICHHBIM yDPABHCHHSIM
ABTOPBI UCCJICAYIOT TaKUe KPaeBble 3a/a4d, KOTOphIe He 00J1aJIal0T SBJICHUSMU HAYAIbHBIX
CKa4YKOB. B oTymune oT yKazaHHBIX paOOT HAME UCC/ICIyIOTCS KPAeBble 3a0a41 ¢ HadaIbHbIMU
CKauKaM# JIJIsI CHHTYJISPHO BO3MYIIEHHBIX HHTErpo-audepeHnuaibiblx ypapHenuit. B
JAHHOI paboTe M3yYeHO aCHMMITOTHYECKOe MOBEJCHHE DPEINeHUil CHHIYISPHO BO3MYIIEHHOM
KpacBoil 3aJaul B TOYKe HAYAJLHOIO CKAYKa M IOJYyYeHbI ACHUMITOTHYCCKHC OICHKHI
pelIeHus.

3 Marepuan u meToambl

PacemoTrpuM cHHTY/ISIPHO BO3MYIIEHHOE HHTErPO-/ I depeHImabHoe ypaBHEHHE

Ley(t,e) = *y" + A(t)y" + B(t)y' + C(t)y = F(t) +/ Hy(t, )y, e)dz, (1)

1
=0
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CO cJIeAyromuMn KpaeBbIMU YCJIOBUAMA

hiy(t,e) = ay(0,e) + By (0,¢) + diey”(0,6) = @i,  i=1,2,
hay(t,e) = azy(1,e) + Bsey/(1,€) + 03y (1,€) = b.

rie € > 0 — Masblii mapamerp, o, 5, 0;,4 = 1,3, a1, ag, b — N3BECTHDBIC MOCTOSHHLIE.
[TycTh BBITIOTHEHBI CJIEYIOIIAE YCIOBHUSI:
L A(t), B(t),C(t) € C?[0,1], F(t) € Cl0,1],
Hi(t,x) e C(D),i=0,1, D={0<t<1,0<z<1}.
I1. Tlyctb kopuu ypapnenus u? + A(t)u + B(t) = 0 yJIOBIETBOPAIOT YCJIOBUAM iy 7 [lo,
W < —y<0,i=1,2.

L o3 £0, A= i o

0.

G b7

IV. Yucno A = 1 He gBagercs cobeTBeHHbIM 3HadeHneM saiapa H (t, s, ¢) (em. (12))
PacemorpuM oiHOpOIHOE ypaBHEHHE

Loy(t,e) =%y +cAt)y" + Bt)y' + C(t)y = 0. (3)

Ecau Bemossenst yenosust (1), (II), mo ayst dbyHIamMeHTANBHONW cHCTEMBI PelleHuit
ypaBHeHUsl (3) uMeeT MeCcTo cJeyIoliee acuMIToTYeckoe pu € — 0 npejcrasienue [21]:

) 1 ) .
y(te) = —e (1 (Dyio(t) + O(e), i=1,2,
© j=0,2. (4)

v (t ) = y3)(t) + O(e).

t
% ({ wi(z)dz

[Mycrs by K(t,s,e), 0 < s <t < 1 gapjsieTcs pelieHreM 3a/a49u:

L.K(t,s,6) =0, KY(s;5¢)=0y; j=0,2, (5)

rae 6;; — cumBos Kponekepa. @yukmust K (t, s, ¢) naseBaercsa dynknueit Kommn, u qs mee
CIIpaBeJINBbL CJieytomue oneHkn [21]:

|[KU(t,5,6)| < Ce?+ C2Ie 7", j=0,2. (6)

[Tycrs dyuxmun $;(t, ), i = 1,3 ABAMIOTCA PEIEHUsIME 3aa49H:

{L€<I>Z-(t,a) =0, 1,3. -

1=
hkq)i(t,é?) = 5ki7 k= 1,3 .

Oyukiuu D;(t,¢), 1 = 1,3 HA3BIBAIOTCA TPAHUIHBIMI (DYHKIUAMU, U OHU ONPEESIIOTCS O
caeyromieit popmyste [21]:

Al(t, 6)

éi(tg) = A(&f) )

i=T1,3, (8)
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e
hiya(t,e) hiye(t,e) hyys(t,e)

A(e) = |hayi(t,e) hoya(t,e) hoys(t,e)

h3y1 (tv 6) h3y2 (tv 6) h3y3(t7 6)

a A;(t, e) — onpenenurenu, mosydaembie u3 A(€) 3aMeHO €ro i-0ii cTpoKu (yHIaMEHTATbHOI
cucreMoil perenuit ypasaenus (3).

Hna rpammaneix dyexmun D;(t,e), ¢ = 1,3 u3 (8) ¢ yuerom (2), (4) momydgaem
acuMITOTHYeCKOe 1pu € — () IpeJicTaBieHue:

1 1m@
= 1(x)dx
0

q)gj)(ta@) = ¢ (A1 (t)y10(t) + O(e))—
1 éft p2(z)dz )
L (Aot (t)y20(t) + O(e)), j =0,2,
- 1 fm(de -
(1) = ——e 0 (Anp](Hyio(t) + O()+
1 Mm@, |
+ e ! (Arpp(t)y0(t) + O(e)), j=0,2
) ) (t) 1 L) j
(I)3 (T,,é‘) = Oégygo(l) + Ej_le 0 (Agl,ul(t)ylo(t) + 0(8))—
1 () - ‘
=L (Aszoptp(t)y20(t) + O(e)) j=0,2

rie
Bi + 9ip12(0) Bi + ;1 (0

, )
11(0)(p2(0) — ,Ul(o))AO’ 2 12(0)(112(0) — p1(0))Ag
Bi+ 01p12(0) a1 + ﬁlyéo(o)‘ Br 4 0111(0) o + Bryse(0)
_ Ba + G2p12(0) a2 + B2y30(0) B2+ 02p1(0) g + Bayze(0)
S s (0)(12(0) — 11(0)) Aoyso(1)” T aspua(0)(12(0) — 161(0)) Aoyso(1)”

s bynkiun D;(t,€), i = 1,3 cupaBe/IuBbl ONECHKH:

>
|

Ailz 1=1,2,

- C - C
Do) < ==e72, i=1,2, |0P(t,e)| <C+——eT75, j=0,2. (9)
gl 15

Pemenne 3amaun (1), (2) umem B Buje:

t

y(t> 5) = C11(1)1(157 5) + C2q)2(t> 5) + Cg@g(t, 5) + 5_12 /K(t> S, 5)2(87 5)d57 (10)
0
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e D;(t,e), i = 1,3 — rpannunbie dyukuuu, C;, ¢ = 1,3 — HeU3BeCTHbIE IIOCTOSIHHBIE,
z(t,e) — HemsBecTHas QYHKIUS, ONpeessieMas 13 CJeYIONEro NHTerpagbHOrO YPaBHEHUSI
Opearoabma

1

2(t,e) = f(t,e) +/H(t,s,5)z(s,5)ds. (11)

0

31ecn

=0

Ly
jﬁﬁﬁ:ﬂﬂ+/§:EGJM©@@@¢%H%®%L@+G@?@£0da
0

MW@:—/XWNMM%W@@. (12)

Pemast ypasuerue (11) ¢ momorpio pe3osbBeHTH ¢ yaeroM yciaosus (IV) u mozpcrasisisa B
(10), momywaem perrerne 3amaun (1), (2) B Buge

3

y(t,e) =Y CiQi(t.e) + P(t,e), (13)
i=0
rie
1
Qi(t,e) = Dyi(t,e) + ?/K(t, s,€)pi(s,e)ds, i=1,3,
X 0
}%@:é/Mmﬂﬂmm, (14)

a g H;(t,x,e), F(t,e) cupaBeyiuBbl aCUMIITOTUYECKUE IIPE/ICTABIICHI:

H;(t,z,e) = H(t,z) + /R(t, s,e)H;(s,z)ds = H;(t,z) + O(e),

1

P@@:F@+/Mmﬁﬁ@%zf®+MQ

,ZLJIH PE30JIbBEHTLI UMEeCT MECTO IIpU MaJIbIX &£ IIpeJCTaBJ/ICHUC

R(t,s,e) = R(t,s) + ().
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J1jist onpe/ieieHus Hem3BeCTHIX nocTogHubix Cj, ¢ = 1,3 u3 (13) ¢ y4eToM KpaeBbIX ycaoBuii
(2) mosygaeMm crucTeMy aareOpanvecKux ypaBHEHU
CihQi(t,e) + ColuQa(t, €) + CshiQs(t,€) = a1 — hi P(l,€)
CthQl(t 8) + CQhQQQ(t 8) -+ Cghg@g(t, 8) = Q9 — hgp(t, 6), (16)
Clh3Q1(t 8) + Cgh3@2(t 8) + Cgh3Q3(t, 8) =b-— hgp(t, 8).
(

15) m kpaeBbIx ycsoBuit (2), Haxomum HemspectHbie

U3z (16) ¢ yaerom dopmyn (14),

w

i=T1,
1

i yao(1)F(s) .
’ /,Ul() 2(8)ys0(s )d + 00,

(17)

&l =

Ci=a, Cy=ay (5=

$)12(5)yso(s) =0

0
Tem cambiM, perenne kpaeBoit 3amadn (1), (2) mmeer Bux (13), tae Q4(t,e), P(t,¢)
=1, 3 umeer Bug (17).

re
w:1+/m()¢()d8 /iﬁ,sl'ygo ()dx,

BeIpazkatoTcs dbopmyinoit (14), a C, i
Teopema 1 ITycmv evinoanenve ycaosus (1) — (IV). Tozda das pewenusa xpaesots sadavu

(1), (2) enpasedausv, caedyrowsue acumnmomuueckue npu € — 0 ouyenku

}y(j)(t,@} <C <5|a1| + ¢lag| + |b] + glgl%xl |F(t)|) +

C ¢
—l——<|a1|+|a2|—|—|b\+max|F()|) e, j=0,2. (18)

onn C >0, v >0 — nexomopovie nocmosaHHvle, He 3a8UCAULUE OM, €
(14), (15) c yuaerom (6), (9) momyaaem

Jlokazameavcmeo. s byuknuu Q;(t, ), P(t, )

OLICHKU:
(j) C _~t . .
‘Qi (t,a)‘ <Cet et =12, j=02,
c .
Qe < 0v g5t =02, (19)

. C
(4) 7% ) —
P (t»g)}§(0+€j_1€ )52§<X1|F()|> j=0,2

Torma u3 dopmyssr (13) ¢ nomornpio (17) n omenok (19) mosmydaem TpebyeMmble ONECHKN

(18).

N3 TeopeMbl crieryeT, 9To
1

) , €—0.

0.9 =0, j=01 0.2 -0(2
DTO 03HAYAET, YTO pellleHre NCXOIHON KpaeBoil 3agaun B Touke t = () 00J1a1aeT sABJIEHHEM

Ha4vaJIbHOI'O CKa4YKa II€EPBOI'O IIOPAIKa.
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4 Pe3ynabraThl N 00Cy2KAeHUE

Panee anajiormvnble KpaeBble 3aja4u, HO 0e3 MaJbIX BO3MYINEHUN B KPAEBLIX YCJIOBUSX,
OBLIN PACCMOTPEHBI B (22| JiJIs CHHTYJISIPHO BO3MYIIEHHBIX Jud DepeHIuaabHbIX ypaBHeHnIT
u B 23] - I CHHTYJIIPHO BO3MYIIEHHBIX HHTErPo-auddepeHnuaibbX ypaBaennii. B srux
paboTax ObLIN BBISIBJEHBI MICHTUYHBIE aCUMITOTUYECKHE CBOMCTBA PEIIeHHil: IMEeI0 MeCTO
sIBJIEHE HAYaJbHOTO CKadKa HYJIeBOrO MOpsiika BTOpoW crermenn. OHAKO, BBIPOXKIEHHAS
3a7a4a, K PENICHUIO KOTOPON CTPEMUTCA PeIIeHUe HCXOTHON CUHTYJIAPHO BO3MYIIIEHHON
KpaeBoil 3ajiladu, B cjaydae HUHTerpo-anddepennuaaibHoro ypaBHEHUs, B OTJIUYAE OT
nddepeHIuaIbLHOrO CIyvast, colepsKaia JOMOJTHIUTEIbHBIA dIeH, Ha3bIBaeMblil Ha9a/ IbHBIM
CKaYKOM WHTErpaJibHOIO dWieHa. Torjga MOXKeT cO3/1aThCd BIIEYATJIECHUE, UYTO B HHTEIPO-
b depeHImaIbHBIX YPABHEHUAX B CUJTY HAJIMIUS HHTEIPAJIbHBIX UJIEHOB BCETJIA MOSB/ISACTCS
HaYaJIbHBIN CKaYOK MHTErpaabHoro 4ieHa. Harma pabora moKasbIBaeT, 9TO 9TO HE BCET/Ia TaK.
[To cpasrenuto ¢ paboroii [23| B HalleM cirydae siBeHIe HAYATBHOIO CKAYKA DEIeHHsT TaKKe
nMeeTcs, HO HaDJI0JaeTcsd fABJIeHNe HAJaJIbHOIO CKadKa IEePBOTO IOPdAJKa, T.e. HadabHBII
CKQ4OK MMeeT He caMO PeIlleHne, a €ro lepBasd IPOU3BOJIHAA, YTO ABJISEeTCA IIePBbIM OTJINYUEM
OT BBIIIEYKa3aHHON paboThl. Bo-BTOPHIX, HAUAIbHBIN CKAYOK HHTEIPAJILHOTO UJIeHa B HAIIEM
caydae OTCYTCTBYeT. TeM caMbIM, IOCTPOCHHE BBIPOXKJICHHOW 3aJa4ud, KOTOPasd sABJISETCI
NIPEJIEJIBHOM JIJIA MCXO/IHON BO3MYIIEHHOW MHTEIPo-1nddepeHuabHON 3a0a41, JOCTATOYHO
YIPOIILAETCS.

5 3akJrodeHue

B pabore wncciemoBana KpaeBad 3ajada I JHHEHHBIX HHTErpPo-mauddepeHImaabHbIX
YPaBHEHHII TPeThero IopsiKa C MaJbIM [apaMeTpOM IIPH JBYX CTApPIINX IIPOU3BOIHBIX
OpH YCJAOBHHU, KOIJa KODHU <«JOIOJTHUTEIBLHOIO XapaKTEPHUCTUYECKOI'O YDaBHEHUS»
orpunarenabHbl. [lorydensl anamuTndeckas GopMysia I aCHMITOTUYECKUE OIEHKH DPEIIeHUs
paccMaTpuBaeMoil KpaeBoil 3aJadi. YCTAHOBJIEHO ACHMIITOTUYECKOE IIOBEJIEHUE PpeIleHHi
KpaeBOll 3a/ladll B OKDECTHOCTH TI'DaHMYHBIX TouekK. Oxazasnoch, 4ro mpum ¢ — 0 Bce
KOMIIOHEHTBHI DeIlleHHsl B TOoUKe ¢ = 1 dABJIAIOTCA OIDAaHNYEHHBIMH, & B JIEBOH TOYKe
t = 0 BrOpas NPOM3BOJAHAS CTAHOBUTCS OeckoHedHO Oousbinoii mopsaka (O(1/e). D1o
O3Ha4aeT, 4ro B Touke t = ( UMeeT MeCTO ¢BJIEHHE HAYAJIbHOIO CKadKa II€PBOI'O
nopsjka. llosmydennsle B paboTe pe3ysbTaTbl IMO3BOJIAIOT CHEJNATH CJIEIYIONIUI BBIBOJ:
B CHHIYJISPHO BO3MYIIEHHBIX HHTerpo-nuddepeHnalbHbIX 3ajJadax He BCerja HMeeT
MECTO $IBJI€HHs HA4YaJbHBIX CKAIKOB HHTErPAJIOB. DTO 3aBHCHT OT IOPAJKA HAYaJILHOIO
CKadKa PeIIeHns WIX €ro MPOM3BOIHBIX, IOPsIKa MPOM3BOJHBIX, BXOIAMIUX IOJ 3HAKOM
UHTErpaja, a TaKyKe CBI3aHO C BUJOM JONOJTHHUTEIbHBIX YCIOBHUil, KOTOPBIMU OIPEICTIEHO
pelleHre NCXOIHON BO3MYIIEHHON 3a1a4u. [loyuennble pe3yIbTraTel IO3BOJIAIOT ONPEIEIUTh
BBIPDOKJIEHHYIO 3aJlady, K DEIIeHHI0 KOTOPOW CTPEMHTCH DeIIeHHe HCXOMHON CHHIYJIAPHO
BO3MYIIIEHHON 3aJladi, a TaKxKe I[OCTPOUTH DPAaBHOMEPHOE ACHMITOTHYECKOE Da3JIOKEHHe
pellleHNil CHHTY/ISPHO BO3MYIIEHHBIX HHTErpo-IuddepeHnnuaabHbIX ypaBHEHHH ¢ J1000it
CTEIIEHbIO TOYHOCTH 110 MAJIOMY I1apaMeTpy.
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IDENTIFICATION OF THE COEFFICIENTS OF EQUATION FOR A
VIBRATING ROD IN ACOUSTIC DIAGNOSTICS

The work is devoted to the study solving some inverse problem of identifying the coefficients of
Sturm-Liouville operator. Inverse problems in vibration are concerned with constructing a vibrat-
ing system of a particular type, e.g., a string, a rod, that has specified properties. During the
operation of the technical design, the dynamic characteristics can be changed by changing the
boundary connection. Often these compounds are not directly accessible and their states can be
judged from indirect information. In acoustic diagnostics, often the available information is the
natural frequencies. Thus, by the set of natural frequencies it is necessary to estimate the state of
the boundary connections. In this work an algorithm for constructive determination of coefficients
of Sturm-Liouville operator is given. A straightforward solution of the inverse problem for Sturm-
Liouville equation in a rod is presented.

Key words: Sturm-Liouville equation, inverse problems, natural frequency, identification of the
coeflicients, acoustic diagnostics, longitudinal vibrations, oscillator equation.

KA. Kaiibipbek
Oui-Papabu aTbiHgarbl Kazax yaTThIK yHUBEpcuTeTi, AyiMaThl K., Kaszakcran
e-mail: kaiyrbek.zhalgas@gmail.com
AKycTUKaJIBIK, AUArHOCTHUKaAa OijikimeHiH Tepbeliic TeHaeyiHiH Ko3dduiimeHTTEpiH
naeHTUPUKALISIIAY

By xywmseic lrypm-JluyBusias onepaTopbiabiH, KO3(MMOUIUEHTTEPIH AHBIKTAY/IBIH KEPI ecenTepin
mrerryre apuajran. Tepbemmicke GailiaHbICTBI Kepi Mocesesnep Oenrini 6ip Twumreri tepbenmerti
JKYHeHiH KypbLIbIChIHA OallIaHbICTBI, MBICAJIBLI, Oesrisi O0ip KacmerTepi Oap cTep:KeHb, OiTIiKIIe.
TexnukasplK K00aHBI NafiajaHy Ke3iHJe JUHAMHUKAJBIK CHIATTAMAJAPIbl KOCBHLIBICTHIH,
IIEKAPACHIH ©3repPTy AapKbLIbl e3repTyre 0Oomanpl. Kebinece Oy KOChLIbICTapra Tikeseit
KOJI JKeTiMJIi eMec, OJIADJBIH JKarmaiiblHa >KaHaMa aKIaparT apKbLIbl Oara Oepyre OoJiajb.
AKyCTUKAJIBIK JUArHOCTUKaJA KWl Ke3jecerTiHn akuapar Oap. OcbuLiaiiima, Taburu KULJIKTEp
JKUABIHTBIFBIHA COHKeC IIeKapaJIblK OailJIaHbICTAP/IbIH YKAFJaiiblH OaraJsay KaxKkeT. Bys »KywmbicTa
Irypwm-JInyBuaab ormepaTopbIHbIH KOI(MDOUIMEHTTEPIH KOHCTPYKTUBTI TYP/Ie aHBIKTAY aJTOPUTMI
yeombputrad. bBimikmeseri [ rypM-JInyBrims Tenieyi yIIiH Kepi €CenTiH MenriMi YChIHBIIFAH.

Tyitin cesaep: Irypm-JluyBuiab Terzeyi, kepi ecemrep, Tabury XKuigik, kKodhduImeHTTi
UIEHTUDUKAIASIAY, aKyCTUKAJIBIK, INATHOCTAKA, OOMIIBIK, TepOesticTep, OCIUIISTOD TeHIEYi.
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Naentudukamusa Ko3¢dPuiineHTOoB ypaBHEHUSA KOJI€0aHUM CTPYHBI B aKyCTHUYIECKOMI
ANarHOCTUKE

Pabora mocssiena uccae0BaHUIO penrenns 0OpaTHON 3a1a4un naeHTudUKAINNT KO3DDUIINEHTOB
oneparopa Ilrypma-JIuyBusns. ObOparable 3amadn, CBsS3aHHBIE C KOJIEOAHUWEM, CBSA3aHBI C
KOHCTPYHUPOBaHUEM KOJIEOATEIHHON CHUCTEMbBI OIIPE/IEIEHHOTO THIIA, HAIIPUMED, CTPYHBI, CTEPIKHSI,
KOTODBIil IMeeT OTIpe ie/IeHHbIE CBOIiCcTBa. Bo BpeMst pabOThl TEXHMYIECKOTO IIPOEKTA, TNHAMUIECKIE
XapAKTEPUCTUKU MOTYT OBITh H3MEHEHBI IIyTeM H3MEHEHUsl T'DAHUIIbI COeJMHEHUs. 1acTo 3Th
COeJIMHEHUsI HE SIBJISIIOTCS HEIMOCPEJCTBEHHO [IOCTYIHBIMH, W UX COCTOSHUS MOXKHO CYJIUTh
Mo KOCBeHHOH wuHopManuu. B akycTHdeckoil JMarHOCTHKE YacTO JAOCTYIHON uHbOpMaruei
SABJISIOTCS COOCTBEHHBIE YacCTOTHI. Takmm 00pa30M, [0 MHOXKECTBY COOCTBEHHBIX YaCTOT
HEeOOXOIMMO OIEHUTHh COCTOsSIHWE TPAHUYHBIX CBs3eil. B manHOI paboTe mpuBEIeH aaropuTM
KOHCTPYKTUBHOTO ompejesenus kodddunnentoB oneparopa IlItypma-JIuysuans. [Ipeacrasieno
pertenne obpaTHoit 3a1a4n Ay ypasHenus [Itypma-JIuyBusnsa fajs cTpyHBI.

Kurouebie cioBa: Ypasuenue Illtypma-JIuysumnss, obpaTuble 3a/1a49u, COOCTBEHHAS JaCTOTA,
uneHTudUKanusa  KOI(MMUINEHTOB, aKyCTUIECKasl AUArHOCTHUKA, MPOIOJbHBIE KOJeDaHuUs,
yPpaBHEHUE OCITUJLIATOPA.

1 Introduction

The Sturm-Liouville equation can appear in three different forms. The one
(S(x)u'(2))" + p*S(z)u(e) =0, 0< <1 (1)

occurs in the longitudinal or torsional vibrations of a straight rod of cross section S(x).

The work is devoted to the study solving some inverse problem of identifying the coef-
ficients of Sturm-Liouville operator. Inverse problems in vibration are concerned with con-
structing a vibrating system of a particular type, e.g., a string, a rod, that has specified
properties. During the operation of the technical design, the dynamic characteristics can be
changed by changing the boundary connection. Often these compounds are not directly ac-
cessible and their states can be judged from indirect information. In acoustic diagnostics,
often the available information is the natural frequencies. Thus, by the set of natural fre-
quencies it is necessary to estimate the state of the boundary connections. It turned out that
the problems of technical diagnosis from the mathematical point of view are the so-called
inverse problems of mathematical physics. The question of identifying the coefficients of the
of Sturm-Liouville equation has been studied widely in the works [1-3]. Different approach to
the reconstruction from the spectra is discussed in the works [4-9]. In this work an algorithm
for constructive determination of coefficients of Sturm-Liouville operator is presented.

We consider the oscillator equation of vibrating rod (1) with boundary conditions

w(0)=0, '(I)=0, (2)

where [ is the length of the rod. We denote by A(z) the cross section area of a rod. And
by u(x) we denote the longitudinal deviation of the point x. And parameter p describes the
natural frequency of the rod:

n
0:,00<p1<...<pn:2—l.
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We study the longitudinal vibration of uniform rod that has three parts. We identify the
cross section area of the any part of the rod by the given natural frequency of the rod. In
this case, each parts of S(z) satisfy the following conditions

[
S(z)y=95, for O<uz<—,

3

[ 21

S(x) =Sy for §<x<§,
21

S(x)=2S83 for §<[L'<l.

Hence, we write the vibrating rod equation for each part of the rod as follows
" 2 l
Siu"(x) + p*Siu(z) =0 for 0 <z < 3

[ 21
Sou” () + p*Sau(x) =0 for 3<T<3,

21
S (z) 4 p*Ssu(xr) =0 for 3 <e< l

Lemma 1 The equation (1) is equivalent to the system of equation

") = gy e ®)
v'(z) = ipS(x) - u(z).

Proof. We introduce the following notations

S/ (x) =ipv(x) L
{ ipv'(z) = ipSiu(z) for 0<w< 3

Sot/(z) = ipv(x) L 21
{z'pv%x) —ipSu(r) 3T

Ssu'(z) = ipv(x) 2l
{ ipv'(x) = ipSsu(z) for 3 <z <l

We will rewrite the last system of equations in the form (3) or

d .
——u(x) 0 2T ()
d = S(x)

gv(z) —ipS(x) 0 [ v() }

The proof of the lemma is complete.
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Lemma 2 The following boundary value problem

U'(x) = ipU(x),
V() = —ipV(x) 4
U©)=0, U=

V0)=0, V()= ©)

on the interval 0 < x <1 is equivalent to the problem (1), (2).

Proof. The function S(z)u'(x) will be continuous on the interval [0, ], since there exists
S(x)u'(x)
i

o [ [ 2l 2]
Therefore the conditions v 3 0)=w 3 +0),v 3~ 0)=v 3 -+ 0 ) hold.

The function u(x) will be continuous on the interval [0, [], since there exists u'(x). There-

fore the conditions u <§ — 0) = (é + 0) , U <2§l — O) =u <2§l + 0) hold.

Now we introduce the following substitutions p? = S(z). Then

(S(z)u'(x))". Consequently, the function v(z) = is continuous on the interval [0, {].

~2U(z)  2V(x)
u(z) = p +

i
v(x) =2uU(z) — 2uV (x).

Y

The following equalities

1

Ulx) = 5 u(x) + Ev(:):) :
1 1 (6)
V(z) = 5 { mulz) - Ev(if)

1 1 ' 1
Ulz) =< | mu'(z)+ —2'(z) | == Mlzpv(:)s) + —ipSiu(z) ),
2 1 2 S M1
1) i 1/ ipo(z) 1 (7)
Vi(z) = 5 \ Hr ) — EU (z) ) = 5 \ M1 S IZPSW(?C)

Since S; = p?, then the last system of equations can be represented as follows

U(z) = %i,o (% 4 ,ulu(x)) i,

V(z) = %z’p (”fjf) _ ulu(x)) — iV

l 21
By arguing as in the previous computations, for 3 < x < — we have the following

equations

U(z) = %z’p (”(“") 4 M(I)) i,

2
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V(@) = 5ip (“/i) - ,LL2u(x)) — _ipV,

where 5 = v/Ss.

21
In a similar way for 3 < x < | we have the following equations

U(z) = %z’p (ﬁ—? + m,u(z)) iU,

where 3 = 1/Ss.

Noted above equalities imply that the system of equations (4) is equivalent to equation
(1) for all parts of the interval 0 < x < [. Thus, equation (1) is equivalent to the system of
equation (4). And if we substitute the boundary conditions (2) into the equations (3), (6),
(7), then conditions (2) can be rewritten in the following form

U©0) =0, U =0,
V(0)=0, V() =0.

Thus, the proof of the lemma is complete.
In the case then the interval [0,(] is divided into three parts, we state the connection

between two boundary values
U(+0) U(l —0)
{ V(+0) ] and { V(l—0)

of the interval [0,!] in the following theorem.

Theorem 1 For the boundary value problem (4), (5) the following equality
l [ [

U+0)] e o e "3 0 e '3 0 UI-0)] g
V(+0) | U LT Ll Lvi-o
0 e 3 0 e 3 0 e 3

holds.

Proof. As shown in the proof of the lemma 2 that

l .
Ul5=0)=Ul0)es,
1% é —0) = V(40)es.

Consequently, it follows that

l
U 5_0 [eipé 0
V({--0

3
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Equality (9) implies that

oI

L

3

: . (10)
3

In a similar way we write
o(E o) wu (o)
21 l —ip£
V(g_o)zv(§+0)e 3.

The last system of equation we rewrite as follows

21 [
21 1o e~ iP% [
V{i=-0 V{iz+0
3 3 i
By arguing in a similar way for we write
21 ‘
U(I=0)=U(5+0 e'rs,
21
V(iIi-0)=V §+O el
21
- —ipt )
V(l — O) 0 e '3 % 2_l 10
3
On the other hand the following equalities
" 1
1 1 e
U+0) 1 _1 N (12)
V(+0) 2 " 4 v(+0)
H1
l 1 l
Ulz+0 1l — ulz+0
l -5 H2 1 l (13)
vz S -
30 e o vlzty
21 21
3 1 1] 3
2l =3 "1 2l (14)
V{Z+0 ps o~ — v +0
M3 3
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hold. Therefore, by applying the proof of the lemma 2, we obtain

[ 1 l
Ul=-0 - S0
3 = 1 & H1 1 ¢ 3 =
[ - [ -
Vis-0 - — -—0
3 . m “\3
1 l
i 251 1 l
H1 - v(-+0
H1 3
21 1 21
21 T2 1 21 -
v(i=-o - — =0
3 e o “\3
1 21
—Z Ha2 .
2 1 (21
H2 - v +0
H2 3
r r
[U(z—owzg s m _{u(l%—())}:l Hs b _{u(l—O)
V(l—0) 2| 4 _ 4 v(l+0) 2| _ (
H3 H3
By substituting equality (13) into (15), we have
l 1 1 -1 l
; S H1 1 - H2 1 l
V(z-0 po - P2 o Vig+o
3 111 H2 3
here
1 1 -t
| | o Sy — S
_ — =Y = .
2 ,Ul — i 2 ,Ul — i Sl _'_ SQ
H1 H1
Also by substituting equality (14) into (16), we obtain
21 1 1 -1 21
9 =3 "1 e . 9
Vi=-0 2 H2 - K . V{5 +0
3 12 13 3
where
1 1 -t
[ KN [ IR N o S3 — Sy
_ — = Yo = .
2 ,U2 —_ i 2 ,U3 J— i 53 + SQ



Zh.A. Kaiyrbek Y

Substitutions of (17) and (18) into (10) gives formula (8).
The proof of the theorem is complete.
By taking into account the fact exp(ipA) = 22, formula (8) implies the polynomial with

S.— 9. _
J J 1, formula p = 7T implies that the unknown

respect to z. By virtue of v, = ———>—
P Y g Sj + Sj_l 1 -7z

cross section areas Ap, Ay, As.
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COYJIEHEHUE TOHKNX YIIPYIUX CTEP>KHE! 1 OBOBIIIEHHBIE
YCJIOBNA KNPXT'OPA B YV3JIAX

B pabore npuBenennl pasiudHbIE MOJEJN YIPYIMX TOHKUX HMCKPUBJIEHHBIX CTEPXKHEH U HUX
coenunennii. Takue CTEPKHU ¥ WX COEJUHEHUS BaXXHBI B IPUKJIAJIHBIX HCCIEIOBAHUAAX WU
MMEIOT JIABHIOIO HUCTOPHIO. €M He MeHee BOIIPOCHl MATEMATHIECKOTO UCCJIEIOBAHUS B OIMCAHUHN
[POTEAYPHI TIEPeX0oJa OT MHOTOMEPHONW MOJEIN K OJHOMEPHON WCCIeIOBAHBI HE B IIOJHOM
Mmepe. B nmanHOil pabore NpUBOIATCS PE3YAbTATHI, KOTJA TOHKUH OOBEKT CTATWBAETCS B
OHOMEPHBINT 00beKT. [Ipu 3TOM BO3HUKAIOT pas3ndnbie TpyaHocTH. K mpuMmepy, 6oJiee 1eTabHOTO
paccMoTpeHusl TpedOyeT IpobjieMa OINMCAHUSA YCJIOBUN CKJIEMBAHUSA B BEPIINHAX IIPEIEIHLHOTO
rpacda. Oxa3bIBaeTCsi, 4YTO BHJ KOHKDETHBIX YCJIOBUI CKJIEMBAHUI 3aBUCAT OT PA3JIUIHBIX
dusudecknx npeanocbuok. C Apyroit CTOPOHBI, OJHO3HAYHAS PA3PEIIUMOCTh B T€X WJIU HUHBIX
(GYHKIMOHAJBHBIX TPOCTPAHCTBAX 3aBUCUT OT BBIOPAHHBIX YCJIOBUil ckjemBaHus. llepBasi gacTh
paboOThHI OUCHIBAET PA3JIUTIHBIE KATETOPUH YCJIOBUil cKenBanus. Bo BTopoit yacTtu paboTs! OyayT
[IPUBE/IEHBI PA3JINYHbIE IPUMEPHI KOHCTPYKIIUY U3 YIPYTIUX TOHKUX NCKPUBJIEHHBIX CTEPXKHEN U UX
COeIMHEHNH, KOTJIa IIpe/esibHas 3a/1a9a JIOIOJJHIETCS TeEMU WJIA WHBIMHU YCJIOBUSIMU CKJIEUBAHUS.
B zaksmrouenun BTOpOIT YACTH TPUBEIEH YUCIEHHBIN pacderT COOCTBEHHBIX YacTOT CBOOOIHBIX
KOJIEDAHUI COEUHEHMT yIPYTUX TOHKUX UCKPUBJIEHHBIX CTEPIKHEH.

KuroueBble ciioBa: YIpyruii TOHKHAW HCKPUBJIEHHBIN CTepKeHb, KPUBOJUHEHHDBIN CTEpKEHbD,
ycnoBuss Kupxroda B y3iax, Teopus YHPYrOCTH, yPaBHEHHE TEOPUU VIIPYIOCTH, MOJIEJb
COCIMHEHUA CTEPKHEN.
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BipikkeH cepmim/i >KiHilllke cTep>keHAep MeH oJiapra caiikec KaJmbliiama Kupxrod maprrapbi

By kymbicTa KyKa cepriMi HUITeH CTEep:KHEeP MeH OJIapblH OipiKTipimimaepinin opTypJi
yirisepi  kesripinren. Mymzma#t cTepKHIEpP MEH OJIADABIH OailIaHBICTAPBIHBIH KOJIAHOAJIBI
3eprTeysaep VIMiH MAaHBI3bI JKOFAPBI 2KOHE OJIAPABIH Tapuxbl Oap. /Jlerenmen, kemeJrmemi
MOJIEJIBJIEH DIPOJIIIEM Il MOJIEJIbre OTY IPOIELyPACKIH CUIATTAY/ 1A MATEMATHKAJIBIK, 36PTTEYIEPIIH,
CypaKTapbl TOJBIKKAHIbI KapacThIPBIIMAFraH. DyJl KYMBICTA 2KYKa HBICAHHBIH Oip eJrmemi
HBICAHFA TapPTBIIFAHIAFbl 3ePTTeysiep HOTIXKesepi KepcerisreH. DBy Karpaiina opTypui
KUBIHIBIKTAD TYBIHAAIEI. MbICaJIbl, M€K TeIreH MOUBIHHBIH, YITITAPBIHIAFBI OAMIAHBIC TIIAPTTAPBIH
cUmaTTay IpoOJIEMACHIH TOJIBIFBIPAK, KAPACTBIPY KaxkeT. beriii 6ip 6ailyraHbIC »KaF1ailiapbIHbIH,
TYpl opTypii (U3MKANBIK Vii->Kaiyiapra OaitaHbicThl ekeHi Oesrimi Oosiabl. Exivmm xarbiHa,
op TYpJai pYHKIHOHAIIBI KEHICTIKTEPJEri epekime IIeNmiay KabimeTTimiri Tammaaran Oaitianbic
mapTTapbiHa 0ailIAHBICTHI.
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ZKywmbicToin Oipinmt Oesimi OaitlaHbIC MIAPTTAPBIHBIH, 9PTYPJH KaTeropUsIapblH CUMTATTAMN b
Exinmi GesiMme mrekTik ecentTiH Oesrimi 6ip OallyIaHBIC TMAPTTAPBIMEH TOJIBIKTHIPBLIFAHIAFEI
KYKA CepIMJIl WiJIreH ©3eKTepP MEH OJIaPIbIH 0ailjIaHBICTAPBIHBIH KOHTPYKIUSIAPBIHBIH, 9PTYPJIi
MBICAJIAPBI KeaTiplireH. KopbIThIHABI A cepIiMIIl KYKa WiITeH ©3eKTepiH Tyificnesnepinin 6oc
TepbesricTepinin, TAOUFHU KUITITiH CAHJIBIK, €CenTeyi KeaTipiarem.

Tyitin ce3aep: cepmiM/i »KyKa HiJIreH ©3eK, KUCHIK 63eK, Tyiinjgepaeri Kupxrod maprrapsi,
CepUIMIIJIIK TEOPUSICHI, CEPIIIMIIIK TEOPUSICHIHBIH TeHJEY1, ©3€KTEP/IiH, KOCBLILY MOJIEJI.
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Jointing of thin elastic rods and generalized Kirchhoff conditions at nodes

The paper presents various models of thin elastic curved rods and their joints. Such rods and
their connections are important in applied research and have a long history. Nevertheless, the
questions of mathematical research in the description of the procedure of transition from a
multidimensional model to a one-dimensional one are not fully investigated. This paper presents
the results when a thin object is pulled together into a one-dimensional object. In this case,
various difficulties arise. For example, a more detailed consideration is required by the problem of
describing the gluing conditions at the vertices of the limiting neck. It turns out that the type of
specific bonding conditions depends on various physical premises. On the other hand, the unique
solvability in various functional spaces depends on the selected gluing conditions. The first part
of the paper describes various categories of bonding conditions. In the second part of the work,
various examples of the construction of thin elastic curved rods and their joints will be given,
when the ultimate task is supplemented by certain gluing conditions. In the conclusion of the
second part, a numerical calculation of the natural frequencies of free vibrations of the joints of
elastic thin curved rods is presented.

Key words: elastic curved thin rod, curved rod, Kirchhoff’s condition in knots, theory of elasticity,
equation of elasticity theory, model of rod connection.

1 BBenenue

1.1 Mopaesb UCKPUBJIIEHHOTO CTEPXKHS

Ha miockoctu R? ¢ xoopaunaTamu (y1,%1) PACCMOTPUM ILUIOCKYIO (DUIYPY W C TJIAJKOIl
rpanumeit ow.

o

Pucynok 1 -~ Q@ukcupoBaHHOe ceYeHUEe CTEPIKH
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272
9TO IPU U3MEHEHUH TTapaMeTpa 2 IIocKag dhurypa w(z) MeHseTcs HEIPEPhIBHO BMECTE C 2,
npuaeM w(0) = w, w(2) = {(y1(2), v2(2)) : (y1,92) € w(z) — R?*}. Torga nog KpUBOIUHEHHBIM
crep:kHeM S OyJieM TOHUMATDh TeJIO B TpexMepHoM mpoctpancTse S = {(y1, ye, 2) : (Y1, Y2) €

w(z), —é <z< é}

[Tpuvem cuuraem, aro Touku (0,0) € w. Ilycts mapamerp z € [—— —} . [Ipeanonoxxum,

Mz
2
Rina
o) —
a— &
¥i :
3
S Y _? 2L
Pucynok 2 -~ KpuBonuneituolii crepkeHb

HpI/I 9TOM pa3MeEPbl CECHYCHUN w(z) BO MHOI'O pa3 MEHbIIIE JIJIMHDbI l. HOSTOMy pedb njaetT o
KpHBOJIHHGfIHOM CTEep2KHE. TOp]_LbI CTEP2KH:A IIPEACTaB/IAIOT MHO2KECTBaA

(o (5) o (5) -5 0 (5)m(5) ewn
{1 <—é) Y2 (—é) ,—%) (1 <—é) Y2 (—é)) € w(—é)}.

,HJIH olpeJejieHud oCu KpHBOJ’IHHGﬁHOFO CTep2KHA HaJd0 JCTaJ/JIbHO PacCIluCaTb OTO6pa}KeHI/Ie

w P& w(z). Iyers (y1,y2) € w um eé obpa3 npu (GPUKCUPOBAHHOM 2z ODO3HAUMM Uepe3

(Pi(z,91,92); Pa(2,y1,92)) € w(z). Torga ocb KPUBOJIMHEHHOTO CTEPXKHST OIIPEIEIISIETCS TaK

{(P1(2,0,0); Py(2,0,0), 2) : (P1(2), Px(2)) € w(2)},

MHAaYe TOBODPs, OCh cocTaByena m3 P— obpasos Touknu (0,0) € w. B nanbheiimem Touku ocu
ceyenus w(z) Gyaem obosuavdars (Pi(z), Py(2)).
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1.2 Mopgesab TOHKOTO MCKPUBJIEHHOTO CTEPXKHS

B rnaspHeieM HEOOXOAMMO HYTOOBI T€OMETPUYECKHe XapaKTEPUCTUKN TOPU30HTAJIHHBIX
ceveHnil HeOrPaHMIEHHO YOBIBAJIN K HYJIO (TO €CTh, CeYeHHsl CTATUBAINCH B TOUKY). Jlis
MOJIE/INPOBAHMS TAKUX CUTYAIINI BBEJIEM MaJiblil napaMeTp h. YI00HO pacCMaTpPUBATD CXKATHE
cedeHuit B h pas, TO €CTb

B o= Puz) g — P(2)
on(2) = () - (AP 2]

) € w(2)}.
Ecmm b — +0, 1o }Lirréwh(z) = {(Pi(2), Px(2),2)}. Takum obpasom, MoAeImpyercs

cUTyalud, KOrja TOHKANA UCKPUBJICHHDBIN CTEpKEeHb CTPEMUTCH K CBOEH OCH.

| e AP
o i_.':T
Vo

-':-F [ 7 '*-u,}.-

Pucynok 3 - Ilokasano yrondenue crep:kus, Korjaa h — 0

1.3 JluneitHag 3agava Teopuu ynpyroctu

CumraeM, 9TO 33/1aH YIPYTUil TOHKWIT UCKPUBJIEHHDIN cTep2KeHb. [lycTh BeKTOp cMmerenmii

u1 (Y1, Yo, 2)
Uz (yh Y2, Z) )
uz(y1, Yo, 2)
rje u, — cMelnenue B HalpajiaeHun ocu Oy, us — cMelnenne B HanpasieHun ocu Oys, Uz —
cMmertenne B Hanpasaenun ocu Oz.
CrangapTHBIM 00pa30M BBeIEeM CTOJI0eI JedopMalinii U CToI0er] HAIPsIzKeH i

u =

€11 011
€22 092
€33 033
e(u)=| 1 o(u)

~€32 032
T

%531 031

L Z€13 | | 013 |
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Coracuo 3akony ['yka mmeem

o(u) = Ae(u),

1 Uj U
ep==—2+—].
i Q(zk_l—xj)

A — cuMmmeTpuTecKasl TOJIOKUATEIHHO OINpeIe/IeHHast MaTpuIia-pyHKINs pasMepHocT 6 X 6,
coCTaBJIeHHAsT U3 YIPYTUX MOJIyJIell MaTepHuaa.

31ech 711 ya06CcTBa BBIOPAHO V2a = 1.

Jlns gasibHeRmux meseit yao0HO BBECTH MATPHUILY

e

& 0 0
0 & 0
e
D( 5 ) - 0 0453 a§2 )
afzs 0 afy
agy a0

a TaKzKe I'paJIueHT

o 90 0
VIE: a v a9 9o )
(a?h 2 8y2)
e = (Y1, Y2, 2).

Torma ypaBHeHUsI TeOpUU YIPYTrOoCTH B MaTpu4HOil (hopme npumyT Bus [1,2]:

L(h, 2,V )u(h,z) := D(=V,) A(h,z)D(V,)u(h,z) = f(h,x), =z € S(h), (1)

B(h,x,V ) u(h,z) == D(v(h,z)) A(h,2)D(V,)u(h,z) = g(h,z), x € v(h), (2)

u(h,z) =0, = €wy (ié) . (3)

B ypasmenmax (1) yureno, uro ma crepxenb S(h) maefictByior obbemuble cuibl f =
(f1, f2, f3,)T. Ha ~(h) Gokosoii mosepxmoctu crepxusa S(h) TPUIOKEHBI ycuamsa g =

T l
(91, 92, 93,)" . Toprpr wy, :|:§ crepxkHst S(h) KeCTKO 3aKPeIIeHbl, TaK KAK BBITOJHIIOTCS

ycioBus (3).
O 2 = T
TMETUM TakzKe, 9TOo B cooTHomenun (2) durypupyer v = (vq,V,v3,)" BHEIIHHE
eIMHIYIHBIE HOPMaJIH K GOKOBOII moBepxHOCTH cTepxkHsA S(h), mpudem

1

v(h,z) = \/TW(W(% 2);va(n, 2); hwo(n, 2))". (4)
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B,ZLGCB BBCIECHBI 7) MEJIJICHHbLIC IIEDEMEHHDBIC, IITPUHAJJIEZKAIlIUEC QJ(Z) Nnadae roBOp4,

Y1

Y
n= (771#72), = %> N2 = %2, (yl,yz) S wh(z)-

Bekrop (v1(n, 2), v2(n, 2)) — BeKTOp BHEMNIHEiT HOpMan K rpaxnie Ow(z). Bemmanna vy —
oTpaxKaeT M3MEHINBOCTD CEICHUSI.

1.4 IlpenenbHasi cucteMa ypaBHEHUIl

B saHHOM myHKTE HPUBEJEHBI IpPEeJeIbHbIE ypaBHEHUsI, KOTOpbe cieayior u3 (1), (2), (
npu h — 0. Takum obpazom, TpexmepHas 3aja49a TEOPUH YIIPYTOCTU CBEJIeHa K OJTHOMEPHO
3a1a4e.

Y

PaccMoTpuM m30TpOIHBI TOHKUIT NCKPUBJIEHHBIH cTepKeHb. [IycTh A 1y mpeicTaBstior
ko3 dbunuents! Jlame. MaTpuiia »kecTKoCTH BhIOpaHa B BUIE

OO ®T OO O

OoOxT OO0 o O
T OO0 o0 0O

O6o3naunm HemsBecTHLIN wy(2) nporn6 B nampasienun ocn Oyp. Touno Takxke wo(z)
nporu6 B HampasieHun ocu Oys, ws(z) mpogobHoe pacrszkerue BIob ocu Oz, qwy(z) —
H

—_—
YTOJI 3aKpyUUBaHus BOKPYT 3Toit ocu. B masbreitmem F 3(2) — npogonbhas cuna, a o~ F 4(2)
H

— KPYTSIuii MOMEHT HPUJIOXKEHHBbIe K cTepKHI0. [lepepesbiBatoniue cuibl [ ;(2)|w(z)| mpn
i=1,2, re |w(z)| — mwiomaae cedenns. Vsrubarormue MOMEHTBI IpH ¢ = 1,2 B HaIIeM cirydae
UMEIOT BH/I:

{<m; fi(, )iyt (mi: 95 (n, Z)>aw(z)} '

) — — d N N
lpu i = 1,2 obosnamm F'; = f 3(Z)|w(z)| + % {<77i§ 3 (77, Z)>w(z) + <77i§93 (77> Z)>aw(z)} :
Tak>ke HaM HEOOXOIMMBI CJICTYIOIINE BEJIUIUHDI:

/ / ndnydna, / / nadnydna,
(2) (2)

a(z) = // nidmdns, b // ninednidns,

w(z) w(z)
// nadmdns, //( (13 + n3)dnydny.

TOI‘,IL& npeze/ibHasd CucCTeMa ypaBHeHI/IfI IIpUMET BUI:
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(5 (00 (P 0 T - ) ™)) — o),
i (e (d;fé?j() ) Z<Z>Z3:§§z>+ ")) = e
| L (o) (a2 52 ) = R
KOTOpas JONOJHIeTCd yeaoBuamu Jlupuxie Ha KOHIIAX WHTEpBaJIa (—5; é)

w, <j:%) =0, ¢q=1,2,3,4, %wl (ﬂ:é) =0, dizwg (ﬂ:é) : (6)

Cucrema IpeJIe/bHBIX ypaBHeHUi (5) OT/MYaeTcs OT paHee U3BECTHBIX TEM, ITO

(1) na nporuber wq(z) B Hanpassenun ocu Oy BIUAIOT wa(z), w3(2);

(1) na mporuber we(z) B Hampassenun ocu Oyy BAUAIOT wq(z), ws(2);

(#77) ma uporubsl ws3(z) B HampasiaeHun ocu Oz BIUAIOT wi(z), wa(2);

B usBecTHBIX 0 uX mOp paboTax JBUXKEHHUs [PU JIONOJHUTEIbHBIX (DU3UIECKUX
[PEJIIOJIOKEHUAX OObIYHO pasjessiorcsd. Kak BujiHO, u3 cucreMbl (5) mporubbl wi(z) u
wa(2) yrosserBopstioT jauddepeHIaIbHbIM YPABHEHUIM YeTBEPTOTO HOPSAIKA, & IIPOJI0JIBHOE
pactszkenne — nuddepeHnuansbHOMy yPABHEHHIO BTOPOIo Hmopsijika. IIporece HaXoxKIeHust
yoyla 3akpyduBaHusg wy(z) He 3aBuCHT OT UpormboB wi(z), ws(z) m ws(z) m mMoxer
onpeJeAThest aBroHoMHO. OrMernM, uTo KoddbduimenTsl muddepeHnnanbHbX ypaBHEHHI
u3 (5) saBucaT oT M3MeHeHus cedenuit w(z) Baosb ocu Oz. Ha sror dakr rakxke maio
BHUMAHHUS YJI€JI51JI0Ch.

2 Marepuaj u MeTO/bl

2.1 Mogeab coeuHEHUsI CTEPXKHEN

B jaHHOM MyHKTE paccMOTpuM coeuHeHne (0ObeIMHeHne) HECKOJIBbKUX TOHKUX CTEPyKHENL.
O6oznaunm Q(h) obbennnenne Tonkux crepxueit Sy(h), Sa(h), ..., Sy(h) 1 ManbIx y3m0B
Q1(h),Qa2(h),...,Qum(h). IIpu h — +0 obmacrs (h) crarmBaeTcss K OJHOMEPHOMY
MHOXKeCTBY (G, Ha3bIBAEMOMY CKeJieToM KOHCTpyKImu. Ckreser G COCTOUT U3 MPSIMOJIMHEHHBIX
OTPE3KOB €71, €3, . .., €y, COeIuHsIIoNUe napel T09ek u3 V = { P, Py, ..., Py/}. Muoxecrso G,
COCTOSIIIEE U3 JIyT €1, €s, ..., eN U Bepiud P, P, ..., Py, "HOI/Ia HA3BIBAIOT T€OMETPUIECCKIM
rpadom. CoxpansieM o003HaUeHUs MYHKTa 1, 7100aB/Isgs HOBBIH MHIEKC, O3HATAIONIINI HOMED
crepkuda. K nmpumepy, n — bIif cTep:KeHb B HOBBIX 0DO3HAYEHUAX MPUMET BT

Sa(h) = {x = (g, ") 2 e (—% %) 1yt e w"(z")} .

[Ipororun yzna Q,,(h) = {z € R* : h™i(x — P,) € Q,(1)}. MuoxkectBo Q,,(1), w"

CcqHuTaeM CI)I/IKCI/IpOBaHHbIMI/I7 HE 3aBUCAIIMMU OT IIapaMeTpa h.
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2.2 YpaBHeHUSI TeOPUU YyOPYTOCTHU

Cuuraem, uro Q(h) — ynpyroe anHusoTpoIHOE HEOIHOPOAHOE Tejo. MarpudHble ypaBHEHUS
paBHOBECHUST B CHCTeMe KOODJAUHAT & = (X1, Lo, T3) UMEeT BH/I

L(h,z,V )u(h,x) = f(h,x), x¢€Q(h). (7)

Omnepatop L BBesien npu Hamucanun ypasuenns (1). Bekrop u = (uq, ug, us)? — BexTop
emerennit, f = (f1, fo, f3) — obbemubie cuibl. Terepb ob6aBuM KpaeBble ycjoBusi K (7).
Iycts T'(h) =Ty, (h) U - - - U Ty, (h), Ta gacts rpammnst 9@, (h) xoropas sakpenyena. Ilpu
9TOM cumTaeM, 910 j > 1. 3akperieHne He MOMKET OTCYTCTBOBaTb. BeKTOp CMereHuit
yJ0BJIeTBOpsieT yeioBuio Jupuxie.

u(x) =0, xe€l'(h). (8)

Ha me samemiennoii moepxunoctu 02(h)\['(h) tera §2(h) 3amaercs KpaeBoe yciioBue
Heitmana

B(h,z, Vo u(h,z) = g(h,z), € QR\TR). 9)

Omneparop B onpenemnen B 1. 1.3.

2.3 IlpeneapHasi cucreMa ypaBHEHHI B CJIydae COeJIUHEHUS CTep2KHeil

B ganHOM ImyHKTEe OyZeT OCYIIeCTBJIEH IpelesbHbIi mepexox npu h — 0. B pesysnbrare
cucrema (7) TepexoauT K ypaBHeHHs$IM Ha Jyrax rpada (G, a rpanudsble yciaoBus (8)
B HEKOTOpPbIe T'DAHUYHBLIE YCJOBUsS B I'PpaHMYHBIX BepimmHax rpada (. Bojee cioxKublii
BOIIPOC: KaKWe YCJIOBHUsI BBITIOJHAIOTCS B HEIPAHMTHBIX BEPITUHAX MIpeieibHoro rpada’ Takue
YCJIOBUST MHOT/IA HA3BIBAIOT YCIOBUSIMU COIPSI?KEHNUST WU CKJIenBaHusl. Kak mpaBmiio, ycJIoBust
CKJIEUBAHUSA TPEJICTABIAIOT TaK HasbiBaeMble yeaoBusd Kupxroda. g muddepeniuaibabix
yPaBHEHMII BTOPOIrO IOPSAJKA 93TO O3HAYAET, BO-IEPBBIX, HEIPEPBIBHOCTL B KayKJIOil
HErpaHU4HOM BepmuHe. Bo-BTopbix, coxpanenue OaJsianca 1moroka. Jlerajm o0 yc/ioBHsSIX
CKJICMBaHMs MOXKHO Hajitm B paborax [3,4]. Kak 3amedeno B paborax [5-8|, me Bcerma B
npejiesie BosHUKaioT yeiaoBust Kupxroda. Korja ckopocth ycajkm obbeMa OKpecTHOCTE
CTBIKA HIZKE, IeM ILIOIIAIb TOTIePETHbBIX CeIeHniT HATPABJISIONINX, MOKEeT BOZHUKHYTH DoJtee
CJI0’KHOE SHEPreTHYeCKU 3aBUCHUMOE WA PA3JIeIsIoliee yCJIOBUE.

B pa6orax C.A. Hazaposa u A.C. Cayrkoro [9,10] ormedeno, 4To B IpejesbHOI 3a1a4e
MOSIBJIATOTCST  ajiredOpandeckne HEM3BECTHbIE W HEKOTOpble U3 yPaBHEHUI IPOEIUpYyIOTCS
Ha TO/IPOCTPAHCTBA (DYHKIWMI C HyJeBbIM cpegHuM. Kpome TOro, Ha HEKOTOPBIX y3J1ax
BOZHHUKAIOT HEJIOKAJbHBIE YCJIOBUS CKJICHBAHUSI.

Nrak, coryacHo MpeabIIyIM PACCyKIEHIAM Ha ey KaryKJIo0i Jyre mpeaeabHoro rpada G

n ln

BBITIOJIHAETCs cucTeMa JuddepennuaibbiX ypapaeruit ipu n =1,..., N u z, —3 3
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'%Qn(m o) bn<zn>dlf;gz")—dn<2n>dwgz(zn))>: e
EL 2wnnz 2wnnzn wh Zn
d—2(un<zn> (bn( R CH PR (CPR L (COR ) T
dz? dzy dz% dzn (10)
d A2t (z,) dwy(z) | dwy(z,) ,
| o () (@t G2 ) ) = P

Ha Tex konmax crepKHeil, T/e JACHCTBYIOT VCIOBUS KECTKOI'O 3aKPEIICHUs,
3anucbiBaioTcs yeaosud JIupuxie:

wh(z) =0, ¢=1,2,3,4,

d n d n
d—kal (Zk) = 0, d—Zk'LU2 (Zk) = 0, (11)

L, Ly
rie 2 Jmbo (—1-5), 60 (—5)
311ech k COOTBETCTBYET HOMEpAM TeX CTEPKHEH, KOHIbI KOTOPHIX 3aKPEILIeHbI COIIACHO

(8)-
Tenepnb ocraercs 3ammcars yCJI0BUAS CKJIEUBAHUS B HETPAHUYHBIX BeprmuHax. [lomoxkenne
KaxK 101t Bepubl P, ipu m = 1,2,..., M xapakTepusyercsa JeBATHIO YNCIaAMU

(7", 05", b*, by, 05", bg", ) mmn (7", 5357, 35") (12)

B wacrrocTH, b u (33" Ha3bIBaeM CMEIIECHUSIMU y3/1a B HAIPABJICHUU OCH Z,.

Crepzkan, KpoMe IporuboB wf, wh, MPOJONBHBIX PACTAKECHAN W} U YIVIOB 3aKPY THBAHIS
wy, OyIeM TakXKe XapaKTePU3UPOBATh HMOCTOSHHBIM CMEIICHUEM G}, f B HAIPABICHIH OCH
2",

Korga wekoropsriit S(h) crepxkenb coefuusiercs ¢ y3iaom @Q,(h), To paspemaroTcs
CJIeIyTONTHe BH/IbI COCTMHEHMIL:

— JKECTKOE 3aKPEILICHUE;

— MAJIONOABUZKHBII y3eT;

— y3eJI, HOABMKHBINA B OIHOM (DUKCHPOBAHHOM HAIIPABJICHUN;

— y3eJI, HeOJABUKHDIA B OJHOM (PUKCHPOBAHHOM HAIPABJICHUN;

— IOJBUKHBIN y3elL.

B saBucuMocTH OT KaTeropum 3aKpEIUICHUS B BEPIIMHE COCAUHEHHs BBIIOTHAIOTCS
HEKOTOPbIE U3BECTHBIE alrebpandecKne COOTHOIIEHNsT MexK Ty Habopamu (12) u

wy (i%") , Wy ﬂ:%") , W3 <i%") , Wy <j:%") ,
(13)

d L d (LN
Ew{‘ (:l:; ,EUQ (:I:;),a?), 043.
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Korpma ke B y3me @,,(h) Bcrpeuatorcst Heckosbko crepxkueit S,(h), n € B(m) C

{1,2

,..., N} Takyke BO3HHKAIOT ajrebpamdecKue COOTHOIIEHUs Mexiy Habopamu (12) u

(13) mpu nB(m). Yrobbl He HAIPOMOXKIATEH CTATHIO M3JIUIITHIMHI JIETATSIMI CKAZKEM, 9TO MX
KOJIMYIECTBO U COOTBETCTBYIOIIHE arebpanvecKue COOTHOIICHNST BLIOPAHBI TaK, UTO CHCTEMBbI
(10), (11) ¢ yuerom yKazaHHBIX aareOpanYecKuX COOTHOIIEHHUH UMEET pelleHue.

B ormesnbHON pabore mpHBeIeM pasiMUHbIE IIPUMEPhI COCJMHEHUi CTEp:KHEH, Korja
BOBHUMKAIOT pa3/MvHble Kareropuil 3akperiennil. Tak:ke BbIUMCIUM COOCTBEHHBIE YaCTOTHI
CBODOTHBIX KOJICOAHUIT TAKUX KOHCTPYKIIHIA.

3 Buaaroaapuoctn

Pabora BeITO/IHEHA TTPU TIOJJIEP2KKE TPAHTOBOTO (DUHAHCUPOBAHUS IPOEKTOB MunucrepcTBoM
obpasoBanus u Haykn Pecrybinkn Kasaxcran (rpanter Ne AP05131292 u Ne AP05131845).
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IIPOI'PAMMHOE OBECIIEYUEHUNUE CUCTEMBI YIIPABJIEHUSI
CETEBOII UTHOPACTPYKTYPOU PE®EPEHITHBIX GNSS CTAHIINN
C NCIIOJIb3OBAHUEM OBJIAUHBIX TEXHOJIOI'MII

B macrosiimee BpeMmsi  HaAOJIOJAETCS MOBCEMECTHOE aKTUBHOE IIPUMEHEHHE IJI0DAIbHBIX
HABUTAIMOHHDBIX CIIYTHUKOBBIX CHCTEM JIJIsI OIIPE/IEJIeHNs] MECTOIOJIOKEHHsT PA3IMIHBIX 00bEKTOB
¢ MeTpoBOW TOYHOCTHIO. OJHAKO M3BECTEH PsAJ OTpacieil, TpeOyIomux BBICOKYIO TOYHOCTH
HABUTAIMA: Te0JIe3Msd, KApTOrpadusi, CTPOUTEIHCTBO, APXUTEKTYPA, TPENU3UOHHOE 3eMJIeIe/Ie,
yopaBJjieHHe OeClUIOTHBIMU JIETATEJbHBIMI — allaparaMu. B IeJgX [MOBBIIMEHUS TOYHOCTH
HABUTAIMOHHDBIX OIIpPEJIeIeHUil TpuMeHsieTcst JuddpepeHnnaibablii pexkumM  onpejiesaenuit. s
peanuzaruu auddepeHnuaJIbHOTO PeXKuMa, HeoOX0oIuMa, ceTeBast HHMPACTPYKTYPa pedepeHITHBIX
GNSS crammuit m uporpammHOe obecriedueHne, CIOCOOHOE BBIOJHATH KaK cOOp, XpaHeHUe
u oroOpaykeHWe JAHHBIX, Tak u pacder guddepeHnuagbibpx nonpaBok. Ha reppuropun
Kazaxcrana cymectByer cucrema pedepentabix GNSS cranmuit, peasusytormias cBOu (DyHKITUN HA
000pyI0BaHUU U IIpOrpaMMHOM obecrieuennn kommanuu Leica Geosystems AG, koropast HapsiLy ¢
kommanueit Trimble Navigation 3aHnMaioT OCHOBHYIO JOJTIO PBIHKA CITY THUKOBOT'O HABUTAITMOHHOTO
000pYIOBAHUSI U COOTBETCTBYIOINIETO TPOrpaMMHOTO obecnederust. OHAKO B IEJSAX 00eCledennst
BHEITHEH HE3aBUCUMOCTU B c(epe BBICOKOTOYHON HABHUIAIUN aKTYaJbHON sBJseTCS 3ajada
CO3/TaHNUs OTEYECTBEHHON CHCTEMbI YIIPABJIEHUS CeTeBOil nHMPACTPpyKTypoil pedepennubix GNSS
CTaHIINM, B YACTHOCTH, pa3paboTKa IPOTPAMMHOTO obecriedeHusi. B CBsA3M ¢ 9TUM, HACTOSIIA
pabora MOCBsIEHa pa3paboOTKe CIEeUaIN3UPOBAHHOIO POIPAMMHOTO 00ECIEeYeHUsI CHCTEMBI
yIpaBJieHusl cerTeBoil mHMpacTpyKTypoil pedepennnbix GNSS crannumii ¢ ucroJib30BaHHEM
00JIAYHBIX TEXHOJIOTHUH.

KurodeBble cjioBa: mporpaMMHOE obecredeHne, CeTh pPedepeHIHbIX CTAHINN, HABUTAIMOHHAS
cucreMma, cucrema yupasienus, GNSS cranmun.

M.M. Momna6exos!”, I.1. Epemun’, JI.T. ?Kaxcoirynosal2, C. Tpemamxko', P.A. Kasmena!
I apLIMITHIK TeXHUKa KoHe Texmojorusnap maeruryTel" EXKIIIC, Amvare K., Kazakcran
291-®apabu arnimaarsl Kazax yaTTHK yEEBepcnTeTi, AnmMars k., Kasaxcram
*e-mail: m.moldabekov@mail.ru
ByarTeik TexHoJIOrusAsIapAbl naigasaHa oTeIpbin, pedepennti GNSS craHuusiIapabiH, 2KeJTiaik
NHPPaAKYPBLIBIMAAPAbI 0acKapyAbIH XKYiieciHiH OarapilaMaJIbIK, »KacaKTaMachl

Kagzipri yakpITTa FalaMJIbIK HABUTAIUSAILIK CIYTHUKTIK Kylejiep OpTYPJl HBICAHIADIbIH,
OpHAJIACKAH KEepiH aHLIKTay VIIH MeTpJIK JoJIiKTe KeHIHeH KOJJIaHbLIaabl. Amaiina
HaBUTAIUSJIBIK, TOJIIIKTI KayKeT eTeTid Oipkarap casaaap 6ap, reome3us, Kaprorpadus, KypPbLIbIC,
COYJIET, IPEIUH3USJIBIK €riH MIapyallbUIbIFbl, YIIKBIIICHI3 aBTOMATTBHI TYpAe OacKapbLIaThIH
ymakrap. HaBuranusaablk aHbIKTaMaJIapAbIH JOJINH apTThIPY YIIiH aHbIKTaMaJIapAblH qudde-
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pPeHIUAIbI pexkuMi KoJimaubLiaabl. JIuddepeHimaiapl peskuMIl iCKe achlpy VIINH JIepeKTepi
JKAHAyFa, CaKTayra 2KoHe Kepceryre, COoHmaii-ak mauddepeHmanigpl TYy3eTyIepal ecemnreyre
kabirerti GNSS pedepenIrri craHnusiIapIbIH KeJTTK THPPAKYPBLIBIMBL 2KOHE Oaf1apIaMalIbIK,
KacakTamachl KaxkeT. Kazakcramma Trimble Navigation-men karap CIyTHUKTIK HABUTAIUSIIBIK,
2KaOJBIKTHIH JKOHE COFaH ColiKec OarmapiiaMaJiblK »KacaKTaMaHbIH Herisri yiecin amarbiH Le-
ica Geosystems AG xababIKTapbl MeH OarapJjaMalblK KacaKTaMaJapblHIa 63 (YHKIHLIAPBIH
xxyzere acbiparbin GNSS pedepennri cranmusiiap kyiieci 6ap. Bipax korapbl mgosyfikTeri
HaBUTAIlAsl CAJIACHIHIA CHIPTKBI TOVEJICI3IIKTI KaMTaMacChl3 €Ty MakcaTbinma oTauHablk GNSS
pedepeHIITi  CTaHIMUSIAPIBIH, KeJUNK WHQPAKYPBUIBIMBIH OacKapy KyileciH Kypy, aran
alTKaHTa OarJapiiaMaJsblK KacakKTaMaHbl Kypy ©3eKTi Tarcbipma 60Jbin Tabbutajel. Ocbiran
OallJIaHBICTBI  OYJI  KYMBIC OVYJITTBHIK TEXHOJIOTHUsIIApALI TaiilajaHa OTBIPBIN, pedepeHiTi
GNSS crannusapapiy Keaimk wHOPaKYPBUIBIMIAPBIH 0acKapy »KylieciHe apHaJIraH apHANbI
GarIap/IaMaJIblK, XKaCAKTaMAHBI YKacayFa apHAJFaH.

Tyitin ces3zep: OarjgapiaMajblK KacakraMa, pedepeHITi CTAHIMUsIap XKyheci, HaBUTAIWS
xKyiteci, backapy kyiteci, GNSS crannusiap.

M.M. Moldabekov!", D.I. Yeryomin', D.G. Zhaxyguloval2, S. Trepashko', R.A. Kaliyeval!
LAALR "Institute of space technique and technology", Almaty, Kazakhstan
2 Al-Farabi Kazakh National University, Almaty, Kazakhstan
*e-mail: m.moldabekov@mail.ru
Software system for managing the network infrastructure of reference GNSS stations using
cloud technologies

Nowadays, global navigation satellite systems are widely used to determine the location of various
objects with an accuracy of meters. However, there are a number of industries that require high
navigation accuracy, for example, for a satellite geodetic network, which is a coordinate-time ba-
sis. In order to improve the accuracy of navigation definitions, a differential mode of definitions is
used. To implement the differential mode, the network infrastructure of GNSS reference stations
and software, capable of both collecting, storing and displaying data, and calculating differen-
tial corrections, are required. In Kazakhstan, there is a system of reference GNSS stations that
implements its functions on the equipment and software of Leica Geosystems AG, which, along
with Trimble Navigation, occupy the main market share of satellite navigation equipment and
related software. However, in order to ensure external independence in the field of high-precision
navigation, the urgent task is to create a domestic system for managing the network infrastruc-
ture of GNSS reference stations, in particular, software development. In this regard, the present
work is devoted to the development of specialized software for a system for managing the network

infrastructure of reference GNSS stations using cloud technologies.
Key words: software, network of reference stations, navigation system, management system,

GNSS stations.

1 BBenenue

[IpeumytiiecTBa CIiyTHUKOBOM HABUTAINH, TAaKNEe KaK [VIOOAJBLHBIN OXBAT TEPPUTOPUNA 3EMJIH,
BBICOKasl OIEPATHBHOCTH MECTOOIPEIEIeHNsT B DEaJIbHOM BPEMEHH, TpreMeMasi (MeTpoBast )
TOYHOCTH ABTOHOMHBIX U3MEPEHU U BBICOKasl (CAHTUMETPOBas, MUJLTUMETPOBASI) TOYHOCTH
(ba30BBIX OTHOCUTEIHLHBIX M3MEPEHUN KOODIUHAT pPEeaM30BaHbl C MOMOIIBIO TVIOOATbHBIX
HaBuraroHubix crnyTHuKoBbIX cucteM (THCC) GPS u I'VIOHACC u dyHKIMOHAIBHBIX
nonoJimenuit THCC. Ucropuyeckn nepsoie ase THCC GPS u INIOHACC, paspaborannbie
JIUIsT BOEHHBIX TIeJIeil HAIlJId IMUPOKOe IMPUMEHEHHE BO MHOTUX OTPACIAX SKOHOMHUKH U
Jutst iepconasibaoit Hasurarun. [IIupokoe ucrosb3oBanme CriyTHUKOBOM HABUTAIIMN TTPUBEJIO
K pa3BepThIBAHWIO HOBBIX rmobanbubix Galileo (EBpomeiickuit coros), Beidou (Kwurait) u
peruonanbubix (QZSS, IRNSS) cIiyTHUKOBBIX HABUTAIIMOHHBIX CHCTEM, 8 TAKXKE HA3EMHBIX U
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cnyTHUKOBBIX (yukinonaabubix gonosuexuit 'HCC. B gacraoctu, THCC cniocobcTBoBan
COBJIAHUIO OTIOPHBIX CIyTHUKOBBLIX reojesndeckux cereit [HCC cramrmmii.

CuyTHUKOBasT Te0/e3UYeCKas KOODJMHATHAs OCHOBA ¥ BBICOKOTOYHAS CIIYTHUKOBAs
HABUTAIUS C TOUPEITHOCTHIO EJUHUIBI CAHTUMETPOB U MUJLIUMETPOB PEAJM3yeTCs C
npuMenennem byuknuonaibubix jgononaenunit 'HCC B Buge ceru pedepenrubix ['HCC
crannuii u Meroia guddepenimanbHoil Koppekiuu. B HacTosiIee BpeMst ceTu pedepeHITHbIX
'HCC crammuit pasBepHyTbl BO BCEX pPA3BUTBHIX ¢ PA3BUBAIOINIMXCS CTPAHAX MEDA.
Cy1iecTBeHHYIO JI0JII0 MUPOBOTO DPBbIHKA CIIyTHHKOBOTO HABUTAIIMOHHOIO O0OOPY/IOBaHUSI,
CHIENUAM3UPOBAHHOIO U IporpamMmHo-Maremarudeckoro obecredenuss (CIIO u TIMO)
sannmaior kommannn Trimble Navigation (CIA) [1] u Leica Geosystems AG [2] (koprioparust
Hexagon Geospatial, [IIBeiinapust), MEHBIITYIO OO PBIHKa 0becriednBaioT KoMmanuu Topcon-
Sokkia [3| u Javad [4]. Takzke cpenun cTpaH, pa3pabaThIBAIONINX U MPOU3BOJSIIIX COOCTBEHHOE
obopymnosanue, CIIO u I[IMO 17151 criyTHUKOBOI HABUTAIMU MOYKHO BBIJIEJINTH JIBE CTPAHBI —
Poccuro u Kuraii, koropsie pasBuBaior cobctBerbie Kocmudeckue rpymmnuposku ['JIOHACC
u Beidou, coorBercrBenno. Takum obpasom, npaxtudecku Bce cetu pedepenrubix [[HCC
CTAHINIT B MUpe OCHAINEHBI obopymoBarueM n mporpamMubiM obectiedennem CIIO n [TMO
MupoBbix MouomosmcroB 'HCC orpacim m Bcemeso oT HHUX 3aBUCHMBI. B gacTHOCTH,
CHCTEMa BBICOKOTOYHON CIIyTHHKOBOW Hapurarmu Pecrybsimkn Kaszaxcran peannzoBana
Ha obopyroBannu u I[IMO xkommanunm Leica Geosystems AG. Takas BbIHYKJIeHHAST
3aBUCUMOCTH OT 3apyOeyKHBIX IOCTABIIUKOB JIOMYCTUMA JIJIsi IPAXKIAHCKUX TPUMEHEHMUIA,
HO KaTeropudeckKu HempremeMma B cdepe 0OOPOHBI U HAIMOHAJILHON Oe3omacHocTH. Tak:ke
HelpreM/IeMa BHEITHSA 3aBUCUMOCTD TOCYJIAPCTBEHHON CIIYyTHHUKOBON TI'e0/Ie3M9ecKOil ceTH,
KOTOpast 00eCIeInBaeT HAIMOHAIBHYIO KOODINHATHO-BPEMEHHYIO OCHOBY JIJI BCEX OTpacieit
SKOHOMUKM. B CBsI3u ¢ 9THM, aKTyaJbHOH 3ajadeil sB/IsgeTCs pa3pabOTKa OTEYeCTBEHHOI
[IPOTrPAMMHO# cucTeMbl yipasiienus cerbio pedepeniabix [[HCC craniuii.

[lens mamHOit paboTHl — pa3paboTKa CIEUAIN3UPOBAHHOTO IPOTPAMMHOTO 0DecIIevueHns
CHCTEeMBbl yrpasienus cerbio pedepennubix GNSS crannumit ¢ ucnosb3oBanneM 00JATHBIX
TEXHOJIOTU.

2 O630p JuTEpaTypPHI

ABToMarMsupoBaHHBIE CHCTEMbI yhpaBienusi cerbio pedepennnbix  GNSS  crammmit
[peIHa3HAYEHbBI JIJIsI BBITOJIHEHUS (DYHKIMA KOHTPOJISI COCTOSHUAS ¥ YIIPABICHIS PEXKUMAaMU
pabotsl cetu pedepenitabix GNSS crannmii, nadopmannonubix dyakiumii (cbop u 06paboTKy
JTAHHBIX, OpeJocTaBieHne HH(GOPMAINE MOJIb30BATENsIM) U BCIOMOraTeIbHBIX (DYHKIHMIL
(KOHTPOJIb [IEJIOCTHOCTH, XPAHEHNE W PE3ePBHOE KOMUPOBAHKE JAHHBIX, OYMCTKA YCTAPEBIITNX
JIAHHBIX, PETUCTPAIUs U KOHTPOJIb JIOCTYIIA TI0JIb30BaTe/ el u morpebureieii).

B Hacrosimee Bpemsi MHOXKECTBO pabOT IIOCBSIIAETCS BOIPOCAM Pa3pabOTKH U
COBEPIIIEHCTBOBAHUS CUCTEMBI yIIpaBJieHns ceTbio pedepennabix GNSS crammuit. OcHOBHBIM
pPE3yJILTATOM COBPEMEHHBIX peIleHnii B 00JIaCTH CIIyTHUKOBOW HABUTAIUU  SIBJISIETCS
JIOCTUZKEHIE BBICOKOTOYHOI'O IMO3UIMOHUPOBAHUsI, KOTOPOE SIBJISAETCS KPUTHYECKU BayKHbBIM
B cdepe reosesun u crpoutenbcrsa [5, 6]. Hampumep, B pabore [7] cerh pedepeHIHbIX
GNSS cranmmit ucnosp3yercs mpu  pas3spaboTKe CIIyTHHKOBOM Te0ofe3nvdecKoil ceTn ¢
CyOMUTIMETPOBOIT TOYHOCTBIO MO3UIIMOHUPOBAaHUsI, & B paboTe 8] mocTaBieH SKCIepuMeHT
[0 ee IPUMEHEHHUIO C IeJIbI0 MOHUTOpHHIa 64-3raxkHoro nebockpeba B Ymim. Paspaborke
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cern pedepennabix  GNSS  crammmit  Takyke mocssiiena pabora  [9], Tae mokazaHa
ocobasi Ba)XHOCTh BBICOKOTOYHOH Treofe3mvecKkoil ceru B 00JIACTH  2KeJe3HOIOPOKHOI
nadpacTpykTypbl. Kpome toro, cerb pedepenmabrx GNSS cranmumii Takke WHTepecHa
C TOYKH 3peHusl TO3UIMOHNpoBannsa apromobmiasa [10]. AkTuBHO BemyTcs paboThl B
HAIIPaBJIEHUN BBLICOKOTOYHOI'O IO3UIMOHUPOBAHUS C IPUMEHEHHEM JEIIeBOro 0O60pPYI0BaHUs
B YCJIOBHsIX IIOTHO HaceseHHOro ropoja [11]. B pabore [12] mpemiaraercst ucnosb3oBaTh
cucTeMy ympaBieHns cerbio pedepennubix GNSS cranmmit B 00acTu ropHOIOOBIBAIOIIEH
IIPOMBIIIIJIEHHOCTU )T MOHUTOPUHTA OCeJaHus PYJHUKA OOJBIION IJIOMAJ M B IIMaxTe.
Obmactn npumeHerns cetn 0a30BbiX cranmmit GNSS HacTOIBKO pas3sHOOOpA3HbBI, €TO
BCTpedaloTcs paboThl, B KOTOPBIX ceTh pedepennnbix GNSS craHiuii nCroab3yercs ¢ meibio
HaOJIIOJICHUST BBICOKOYACTOTHOIO CMEIEHUsT OKeAHUIECKON MpUINBHOI Harpy3ku [13| u jyist
orciexkuBanus BuOparmn JgeaHuKoB [14]. Takmm 06pasom, MOXKHO CeJaTh BBIBOJ, YTO
paspaboTKa crcTeMbl ylIpaBieHns: cerbio pedepenmabix GNSS cranmmit ¢ ncmosb30BaHIEM
00JIAYHBIX TEXHOJIOTHI ABJIAETCA aKTyaJIbHOW 3ajadeil W cama CUCTeMa HaiIeT IHPOKOe
[IpUMEHEHNE B Pa3InYHbIX cdepax AessTeILHOCTH YeJI0BEKa.

OCHOBHBIMU KOMIIOHEHTAMW CHCTEMBI yIIpaBjieHns ceThbio pedepeniubix GNSS cranmmii ¢
HCIOJIb30BaHIeM OOJIadHBIX TeXHOIornit spisiores (ganee — Cucrema) [15]:
— cetb pedepennnbix 'HCC cranmmii;
obJavHasl BBIYUCIUTEbHAsT CHCTeMa (M IIeHTD 00pabOTKH JaHHBIX);
nporpaMMHas cucreMa yrpasienus cerbio ['HCC cranmuit (CIIO u IIMO);
1eHTp ymupaiennss CucTemoir;
HOJICHCTeMA TIePeJIavy JAHHBIX (KAHAJBI CBSI3N).

Takum obpazom, cerb pedepenrnabix [HCC cranmmit cocTonT U3 COBOKYITHOCTH
TeppuTopuaibHo  pasHecennblx [HCC  crannmii, MOAKIIOYEHHBIX K O0JAIHON
BBIUUC/IUTEJILHON  cucTeMe (WM 1EHTPY OOpabOTKU JIAHHBIX) IOCPEJCTBOM KAHAJIOB
ces3u 16,17

Pedepenrnass THCC crannust obecrieqnBaeT MOUCK, MPUEM U PECUCTPAIUIO CUTHAJIOB
'HCC TJVIOHACC, GPS na wacrorax L1, L2 ¢ 3amaHHBIM €PUOIOM, KOHBEPTUPYET
HaABUTAIMOHHBIE JIAaHHbIE B YHU(PUIIMPOBAHHBIE (POPMATHI, M3MEPSeT IMapaMeTphbl BHENTHei
cpeJibl (MeTeopoJIOrHIecKre JIaHHble) U mapaMeTpbl TejeMerpun o cocrostauu ysiaos [HCC
CTaHIIK, COXPAHAET M3MEPEHHBIE JIAHHBIE BO BCTPOEHHOI HMAMSITH U MEPeIaeT B 0OJIAYHYTO
BBIYUC/IATE/IBHYIO CUCTEMY 10 3allUIIEHHOMY KaHaJIy CBSI3U B PEXKUME PEAJbHOIO BPEMEHH C
3aJIaHHBIM HepuogoM [18].

BoeraucimresibHast  CHCT€Ma  BBINOJIHSET —AJITOPUTMbBI  IPUKJIAJHOTO  IPOIPAMMHOTO
obecrieenust CIIO m I[IMO, u peammsyer dyukiun cbopa, XpaHeHus, 00pabOTKH u
O0TOOpasKeHUsI JTaHHBIX, OCYIECTBJISIET OIEpPAIH IIpUeMa-Tepeladn JTaHHBIX Yepe3 CeTeBbIe
nnrepdeiicel. B KadecTBe 00/1a9HON BBIYHCIUTEIHHON CHCTEMBI HCHOJB3YIOTCSI  YCIyTH
obsiaunoil  BbrumcsmTesibHON  matdopmbl  PaaS  [19] ¢ BO3MOXKHOCTBIO — BBIIOJTHEHMSI
cobcTBeHHOrO MpukKagHoro mporpammuoro obecnedenuss CIIO u [IMO, u uzmenenus
obbeMa oTped IsieMbIX 00JIATHBIX PECYPCOB.

[Iporpammuoe obecriedenue cucTeMbl yrpanieHus ceTbio pedepennnbix GNSS crannmii
yrpasJisgeT rnporieccoM Beimostaenus dyukimit Cucremsr. CIIO ympasiiser oneparusiMu coopa,
KOHTPOJIsST TEJIOCTHOCTH JIAHHBIX, KOHTPOJISI TeJIEMEeTPUN, apXWBAIUA U BBITPY3KHU JIAHHBIX,
oTOOpaykeHWsI JTaHHBIX, yrpasisger pexumamu paborer ['HCC crammmit, ocymecTBiser
KOHTPOJIb JIOCTYIIa IMOJIb30Bare/ el u OWIIHHT OKasbiBaeMbix yciayr. [IMO  ympasisier
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IIPOIIECCOM BBITHUC/ICHUST HABUTAIIMOHHBIX PEMIEHNI 110 BCTPOEHHBIM aJrOpUTMaM pacuera B
[IOJICUCTEME BBIYUC/IEHNsT HABUTAIIMOHHBIX PENTeHui.

Hentp ymupasienuss Cucremoii, comepzKaiiuii yHI(MDUITPOBAHHBIE aBTOMATU3MPOBAHHBIE
paboune mecra (APM) mepconasa, ocyiecTBiisier KOHTPOJIb COCTOSIHHSI ¥ YIIPABJICHUE
peskumamu paborsl cern 'HCC crannmit m o01av9HONR BBIYUCIUTEIBHON CHCTEMBI IIyTEM
ycraHoBKU (m3menenusi) HacTpoednbix napamerpos CIIO u IIMO, u BblIaum KomamI
yupasienusg na ['HCC cranmuu u B 001a9HYIO0 BEITHCIUTEIBHYIO CUCTEMY.

[Toncucrema mepepadnm JaHHBIX OOECIIEYMBACT WHQMOPMAIMOHHBIE OOMEH M peain3yeT
caeyronme GyHKIIT:

— mepejiada BXOJHBIX JaHHBIX OT cetu pedepeniabix ['HCC crannmit (Brirouas 'HCC
CTAHIUH CMEXKHBIX CHCTEM) B O0JIAYHYIO BBIYUC/IUTEIBHYIO CUCTEMY

— oOMeH JTaHHBIMU MKy OOJIATHON BBITHC/IUTETHHON CHUCTEMONW W MEHTPOM YIIPaBJIEHUSI
Cucremoit;

— yCTaHOBJICHUE 3AIMINEHHBIX COequHeHuit 1 0OMeH maHHbIMU CHUCTEMBI C ITOJIb30BATE/ISIM,
BHEITHUMHU CHUCTEMaMM, U MTOJKII0UEHNEe K BeO-pecypceaM;

— MOJKJIIOUEHNEe HABUTAIMOHHON ammaparypbl nmorpeduresneit K Cucreme u 0OMeH JaHHBIMHA.

3 Marepuan u meToambl

Crpykrypy CIIO obpazyioT 7 mporpaMMHBIX MOJLYJICH:

— moJicucreMa coopa JaHHbIX;

— MOJICUCTEMa JUArHOCTHKK U KOHTPOJISI KA4eCTBa,

[IO/ICUCTEMa XPAHEHNs JTAHHbBIX;

IO/ICUCTEMa BBITPY3KHU apXUBHBIX JTAHHBIX;

nojcucreMa yupasienust pexkumamu paborsl [HCC crammmii;
[IOJICUCTEMA BU3YAJIM3AIUHI JTAHHbIX;

[IOJICUCTEMAa KOHTPOJISA JOCTYIIa U OUJLIMHTA.

[Toncucrema cbopa JAHHBIX — OCYIIECTBJISET aBTOMATHYIECKWl, HENPEPBIBHBIA 1
mapaJsiieTbHBIIl BO BPEMEHN TPHUEM <«CBIPBIX» HABUTAIIMOHHBIX, METEOPOJOTUIECKUX JTAHHBIX
u curHajioB tejeMerpun or ceru pedepennubix I'HCC crannmii 10 BBILIEICHHBIM KaHAJIAM
cesizu VPN. Togcucrema coopa JaHHBIX pean3oBaHa B 00JIAYHON BBIYUCIATEIHLHON CHCTEME
TEXHUYECKUMU CPEJCTBAME CETeBOro MHTepdeiica (MMOrpaHuYIHbBI CeTeBOil MapIIpyTH3aTOpD,
MesKCeTeBOil 9KpaH) ¢ KeCTKoil ajpecanmeii mo IP-ampecam Bcex 3apermcTpupoBaHHBIX
I'HCC crannnmii cern.

[Toxcucrema AUArHOCTHKE M KOHTPOJIS KAYE€CTBa COAEPIKUT IIPOrPAMMHBIE MOJLYJIM:

— MOJyJIb KOHTPOJISI IJIOCTHOCTH KOHTPOJIUPYET HAJIMYKME IIOTOKa OOHOBJISIEMBIX BXOJIHBIX
nmarabix oT cetrn ['HCC cranmuii, BBIIOIHSIET TPOBEPKY MEIOCTHOCTHA BXOTHBIX JTAHHBIX;

— MOJyJb KOHTPOJIA TejeMeTpun TmpoBepsier curHajbl TeseMmerpun ['HCC  cranmumit
n  00JIaTHOW BBIYUCIUTEIBLHON CHCTEMBI Ha COOTBETCTBUE YCTAHOBJIEHHBIM TI'DAHITHBIM
3HaYeHnAM (HHTEpBasaM), (GOPMUPYET aBAPHUIIHbIE CUTHAJIBI MPU JOCTUYKEHUU TPAHUIHBIX
SHAYEHUIl I1apaMeTpoB TeJIeMETPUM, I[IPUHUMAET <«IOTOBbIe» aBapUilHble CHIHAJILI OT
nogacucreM camomuarsoctuku ['HCC cramnumii m o0/1a4HONR  BBIYUCIUTEILHON CHCTEMBI,
PETUCTPUPYET aBapuUiiHble CUTHAJIBI B peecTpe cOOEB W OTKA30B W OTIPABJIAET B IEHTP
yupapjieans Cucremoit na APM mepconasa.

[Moxcucrema xpanenusi panubix (CX/I) comep:KuT mporpaMMHBIE MOJYJIU U BBIIOJIHSIET
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CJIeJIYIONINE OLEPAIIANL:
— MOJTyJIb XpaHeHHs BXOJIHBIX JAHHBIX apXuBUpyeT BxojHble gannbe ot ceru 'HCC cranmmuii,
YCITEITHO TIPOIIEIIINe TPOBEPKY METOCTHOCTH;

— MOJLYJIb XPaHEHUsI BBIXOIHBIX JAHHBIX apXUBUPYET PACCINTAHHBIE HABUTAIMOHHDBIE PEITeHUsI
(BbIxXOIHBIC jTanHble CHCTEMBI);

— MOJLYJIb XpaHeHns: HHMOpPMand 0 00X M OTKa3axX apXUBUPYET BCe aBapUUHbIE CUIHAJILI B
Cucreme B peectpe cO0€B U OTKa30B (BeJeT peecTp c60eB U OTKA30B);

— w™oayab xpanenus Hactpoek CIIO coxpansier TekyInue 3HAYEHUS YCTAHOBOIHBIX
mapamerpoB CIIO B peecrpe mactpoek CIIO, B wacTHOCTH: MapaMerpbl Pe:KUMOB pabOTHI
I'HCC crannmit, napamerpnol nepegadn ganabix ['HCC cranmumit, rpaHuvHble 3HaAYCHUS
napamerpoB tejeMerpur 'HCC cranmmii, rpanmaabie o0bembl U cpokn xpanenus CXJI u
ap-;

— MOJLY/Tb PE3€PBHOI0 KOIMMPOBAHUS YIIPABJISIET IIPOIECCOM PE3EPBHOIO KOIMPOBAHUS JTAHHBIX,
OGHOBJIsIET W COXpaHseT pe3epBHyIO Kommio Gasbl Jganubix (B/) ¢ 3amanbbiM mepuomom,
aBTOMaTHYeCKN BoccTanapauBaeT B/l u3 pesepsHoil Konuu mociie cboes u oTka3os B Cucreme.

[Togcucrema BBIPPY3KM ApXUBHBIX JAHHBIX 00ECHEYMBAET IIOMCK HABHUIAIIMOHHBIX,
MeTeopoJsiorndeckux u rejemerpudeckux Januabix B CXJI mo arpubyram (mara/Bpems,
Homep /umst 'HCC cranmnumm) u BBIPPY3KY JaHHBIX 0T ojHOM win Heckoabkux ['HCC cranmuit
3a 3alpalinBaeMblii mepuoji Bpemenu. JlesleHnme mogcucTeMbl BBITPY3KH HA MOJIY/IU HE
IIPEyCMOTPEHO.

[Toxcucrema yupasienuss pexkumamu paborbl 'HCC cranmuii BBIIOIHSIET yIaJIeHHBIR
KOHTpOJIb pexkuMoB paborsl 'HCC cranmuii (10 quarHoCTHIeCKIM COOOIIEHISIM BCTPOCHHBIX
CPEJICTB KOHTDOJISA), YIpaBjeHHe pexuMamu paboTsl, BKIouenne/orkmodenne ['HCC
CTAHIINH WM OTJEJIBHBIX V3JI0B, mepesamyck BcrpoeHHoro IIO, BBITpY3KYy TaHHBIX U3
Berpoennoit namsaTu 'HCC cranmum o 3ampocy CIIO 3a 3anpammmBaeMblii IEPUOJ] BpeMeH!
u nepenady ux B Cucremy.

[Togcucrema Bu3yanms3anuu JJaHHBIX obecredmBaeT oTtobOpaskerme Ha APM mepconasa
nHGOpMAIM O KOH(MUTYpPAIUd CeTH, PEXUMOB paboThl u mapamerpoB Kaxkmaoir [THCC
cTaHnn, OTOOparkeHne peecTpa cOOEB W OTKA30B, CIIPABOYHBIX W HOPMATUBHO-TEXHUIECKUX
JIOKYMEHTOB.

[Toxcucrema Busyam3alui JaHHBIX COAEPXKUT CJIELYIONINE IIPOIPAMMHBIE MOJLYJIH:

— Momyb Busyanusarnun pexkumon paborsr HCC cranmmii;

— MOJLYJIb BU3yaJu3allii peecTpa cO0eB, OTKA30B, TPAHUIHBIX PEKUMOB;
— MOJLY/Ib BU3ya IU3aIliN TeIeMeTPUN;

— MOJLYJ/Ib BU3yaJIU3allii CIPABOYHOIO PYKOBOICTBA.

[Tomcucrema KOHTPOJIST JOCTYIa W OWJLIMHIA OCYIIECTBJISET PErHCTPALMIO U BeJeHHe
peecTpa TOJb30BaTe e, KOHTPOJIb jocTyna K mHpopMmamnn B CucreMe n pa3rpaHnIeHue
moJTHOMOYHi 10 ympasiiennto CucTeMoit B COOTBETCTBHU C TIPABOM JI0CTymHa. KOHTPOJH
JIOCTyTIa K JIMIHOMY KaOWHETY I0JIh30BaTe/sT OPraHu30BaH depe3 MPOIEeIypy aBTOPH3aIlii.
[Tomcucrema KOHTpOJIS JOCTyIa W OWIIMHIG HPUHAMaeT U TapuUIUPYeT 3asgBKY
[OJTb30BaTE/Isl, BBICTABJISET CYeT M KOHTPOJMPYET oIuiaTy, Beiaaer 3aganue st [IMO (Ha
pacder TpebyeMbIX JaHHBIX) U OTKPBIBAET JOCTYI K YCIyTe B TeUeHHe 3asiBJIEHHOIO [eprojia
BPEMEHN MM B 00'beMe 3asIBJIEHHBIX YCIIYT.

g pazpaborkn CIIO wmcroms3yercs npepocrasiasieMas mirardgopmoit Microsoft Azure
[20] cpena paspaborku Microsoft Visual Studio 2017 (Bepcust 15), nporpaMmuast miargopma
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ucnosnenuss upuwioxkennit .NET Framework 4.6/4.7 u .NET Core 2.0 (amamor .NET
Framework mmst Windows/Mac/Linux ¢ oTkpbiTbiM uexogabiM Kogom). [Lnardopma NET
Framework 6Gasupyercss Ha obresssikoBoit cpeie uctosnenns npuiokernii CLR (Com-
mon Language Runtime), KoTopasi mojiepKUBaeT HECKOIBKO SI3BIKOB TPOrPAMMUDOBAHMSI,
ucnoJib3ytomux 3ty cpeay. Microsoft Visual Studio onrummsuposana jjist paszpadoTku
KpoccItaTOPMEHHBIX IPUJIOKEHNH PA3HBIX TUIIOB U A3BIKOB IIPOrPAMMUDOBAHUST, BKJIIOTAST
BeO-IIPUJIOXKEHNsT W obJiadnble npuioxkenns st Microsoft Azure. Cpena paspaborku Mi-
crosoft Visual Studio mpemycmarpupaer paboTy B aBTOHOMHOM WJIH CETEBOM DexkuMe (B
obake Microsoft Azure).

Cpena paspaborku Microsoft Visual Studio mnommepkuBaer —ciejyromiye S3bIKA
nporpammuposanust: C#, Visual Basic .NET, JavaScript .NET, C++ /CLI (Managed C++),
F# (cemeiictBo ML), J#. YunreiBasi cBsa3Ky cpejbl pazpaborku Microsoft Visual Studio u
nmporpaMMHuoil maardopmbr uctnosrHerns npuaoxkeranit Microsoft .NET Framework B ob1aumoit
mwiatgopme Microsoft Azure, mia paspaborkm mporpammuoro koja CIIO BwiOpan s3bIK
nporpammuposanus C# 6.0/7.0.

[Tpuraanas nporpamma CIIO 3arpy2kaercs u uctosiasieTcs B 00/1a9HO BBIMUC/IUTEIHHON
mwardopme Microsoft Azure ¢ ucnonibzoBanuem cepsuca PaaS «miardopma Kak yciyras. B
xosie ucnonaenuss CIIO mcxomabiit mporpaMMHBIH KO/ KOMIMJIAPYETCA B IIPOMEXKYTOTHBIT
a36ik CIL (Common Intermediate Language), KOTOpbIii TpaHCIUPYeTCs B MAIMHHbIA KO
ucrnosiHsiercss upu momoru sBupryaabHoi Mammabl CLR (Common Language Runtime) ma
nporpamMMuoii mwiardopme uctnoanenus npuioxkenunit Microsoft .NET Framework.

[Iposaiinep cepsuca PaaS obecrnieunBaer ucnosnenue npukiaanoit nporpammvbl CIIO na
BUPTYAJIbHBIX CepBepax OOJATHON BBIMUCIUTEIHLHON ILTATGOPMBI ¢ abCTPArupOBAHUEM OT
UCIIOJIb3YEMBIX TEXHUIECKUX CPEJICTB U 00ECIIETMBAET BO3ZMOKHOCTD BBIOOPA OIEPAIIMOHHOMN
cucrembl. Ilpnopurernas obmaunas miardopma Microsoft Azure m anprepHaTnBHas Ama-
zon Web Services obecrieanBaioT paboTy 101 yIIpaBJIeHneM OleparoHabix cuctem Microsoft
Windows Server, Linux, CentOS, Debian. Kpoccmiardopmennocts CIIO peanuzyercs myrem
BBIOOPA COOTBETCTBYIONICH MPOrPaMMHOIl CpeJIbl MCIIOJHEHUA TPUIOXKEHUH U JTajibHeieit
TpaHCHSIUN  (KOMIMJISIINK) FCXOIHOTO IIPOIPAMMHOIO KOJ@ TPHJIOXKeHust ¢ sa3bika CH#
BBICOKOT'O YPOBHSI B MAIIUHHBIA KOJ. YUNTbIBag NPUBA3KY s3blka C# K MIPOTpaMMHOI
wiardopme Microsoft Windows [21, 22|, nesecoobpasen BIGOp oneparuonHoii cucrembr Mi-
crosoft Windows Server u cpespr ucnostnenus: npuioxkennit Microsoft .NET Framework win
Microsoft .NET Core [23].

B kaxgom mporpammuom wmoayse CIIO peanmmsoBan MexaHW3M 3alllUThl HCXOTHOTO
IIPOTPAMMHOI'O  KOJIa OT TIOBPEXKJIEHUSI, HECAHKIIMOHMPOBAHHOI'O W3MEHEHUs KOJia U
HACTPOEUHBIX ITapaMeTPOB IIyTeM KOHTPOJIS IEJIOCTHOCTH MCXOTHOTO KOJIA.

4 Pe3ynbTraThl 1 00CY>KIEeHUE

Paspaborannoe CIIO cucremsr yrpasienust cereBoit nugpactpykTypoit pedepennubix GNSS
CTAHII C UCIOJIb30BaHNEM OOJIAYHBIX TEXHOJIOTHI /i obecriedeHust (DYHKIMN peau3yer
ISTh aJrOPUTMOB, KOTOPBIE PACCMOTPEHbI HUKE.
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4.1 AaroputM cGopa BXOJHBIX JaHHBIX

Omnepanun cbopa BXOJHBIX JaHHBIX OT cetn pedepentabix [HCC cranmuit ocymnecTBiIgoTes
ABTOMAaTHYCCKH ¥ HEIPEPBIBHO, 1O Mepe IOCTYILJIEHUsI BXOJIHBIX JaHHBIX. DBJIOK-cxema
aJIropuTMa ormepanuii cbopa BxoaHbIX AaHHBIX 0T ceru ['HCC cranmuit mpeacraBieHa Ha
pucynke 1.

( Havyano I

A4

PEECTp ﬂpodpnneﬁ Mpoghune obHosnRemca Npu
- u KoHebuZypauuL
MHCC cTaHuMit == e cmanus u coma
(1D, ums, IP-adpec, wabnon HCC cmanyuii

naxema oaHHbIx)

N

Mprvem BXOAHbLIX
[AaHHbIX OT ceTh
HCC craHuuin

b
-

N

Beoa gaHHbIX

A 4

Beirpyska n otnpaska KoHTponb
APXMBHbIX OaHHbIX LEeNnOCTHOCTH
THCC cranumit BXOAHbIX AaHHbIX

N

3anpoc BbIrpy3ku
apXHBHbIX AOaHHbIX |
HCC craHuui

(ampubyms! 3anpoca)

LlenoctHocTb
[OaHHbIX

8 nodcucmemy pacyema
Hasu2aUUOHHLIX peweHul NMMO

Bei BOA, AaHHBIX I modynb XpaHeHUs 8X00HbIX

danHbix CXM
A 4
( B MO, CXA1 )
Pucynok 1 - Biok-cxema anmropurma coopa Bxogaubix gauabix or cetn [[HCC cranmmit

s opranmsanun cbopa BXOAHBIX JaHHBIX oT ceru pedepennubx [THCC cranmmmit
dopmupyercss  peectp mnpodmeit  Bcex MOAKMIOYeHHBIX K Cucreme  pedepeHITHBIX
I'HCC cranmuit. [lpoduns kaxmoit 'HCC crannmmm comepKuT uaeHTH(MUKAIMOHHBIE W
craTuCTUYecKre JaHubie: ID-nomep, 6yKBeHHO-YMCIOBOE UMsl cTaHimuu, IP-agapec crammum,
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[P-aapec mopra obsadnoil maardopmbl (K KOTOPOMY CTAHIHSI MOJKJII0YAETCS ), KOOPAMHATHI
MecTomoJI0KeH s, peruoH (ropos) pasmernennst, Tutt 'HCC anrenust, Tun ['HCC npuemnunka,
BepCHsl BCTPOEHHOIO TporpaMMHOrO obecriedenust (onpefenser xapakrepuctuku ['HCC
[PUEMHUKA), TUIBI Y3J0B (JATYMKOB), KOTOPbIE BBIJAIOT CHI'HAJBI TEJIEMETPUU ¥ IMAbJIOH
HaKeTa rnepejaBaeMbiX JaHubIX. [Ipoduis orobparkaer, kakoit nadop panubix [[HCC cranmus
mnmepejiaeT B OOJAYHYIO BBIUHCAUTEIbHYIO cucTeMy. I1laboH makera JaHHBIX PaCKpbIBAET
[IOCJIEJIOBATEIbHOCTh pa3MeIleHnsl JTaHHBIX B ITaKeTe, Pa3psaHOCTb IN(POBOTO KOJa U
[PUHAJTIEKHOCTh JIAHHBIX K KOHKpeTHbIM jgardukam (y3aam). Illabion wucnosbsyercs
st upeHTHUKAIMA ToJeil (s49eeK) JaHHBIX B IeddX H3BJIeYeHWs] JAHHBIX U3 I1aKeTra
U apXUBallid B PeJIAIUOHHON Oase mauHHbIX. [P-agpeca ncrnonb3yroTces Jjisi OpraHu3alun
BoIesieHHBIX VPN-kanamsos ceasu mexay 'HCC cranmusvu u 00J1a9HON BHIYUCINTEIHLHOMN
1aTdOPMOii.

eslocTHOCTH BXOIHBIX JAHHBIX IIPOBEPSIETCA METOJIOM IUKJIMIECKOr0 H30BLITOYHOIO
koma CRC (Cyclic Redundancy Check). Ilpoepentble BXO[HBIE JTaHHBIE IIE€PEIAIOTCSI
B TIOJCHCTEMY BBIUNC/IEHNS HABUTAIIMOHHBIX PEITeHNit W IOJCUCTEMY XpaHeHWs IaHHDBIX.
[ToBperkieHHBIE BXOJHBIE JaHHBIE, HE MOITBEPWBINNE II€JJOCTHOCTH, HE COXPAHSIOTCH.
Ussiiekatorcst arpubyrsl noBpexkeHHbIX makeroB (ID cranmmm, jarta/BpeMsi JaHHBIX),
[IOJIAeTCsI 3aIlIPOC Ha IOBTOPHYIO BBIFPY3KY STHUX JaHHBIX U3 ycrpoiicrBa xpanenns ['HCC
craniuu (npuemunka curdaioB ['HCC) u ormnpasky ganabix B Cucremy. IlesoctHOCTS
MTOBTOPHO TIOJTyIeHHBIX JAHHBIX TPOBEPSIETCT AHAJTOTUIHO.

4.2 AaropuTM ornepaiuii XpaHeHUs JaHHBIX

Bxonnbie ganHble (TOCTe KOHTPOJS IEJOCTHOCTH) W BBIXOJHBIE JaHHBIE (OT IMOJCHCTEMBI
BBIUUC/ICHUS] HABUTAIIMOHHBIX PEIIEHNIT) COXPAHSIIOTCS B CPEJIHECPOUHOl pestsiiontoil b/1-
SQL, peasmzoBanHOil Ha cKOpocTHBIX SSD Hakonuressx. Biok-cxema ajropurva oneparii
xpaHeHns: JaHHbIX CHCTEeMBI TIpeJicTaB/IeHa Ha PUCYHKE 2.

Ucnonbsyercsa cepsuc B SQL Azure moj yrpaBjieHHEM CHCTEMBI yIIpaBJIeHUs Oa3aMu
nauabix (CYB/L) Microsoft SQL Server. Ciryxebubie mantbie CucteMbl (peecTphl, Ky pHAJIbI
COOBITHII ¥ TpaH3aKINii) OTHECEHBI K BBIXOJHBIM JaHHbIM CHcTeMbl W Ha OGJIOK-CXeme
OTJIeIbHO He Bbljesienbl. Pesepsrble kormn (pertnkn) B/1-SQL Ha 6/10K-cxeMe He MOKa3aHbI,
TaK KaK SBJIAIOTCS U30BITOYHBIME JAHHBIME JJIs TeXHoJormdeckux teseit. [Tosp3oBarens
paboraer ¢ ocaoBuoit BJI-SQL. Cepsuc B/I SQL Azure BbimosiHsIET Pe3epBHOE KOMMPOBAHUE
(permkaIio) u coxpaHsgeT pesepBHyo Komuio BJl miag komTposs nenocrHoctu B/
I aBTOMATHYIECKOI'O BOCCTAHOBJIEHUsT TOBPEXKIEHHBIX JAHHBIX W3 PE3ePBHON KOIHUHU 10
YMOTIAHUIO, 6€3 yIacTusl MOJIb30BATE .

Hemnocpencreernnoe ympapinerne BJI-SQL Bomosaser CYB/I Microsoft SQL  Server.
CYB/I ompenensier u BoljeIsteT HeOOXOMMBIH 00bem namsaTtn i BJI-SQL aBromarnyeckn,
[IEPEHOCAT «yCTapeBIline» JaHHble B xpanuiuine Ttabuaun Azure (mmm xpanummuime BLOB-
0O'bEKTOB) Yepe3 yCTAaHOBJIEHHOE KOJIMYIECTBO JHeil xpanenus. [Ipusemennprii Ha 6J10K-cxeMe
KOHTPOJIb Bo3pacta u obbema gaHHbIX BJI-SQL BBIMOTHSAET MOACHCTEMA XPAHEHUS JTAHHBIX
CIIO B Buue 3ampocoB m ykazanuit g CYBJI. Vmeercs BO3MOXKHOCTH yCTaHAB/INBATD
3HaveHust rpaHndHbix napamerpos B/I-SQL (cpok xpanenust T1 u o6bem V1). Iloacucrema
xpanennst gaHabix CIIO Bemosaser Buerraee ympasienne BJI-SQL mocpemcrBom CYB/]
Microsoft SQL Server [24, 25|, a npu cuarun Bremuero ymupasienus CYBJI paboraer
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CAMOCTOSITEJILHO C IapaMeTpaMu 0 yMOJIMaHUIO.

AHAJIOTUYIHO BBIMOJIHAETCA MIPOBEPKA BO3pacTa n 00beMa JaHHBIX B XPAHUJIAIIE TabJIUIL
TAB Azure. Ycrapepmme jgaHHBbIE yjaajsdiorTcss u3 xpanuauina tabaun, TAB Azure npm
noctuykenun Bospacta T2. Ilpu moctuxkenun odobema janubix 0,9-V2 BblgeseHHblit 06bem
xpaamwnima TAB Azure ysemmuusaerca na 10 %.

Onepanuu XpaHeHUs JAHHBIX BBIIOJHAIOTCH aBTOMATUYECKU U HEIPEPBIBHO IO Mepe
MOCTYILIeHUsT JTaHHbIX. Buemnee ympasienue mojcucteMbl xpanenusi mganubix CIIO man
CYB/I ue obs3arenbao, Ho ycranasiauBaer orpanudenus s CYB/ mo cpokam xpanenust
T1, T2 u oowemam V1, V2. Ecin orpanndennst He ycranossenbl, Torna BJI SQL Azure
aBroMaTnaecku 3agaer 11 B 35 ameii, ocraabable mapamerpsl (cpok T2 u o6bemsr V1, V2)
He orpaHmdmBaioTcsd. [lospb30BaTenb OnIavnBaeT yCIyTHu XpaHeHUs JTaHHBIX 32 (PaKTUIECKH
ucnoJib3oBaHubie pecypebl. [lonb3oBaress MoxkeT orpannmumBaTh cpok xpanenus T1, T2 u
obbeM JaHubix V1, V2 uMeHHO Jijisi CHU2KEHUsI CYMMBbI OILIATHI 38 XPaHEHHUE JIAHHbBIX.

4.3 Aaroputm orepaiiuii BRI'PY3KHA apXUBHBIX JAaHHBIX

Tekyrmue BXojHBbIE JaHHBIE (IIOCTE KOHTPOJISI MEJOCTHOCTH) ABTOMATHYECKHU MEPEeIaloTCs B
[IOJICCTEMY BBIUHC/ICHHsT HaBUrannoHHbIX perreruii [IMO, kKoropast BbIUHC/IsIET TEKYIIHE
BBIXO/IHBIE JIAHHBIE B PEXKMMe peaJbHOro BpemeHn — koopamHaThl Kaxkaoir [[HCC crammun
n RTK pemrenns mo BceM akTyaJbHBIM 3asgBKaM IoJib3oBaTeseil. Tekyimme BXOJIHBIE U
BBIXO/IHBIE JIAHHBIE COXPAHSIOTCA B cpegHecpodHoit peranuonnoit B/I-SQL n mpuobperator
craryc apxuBHbiX. CYBJI Microsoft SQL Server nepenocur nanunie u3 B/1-SQL B xpanuurie
tabimr;, TAB Azure mo wucredeHHH yCTaHOBJIEHHOIO B IOJCHCTEME XPAHEHUs JIAHHBIX
CIIO cpoka xpanenus T1. Takum oOpazom, MOJCUCTEMA BBIYUC/ICHUS HABUTAIIMOHHBIX
pertieHnii 0opadaTbhIiBaeT 3adBKHU IMoJib3oBaTeseil mo Boranciaennio RTK monpaBok B pexxume
peajIbHOIO BPEMEHU U JIjIg 9TOro He TpebyeTcsd BBIIPY3Ka ApPXUBHBIX BXOJHBIX JTAHHBIX
n3 BJI-SQL. Ob6paborka 3asBOK I0Jb30BaTE/ICH 3a WCTOPUYECKUN IE€PUOJI BPEMEHU
(mocrobpaborka), crarucrudeckuii ananus reomerpun cetu ['HCC crannmit (ypaBHuBaHue
ceTu B mocTob6paboTKe) U perieHne IpUKIaJIHbIX 33/ad B TOCTOOpabOTKe TpebyeT BBIIPY3KH
BXOJIHBIX U (MJIN) BBIXOJHBIX aPXUBHBIX JaHHBIX. BJIOK-CXeMa aJropuTMa oreparyii BHIrpy 3K
ApXUBHBIX JIAHHDBIX IIPEJICTAaB/IeHa Ha PUCYHKE 3.

3anmpoc Ha BBIIPY3KY AapPXUBHLIX JIAHHBIX AaBTOMAaTHYeCKH (HDOPMUPYET IOJICUCTEMA
kouTposist moctymna u ommmmara CIIO mocte KOPppeKTHOroO 3aIllOHEHUSI W OIIATHI 3asBKHU
IOJIb30BaTE I UK 3asBKU 1epconaJia. [Ipu dopmMupoBannm 3arpoca uCrnoab3yoTcs Mad/ I0HbI
BXOJTHBIX W BBIXOJIHBIX JAHHBIX CHUCTEMBI JIJIsI PEIIeHNs] BCeX THIIOBBIX PACIETHBIX 3 IaHUI.
[ITabsonsr ganubix OyayT chopmupoBanbl mpu paspadborke [IMO.

Bampoc Ha BBIIPY3Ky maHHbix noctymaer B CYBJL Microsoft SQL Server, koropas
BBITTOJTHSIET TIOWCK JAHHBIX B cpeaHecpounoit pemamuonnoit BJI-SQL mo arpubyrtam
OTHOIEHUN " 3HadeHusaM Kiodeir. llpm wHagmaum Tpebyembrix manabix B BJI-SQL,
CYB/I Boirpyxaer ux ajpecary. Ilpu orcyrcrBum mckombix jganabix B b/I-SQL 3ampoc
TpaHCaupyeTcs B goarospemertoe xpauusuiie Tabaui, TAB Azure. [Ipu vamnaun TpebyeMbrx
JTaHHBIX, OHM BRITpy:Kaforcs n3 TAB Azure agpecary. Ilpn orcyrcTtBum TpebyeMbIX JaHHBIX
dopmupyercst oTBeT 00 OTCYTCTBUHU 3aIPAITABAEMbBIX apXWBHBIX JAHHBIX. OTpHUIATeTbHBII
OTBeT TpebyeT MPOBEPKN KOPPEKTHOCTH 3arpoca n craructukn paborel [HCC crannmit cetn
(mpoBepka peectpa cOOEB U OTKA30B).
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Ornepanuu BBITPY3KM apXUBHBIX JIAHHBIX MOBTOPSAIOTCH 110 aJrOPUTMY PUCYHKA 3 HpU
MOCTYIJICHUN CJIEIYIONIUX 3aIIPOCOB Ha BBIMPY3KY apXUBHBIX JAHHBIX CHCTEMBI.

4.4 Anroputm oreparuii KOHTPOJIS IIApAMETPOB TeJIECUTHATU3AIUN

Tenemexanuka CucreMbl BKJIIOYaET METOJAbI W CPEJICTBA  YAAJCHHBIX — U3MEPEHHI
(renemerpun), TtenecurHasm3aruu u rtejeynpasienus obbekramu (THCC  cranmmsivm).
Tenecurnammzarus odbecreanBaeT MOTydeHne NHHOPMAIUU O COCTOSHUN KOHTPOJIUPYEMbBIX U
YIIPaBJISIEMBbIX OOBEKTOB B BUJIE PsiJIa BOZMOMKHBIX JTUCKPETHBIX COCTOSTHWIA, U BO3MOXKHOCTH
KOHTDOJIsT U3MeHeHuil cocroguus. Hampumep, ycTpocTBO BKJIIOYEHO WM OTKJIIOYCHO,
apaMerpbl yCTPOHCTBA COOTBETCTBYIOT YCTAHOBJIEHHBIM MpejesaM (HaXOAsTCs B HOPME)
WJTH BBIXOJISAIT 3a TIPeJIeJIbl (He B HOPMe), YTO MOYKET O3HAJaTh Mmepexol 00beKTa B aBapuiiHoe
cocroginme. BJIOK-cxema ajropurma oneparuii KOHTPOJIS ITapaMeTPOB TeJIeCUTHAJUBAINN
(muckpernbix curnaigoB 'HCC crannmii) npescrasiena #a pucynkax 4 u 5. Juckpernbie
curaanbl obosuadensl TALj, rme j — yc/IOBHBIN TOpSIIKOBBINT HOMep curHajga or 1 mo K.
Omnepanum KoHTpoJI HadnHatoTcs ¢ 3arpy3ku npoduas 'HCC cranmuit un mabiona nakera
BXOJIHBIX JdaHHbIX. g xoutpossg curnamoB ot Becex 'HCC cranmmit 3amyckaercs KT
nepebopa id nomepos 'HCC cranmuit ot 1 1o N. 3arpykaercs makeT BXOJHBIX JAHHBIX OT
nepsoit 'HCC cranmun nomep id=1.

Bamyckaercs 1muk nepebopa mHomepos j curnaios TALj or 1 o K. B nukie nposepsiercs
HaJIMYIUe I[epBOro M Tocjeayomux gardukoB curnasa TALj, tak kak ['HCC cranmun
ceTu MOryT ObITh Pa3HON KOMILIEKTHOCTH, YaCTh JATUYUKOB MOXKET OTCYyTCTBOBAaThL. Hcym
JIATIUK OTCYTCTBYET, JAJbHEHIINI aHa 3 IPEKPAIAeTCs U BHIIPY2KaeTesd perenne «/laTank
orcyTcTByeT». [Ipn HAMUYINM aTYnKa BBIIOTHACTCS IIPOBEPKa cTaTyca «/laTank BBIK/IIO9eH»
win «/larauk Br/oden». [Ipu BKIIIOYEHHOM JATYUKE BBIIOJIHIETCS AHAIU3 IIapaMeTPOB
curnaya TALj.

[Tepuon perucrpanuu Moka3aHuil JATIUKOB TEJIEMETPUU W CUTHAJIM3AIUU OTJIMIACTCH
JIUI Pa3HBIX JIATYUKOB M CYIIECTBEHHO Oosibiiie (0ObraHO OT 5 cekyHy j0 1 dwaca), dem
[IEPUOJI PErUCTPAIMH HABUTAIMOHHBIX JaHHBIX (06braHO orT 1 1m0 30 CekyH[), MOITOMY HE
Ka Kbl TIAKEeT BXOHBIX JIAHHBIX cojiep:kuT curnas TALj, qacTh makeToB cojep:KarT MyCcThie
dYeWKN JI JIAHHOTO curHaja. lIpoBepsierca nasmune wim orcyrcrBue curaana TALj B
MaKeTe JAHHBIX, [PU OTCYTCTBUU BBIIPYKAETCS CTATYC «3HAUEHUE CUT'HAJIA OTCYTCTBYETS.
[Ipu Hasu4aum curxasa BBIIOJHAETCS aHAIN3 ITapaMeTpa CUTHAJA U BBIIPYKAETCH pPEIIeHUe
«[Tapamerp curnaia B HOpMe» Jnbo «[lapamerp curnaia BHe HOPMbI» (YTO O3HAYAET
aBapuitHOe COCTOSIHIUE y3J/Ia UJIN BKJIIOUEeHNe,/ OTKIIIOUEeHIe Y371 BOIIPEKH IITATHOMY DEKIMY ).
[Ipu mapamerpe curuaja BHE HOPMBI B 1EeHTD ympasierus CucrteMoil BbIIaeTCs aBapuitHoe
coobrmerre B Tpadudeckoit ¢popme u 3BYyKOBO# curHas. Ha srom anmanmus curnanga TALj c
HOMepoM j=1 3akonueH. BrixojHoe perenne (anasms snavdenns curaaia TALj) Beirpyzxkaercs
B pensiuonnyio B/I-SQL ¢ momepom I'HCC cranmuum id u maentudukaTopoMm BpeMeEHH,
PABHOM BPEMEHU ITAKeTa BXOIHBIX JIAHHBIX.

Mg ananmmsa cienyromux curiaiaoB TALj nuki j noBropsiercst st j=j+1 (yBemmuenue
HOMepa Ha eauHuIly) 10 gocrukenns j—K. [Tocre anamusza Becex curnasnos TALj ayst nepsoii
I'HCC cranmuu ¢ somepoMm id=1 moBropsiercss mukia gyt id=id+1 mo mocrmkennst id=N
(mocseasst craniws). B urore ananmsa Bcex auckperHbix curiasioB TALj mis Bcex THCC
cranmmii B B/I-SQL BbIrpyzkeHbl Bee BuIXOIHBIE perenust: «/larauk orcyrersyers (kox 000),
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«latank BoIkOUeH» (Kox 001), «3madenue curnasna orcyrcrByers (kox 100), «Ilapamerp
curnana B HopMmes (kox 101), «Ilapamerp curnana Bre HOpMBI» (Kox 110), aBapwuiitbie
CATHAJIBI IIepeJaHbl B IeHTDp yupaBieHusa CucreMoil s NPUHATHA YIpaBIeHIECKHX
pereHnii.

4.5 AJaropuTM oliepaliuii KOHTPOJIS CUTHAJIOB TeJeMeTpUuun

Tenemerpus BKJIIOYaET METOJbI U CPEJICTBA YIAJCHHBIX U3MEPEHU MapaMeTpPOB COCTOSHUSI
o6bekroB (y3noB 'HCC crannmii), obecriequBaer moJydeHre WHMOPMAIMHA O COCTOSHUM
00BbEKTOB B BHJI€ U3MEPEHHBIX 3HAUYECHMI mapamMerpoB. Hampumep, BeIUYUNHBI HaIPSI?KEHHI
[IEPBUYHON W BTOPUYHON CETH 3JIEKTPOIUTAHUs, ypPOBeHb 3apsja akkymysaaropa WBII,
BEJIMIMHBI TEMIIEPATYPhI U BJIayKHOCTH cHapyzku n BHyTpu Kopryca ['HCC cranmum, yribt
HakI0Ha 1rardopMbl anterHbl curHaioB ['HCC u apyrme. Curaasibl TesleMeTpun MO3BOJISIOT
OIleHUBAThH (PAKTUYECKHE 3HAYCHUS IAapaMeTPOB YCTPOWCTB U BBIABIATDL aBapUiHbIC
COCTOSIHUsI, KOTJIa 3HAYEHHS IIapaMeTPOB CUTHAJIOB TeJIEMETPUN IPUOJIMKAIOTCS WA BBIXOIAT
3a JIOMYCTUMBIE (YCTAHOBJICHHBIC) IPAHUIHbBIC 3HAUCHHUSI.

Curnajpl TeJIeMeTpUn U TeJTeCUTHAIU3AINN HUCIOIB3YIOTCA I OOIeil 1mesin KOHTPOJIsT
coctosans  y3i10B ['HCC crammumit, HO OTIMYAOTCS JETAJIBHOCTHIO HWHQMOPMAIMH U
BO3MOXKHOCTSIMU IIPOoruo3upoBanusi. CUTHAJBI TeJIEMETPUN COJEPKAT M3MEPEHHbIE 3HAUCHUSI
[mapaMeTpoB, a TeJIECUTHAJIU3AIMS IIPEJOCTABISIET IUCKPETHbIE 3HAYEHHUS COCTOSHUS
YCTPOHCTB  (BKJIIOUEHO-OTKJIIOUEHO, B HOpMe-He B HOpMe) 6e3 yKasaHds 3HAYeHWUil
rapaMeTpoB.

Biiok-cxema ajiropuTMa omneparuii KOHTPOJIsE CUTHAJIOB TeJIEMETPHUH IPeJCcTaB/ieHa Ha
pucynkax 6 u 7.

AJropuT™M KOHTPOJISI CHTHAJIOB TeJeMEeTPUU B IEJOM IOBTOPSIET AJTOPUTM KOHTPOJISA
[apaMeTpoB TEJCCUTHAIM3AINH, 38 UCKJIIOUEHUEM IIPOIEYPhl aHAIIM3a TapaMETPOB CUTHAJIA
teemerpun. Curtasibl Tejemerpun obosnaderbl TLMI, rie i — yCIoBHBIN HOPSIKOBBII HOMED
curtaysia ot 1 1o M. Konrposb curnaoB TejeMeTpuu HaIMHAETCHA C 3arpy3Ku Mpodueit
I'HCC crannmit n mab/I0HOB IakeTa BXOJHBIX JAHHBIX. J[JIsT KOHTPOJIsT CUTHAJIOB OT BCEX
I'HCC cranmuit 3amyckaerca 1wk mepebopa id momepoB 'HCC crammuit or 1 mo N.
Barpy:kaercsa naker BxoaHbix gaHHbX or 'HCC cranmmm ¢ mopsakoBbiM HOMepoM id=1.
Samyckaercsd UK/ repebopa nHomepos i curaaigoB TLMi or 1 mo M. Ilposepsiercs nasutue
nmaranka curaajga TLMi mo mpodumio 'HCC crammuu. Kommiexktnoers 'HCC crammuit
MOXKET OBITb Pa3/JIMYHOM, M YacTh JATIYUKOB MOXKET OTcyTcTBOBaTh. Ecyim maramk TL-
Mi orcyTcTByeT, HaJIbHEHINNN aHAIU3 IPEKPAIAeTCs U BBIFPyKaeTcs perneHne «/laramk
orcyrcrByers (koz 000). Ilpu Hajmunm jJaTymka BBIIOJIHSETCST TPOBEPKa craTyca «/laTank
BoikiioueH» (ko 001) mwm «/arank Britodens. [Ipn BKIIIOUEHHOM JIATUUKE BBITIOJIHSIETCS
anajm3 napaMmeTpoB curnasa TLMi.

[Teproa perucrpaln MOKa3aHUil PA3HBIX JATYNKOB TeJIeMEeTPHU Pa3JudHbIl (0OBITHO
or 5 cexyHz 70 1 9aca) U OTJIMYAETCsl OT MEPUOJa PErUCTPAIINE HABUTAIIMOHHBIX JIAHHBIX
(06branO 0T 1 110 30 CeKyH/T), ITOITOMY HE KaKJIblii TAKeT BXOJHBIX JAHHBIX COJIEPIKUT CUTHAJ
TLMi, gacTh makeToB cojiepKaT IycTble ddeiiku. [IpoBepsercd Haau4due WM OTCYTCTBUE
curaaga TLMi B makere mamabix. [Ipu oTcyTcTBUM cUTHAIA BRITPYKAETCS CTATYC «3HAYEHHE
curnasa orcyrersyers (ko 100). IIpu wammanu curnana TLMi us npoduns THCC cranmuu ¢
HomepoM id Beirpy2karorcst MuauMmaabaoe MINi n makcnmaibroe MAXi rpanndHbie 3HAYEHUST
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C Havano )

v

TMpoghuwte MTHCC cmanyuu (id Homep, ums, IP-adpec,
3a rpyska n podounsa u nepeyeHs U Cmamyc yanos, wabnoH nakema 0aHHbIX,
2PaHUNHBIE IHAYEHUS CU2HaIIOe Menemempu)
wabnoka nakera F==1 obHoansemcs npu uameHeHul koHgbuzypauuu MCC
AaHHbIX ANA BCeX cmanuuy. LLiaGrion niakema GarHeIX CooemKUm
MHCC craHumin cetn r1epeyeHs, N0CeA0eamensHOCTL U adpecHyr
\L CMPYKMypy pasMelieHust GaHHbIX 8 nakeme
/ LlMKJ‘I id \ Luxn nepebopa id Homepoe MHCC cmanyuil cemu
| __] euHmepeane om 130 N
or1a0N

v

3arpyska nakera TekyLLux
WU apXyBHbBIX BXOAHbIX

paHHbIx oT THCC cTaHumm
Homep id
/ LlVIK.ﬂ i \ L{ukn nepebopa HoMepos i cusHanoe
L --1 menemempuu TLMi e uimepsane om 1 do M
or1ao0M

)

[NpoBepka Hanu4usa
natyuka TLMi no
npocpunio MHCC
cTaHuuu Homep id

Ha TLMi =000 Het

[LATUMK OTCYTCTBYET

Bbirpyaka cratyca Mpoeepka cTaTtyca

paatumka TLMi =000 aatymka TLMino

npocunio MTHCC
«[laT4nk oTCyTCTBYET» CTaHL Hosep Kl

|

TLMi =001 HeT __| Hamaux cueHana TLMi ycrmaroaneH, exmoseH
AATYAK YCTAHOBNEH,

BbIKINHO4YEeH

Oa

y

Mownck aueek curHana TLMi
no wabnoHy AaHHbIX,
n3eneveHue curdana TLMi
13 NakeTa AaHHbIX cTaHumm id

BeIrpyska cratyca
gartymnka TLMi =001
«[JaTunk BbIKNHOYEH»

v

AHanna 3Ha4eHus
curHana gartyuka TLMi
ot M'HCC craHumn id

Pucynok 6 -  Buiok-cxema ajgroputMma oOHepaliii KOHTPOJIS CHIHAJIOB TEIEMETPHU
Cucremsl (qactb 1)
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HameperHoe 3HaqYeHue cuzsHana TLMi
npedcmasneHo YUCHosbiM Kodom
¢ nnasaioweli 3anamod X, XXXXxxxxEyy

TLMi =100
3Ha4eHue curHana
OTCYTCTBYET

Oa Her--

Y
i [paHu4HbIe
Bbirpyska 3Ha4eHns Bbifopka rpaHnuHbIX 3HAYEHUNA | | suavenus MING
curHana TLMi =100 curHana TLMi usnpocpuns. | | MAXidna
«3HaveHune curHana MNpoBepka 3Ha4yeHusa curHana gﬁga“":o 7,77;“"‘{"
OTCYTCTBYET» TLMi B npenenax rPaHNHHBIX e nupaum i
3HadeHurn ot MINi go MAXi MHCC cmanyuu
I € Homepom id

Hert --| 3Haverue cuenana TLMi exe Hopmb!

MINi< TLMi <MAXi
3HaYeHue curHana

N N

Boirpyaka sHaveHus curdana Bbirpyska sHaueHns curHana
TLMi = X, xxxxxxxxEyy TLMi = x,xxxxxxxxEyy
(3HaveHwe curHana B Hopme) (sHaqeHue curHana BHe HOpMbI).
Bblgava aBapuinHoro curHana
B LIGHTp ynpaeneHus Cuctemoii

? 9999

BblrpySKa 3HAYEeHNS / Beoixodroe pewerue 0ns cuenana TLMi om

cmaxyuu Homep id ebizpyxaemcs e BJ-SQL
curHana TLMi craHun 8 eude koda 000 (Gam4uk omcymcmesyem),
HOMEP ide PENAUNOHHYKO 0071 (Gamyuxk ebiknioyeH), 100 (3HaveHue
B ﬂ-SQL omeymemeyem) unu ghakmuyeckoe 3HaveHue
TLMi = x,xxxxxxxxEyy

Vsenuqmb HOMeEp i
curHana TLMina 1,

N\ Lnkni /

YBenuuutb Homep id
MHCC craHuum Ha 1,
Liykn id

%/
( o )

Brok-cxema ajropurMa orepannii  KOHTPOJI CHUTHAJIOB TeJIEeMETPHH

Pucynok 7
Cucrems! (JacTb 2)
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napameTpoB curnajia 1TLMi. Bemomnsgercsa npoepka snadenmnss mnapamerpa curnaja 1L-
Mi Ha coorBerctBue rpanmdnbiM ycaoBusM (MINi <TLMi <MAXi). IIpu coorsercrBun
3HAUEHUsI TMapaMeTpa CHUTHAJIa TPAHUYHBIM YCJIOBHAM (TlapaMerp CHUTHaJa B IIpejesax
HOpMBI), 3Hadenue curaaga TLMi Beirpyxkaerca B B/I-SQL. TIpu necoorBercrBun 3naveHust
napaMeTpa CHUTHAJA TPAHUYHBIM YCJIOBUSIM (BHE HOPMBI), 3HaueHue curHasiga TLMi rakxke
Boirpykaercd B B/I-SQL u B nieaTp ynpasienus Cucremoii BbIJIAeTCs aBapuitHoe coodieHne
B rpadudeckoit popme m 3ByKOoBOil curnasi. Amanm3 curaaga TLMi ¢ Homepom i Ha 3TOM
3aBepIIEeH.

s ananusa caemyronux curdaigoB TLMi nukit 1 nosropsiercst s i=i+1 (yBesmdenue
HOMepa i Ha emunuIyy) jo gocruxkenusi i=M. Ilocie anmammsza Bcex curnagoB TLMi s
I'HCC crannun ¢ HomepoMm id=1 muki nmoBropsiercs st id=id+1 mo moctuskenus id=N. B
pesysbTare anajnz3a Beex curnayioB tejgemerpun TLMi s Becex THCC cranmuit 8 BJI-SQL
BBIIDYZKEHBI BCe BBIXOJHBIE perenust 1o curHasgaMm TLMi: «/Tarauk orcyrersyers (koz 000),
«Jlarank Beikm09en» (ko 001), «3navenue curnaia orcyrcrByers (kox 100), usMepenHbie
sHavYeHns curuasioB rejgeMerpun TLMi (ducioBbie Kofpl), aBapuilHble CUTHAJIBI TIEPEIaHbl B
1eHTp yipasieruss CrucTeMoii.

5 3akJroueHue

B pamkax paboT 1O CO3/aHUIO CHUCTEMbI VIIpaBJICHUS CeTeBOl HMHMPaCTPYKTYpPOii
pedepentabix  GNSS  cranmuit ¢ ucnosib3oBaHneM O0JAYHBIX TEXHOJIOTHH pa3paboOTaHO
crenuam3upoBaHHoe  nporpamvuoe obecrieuerune. Kogx  CIIO  wmammcan ¢ MOMOIIBIO
a3pika porpamvupoBannsg C# 6.0/7.0 B cpeme paspaborku Microsoft Visual Studio,
CBSI3aHHOM ¢ mporpaMMHOil mwaaTdopmoii ucnoanenns npunoxkennit Microsoft .NET Frame-
work B obmaunoit miaardopme Microsoft Azure. CIIO cumcrembr ymnpabiieHust ceTeBoOit
undpactpykrypoit pedepenriubix GNSS cranmuit ¢ ucnosb3oBaHnEM 00JIAYHBIX TEXHOJIOTHI
BBITIOJTHsIET (DYHKITUH HEIIPEPBIBHOIO U MAPAJLIEIHBHOTO BO BpeMeH: cO0pa HABUTAIIMOHHBIX U
TeJIeMEeTPUIECKUX JAHHBIX, BBITPY3KH apPXUBHBIX JAHHBIX, IIPOBEPKH IEJOCTHOCTU JIAHHBIX,
JINATHOCTUKU M KOHTPOJIS KadeCTBA MapaMeTPOB CHCTEMbI, apXUBAIMN U XPAHEHUs JAHHBIX,
yupasieaus ['HCC cranmusavu, npegocTaBieHus JaHHBIX OJb30BATEISIM, PETUCTPAIINN,
BEJICHIS PeecTpa U KOHTPOJIA JOCTYTIa 1mojb3oBareseir. Pazpaborantoe CIIO BoimosiHsieT cBou
GYHKIMK TIyTeM pean3alui CJAeAYIONUX aJrOPUTMOB: aJITOPUTM cOOpa BXOJHBIX JIAHHBIX,
AJITOPUTM OIepaIlnil XpaHEeHUsI JAHHBIX, AJTOPUTM OIEPAIIUil BHITPY3KHM apXUBHBIX JIAHHDIX,
AJTOPUTM OIepalyii KOHTPOJIS [apaMeTpPOB TeJIeCUTHAJIM3AINNA, AJTOPUTM KOHTPOJIS
CUTHAJIOB TeJIEMETPUM.

6 Buaaropmapuoctn

Pabora BbImOSIHEHA TpHM TMO/IEpKKEe TPAHTOBOTO (DUHAHCHPOBAHWS HAYIHO-TEXHUIECKIX
nmporpamMM U IpoekToB MwunucTepcTBOM HayKnm u obpasoBanus Pecnybsimku Kazaxcran
(rpant AP05134038 «Pa3paboTka MporpaMMHON CHCTEMbI yIpaBJieHHsl WHDPACTPYKTYPOit
pedepennubix GNSS cranmumii ¢ ucroyib3oBanueM 00IadHbIX TexHOIornii», 2018-2020 ropr).
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MODELLING THE INFLUENCE OF ELECTRON CONCENTRATION ON
MHD TURBULENCE BY LES

In the present work, a three-dimensional mathematical model of the influence of electron con-
centration on the dynamics of the E-layer of the ionosphere under nonisothermal conditions is
developed. The proposed method shows high computational efficiency and good quality estimates.
To approximate the solution of the convective and diffusion terms of the intermediate velocity
field, the finite difference method is used in combination with a five-diagonal matrix, which made
it possible to achieve fourth-order accuracy in space and third-order accuracy in time. To solve
the pressure, the Poisson equation is solved, which ensures the fulfillment of the continuity equa-
tion. The Poisson equation is transformed from physical space to spectral space using the Fourier
transform. The equation for the temperature and electron concentration is solved using the Adams-
Bashforth method. Before modeling the influence of the magnetic field on MHD turbulence, to
test the adequacy of the numerical algorithm, the Taylor Green test problem was performed for
various Reynolds numbers, where it agrees well with the reference spectral method and analytical
solutions. As a result of the simulation, the temperature contours and turbulent flow isotherms for
various Stuart numbers were obtained. The developed numerical algorithm can be used to model
the attenuation of ionospheric turbulence at various Stuart numbers.

Key words: Ionosphere E-layer, concentration of electron, magnetohydrodynamics, Taylor-Green
vortex problem, finite difference method.
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Ipi KYUBIHABIIBIK 9iCiH KOJOaHy apKbLJiIbl 3JIEKTPOH KOHIeHTparussabie, M1
TypOyJIeHTTi/IiriHe ocepiH Moaesaey

Ochbl KyMBICTA 3JEKTPOH KOHIEHTPAIMSICHIHBIH HOHOChEepanbiH, E-KabaThIHBIH [IWHAMUKACHIHA
ocep eTYOiH VI OJIIeMIi MaTeMaTUKAJBbIK MOJe/i KYpPbLIFaH. YCBIHBIIFAH 9JIiC KOFaphbl
ecernrey THIMJIITH KoHe CallaHbl YKaKChl Harasiayibl Kepcerei. ApaJiblK KbLIIAMIbIK, OPIiCiHIH,
KOHBEKTHUBTI 2KoHe Tudy3UsIIbIK O0IIKTEPIH allIpOKCUMAIUAIAY YIIH aKbIPJIbl ailbIPMIBLIBIK,
omici Gec AUArOHAJLILI MaTPHUIAMEH Oipre KOJJaHbLIAABI, Oy KEHICTIK OOWBIHINA TOPTIHIII
pPeTTi IPJIIKKE >KOHEe VaKBIT OOMBIHINA VIMHIN PeTTi JOJIIIKKe KOJ KETKi3yre MYMKIHIIK
6epmi. KpIchIMABI TNty YImH Y3TKCI3MK TeHeyiHiH OphIHAAIYBIH KaMTaMacki3 eTeTin [lyaccon
tereyi mentisieni. [lyaccon renmeyi @ypbe TypieHgipy 9ici KoMeriMeH (OU3NKAIBIK, KEHICTIKTEH
CHEKTPJIK KEHICTIKKe aybICTBIPBLIAJBL. TemMiiepaTypa MeH 3J€KTPOH KOHIIEHTPAIIASICHIHBIH,
rergeyi Anamc-Banidopr omici apkpuibl merrieni. Maraurrik epicring MU TypOynentrigirine
OCepiH MoJIeb/ieyieH OYPBIH, CAHMIBIK AaJTOPUTMHIH cofikecTirin Tekcepy ymriH, Teitop ['pun
ChIHAKTapbl PelHOJBACTHIH, OpTYPJl caHjapbl VIMIH KYPri3lifl, CajbICTBIPY HOTHUXKECiHe
KYPBUIFaH CAHJBIK O/ICTIH IIENIiMi CIEKTPAaJIbJIbl 9JIiICIMEH KOHE AaHAJUTUKAJIBIK, IIENiMIepMeEH
JKaKChl KeJiiciMjie KepcerTi. Mojesibey HoTHXKeCiHe TypOyJeHTTI arbiHHBIH, opTypsi Crioaprt
CaHIAPBI VIIH TeMIeparypa KOHTYPJapbl MEH H30TE€PMAJIapbl AJBIHIBL. O3IPJEHIeH CAHIBIK,
agroputM CTIOapPTTHIH 9PTYPJIl CAHIAPBIHIAFBI HOHOCKhEPAJIBIK, TYPOYIEHTTIIIKTIH, ypIicine ocepin
3epTTeyre apHAJJIBL.
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MonenupoBanue BJIUSHUsI KOHIIEHTPAuu 31eKTpoHoB Ha MI/I-TypOysieHTHOCTh MeTOa0M
KPYITHBIX BUXpeii

B uperncraBiennoit pabore paspaborana TpexMepHas MAaTEMATHYECKAs MOJEJb BJIUSHUS
KOHIIEHTPAIINA JIEKTPOHOB Ha JTUHAMUKY E-ciosi moHOChEpPhl B HEM30TEPMUYECKUX YCIOBUSX.
IIpemoxkeHHbIit METOJ, TOKA3BIBAET BBICOKYIO BBIYUCIUTEIBHYIO 3(MMOEKTUBHOCTH U XOPOIIee
Ka4ecTBO OIleHKH. JljIs ammpokcuMmaluy pemieHusl KOHBEKTHUBHOIO ¥ Jud@Dy3MOHHOTO YJIEHOB
IIPOMEKYTOYHOI'O IIOJI CKOPOCTEHl MCIOJIb3yeTCd MEeTOJ] KOHEYHBbIX Pa3HOCTeil B COYETaHUU C
IATUIAArOHAJIBHON MaTpulleil, KOTOPbIM IIO3BOJIMJI JOCTUYb TOYHOCTH YE€TBEPTOr'O IMOPAIKA B
MIPOCTPAHCTBE U TPETHEro MOPSJIKa BO BpeMeHW. J[Jid pelreHus TaBJIeHUsT PEIaeTcs ypaBHEHUE
IIyaccona, koTopoe obecrieumBaeT BHIIOJTHEHNE YpaBHEHUsI Hepa3phIBHOCTH. ¥ paBHeHHe [lyaccona
npeobpasyercs u3 (QU3NIECKOTO IIPOCTPAHCTBA B CIEKTPAJIBHOE IIPOCTPAHCTBO C IIOMOIIBIO
npeobpazosanusg Pypre. YpaBHeHHEe JJIs TEMIEPATYPHl U KOHIIEHTPAIIMH 3JIEKTPOHOB PEIIaeTCs
¢ ucnosb3oBanneM Mmeroja Amamca-bamdopra. [lepen mopesmpoBannemM BJIHSHHS MATHUTHOTO
monsg Ha MIJl TypOy/neHTHOCTB, I MPOBEPKU aJI€KBATHOCTH YHCJIEHHOTO AaJICOPUTMa ObLIa
BBITIOJTHEHA TecToBad 3a1a4a Teitnopa ['puna misa pazmmaabix guces PeitHosbica, riie oHa XOpoIio
COTJIACYETCS C STAJIOHHBIM CIEKTPAJLHBIM METOJIOM U aHAJUTHIECKUMU pelleHnsaMu. B pe3ynbpraTe
MOJIEJINPOBAHUS OBLIM IIOJYYEeHbl TeMIIepaTypHble KOHTYPbl M U30TEPMBI TYPOYIEHTHOrO
moToka it pazimanoro uucia Crioapra. PazpaboTaHHBIN YUCIEHHBI AJITOPUTM MOXKET OBITH
WCITOJIb30BAH [IJIsi MOJIEJIMPOBAHUS 3aTyXaHUs HOHOCKHEPHON TypOYJIEHTHOCTU DU PA3IUIHBIX

qnciaax Crooapra.
Kiiouessbie cioBa: nonocdepa E-cioit, KoHIIEHTpaIus 3JIEKTPOHOB, MArHUTHAS THIPOITHAMUKA,

BuxpeBad 3aa4a Teitmopa-1'praa, MeTO KOHEYHBIX PA3HOCTEIN.

1 Introduction

Extensive research has been undertaken over the past decades to improve our knowledge of
the Earth surrounding ionosphere. The ionosphere layer is consisting of neutral and charged
particles that interact with each other and are exposed to external influences of solar origin
and are limited by gravitational, electric and magnetic fields. To simulate the ionosphere
medium means to find a satisfactory description of the behavior of its constituent particles
in a selected space interval in time. Modeling is necessary because it is impossible to observe
the structure and dynamics of the environment in all places and at any time. We will consider
the E layer of the ionosphere, which corresponds to an altitude of approximately 90 — 120
km. There is every reason to believe that at these altitudes the gas is weakly ionized, degree
of ionization Ne/Nn is quite small Ne/Nn << 1, where Ne and Nn are the electron and
molecule concentrations, respectively.

2 Literature review

It is well - known that instabilities produce turbulence in ionosphere [1,2| and significant
amount of researches have been to study instabilities and their application to ionosphere
turbulence. The chaotic behavior of ionosphere electron density fluctuations resulting from
the interchange instabilities has been investigated [3], and describing the evolution of the
Rayleigh-Taylor and E x B gradient drift instabilities which are relevant to the ionosphere
and reduce to equation which correspond exactly to the Lorenz attractor for Rayleigh-Benard
instability [4,5]. In the developed three-mode system of chaotic behavior the ion inertia plays
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a critical role in that if it is neglected, the three mode system does not exhibit chaos and
a stable convection results [3]. In [6] is shown in the inertial regime , for which the three-
mode theory predicts chaos, and the large-scale turbulence cell do not show chaotic behavior.
We present our results for three mode systems, which corresponds to the Rayleigh Benard
problem. The concept of convection is quite old, however the first quantitative experiments
were performed by Henri Benard [7]. He studied the stability of a thin fluid layer open to air
and submitted to a vertical temperature gradient, where he accurately determined properties
such as the space periodicity of the hexagonal pattern, its variation, the profile of the interface.
Later, Lord Rayleigh [8] proposed his theory of a feedback coupling resting on buoyancy:
a fluid particle hotter than its environment encounters ever-colder fluid as it rises, which
leads to the instability. He developed a complete linear stability analysis assuming stress-free
conditions for the velocity and good heat-conducting plates. From the computational point
of view, it was shown in [9], that the dynamic LES method can be a useful tool for modeling
weakly ionized magnetohydrodynamic turbulence at low Re,, values and large N. In fact,
since Joule dissipation leads to an energy sink proportional to the amplitude of the velocity
fluctuation at each magnetic field. On the whole, large scales make a significant contribution
to the dissipation of kinetic energy. Therefore, since the role of the energy cascade is less
dominant compared to hydrodynamic turbulence, small-scale modeling can save significant
computational resources.

3 Materials and methods

In the framework of this study, to construct a mathematical model of the influence of elec-
tron concentration on the dynamics of changes in the heterogeneity of the E-layer of the
ionosphere under non-isothermal conditions, we consider an incompressible electrically con-
ductive medium with different electron concentration at the three dimensional area. Some
assumptions like no charge separation is observed inside the electrically conductive liquid [10],
the Lorentz force decreases to the magnetic part have been made. For a very wide range of
problems, assuming that relativistic effects are negligible, the nonlinear MHD equations are
directly derived from Maxwell’s equations, so the only relevant equations relate to speed and
magnetic fields. However, even for these specific problems, the Lorentz force in the Navier -
Stokes equations can be specified by various expressions depending on the range of parame-
ters characterizing the flow [10]. It is known that turbulent fluctuations become anisotropic
in the presence of a sufficiently strong magnetic field, which has important con- sequences for
the properties of the turbulence and possibly requires a modification of the numerical models
applied to such flows. If Re,, > 1, there is a two-way coupling between the fluctuations of the
magnetic field and the velocity [11,12]. As the fluid moves in the applied magnetic field B,
induced electric currents result in the Lorentz force affecting the flow and in the modification
of the imposed field by perturbations b of comparable or even larger amplitude. This hap-
pens, for example, in astro-physical processes, in stars, the interstellar medium, etc., where
Re,, << 1, and in geophysics, the geodynamics, where Re,, = 10? [13].
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3.1 Statement of the problem

The applied magnetic field B = —H,j effect in the Navier-Stokes equations is the inclusion
of the Lorentz force to the momentum equations F; = J x B where J = o(E +V x B)—
is electric current density E - is electric field strength, which we set equal to zero, and o is
electric conductivity, V' = u1i 4 usj + usk - velocity of fluid, and all of these in combination
we obtain F; = o(V x B)x - Lorentz force, where Fy = o[(u1i+usj+usk) x (—Hoj)] x (—Hyj)
is in detail, after using the properties of the multiplication of unit vectors, we obtain F; =
o(uy Hok — usHyi) x (—Hyj), or Fy = o(—u1HZi — usHZk), and F; = Fy + F, + F3, where
Fl = —O'UngE, F2 = 0, F3 = UUgHg/% [14]

To construct a mathematical model of the influence of external disturbances on the gener-
ation and evolution of large-scale inhomogeneities in the E-layer of the ionosphere, we consider

the transport equation for the magnetic field, which underlies the theory of incompressible
MHD:

(0 (u;)  O(usuy) op oty 1 9 [ou Ra -
R Fy+ =50,
ot + Oz, Ox; Oz + Re Ox; \ Oz, tht Re2Pr
d(u;)
81‘2' —07
90) owd) 1o () _ o0,
8t a.flfj n RePr 81']‘ a.flfj a.flfj in (]_)
one +u_8ne 0 , one
8t j@xj N 8$j T@mj ’
Ty = (g — (ut;),
\ Tje = (W - (ﬂjé)
where 41, s, U3 - are velocity components, x1,Zg, z3 - coordinates, F, = —aNoty, F» = 0,

F3 = —nNyus - non-dimensional Lorentz force [14], N = o¢LHZ/pVy = n.Ny is the Stuart
number, where Ny = 0o H3 L3/ (poUy) = Ha?/Re, Ha = HyL+/0 /i - Hartmann number, H -
magnetic field strength, o is the conductivity of the medium, which is determined from plas-
ma physics 0 = e?n./(mev;) = n.oq, where e-elcetron charge, m,- electron mass, n, electron
concentration,v; - effectivr electron collision frequency in the ionosphere. p is the full pressure,
t is the time, Uy = \/aD(Ty — Ty) L3 - characteristic velocity, § = (T — Tp) /(11 — Tp) - non-
dimensional temperature, where Ty and T} are respectively the minimum and maximum tem-
peratures in the E layer of ionosphere, Ra = ag(Ty — Ty)L3/(vD) - Rayleigh number, where
a is volumetric thermal expansion coefficient, g acceleration due to gravity, Re = \/Ra/Pr
is the Reynolds number, and to compare numerical simulation results with the work [14].
Pr = v/D - Prandt]l number, D - diffusion coefficient, L; = Ly = L3 = L is the typical
length of the domain, v is the kinematic viscosity coefficient, p is the density of the flow, ¢-

nondimensional time, 77, 7']-9 are the subgrid -scale tensors responsible for small -scale struc-

tures to be modelled, Tf = asgs%, where agys = C2/Pry,A?|S| = CE/PTSQSAZQS’US’U)% is
J
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the thermal eddy diffusivity, where Prg4, = 0.6.

A schematic picture of the computational domain is shown in Figure 1, where the top layer
- indicated by the blue color, corresponds to a medium with a strong electron concentration
and a low temperature environment of the ionosphere. The bottom layer - highlighted in red,
corresponds to a weakly electronic concentrated and high temperature environment of the
ionosphere.

p

Top
Ho
_—>
3 4
-------------------------- .
Bottom
X
Figure 1 — Illustration of the problem statement

Initial conditions for temperature, velocity components are set zero in all directions of
the domain, and for electron concentration is n, = 1.

The boundary conditions imposed for temperature, and electron concentration are Dirich-
let on the lower and upper boundary, and Neumann on the other directions of the domain.
The velocity components are equal to 0 in all directions.

Top:

Uy, Uz, U3|top =0

O\top = Ocora = 0, where 6.4 - the lowest temperature of the ionosphere layer is set,
Neltop = 1 - concentrated medium.

Bottom:

U1, Uz, Us|pottom = 0

O\vottom = Onot = 1, where 0.4 - the high temperature of the ionosphere layer is set,
Ne |pottom = 0 - weak concentrated medium.

Other walls:

00 00

L =0,— =0
8$1 ’ 8$2 ’
one 0. one _0.

8$1 N 8$2
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3.2 Numerical method

To solve the problem of homogeneous incompressible MHD turbulence, a scheme of splitting
by physical parameters is used:

(@)t — ()" 1, 1 _, 3 1.
1. — \V/ A+l — = g2y 4 S Z n—L.
Al 2Re " (@) 2re’ U T3 SR
I Ap= —~2—:
Yy - ;
T+l _ (x\n+l
R -
H_n-i-l _ én 1 _ 1 B 3 1
IV. — v2pntl — _— g2pn 4 (2 — —Ggn-l
At 2Pe 2Pev + (2G QG )
pett—qpr o 1 1 1 1
V. % _ §V(VTV7LZ+1> — §Mn _ §Mn—l + §V(VTV’7LZ)
where

K" = —(u"V)u" + F" + (Ra/Re*Pr)o" — (VT*)",

M = —(a"v)nl,

G" = —(u"V)0" — —(vr?)", where Pe = RePr - Peclet number.

During the first stage, the full magneto hydrodynamic equation system is solved with-
out the pressure consideration. For approximation of the convective and diffusion terms of
the intermediate velocity field a finite-difference method in combination with penta-diagonal
matrix is used, which allowed to increase the order of accuracy in space. The numerical al-
gorithm for the solution of incompressible MHD turbulence without large eddy simulation is
considered at [15]. The intermediate velocity field is solved using the Adams-Bashfort scheme
in combination with the five-point sweep method. At the second step, the pressure Pois-
son equation is solved, which ensures that the continuity equation is satisfied. The Poisson
equation is transformed from the physical space into the spectral space by using a Fourier
transform. To solve the three-dimensional Poisson equation, the spectral conversion in com-
bination with matrix sweeping algorithm is developed [15]. The resulting pressure field in the
third stage is used to recalculate the final velocity field [16]. At the fourth stage, the equation
for temperature is solved by using Adams-Bashforth scheme. At the fifth stage, for the solu-
tion of concentration electron equation the similiar algorithm as for solution of temperature
the Adams Bashforth scheme is used.

4 Analitical solution of Taylor-Green vortex problem

We duplicate the classical example proposed in [17| in order to validate the numerical
simulation of increasing order of accuracy in time and in space O(dt?, h'), with efficient
acceleration for sequential algorithm. Starting from a simple incompressible three-dimensional
initial condition of the form.

uy (21, T2, 3, = 0) = cos(axy) sin(axs) sin(axs),
us (1, 9, x3,t = 0) = — sin(axy) cos(axs) sin(axs), (2)

Ug(l’l,l'g,l'g,t = 0) = 0.
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and assuming periodic conditions in a cubic domain: 0 < xq < 27, 0 < 2o < 27,0 < 23 < 27
with a = 1, the three-dimensional filtered Navier-Stokes equation

Ou O 10p 1 &u (3)
ot T 0, ~ pOr; Re Ox;0x;’

can be solved analytically at small times, using the method of perturbation expansion. In
(1) all quantities have been properly normalized by the initial maximum velocity magnitude
Up in the x; or xs direction, and L/27 , where L is the physical domain size, u; -velocity at
i =1,2,3, corresponding to z1, xq, x3 directions, Re = LUy /v is the Reynolds number of flow,
Up - the characteristic velocity, T' = aUpt,a = 27/ L. The pressure p has been normalized by
pUZ . Taylor and Green obtained a perturbation expansion of the velocity field, up to O(%).
The resulting average kinetic energy is:

By =~ (4)
where
Re Re? 24 § Re 2Re? Q

(5 N 367 +4.81 T_5+ 361 N 761 +324 T6
44.12  24Re®>  5Re*/ Re 4432 12Re®*  HRe* /) Re?’

: T 18T? T3 4
u2:1—6—+8——<5 + 36)—+( b0 )T4—

The dissipation rate is written in the following form:

3U2a®
W =pu Zaw (6)

: 5 1877 5 36\ 1° 67
w <—+ >T2—<—+—)—+1——+

48 = Re? 3 Re?/ Re Re
N 50 N 1835 N 54 T 361 N 761 N 324 \ T° "
99.64  9.16Re®> Re* 44.32 © 12Re®>  5Re* /) Re’

Simulation at different Reynolds numbers was compared with the analytical solution of
the Taylor-Green vortex problem from the point of view of: the average kinetic energy and the
average dissipation rate of the turbulent flow. Figure 2 compares the average turbulent kinetic
energy obtained in this paper with the analytical solution of the Taylor-Green vortex problem
for different Reynolds numbers. The results obtained by analytical solution of short-time
theory of TG, spectral methods at 2563grid resolution and hybrid finite difference method
at 643 grid resolution show a satisfactory agreement till 7 = 3 at Re = 100 , and till
T = 4 at Re = 300 , and Re = 600 for the average turbulent kinetic energy. The error
between analytical and numerical solutions for the average kinetic energy was defined as:
Error(Ey) = |EAFPM _ pTG) =104,
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Figure 2 - Comparative results of modeling the evolution of the average kinetic energy

in time, spectral and hybrid methods of modeling the Taylor-Green vortex of: TG short-time
theory at: 1) Re=100; 2)Re=300; 3)Re=600; Spectral method, 2563 at: 4)Re=100; 5)Re=300;
6)Re=600; HFD method at: 7)Re=100; 8)Re=300; 9)Re=600.

Fig. 2. Comparative results of modeling the evolution of the average kinetic energy in
time, spectral and hybrid methods of modeling the Taylor-Green vortex of: TG shorttime
theory at: 1) Re = 100; 2) Re=300 ; 3) Re= 600; Spectral method, 256% at: 4) Re=100 ; 5)
Re=300; 6) Re=600; HFD method, 643 at: 7) Re=100; 8) Re=300; 9) Re=600.

Figure 3 compares the results of average rate of dissipation of the turbulence decay with
respect to time of the numerical simulation, and the analytical solution of the Taylor-Green
vortex problem at different Reynolds number. It can be seen from Figure 3 that the short-
term theoretical results and numerical simulation results are in good agreement till 7" = 2.5
for Re = 100, and T' = 2 for Re = 300; Re = 600. It is difficult to compare the analytical
solution with numerical simulation, since the analytical solution valid only for short-term
time, and the numerical solution can provide good results for long term, so it is worthwhile
to compare simulation results of spectral method and HFD method for long term. The rate of
dissipation increases sharply due to the formation of small-scale flow structures and reaches
a maximum at 7" = 3, for short time theory of TG at Re = 100, and at 7" = 4 for other
case, and then the rate of dissipation shows a decrease in the tendency for result of analytical
solution of TG at Re = 100 because of the decrease in the total Reynolds number of the
stream. In the simulation results, the error between analytical and numerical solutions for
the average dissipation rate is: Error(e) = [e#FPM — IC| = 1072
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Figure 3 — Comparative results of modeling the evolution of the average rate of dissi-

pation of the decay of turbulence in time, the spectral and hybrid methods of modeling the
Taylor-Green vortexof: TG short-time theory at: 1) Re=100; 2)Re=300; 3)Re=600; Spectral
method, 2562 at: 4)Re=100; 5)Re=300; 6)Re=600; HFD method at: 7)Re=100; 8)Re=300;
9)Re=600.

5 Results and discussion

The numerical model allows one to describe the influence of electron concentration on the
dynamics of changes in the inhomogeneities of the E-layer of the ionosphere under nonisother-
mal conditions. The mathematical model of the problem is based on solving non-stationary
equations of magnetohydrodynamics with filtration in combination with the continuity equa-
tion, equations for temperature, equations of electron concentration, equations for the motion
of charged particles, taking into account the continuity equation in a Cartesian coordinate
system in dimensionless form. For this problem, the Stuart number has the following val-
ues a)Ny = 0; b)Ny = 1, the Rayleigh number is taken Ra = 10°, and Prandtl number is
Pr=0.7. For calculations, a grid size is taken 64 x 64 x 64. The domain size are equal to
Ly =27; L2 = 27; L3 = 27 , corresponding accord to the x1, x5 and x5 directions. As a result
of modeling at various Stuart numbers Rayleigh Benard convection is obtained. At figure 4-9
it is shown temperature convection at different Stuart number, and at different sections. It
is seen, that with the increase interaction number, the development of heat transfer flow is
more stable and static than where it is neglected. Heat transfer is largely suppressed by an
external magnetic field. Convection flow will completely disappear under the action of the
inhibitory force of the magnetic field.

In this study, to construct a mathematical model of the influence of electron concentration
on the dynamics of changes in the heterogeneity of the E-layer of the ionosphere under non-
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a) b)

Figure4 — Temperature contour of the turbulent flow for different interaction coefficients
a)No = 0 and Ny = 1 at different sections: x; = 0.05; x; = 0.5; 21 = 0.95.

a) b)

Figure 5 — Temperature contour of the turbulent flow for different interaction coefficients
a)No =0 and Ny =1 at z; = 0.5.

isothermal conditions, we consider an incompressible electrically conductive medium with
different electron concentration at the three dimensional area. To construct a mathematical
model of the influence of external disturbances on the generation and evolution of large-scale
inhomogeneities in the E-layer of the ionosphere, the motion of the electron concentration
under the influence of a magnetic field, regardless of its strength directed horizontally along
the axis, heat transfer were also considered.

The magnetohydrodynamic equation system is used for modeling of ionosphere processes.
The numerical algorithm for the solution of three-dimensional mathematical model of the
influence of the electron concentration on the dynamics of the ionosphere E-layer under non-
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a) b)
Figure 6 — Isotherms for different interaction coefficients a)Ny = 0 and Ny = 1 at
T = 0.5.

a) b)
Figure 7 — Temperature contour of the turbulent flow for different interaction coefficients

a)Ng = 0 and Ny = 1 at different sections xo = 0.05; 25 = 0.5; x5 = 0.95

isothermal condition is developed. For approximation of the convective and diffusion terms of
the intermediate velocity field a finite-difference method in combination with penta-diagonal
matrix is used, which allowed to reach fourth-order accuracy in space and third-order accuracy
in time. For the solution of pressure the Poisson equation is solved, which ensures that the
continuity equation is satisfied. The Poisson equation is transformed from the physical space
into the spectral space by using a Fourier transform. The equation for temperature and
electron concentration are solved by using Adams-Bashforth scheme. The concentration of
electrons under the influence of a horizontal magnetic field shows, that the three-dimensional
instability of convection flow with the increasing Stuart number, the development of heat
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a) b)

Figure 8 — Isotherms fordifferent interaction coefficients a) Ny = 0 and Ny = 1 at o = 0.5
section.

a) b)

Figure 9 — Temperature contour of the turbulent flow for different interaction coefficients
a)No = 0 and Ny = 1 at different sections x3 = 0.05; 23 = 0.5; 3 = 0.95

transfer flow is more stable and static than where, the Stuart number is neglected. Heat
transfer is largely suppressed by an external magnetic field. Convection flow will completely
disappear under the action of the inhibitory force of the magnetic field.

Before investigating the influence of the magnetic field on the flow, the adequacy of the
numerical algorithm was checked without applying a magnetic field. For this purpose, the
Taylor Green test problem was carried out for various Reynolds numbers, where it has a good
agreement with the Benchmark spectral method and analytical solutions.
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ITIOCTPOEHUVE UTEPAIITMOHHOI'O METOJA PEIITEHUN A
HEJIMHENHOI'O YPABHEHU A SJIJIMIITUYECKOT'O TUITA HA
OCHOBE CMEITAHHOI'O METOJA KOHEYHbBIX 9JIEMEHTOB

JlanHas cTaThs MOCBSINEHA TOCTPOEHUIO U MCCIEIOBAHNIO KOHEIHO-3JIEMEHTHOTO METO/IA PEIeHuUsT
JBYMEPHOI'O HEJTMHEHHOI'O YPaBHEHNU JJINITHIECKOrO THIIA. Y PABHEHUS JAHHOT'O THIIA BOSHUKAIOT
[IpY peIeHNy MHOTUX NPHUKJIAIHBIX 3324, BKJIOYas 33aJa49i TeOpUr MHOIoMa3Hoi (PUIbTPAINH,
TEOPHH ITOJIYITPOBOJIHUKOBBIX ITPUOOPOB U MHOTUX JIPYTIHUX. AKTyaJbHOCTH MCCIIEIOBAHUS TaHHON
npobJIeMbl  CBSI3aHA € HEOOXOIMMOCTBIO Pa3pabOTKu 3GMMEKTUBHBIX HAPAJIETbHBIX METOIOB
pelnernst yKa3aHHOH 3amadn. i quckpern3anuu ypaBHEHUsT MCIOJIb3YETCsS CMEITaHHBI MeTOJ
KOHEUYHBIX 3JIEMEHTOB C 3jiemeHTamMu Brezzi-Douglas-Marini. UcciremoBan Bommpoc 0 cxoauMocTu
KOHEYHO-3JIEMEHTHOrO Meroza. [y jmHeapu3anuu ypaBHEHUsI IOCTPOEH NTEPAIMOHHBINA MeTOJ
ITukapa. B paboTte ucmoib30BaHo JiBa KJjaacca 6a3ucHbIX PYHKITUN KOHEUIHBIX 3/1eMeHTOB. [IpoBeen
CPaBHUTEJIbHBIN aHAN3 3(DPEKTUBHOCTH HECKOJIBKIX IPSAMBIX U UTEPAIMOHHBIX METOJIOB PEIIECHUS
[TOJIy9E€HHON CHCTEMBI JIMHEHHBIX AJre0panvdecKuX ypaBHEHUl, BKJIIOYas METOJN, OCHOBAHHBIN
ma LDLt-dbakropusamumu Bunch-Kaufman, meron mMuaMMAaIbHBIX HEBS30K, cuMMeTpudHbll LQ-
MeTOJl, CTaOMJIN3NPOBAHHBIA METOJT OUCOIPAKEHHBIX I'DAUEHTOB, U DAl APYTUX HUTEPAIMOHHBIX
aJTOPUTMOB TOJIIpOcTpancTBa KpblaoBa ¢ mpenobyciaBauBaTessMi Ha OocHOBe HeroJiHoro LU-
paszyoxkenus. Meros anrpoOupoBaH Ha HECKOJIBKUX MOJIEJIBHBIX 33/1a9aX IIOCPEJICTBOM CPABHEHUS
IPUOJIMKEHHOTO PEIeHUs 3a/1a9i C U3BECTHBIM TOYHBIM perreHuneM. [IpecraBiieHbl pe3yabTaThl
aHaJIn3a MOTPEITHOCTA METOJIA B PA3IMIHBIX HOPMAaX B 3aBUCHMOCTHU OT JHAMETPA CETKU.
KimroueBbie ciioBa: CMeNIaHHBI MeTO/] KOHEYHBIX 3JIEMEHTOB; HeJlnHeliHOe ypaBHeHue [lyaccona;
aIpuoOpHas OIEHKA; UTEPAIIMOHHbBIN MeTOo; dmeMeHThl Brezzi-Douglas-Marini
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Apajac akbIpJIbl 3JIEMEHTTEP 9AICiHiH Heri3iHAe SJIINNTUKAJIBIK THUIITEri CBI3BLIKTBI eMecC
TeHAeydl MIENTy/IiH UTEePAIUsIIbIK, 9JICiH KypY

By mMakaia a/UNTUKANBIK, THUOTErl €Ki JIMeMJ i CBI3BIKTBI eMeC TEHIEY/Il IIEITY/IiH aKbIPJIbl
3JIEMEHTTI OJIiCiH Kypyra 2KoHe 3epTTeyre apHajfaH. DBys Tunreri Temjeyiep Kerdasasibl
buabTpaIus TEOPUICHIHBIH, XKAPTHLJIAM OTKI3TII acIanTap TeOPUsICHIHBIH, XKoHe OaCKa 8 KOITEreH
ecenrepdl Imenryae maiima 6omanabl. Bya MocesieHi 3epTTEymiH ©3€KTLMir OChI eCenTi IMIeNTymiH
TUIMJI TApaJIIesbl 9IiCTepiH KyPy KaXKeTTLIiriMeH OaittaHbICThI. TeHIEyIl MUCKpeTH3aIusiay
yuria Brezzi-Douglas-Marini sjieMeHTTi apaJiac akbIpJibl 9JIEMEHTTED 9iCI KOJIIaHbLIIbI. AKBIPJIBI
3JIEMEHTTI 9IiCTiH, XKUHAKTBLILITBI Maceseci 3eprresei. TeHaey/1i ChI3bIKThI TYpre KeJaTipy VImiH
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Ilukap wuTeparusaablK ojici maiimamanran. 2KyMmbIicTa akKbIpJIbl 3JIEMEHTTEp oici 0a3ucTik
DYHKIUACHIHBIH €Ki KJIACHI MaliTaIaHbLIIbl. AJIBIHFAH CBIZBIKTHI aJre0pasibiK TeHeyIep Kyiecin
ImenryaiH, OipHelre Typa 2KoHEe WUTEPAIUsIbIK, 9J[ICTEPiHIH, THIMIIIriHE CAJBICTBIPMAJIBI TAJIIAY
Kyprizinagi, consry, iminme, Bunch-Kaufman LDLt-dbakTopusamnusceiaa Herizmaearex ofic, eH Kirri
KUBICHAYMIBLIBIK 9ici, cuMMerpustibl LQ-oici, crabuimsanusijianrald Ou-TyiiiHIec IpaJueHTTep
oJtici »xoHe TobIK, eMec LU-kikTemyre Herizzmesren KoMeKImi oicTepi maitnananran Kpbiaos imki
KEHICTIKTepi uTeparusibiK aaropurMaepi. 2KybIk yKoHe OesIrisi o)1 mentiMIi CATbICTBIPY apKbLIbI
ofic OipHemre MOIEJBIIK ecenrepjie ChiHAKTaH oTKiziami. Top mmamerpineH Toyeai op Typui
HOPMAaJIAPJATbl DJIiC KATEJIrH TaJIay HOTHXKeJePl KeJITipilireH.

Tyitin ce3aep: apaJiac aKbIpP/Ibl JEMEHTTED BJIiCi; CHI3BIKTHI eMec Ilyaccon TeHieyi; ampuopIbIK,
GaraJjiay; uTepanusiblK, 9ic; Brezzi-Douglas-Marini ssiementrepi

D.R. Baigereyev!, N.M. Temirbekov?", D.A. Omariyeva®
1S. Amanzholov East Kazakhstan State University, Ust-Kamenogorsk, Kazakhstan
2National Engineering Academy of the Republic of Kazakhstan, Almaty, Kazakhstan
3D. Serikbayev East Kazakhstan State Technical University, Ust-Kamenogorsk, Kazakhstan
*e-mail: temirbekov@rambler.ru
Construction of an iterative method for solving a nonlinear elliptic equation based on a mixed
finite element method

This article is devoted to the construction and study of the finite element method for solving a two-
dimensional nonlinear equation of elliptic type. Equations of this type arise in solving many applied
problems, including problems of the theory of multiphase filtering, the theory of semiconductor
devices, and many others. The relevance of the study of this problem is associated with the need
to develop effective parallel methods for solving this problem. To discretize the equation, a mixed
finite element method with Brezzi-Douglas-Marini elements is used. The issue of the convergence of
the finite element method is investigated. To linearize the equation, the Picard iterative method is
constructed. Two classes of basis functions of finite elements are used in the paper. A comparative
analysis of the effectiveness of several direct and iterative methods for solving the resulting system
of linear algebraic equations is carried out, including the method based on the Bunch-Kaufman
LDLt factorization, the method of minimal residuals, the symmetric LQ method, the stabilized
biconjugate gradient method, and a number of other iterative Krylov subspace algorithms with
preconditioners based on incomplete LU decomposition. The method has been tested on several
model problems by comparing an approximate solution with a known exact solution. The results
of the analysis of the method error in various norms depending on the diameter of the mesh are

presented.
Key words: mixed finite element method; nonlinear Poisson equation; a priori estimate; iterative

method; Brezzi-Douglas-Marini elements.

1 BBenenue

Henmneitnble  ypaBHeHUS SJUIMIITHYECKOTO THITA BO3HUKAIOT TPHW  PENIEHUN MHOTUX
NPUKJIAJIHBIX  3aJad. Y paBHEHUd JAHHOTO THIIA UCHOJB3YIOTCI IIPU  MOJCTUPOBAHUT
9JIEKTPOCTATUIECKON IIJIa3Mbl, B TEOPHH IOJIyIPOBOJIHUKOBBIX IHPHOOPOB, B 3ajadax
ompeeeHus SJEKTPUIECKOIO IMOTEHIHaJa B OECCTOJKHOBUTEIBHBIX TaHTE€HIMAIbHBIX
pa3pbiBaxX 3aMarHUYEeHHON IIJIa3Mbl U MHOTHX Jpyrux. Kpome Toro, oiHMM M3 BayKHBIX
IIPUMEPOB, TMPUBOSAINX K PENIeHNI0 YpaBHEHUS JAHHOTO THUIA, SABJISIOTCI Pa3InIHbIe
0000mmenns 3akona Jlapcu, MCIob3yeMoro IMnpu MOJCTUPOBAHUHU JIBUZKEHUST MHOTOMa3HO
JKUJIKOCTH B IIOPUCTOI Cpejie.

[Ipn nccnenoBanny ypaBHEHHI JTAHHOTO THIA, ABTOPHI CTATHA MOTUBUPOBAHBI PEIIEHIEM
3aJ1a9n AByxXpa3Hoil HepaBHOBECHON (bUIbTpauu B OoJsiee 00IIeM ciiydae, KOT/ia IOPUCTOCTh
CpeJibl MOKET SIBHO 3aBHCEThb OT JIaBJICHHs. DTO IIPEBpallaeT KJIACCUIEeCKHe YpaBHEHUS
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dbunapTpanuu B cucreMy ypaBHEHHil, BK/IOYAIONLYI0 HeIuHeiiHoe ypasHenue Ilyaccona.
Hanuoe 060011eHIe N3yYaIoch, Hapumep, B [1].

[enbio HacToseil pabOTHI ABJISAETCS TOCTPOCHUE U UCCTCTOBAHIE KOHEYHO-3/IEMEHTHOTO
MEeTOJIa PeIIeHus JByMepHOro HejumHeitHoro ypasHeHus Ilyaccona. Ilpm jpmuckpermzarimm
paccMaTprUBaeMOro ypaBHEHUSI MCIIOJIb3YyeTCsl CMEITaHHBbIE MeTOJ KOHEYHBIX 3JIEMEHTOB C
snementamu Brezzi-Douglas-Marini. B pabore mosydena anpuopHasi OIlleHKa peNIeHUs, U3
KOTOPOI1 CcJIeIyeT CXOJMMOCTh KOHEUHO-3JIEMEHTHOrO MeTojia. [l muneapusanuu ypaBHEHUAA
UCIIOJIb3YeTCd HMTEPAIMOHHBIN MeTos. Kpome Toro, mpuBegeH CpaBHUTE/IBHBIN aHaIn3
3 HEKTUBHOCTH JTBEHAIIATH MIPSIMBIX 1 HTEPAITMOHHBIX METO/IOB PEIICHUS CUCTEM JTUMHEHHBIX
ypaBHEHUI, TIOJIYICHHBIX B Pe3y/IbTaTe BBIOJTHEHUS UTeparuu. B 3ak/iouenne IPUBOAATCS
pe3yJIbTaThl penieHus HEeCKOJbKUX MOJEJbHBIX 33J1ad € HCHOJb30BaHUEM ITOCTPOEHHOTO
MEeTO/Ia.

2 O630p JuTepaTyphl

CMemannplii MeTOJ KOHEYHBIX 3JIEMEHTOB SBJISCTCA OJHUM W3 IIHPOKO HCIOJIb3YEeMBbIX
METOJIOB pelleHUs ypaBHeHuil sumnTudeckoro truna. CyTh JAHHOTO MeTO/a 3aK/II0uacTCs
B CHUZKCHHU IOPSJIKA 3aJaHHOI0 YPABHEHHS IIOCPEJICTBOM BBEICHUS HOBBLIX HMEPEMEHHBIX.
B GoabmmucTse cilydaes JaHHBIE IIePeMEHHBbIe UMEIOT HEKOTOPLIH (PHM3MYeCKHil CMBIC/I, TaK
KaK OHHU CBS3aHBI C IIPOM3BOIHBIMU MCKOMBIX (pyHKImii. IlocTpoennio KOHeIHO-31eMEHTHBIX
METOJIOB peIleHns] HeJIMHEeHHBIX ypPaBHEHUIl 3J/IIMITUYCCKOrO THIA, HOCBANICHO MHOMKECTBO
uccaenosannii. Hanpumep, B pabore [2| mocTpoeH KOHETHO-3/IEMEHTHBIH METOJ PeIeHus
ypasaenus IlyaccoHa ¢ HeJMHEHHOH IIpaBoil 4YacTbI0O B EIUHUYHOM Kpyre. II3BecTHBI
IPUMEHEHHsI CMENTAaHHOIO METO/Ia KOHEUHBIX JIEMEHTOB [3] jyia permenus 3a1a4 1By xdasnoit
dbubrpanun 4], ypasrennit Crokca [5], 3amad ssekrposunedasorpadun [6] u apyrux.

[TpuMeHeHre CMEIaHHOTO METO/Ia KOHEUHBIX 3JIEMEHTOB IIPUBOAUT K PEIICHUI0 CUCTEMBI
HeJIMHEHHbIX ajrebpanyeckux ypasHenuii. OJHAM U3 IPOCTEHIINX METOJOB JIMHEAPU3aIuu
HOJIyYEHHOM 3aJa4M  SBJISETCA WTepaluoHHblii Meron Ilukapa. VssecTHbl npumenenus
JIAHHOTO MeToJla mpu peasmsarmu Mogesnun lapcu-Qopxreiivepa 7], npu pemennn 3aja4
nopoytupyrocru [8], nupu pemtenun ypasuenuii HaBbe-CTokca /i HECKUMAEMOl KUJIKOCTH
[9], esnmueitnoro ypasuenust Puuapsca [10,11], 3agaun duabrpanun ¢ MOoAuUIMPOBAHHBIM
sakonoM Jlapcu [12], s3amaun duibTpanuu ¢ mopucTOCTBIO, 3aBUCAIIel oT naBiaeHus |[1],
cucrembl ypapuenuii quddysun-peaxiun [13], Mmomesnn meskoit Bojpl [14]. M3BecTHBI TakxKe
MHOTOYHMC/ICHHbIe MoauduKanuu MeToga llukapa g yJIydlIeHHsl CBOHCTB CXOIUMOCTH,
HAIpUMeEp, B 3aJavax MOJEIMPOBaHUs WHMWIbTPAIMA B Cyxylo mousy |[15], ypaBHemwust
Puaappca [16] u apyrue.

Pan pabor mocBsiieHbl HCCIEIOBAHUIO TPOU3BOIUTEILHOCTH AJTOPUTMOB  pEIIeHUsT
cucreMbl JIMHEHHBIX ajreOpanmdeckux ypapaenuit. Hampumep, paGora [17| mocesariena
MCCIIEIOBAHUIO  MTPOM3BOAUTENbHOCTH — ajropuTMoB  Bunch-Kaufman, Aasen permenus
yKa3aHHbIX cucTeM ypaBrenuii. B [18-21] u B psizie apyrux pabor ucCaeyoTcs HTepalioHHbIe
MEeTO/IbI TOANpPOocTPpancTBa KpbloBa [j1sI peleHns JaHHbIX CHCTEM.
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3 Marepuan u meToambl

3.1 IlocranoBKka 3ama4dn

B orpanmuennoii Buimykiaoit obmactn 0 C R? ¢ rpammmeit I' = Tp Uy, IpN Ty = 0,
paccMaTpUBaeTCs 3a1ada,

-V (a_l (p) Vp) + b(l’vp) = 07 Tr = (1'1,1’2) € Q> (1)
—Vp-ii =gy, x€ly, (2)
p=gp, z€lp, (3)

raie p — (byHKHI/IH, IIoJJIe2Kalasd OIpeae/IeHnIO, 71 — BHEIIIHAA CAMHNYIHad HOPpMaJib K I'PaHUIIEC.
Hpe,ILHOJIO}KI/IM, 9TO

da Ob
< < - - o0
0<c<a(r)<c, dp’@peL (Q), (4)
feL*Q), gpe H?('p), gyveL*(Ty). (5)

Ompenennm HYyHKINOHATBHBIE TPOCTPAHCTBA,
H(div;Q) = {FeL*(Q)?: V-7 L*(Q)},
V={TeH(iv;Q): T-i=gyualy}.

[Ipencrasum ypasuernue (1) B Buje

a(p)i+Vp=0,
{V-ﬁ—l—b(a?,p):(). (6)

[IpeamonoxxuM, uro @ € L2 (9)2 YMHOXKas TIepBoe ypaBHeHue cucteMbl (6) Ha 7 € V| a
Bropoe — na v € L? (1), ¢ yderom rpannunbx yesaosuit (2), (3) momydnm ceayiomnyto ciabyio
nocTanoBKy 3a1a4au (1)-(3):

{(a(p)i?)—(V-ﬁp)=—(?-ﬁ,gD)FD, VFev, ™
(V-i,v) + (b(z,p),v) =0, Yo e L2(Q).

3.2 CmMmemraHHBIA MeTO[ KOHEYHBIX 3JIEMEHTOB

B obmactu €2 BBemem Tpuanrysmuio 7. Jlna kaxkmoro saementa K € 7 obo3HaunM depes
Py, (K) npocTpaHCTBO MHOTOWIEHOB Ha K €O CTeNeHbIo MeHbie win paBHO k. Oupesesim
IIPOCTPAHCTBO KOHEYHBIX 3j1eMenToB BDM; B BHIE

BDM, = {F: T*’ e P (K)’ VK € T}
K
U IIyCTh

Vi =BDM; NV.
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OrmpesiesuM TPOCTPAHCTBO KYyCOUHO-TTOCTOSHHBIX dbyuknuit W), B Buje

Wh:{v: v

€ Ry(K) VKET}.

[Iycts 7T — ogHOMEepHasI ceTKa, IMOPOXKJIeHHasi TpuaHrydmueir 7 wHa rpanume ['y.
Ornpenenmm IpoCTPaAHCTBO

Pl(TN):{v: U)Eepl(E) VEETN}.

[lycthb gy — 370 L2-npoeknust rpanndnoro suadenus gy #a Py (Ty).
Torma cmermanubiil MeTOI KOHEUHBIX d71eMeHToB BDM; — W), 3akoqaercsa B HAX0XK IeHUN
(tn,pn) € BDM; x W), ¢ ycroBuewm iy, - 1 = gy p, Ha 'y Takux, 4aro

(Oé (ph) ﬁfw 7_-‘) - (v ' 7?7 ph) == (7? ﬁa gD)FD ) VT € Vh, (8)
(V- dip, v) + (b (2, pn) ,v) =0, Vv € Wi,

CyIecTBytoT omepaTopbl poekimn [22]
I, : H(div;Q) — Vi, Pn: L*(Q) — W,
TaKue 9ITo
(V- 1lpu,v) = (P,V -d,v), Yie€ H(div;Q), Yve W,. (9)
Kpowme Toro, BBIIOIHAIOTCS CJICIYIONNE ONEHKN [22]:
it — Hpid]] < esh™ i, e HF

IV - (@~ )| < esh* |V - al,.
v~ Proll < i o,

NsBectHO, uTO /1151 971eMeHTOB Brezzi-Douglas-Marini £ = 1. 31ech n HUKe UCIIOTB3YIOTCS
CTaHZApPTHBIE 0003HAUEHHs U3 PAbOTHI [23)].

JIlemma 1 [23]. [lycmv v € W), Tozda cywecmsyem T € Vi, makoe, wmo
V-T=uv, |7 <cllf.

Teopema 1 Ilpu svnoanenuu ycaosuti (4)-(5) u yeaosua ||U]| < ug, ug = min {,/c1, %},
cywecmeyem nocmoannas vy > 0 maxas, 4mo 6unoAHACMCs HEPAGEHCMEO

1@ = @nll” + lp = pull® < w1 (1@ = @ll* + [lp — Ppll”) - (10)

Jlokasameavcmeo. Obosnaunm & = U — iy, 1 = p— py. Boranras (8) uz (7), mocse HECTOKHBIX
IpeobPa30BaHUil Oy IUM YPABHEHU [T TOTPEITHOCTH:

() €7) + (e (p) = (pn)) .7) = (V- 7o) = 0, V7 € Vi, (11)
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(V~§:v)+(b(:c,p)—b(a:,ph),v):0, Yo € W, (12)

[Monoxum 7 = th B ypasaenuu (11) u v = P,n B ypasaenun (12), u CJI0KUM HOJTY YeHHBIE
YPaABHEHHUS:

(0 ) €118 + (0 (p) = @ (pw) . T0E)) -

. (v LE n) v (v - E,Phn) 4 (b (2, p) — b (x,pr) , Pan) = 0. (13)

B cuy ycnosus (9) Tperbe u derBeproe ciaraeMble B JjieBoil dactu (13) yHHYTOXKAIOTCS.
[TpeacraBum ypasuenue (13) B ciejyrorneM Buje:

(¢ ) €E) = (a o) & — i) +

=

+ (@ (p) = a () 7.€) = (@ (p) — a (pn)) . — pid) +
+ (b(x.p) b, pn) ) = (b(a.p) = b(x.pn) .p = Pap) = 0. (14)

OneHuB CKaJIsSIpHBIE IPOM3BE/IeHUs B ToKIecTBe (14), ncnonb3ys HepaBeHcro Ko ¢ €
u ycsoBus (4), oy aum

(=== lal) [¢] < 5= o) —a )l +

1
+(cl+4_) Il +C (17 — Tl + llp — Papl?).

Boibupas ¢, = ¢,
BBITIOJIHACTCST HEPABEHCTBO

€2 = 5, LOJYYUM, YTO LIpU BblIOIHeHuu ycnosus [[df < /e

2
€l < 371l + € (1 = @l + lIp - Papl?) (15)

a o
rae v = max . IlpencraBum reneps ypasuenune (11) B Buse

020

(V7o) = (¢ () €7) + (@ () = a () @.7).

OTKyZa
(V- 7m) < e |[€] 171 + e () = @ @)l NN 17 (16)
Bribepem B (16) 7, takoe uro V - 7 = P,n. CormacHo jaemme 1, jyist BeIGpaHHOTO T

BBITIOJTHSIeTCs OneHKa, ||7]| < ¢5 || Pyn||. B mensax yuporrenust BBIKIaI0K IPEIIOTIOKNAM, ITO
cs = (2¢1)7. Torga uz (16) umeem

(P ) < 5 ([|&] + i) 12 (17)
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[Tpeobpasyem JeByto dacTb HepaBencTBa (17):

(P 1) = Il = (0 = Pup. ), (18)

apu4daeM JJIsd II0CJIeJHETro cjlaracMoro B HpaBOﬂ qJaCTH 3TOI'O paBE€HCTBa ClIIpaBEj/IMBa OLCHKa
1

(= Pop.) < 5= Il + Clp = Papl”. (19)

O6o3HaunM mpaByl0 4YacTh HepaBeHcTBa (17) depes A, Torja crnpaBejiuBa IEMOYKa
HEPaBEHCTB

A< 5 (Jél]+ i) tim = @ = Pl <

[+ i) (lnll + llp = Pupll) <

|2 1 2 2= 2
&+ g llall” + Il + Clip = Pup|™ (20)

Ucnonb3ys nosryyaenubie HepaBeHceTsa (18)-(20), uz (17) mosyamv

(5 - 1) e < 224 €] + € 1o - Punl (21)

Yuuoxum (15) Ha HEKOTOpOE Masoe ducIo ¥ > 0 U CJIOKIM €ro ¢ HepaBeHCTBOM (21):

2 1 N . .
=220 [ + (5 - 3w = 1) Il < € (1= M+ I - PoplP).

Bribupast v = 18> St = g TOYLIEM, WTO IIPH BHIIIOJHEHHH YCIOBHA |u]] < uy =
v g

min {w/cl, 13—6}, BoinosHsieTcst orerka (10). Teopema mokasana.

3.3 Peanusaiusi meroma

s peasim3anyuy MeTOIa, (6) PaccCMOTpUM CJICAYIONIUI UTEePAIlMOHHDII IIPOIECC: HAUTH f[ZH S

Vi, pZH € W), ¢ HadaIbHBIM HTPUOJINZKEHIEM pg € W,,, Takue 4uto
(Oé (p;f) ﬁz+l> 7_-‘) - (v : 7_-; p;LH_l) = - (7? ﬁ? gD)FD ) V7 € Vha (22>
(V- ﬂ’ZH,U) + (b (z,p}) ,v) =0, Yv € W,
I[Iyctb N, m N, — KOJWYECTBO 3JEMEHTOB U y3/0B Tpuanrymaamuun 7; N,

KOJIm4ecTBO pedep; N,. — KoJndecTBO BHYyTpeHHUX pedep; N,q u N,, — KOaudecTBo pedep,
coorBercrBytomux ['p u I'y. Obosnauum M = N,. + N,q4.

[Iycte \; — nuHeiiHble KOHEYHO-3JIEMEHTHBIC Oa3ucHble (DYHKIIUU BEPIIUHBI ¥;, PaBHbBIE
ejuEmNe TpU i = j u Hymo npu i # j. Hna pebpa E; = (vg,v), tie s < t, j = 1, N,
paccMOTpeHO JIBa KJjiacca Oa3uCHbIX (DYHKITHI:

- O\ N\ - O\, ox, \
¢j=(A : —As—t) : wj:(—xt A ) (23)

38—1’2 81’1 81’2 taSL’l
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n
- O\ O\,
= (VoG —apeeangy) .
L (0N 0N,
Yy = ()\ 0t + M 0t — As —1 — )\taxl) (25)

[Iycts V), — nuneitnas 0060J/109Ka BEKTOPOB qﬁj, wj, j =1, M. Ba3uc npocrpanctsa Py na
ssieMente K; € 7T onpenennM B B

]-j = {]_, T € K], O, X ¢ KJ} (26)

—n+ n+1

Pemenue ( , ph ) € BDM; x W), 3amauu (22) Oymem uckaTh B BUE
M
1 1 1 1 17 1,7
it = gl gl et = Z (U;H- é; +u7\ft—|—j¢j)?
i—1
Ny

Sn+l nt+l 2 n+1 n+l n+1
Uy~ = g (uj ¢j +up, 40 ) Ep 1.

j=M+1

Torma pemenne 3amaun (22) CBOJUTCSA K PEIIEHUIO CUCTEMbI JIMHEHHBIX YPABHEHUIT

AX = B, (27)

(A ) %= (), (o)

C dJIeMeHTaM1

R;; = (Oé (Ph) Q;ng) , Rijenm = (04 (Ph) @,Jj) , Riymy = (Oé (pZ)ngj) ;

rie

Rivmjrm = (Oé (pZ)@Ez',@;j> , Omj = — (V -4, 1m> , SmjeMm = — (V -y, 1m> ,

Fi=— (CgZ -1, gD)F - i (a (Pk) Cgi, 5;) uj — % (a (Pk) ng,%) UN+5>
Pj=M+1 j=M+1
Faryi = — (@Zz 2 9D>FD - i (Oé (PZ)?%Q;J') uj — % (Oé (pZ)JkﬂZ]) UNp+j5
j=M+1 j=M+1
G =~ () 1)+ > (V-G 1m) s+ 5 (V- G5l ) s
j=M+1 j=M+1

riet=1,M,5=1,M, m=1,N,.
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[Ipu wucnonp3zoBanun GasucHeix Gyukimit (23), (26) MaTpuia IOJIyYeHHONH CHCTEMBI
JIMHENHBIX ypaBHEHUI ABJIACTCH CUJILHO PA3PAXKEHHONU, CUMMETPUYHON, HO HE HOJIOZKUATEJIHHO
onpeenienHoi. [Ipm pemennn cucreM ypaBHEHUII IMPOBEIEHO CPaBHEHME KaK IMPIMBIX, TaK
U UTEPAIMOHHBIX METOJIOB. PaccMOTpeH OJMH M3 MIHMPOKO IPUMEHSIEMBIX IPIMBIX METOJIOB,
ocHoBaHHbIH Ha 60unoit LD LT -bakropusanun Bunch-Kaufman marpune: A [17]. Anropurm
LSS ocuoBan Ha npuBejieHUN cucTeMbI (27) K HOpMAJIBHOMY BUJLY W OIIPEJICJICHIN PEICHUS B
Bune X = Z'ATB, rne Z — pasnoxenne Xosenkoro marpunsl AT A. Takske IpoBeIeHbI
cpaBHHUTEbHBIE pacderhl ¢ ucnojb3oBanmeM LU- um QR-pasnoxkennit marpurer A. U3
UTEPAIMOHHBIX METOJ/IOB, UCIOJIB3YEMBIX JJI PENleHns YKa3aHHbIX CUCTEeM, BEIOpAHBI METO/IbI
nojnpoctpancTBa KpbuioBa: meros; MunuMaibHbix HeBa30K MINRES, cummerputanbrit
LQ-meronq SYMMLQ u merox MINRES QLP [20]|. IIpu BeiGope 6asucHbix dyHKIHiT
(24), (25), (26) mpoBeJEHBI CPABHUTEIBLHBIC PACICTHI C HCHOJL30BAHIEM NTEPAIHOHHBIX
AJITOPUTMOB TOJIPOCTpaHCTBa KpblaoBa: MeTona OOOOIIEHHBIX MUHUMAJIBHBIX HEBA30K
GMRES wu crabunumsupoBanHoro wmetoja Ouconpsikenubix TpagauerToB BiCGSTAB ¢
npejobyciaiuBaresieM Ha ocHoBe HerojHoro LU-pasnoxkenusi (ILU), a rmakxke merona
KBazuMuUHUMAaIbHBIX HeBsI30K QMR.

4 Pe3yabTaTbl 1 00CyXKaeHUE
Bamaua 1 B obaacmu @ = [0,1] x [0, 1] paccmompum 3adawy
—V?p + sinp = 2% sin wa sin Ty + sin (sin 72 sin 7y)

p(r,y) =0, (z,y)€eTl.

Tounoe pemenne 3amaun  umeer BuL P (x,y) = sinTrsin7y. B kadecTBe
HAYATBHOIO TPHOJIMKEHWsT JIJisl UTEPAIOHHOTO mporiecca (22) TPUHUMATIOCH 3HAYEHUE
p% (r,y) = 0. Urepanmonnsiii mnpomecc (22) mpepbiBajcs NpH JOCTUZKEHUH yCJIOBUS

max [p" (z,y) — p" (z,y)] < 107°. JIns jocTurKenus yKasaHHOH TOYHOCTH B 3ajade
(z,y)eQ
1 morpe6oBasocs 8 wreparwmii. [Ipu pemennn cucrembr (27) UTEpAMOHHBIME METOAME

UTEPAITN MPEPLIBAIICH TaKKe IIPH JIOCTUKEHIN TOYHOCTH BuIMmcaenmit 1077,

Berauciaenus mpoBoannch Ha KoMmIibiorepe ¢ 16-saepubiM mporeccopom Intel Xeon Sil-
ver 4114 ¢ rakroBoit wactoroit 2.20GHz u 16 I'B O3V. Ilporpammvmuas peajmzarus Bcex
AJITOPUTMOB BBITIOJIHEHA Ha BBHICOKOIIPOU3BOIMTEILHOM sI3bIKE TTporpaMmupoBanus Julia 1.4.
B rabsmuiie 1 npuBeieHo cpejaee BpeMs, TpebyemMoe JIJisi PeIIeHrs OJIHON CHCTEMbI JTMHEHHBIX
yDABHEHWIA, TIOJIyIeHHOW B pe3y/IbTaTe BBINOJIHEeHUs OjHO nreparyn (22) mis 3agaqn 1. B
BepxHeil JacTu TabJ/IMIbl yKa3aHO KOJIMYECTBO KOHEYHBIX 9JIEMEHTOB B TpUAHTYIAnnn 7, a B
cKOOKaX — MOPSIZIOK TOJIydeHHoi MaTpuilbl A B cucreme ypasuenuii (27).

[Tpu BBIGOpe GasucHbix dyHKIWA (23), (26) cpeau HPSMbBIX AJTOPUTMOB DPEIIECHUST
CHUCTEM ypaBHEHWIA, MOy IYeHHBIX B PE3YJIbTATe BBIIOJHEHUsT OJHON nrepanuu (22), Hanboee
5P PEKTHBHBIM OKa3aJics MeTOJ, OCHOBAaHHBIN Ha Osounoit LDLT-paxkropumsamuu. B
IIPOBEJICHHBIX BBIYUCIUTEILHBIX IKCIIEPUMEHTAX JAHHBIH MeToJ1 B 2-7 pa3 ObICTpee MeTo/ia,
ocaoBanHoro Ha LU-pazmoxkenun wmarpunpl A. Bpems pemenmss meromamum LU u LSS
NpUOIU3UTETLHO OJMHAKOBO. B ciiydae MCIOIb30BaHUs UTEPAIMOHHBIX METOJIOB PEIICHUS
CHUCTEM YpaBHEHHIl ¢ CHUMMETPUYHBIMA MATPUIAMU OBLI CleJaH BBIBOJ O TOM, UTO HUX
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Tabauma 1 —

Cperee Bpemsi, TpebyeMoe /I PENIeHHsT OJJHON CHCTEMBI JIMHEHHBIX
ypasHenuit (27), moJiyueHHON Ha KaxK10it urepanuu (22) ms 3agadn 1

Kon-Bo snemenTon 240 952 3794 13310 23876 94866
(mopstiok marpuier A) | (1000) (3888) | (15336) | (53540) (95904) (380264)
LU 0.008263 | 0.044378 | 0.208568 | 0.929519 | 1.779640 8.639593
LDL” 0.001723 | 0.007856 | 0.046304 | 0.238556 | 0.499912 3.533542
LSS 0.008613 | 0.034221 | 0.155291 | 0.732447 | 1.364804 6.070330
QR 0.008126 | 0.044694 | 0.307129 | 1.319913 | 2.670939 | 14.830321
MINRES 0.006706 | 0.047629 | 0.449639 | 2.254344 | 4.735099 -
SYMMLQ 0.007526 | 0.047523 | 0.545891 | 2.603830 | 5.950467 -
MINRES QLP 0.008730 | 0.062018 | 0.644768 | 3.511768 | 7.955948 | 63.602122
GMRES 0.013171 | 0.051916 | 0.280170 | 0.870254 | 1.506857 | 5.817282
GMRES (c ILU) 0.004115 | 0.025696 | 0.132673 | 0.409161 | 0.734324 3.004526
BiCGSTAB 0.020512 | 0.152302 | 1.514378 | 11.453303 | 29.096294 | 311.359211
BiCGSTAB (c ILU) 0.003433 | 0.013494 | 0.079570 | 0.496996 | 1.241327 9.601691
QMR 0.015429 | 0.117047 | 1.402647 | 7.627819 | 17.366689 | 84.799472

HCIOJIb30BaHne B Merojie (22) ¢ 6asucubiMu dysKImsamu Buja (23), (26) sdbdbekTuBHO IHIb
pu HeOO IbIIX MaTpurax A. Kpome Toro, B psijie BBIYUCTAUTEIBHBIX SKCIIEPUMEHTOB JIAHHDIE
METOJIbI He JOCTUIIIN yKazamHHoit Tounoctn 1077,

[Tpu BeIGOpe GasucHbix byukmit (24), (25), (26) wHaunboaee 3hbdEKTUBHBIM OKa3aJICST
veron, GMRES ¢ mnpenobycnasiusaresem #a ocHoe uernosinoii LU-dakropuzanuu. C
YBEJMIEHUEM KOJTMIECTBA KOHETHBIX 9JIEMEHTOB €0 3(D(MEKTUBHOCTH COU3MEPUMa C METOIOM
LDLT. Crabuam3upoBanHbIi METOJ, OHCONPSZKEHHLIX TI'PAIUEHTOB 6e3 HCIOIb30BAHMIS
npegoOycaaBuBaTesaeil  CXoauTcs  JA0BOJIBHO — MesjienHo.  OJHAKO € HUCHOJb30BAHUEM
npeobyciaapauBares Ha ocHoBe Herosnoit LU-daxktopusanum ero 3¢ deKTUBHOCTH
comsmepuma ¢ Metonom GMRES ¢ ILU npu #ebosibimmx MaTpuiiax.

Cile/lyer OTMETHTB, 9TO UCIONIb30Banue mpsamoro Merona LDLY i nrepammontoro metosa
GMRES x pemennio 3aiaun 1 mpuBogaT K TPUOIN3UTEHHO OJMHAKOBOMN 3(hhEKTUBHOCTH TI0
Bpemenn. OHAKO B ciaydae OOJBIINX MATPHUIL UCIOJb30BAHUE MOCIEIHEro Ieaecoobpasmee,
TaK Kak B ciaydae 94866 smementos mtst peammsamun LDLT morpeGosasocs 762.263 M6 O3V,
a g merojga GMRES ¢ npenobyciasnmusarenem ILU — jumn 17.469 M6 O3V.

B tabsmie 2 u pucynke 1 NIpuBe/leH CpaBHUTE/bHBIN aHAIU3 BpPEMEHH, TpeOyeMoro
Ha perrenne 3aJa49u 1 ¢ y9eToM BBINOJTHEHUs BCEX WTepalyii ¥ BpeMeHu, TpedyeMoro Ha
BBIYHUC/IEHUE JIEMEHTOB MaTpuiibl A n BekTopa B.

B Tabsure 3 npuBejieH aHAIN3 MIOTPEITHOCTH MeTo/a (22) B 3aBUCHMOCTU OT KOJIMIECTBA
S1eMeHTOB. JIaHHBIE pE3Y/IbTATHI MOMYHYEHBI C HCIOIB30BaHHEM mpsMoro Mmeroma LDLT,
OJTHAKO B CJIydae MUCIOJIb30BAHUS JPYTUX METOJIOB PE3Y/IbTATHI OTINIAIOTCS HE3HAUYUTETBHO.
[TorpernocTu onpee/IsaIuch o opmyJie

lp = pallr., = max|p (Ox) —pn (0x)]



114

IlocTpoenne nTeparioHHOTO METO/Ia PEIleHns] HEJIMHEHHOIO YPaBHEHU ... . . .

3L
I @ omn

—@— SYMMLG
—@— MINRES
~@— OR

-@- W
-@— L55
—@— GMRES

108 b

@ LDLT

10l

Time (sec.)

w01 e

—@— BICG5TAB

-@— MINRES QLP

—@— BICG5TAB (ILU)

—@— GMRES (ILU)

Pucynok 1 —

3794

13310

Elements

23876

JmHeiHbIX ypaBHeruit AX = B

94866

CpaBHUTeBHBIH aHAM3 3(PPEKTUBHOCTH METOJIOB PEIEHUST CUCTEMBI

Tabauma 2 —  O6mee Bpems, TpebyeMoe JjId peleHus 3aaa4n 1
Kon-Bo ssmemenTos 240 952 3794 13310 23876 94866
(mopstiok matpuisr A) | (1000) (3888) (15336) (53540) (95904) (380264)
LU 0.178074 | 0.515934 | 2.365567 | 8.976566 | 17.599724 | 83.433315
LDL” 0.119570 | 0.241353 | 0.916848 | 3.331936 | 6.861103 41.043318
LSS 0.266761 | 0.524083 | 2.335859 | 7.632451 | 13.950259 | 62.780053
QR 0.365704 | 0.931450 | 3.154382 | 12.764801 | 24.375187 | 135.451366
MINRES 0.224394 | 0.606001 | 4.026640 | 21.670705 | 41.617394 -
SYMMLQ 0.204669 | 0.567399 | 4.847013 | 23.030852 | 50.917617 -
MINRES_QLP 0.212910 | 0.698884 | 5.615440 | 29.983395 | 68.337196 | 521.643789
GMRES 0.248766 | 0.648482 | 3.486159 | 8.765271 | 13.206576 | 41.840447
GMRES (c ILU) 0.220794 | 0.465030 | 1.909329 | 5.619350 | 7.385863 38.076942
BiCGSTAB 0.372082 | 1.673543 | 13.787503 | 91.889559 | 250.746277 | 1326.388189
BiCGSTAB (c ILU) 0.241194 | 0.536927 | 1.469221 | 6.120774 | 13.893631 | 90.170172
QMR 0.279994 | 1.143298 | 14.242631 | 62.714071 | 147.327516 | 734.819492

=i, = ([ 00 - 0 ar)

NI

)
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N|=

_lp—pall L00% — (/Q (p () — pn (:E))de)

2l (/Qp(x) dx)%

rie p (x) — Tounoe pertenne, py, () — npuOIIZKEHHOE Pelenne, O — IMEHTDP TPeyroabHuKa K.

- 100%,

Tabaunma 3 —  AHaau3 MOrpenrHOCTH MPUOINKEHHOTO PeleHus 3a1a49u 1

h N | Ne N, [P — pallp, 1P — pallg, €L,
0.1608 | 141 | 240 | 380 | 9.222722-1073 | 4.187039- 103 | 0.8370%
0.0775 | 517 | 952 | 1468 | 2.366558-10° | 1.071524- 102 | 0.2143%
0.0421 | 1978 | 3794 | 5771 | 6.893271-10 % | 2.608941- 10 * | 0.0521%
0.0234 | 6806 | 13310 | 20115 | 1.927057 - 10~ * | 7.467197 - 10~° | 0.0149%
0.0168 | 12139 | 23876 | 36014 | 1.084682- 10 " | 3.996466 - 10° | 0.0079%
0.0102 | 47834 | 94866 | 142699 | 3.827224- 107 | 1.031525- 10~ | 0.0020%

Ha pucynke 2 cieBa npuBejieH rpaduk perieHus 3ajadu 1 ¢ ucnosab3zoBanueM 94866
9JIEMEHTOB, & CIpaBa — rpa@uK MOrPEITHOCTH.

5] abs_error
82e05 02 04 0.8 10e+00 42209 be-b5 0.0001 0.00015 2,1e-04
|
' *_' ' ' ome -
Pucynok 2 - ['padux npubimkeHHOrO perneHns (cieBa) U HOTPEITHOCTH (CIpaBa)
3a1a9m 1

B sak/mouenue mpuBeieM aroCTEPHOPHBIN aHAJN3 IIOMPEITHOCTH MeTona (8) i IBYX
JIMHEHHDBIX 38849 B 60JIee CJIOXKHBIX 00JIACTIX.

-2 -2
Bagada 2 B mpeyeosvnoti obaacmu ) = {(x,y) 1<z <2, * <y< 2 },

V3 V3
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pacemompum 3adawy [24]

Vep (z,y) = =2, p(z, y)’F = 0.

Tounoe perenne 3a1a491 UMEET B/
A NEAT T\ 2 T\ (Y\2 y)2 4
plry) =3 {(3) (3) k (3) (3) (3 T

Tabnauna 4 —  AHajau3 MOrpenHoCTH MPUOINKEHHOTO PEITEeHUs 3aaTn 2

h Ny, Ne N; ”p_ph”Loo ”p_ph”L2 €L,
0.0613 | 5091 | 9880 | 14970 | 1.468551-10~* | 1.307540-10=* | 0.0159%
0.0411 | 11395 | 22338 | 33732 | 6.698606 - 10~ | 5.700906 - 10~° | 0.0069%
0.0326 | 20049 | 39496 | 59544 | 3.779471-107° | 3.261361 - 10~ | 0.0039%
0.0232 | 44683 | 88464 | 133146 | 2.210973 - 10~ | 1.444174-10~° | 0.0017%

o} abs_error
1,76-05 02 04 67601 13e-08 le5  2e5 305 38005
| :
| S — | O SRR
Pucynok 3 - [I'padux npubimkeHHoro perenust (cjieBa) U MOTPEITHOCTH (CIIpaBa)
3802491 2

Bapgaua 3 B edunuurom kpyze paccmompum 3a0a4y

= 0.
r

Vp(z,y) = —zy, p(z,y)

Tounoe perenne 3aj1a91 UMeET BUJT

p(z,y) = %(1—w2—y2)-
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Tabsmaiia 5 Anajus HOrpemHoCTH TPUOIMKEHHOIO PeIleHns 3a1a91 3

h Ny, Ne N ”p_thLoo ”p_ph”L2 €L,
0.0708 | 2023 | 3894 | 5916 | 4.896409 - 107" | 2.481658 - 10~ | 0.2602%
0.0387 | 7986 | 15670 | 23655 | 1.528482-107° | 6.200370 - 10=% | 0.0650%
0.0226 | 21879 | 43256 | 65134 | 5.246527 - 1070 | 2.251444 - 107° | 0.0236%
0.0212 | 31491 | 62380 | 93870 | 3.699707 - 1075 | 1.554074 - 10=% | 0.0162%

o] abs_error
-1.0e-02 -0.005 0 0005 10e02 33e-11 lebét 286 3eb dedb 52e06

e | - e
Pucynok 4 — [D'padux npubimzxkeHHOrO pereHust (cjieBa) U HOTPEITHOCTH (CIpaBa)
3aJIadan 3

5 3ak/roueHue

Takum obpaszoMm, B JaHHON pPabOTEe MOCTPOEH WTEPAIMOHHBIN METOJ[ PEIIeHUsl OJIHOTO
HEJIMHEHHOrO0  YpaBHEHHS SJIITUITHYCCKOIO THUIA, IIOJyYeHa AallPUOpHasl OIleHKa, U3
KOTOPO# CJIeJlyeT CXOJMMOCTb KOHEYHO-3JIEMEHTHOTO METOJIa, CJejaH aHa 3 12 mpsaMbIx
U WUTEPAIIMOHHBIX METOJIOB PEIICHUsS CUCTEMbl JIMHEHHBIX aJreOpanvdecKux ypaBHEHMUIT,
[OJIYUIE€HHBIX B PE3Y/IbTATE BBIIOJHEHUS UTEPAIIMOHHOIO MIPOIIECCA.

[Ipn ana/im3e BBIYUCIUTEIBHBIX SKCIEPUMEHTOB CJIeJIaH BBIBOJL O TOM, YTO IIpH
HebosbIoM KosmdecTse (70 25000) KOHETIHBIX 971eMeHTOB Hanbos1ee 3(hOEKTHBHBIM SIBJISCTCS
meron, LDLY, koropslit [j1st paccMOTpeHHO# MOIeIbHOI 3agadn oKasaics B 1.5-2 pasa
owpicTpee urepanunonnoro meroma GMRES ¢ mpemobycnamusarenem ILU. Oxnako mpu
boJiee JETAJTBHON TPUAHTYJIAIMH IIPEJIIOYTEHUE CJAeAyeT OT/IaTh UTEPAIMOHHBIM METOJIaM
Kpsbriockoro Turma ¢ mpemgoOyciiaBimBaTesieM, s peaju3alud KOTOPOTO IpH PaBHOIT
CKOPOCTH TPeOyeTCst MEHbIIE OIePATUBHON HMAMSITH.

[Tosryuennble pe3ysbTaTbl OyJIyT WCIOJB30BAHBI IPH PEHICHUN 3aJa9u JIByXMas3HOM
HEPABHOBECHOI (QUIbTPAINA HECXKUMAEMON JKUJIKOCTH Ha OCHOBE ODOOIIEHHOTO 3aKOHA
HEPABHOBECHOCTH.
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Te paboThl, KOTOPbIe UTUPYIOTCS B TekcTe. CCBUIKU HA JINTEPATYPY OMOPMIISIIOTCS B KBAJIPATHBIX
CcKODKax ¢ ykazaHueM Homepa Jjimreparypbl. Ctuib odopmirenust "CHUCOK JiMTEPATYPhl HA PYCCKOM
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u KazaxckoMm s3bike coracao ['OCT 7.1-2003 "Bubaunorpaduueckas zamuchk. Bubanorpaduaeckoe
omucanue. O6mme TpeboBanus U OpaBwia cocraBjienus' (TpefoBaHMe K WM3JAHUAM, BXOJSINAX B
nepederb KKCOH). Crunb odopminerus "References" poMaHM3MpOBAHHOTO CIUCKA JUTEPATYPHL (CM.
BBIIIIE), & TAKXKE UCTOYHUKOB HA AHIJIMIACKOM (JIPYTrOM MHOCTPAHHOM) sI3BIKE JIJIS €CTECTBEHHOHAY THBIX
u TexHuueckux Haupassenunii corsacuo Chicago Style (www.chicagomanualofstyle.org).

B mamnOM pasmesie HEOOXOIUMO yI€CTh:

a) Ilurupyrorcst OCHOBHBIE HayuHble MyOJIMKAIMH, [IE€PEJOBbIE METOJBI HMCCIEJIO0BAHUS, KOTOPBIE
IIPUMEHSIOTCH B JAHHON 00JIACTH HAYKHM U Ha KOTOPBIX OCHOBaHa paboTa aBTOpA.

6) Us6eraiiTe Ype3MepPHBIX CAMOIUTUPOBAHMUIA.
B) M36eraiite upesMepHbIX cChUIOK Ha mybsmkanun apropos CHI'/CCCP, ucnosab3yiiTe MUPOBOIi OIIBIT.

r) Bubsmorpadudeckuil cumcox JosKeH cojepxarb (QyHIaMeHTajbHble W Hanbojee aKTyaJbHbIE
TPY/IbI, OILyOJIMKOBAHHBIE N3BECTHBIME 3aPYOEKHBIMU ABTOPAMH U UCCJIEIOBATESIMHA 10 TEME CTATHU.

6. ?Kypnasa npujep:KuBaercst €IMHOTO CTUJIS W IOITOMY IPEIbsBISET PsJi OOmuX TpeboBaHMT K
odopmitennio pabot. Vcxonuplilt (HEOTTPaHCIMPOBAHHDIH) tex-haill JOMKEeH eIMKOM [OMEaThCs B
TOPU30HTAJIBHBIX PAMKAX 9KPaHA 38 BO3MOXKHBIM UCKJIIOUEHIEM MATPHUIL U TAOJIHIL U TPAHCJIUPOBATHCS
6e3 mporectoB INTEX 22 1 coobIIEHMIT O KPATHBIX U HEOIIPEJIEIEHHBIX METKAX, OOJIBIIIX IT€PEIOTHEHHBIX
u He3arnoJ HeHHbIX Ookcax. He cieayer ompenesisith MHOTO HOBBIX KOMaHJ, m300perast COOCTBEHHBINH
cJieHr. ABTOPBI MOTYT [TOJINPY2KATh JAPYTrHe CTAHIAPTHBIE CTUIEBbIE TAKETHI, HO TOJBKO T€, KOTOPBIE He
BXOJAT B IPOTUBOPedne ¢ makeramu amsmath u amssymb. EcrecTtBento daiii, KpoMe BCero mpodvero,
JIOJI’KeH OBITh NMPOBEPEH HA OTCYTCTBHE IPDAMMATHYECKMX W CTH/IHCTHYeCKuX omubok. Crarbu, He
VZIOBJIETBOPSIONINE STUM TPEOOBAHUSAM, BO3BPAIIAIOTCS HA JOPabOTKY.

OTaJIOHHBIT 00pa3erl paboTh ¢ JeMOHCTpalmeil rpadukn, ¢ TpeaMOy/Ioil yCTPAnBAOMIEN PEIAKIINIO,
CIUCKU TUIUYHBIX OMMOOK O(DOPMJIEHUST U METOJIbI UX YCTPAHEHUsI MOYKHO [TOJIYIUTh B PEIAKIAN WK
Ha caiire KasHY um. anb-®apabu http://journal.kaznu.kz.

7. I'padpudeckue aitapl ¢ pUCYHKAMHU JIOKHBI OBITH TOJBKO KAYeCTBEHHBIMU YEPHO-OEJILIMU B
dopmare .eps, OO BBINOJHEHHBIMU B JIATEXOBCKOM Qopmare. Pucynku B 3stmx dopmarax
JIeJIAIOTCSI, HAIIPUMEp, C MTOMOIIBIO MOIMHBIX MaTemaTudeckux makeroB Maple, Mathematica uwmu c
nomoIrpio nakera Latexcad. KawtecTBennbie rpacdudeckue dailabl caesanibie APYTUMU rpadpuIecKuMu
MpOrpaMMaMU JIOJIZKHBI OBbITH CKOHBEPTUPOBAHBLI B (popmat .eps ¢ momoribio Adobe Photoshop mamn
koupeprepa Conversion Artist. Bce pucyHKHU JI0J2KHBI OBITH y2Ke UMIIOPTUPOBAHHBIMU B tex-caiiin u
IIPEJICTABJISIIOTCS B PEJIAKIINIO BMECTE ¢ OCHOBHBIM (baitiiom ctaTbu. ['paduieckue (popmaTs, OTINIHBIE
OT BBIIIEYKA3aHHBIX, OTBEPralOTCs.

Penaknus BupaBe oTKasaTbCd OT BKJIOUEHUS B pabOTy PHUCYHKA, €CJIM aBTOP HE B COCTOSIHUU
obecrieunTh ero HajieXaliee KauecTBo.

VBaxkaeMmble dnTaTEN, BbI MOXKETE IIOIINCAThC Ha Hall Ky pHaJl ,,Becrauk KasHY. Cepus maremaruxka,
MexaHunka, uHdopMaTuka', Koropbiit BkoueH B karajor AO ,Kaznoura“ ,TASETHI U KVYPHAJIBI“.
KommaecTBo momepos B rox, — 4. HAeKC 11 WHAMBUALYAILHBIX MOAIUCINKOB, TPEAIPUATAN U OPTaHA3aInit
— 75872, moanucuas 1ieHa 3a rog — 1200 Tenre; nHIEKC JbIOTHON MOAIUCKH /TSt CTYIAEHTOB — 25872, moAncHas
IeHa 3a roJ s cryjaeHToB — 600 TeHre.



124

MA3MYHBI - COAEP>KAHUE — CONTENTS

1-6eim Pasgen 1 Section 1
Maremaruka Maremaruka Mathematics

Aticazanues C.A., Ilabenosa O.2K., Kemebaes C.K.

PazpemumocTs u mocTpoenne perennst KpaeBbIX 33/1a9 JIMHEHHBIX CUCTEM C OTDAHUYEHUSAMUA. . 3

Tleukhanova N.T., Sadykova K.K.
The convolution in anisotropic Besov spaces ...........uiiiiiiiii i e 18

Bekbayev N.T., Tulenov K. S.
The non-commutative Hardy-Littlewood maximal operator on non-commutative Lorentz spaces 31

Hayvinbaes M.K., Asuamat H., Kadupbexos B.B.
Acumnrorudeckue ONEHKN PEIeHnil KpaeBoii 3a/1a9u JIJTsi CHHTYJISIPDHO BO3MYIIEHHBIX HHTEIPO-
TG DEPEHTTHATHHBIX YPABHEHIII « . .« v et vttt ettt e et ettt ettt e ettt e 39

Kaiyrbek Zh.A.

Identification of the coefficients of equation for a vibrating rod in acoustic diagnostics........ 50
2-0eJiM Pazgen 2 Section 2
Mexanuka Mexanuka Mechanics

Kaneyorcun B.E., Axanbati E.H., Madibatirysv, 2K.

CouJieHeHNEe TOHKUX YIPYI'MX CTEPXKHel u 00001eHHbIe yesioBuss Kupxroda B y3/1ax ......... 58

3-6eJiMm Pasgen 3 Section 3

Nudopmaruka Nudopmaruka Computer
Science

Moundabexos M.M., Epemun /I.U., 2Kaxcweynrosa J.I., Tpenawxo C., Karuesa P.A.
IIporpammuoe obecrnedeHne CUCTEMBI YIIpaBJeHUs ceTeBOil mHMPACTPYKTYpoil pedepeHIHbIX 69
GNSS crannmii ¢ ICHOIBL30BAHIEM OOJIAYHDBIX TEXHOIOTHI . . .\ttt



125

4-6eJ1iM Paszgen 4 Section 4
KongaubliaMasbl Ilpuknagnas Applied
MaTeMaTHhKa MaTeMaTHhKa Mathematics

Abdibekova A.U., Zhakebayev D.B., Karuna O.
Modelling the influence of electron concentration on MHD turbulence by les.................. 91

Batizepees /I.P., Temupberos H.M., Omapuesa /. A.
IlocTpoenne uTeparmOHHOr0 METO/Ia PEIIeHN HeJTMHEHHOTO YPABHEHUS JINIITUIECKOTO THIIA
HA OCHOBE CMEITAHHOTO METOMA KOHETHBIX JTEMEHTOB . . .+« e et ttae ettt ttae e e et eaeeeeeeennn 104

K CBEHEHUIO ABTOPOB . . o o e ettt e e e e e e e e e e e e e 121



