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YCJIOBUE PA3PEIINMOCTU KPAEBOI 3AJAYN
N BUOYPKAIINA EE PEINTEHN A

B mpenmaraemoit ctatbe s CHCTEMBI OOBIKHOBEHHBIX MU(PDEPEHITNATBHBIX YPABHEHUI BTOPOTO IO-
pssiKa, KO3 DUIMEHTHI KOTOPOro JAefCTBUTEIbHDI, HEIIPEPBIBHLI U HEIIPEPBIBHO TuddepeHnnpyeMbl Ha
OTpe3Ke, U3ydaeTcd BOIPOC PA3PEIINMOCTH JIUHEHHON HEeOIHOPOJHON KpaeBoi 31349l C BO3MYIICHUAM.
N3BecTHO, UTO paccMarpuBaeMasi B CTaTbe KpaeBas 3aJada He BCErJa pa3pelrnMa, IIpH YCJIOBUU, UTO
MMOPOXKIAIONIAs €€ KpaeBas 3ajada JJjisd CHCTeMbl OOBIKHOBEHHBIX IudDepeHnrnaIbHbIX ypPaBHEHUN
BTOPOIr'O MOPSAIKA, HE MMEET PEIIeHUi IIPU TPOU3BOJIbHBIX HEOJHOPOSHOCTSX. YCTAHOBJIEHA B3ANMOCBI3b
MeXKJIy paccMaTpuBaeMoOll JIMHEMHON HEOMHOPOIHOII KpaeBOHU 3ajiadeil ¢ BO3MYIICHUEM /JIJId CUCTEMBbI
OOBIKHOBEHHBIX (D EepeHITNAIbHBIX YPAaBHEHUT BTOPOIrO TOpsJIKA U aJredpamdecKoil CcucTeMoil.
Kosddurnmenrsr aredbpandeckoil cucTeMbl COCTOST U3 KOIPDUIMEHTOB JTUHEHHON HEOTHOPOIHON Kpa-
€BOIl 3371au C BO3MYIIEHUEM JIJIsi CUCTEMBI OOBIKHOBEHHBIX I DepeHITnalbHbIX yPABHEHNIT BTOPOTO
nopsaka. Ha OCHOBe B3aMMOCBSI3W MEXKIy pacCMATPUBAEMON KpaeBoit 3amadeil W aaredpamdecKoit
CHUCTEMOH HaMJICHO YCJIOBUE PA3PEHIMMOCTH JUHEHHON HEOJHOPOJIHON KpaeBOU 3aJa4d C BO3MYIIEHUEM
JIJISI CUCTEeMBI OOBIKHOBEHHBIX TH(bdepeHIna bHbIX ypaBHEHUIT BTOporo mnopsijika. OKasaochb, dUTO
[IpU BBIMIOJIHEHUN 3TOrO YCJIOBUsI Pa3pPelIuMOCTH CYIIECTBYeT XOTsl Obl OJHO peIlleHHe JIMHEeNHON
HEOJTHOPOJHON KPAeBOW 3a/adrM C BO3MYIIEHHEM JJIsi CHCTeMbl OOBIKHOBEHHBIX I dOepeHITnaTbHBIX
YPaBHEHUIT BTOPOrO MOPSIKA, MMEIOIee B YACTUIHON CYMMBI CXOJsIerocs psina Jlopana.

KiroueBbie ciioBa: KpaeBasd 3a/1ada ¢ BO3MYIIEHHEM, ITOPOKIAoNasl KpaeBas 3a/ada, KpUTEPH pas-
PeIuMOCTH, KpUTHYIECKHIA CIydail, OudypKamus pemenusi, ajredpandeckasi CUCTEMA.

A H. Cramxkurkuit*, T.B. [IloBkomsic
Tapac lleBuenko arpiHgarsl KueB yaTThIK yHUBepcuTeTi, Kues K., YKpanna
*e-mail: ostanzh@gmail.com
IITerTik ecenTiy HIenriJaiMalIiK ITapThI >)K9HE OHBIH, IMIEINiMiHiH OudypKaIusich

Y CBIHBLIBIN OTHIPFAH MaKaIaga KodpdUImeHTTepi Kecinmiie HaKThl, y3imiceis auddepennuaaianaTbia
exinmm perTi Kot guddepeHnnanabk TeHAeyIep Kyiteci YImH aybITKybl 6ap CHI3BIKTHIK OIpTEKTI emec
meTTiK ecebiHin mmernmiMaimiri 3eprreneni. Makamaga KapacThIPBLIFAH MIETTIK €Cell OHbI TYBIHIAWTHIH
ekiHImi perTi Kol auddepeHnnaIbIK, TeHeyIep *Kyieci VIMH IeTTIK eCenTiH, epKiH OH KaKTapra
colikec IIermiMi 2KOK, 00JIFaH »KaFaaiiyiap/ia opKaliaH 1rerrije bepmeiitini 6esriai. KapacTelpbLibin oTh-
praH eKiHimm perri xkoii quddepeHnraaIbK TeHIeyIep Kyiiecl YIIH aybITKybl 0ap ChI3BIKTHIK, OIpTeKTI
eMeC IIeTTIK ecell YKoHe apHaiibl aJredpaJblK Kyile apachblHIarbl o3apa 0ailIaHbIChl aHBIKTAIILI. AJl-
reOpasIbIK, KyieHiH, KoahPuImenTTepi eKiHm perTi kot quddepeHnuaiIbK, TeHIeyaIep Kyiieci yimu
ayBbITKYbI 6ap CBI3BIKTBIK OIPTEKTI eMecC MIeTTIK ecenTid KoaghduImeHTrepines Typaibl. KapacThIpbLIbII
OTBIpFaH IIETTIK €Cell IIeH ajredpaliblK »KYHeHIH apachblHIArbl e3apa OaillaHbIChI HerisiHiae eKiHImi
perTi xoit muddepeHnraaIbK, TeHaeyIep Kyitecl YIITiH aybITKybl 0ap ChI3BIKTHIK, ODIPTEKTI eMec IeTTiK
€CenTiH MemiMIUNK mapThl Tadbuiabl. OChbl MEMIMIIK MIapT OpbIHAAIFaHA €KIHIN perTi Kol
muddepeHnnaIIbiK TeHIeyIep Kyieci YImH aybITKYbl 0ap CHIBBLIKTHIK, OIPTEKTi eMec MIEeTTIK eCemnTiH, XK1~
HaKThI JIopaH KaTapbIHbIH, IepOec KOCHIHIBICHI TYPiH/Ieri eH 6osiMaca Oip mmerriMi 6ap 601aTHIHBI MTBIKTHI.

Tyiiia ce3aep: aybITKybl Oap IIETTIK ecell, TYBIHAAUTBIH MMEeTTIK ecell, MeNIMIIK KpUTepuiil, Kpu-
3UCTIK YKarmail, meniMHiH 6udypKaIusachl, aJredpaJbiK, XKyiie.

© 2020 Al-Farabi Kazakh National University
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O.M. Stanzhytskyi*, T.V. Shovkoplyas
National Taras Shevchenko University of Kyiv, Kyiv, Ukraine
*e-mail: ostanzh@gmail.com
Condition for solvability of a boundary value problem and bifurcation of its solution

In this paper, we study the solvability of a linear inhomogeneous boundary value problem with
perturbations for a system of second-order ordinary differential equations whose coefficients are
real, continuous, and continuously differentiable on a segment. It is known that the boundary
value problem considered in this paper is not always solvable, provided that the boundary value
problem generating it for a system of second-order ordinary differential equations has no solutions for
arbitrary inhomogeneities. The relationship between the considered linear inhomogeneous boundary
value problem with perturbation for a system of second-order ordinary differential equations and
an algebraic system is established. The coefficients of an algebraic system consist of the coefficients
of a linear inhomogeneous boundary value problem with perturbation for a system of second-order
ordinary differential equations. Based on the relationship between the boundary value problem under
consideration and the algebraic system, a condition for the solvability of a linear inhomogeneous
boundary value problem with perturbation for a system of second-order ordinary differential equations
is found. It turned out that if this solvability condition is met, there is at least one solution of a
linear inhomogeneous boundary value problem with perturbation for a system of second-order ordinary
differential equations, which has the form of a partial sum of a convergent Laurent series.

Key words: boundary problem with perturbation, generated boundary problem, the criterion of
solvability, the critical case, the bifurcation of solution, algebraical system.

1 BBenenue. IloctanoBka 3aga4dnu

Bompoc onpeznenenns yciaoBuii pa3pemmMOCTH U OTBICKAHHsS PEIICHMH pPasHBIX TUIIOB KPAeBbIX
3aJ1a49 ABJIAETCA aKTyaJ bHBIM B T€YeHHUE JJINTEILHOIO BpeMeHu. V3yueHnio pasHbIX aCleKTOB pac-
cMaTpuBaeMoil mpobJieMbl TIOCBSAINIEHO MHOI'O HaydHBIX paboT. HeTepoBbl KpaeBble 3ajiadu pac-
CMATPUBAJIUCH U UCCJIENOBAIUCH B pabore [1]. VI3yueHnto aBTOHOMHBIX KPAEBbIX 38144 [OCBAIIEHBI
paborsl [2—5|. Criabonesnneiinbie KpaeBble 3aja4qu paccMoTpenbl B |2|. Ha nporszkenun pmuresb-
HOI'O IEepUOJa BPEMEHU OCTAeTCsA aKTyasJbHBIM BOIIPOC ONPENEJeHHs YCIOBUI pa3pemmMOCTH 1
HAXOKJCHUS PEHICHUIT PA3HBIX THIIOB KPAEBbIX 3aa4. V3yueHnio pasHbIX aClleKTOB PacCMaTPUBa-
€MOT'0 BOIIPOCA MOCBSIIEHO DOJIBINOE KOJUIECTBO HAyIHBIX paboT. Vzyuenne ycaoBuil paspermmmo-
CTH KPAEBBIX 3aJa4 ¢ BOZMYIIIEHUEM JIJId CUCTEM JIMHEWHBIX JuddepeHImaj bubIX ypaBuenuii [-ro
nopsi/ika paccMorpeso B [6-9]. Kpaepast 3aaua 17151 06bIKHOBEHHBIX T depeHIaibHbIX ypaBHe-
HUiT 1 cucTeM HHTErpo-auddepeHualbHbIX YPaBHEeHHI, K KOTOPOH IPUMEHEH MeTOJI yCpeIHEeHHS,
pacemorpena B [10]. BeipoxkieHHbIE KpaeBble 3aa4ui, YCIOBHs UX PA3PEIIUMOCTH, OudypKalu u
pa3BeTB/IeHus perieHuii paceMorpero B |1 1]. VesoBusi pasperumocTu ¢1ab0BO3MYIIEHHBIX Kpae-
BBIX 3aJ1a4 JIJIS CUCTEM JIMHEHHDBIX JuddepeHnnaabHbIX yPaBHEHU BTOPOro MOPAIKa OIIPeIeIeHO
B [12,13]. B mannoit paboTe paccMaTpuBaeTCs JIMHEHAST HEOIHOPOIHAST KpaeBas 3a/a9a ¢ BO3MY-
ICHIEeM

(P(t)2) = Q(t)x — eQi(t)x = f(t), t € [a,b], (1)

lx(-e) = a+eliz(-e). (2)

Tyt [a, b] — oTpe30K, Ha KOTOPOM paccMaTpuBaeTcs JInHeiiHast KpaeBast 3aj1a4a ¢ BosMyineruem (1),
(2), x = x(t,e) — n-u3MepuMa JBaXKJbl HEIPEPBIBHO b depPEHITMpOBaHHAST UCKOMasi BEKTOPHASI

bynknus: z(-,¢) € C*([a, b] x (0,&0]), 2'(+, ), 2"(-,¢) € C*([a, b] x (0,&0]).



Vcii0Bue pa3pemnMoCcTy KPaeBoil 3a1a4un u o6udypKanus . . . 5)

P(t), Q(t), Q:(t) — xBagpaTHBIe (N X N)— U3MEPUMBIE JCHCTBATEIbHBIC MATPUIBI-DYHKIIIH.
DyiemenTbl MaTpuilbl P(t) ABIAOTCA JeHCTBUTEIBHBIME, HENpPePbIBHO- (G dOEepeHInpyeMbIMI Ha
orpeske [a,b] dynxkuusavu: P(t) € C'([a,b]); snementor marpun, Q(t) u Q(t) apisiorcs Henpe-
pbIBHBIME Ha oTpeske [a,b]: Q(t), Q1(t) € C([a,b]). Marpuna P(t) sBiseTcs HEBBIPOXKICHHOI:
det P(t) # 0.

DsiemeHTbl MaTpuIbl P(t) sBIISIIOTCS JIefiCTBUTE/ILHBIMEI, HENPEPHIBHO ud depeHnupyeMbiMu
na orpeske [a, b] bynxuuavu: P(t) € C([a, b]); snementsr matpun, Q(t) u Q:(t) assiorcs Henpe-
PLIBHBIME Ha OTpeske [a,b] dymkmuavm: Q(t), Q1(t) € C([a,b]). f(t) — n-usmepumas Hempe-
pbiBHas Ha OTpe3ke [a,b] Bekrop-bynkius: f(t) € C(la,b]). [, | — IuHeiiHbIe OrpaHUYEHHbIE M-
M3MepUMble BEKTOPHBIE (DYHKIMOHAJIBI, ONPE/IeTICHHbIE Ha MPOCTPAHCTBE N-U3MEPUMBIX KYCOTHO-
HEIPEPBIBHBIX BeKTOPHBIX (yukmmit: [, [1:C([a,b]) — R™. o — m-u3aMepumblii j1eficTBUTEIbHBII
BEKTOD: @ € R™; € — MaJIblil HEOTPUIIATE/ILHBIN TTaApaMeTp.

Y Kpaeoii 3aaan ¢ BosmymieHueM (1), (2) ectb mopoxaroras KpaeBast 3a/1a4a:

(P(t)z) —Q)x = f(t), t €la, b], (3)

lz(-e) = a. (4)

Cucrema juddepeHualbHbIX ypaBHeHUil BToporo nopsijika (3) umeer obiiee pereHne BUja:
z(t) = X(t)e+Z(t), c € R, rue X(t) — (n x 2n)-uzmepumast byHIaMeHTaTbHAST MATPHITA OJIHO-

POJTHO# CHCTEMBI BTOPOTO HOPsijiKa (3), KOTOpasi COCTOUT U3 2n-JMHEHHO HE3aBUCUMBIX DeIeHuil
b

onuoponnoii (f(t) = 0) cucrempr (3); BekTop-byHKIMS T(t) = / K(t,s)P~*(s)f(s)ds sasnser-
CsI 9aCTHBIM pelieHneM cucreMbl auddepenimanbabix ypasaennii (3); K (¢, s)-(n X n)-usmepumMast

marpuna Ko [13, 14].

B pesynbrare neiicTBus IMHEHHOTO m-u3MepuMoro pyHKInoHas a | Ha GpyHaMeHTaIbHy 0 MaT-
puity X (t) obpasyercs (m X 2n)-mamepumasi mpsiMoyrosibHast mMarpuna D, rank D= njy, n; <
min(2n, m).

Marpuna D* ectb TpaHCnOHHpOBaHHON K Marpuiie D. (2n X m)— usmepumas marpuia DT
ecth 1ceBzoobparHoii o Mypy-Ilenpoysy k marpurne D |7, 15].

Yepes Pp u Pp+ obosnauum (2n X 2n)- u (m X m)-u3MepuMble MATPHUIIbI-OPTONPOEKTOPHI,
IIpOeKTUpYyIoNue pocTpancTBa R2™ n R™ na nosb-npoctpanctsa N (D) u N(D*) cooTBEeTCTBEHHO:

Pp: R*™ — N(D), N(D) = PpR*"; Pp : R*™ — N(D), N(D*) = Pp-R™.

Pasmeprocts marpurst N (D) pasua r: dim N (D) = 2n—rank D = 2n—n; = r, a pa3MepHOCTb
marputpl N (D*) para d: dim N(D*) = m—rank D = m—n, = d. Orkyna caenyer, aro rank Pp =
r, a rank Pp« = d.

D10 3HAYUT, YTO MaTpHIa Pp COCTOUT U3 r JIMHEHHO HE3aBUCUMBIX CTOJIOIOB, a MaTpuIia Pp« co-
CTOWT U3 d JIMHEHHO He3aBUCUMbIX CTPOK. CiieioBaTesibHO, (21X 2n)-u3MepuMyo MaTpuIty Pp MOK-
Ha 3aMEHUTH (2n X r)—wu3MepuMoii marpureil Pp,_, KOTOpasi COCTOUT U3 " JTMHEHHO HE3aBHCHMbIX
crosbroB MaTpuIisl Pp; (m x m)-usmepumyio mMatpuily Pp« MoKHA 3aMeHUTH (d X m)—u3MepMoii
Matputielt Pps, KOTOpast COCTOUT W3 MOJHOM cHcTeMbl d JTHHEfHO He3aBUCHMBIX CTPOK MATDHIIBI
Pp+ |7].

st mopox atorneit kpaesoit 3ajaun (3), (4) cupasenmBo yrBepxKienue [11].

Teopema 1 (Kputuueckwuii cayuait) [lycmo evnoansemea ycaosue rankD = n; <
min{2n, m}. Tozda odrnopodnas (f(t) =0, a = 0) kpaesas 3adaua (3), (4) umeem r, (r = 2n—mny)
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U MOALKO T AuHeliHo Hedasucumbix pewenud. Heoonopoonas xkpaesas 3adaua (3), (4) paspewuma
moeda u moavko moada, xozda sexmop-pynxyus f(t) € C([a,b]) u nocmosannwi sexmop o € R™
YD0BACNEOPAIOM. YCAOBUE PASPEULUMOCTIU

Ppsla —12(-)] =0, (d=m—n). (5)

IIpu ewinoanenuu smux yeaosuli kpaesas 3adava (3), (4) umeem r-napamempuueckoe cemedi-
cmeo aunetino nezasucumolr pewernuts v(t, c,) = X, (t)e.+(G[f])(#)+ X (t)D a, t € [a,b], Ve, €
R", 2de X, (t) — (n X r)-usmepumas mampuya, cmosbury Komopot obpasyrom nosny0 Cucmemy r
AUHETHO HE3A8UCUMBLE Peweruti 00HOpoonot cucmemv, 6mopozo nopsadka (3): X.(t) = X (t)Pp,;
Pp, — (2n X 7)-usmepumas mampuya-opmonpoexmop, COCMOAULAA U3 T AUHETHO HE3A6UCUMBLT
cmonbukxos mampuyvt Pp; ¢, — npoudsosvnuiti éexmop-cmonbey, uz npocmpancmea R'; (G[f])(t),
t € la, b], - obobwennwvii onepamop I'puna, xomopuili delicmeyem Ha NPOUIBONLHYIO GEKMOP-

dynryuro f(t) € C(la, b)):

GO [ K9P @fds - XOD' [ K(- 9P (s)f(s)ds

Heobxommmo onpee/mTs, CymecTBYIOT I YCJIOBUS, IIPU BBLITOJHEHUH KOTOPBIX, KpaeBas 3a-
Jada ¢ BoamytenneM (1), (2) Gyaer pasperniMa B ciydae, 94To ee MopoxkK/Iarolias Kpaesas 3a/1a9a
(3), (4) me nmeer perenuii.

2 YcaoBus oumdypkanuu perieHnii KpaeBoil 3aadu

PaccmarpuBaercs ciydail, Korja Hopoxjaoras Kpaesas 3a1a4a (3), (4) He numeer perneHuii npu
Ipou3BOJILHBIX HeomHopoaaocTax f(t) € C(la,b]) m o € R™, 10 ecThb, BBIIOJHACTCS KPUTHICCKUIL
caydait (rank D = n; < n) u B cuty nponsBosibHOTO Beibopa neomHopoaaocteit f(t) € C([a,b]) u
a € R™ xpurepuit paspermumocTu (5) Jist MOpozKaatoreil Kpaepoii 3agaqn (3), (4) He BBINOJHS-
ercs.

B ny6mukamun [13] pacemorpena JmHeiiHash HEOIHOPOAHAS KpaeBag 3ajada ¢ BO3MYIIECHHEM
(1), (2) B cayuae, Korya ee nopoxpaonias kpaesasd 3agada (¢ = 0) (3), (4) me mmeer perneHnii.
Torya mst paccMaTprBaeMoii KpaeBoit 3aatdu ¢ ITOMOIIBIO (d X 7)-H3MEPUMON MATPHITBI

b
By = Poo{LX,(+) 1 / K(-,8)P~1(5)Q1(s) X, (s)ds). (6)

HIOCTPOEHHO# ¢ moMoIbio KoaddunuenTos 3amaqdu (1), (2), 6buM onpe/ieseHbl YCJI0BHE Pa3PeIIi-
MOCTH U YCJIOBHE €IMHCTBEHHOCTHU PEIIeHNs, KOTOPOoe MMeeT BHJI CXojsinerocs psja Jlopana mpu
kE=—1.

Pp, — (r X r)—u3mepumas MaTpuia-opTonpoekTop, Ppy:R" — N(By); B! — (r x d)-u3mepumast
MaTpPHIQ, CONpsiKeHnas K wmarpune By, Pp: - (d X d)-usmepumasi MaTPHUIA-OPTOIPOEKTOD,
Pp: ‘R4 — N (BY); (rxd) — m3mepumas marpuna B sapisercs ncesnoobparmoii no Mypy-Ilenpoysy
K marpure B, [13].

B pabore [16] paccmarpuBaincs yeaosusi 6udypKaun perenns UMITYJILCHON KpaeBoii 3a1a9u
B cTydae, Korjia yciosue Pps = 0 ne pemosmsiocs. [losromy 6bita moctpoena (d X r)-usmepumast
Marpuia Bi:

By = Pp{lhGi(-) — / K(-,$)P~1(s)Q1(s) Gy (s)ds), (7)
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rie (n X r)-u3mepumasi Mmarpuia G1(t) umeer Bu:
G1(t) = (G[Q1(s) X (s)])(8) + X (£) DL X (-)- (8)

B* — (r x d)-u3mepumast MaTpUIA, TPAHCIOHNPOBAHHAS K MaTpHIE B ; Py (r X r)-usmepumas
MAaTPHUIA-OPTOIPOEKTOP, MPOEKTUPYIONIAs T-U3MEPUMOEe IBKJIUJIOBO IIPOCTPAHCTBO R’ Ha HOJIb-
npocrpatcteo N(Bi) marpuupl By Pp-—(d X d)-usmepumas MaTpuIa-OpTONPOEKTOP, IPOEKTH-
pylommas d-u3MepuMoe SBKJIHI0BO TPocTpaHcTBo RY Ha HoMb-IpocTpancTBo N (Bf) MaTpuiel B

B pabore [16] ¢ nomonsio marpur By u By 6bLn HaliieHbl yeaoBus 6udypKanu perenus: pac-
cMaTpuBaeMoii MMITyJIbCHOI KpaeBoit 3aja1n. [Tokasano, uro B ciyuae, Korja yciaosue Ppy Ppe =0
BBITIOJTHSIETCsI, paccMaTpUBaeMasi UMITYJIbCHAS KpaeBas 3ajada paspeninMa U UMeeT pelleHre B
BHUJIE CXO/sIerocs psija Jlopana npu k = —2.

B nanmoit pabore paccmarpuBaerca ciiydail, korga ycnosusa Pgs = 0, Pp: Pg: = 0 He BbIIOI-
HSAIOTCS.

I[Tostomy mocrpoena (d X r)-m3MepuMas MaTpHIa B := — Pp: By Pp,,, IpY BBIIIOJIHEHUH OIIpe-
JICJIEHHBIX YCJIOBUiT Ha KOTOpYIo, 3aj1ada (3), (4) Oyaer paspermmmoii. B arom ciaydae perenne
Kpaepoit 3agaqan (3), (4) wmmercsa ¢ nomompio Merofa Bummka-Jliocrepauka [17] B Buge wactu
cxondmerocs paia Jlopana npu k = —3.

Nmeer mecto Teopema.

Teopema 2 ITycmo nopoosrcdarowas kpaesas 3adaua (3), (4) npu npoussossHuT HEOOHOPOOHOCTNAT
f(t) € C(la,b]) v a € R™ ne umeem pewerutdi u dan xkpaesoti 3adauu ¢ soamyuwenuem (1), (2)
6vINoANENDL YCA06UA Ppy # 0, Pp: Ppg; #0.

Tozda xkpaesasn zadava ¢ sosmywernuem (1), (2) paspewuma, ecau vNOANACNCA YCAOBUE

Pg: Pz =0 (9)

u ee pewenue npu docmamouno Masoti gurcuposannoti seauvune € € (0 ,e] umeem eud wacmu
cxodsawezoca pada Jlopara:

i) = 3 et (10)

kooppunuenmoe T, k > —3, pada (10) wwymes us coomeememeyowur kpaesur 3aday, 06paso-
sannux nocae nodemanosku 6 3adawy (1), (2) pada (10) u npupasnusanus coomeememeyouus
Koappuyuenmos npu Kasrcdom u3 cmenenet €.

HokazareabcrBo. [logcrasum psiyt (10) B 3amaay (1), (2), u Torma npu Kax/oil creneHu €
IIOJIY IMM COOTBETCTYIOINLYIO OJHOPOJIHYIO KPAeBYIO 3a/1a4y.
[pu £~ umMeeM OJHOPOJIHYIO KPAeBYIO 3a/1ady:

(P(t)al3) — Q()r—3 =0, € la,b], (11)

ll'_g(', 6) =0.

[To Teopeme 1 kpaesast 3aa4ua (11) Beceryia paspennma u UMeeT r-IapaMeTpuIecKoe MHOKECTBO
perieHunii:

v_5(t) = X, (t)ca, c_o € R, (12)
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C_9 — TPOU3BOJIbHBIN T-M3MEPUMbBIl BEKTOD, KOTOPBIH Oy/JeT HaiijieH U3 yCJIOBUS PA3PEHTUMOCTH

KpaeBoil 3a/1auu IpH £ 2.

[Ipu €2 moyuaeM HEOTHOPOJIHYIO KPaeByIo 3a/1auy:

(P(D)a’y) = Q)12 = Qi(t)z_s, t €[a,b], (13)

ll’_g(', 8) = lll’_3<', E).

CorytacHo TeopeMbl 1 ycsioBre pa3permmMocT HeoJHOPOIHOI KpaeBoit 3a1a4n (13) umeer BuI:

’

P {11x3 —Z/K L(s)Oh (s)2_ ()ds}:(), d=m—n. (14)

[Toncrasus B (14) 3nadenue Bekropa _3(t, ¢_s), BbpazkeHHOE paBeHCTBOM (12), mosry<mM:

oy {00 =1 [ KPR s eoa =0 (15)

YunteiBas oboznadenus (6), u3 (15) mosydnm aarebpanvecKyo CHCTEMY:
B[)C,Q =0. (16)
Aure6pamueckasi cucrema (16) Beerja pasperinma, ee pereHrneM SBJSeTCs r~-M3MePUMBbI BEKTOD:
C_9 = PBOC_QT’ C_or € R". (17)

[Mogcrapus (17) B (12), mosyunm r-napaMeTpuveckoe MHOXKECTBO DeIeHU KpaeBol 3aadu

(11):
x_3(t) = X, (t)Pp,c—2, C_o9p € R". (18)
[To Teopeme 1 kpaesasi 3a7aua (13) uMeer r-napaMeTpuvaeckoe MHOXKECTBO PEIIeHMUI:
ot, 1) = X(B)eor + (GlQ1(s)x_3(s)))(t) + X(t) DT lyx_5(-,¢), c-1 € R, (19)

[Toncrasum (18) B (19), Torma r-napamMerpriecKoe MHOXKECTBO PelleHuii Kpaepoii 3ajaqn (13) mme-
eT BUJ:

—a(t, co1) = X(t)er + Gi(t) Ppycoar,  co1 € R, (20)
rae marpuna Gy (t) umeer Buz (8).

HeunsBecrubiit BeKTOp ¢_1 Oy/IeT Hail/leH Ha CJEIYIOIIEeM Iare u3 yCJI0BUs Pa3pelInMOCTU Kpa-

eBoil 3a/1auu, obpaszopannoit npu £ 1. Ilpu e~! umeem Kpaesyio 3a1ady:

(P()2l) = Q(t)z—1 = Qu(t)r—s, t € [a,], (21)
lz_y(,e) = lix_o(-€).

CorutacHo TeopeMbl 1 ycjioBre pa3penmMocTu KpaeBoii 3agaqu (21) ecTb TakuMm:

Pp- {zm —Z/K 1($)Q1(s)z— ()ds}:O, d=m—n. (22)
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[Moxcrasum (20) B (22), orKy/Ia, yuurbiBas obosnadenus (6) u (7), moaydum ajaredbpandeckyio
CHCTEeMY OTHOCHUTEJILHO HEM3BECTHOI'O BeKTOpa ¢_, € R':

Byc_y = —B1Pg,c_o,. (23)
YciioBue paspentuMoCcTy alredpandeckoii cucreMbl (23) sABIAETCS TaKHM:

Py [~ By Pyc_a,] = 0. (24)
O6ozradmM 3a (d X 7)-U3MepuMyIo MaTpuIly B; MaTpHIly BHA:

B, = —P,. B Pp,. (25)
YunteiBasi ob6o3nadeHus (25), paBeHCTBO (24) mepenuiieM B TAKOM BHUJIE:

Bic_g = 0. (26)

Bammiem r-napaMeTpudIecKoe MHOXKECTBO PEIeHnil aaredbpandeckoil cucreMbl (23):

C_1 = BJ[—BlpBOC_QT] + PBoc—lra C_1, € R". (27)

[Toacrasum (27) B (20), B pe3y/braTe MOIYyYUM T-HapAMETPHIECKOe MHOXKECTBO PelleHnii KpaeBoii
sajaqn (13):

Lo(t, c.1) = X, (t)Ppyc_1, + [Xo(t) By [~ Bi1] + G1(t)]Pg,c_2r, c_1r € R". (28)
CorytacHO TeopeMbl 1 r-IapaMeTpuieKkoe MHOYKECTBO KpaeBoii 3aaun (21) siBjisiercss TAKOBBIM:
1(t, co) = Xo(t)eo + (G[Qu(8)z2(s)) (1) + X () DT ha (-, €), co € R, (29)
O6ozHaunm depes (n X r)-usmepumyto marpuily Gs(t) MaTpuiyy Buia:
Ga(t) = (G[Q1(s)G1(9)]) (1) + X () DThGr (), (30)
Torja, npuMensis K (29) obosuauenus (8) u (30), mosryamm:
1(t, @) = X (t)eo + Gi(t) Ppyc_1y + [G1(t) By [—B1] + Ga(t)| Ppyc_a;- (31)

(31) — r-napameTpuveckoe MHOXKECTBO pellienuii Kpaesoii 3ajaun (21). HeussecTHblii BeKTOp ¢ €
R" 6yner naiifen Ha cieytomieM mare. IIpu € nmeeM Heo HOPOIHYIO KPaeByIo 3a/1a4dy:

/

(P(t)l'6) - Q(t)x() = Ql(t)xfl + f(t)a t e [a7 b]: (32)

ll’o(',E) = l1$_1(',€) + .

CorytacHo TeopeMbl 1 ycioBHe pa3penmMocTi KpaeBoii 3aja4u (32) TakoBo:

Py {llxl +a—l/ K () P~1(5)[Q1(s)2 (s)+f(s)]ds}:0, d=m—n,.  (33)
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B (33) noxcrasum (31) u, BBIIOJHIB COOTBETCTBYIOIIHE IPEOOPA30BAHIS, Oy IUM aJrebpan-
YECKYIO CHCTEMY OTHOCHTEIHHO HEM3BECTHOIO BEKTOpa ¢g € R':

Boco = o — B1Pp,c_1, — [BlB(ﬂ—Bl] + Bs|Pp,c_a,. (34)

B (34) By u By — marpunst Buga (6), (7) coorsercrBenHo, (d X r)-usmepumas Marpuiia By u
d-u3mepuMasi BEKTOP-PYHKIUS Qg OIPeIeIeHbl TAKIM 00Pa30oM:

b
By := Pp:{liGs(") — l/ K(-,5)P7'(s)Q1(5)Ga(s)ds}, d=m —n, (35)
b
b= Pogfa~1 [ K(P (9@ (5)ds] (36)
YeoBre paspernmmMocTy aarebpandeckoit cucteMbr (34) TakoBoO:
Pp: [0 — B1Pp,c 1, — [B1By [~ Bi] + Ba] Pp,c_2,] = 0. (37)
[Tostoxkum
By := BBy [~ Bi] + B, (38)

By — (d x r)-m3mepumast marpura. OTKy/1a,
—Pp: B1 Ppyc_1, = Pp:[Ba1 Ppyc_2r — o). (39)

B (39) npomssenenue marpun —Pgs B Pp,, cornacno obosnauenus (25) apiagerca (d x 7)-
U3MepUMOil MaTpuIleit By, ciegoBaTenbHo, yeaosre (39) paBHOCUIBHO YCJIOBUIO:

Ec—lr = PB;; [B21PBOC—2T - 800]- (40)
VeioBrue pa3permMocTi aaredpandecKoil CUCTEMbI (40) TaKOBO:
PgzPp;[By1 Ppycor — @o] = 0, (41)

yenosue (41) pemosnsiercs, ecmn PgzPp; = 0.

VYesoBue pasperumocTtu ajarebpanieckoit cucrembl (40) siBjisieTcs yCJIOBHEM Pa3PENTMMOCTH aJl-
rebpandeckoii cucrembr (34). CrefoBaresibao, anrebpandeckast cucrema (34) sBJsieTcs pa3perin-
MO U MMeeT r-IiapaMeTPUYecKOe MHOXKECTBO PEIICHUN:

co = Ppycor + By [0 — B1Ppyc—1, — Ba1 Ppyc_a,], cor € R (42)

BHauenne BekTopa o Buja (42) mogcraBuMm B (31), mocse €gero r-nmapamMeTpuuecKoe MHOXKECTBO
perenuii Kpaesoit 3a1adn (21) gBJIgeTCs TAKOBLIM:

z-1(t, co) = X, (t) Ppycor + {X;(t) By [=Bi] + G1(t)} Ppyc—1r + {X(t) By [~ Ba|+
+ G1(t)By [—B1] + Ga(t)} Ppyc—ar + X, () By o, cor € R (43)
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CorutacHo Teopembl 1 KpaeBast 3ajia4a (32) UMeeT r-llapaMeTpruieckoe MHOYKECTBO DEIleHUil:
o(t, c1) = X(t)er + (G[Qu(s)z—1(s) + f(s))(t) + X ()DT (lhz—1 () + @), 1 € R (44)

[Mogcrasum x_1(t, ¢p) B (44). O603naunm vepes Gs(t) — (n X 7)-U3MEPUMYIO MATpPHILY, a depe3
Géo) (1) — n-M3MepUMYI0 BEKTOPHYIO (DYHKIIHIO:

Gs(t) == (G[Q1(s)Ga(s)]) (1) + X () DThGa(-), (45)

(0)
Go (1) = (G[f(s)])(t) + X(t)D v (46)
Torya r-mapamerpuaeckoe MHOXKECTBO pellleHnil Kpaesoii 3a1aun (32) saBIsgeTcs TaKOBBIM:

l’o(t, Cl) = X(t)Cl + Gl(t)PB()COT‘ + {Gl(t)BS_[—Bl] + Gg(t)}PBOC_lr—f—

+ {Gl (t)B(—)'—[—Bm] + GQ(t)B(—}_[_Bl] + Gg(t)}PBOC_Qr + G1 (t)Bg_(,DQ + G(()O) (t), c1 € RT.
(47)

BexTop ¢; 6yeT naiiien Ha cieyiomeM mare. IIpu €' mMeeM HeoJHOPOIHYIO KPAEBYIO 3a1a4y:

!

(P(t)z)) — Q)1 = Qi(t)zo, t € [a,b], (48)
11'1(',8) = llxo(-,s).

CorytacHo TeopeMbl 1, yc/ioBHe pa3permMOCT KPAeBOil 3a/1a1i eCTh TaKOBBIM:

Pp {llxg —Z/K 1(5)Qr(s)z ()8}:0, d=m—n. (49)

B (49) moncrasum (47). Ucnonbyst obosuadenus (6), (7), (35), (38) mosryunm ajaredbpandeckyio
CHCTEMY OTHOCHTEJIbHO HEM3BECTHOIO BeKTOpa ¢; € R':

Boci = p1 — B1Bg o — By Pp,cor — B2 Pp,c—1, — B31 Ppyc_ay, (50)

B (50) 1 aBasieTcs d-u3Mepumoii BeKTop-yHKIMeil, uMerorei By

= PG / K () P~1(5)Q1 ()G (s)ds]. (51)
B (50) (d x r)-usmepumas marpuiia Bs; orpejesena TakKiuM 06pa3oM:
Bsy := By B{ [~ Ba1] + B2 By [—Bi] + Bs. (52)
YeioBue paspenmMocTs airebpandeckoii cucremsl (50) ecTh TAKOBBIM:
Pp:[p1 — B1By o — B1Pp,cor — Ba1Pp,c_1, — B3 P,c_o,] = 0. (53)
Orkyna, ucnosb3ys obozHadeHus (25), mosydaem:

Bicor = Pgs[Bo1 Ppyc_1, + B31 Ppyc_a, + BBy po — ¢1]- (54)
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(54) — asnrebpanyeckasi cucreMa OTHOCUTEJILHO BEKTOpa Co € R'.
YceioBue pa3pentuMocTs ajrebpandeckoii cucreMbl (54) cieyroree:

PE;PBE)K [B21PB()0717" + BglpBOC,QT + BlB(J]FQOO — gOl] = O (55)

Yenosue pasperntuvocti (55) anrebpamdeckoit cucreMbl (54) BBIOTHSIETCsI, €CTH UMeeT MeCTO
pPaBEHCTBO: PE{ Pg: = 0.

U3 ycsoBust paspentumoctu (55) anrebpandeckoii cucrembl (54) cieyer pa3penmmMocTb auaret-
pamdeckoii cucrembl (50) OTHOCHTEIBHO HEM3BECTHOTO BeKTOpa ¢ € R’

r-apaMeTpuIeckoe MHOXKECTBO PelleHuil ajredpandeckoii cucreMsbr (50) TakoBo:

c1 = Pg,c1r + By {1 — B1Bg o — B1Pp,cor — Bo1 Ppyc_1, — B31Ppyc_a,}, c1 € R (56)

[MomcraBum (56) B (47), B pesyibrare 4Yero MOJYUINM T-HapaMeTpUIecKoe MHOYKECTBO PeleHuil
Kpaesoii 3aaan (32):

zo(t, ¢1) = X,.(t)Ppyc1, + [ X, (t) By [—Bi1] + Gi(t)| Pg,cor+
+ {X,.(t) By [=Ba1] + G1(t) By |[—B1] + Ga(t) } Ppyc_1,+
+{X,(t)Bg [=Bs1] + G1(t) By [~ Ba1] + Go(t) By [ B1] + Gs(t)} Pg,c_or+

+ X.(t)Bf [or — BiB{ wol + G1(t) B po + Gy (£), e1p € RT. (57)

CorutacHo TeopeMbl 1 KpaeBas 3ajada (48) mMeer r-nmapaMeTpruiecKoe MHOYKECTBO PeIleHuil:

n1(t, c2) = X(t)ea + (G[Qu(8)xo()) () + X(H)DThao(-), 2 € R (58)

(57) mozncrasum B (58). YunTsiBag paHee BBeJeHHbIe obo3nadenns dbynknuii (8), (30), (45) u
obo3HaumB 3a G4(t)—(n X r)-u3Mepumyro MaTpuIyy-GyHKIMIO, 3a G(()l)(t) ~ N-U3MEPUMYIO BEKTOD-
GYHKIMIO BHIA:

Ga(t) = (G[Qu(s)G3(s)])(t) + X () DThGs (), (59)

G (1) == (G ()G () (1) + X (&) DTLGY (), (60)

3 (58) mosIyumM 7-IapaMeTpPUTIecKoe MHOMKECTBO PEIIeHuii KpaeBoit 3aadn (48):

z1(t, c2) = X, (t)co + G1(t) Ppycrr + {G1(t) By [—Bi] + Ga2(t) } Ppycor+
+{G1(t) By [~ Bo1] + G2(t) By [—B1] + G3(t)} Ppyc_1.+
+{G1(t) By [~ Bs1] + Ga(t) By [~ Ba] + G3(t) By [=Bi1] + Gu(t) } P,c_ar+
+ Gi(1)Bf {1 — BiBi o} + Ga(t) Biwo + G (1), e € R (61)

HewuspecTHblit BeKTOp ¢, € R’ Gy/eT HaiijileH Ha CJIe[yIoeM Hiare U3 yCJOBHs Pa3peliuMOCTH
KpaeBoil 3a/1auu, 0Opa30BaHHON Ipu £2.
I[Ipu €2 uMeeM HEOHOPOIHYIO KPaeByIo 3a/1ady:

/

(P(t)zh) — Q()x2 = Qu(t)rr, t € [a,b], (62)
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ll’Q(', 8) = l1$1(', 8).

CorytacHO TeopeMbl 1 yc/IoBHe paspermMocT KpaeBoii 3a1aan (62) ecTb TaKOBBIM:

Pp {llxl —l/K 1(5)Qu ()21 (5)d }:o. (63)

[ToncraBum (61) B (63). YunrsiBas oboznatenus (6), (7), (35), (38), (52), u, moaoxKuB:

o2 = — P, LG () — 1 / K (- 5)P~(5)Qs ()G (s)ds], (64)

B41 = BlB [ Bgl] + BQB [ Bgl] + BgB [ Bl] + B4, (65)
B (64) u (65) po — d-usmepumas BekTop-byHKIUsA, By — (d X 7)-u3MepuMasi MaTpUIia, COOTBET-

CTBEHHO; TOI'la U3 (63) IIOJIy9UM aJIF€6paI/I‘{€CKyIO CUCTEMY OTHOCHUTEJIbHO HEM3BECTHOI'O BEKTOPa
Cy € R":

Bycy = —B1PBOC1r - BleBOCw - B:anonu - B41P30072r—
— BBy {¢1 — BiB{ o} — BaBj o + 2. (66)

YesioBre paspemnmMocTu ajaredbpandeckoii cucreMbl (66) sABJISETCST TAKOBBIM:

PBS{% — By Pp,c1r — Ba1Ppycor — B31Ppyc—1r — Ba1Pp,c_2,—
— BiBy{¢1 — BiBy o} — B2Bj o} = 0. (67)

OTky/1a, yIUTBIBasA, ITO By = _PBS By Pg,, paserctso (67) mMeer BUT:

Bicy, = Pp:{ B2 Pp,cor + Bs1 Ppyc_1, + B Ppyc_o,—
— 2+ B1Bi {1 — BiBf o} + BaB o} (68)

(68) — asrebpanyeckasi cucTeMa OTHOCUTEJILHO BEKTOpa c1,. € R’ ee ycjoBHe pa3penmMoCTi eCTh
TAKOBBIM:

Pg;PBg{BmPBOCOT + B31Ppyc-1r + Bu1 Ppyc—2r—
— 2+ BiBy {¢1 — BiBj ¢o} + BBy wo} = 0. (69)

Yenosue (69) BBIIOIHAETCH, €C/IM UMEET MeCTO paseHcTso: Py Pp; = 0.
Bammmmrem perenne aarebpamdeckoit cucremsr (66):

Co = PBOC% + BSL{<P2 - BIPBoclr - B21PBOCOT - BSIPBOC—IT - B41PBOC—2r—
— Bi1By{¢1 — BBy o} — BaBy o}, car € R', (70)
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(70) — pemenne anrebpamdeckoit cucrembl (66). 3Hasdg BEKTOD ¢, MOXKHO 3allUCaTb 7T-
IapaMeTpu4ecKoe MHOXKECTBO PELICHU KpaeBoil 3a1a4u

z1(t, c2) = X,.(t)Pp,car + {X,.(t) By [—B1] + G1(t)} Ppyc1r + { X, (t) By [~ Ba ]+
+ G1(t) By [=B1] + Ga(t) } Pp,cor+
+{X,.(t) By [=Bs1] + G1(t) By [~ Bar] + G2(t) By [~ B1] + G(t) } Ppyc_ 1+
+ {X,.(t) By [=Ba1] + G1(t) By [~ Ba1] + Ga2(t) By [~ Ba1] + G3(t) By [~ Bi1] + Ga(t)} Pp,c_ar+
+ X, (t)Bi {2 — BiBy {1 — B1B{ o} — B2 By po}+

+ Gr()Bf {1 — BiBf po} + Ga(t) B o + G (1), (T1)

Banmiem r-napaMeTpudecKoe MHOXKECTBO pellieHnil Kpaesoii 3agaun (62):
I’Q(t, 63) = Xr(t)c;a, + (G[Ql(S)l'l(S)])(t) + X(t)D+l1X1(), C3 € R". (72)

[Moacrasum xy(t, co) B (72), ucnonn3ys panee BBeJeHHble obozHaudenus (8), (30), (45), (59), u
0603HaYIMB Yepe3 (n X r)-u3MepuMyio MaTpuity-gyuknuio Gs(t) 1 depe3 n-n3MepuMyio BEKTOPHYIO

dyHKIIO G(()z) (t) cremyromue QyHKIUNI:

Gs5(t) = (G[Q1(s)Ga()])(t) + X () DTHGal), (73)

GP(t) = (GO ()G (s))(t) + X ()DL G (), (74)

B pe3ysbraTe TOJCTAHOBKU r-TlapaMeTpHIecKoe MHO:KecTBO (72) pernenuil kpaeBoil 3ajadau (62)
Oy/J1eT uMeTb BHJI;:

zo(t, c3) = X, (t)cs + G (t) Pgyca, + {G1(t) B [— Bi1] + Ga(t)} Ppyc1,+
+{G1(t) By [~ Ba1] + G2(t) By [=B1] + G(t)} Py, cor+
+{G1(t) By [~ Bs1] + G2(t) By [=Bai] + G3(t) By [~ Bi] + Gu(t) } Ppoyc-1r+
+{G1(t) By [~ Ba] + G2(t) By [~ Ba] + G3(t) By [~ Ba1] + Ga(t) By [~ Bi] 4 G5(t) } Ppyc—ar+
+ Gyt )B {2 3130 {1 — BlBS'gpo} — BQBS_QOO}-{—
+ Ga(t) Bf {1 — B1Bq o} + Ga(t) B wo + G (). (75)
BekTop ¢35 € R Oyier Haiijien Ha CJIe/IyIONEM Iare.
I[Ipoyomzkass 9TOT Tporiece, Ipu ¥, k > 1 ToaydnM HeoHOPOIHYIO KPAeBYIO 33124y

/

(P(t>$;c> - Q(t)xk = Q1<t>$k*17 l e [a’b]’ (76)
lfﬂk(',g) = llxkz—l(‘, E),

KOTOpas#, COIJIaCHO T€OPEMbBI 1 mmeet YCJIOBHE PA3PENMINMOCTH:

Pp: {llxk ] —z/ K(- (5)Q1(s)wr-1(s )ds} =0, (77)
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us3 KOTOpOIU/I cieayer aJIFe6pEH/I‘I€CKaH CUCTEMa OTHOCUTEJ/IbHO HEU3BECTHOI'O BEKTOPA Cg:

Bocr, = o1 — BlB(J)r{QOkfl - BlB(J)r{@k—Q - B1B(J)r{<Pk73—
— BIBS_{SOk—4 — ... — Bk_4Ba_(p0} — ... Bk_gBa_(p()} — ... Bk—QBS_{Spl — BlBg—gO()}—
— Bk—lBS_SOO} — ... Bk—lBa_{Qpl - BlBS—QO()} - BkBS_QOO (78)

KOTOpas pa3pelninMa B TOM CJIydae, KOT/Ia BBIIIOJTHSIETCS YCIOBUE
P§§P33 =0. (79)

r-IapaMeTpuIeckoe MHOXKECTBO PellleHuil ajredbpandeckoii cucreMbl (78) umMeer BUI:

cr = Ppycir + B(J)r [SOk — B1PpyCrr — B21PBOC(k—1)r — .. — BryaPpycor—
— BlB(—)i_{SOk—l — BlBS—{QOk_Q — BlB(_)'_{SOk—?, — BlBa_{ . } — ... Bk_QBS_gO()}—
— ... Bk—QB(—)FQOO{SOI — BIBJQDO} — Bk—lBS_QOO} — ... — Bk—lB(—)‘_QOO}_

— ... — By_sBi@o{e1r — BiBy wo} — BiBj o), o € R7, (80)

371€Ch

b
or = —Ppy GV () — / K (- 5)P(5)Q1(s)G ™" (s)ds],

G () = (GIQ(s)G Y (s))(1) + X () DTLGE V().

r-napaMeTpuYIecKoe MHOXKECTBO pellieHnit KpaeBoil 3agaun (76) mMeer B

T (t, cpp1) = X, (t) e + Gi(t) Poycrr + {G1(t) By [—Bi] + Ga(t) } Py cio—1)r+

4 {Gy(8) B [~ Bat] + Gs() B [~Bi] + Ga()} Paciesyy + -t

+1{G1(t) By [~ B2 + G2(t) By [~ By + -« + Graa(t) By [~ Bi] + Grya(t)} Py coopt
+ G1(t)By - {pr. — BiBi {¢r1 — BiBi {¢ro— BiBf {¢r3— BiBf{..} —...—

— B 9Biwo} — ... — Br_o{¢1 — BiBi o} — Br_1Bg o} — ... —

— By_1By {1 — BiBy o} — BiBg po}t} + Ga(t) By {¢r-1—

— BB {¢ro — BiBf {¢or_3— BiBf{...} — ... = Br_oBi o} —...—

- Bk—QBar{@l - BlBarSOO} - Bk—lBS_SOO} — ... Bk-lBJ{sol - BlBa_SOO}_

— BiBf o} + ...+ Ge(t)Bf {g1 — BiBf o} + G By o + GO (t),  crr € BT, (81)

C 1moMOIIbI0 MeToa MaTeMaTUIeCKONl MHIYKIIUU JIIsi IPOM3BOJIBHOIO HaTypajbHOro k > 1
MOXKHO JIOKa3aTh, U4TO KpaeBas 3ajada Bujaa (76), KoTopas obpasoBaHa IIOCTE MOJCTAHOBKH Dsl-
na (10) B kpaesyio 3amady (1), (2) u npupaBHUBaHUS COOTBETCTBYIOMUX KOI(DMDUIMEHTOB MpH
KazKJIOM M3 cTeleHeil ¥, GyeT paspernMa, eciim BbIIOIHsAeTcs yeaosue (79), U IPH 9TOM HMeeT
r—IapaMeTPIUIecKoe MHOKeCTBO pernenuii (81).

CxomumocTsb psiia JlopaHa TOKa3bIBAETCs ¢ MOMOIIBIO TPAAUIIMOHHBIX METOI0B MasKOPUpPOBa-
aust |17]. Teopema 2 jnokazana.

JlokazaresbeTBO TeopeMbl 2 6asupyercs Ha Metone Bummnka-Jlrocrepruka |1 7). Iomyuentse B
paboTe pe3ysIbTaThl SBJSIOTCS 0600IIEHIeM Pe3yIbTATOB, IPUBEIEHHbBIX B |12, 13] u cormacoBbiBa-
IOTCS C paHee MOJIyYeHHBIMI B TeOPUN KPAeBbIX 3a/ad pesy/braramu |69, 13, 11].
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HECEKTOPUAJIBHBIN OIIEPATOP IIITYPMA-JINYBUJLJIS
C JUCKPETHBIM CIIEKTPOM

Buepsoie ypasuenusi [lltypma-JIuyBusist ¢ KoMIieKcHBIM moTernmanom usdydas M.A. Haiimapx.
M.A. Haitmapky yaaaoch HAfTH JOCTATOYHBIE YCJIOBHsS HA KOMILIEKCHBIN MTOTEHIINAJ, KOTJA COOTBET-
crBytomuit oneparop Ilrypma-JInyBuiis Ha MoIyocHm HMeeT IMCKPETHBIN clekTp. B majbHelinem
pesyiabrar M.A.Haiimapka Obu1 ycusien B paborax B.B. Jluackoro. VejoBusi Ha KOMILJIEKCHBIN I10-
ternuaj, npubegenable B.B. JluackuMm, rapaHTHpPYIOT aKKPETUBHOCTH WUCCJIEIYEMBIX OIEPATOPOB
Irypma-JInysusis. AKTyaJdbHBIM OCTABAJICS BOIPOC O CYIIECTBOBAHUN HEAKKPETUBHBIX OIEPATOPOB
MIrypma-JIuyBuiuist ¢ ZUCKPETHBIM CHEKTPOM. B IpejiaraeMoil cTrarbe JAaeTcs OTBET Ha YKA3aHHBIHN
Bompoc. st ypasaenusi [IIrypma—JInyBusiist ¢ KOMIIEKCHBIM IIOTEHIIMAJIOM IIOCTPOEHO CIIEIHAJIHHOE
pelrenne, KOTopoe yObiBaeT Ha GECKOHETHOCTHU U IPHU KaKJIOM (PUKCUPOBAHHOM 3HAYEHUU HE3aBUCUMOI
[IEPEMEHHOI sIBJISIETCsI 1IeJION (DYHKIIMEH CIIeKTPAJILHOrO mapamMerpa. VICrmob3yst 9T0 penteHue, moJry YeHo
0000rmmenne u3BecTHO Teopembl B.B. Jlugckoro o6 yciioBusix Ha TOTEHIMAJ, IIPU KOTOPBIX CIIEKTP
coorBercTBytomero omeparopa rypma-JInyBmuis auckpereH, a cucreMa KOPHEBBIX BEKTOPOB ITOJIHA
u MuHHMaJIbHA. B omiinydne ot paborsl B.B. Jlugckoro, BMeCcTO OrpaHUYEHHOCTH CHHU3Y BEIECTBEHHOMN
YACTH WJIH TI0JyOIPAHUYEHHOCTH MHUMOM YacTU [OTEHIMAJIA TPeOyeTCs JINIIb, 4TO0bI 00/1aCTh 3HAYEHU
[IOTEHIINAJIA JIe’KaJIa BHE HEKOTOPOT'O YIJIa IPOU3BOJBHOTO PACTBOPA ¢ OHCCEKTPHUCOI 10 OTPULIATEIHLHOI
BEIIECTBCHHOMN IIOJIYOCH.

KuroueBbie cJjioBa: CHeKTpa/bHAsd HEYCTONYINBOCTH, JOKAIU3AIUS CIIeKTpa, ypasHenue IlItypma—
JlnyBuiist, TpUBUAIbHAS MOHOIPOMUSI.

X.K. Umkuu*, P.1. MapBanos
Bamkypt memsiekerTiKk yHuBepcureti, ¥ da k., Peceit
*e-mail: Ishkin62@mail.ru
Huckperrti ciekrpi 6ap IIItypm—JInyBuiiab CEKTOPJIBIK €MeC OIePaTOPbI

Ayrramr per komirekc moreHrmasabl  rypm-JInysuwie Tergeyiaepin M.A. Haiimapk 3eprre.
M.A. HaijiMmapk KOMIIEKC TIOTEHIMAJ YIIiH oraH cofikec kejerin ITIrypm-JInyBuiuib onepaTopbiHbIH,
JKapThIJIail ©cTe IUCKPETTI CIeKTpi OOFaH JKarmaiifa JKeTKUTKTI maprrapabl Taba asanbl. Keitin
M.A. HaiimapkTbiy moruxkeci B.B. Jlnackuiiaig »kymbicTapbiaia KyineiTiani. KoMiuieke norennpasira
B.B. Jlunckuitmen xentipren tmaptrap Iltypm-JIuyBuiib omepaTopiapbiHbIH —aKKPETUBTLIIriHe
kenmik 6epeni. JIuckperti cuekrpi 6ap ItypMm-JInyBu/uibiin aKKpPEeTUBTI eMec OmepaToOpJIapbIHbIH
G6ap 60IyBl Typajbl Mocejie ©3eKTi OOJBIT KaJjia Oepii. YCHIHBLIBIT OTBIPFAH MaKaJIaja KOpPCETLIreH
cypakka xkayarn Oepinemi. Kommeke morenmuasapr [rypm-JluyBusie TeHzeyi yImiH Imekci3mikTe
KEMWUTIH >KOHE TOyeJCi3 alHbIMAILIHGIH op Oip OekiTiireH MOHIHIAE CHEKTPJIIK HapaMeTpiin OyTiH
GYHKIMACH 00J1aThl apHaiibl memiMi Kypbliasl. Ocbl memiMai KosgaHa orbipbill, B.B. JIuackuiiain
[OTEHINAJIFA KONBIJIATBIH MIAPTTAP TYypaJjbl OeJIrjli TeopeMaChIHBIH, YKaJIIbLIaMachl aJbIHIABL. (Ochbl
maprrap opbiHIasFaHa coiikec [IITypm-JInyBu/uib OlepaTphIHbIH, CIEKTPl JUCKPeTTi, aji TybipJik
BEKTOpJIap Kyieci TONBIK KoHe MUHUMAJIABI Oonanbl. B.B. JInackuiiain *KyMbIChIHA KaparaHIarbl aii-
BIPMAIIBLIBIK, - TOTEHITHAJIIBIH HAKTHI OOJITiHIH TOMEHHEH MIeHe/TeH 0OTybl HeMece YKopaMaJl 0o TiriHin
JKapThLIail IIeHejreH OOJIybl IapPTTAPBIHBIH, OPHBbIHA TEK KAHA MOTEHIINAJIbIH MOHIED YKUBIHBI OUCCEK-
Tpuca MeH Ke#bip TY3y/IiH apachbiHIarbl OYPBINITAH THIC 2KOpaMaJI 6C OONbIH I8 OpAH/IACHLY TaJIall €TiIeTi.

Tyiiia ce3aep: CIeKTPJIK TYPaKChI3ABIK, CIEKTPIIH Jokam3amuscel, [ITypm-JluyBuiaas reneyi, Tpu-
BUAJIIBI MOHOJPOMUSI.
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Non-accretive Sturm—Liouville operator with discrete spectrum

For the first time, the Sturm-Liouville equations with a complex potential were studied by M.A.
Naimark. M.A. Naimark managed to find sufficient conditions for a complex potential when the
corresponding Sturm-Liouville operator on the semi-axis has a discrete spectrum. later, the result of
M.A. Naimark was strengthened in the works of V.B. Lidskii. the conditions for the complex potential
given by V.B. Lidskii guarantee the accretivity of the studied Sturm-Liouville operators. the question
of the existence of non-discrete Sturm-Liouville operators with a discrete spectrum remained relevant.
The proposed article provides an answer to this question. For the Sturm - Liouville equation with a
complex potential, we have constructed a special solution that decreases at infinity and, for each fixed
value of the independent variable, is an entire function of the spectral parameter. Using this solution, a
generalization of the well-known theorem of V.B. Lidskii on the conditions on the potential under which
the spectrum of the corresponding Sturm — Liouville operator is discrete and the system of root vectors
is complete and minimal. In contrast to Lidskii’s work, instead of bounded below the real part or
semi-boundedness of the imaginary part of the potential, it is only required that the region of potential
values lie outside a certain angle of an arbitrary opening with a bisector along the negative real semiaxis.

Key words: spectral instability, spectrum localization, Sturm—Liouville equation, trivial monodromy

1 BBenenue

[Iycrb ¢ — KOMIUIEKCHO3HAYHAsT (DYHKITHs, JIOKAJIbHO cymmupyemas Ha (0, +00) u L — omeparop,
neficreytomuit B ipocrpanctse L2(0,+00) no dopmyne Ly = I(y) := —y" + qy na byHkuuax us
D(L) = D :={y € L*(0,+0) : y,y € AC[0,+00), l(y) € L*(0,+00)}. Buecy AC[0, +00) —
MHOKeCTBO (PYHKIIHNiT, abCOTIOTHO HENPEPHIBHBIX Ha KaxkoMm orpeske [0,0], b > 0. dasee mycrsb
D{, — muoxecTBO DyHKIWMI 13 D, paBHBIX HYJIIO BHe HEKOTOPOro orpeska [0, a] (cBoero st Kaz 1oit
dbyukim) u ynosnerBopstomux yciopusm y(0) = y'(0) = 0; Ly — cyxenune oneparopa L B D).
Beenewm oneparop M{ = JL{J, rie J — onepaTop KOMIUIEKCHOT'O COIIPSAZKEHNSI.

TouHo Tak ke, Kak B ciydae Bemectsennoro ¢ |1, §17, 4°] nokaswisaercs, uro onepatop M)
IJIOTHO OIPEJIeIEH 1

(My)" = L. (1)

Cnenosarensuo, JMJL, C (M{)*, To ects oneparop M| J-cummempuuen |2, 22°|. B cury (1)
oreparop L 3aMKHYT, CJIeJ0BATE/ILHO, oneparop M) 3aMblKaeM, MOITOMY 3aMBIKAEM U ONEpaToOp
Ly. Obosnaunm vepe3 Ly 3ambikanue Lj. Vmeem

(JLyJ)* = L. (2)
Hanee, ucnonbsys (2), serko nokasars (eMm. |1, §17, Ilpemnoxenue VI|), aro
D(Lo)={y€D: y(0)=y'(0)=0, lim (yz' —y'z) =0 mna Beex z € D}. (3)
Tr—r00

Beegem oneparop L(f) — pacumpenue oneparopa Ly va Dy = {y € D : y/'(0) 4+ 0y(0) = 0, rae 6 —
buKCcHpOBaHHOE KOMILIEKCHOE YHC/IO WU CUMBOJI 0O, KOTOPOMY COOTBETCTBYET KPaeBOe YCJIOBHE
y(0) = 0. Takum obpaszom, pu KazkaoMm 6 oreparop L(#) — ogroMepHOe pacutipenue Ly.

[Tpu BemecTBenubix ¢ u 6 oneparop L(6) Buepsbie 6611 1101pobHo usyden . Beitiewm [3]. Tlepsbiit
pe3yJIbTaT B CiIydae KOMIUIEKCHBIX ¢ u 6 npunaexut M. A. Haiimapky [1]: ecom
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a) q(x) — oo mpu z — +o0,

B

)

6) 0 <argq(zr) <=, tae vy <m,
) lg|'(x) =0 (¢*(x)), © — 400, tae 0 < o < 3/2,
) q

r

"(2) = O(lg['(x)), ¢"(x) = O(lg|"(x)), * = +o0

To crekTp omeparopa L(f) muckperen. B masibHeiiem 3ToT pesysibrar ObUT ycuiaeH B paborax
B.B. JIuackoro [5] u [6]. Tak, us Teopem 4 u 5 pa6orst [6] cremyer': ecmu p,q € Li [0,400) n
BBIITOJTHEHO OJHO U3 YCJIOBUIA

(A) lim Reg=+o0,

T—>+00

B) lim I = —

(B) Jim Tmg = 400 (mmm —o0),

To criekTp oneparopa L() nuckperen. Kak nmokazano B [0] (em. gokasarenscrso Teopembr 1), ecim
Re ¢ orpanuyena cuusy, 1o juis Jjoboro y € D(L(0))

(L)) = [ (/P alyl) de =0l ()
+o00
Otciona, nockonbky y?(0) = =2 [ yy'dx n
0

2lyy'| <ely' P+ yl*, >0, (5)

to tpu HekoropoMm « Re ((L(0) + a)y,y) > 0 mias Becex y € D(L()), To ectsb omeparop L(0) + «
axxpemusen |7, .V, §3.10]. Bosee roro, uz toii ke Teopemsbr 1 cieayer, 94To Ipu KaxkgIoM A
u3 noymiockoern Re A < —a gedexrnoe uuciao m(A) := dim (Ran(L(6) — A))" pasro 0. Cieso-
BaTesibHO, oreparop L(f) + o — m-akKKpeTuBeH, a MpH BelecTBeHHbIX § — J-caMoconpsizkeH. DTo
yTBep:KJieHne BepHo u Jyist oneparopa —i(L + «) (wmm i(L + «)), ecsim Im ¢ mosyorpanudena, a
Re ¢ ynoBierBopsieT HEKOTOPBIM YCJIOBHAM, aHAJOIMYHBIM ycaoBusiM Cupca B CaMOCOIPSAZKEHHOM
ciydae [3] (em. Hobasmenue, n. [.1). Ecau g ymosiersopsier yciaosuto Haiimapka 6), To Jierko
noxazarhb (cm. JloGassenne, 1. J1.2), uro oneparop e /2L(f) me TOJIBKO aKKPETHBEH, HO JarKe
m-cexropuasen |7, rr. V, §3.10].

Konewno, m-akkpeTuBHbIe (M-CeKTOpUAbHBIE — TeM 6ojiee) onepaTopbl, Garojaps HeaoMy
paly cBoiicTB? Gosiee yI0OHBI B OOpAICHUM 110 CPABHEHHIO C MPOU3BOJLHLIM (IIYCTh JlazKe 3a-
MKHYTBIM) OII€paTopoM. BMecTe ¢ TeM HeaKKPEeTUBHBIE OIEPATOPbI JOBOJIBHO YaCTO BO3HUKAIOT B
pasamIHbIX pasdzenax dbusukn u Mexanukn |9, 10]. Kak npasuso, Takue onepaTopbl CHEKTPAILHO
HeycToiauBbl (cM., [11—15] u nmeroniecst TaM CCBLIKE) W BBUJLY BBICOKOI TyBCTBUTEJBLHOCTH X
CIIEKTPAJILHBIX CBOICTB K MAJIBIM BO3MYIIEHUSAM [T U3YYEHUs MOCIETHUX IIPUXOIUTCSA [IPUBJIE-
KaTh METOJIbI, UCIOJIB3YOIINe UHINBIIyaAJbHbIE CBONCTBA KaXKJIOI0 U3 TaKUX Oleparopos |16—22].

!B pabore [6] L — omneparop, mopoxienubiii sbipazkenuem [(y) ¢ D(L) = {y € L%*(—oco,+00) : ¢ €
AC (=00, +0), 1 € L?(—00,4+00)}. Onnako mokazaresnbcrBa Teopem 1, 4, 5 6e3 0COOBIX M3MEHEHHI [IE€PEHO-
) b b b b
caTcsl Ha citydaii oneparopa L(6) ma nosyocu.
2Pe30/IbBEHTHOE MHOYKECTBO JIIOOOI0 M-aKKPETHBHOIO OIEPATOPa, KAK MHUHIMYM, COJEPKAT HOJIYIIJIOCKOCTD; Ha,
KazKJIOM JIyde BHYTPH 3TOH HOJIYIIJIOCKOCTH Pe30/bBeHTa UMeeT HAWIYYIIYIO (CO cTeleHblo -1) cKopocTh yObIBaHUHA
y y y ydquy y

u Jap.
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IIpenaraemas paboTa HOCBSIIEHA UCCIIEIO0BAHIIO YCJIOBUI JUCKPETHOCTH CIEKTPA OIIEPATOPa
L(0) B caygae, Korja MoTEHIHAI ¢ He ToJduHeH HU yeaosuio 0) Haidimapka, au yesoBusiM (A) win
(B) JImackoro, BesencrBue dero oneparop L(f) me asiserca akkperusnbiM. Kak n3sectHO (CM.,
Hanpumep |2, wor. I, m. 21]), ms moboro 3aMkHyTOrO oneparopa 7', IefiCTBYIONET0 B THIBOEPTOBOM
IpocTpaHcTBe H, ero ducjoBast 00J1acThb

Num(T) = {(Tf.f): feD(D),|f] =1}

SIBJISIETCS BBITYKJILIM MHOYKECTBOM, II03TOMY B CJlydae HEaKKPETHBHOCTH 1 COBHAJAET CO Beei
wiockocTbio C. Mbr mokazkeMm, 4To gaxe B ciaydae, korma Num(L(0)) = C, oueparop L(#) moxker
MMETh JMCKPETHBIN CIIEKTD, ecan cymecTtByer obmactb {z € C : |z| > R, |argz + 7| < €}, ne
1epeceKarolasics ¢ obacTbio 3HadeHnit pynkiun ¢. MeTo 1 oCHOBaH Ha IIOCTPOEHUN CIEINaIbHOTO
perennst (x, \) ypaBHEHUs

-y +qy=2Xy, x>0, (6)

KOTOpOE, C OJIHOI CTOPOHBI, y1oBaeTBopsieT crangapTabiM BKB-ornenkam [23, rr. 11, § 2|, ¢ npyroii —
pu KazkJIoM (pukcupoBanHoM = > () gBjisieTcs 1es10i pyHKImeii . DTO CBOWCTBO UTPaeT BarKHYIO
POJIb TIPU MCCJIEIOBAHUN PA3JIMIHBIX CIEKTPaJbHBIX CBOHCTB omneparopa Lg. Hampumep, meron
JleBuucona (cm. |24, [Tpunoxenne 4]) mokazaresbeTBa (He)HOJTHOTBI CHCTEMbBI KODHEBBIX BEKTOPOB
KaK Pa3 OCHOBAH Ha YKa3aHHOM CBOHCTBE (PYHKIIUU .

2 PopMyJIMPOBKA OCHOBHBIX PE3YyJIbTATOB
Ha dynknuio ¢ HAJIOKUM CJ1e/IyIONne OrpaHuIeHNs:

1) CymecrByer a > 0, uro g cymmmpyema Ha (0, a), muddepennupyema Ha |a, +00) 1 ¢ abeo-
JIFOTHO HerpepbiBHA Ha KayKJIOM oTpeske [a,b], b > a;

2) Ha [a,+00) dyuknus |g| nonoxurenbua u

3

Jargg(a)| < 17 (6>0), @ >0, (™
<

/ g 2da

3) Oynxmus (¢~/4)"q~1/* cymvmpyema ma (a, +00).
31ech u BClody nastee cautaeM: ¢ V" = 1/¢/", ¢t/" = Vq = |q|V/mei@rEa/n,

Bameuanue 1 Yeaosuam 1) — 3) ydosaemsopaem, nanpumep, gynxuyus ¢ = re’, 2de r,0 — se-
WECMBEHHO3HAUHBIE PYHKUUU, MaAKUE, YMo npu Hexomopom a > 0

a) q € L'(0,a),
b) r,0 € C%la,+00) u npu ecex v > a |0(x)| < /(1 +96), r(z) > Cox®, § >0, a > 2,

c) dymwyuu (r=HH)"'r=V4 4y (62 +|0")r~? cymmupyemvt na (a, +00).



22 O kJ1acce MOTEHIUAJIOB C TPUBUAILHOM. . .

Ecau, nanpumep, r = x%, 6 = cosx’, a>2, B < a/4+1/2, mo ycrosua a) — c) evinoanen,

1+0

NPU IMOM HU MHUMAA, HU BEUELCTNEEHHAA HacmU GYHKUUY q He ydosaemseopatom yciosusm (A)
u (B).

Benem obo3nauenus

s = [l o @) = [Tl e

u JoroopuMcs, aro Beioay gasiee C, Cy, Cq, ... — abcomoTHbe (TO €CTh He 3aBUCSIIIE OT KAKIX-
J6O NAPAMETPOB) MOJIOXKUTEIbHbIE [TOCTOSHHBIE, TOYHOE 3HAUECHUE KOTOPBIX HAC HE HHTEPECYET.
Kpowme toro, eciun y(x, A) — pererne ypasrenus (6), To ee IPOU3BOIHYIO 10 T YCJIOBUMCsT 0603HA~
qathb Y (x, A).

Teopema 1 [Tycmo swvnoanenv, ycaosus 1) — 3). Toeda

(i) ypasnenue (6) umeem pewerue p = p(x, X), xomopoe
(i1) npu xasrcdom x > 0 asasemen yeaot Gynkyuets X nopadka ne eviwe 1,

(iy) ydosaemsopaem ouerke

exp( /\/_dt>1+r0x)\)) v>aq ()

Al(x) + (eCWAZ( 2) 1)); (10)

plz,A) =

o

|T0(I7>‘)| O

ounS

(ii) ecau 6vinoaneno donosnumenvroe Yeaosue
/ _ 3/2
q'(z) = o(q”"(x)), x— o0, (11)

mo Oas Pynryuy © Cnpasediusb, aHa02UNHbLE YMEEPHCIerus: npu kaxcdom x > 0 dynryus
o(x,-) — yeaas nopadka ne eviwe 1 u

gp'(x,x):—wexp( /\/_dt> U+m@N), 2> a, (12)

) ; (13)

(111) moboe youmsarouwee pewenue ypashenus (6) omauvaemes om @ AUUD NOCTNOAHHBIM MHONHCU-
meaem, max wmo ¢ ouenxot (9) — (10) onpedeasemea odnosnawho.

ri (2, A)] < Gy (A1(x) + (eCPA2() 1)

Bameuanne 2 Xoma ouenka (9) — (10) npu durcuposanmom X\ u bosvwux x cosnadaem c 0bbvi-
noti BKB-ouenkot

o(x, \) ~ %}\exp (—/ \/7(#) (1+0(1 T — 00, (14)

q(x) —

ecmuv, no kpatined mepe, deéa coobpasicerus, no komopovwm oyerka (9) — (10) npedcmasasemes Gonee
uyennot, neoceau oyenra (14). Bo-nepswvix, ouenka (9) — (10) pasnomepra no A, 6 mo epems kax
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BKB-ouenxa mepaem cmolca 60AU3U MOYEK NOGOPoma’. Dmo obcmosamesvemeo ycy2ybaisemcs
ewe mem, “mo npu COCAGHHHIT HAMU NPEONosodcerusr 1) — 3) mnoscecmeo mowex nosopoma
soobwe He noddaemces kowmpoaro. Bmopot, ewe 6oaee sastcnud gaxmop: ouenka (9) — (10), 6
omaunue om (14), «ne nopmum» pewenue — ona pabomaem, corpanas saxcroe ceoticmeo (iy).

TeMm He MeHee, cpaBHEHHE MEXKJly YKa3aHHBIMU OIEHKAMU He BCEIJla OKA3LIBACTCS B IOJIL3Y IEp-
Boit. OcroBHOIT HerocTaTok orerkn (9) — (10) — ee HeonTumasbHOCTL. Ecim A MeHsiercs B obiacru,
KOTOpas HE IIepeceKaeTcs 00JIaCThbIo 3HAYCHUI (DYHKIUKU ¢, TO TOYEK MOBOPOTA HE BOZHUKAET, II0-
TOMY HOSIBJISETCA BO3MOXKHOCTH IPHOErHyTh KiiaccuaeckoMy merony BKB. B ciemnyromeii Teopeme
YTBEPKIA€TCsI, ITO IIPU HEKOTOPOM yzKecTodeHnu ycaosus 3) omnenka (9) — (10) moxker ObITh CyIIe-
CTBEHHO yJiydiieHa. VI3 jgoka3are/bcTBa TeopeMbl OYIeT BUIHO, UTO 3TO YIIyUIIEeHHEe JOCTUraeTCst
nMeHHO Ostaromapsa metoxy BKDB.

Beesiem B paccmorpenne GyHKIUIO ¢, KoTopas Ha [a + 1,00) coBnajaer ¢ ¢, Ha [0, a] pasua 0,
u Ha (a,a + 1) TakoBa, uro () abcooTHO HenpepbiBHA Ha KaxjoMm orpeske [0,b], b > 0. Hanee
LOJIOZKIAM

— )\ = B ad
S(R,(S)—{/\—re . r>R, |ﬁ|<1+5}

a+1
dt + —/ lg — q|dt,

H@n = [ @y @ o

—/Om\/z_jdt.

A/°° dt
N RV ED)

Teopema 2 [Tycmv gynkyua q ydosaemeopaem ycaosuam 1) — 2) u

3') npu xascdom \ u3z cexkmopa S(R,0) unmeepan 1(0,\) crodumes u npu mobom 6" € (0,0)
1(0,7e”®) =0, 1 — +o00, pasnomepno no |f| < 7' /(1+0').

Tozda npu aobom &' € (0,9) pewenue @, onpedeasemoe ouenrot (9) — (10), umeem npu bosv-
wuzr R > 0 acumnmomuxy

oz, —A) ~ W exp (Q(z, \) (140 (I, \)), A€ S(R,), (15)

pasromepnyto no x € [0,00) u |arg A\| < wd' /(14 ¢').

Tlooxkum

Inln M
p(n, ¢, z) = limsup nln M(n, ¢ z,7)

)
r——400 Inr

e M(n,(,x,r) = nmax lo(z, re'?)|. Ucnonbays dopmyity (15), Jlerko mpoBepUTh, YTO eC/IH

qz) =2 (0<O0<m a>2),1

1 1 T (1 +26)
() ==+ — cex 20, —<n< (< ————=.
p(1:¢,7) =5+ mpuncex 20, ;o= <N<C<—
C apyroit croponst, u3 ornernku (9) — (10) caemyer Tosbko p(n, ¢, x) < 1. Orciona BOSHUKAET IpeI-
MOJIOYKEHUE, UTO B cuTyarugax, korjga meron, BKB npumenum, To on jgaer ropasjo 6ojiee TOUHYIO
orerky, 9em (9) — (10). Onnako crpaseinBa

3Ilo ompesesiennto, TOUKa ay MOJTYIpsiMoii [0, +00) HasBIBaeTCs TOUKOM MOBOPOTa, ecn ¢(ay) = .
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Teopema 3 Ecau gynxyua q ydosaemeopsem ycaosusam 1) —3), (11) u emecmo (8) 6vinoanero
ycaosue

Myz® < |q(z)| < Maz® (My, My >0, a>2), x> a, (16)
mo
PP (@A) = (qa() " exp ( — / Viadt ) y;(2,2), j =01, (17)
0
sup [y; (2, \)] < exp (g5 A["#FV) . AeC, (18)
x>0
_ Ja@), v=a,
Ga() = {1, 0<z<a,

05 — NOAOHCUMENDHDIE TLOCTNOAHHDLE.

Teopembl 1 — 3 MO3BOJISIIOT BBISIBUTH HEKOTOPBIE CIIEKTpasbHbIe CBOiicTBa omeparopa L(6).

Teopema 4 [lycmwv q ydosaemesopaem ycaosusam 1) — 3). Tozda
1) onepamop L(0) umeem duckpemmwiii cnexmp;
2) ecau emecmo 3) nompebosams 3'), mo cnexmp beckoneven;

3) ecau x yeaosuam 1),2),3") dobasumov ewe (11) u (16), 2de a > max{2/9,2}, mo cucmema
KopHesur eexmopos onepamopa L(6) noana u munumanvra.

3 BmaropapuocTu

Pabora mepBoro aBTopa BBINOJHEHA B paMKax peaJin3aliy IpPOorpaMMbl pasputus Haydano-
00pa3oBaTeIbHOIO0 MaTeMaTUdecKoro rentpa [IpuBoskckoro deiepaabHOr0 OKpyra, JOIM. COTJI.
Ne075-02-2020-1421/1 k corit. Ne075-02-2020-1421; Broporo aBropa — npu (GUHAHCOBON MOIEPIKKE
PO®DU B pamrax nayaroro mnpoekta Ne20-31-90999.
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PASPEIIIVMMOCTD IICEB/IOTUIIEPBOJIMYECKOI'O YPABHEHUA
C HEJIMHEVHBIM I'PAHUYHBIM YCJIOBUEM

Hannas pabora mocssieHa QyHJIaMEHTAJIbHONR TPODJIeMe HCCIIEOBAHUS PA3PEIIIMOCTH HAYAIbHO-
KpaeBoil 3aJladu I KBA3WJIMHEHHOIO IICEBIOTUIEPOOIMIECKOr0 ypaBHeHusl (HA3BIBAEMBIX TaKIKe
YDABHEHUSIMU CODOJIEBCKOIO THIIA) C JOCTATOYHO IVIQJIKON rpanuneii. B npeicrasienHoit pabore
HCCIIeyeTcs HaJaJbHO-KpaeBas 3ajada [Jisi KBa3WIMHEHHOI'O YDABHEHUs IICEBIOTUIIEPOOTUIECKOTO
TUTA C HEJUHEHHBIM TpaHudHbIM ycaoBueM Hetimana-/Iupuxie. B crarbe ¢ momormsio merona [a-
JIEpKHMHA JI0Ka3bIBAECTCs CYIIECTBOBAHME CJIaOOr0 PEIIeHns] KBA3UJIMHEHHOTO IICEBJOIHIIEPOOTIIMIECKOTO
ypaBHeHUsI B orpanudeHHoil objiactu. C ucnosib3oBanmeM TeopeMm BiioxkeHusi CoboJieBa, ITOJLyYeHbI
anpuopHble oreHKn pernerns. [Ipumenenne [arepkuHCKUX MPUOINKEHNI TTO3BOJISIET MOJIYIUTH OIEHKY
CBEepX BPEMEHH CyIeCTBOBaHHUs perrenus. JlokaszaHa JIOKaJbHAS TeOpeMa O CyIIECTBOBAHUU CJIabOro
0b6001enHoro pemrenus. [Ipu 10Ka3aTesbcTBE CYIIECTBOBAHUS HCKOMOIO DPEIIEHUs] PACCMATPHBAEMON
KpaeBoil 3a/1a11 UCIIO/IL3YIOTCs allpUOPHbIE OlleHKN u Teopema Pennnxa-Konaparosa. ExuncrBennocTs
€J1aboro 0DODOIIEHHOTO peIleHnsT HAYaJIbHO-KPAeBO 3a/1adl KBa3UIMHEHHOIO YpaBHEHUsI ICEBIOTHUIIED-
6OJINIECKOrO THITA JOKA3BIBAETCS HA OCHOBE IIOJIyYEHHBIX AIPUOPHBIX OIEHOK U IPUMEHEHUs JIEMMBbI
I'ponyosura-Bennmvana. HeobxomnmocTs paccMOTpeHust W M3ydeHHsl TAKOTO POJA HAYATHHO-KAEBBIX
3a/1a9 JJIs KBA3WJINHEHHOTO IICEBIOTUIIEPOOTNIECKOTO YPABHEHNS BBITEKAET U3 MPAKTUIECKUX ITOTPED-
mocreit. K mpumepy, npu pemrenun auddepeHnnaabHbIX YPaBHEHUH, MOJAEIUPYIONNX (hu3niecKue
[IPOIECCHI, BayKHO, YTOOBI OBLIO XOPOIIEe COOTBETCTBUE MEXK]Iy BBIOPAHHOI MOJIEJIBI0 U PeaibHBIM
0O'BEKTOM.

KitioueBbie ciioBa: mceBIoruepoboInIecKe ypaBHEeHNsI, HeJIMHEHHbIE TPAHNIHBIE YCI0BUs, MeTom ['a-
JIEDKHHA, CYIIECTBOBAHUE PEIICHUd, €JMHCTBEHHOCTDb PEeIeHNd.
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CphI3BIKTHI €MecC IMeKapaJIbIK ITapTThI MICEBAOTUNEPOOJIAIBIK TeHACYAiH, MIeriMaiTiri

Byn xywmpic keTKimikTi Teric mekapachl 0ap KBa3WCHI3BIKTHI IICEBIOTUIIEPOOJIAIBIK, TEHIEY VIIiH
(CobosieB TunTi TEHEYIEP JEN Te ATAJATHIH) 0ACTANKBI-IIETTIK €CerTiH IMemiyin 3eprreyiiy iprei
MOceJleciHe apHaJIFaH. YChIHbUIFaH KyMmbicTa Heliman-/lupuxiie ChI3BIKTHI €MeC IIeKaPAJIbIK, IapTTaphl
6ap IceBIOrUIIepOOJIAIBIK TUITI KBA3UCHI3BIKTHI TEHJEYiHe apHAJFaH OaCTAIIKBI-IIIETTIK eCell 3epTTe-
aemi. Makanama lajgepkun oici apKbBLIBI IEKTEJTeH OOJLICTA KBA3UCHIZBLIKTHI IICEBI0OTAPabOJIATIBIK,
TeHJEY/IiH oJici3 ImemriMinig, 6ap Oosybl mosesaeHei. CoOOJIEBTHIH, €HII3y TeopeMaJsiapblH KOJIIAHY
APKBLIBI IIENNMHIH alpUOPJIbl Oarajapbl aJabHIBL. | aJepKUHHIH KYBIKTAyIapbIH KOJIAHY IIEITMHIH
Gap 6OJIy yakbITBIHAH THIC Oarajayiapibl ajyFa MYMKIHJIK Oepefi. OJICI3 KaJIbLIAHFAH IHENiMHIH,
bap 6oy KeHiHJEri KepriJikTi Teopema mosesaenai. KapacTbIpbLiraH IMETTIK €CcenTiH i3aesiuai
mrerriMigiy, 6ap OOJIYBIH JToJesey Ke3inje ampuopsibl baranaynap meH Pemmx-Konmgparos Teopemacht
KoJTaHbLIa bl [IceBaomapaboiaiblK TUNTI KBa3UCHI3BIKTHL TEHJEY VIINIH OAaCTAIKBI-IIETTIK €CemnTiH
9JICI3 >KAJIMBLJIAHFAH TIEMTIMIHIH 2KAJFBI3/IBIFBI AJIBIHFAH aIPUOPJIbI Oarasayiap MeH [ 'poryosur-Beumvan
JleMMachl Herizinae momenaeneni. KBa3uChbI3bIKTH TICEBAOTUIIEPOOIIAIBIK TEHIEY YIIH OaCcTalKbI-TIIETTIK
ecenTep/li KapacTbIpy KoHE 3epTTey KAKeTTLIr NIPaKTUKAJIBIK MYKTAaXKJIBIKTAPJAAH TYbIHIAWHI.
Mpicasbl, (GU3MKAIBIK 9JepicTepi MojenbaeiiTin guddepeHnnaaablK TeHeyaep i Imemy Ke3iHie
TaHJAJIFaH MOJIEJb MEH HAKThI OOBEKT apachiHa OIp YKAKChI COKeCTIK OOJIybl KAXKETTi 9pl MAaHBI3/IbI.
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Tyiiin ce3aep: nceBaorunepooIaIbIK TEH/IEYIEP, CHI3LIKTHI €MeC MeKapasbIK IapTTap, L amepkuH oici,
enTiMHiH 6ap OOJIybI, MENTIMHIH, KAJFBI3/BIFDI.
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Solvability of a Pseudohyperbolic Equation with a Nonlinear Boundary Condition

This paper is devoted to the fundamental problem of investigating the solvability of an initial-boundary
value problem for a quasi-linear pseudo-hyperbolic equation (also called Sobolev type equations) with a
sufficiently smooth boundary. In this work, we study an initial-boundary value problem for a quasi-linear
pseudo-hyperbolic equation with a nonlinear Neumann-Dirichlet boundary condition. The paper uses
the Galerkin method to prove the existence of a weak solution of a quasi-linear pseudo-hyperbolic
equation in a bounded domain. Using Sobolev embedding theorems, priori estimates of the solution
are obtained. The use of Galerkin approximations allows us to obtain an overtime estimate of the
solution’s existence. A local theorem on the existence of a weak generalized solution is proved. A priori
estimates and the Rellich-Kondrashov theorem are used to prove the existence of the desired solution
to the boundary value problem under consideration. The uniqueness of a weak generalized solution to
the initial boundary value problem of a quasi-linear pseudo-hyperbolic equation is proved on the basis
of the obtained a priori estimates and the application of the Gronwall-Bellman Lemma. The need to
consider and study such initial-boundary value problems for a quasi-linear pseudo-hyperbolic equation
follows from practical needs. For example, when solving differential equations that model physical
processes, it is important that there is a good match between the selected model and the real object.

Key words: pseudohyperbolic equations, nonlinear boundary conditions, Galerkin method, existence
of a solution, uniqueness of a solution.

1 BBenenue

[lepBbIM CTPOrUM MaTEMATUIECKUM MCCJIEIOBAaHUEM 3a/1a4 JIJIsi YPaBHEHH, He ABJISIONINXCS yPaB-
wernsivu tuna Komu-Kosasesckoit, sBiagercs mmonepckas pabora C.JI.Cobosea [1]. Drta xe
pabora 1pody/aniIa OOJIBIION MHTEPEC K HMCCJIEIOBAHUI0 HEKJIACCHYECKUX ypaBHEHUH, Ha3BaHHbBIX
ypaBHenuaMu cobosieBckoro tuna. VccieoBanue 3ajad Jijd MCEBIONAPA0OJMICCKOr0 THIIa, Ha-
yajioch B KoHIe 1970-x rojgax. M3ydennto HeJIMHEHHBIX YPaBHEHHI TICEBIONAPAOOJIMIECKOTO THIIA
HOCBSIIIEHO 6OJIbIIOe KoJmaecTBO pabor [2]- [22]. MogennpoBanuio (husnuecKux mporeccos, Ipu-
BOJSIINX K ypaBHeHusIM Tuita CobojieBa 1, B 9aCTHOCTH, IICEBIOTAPaO0OINIECKOr0 TUIIA, ITOCBSIIIE-
ubl paborst [0]- [19]. Bompocs! acHMITOTHYECKOrO IIOBEICHIS PEIeHnil PACCMATPUBACMBIX 38,184
pu OOJIBITNX BPEMEHAX, TEOPHUsl PACCESHUSI W YCTONYIMBOCTH PENIeHUil THIla yeIMHEHHBIX BOJIH
KaK JIJIsi OJHOMEPHBIX TaK W JIJIi MHOTOMEPHBIX ypaBHeHuii tuia Benmkamena—Bona—Maxonu u
Benprkamena—Bona—Maxonu—Bioprepca, Pozenay—Broprepca [4], [5]. UccnenoBanuio paspermunmo-
CTU HAYAJIbHO-KPAEBBIX 33144 JIJ1sl YPABHEHUH [ICEBI0NAPab0IMIECKOr0 U IICeBI0TUIIEPOOTMIECKOTO
Tuna cymecrBernbiii Bk Baecan Ockonko A.IlL., Arronnes C.H., Koxanos A.U., CemHukoB
AN., KoprycoB M.O. u MmHOTHE /IpyTHe yUIeHBIE.

1.1 ITocraHoBKa 3aga4um

Pacemorpum B mmusape Qr = {(z,t) : x € Q, Q C R", 0 <t < T} kBasuimHeiHOE ypaBHEHUE

2
%(u — Au) — Au = b, t) |u [P 2w, + f(x,t), (1)
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C HeJIMHEHHbIM I'PaHUIHBIM YyCJIOBUEM

9% Ou  Ou
K o-2 = =00 T 2
S g+ K@D ] =0, T =00 (0.7), )

C HAYAJIBHBIMU YCJIOBUSIMU
u(z,0) = up(x), u(x,0)=u(z). (3)

3nech ) C R", n > 3 orpanmdenHas 0b/1acTb, rparuiia 0f) JOCTATOIHO TIaJIKasi, P U 0 MOJOKHU-
TeJIbHBIE KOHCTAHTHI.
Oynknun b(x,t), f(x,t), K(z,t) u up(x) yaIoBIeTBOPSIET CJAECIYIONUM YCIOBHIM:

0<ky < K(x,t) <k, 0< Kt(l',t) < kq,
0< b(ﬂ?,t) <b, 0< bt(l',t) < by, (4)
1f (@ )50 < Coe™, v <1, uo(x), wi(x) € Wy (9).

Onpenenenne 1 Caabvim 0606wenrvm pewenuem sadavu (1)-(3) nasweaemes gymnxyua u(z,t)

usz npocmpancmea W0, T; WHQ)) () L,(T), xomopas ydosaemeopsaem unmezpasbromy modicoe-
cmey

PBu Ov  Ou v
- - p—2
/ / ( v + (87526:131 ox; + ox; (%i) b, 1)l utv> dwdt+

T T
+/ /K(x,t)|u|°2uvdth:/ /fvda:dt, (5)
o Jr o Ja

ons ecex v(x,t) € Ly(0,T; Wy () Lo (T).

1.2 CymiecTBoBaHUE peINIeHUsI

Boibepem B H' () mekoropyio cucremy dbynkmuit {¥;(z)} obpasyoniyio 6asuc B JaHHOM MDPO-
crpancTie. Takas cucteMa 3aBejloMO CyIeCTBYeT, ocKoabky H' () - cenepabebHoe mpocTpan-
crBo. Byzem uckars npubmnmxennoe pentenne 3a1a4qu (1)-(3) B Buge

U (2,8) = Y Cri(t) Ui (), (6)
rie koabdurmenTor Cy(t) Uiy Test u3 ycaoBuit

=\ oV, 0V,

;ka(t){/ Z O ' O x}—l—

ov 8\114 -
+ ka /Z 0$f. amjda:—l—Zka(t)/K(x,tﬂumV W, W ,dl —

Z / (2, 1) [ty [P0, T da:—/f U;dx, (7)
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o = Um(0) = Y Cr(0) W = >~y Wy, (8)
k=1 k=1
IPUYEM Uy — o cuitbio B H' (Q) mpu m — oo. (9)

Beenem oboznadeHms:

Crn = {Cim(®), ..., Coum ()},
Cij = /Q [\Ifk\ljj + (V\Ifk, V‘IJJ)] dlE,

b :—/K(m,t)|um|"_2\I/k\I/de+/b(x,t) |umt|p_2\11k111jdx+/f-\lfjdx,
r Q Q

(6 = {on (@)} (€)= ()
Torya cucrema ypasaenuit (7) npuHUMAeT MATPUIHBINA BU

A,C" =G (C*m) ar (10)
YumuoxuM 06e qactu paserctsa (7) na C,,.(t) m mpocymMMupyem obe JacTh MOJTyHBIIerocs paBeH-

cTtBa 110 j = 1, m. B pe3yibrare mojydnM paBeHCTBO

1 d /|2 /|2 2 1 d /
-4 L e 4 —
57 Q[|um\ + |Vu,, | + |[Vun,||de + o ) (x,t)|um|”d

:/Kt(x,t)|um|”dF+/b(x,t)|u’m|pdx+/f-u'mdx. (11)
r Q Q

Ouennnm paByio 4actb ToxkaecTa (11), IpuMeHUM cJiejiyioriue HHTePIOJISIIIMOHHbIE HEPABEHCTBA

Op D

2 2\ 9 1-6 2 2

lully e < v (IVul3g + lulllg) 2 Tulfs” < ¢ (IVall o+ lul3e) 2.
(p—2)N

——,0<1,2<p<

2p ) ) p N_27

Oo o

- 2 2\ 9 1-6) 2 2 \ 9

[l < G5 (IVulq + llul3a) 2 Nul$e” < 5 (IVulq + lulle) 2 <

rie 0 = N > 3.

2 2
< G (IVullig + ull30) 2 + s,

pN —2(N —1) 2(N —1)
0<1,2 _
2 ,0<l0<]l,2<0< N5

rie 0 = , N >3,

p
llmuﬁwdwﬂSh@OW%M@+MM&Q2+M%7

p
2

/ﬁmwwaxg%w%MQS%GQW%MQ+W%ﬁQ (12)
Q
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‘/fu;nda:
Q

Lo 1 2
< HfH2Q ”u;@”zﬂ < 9 Hf”QQ + B Hu;nHZQ <
1 2 1 2 2
<51 a+ 5 (Ve + lulda) - (13)

[Toacrapmss nomydenusie Hepasenctsa (12) u (13) B Toxaecrso (11), momyanm

d /2 /2 2 Qd/
— \V4 Vu,,|“ld —— | K(z,t)|u,,|?dl’ <
o [+ 19+ [Vl + 25 Rl
2 2 2 o
< (1930 + Wl + 19unlBa + 2 [ K@ lunloar) +
p

2 p
+C (Nl + il + V0l + 2 [ Ko Olunldr)? +Coc 4 200G, (14
r

2
O6o3nauanm gepes y(t) = /[|u;n|2—l— |Vl |2+ |V, |[*Jde + = / K(z,t)|um,|?dl, Torga (14) npumer
Q g Jr

BU/

p
W) )+ Culy(0))2

dt + Coe’yt -+ 2k103.

O6osnaunm vepes z(t) = e 'y(t) u unrerpupyem ot 0 110 ¢, TSy IHUM

C c P2 P

2(t) < 2(0) + 2k, C5 + 1 ‘ +C4/ e 2 [z(s)]2ds.
-7 0

[Tpumenus K Koropomy Jiemmy ['ponyosuia-Besmvana-Buxapu [23], econ
p—2
¢ 1
04 e 2 -1 < , 0<t< T,
p—2

TOorJ1a ClIipaBeIJIMBO HEPaBEeHCTBO

2
/[|uﬁn|2 + \Vu;n|2 + \Vum|2]dx + — / K(x,t)|up,|7dl <
Q 0 Jr

O56t
< 5
p—2 p—2t p—2

1_05 2 Cyle 2 —1

2 2
Cs = llur, (2,0) I3 + |Vt (2, 0l + |Vt (2, 0) 50 +

2 !
+;/K(a:,t)]um(a:,O)\"dF+2k:ng—|— - °_ (15)
I
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W3 3T0it o1leHKN MOXKHO CJeJI1aTh BBIBOJ, 4TO cyliecTByeT Ty > 0 Takoe, 4TO

2
S+ 19 4 19+ [ Kol P < G (16)
Q o Jr
st Beex t € [0,T), T < Ty, tae nocrosinaast Cg He 3aBucut or m € N.

Terneps ymuozmm pasencrso (7) ma Cj, (1) u mpocymmupyem o j = 1,m. B pesynbrare mosty-
qUM

1 1
= —i/b(x,t)|u;1|pdx——/bt(x,t)|u’m|pda:—
pdt Jq D Ja

2 2
lumllzn + 1Vtnmllg

_/K(:Eat)|um|a_2umumttdr_/Vumvumttdx_’_/f‘u;;zd‘r‘
r Q Q

[IponnTerpupyem mo 7 ot 0 /10 ¢, TOr1a MOIYYIUM COOTHOIIIEHNE
2 1 1 !/
(H IV ) dr = — | b Ol (o 0)da | b, Dl P

——/ /bt x,t) ]um]pdxdT—/ /K z, )| |7 2umumttdFdT—
t
—/ /VumVumttdde+/ /f-u;;d:rdr (17)
0 Ja 0 Ja

OnennBast IPaByIo 9acTh U MOJICTABAM B TOXK1eCTBO (17), mosryamm

I 2 [
3 | lnliadr+ 5 [ 19ulEad < cr),
0 0

T T
| NlBadr+ [T 196 qdr < o (19
0 0
U3 nosyuennsix orenok (16), (18) BeITeKAIOT COOTBETCTBEHHO CJIC/YIONINAE YTBEPIK ICHNUS:

Uy, orpammyenno B L. (0,T; H'(Q)), (19)
ul, orpanmuenno B Lo (0,T; H'(Q)), (20)

K (z,1)|tum|” >ty orparmaenno B Ly (0, T; Ly (), o = ?

> 1. 21
P (21)

u!.  orpammuenno B Ly(0,T; H'(Q)). (22)
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Kpowme Toro, B cuity 1ocraBjeHHBIX yCJIOBUM Ha p:

2N
U [P 21y, mbox Lo (0,T; L p (Q)),2<p < N5 N > 3. (23)
p—1
U3 (19) u (20) caeayer, 9TO CYIMIECTBYET IOAIOCIIEIOBATCIBHOCTD Uy, TTOCJICIOBATEIBHOCTH Uy,
*_c1abo cxosmasics K HeKoTopoMy aaeMenty ul, € Lo (0,T; H'(Q)), T.e.

ul, — u *-cmabo B Lo (0,T; HY(Q)).

mp

AnasormanabiM o6pazom, 3 (20)-(23) BeITEKaeT, YTO CYIIECTBYET TaKas II0CJIEI0BATEIHLHOCTD
/ / / / . 1
{ur, } € {uy,}, aro uy,  — w'cnabo B Ly(0,T; H'(S2)).
B cuity Teopembl Pesnxa-Kongpamosa, sioxenne Wy (Qr) B Ly(Qr) KommakTHO. 9TO 03HA-
YaeT, UTO TOC/IeI0BATeIbHOCTD Uy, MOYKHO BBIOpaTh Tax, 4to uy, — — u' B HOpMe Lo(Qr), a

SHAYUT CXOJSIIIENcst TouTn Beroy [24].
o

U3 (22) cneayer, uro K (@, t)|[um|” *um € Leo(0,T; Ly(T)), o = T > 1 n exomres ot
O' —_—
seiony B (0,7).
U3 orpanndennoctn \/ K (z,t)|uy|7 2ty B Lo(0,T; Ly (), o = Ll > 1 BBITEKAET CJla-
O' p—

Gast CXOIMMOCTD B 9TOM IPOCTPAHCTBE MOIOCHe0BATebHOCTH K (T, 1)Uy, |7 Uy, K HEKOTOPOI

dbyukumit x(z,t).

B cuny semmbr 1.3, nokazanuoit B [24], cnenyer x(z,t) = K(x,t)|u|”2u.

[IpuBenenHble paccyzKeHns MO3BOJISIOT epeiitn K npejeny B (7). Ho cHauama yMHOXKIM KaxK-
noe u3 pasercts (7) ma d;(t) € C[0,T] n mpocymmupyem 0be TaCTU HOJIYIUBIIETOCS PABEHCTBA 110
j = 1, m. 3arem npounTerpupyeM 1o t ot 0 1o T, moayanm

T N 3
Uy, O Ou Op O, b2
/0 /Q (; (at%%i o + oz, (%Z-) + o M O(@, ) [t [P Ue | dzdlt

T T
—/ /K(x,t)|um|"2umudfdt—/ /fudxdt, (24)
o Jr o Jo

k

rie p(z,t) = Z d;(t)V;(z).

YuurbiBas [OJyUeHHblE BKJIIOYEHHsI U CXOJAMMOCTH, Iepefiem B (24) K mnpejesny upu
m — oo u moayunM (5) masg v = p. Tak Kak MHOXKeCTBO Beex dyHKImi pu(x,t) mior-

o B Wy (0,T; W5 () Ls(T'), TO mpeseabHoe COOTHOIEHNE BBHINOJHAETCS i Beex v(x,t) €
Ly(0,T; WH(9)) () Lo (D).

2N
Teopema 1 ITycmo ewnosnaromes ycaosus (4), a makorce 2 < p < N _3 N >3 2<0<
2(N —1
%, N > 3. Tozda na unmepsane (0, 1), T < Ty, cyuwecmsyem caaboe obobusernoe peuie-

nue u(x,t) sadauu (1)-(3), npuvem umerom mecmo credyrouyue SKANOUEHUA:

u € Loo(0,T; H'(Q)), us € Loo(0,T; HY(Q)),

uy € Ly(0,T5 HY(Q)), |ul"?u € Lo(0,T; Ly (L)), o' = 01>L
p—
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1.3 EaumHcTBEHHOCTH CJ1ab0ro 0OOOIIEHHOrO peHIeHus

[Ipeamonoxum, aro 3amgada (1)-(3) mmeer nsa pemenust: ui(x,t) u us(x,t). Torma ux pasnocTsb
u(z,t) = uy(z,t) — us(z,t) ynosrerBopsier yciaouio u(x,0) = 0 u TOXKIECTBY

Ou N~ ( Pu v Oudv

) —b(x,T) (|u17|p’2u17 — |u27\p’2u27) v) dxdr+
¢

—I—/ /K(m,r) (Jur|"2ur — |uo| " ?ug) vdl'dr = 0.
0 Jr

B cuny v(z,t) € Lo(0,T; W3 () () Lo ('), To B Kauectse v(z,t) MOXKHO B3ATH U (T, 1), T.€. TOJIO-
KuM v(x, t) = uy(x, t)

// N Bu %+8u8u7 _
—b(x, ) (|U1T’ - \U27|p72u27) uT) dxdr+

t
+/ /K(.’L‘,T) (Ju1]"?uy — |uo|”" ?ug) u,dldr = 0. (25)
0 Jr

HpI/IMeHI/IM CJIe,ILyIOH_Lee HepaBeHCTBO
[ug [Tur — Jug|fug| < (g + 1) (Jug|? + |ua|?) |ug —ug| 1wpm g > 0.

Tora (25) 3amummercs Buje

1 t
§/Hu7|2 + |Vu, |? + |VuPlde < Ky (o — 1)/ / (Jut]"72 + Jus|"™?) uu,dldr+
0 0 Jr
t
+b1/ / (Jurr P72 + |ua, [P7%) uldzdr.  (26)
0 Jo

OmennM TpaByio 9acTh HepaBeHCTBa (26), mpuMeHsist HepaBeHCTBO [esbiepa

b(x, T) (|u1T|p_2u1T - |u27'|p_2u27—) quIdT S

t
<b(p— 1)/ / (\u17|p_2 + |U27—|p_2) uidrdr <
0o Jo

7“—2 7"—2

S I = i T j
1

x(/O/Qu:dxdT) <//udxd7 2
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1
[onoxum r = ~_2 P <2+ N _ 9 N > 3. Torma no Teopeme Bioxkenns CoGosesa H' () C
L () u H'(Q) C Loy(p—2)/(—2)(€). B 910M cityuae, yaurbiBas KIacce MiaakocTu perenuii uy (z, t)u

ug(z,t), IPUXOIUM K OIIEHKE

b(z,7) (Jui, P~ — |uar [P ?ur ) urdadr

t
<G [ (IVurlo+ lrla)ar (2)

AnaJIorugHBIM 00pa30M, OIEHNBAECTCS

t
’/ /(|u1|0_2+|uQ|"_2) uu,dldr| <
0 Jr

7"— r—2
2r(o — 2) 2r(oc — 2) o

/ /|u1| r—=2 dxdr / /|u2| r—2 dxdr X
1 1
¢ - t 5
X (/ /u””dmh') (/ /uidde)
o Jr o Jr

2(N —1
%7 o < 2+ N3 N > 3. Torma mo Teopeme Bioxkenuss CobojieBa
HY(Q) C L(T) u HY() C Laoyo—2)/¢—2)(I'). YaursBas kmacc rmagkocrn pemernii ui(z,t) u

ug(z,t), IPUXOIUM K OIEHKe

ITonoxxkum r =

t t
‘/0 /F(|u1|°2+\w!"2) uu,dl'dr| < 06/0 <HVUTH;Q—|—HVuH;Q—l—HuTH;Q) dr. (28)
B cuy (27), (28) nosxyunm
! 2 2 2
[l 9 4 190 < 5 [ (190l + IVl + ) o (29)
0

KoTOopoe B cuiy Jemmbl I'ponyonna-Bemmvana sieder [, (|u-* + |[Vu,|* + |[Vul?) dz = 0 nourn
Bciogty Ha BpemenHoM unTepBasie (0,7"), 9T0 03HAYAET €MHCTBEHHOCTH CJIADOr0 0OOOIIEHHOTO pe-
menuns. Takum oOpa3zoM CrIpaBeInBa

Teopema 2 ITycmo svinoansaomes ycaosus (4),

1 1
2 24+ —— N> <2+——- N >3.
<0< —I—N_27 >3, p +N—2’ >3

Tozda caaboe obobwernoe pewenue zadavu (1)-(3) na unwmepsane (0,T) eduncmeserno.
2 BuaaropapnocTtu
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soBanus u Hayku Pecry6simkn Kazaxcran (rpanter Ne AP08052425).
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DIRECT KINEMATICS OF A 3-PRPS TYPE PARALLEL MANIPULATOR

Parallel manipulators with six degrees of freedom and three limbs have a large workspace and less
complex singular configurations compared to the parallel manipulators with six degrees of freedom
and six limbs. This paper is presented to solve the direct kinematics of a novel 3-PRPS type parallel
manipulator with six-degrees-of-freedom, where P, R, and S are prismatic, revolute and spherical
kinematic pairs respectively. The considered parallel manipulator is formed by connecting a moving
platform with a fixed platform (base) through three closing kinematic chains of a PRPS type in
which the prismatic kinematic pairs are active and they are located on a fixed platform and legs. The
constant and variable parameters of the considered parallel manipulator characterizing its geometry and
kinematics respectively are determined. In the direct kinematics, the positions of the moving platform
are determined by the known constant parameters of the links and the given variable parameters of the
active kinematic pairs. An analysis of the obtained equations of the direct kinematics showed that the
variable parameters of the active prismatic kinematic pairs are set free, and these equations are reduced
to a 16" —order polynomial equation with passive kinematic pairs variables. Numerical examples of the
considered parallel manipulator’s direct kinematics are presented, and the results showed that the direct
kinematics equations have four solutions corresponding to the four assemblies of the parallel manipulator.

Key words: parallel manipulator, moving and fixed platforms, direct kinematics.

2K.2K. Baitrynuekosn, A.H. Kacumos*
oni-Qapabu arsingarsl Kazax yarTeik, yaUBepCcuTeTi, Ajmarsl K., Kazakcran
*e-mail: kasinov07@gmail.com
3-PRPS typaeri mapaJies MaHUOYJIATOPABIH Typa KUHEMaTUKAJIbIK, ecebi

AiTel epKiHIIK JopeXKeci »KoHe VI asifbl 0ap IapaJjulellb MaHUILYJISITOPJIap aJiThl €PKIiHIIK J1ope-
JKecl KoHe aJIThl asgfbl Oap Iapesuiejb MAHUIYJSITOPJAapFa KaparaHJa VJIKEH YKYMBIC aJlaHbl JKOHE
KapanailbiM CHHIYJISPJBIK KOHuUrypamnuscbia ue. Bysn kymbicta P, R kome S-inmrepinemeni, aii-
HaJIMAJIBl JKoHe ChepajblK KAHEMATHKAJDLIK 2KYNTap. KapacThIPbUIFaH MapasuIesli MAaHUIYJISITOD
inrepisiemesti KuHEMaTUKAJIBIK OEJICEH i OOATHIH XKOHE 0JIap KO3FaJIMafThIH MIaTdOopMa MEH asgKTap/a
opHasiackan PRPS Tunti yir TyfAbIKTayIbl KUHEMATUKAJIBIK Ti30EKTep apKbLIbl *KbLIXKBIMAJIbI ILJIaT-
dopmManbl KbUDRKbIMARTHIH iardgopMamer (HerizbeH) GipikTipy »KosbiMeH KypbuiFaH. Ilapasuiesyi
MAaHUITYJISITOPBIH OHBIH T'€OMETPUSCH MEH KWHEMATHUKACHIH CHMATTAUTBIH TYPAKTHI YKOHE aiffHbIMaJIbl
mapaMerpJiepi aHbIKTAIABL. 1ypa KHHEMATHKA A KO3FAJATHIH IIAT(MOPMAHBIH OPHAJIACYBI Oy BIHIAD IBIH
Genrisi TypakThl mapaMeTpJiepiMer KoHe OeICeHIi KNHEMATUKAJIBIK, KYITapbIH OepiireH affHbIMasIbl
mapaMeTpJiepiMeH aHbIKTAJabl. 1ypa KHHEMATUKAHBIH AaJbIHFAH TeHJCYJIePiH Tajaaay OesceHi ij-
repijieMesii KHHEMATUKAJIBIK, YKYIITaPIbIH ailHBIMAJIBI [TapaMeTpiepl DOCATHIIFAHBIH KOPCETTI KoHe OYJI
Teneyaep 16—-perTi moJTMHOMUAIBIK, TEHJIEYICH TaCCUBTI KHHEMATUKAJBIK, KYITAPIBIH, affHbIMAJIbLIAD
TeHjeyiHeH KypaJsaibl. KapacThIpbLIraH Oapasieb MAaHUIMYJISITOPABIH TiKeslell KUHeMATHKACHIHBIH
CaHJIBIK, MBICAJIIAPBI KEJITIPIJINeH »KoHe HOTUXKeJIeD TiKesell KHHeMATUKAHDBIH TeHJey/IepiHie napaJsieib
MaHUIYIITOPALIH TOPT TYHiHiHE Cofikec TOPT IentiM OOJTATHIHIBIFLIH KOPCEeTE .

Tyitia ce3mep: napasuiesi MaHUILYJISITOP, KbLIXKbIMAJIbI YKOHE KO3FaJIMaiThIH 1iardopMaap, Typa
KUHEMaTHKA.

© 2020 Al-Farabi Kazakh National University


https://orcid.org/0000-0002-5807-0541
https://orcid.org/0000-0003-2970-0732

Zh.Zh. Baigunchekov, A.N. Kassinov 39

2K.2K. Baiirynuekos, A.H. Kacunos*
Kazaxckuit HarmoHa/IbHBIH yHUBepcuTeT nMenn atb-Papabu, r. Anmarsr, Kazaxcran
*e-mail: kasinov07@gmail.com
Ilpsimast 3a/1aua KUHEMaTHUKN HapaJuIeJibHOro MaHumyJistopa suaa 3-PRPS

Tlapasiesbable MAHUITYJISATOPBI C IMECTHIO CTEMNEHSIMA CBOOOIBI W TPEMsi HOTAMHU WMEIOT OOJIBIIYIO
paboduyio 30HY W MeHee CJIOXKHBbIE CHHIYJISPHbIE KOH(MUTYPAIA 1O CPABHEHUIO C HAPAJIJIETbHBIMI
MaHUILYJAATOPAMU C IIIECTHIO CTEIEeHSIMH CBOOOIBI M IecThbio Horamu. Jlammas paboTa IIOCBSIIEHA
PeIlleHnI0 TIPsIMOi KWMHEMATHKM HOBOTO IIapaJulesibHOro Manumyiastopa tumna 3-PRPS ¢ mecrbio
crereHsiMu cBoOObI, Tyie P, R u S-npusmarnyeckue, BpamarebHble U ChepruyecKre KMHEMATHIECKUe
mapbl COOTBETCTBEHHO. PaccMaTpuBaeMmblil mapaJuie/bHBIA MaHUILYJISTOP 0Opa30BaH IIyTEM COEIMHEe-
HUs [OJBHXKHON IIAT(OPMBI € HENOABHUKHON maaTdopMoil (OCHOBAHMEM) Yepe3 TPHU 3aMbIKAIOIIIe
kuHemaTndeckue 1en tuna PRPS, B KOTOPBIX aKTHBHBI MpU3MATHYECKHEe KHHEMATHYIECKUE Mapbl U
OHM DPACIIOJIOXKEHBI Ha HEIOABIKHOM 1iardopme u HOKKax. OIpejieleHbl TOCTOsTHHBIE U IEPEMEHHBIE
napaMeTPhbl pacCMaTPUBAEMOr0 IIapaJJIeIbHOI0 MaHUIIY/ISITOPA, XapaKTePU3YIOe COOTBETCTBEHHO €TI0
TeOMETPHUI0 U KUHEMATHKY. B IpsMoii KMHEMaTUKe IOJIOXKEHUsI JIBUKYIIEHcs IIaT(OpPMbl OIIpeIe is-
IOTCS U3BECTHBIMHU IIOCTOAHHBIMHU IIapaMeTpaMHU 3BEHbEB U 3a/IaHHBIMHU II€PEMEHHBIMU I[TapaMeTpaMu
AKTUBHBIX KHHEMATHIECKUX Tap. AHAJIU3 MOJIyUYeHHBIX yPaBHEHWI MPSIMON KHHEMATHKHU MOKA3aJ, ITO
IepeMeHHbIe TTapaMeTPhl AKTHUBHBIX IPU3MATHYECKAX KHHEMATHYECKMX I1ap OCBOOOXKIAIOTCH, M ITU
YPaBHEHHS CBOJATCH K IMOJHHOMHUAJIBLHOMY YpaBHEHHMIO 16 —TO IOpsiJiKa C IepeMeHHBIMU ITaCCHUBHBIX
KHHeMaTn4iecKnX mnap. lIpercTaBieHbl YUC/IeHHbIE TPUMEPHI TPSAMOl KWHEMATUKN PACCMaTPUBAEMOTO
apaJIeJIbHOTO MaHUILYJIATOPA, U Pe3yJIbTaThl OKa3aud, YTO yPaBHEHUSA NPAMOIl KMHEMATUKN UMEIOT
4eTbhIpe PEIIeHNus, COOTBETCTBYIONINE YeThIpeM y3JaM IapaJsljIe IbHOTO MaHUIIYJIATOPA.

KitroueBbie cioBa: napaJuiesbHbI MAHUIIYISTOD, [IO/IBMKHbIE U HEIIOABUYKHBIE ILIAT(MOPMBI, IPAMast
KIMHEMATUKA.

1 Introduction

Parallel manipulators with closed-loop kinematic chains, in comparison with serial manipulators
with open-loop kinematic chains, have high stiffness, carrying capacity, positioning accuracy and
dynamic characteristics [1-7]. Most parallel manipulators with six-degrees-of-freedom have six legs,
i.e. six kinematic chains connecting a moving platform with a fixed platform (base). One of the
problems of parallel mechanisms is a reduction in the number of their legs. With a decrease in the
number of legs, the workspace of parallel manipulators increases and singular configurations are
reduced.

Three-legged parallel manipulators (tripods) are currently being developed. The following types
of tripods are known: 3-URS [¢], 3-ESR [9], 3-RRPS [10], 3-RES [11-13], 3-PPSR [11], 3-CRS [10],
3-CCC |17, 18]. We have developed a modern 3-PRPS type parallel mechanism with six-degrees-
of-freedom which in comparison with existing tripods, has a large load capacity. Figure 1 shows
the 3D model of the developed parallel mechanism, where the moving platform 2 is connected to
the fixed base 1 through three identical legs 4-5, 7-8, 10-11 of a PRPS type.

One of the legs 4-5 of this parallel manipulator (Fig. 1), where the hydraulic cylinder 3 moves
the leg 3-4 on the fixed base 1, forms the prismatic kinematic pair A. Link 4 is connected by forming
the revolute kinematic pair B. Link 4 is connected with link 3 by hydraulic cylinder and the moving
platform 2 through the hydraulic cylinder C and spherical D kinematic pairs respectively.

In works [15] and [19], the geometry of this parallel mechanism was studied and the inverse
kinematics was solved. According to the developed principle of forming of parallel manipulators,
the considered parallel mechanism of a 3-PRPS type is formed by connecting the moving platform
2 with the fixed base 1 through three passive closing kinematic chains 4-5, 7-8, 10-11 of a PRPS
type with zero degrees-of-freedom. To describe the geometry and study the kinematics of this
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Figure 1 — 3D model of a 3-PRPS type parallel manipulator

parallel manipulator, two Cartesian coordinate systems UV W and XY Z are fixed at two elements
of each kinematic pairs. The W and Z axes of these coordinate systems are directed along the axis
of rotational and translational motions of the kinematic pairs elements, and the U and X axes
are directed along the direction of the perpendicular ¢, drawn from the W axis to the Z-axis. The
transformation matrix T, = Tji(ak, ok, bjk, Bk, Cjk, Vjr) between the coordinate systems U;V;W;
and XY, Z, having six parameters has been formed in [19]. The transformation matrix G of
the coordinate systems fixed at the ends of binary links is called the matrix of binary link, and it
has constant parameters characterizing the geometry of the links. The transformation matrix P;
of the coordinate systems fixed at the two elements of each kinematic pair is called the matrix of
kinematic pair, and it has variable parameters characterizing the relative motions of the kinematic
pair’s elements.

2 Direct kinematics of a 3-PRPS type parallel manipulators

In Figure 2 the leg 3-4 with the chosen coordinate systems, where U; VW is an absolute coordinate
system fixed at the base 1, and PX,Y,Z, is a coordinate system fixed at the moving platform 2.

This leg has the following constant parameters ajp; = 90% 13 = 003,a34 = 040y, a9 =
—90°, v;3 and the following variable parameters cs3 = 0304 = s3, cg9 = 0409 = $5,744 = 04 Other
two legs have similar parameters. Let consider the direct kinematics of a 3-PRPS type parallel
mechanism. Since all three legs 3-4, 7-8, 10-11 have similar constant and variable parameters, for the
convenience of calculating, the parameters a;x, i, bk, Bjk, ¢ji, Vjr are denoted by a;, o, b, B;, ¢, Vi,
and the lengths of the links 3,4,7,8,10,11 and the angles determining their positions, are denoted
by ss3i, s5; and 64; where 7 is the serial numbers of the legs, i.e. 1 = 1,2, 3.

We, then, determine the coordinates of the centers of the spherical joints Oy; of the moving
platform 2 in the absolute coordinate system U; V;W;

[17 UOQiJ vOQi? WOQZ‘]T = G13i : sz : G34i : P?@ ' Pgi[l; 07 07 0]T7 (Z = 17 27 3) <1>
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Figure 2 Leg 3-4 with the coordinate systems

where G3;, Gay; are the matrices of links, and PL P& PL are the matrices of kinematic pairs.
From the systems of matrix equations (1) we obtain

S3; * 8Y13i — S5i - SV13i - S04 = Uo,,
—83;  CY13i — S5 - CY13i - S04 = Voo, (2>
C3i + aza; — S5i - S04 = Wo,,

where, s and ¢ denote sin and cos.

Multiplying the first and the second equations of the system (2) on ¢v;3; and s7;3; respectively,
and add them, we obtain, that all three variable parameters have disappeared. Therefore, these
two equations are interdependent and the variable parameters sz; should be setting.

Then, we set the parameters s5; and for determine the angles 64; derive the following system of
equations

(UO21 - U022)2 + (V021 - V022)2 + (W021 - WO22)2 = a?
(U021 - U023)2 + (V021 - V023)2 + (WOm - W023)2 = a? (3>
(U022 - U023)2 + (V022 - V023)2 + (WOQQ - W023)2 = a?

where a are the distances between the spherical joints Os;. After some transformations, from the
systems of equations (3) we obtain

—S51 " S52 ¢ 0(7131 - 7132) - 5041 - 5042 — 531+ S51 - 8041 + S31 * 559 - C(’)’131 - 7132) : 5942—1‘\
+832 * S51 ° 0(7131 - 7132) - 8041 — S32 - S5 - 8042 — 851+ 852 - Clyo - Oy = Ny,

—5851 - 853 - C(7131 — V133) - 041 - 5043 — 531 - 551 - 5041 + 531 - 553 - (V131 — V133) - SOs3+ (4)
+831 - S53 C(7131 - ’7133) - 8041 — 533+ S53 - S04z — S51 * S53 - Claz - cly = Ny,

—S852 * S53 ¢ 0(7133 - ’7132) - 5043 - 5040 — S33 + S53 - 043 + S50 - 533 - C(’)/133 - 7132) - 5040+
+532 * S53 - 0(7133 - 7132) - 8043 — S39 - S50 - S04p — S52 * S53 - Clap - sz = N3,

J
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where ) ) ) ) )
N, — a” — 831 — S35 — S5 — S50+ 2 531 - S39- c(1131 — 1132)
1= 5 ,
2 2 2 2 2
N, — a® — 83, — S5, — S§3 — S53 + 2+ 831 - S33 - ¢(V131 — V133)
2 = 5 ,
2 2 2 2 2
N, = &7 552 T S T 533 T Sy + 2 839+ 533 - (V133 — 7132)
5 )

We use the following expressions ty; = tan(0y;/2), s04 = 2-t4;/1+ 13, by = (1 —13)/(1+13.), i =
1,2,3 to the system of equations (4)

A-t2,+ Bty +C =0,
D-t3+FE -ty +F=0, (5)

Where A = All . t?ﬂ + A12 . t41 —|— Alg, B = Bll . t?Q —|— Blg . t42 + Blg, C = 011 . t?Q + 012 . t41 + 013,
D = Dy - tiy + Dig - tyg + Dig, E = Eyy - ti; + Ein - tus + Evg, F = Fiy - thy + Fia - tyz + Fis,
Q = Qi thh+ Quz-tas + Qi3, R = Ry -ty + Rig - tuo + Rus, T = Ty - thy + Tho - tys + Ths,
Ayp = Ny + 851 - 852, A1g = 2 - 839 - 550 — 2 - 831 - S52 0(7131 - 7132), Az = Ni — 851 - 852, By =
2531851 — 2" 832" 851 0(7131 - 7132), By =4-55 85" 0(7131 - 7132), B3 = 2531551 — S32° S51 -
0(7131 - 7132), Ci1 = N1 — 551852, Cilog = 2833+ 550 — 2531 852 - 0(7131 - ’7132), Ci3 = Ny + 851 552,
D1y = Ny + 851+ 853, D1g = 2 - 833 - S53 — 2+ 831+ S53 0(7131 - ’7133), Di3 = Ny — s51 - 853, B =
2’331‘851—2'551'333'6(’7131—7133), ISP 4'351'353'0(7131—’7133), Ei3 = 2'531'551—351'833'0(7131—7133)7
Fii = Ny — 531 - 851, Fig = 2 - 533 - 553 — 2 - 531 - 53 - ¢(7131 — M133)s Fis = No + 851 - 853, Q11 =
N3+ 852853, Q12 = 2+ 533 S52 —2'852'833'0(7133—7132), Q13 = N3 — 850853, 11 = 25833553 — 2
532 * 853 * 0(7133 - 7132), Rip =4-55- 553" 6(7133 - 7132), Ri3 =2-533-553 —2- 532" 853" 0(7133 - 7132),
Ti1 = N3 — S50+ 853, Tio = 2 - 839 - 852 — 2+ S50 - S53 - ¢(V133 — N132), T13 = N3 + 852 - S53.

On the base of the Sylvester method [20] from the first two equations of the system (5) we
derive the following matrix

A B C 0
0 A B C
D E F 0 =0 (6)
0 D FE F

and get out of the variable ¢4;. From the determinant of the matrix (6), we obtain

Z G - tfls (7)

where the coefficients G; are the 4**—order polynomial equation with the variable t4,. Continuing
to use the Sylvester method from the equation (7) and the third equation of the system (4), we
get out of the variable

Q R T 0 0 0

0O Q R T 0 0

0O 0 Q@ R T 0] _

o o o ¢ r 71| " (8)
Gll G12 G13 G14 G15 O

O Gll G12 G13 G14 Gl5
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From the matrix (8) we obtain the 16""-order polynomial equation with the variable ¢4

16
> Pe-th =0 (9)
k=0

The variable t4; is determined from the equation (9), then we can determine the variables t49
and t43. The formation of coefficients G; and Py of the equations (7) and (9) and their calculation
are based on Matlab. Of all the solutions of the equation (9), we choose those solutions for which
the distances between the spherical joints are equal a.

3 Numerical examples

The following constant parameters a; = 15, ¢; = 7, 71 = 90°, 79 = 210°, 73 = —30°, a = 74,48 |
and for each case we set parameters of the legs 4-5, 7-8, 10-11.

Using the obtained values of the angles 641, 042, 643, the coordinates of the spherical joints
centers of the moving platform 2 in the absolute coordinate system OUyVyW, are determined
(Table - 1, 2, 3, 4).

Table - 1 — S3; = 60, (Z = 1, 2, 3), S51 = 93, 7618, S5 = 91, 9882, S53 = 98, 2112

041 042 043 Uou; Voui Woui
37.004 | -0.000 118.047
0.235 | 1.255 | 0.125 | 16.681 -28.892 | 52.479
-24.280 | -42.053 | 113.274
-33.993 | 0.000 52.317
1.259 | 0.231 | 0.129 | -18.737 | 32.454 117.593
-24.078 | -41.704 | 113.222
42.970 | -0.000 119.282
0.173 | 0.173 | 0.190 | -21.514 | 37.263 118.733
-21.327 | -36.940 | 112.338
42.563 | -0.000 119.210
0.177 | 0.169 | 1.208 | -21.717 | 37.615 118.804
12.996 22.510 54.665
42.563 | -0.000 -75.210
2.964 | 2.972 | 1.934 | -21.717 | 37.615 | -74.804
12.996 22.511 -10.665
42.970 | -0.000 -75.282
2.968 | 2.968 | 2.952 | -21.513 | 37.262 | -74.733
-21.327 | -36.940 | -68.338
-33.993 | 0.000 -8.317
1.883 | 2.910 | 3.012 | -18.737 | 32.454 | -73.593
-24.077 | -41.703 | -69.222

EECEECEECEECE e E
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Table - 2 - S3; — 60, (Z = 1,2,3), S51 — 95, Spo = 93, Sp3 = 96

01 a2 043 Uoui Voui Woui

-30.438 | 0.000 51.085

1.260 | 0.205 | 0.157 | -20.245 | 35.065 | 115.997

-22.714 | -39.341 | 113.851

41.317 | -0.000 | 115.145

0.198 | 1.267 | 0.166 | 15.797 | -27.362 | 50.747

-22.323 | -38.665 | 113.724

43.016 | -0.000 | 115.469

0.180 | 0.178 | 0.184 | -21.488 | 37.218 | 116.478

-21.476 | -37.197 | 113.424

43.799 | -0.000 | 115.608

0.171 | 0.187 | 1.244 | -21.096 | 36.539 | 116.334

14.046 | 24.328 | 51.813

43.799 | -0.000 | -71.608

2.970 | 2.955 | 1.897 | -21.096 | 36.539 | -72.334

14.046 | 24.328 | -7.813

43.016 | -0.000 | -71.469

2.962 | 2.963 | 2.957 | -21.096 | 37.218 | -72.478

-21.476 | -37.197 | -69.424

41.316 | -0.000 | -71.145

2,943 | 1.874 | 2.976 | 15.797 | -27.362 | -6.747

o v o o o 5 o B S R S S e S

-22.323 | -38.665 | -69.724

Table - 3 — S3; — 60, (Z = 1,2,3), S51 — 95, S5 — 90, Sp3 = 75

041 042 043 Uoui Voui Wous
39.671 -0.000 114.799
0.216 | 1.196 | 0.155 | 4.890 -8.470 49.488

-23.066 | -39.950 | 110.925

42.199 -0.000 | 115.317

0.188 | 0.265 | 0.183 | -20.161 | 34.920 | 94.373

-21.808 | -37.773 | 110.496

-33.398 | -0.000 | 39.372

1.387 | 0.076 | 0.343 | -27.153 | 47.031 | 96.784

-14.864 | -25.746 | 106.756

25.663 -0.000 | 110.578

0.370 | 0.040 | 1.357 | -28.466 | 49.305 | 96.937

13.973 24.202 | 41.118

25.663 -0.000 | -66.578

2,772 | 3.101 | 1.785 | -28.466 | 49.305 | -52.937

13.973 24.202 | 2.882

-33.3984 | 0.000 4.628

1.755 | 3.066 | 2.799 | -27.153 | 47.031 | -52.784

-14.864 | -25.746 | -62.756

42.199 -0.000 | -71.317

2.953 | 2.876 | 2.959 | -20.161 | 34.920 | -50.372

i ] o o o ) v

-21.808 | -37.773 | -66.496
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Table - 4 - S31 = 60, S32 — 70, S33 — 50, S51 — 105, Spo = 90, S53 = 75

(1
(2]

(3]

(4]

(]

[6]

(7]
(8]

[

[10]

[11]

01 042 043 Uoui Voui Woui
30.071 -0.000 122.644
0.289 | 1.145 0.182 | 9.159 -15.864 | 52.945
-26.839 | -46.486 | 110.507
39.184 -0.000 124.916
0.200 | 0.130 | 0.286 | -20.121 | 34.851 96.363
-22.300 | -38.625 | 108.342
-43.370 | 0.000 40.429
1.394 | -0.031 | 0.430 | -26.174 | 45.334 | 96.963
-16.259 | -28.162 | 103.824
17.332 -0.000 117.940
0.418 | -0.147 | 1.307 | -30.484 | 52.799 | 96.194
8.445 14.627 | 45.455
17.3319 | -0.000 -73.940
2.723 | -2.995 | 1.834 | -30.484 | 52.799 | -52.194
8.445 14.627 | -1.455
-43.370 | 0.000 3.571
1.747 | -3.110 | 2.712 | -26.174 | 45.334 | -52.963
-16.259 | -28.162 | -59.824
39.184 -0.000 -80.916
2.942 | 3.011 2.855 | -20.121 | 34.851 -52.363
-22.300 | -38.625 | -64.342

i o o o o )
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HEN30TEPMUNYECKOE JABU>KEHUE ITAPA®VHNCTON HE®TU B
TPYBOIIPOBOJE

B nmammoit cTtarhbe mMCCIEIOBAHO HEM30TEPMHUIECKOE JBHUKEHUE TapadUHUCTON HedTH B TPyOOIPOBOIE
C IIepexo/0M HBIOTOHOBCKOH JKHJIKOCTH B BS3KOILJIACTHYECKOe cocTosHue. Peosiormdeckue cBoiicTBa
napadunucToil HedTH (BA3KOCTH, NpEeJEJbHOE HAINDPSIKEHWEe CJBUIa) B BBICOKON CTEIeHHM 3aBHCAT
ot Temueparypsl. IIpu ropsueil nepekadke napaduHECcTOil HedTH 10 TPYOOIPOBOIAM IPOUCXOIUT
HEN30TEPMUYECKOE JIBUYKEHHME C TEIIOOOMEHOM C OKPY2KAIOIeil Cpeoit. DTO NMPUBOIUT K CHUZKEHUIO
TeMueparypbl nmapadUHUCTON HeMTH, YBEIUIECHUIO BI3KOCTHU, MOSBJICHUIO MPEIEIbHOIO HAIPIKEHUS
CABUTA, KPUCTAJIM3AINHN HapaduHa 1 0CAXK/IEHUIO TBEPABIX PPaKINil HA BHYTPEHHEH CTEeHKe TPYyDOIpo-
Bosa. OTsioKeHue TBep/bIX Gpaknuit HeddTH YMEHBIIAET IPOXOHOE cedeHrne TPyOOIpoBoOIa, IIPUBOIAT
K TOsiBJIEHHIO "3acTOlHO# 30HBI"C TeIIOBO# m3ossnueil B npucreHHoit objacru. Crpykrypa HedTH
U3MEHSIETCS - HBIOTOHOBCKOE CBOICTBO IIPU BBICOKHX TEMIIEPATypPaX IMEPEXOIUT B HEHBIOTOHOBCKOE
cocrostane. OJHOMEPHOE MOJIETMPOBAHUE HEM30TEPMHUYECKOTO JBUKEeHUsI napaduHucToil HedTH B
TPYOOIIPOBO/IE IIyTEM TPAIUIMOHHOIO YCPEIHEHUs TEMIIEPATYPBhI U CKOPOCTHU II0 CEYEHHIO TPYOBbI He
[I03BOJISIET OOBSACHUTH (PU3NKY SIBJIEHUS IepecTpoiiku noroka. IlosTomy B maHHOI paboTe mocrpoeHa
JIByM€epHasi MOJIEJIb JIBI2KEHUSI U TellsiooOMeHa napadunncroil Hedru. Pacaernble JaHHbIE TTOKA3BIBAIOT
1epexoJ] HbIOTOHOBCKON 2KMJIKOCTU B BSI3KOILJIACTUYIHOE COCTOsIHUE M3-33 TEIJI000MeHa napaduHUCTOi
medbTn ¢ OKpyxkawomeil cpemoit. IlosydeHHbIE PE3yIBTATHI CO3MAIOT OCHOBY [IJIsi MOJEIUPOBAHUS
TeYeHU aHOMAJIbHBIX XKUJIKOCTEH ¢ TertomaccoodMeHoM u Ga30BbiM mepexojoM. CofepkaHue CTaTbi
OyJeT IOJIE3HBIM LI NIUPOKOTO KPyTa HCCJIEI0BATENEH, 3aHUMAIOINXCA B 00JIACTH TUJIPOIMHAMUKI U
TEIIOMacCcOOOMeHa.

Kitouessbie ciioBa: napadunncras HedTh, HEU30TEPMUIECKOE JBUKEHNUE, TEPEXO0]T HhIOTOHOBCKOM K11~
KOCTH B BA3KOIJIACTUYHOE COCTOSHUE.
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'K.J. Corbaep aTnmaarsl Kasax yITTHIK TeXHUKAJILIK 3epTTEy yHHBepcuTeTi, Anvars K., Kasaxcran
29n-@apabu arergars Kazak yaTThik yausepenreri, Anmars K., Kasakcran
*e-mail: bossinov.daniyar@gmail.com
Kyonip »xkedicineri mapadunaai MyHalblH N30TEPMUSIJIBIK, €MeC KO3FAJIBICHI

Byn makanama KyOnIp skeicimmeri mapaduHIl MyHARIBIH T30TEPMUSILIK, eMEeC KO3FAILICHI HHIOTOHIBIK,
CYUBIKTBIK, 2KaFrJaiflbIHAH CO3BLIMAJBI TYTKBIP CYUBIKTHIK KarmailbiHa aybIicybl 3epTreiina. [lapadun-
Il MyHAHJIBIH PEOJIOIHsIIBIK, KacueTTepi (TYTKBIPJIBIK, MIEKTIK BIFBICY KEPHEY1) TeMIlepaTypara YKOFaphbl
mopexesne Toyendi. [lapadunai MmyHaiiapl KyObIp 2Kejijiepi OOMBbIMEH BICTBIK aiifay Ke3iHje KOopIlaraH
OpTaMeH KbLIy ajMacy ecebiHEeH M30TePMUSLIIBIK, eMeC KO3FaJIbIC OPBIH aJiajbl. Bys napadusai MyHaii-
JIBIH, TEMIIEPATY PACBIHBIH, TOMEH/I€yiHe, TYTKBIPJIBIKTHIH YKOFAPhLIAYbIHA, IEKTIK bIFBICY KEPHEYIHIH, maii-
na OosrybiHa, mapadUHHIH KPUCTAIJAHYbIHA KOHE KATTHI OOJIIIIEKTEPAiH, KyOBIPIBIH, iITKi KAOBIPFACHIHA
TYHYbIHA OKestemi. MyHaliIblH KaTThl OOJIIIeKTePIHiH KIHAIY Bl KYOBID/IbIH KOJIIEHEeH, KUMAChIH a3aiiTa-
J1bI, KabbIpra GOMBIH A KBTIy OKIIAYJILIFBl 6ap "TOKbIpay aiilMarbIHBIH'"Taiina 00/1ybiHa oKeje . MyHaii
KYPBLIBIMBI ©3repe/li - HbIOTOH/IBIK, KACUET YKOFapbl TEMIIEPATyPa/ia HbIOTOHJBIK, eMeC KYyIre aybICaibl.
KyObipnars: mapadun i MyHANIBIH N30TEPMUSLIBIK, €MEC KO3FAJIBICHIH TEMIIEPATYPA MEH XKbLIIAMIBIKTHI
JOCTYPJIL Typ/ie KyObIp KAMAaChI aPKbIIbI OPTAIIAJIAI OIp OJIIIeMI] TYP/e MOJE/IbIELY aFbIHHBIH KATa Ky-
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PBLTY KYOBLIBICBIHBIH, (DPUBUKACHIH TYCIHIIpyre MyMKIiH/IK Gepmeitai. CoHipIkTan Ja OyJI KYMBICTa Ha-
padunai MyHail KO3FaIbIChl MEH KbILY aJIMacCybIHbIH €Ki eJrreM i Mozei canbiaapl. Ecenrey nepexrepi
napaduHIl MyHAHIBIH KOPIIaraH OpTaMeH KbLIYy aJjIMacyblHa OailJIaHBICTHI HBIOTOH CYHBIKTHIFBIHDBIH,
TYTKBIP TIACTUKAJBIK, KYiire aybICyblH KopceTemi. AJIBIHFAH HOTHXKEJED KBLIy-Macca aaMacybl YKOHE
dazasblK aybIlCybl 6ap aHOMAaJb/bl CYWBIKTBHIH arblHJIAPBIH MOje/beyre Heriz Oosazbl. Makaianbiy
Ma3MYHBI THIPO/IMHAMIKA YKOHE YKBLIY-Macca ajJMacy CaJIachIHJIArbl KOIITETeH 3epTTEYIIIepre mai1aabl
00J18,1b1.

Tyiiiu cesaep: napaduHai MyHail, T30TEPMUSIIIBIK, EMEC KO3FAJIBIC, HBIOTOHIBIK, CYIBIKTHIKTHIH CO3bLI-
MaJIbl TYTKBIP CYHBIKTBIK KarJaiiblHa aybICYbI.

U.K. Zhapbasbaev!, D.Zh. Bossinov!'?*
IK.1. Satbayev Kazakh National Research Technical University, Almaty, Kazakhstan
2Al-Farabi Kazakh National University, Almaty, Kazakhstan
*e-mail: bossinov.daniyar@gmail.com
Non-isothermal paraffin oil flow in the pipeline

In this article, Non-isothermal paraffin oil flow in the pipeline with Newtonian fluid transition to
viscoplastic state is investigated. Rheological properties of paraffin oil (viscosity, ultimate shear
stress) are highly dependent on temperature. During hot pumping of paraffin oil through pipelines,
non-isothermal flow occurs due to heat transfer to the environment. This leads to a decrease in
flow temperature, an increase in viscosity, ultimate shear stress appearance, wax crystallization and
solid particles deposition on the pipeline inner wall. Oil solid particles deposition reduces pipeline
flow area, leads to the appearance of a "stagnant zone"with thermal insulation in the near- wall
region. Oil structure changes - Newtonian property at high temperatures transits to non-Newtonian
state. One-dimensional modeling of non-isothermal paraffin oil flow in the pipeline by traditional
averaging of temperature and velocity over the pipe cross section does not allow explaining physics
phenomenon. Therefore, in this work, a two-dimensional model of motion and heat transfer of paraffin
oil is constructed. Calculated data show Newtonian fluid transition to viscoplastic state due to the heat
exchange of paraffin oil with the environment. Obtained results form the basis for modeling anomalous
fluid flows with heat and mass transfer and phase transition. Article content will be useful for a wide
range of researchers involved in the field of hydrodynamics and heat and mass transfer.

Key words: paraffin oil, non-isothermal flow, Newtonian fluid flow transition to viscoplastic state.

1 BBenenue

BroicokoBsi3kre U BBICOKO3acThIBatoNme (mapadunncroie) HedTn MecTopoxaenuii 2Kerwibait,
Vzenb 1 KyMKOJIb 3aHUMAIOT 3HAYUTEIBHYIO JIOJII0 B 00beMe TPaHCIOPTUPOBKH MaruCTPaIbHBIX
HedrenpoBooB Kazaxcrana.

Cepbe3sHble TPYAHOCTH IIPU ITepeKadke napaduHuCTol HedTH CBI3aHbI ¢ CYIIeCTBEHHON 3aBUCH-
MOCTDBIO BA3KOCTH U IIPEAC/IBHOT'O HaIIPA2KCHHA CABUI'a OT TeMIIEpaTyPhI. HpI/I CHH2KEHHUUN TEMIIEPpa-
TYPBI BO3MOXKHO 3aCThIBaHUE HEMDTHU B TPYOOIIPOBO/IE, IPUBO,IAIIEE K TIOJTHOW OCTAHOBKE ITEPEKATKH
U 3HAYUTE/ILHBIM 3aTparaM Ha ee BO30OHOBjeHue |1—1].

[Tapadunucrast HedTh IPU BLICOKUX TEMIIEPATypax MOAINHSIETCA 3aKOHAM HbIOTOHOBCKOM KT~
KOCTH, IIOHHN2KeHure TeMII€epaTypPbl IPUBOJAUT K BOSHUKHOBEHNIO BASKOILIACTUYIHOI'O CBOIICTBA HEHbLIO-
TOHOBCKOI1 Kujkoctn |5, 0.

B memzorepmuueckom HedTEPOBOIe M3MEHEHNsT TEMIIEPATyPhl W3-3a TEIJIO0OMEHa IMOTOKa C
OKPYKaIoIeil cpeoit MPUBOAAT K IMEPeXojly JBUYKeHUsI HedTH W3 HBIOTOHOBCKOTO B BSI3KOILIa-
CTUYHOE COCTOSTHHE.
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2 O630p JuTepaTypbl

XapakTepHOil 0COOeHHOCThIO TTapadUHUCTHIX HedTell Ka3aXCTAHCKUX MECTOPOXKICHUN SBJISTIOTCS
BBICOKasI BS3KOCTh U3-32 COJIEPKaHus acabTeHOB 1 CMOJI, TTOBBIIIIEHHOE HATIPSIZKeHne casura |7,5].
Hed b MO)KeT UMETH BBICOKYIO TEMIIEPATYPY 3aCThIBAHUS (TEMIIEPATYPY HOTEPH TEKYIECTH) B Ia-
nazone ot 12 j10 30°C' B 3aBUCHMOCTH OT KOJIMUECTBa cojiepxkanus apaduna B ero cocrase |9, 10]. B
XOJIOJHBI (3UMHWUIT 1 BECEHHE-OCEHHMIA) TIEPHO/T IKCILTyaTanun HedpTelrpoBojia TeMieparypa HedTu
B TPyOe MOXKET 3HAUUTE/ILHO OT/IMIAThLCS OT TEMIIEPATYPbl OKpy2Katomieit cpeibl. Temmoodmen vHed-
TH C OKPYZKaloIieil cpeioil TPUBOJUT K CHUYKEHUIO TeMIIePaTyPbl, POCTY BI3KOCTU U IIPEJIETBHOTO
HAIPSI?KEHNS CJIBUTA. DTO B 3HAYUTETBHON CTEIeHN POSIB/ISIETCS B IPUCTEHHOW 00IaCTH U MTPUBO-
JIAT K BOBHUKHOBEHUIO 3aCTOMHOI 30HBI U YMEHbBIEHNIO paboyero cedenus: Tpydornposoga [11].

B pesynbrare nepekadka HedTH 110 TPYOOIPOBO/LY OOJIBIIOTO JUAMETPA IEPEXO/UT B IIepeKat-
Ky 110 TPyOOIIPOBO/Y ¢ MEHBIIUM JIMaMEeTPOM C 3aCTONHOM 30HO. YBeJmdeHue cpeaHeil CKopocTn
[IOTOKA M3-3& 3aCTOMHON 30HBI HE MTO3BOJIAIOT OCTBHITH HMOPIUUA YKUJIKOCTU, W THIPABITICCKOE CO-
[IPOTUBJIEHUE JIAHHOTO yIacTKa TPYOOIIPOBO/Ia CTAHOBUTCSI MEHBIIE, IeM JOJIZKHO OBITh 10 KJIACCHU-
weckoit Teopun [11].

O tHOMEPHOE MOJIE/IUPOBAHIE PEKUMOB pabOThl HePTEIPOBOIA MIyTeM TPAIAIIMOHHOTO YCPe -
HEHUsI TeMIIEPATYPhl U CKOPOCTHU 110 CEYEHUIO TPYOBI HE JIAeT BO3MOYKHOCTU OObICHUTD ITOSB/ICHUE
3aCTONHOMN 30HBI [12].

Kak BuaHO 13 0030pa, ykazaHHbIE BbIIIE (paKThl TOKA3bIBAIOT CJI0YKHOCTH HEM30TEPMUIECKOTO
JBUKeHns napaduHucToir HedTn B TPYOOIIPOBO/IE.

3 Marepuan u MeTOJIbI

B nannoit pabore uccieryercsd JaMUHAPHBIN PeKUM TedeHus napaduHucToit HedTn B TpyOOIpO-
BOsie. MojietmpoBanye JIBUXKEHUS U TEIIO0OOMEHa OCHOBBIBAETCS Ha 3aKOHAX COXPAaHEHHS MAaCChI,
UMITYJIBCA W SHEPrUd. 3aMBIKAIONUMU YCJIOBUSIMHI MaTEeMaTHIECKON MOJENH SBJISIOTCS 3aBUCH-
MOCTH BSI3KOCTH, IPEJIEIbHOTIO HAIPAXKEHUs, TeIJIOEMKOCTH, TEILJIOIPOBOJHOCTU U IJIOTHOCTH OT
TemiiepaTypsl |7, 10].

3.1 Peosiormyeckue u (pU3NKO-XUMHUUIECKNE CBONCTBA

C1oKHBIE PEOJIOrTYecKre CBOCTBa MapaduHUCTON HeTH ONMPEIEISIIOTCS PE3KIM POCTOM BSI3KO-
CTH U TIPEJIEILHOTO HAIPSIZKEHUsI CJIBUTA C YMEHBIIICHUEM ee TeMIlepaTypbl. B HadaJbHOM ydacTKe
JIBUZKEHUs B TpyOe mapadunucTas HedTh ¢ BBICOKOM TeMIIepaTypoil aB/IgeTCad HbIOTOHOBCKOM KU1
KOCTBIO. B pesysbrare TemioodOMeHa ¢ OKpy:Kalolieil cpeoil 1 CHUZKEHUEM TeMIIepaTypbl BO3pac-
TaeT BA3KOCTH U IIPEJIe/IbHOE HAIIPSZKEHNE CJIBUTA, YTO IPUBOJIUT K IIPOSBJIEHUIO HEHBIOTOHOBCKOTO
(BSI3KOIIJIACTUIHOIO) COCTOSTHUS MapaduHICTOH HeTH.

B BaskormtactudHOM coctosinuu napaduHuctoit HedpTrn 3MHEIEKTUBHYI0 MOJIEKY/ISPHYIO BsI3-
KOCTH (i MOYKHO OIUCATH MOJIEJIBI0 OGHHIaMOBCKOM KukocTa [5]:

M:MP+TO'H_1, (1>

rae /i — 3 dexTuBHAsT MOJIEKY/ISIPHAA BA3KOCTD, (i, — IJIACTUYECKas BA3KOCTb, T — IPEIEIbHOE
Hanpsazxkenne capura, II = /25, - S, Sij = = + 2
2 ('31;]- aﬂfl
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Qopmyny Bunrama-IIIBesoBa /st CTAIMOHAPHOIO TEYEHUs BI3KOILIACTUYECKUX CPEJl B TPyOe
MOYKHO HOJIy9HUTD ¢ mnomorpsio (1) B Buze [12]:

ou
Tor = —To + Hp (E) ; (2)

rjie 4 — IIPOJI0JIbHAas CKOPOCTD, 1 — pajinajbHasi KOOPJUHATA, OTCINTHIBAEMAad OT OCH TPYOBDI.

CHuzkeHne TeMIrepaTypbl MOXKET BBI3BATH KPHUCTAJLIM3AINAIO MTapaduHa W BbIJeJIEHUE TEILIa
dazoBoro nepexojia. Yder obIIero KOJuIecTsa CKpbITOro reiia I MoKeT ObITh OIPeIeIeH METOIOM
Kazkyteficss Teroemkoctn |13, 14]. Tlo sTomy MeToy KazKylascs: TeII0eMKOCTh napaduHICTOI
HeTH B 30HE KPUCTAJLIM3AINA HAXOUTCA 110 (pOpMYyIIe:

17}

[a(t)dt+ el

ts
Cp=—""—" (3
P t—t, )
rje t;, ts — HaYaJIbHOE M KOHEYHOe 3HadeHue Temieparypbl obpaszoBanus napaduHa B HOTOKE
nedru, € — cojiepxkanue napaduna B coctase HedTu, I — yaeabHast SHTAIbINA (PA30BOTO IEPEX0/Ia
napacduna. B pacuerax 6bumu npunsarsl [ = 9.8 kkas/kr, € = 0.15, ¢, = 32°C, t, = 12°C.
OmubITHBIE JJAHHBIE TEILUIOEMKOCTH Hed T ommchiBaloTcs dhopmysoit Kpero [7]:

¢ (t) = (53357 4+ 107.2 - t)/\/p20, Hx/(xr-°C), (4)

1Jle pPop — IUIOTHOCTH HedTHu npu Temieparype 20°C.

[ogcrapisisa ¢;(t) B uaTerpas (3), HETPYHO HAWTH KaXKyILYIOCs TEILIOEMKOCTb HeDTH B 30HE
KPUCTAJIM3AINH apaduHa.

3aBUCHMOCTHU TJIOTHOCTU U TEIJIONPOBOJHOCTH HEPTU OT TEMIIepaTypbl BbIPAKAIOTCS CTaH-
JapTHbIMI dopmyaama |7]:

A =5.057 - (1 — 0.00054 - t)/\/pa0, Br/(n - °C), (5)
p(t) = paoll + ¢~ (20 — t)], w0 /n%, (6)

riae ¢ = 0.000738, 1/°C' — koaddunuent obbeMHOro pacimpenusi HedTu.

st napadpunucToil HepTH BaXKHOE 3HAYEHHE MMEIOT 3aBUCUMOCTH JIUHAMUYECKON BSI3KOCTH
fp(t) B IpeesIbHOrO HAIpsXKEHUs CABUra To(t) OT TeMIepaTypbl. DMIUPUYECKHAE 3aBUCHMOCTH
pp(t) m To(t) mosmydensr myrem oOpabOTKM OMBITHBIX JAHHBIX C HCIIOIB30BAHUEM DErPECCHOHHOM
mozestun | 10]:

pp(t) = 0.3585 - exp(—0.1792 - t),I1a - c, (7)

7o = 589.56 - exp(—0.567 - t), I1a. (8)

Kax Buano u3 pucynka 1, 3aBECHMOCTH AUHAMIYECKON BS3KOCTH fi,(1) ¥ IPEeIbHOIO HAISI-
JKeHust ¢/iBura 7o (1), HaunHas co 3uadeHus Temmeparypsbl 20°C', pesko Bospactaor. [Ipudem 3Haxde-
HUE TIPEJIeIbHOTO HAIIPSIKeHUs ¢Bura 10 Temieparypbl 20°C' paBHO HYJTIO, T.€. BI3KOILIACTUTHOR
cocrosgare HedTr HacTymaer npu Temmeparype 20°C.
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Pucynok 1 - 3BaBucmMocT AHHAMIYECKO BA3KOCTH [i,(t) U IPEJETLHOIO HALPSAKEHUST
casura To(t) or TemmepaTyphb

3.2 IlocTraHoBkKa 3aJadu

Hewnsorepmuuecknii moTok rmapadunucToit HeT TedeT B MOJI3EMHOM TPYOOIIPOBOJE C BHYTPEH-
HUM JuameTrpoM Dy, janunoit L, raybunoit 3ajoxkenus 10 ocu H, ckopoctbio U, u HadaIbHON
TemIeparypoii ty. dsimna Tpybonposoga L — namuoro OoJibiiie ero puamerpa i, a Temmeparypa
OKpY2KaIoIIeil cpeibl t,,, — TOPa3J/i0 MEeHbIIle HAYaIbHOM TemiepaTypbl Hed T ty. Termoobmen Henso-
TEPMUYECKOTO TOTOKA € OKPYZKAIONIeH CpeJioil MPUBOIUT K OXJIAXKJIEHUIO MmapadpuHucToil HedTH.
Hedrs, gapisrorniasicsd HbIOTOHOBCKO# »KUJIKOCTBHIO B HadaJie, HAYMHAET OCTBIBATD, YTO IPUBOJIUT K
U3MEHEHWIO PEOJIOTUIECKNX U (PUBUKO-XIMIIECKIX CBOMCTB.

Teuenne cunTaercs JaMUHAPHBIM. DyeM cunuTaTh, YTO KOHJIYKTUBHBIN IIEPEHOC TEIlIa IO pa-
nuycy TpyOOIpoBOia HAMHOIO ITPEBOCXO/UT €r0 BeJIMIUHY 110 JIJINHE U3-3a TEeIIOOOMEHa C OKPY-
xaromieit cpegoit. [loaromy MoKHO TIpenedpedb KOHYKTHUBHBIM MEPEHOCOM TEILIa IO JJIUHE TPY-
6orposojia. Torja cucreMy ypaBHEHWid JIBUYKEHNST U TEIIOOOMeHa JByMepHOi Mojenu [15] B cTa-
[IMOHAPHOM PEKHMe MOXKHO 3almcarh ¢ yaeroM (2) u (3) B Buje:

o ou_ op 10 ( oy 10 o
pu@z pv@r_ 0z ror T“par r Or 70/

dpu 1 0prv

st — 1

0z + r or 0 (10)
ot ot 10 ot ou\>

R (Aa_) iy (a_> ~ (11)

B ypasuenusix (9)-(11) npunaTsl cienytomiue 0603HaYeHUs: 2, T — OCeBas U pajiuabHasi KO-
OP/JIMHATBI;, U, U — KOMIIOHEHTBI BEKTOPA CKOPOCTH; P, p, t, To, fip, A, Cp — JABJICHUE, IIOTHOCTD,



52 V.K. XKanb6ac6aes, 1.2K. Bocunos

TeMIepaTypa, IpeJie/IbHOe HAIIPSIYKeHNE CABUTA, KOI(MDMUIIUEHT NTUHAMUYIECKON BA3KOCTH, KO3(hdhu-
[IUEHTHI TEILJIOMPOBOHOCTH U KaXKYIIEHcsT TeIJIOEMKOCTH, COOTBETCTBEHHO.
[pajienT naBieHUs] HAXOJAUTCS U3 YCJIOBHsT COXPAHEHUsST MacCoBOrO pacxoja [15]:

Ry
/purdr = poUoR3 /2, (12)
0
rje Ry — BHYTpeHHUI pajuyc TpyGOIpoBojia.
KOMIIOHEHTBI CKOPOCTH U TeMIIEPATYPa IIPUHUMAIOTCS TIOCTOSTHHBIMU Ha BXO/Ie TPyOOIpoBoIa:

npu z=0: u=Uy, v=0, t=1t (13)

J1s1 ckopocTr Ha ocu Tpy6OIPOBO/Ia CTABUTCS YCIOBUE CUMMETPUYIHOCTH, a Ha CTEHKE — YCJIOBUE
PUJINIAHUS:
ou

mpu z2>0, r=0:— =0, r=R;:u=0v=0. (14)
or

g TemmnepaTypbl Ha ocu TPyOOIIPOBOJ/IA CTABUTCA yCJIOBUE CUMMETPUYIHOCTH, & Ha CTEHKE —
YCJIOBUE TelJIoepeadu OKPYzKaloIleid cpeioit:

ot ot
>0, r=0:—=0; r=Ry: - A=—=k-(t—ty,). 15
upu 2 r o r 1 o ( ) (15)
Besimuuna koaddurpenta remsonepeiadn k onpeessercs o dgopmyste [7]:

1 1 1 D; 1
p 2L

k_.l)l - 041D1 + ; 2)\1 Dz a{2D2.

(16)

3nech k — kodddurmenT Tensonepeadn HedTU B OKPYKAIONIYIO CPELY; (1, (o — BHYTPEHHU U
BHeIHU KoaddurmenTsl Teroodmena; Dy — HApyXKHBIH quaMerp TpyOoipoBosa; D; — HapyKHbIE
JIUAMETPBI CJI0EB U30JIAIUN; A; — KOI(MMUIMEHTHI TEIJIOIPOBOIHOCTH MeTaJlja U CJI0E€B M30JIAII-
OHHOT'O TIOKPBITHS.

B slamuHApHOM pexkuMe BHyTpeHHuil Koddduiment rermoodbmena a; paseH |7]:

Buemuuit koadduimeHT TemmooTaaun oy omupejesigercs no dopmyiae Popxreitmepa-Biacoa

[7]:

(18)

g =

rje Ay, — KO3(PUITUEHT TEIIONPOBOIHOCTY T'PyHTa, H — riybuHa 3a/I0KeHus TPyOOIpoBoJIA.

Cucrema ypasrenwuit (9)-(12) npu rpannansix yciaosusax (13)-(18) permaercs TucIeHHBIM METO-
goM [15]. Pacuernast obsacth pasbuBaeTcs Ha SjeMeHTapHBIE sdeifiku co cropomamu Az, Ar;.
Pasnocrabie amasiorn ypashenuii jprkenuns (9) u sueprum (11) mosyuensr mo cxeme Kpanka-
Hukosbcona, a pa3HOCTHBIN aHaJOr ypaBHEHHS (10) — JIBYXCJIOMHOM CXEeMOW BTOPOT'O HOPAIKA
TOYHOCTH. ['paieHT 1aByIeHns ONpeieiaeTcss MeTOIOM PACIIETTIEHNS N3 YCIOBHUS COXPAHEHNS Mac-
coBoro pacxofa (12).
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4 Pe3ynbTaThl 1 00CYy2K/eHUE

Pacdersl mpoBogmnch B MOJIEILHOM TPyOOIIpOBOJE, UMeoIeM JnHy L = 45M, BHyTpeHHUi
guamerp Dy = 0.04m, roybuna 3ajoxkenusi Tpybonposoga H = 2.0Mm, Temueparypa HedTH Ha
Bxojzie tg = 25°C', Temmueparypa OKpyxKaromero rpyara t,, = 0°C, maoTHocTh HedTH Ha BXOJIE
po = 835KI‘/M3, ckopocth HedTn Ha Bxoge Uy = 0.05Mm/c. Peonormueckue u rersiodusndeckne
cpoiicTBa TapaduHUCTON HedTH BBIparXKArOTCsa SMIUpHIecKuMu 3apucuMmoctsvu (4)-(8). Hucro
Peiinonbica Ha Bxose paBuo Re = 411, a gucyo [lpanarina — Pr = 42.

Ha Bxo/1e TpyOompoBoia mpoduin CKOPOCTH i TEMIIEPATYPBI CINTAIOTCS TOCTOTHHBIMU, PABHbI-
MU HavaJIbHBIM 3HadeHuAM. [lo Mepe jBuzKeHns: HeTU MPOUCXOIUT TEILIONEpeIada OKPY KaIOei
cpejie, MMOTOMY TeMIlepaTypa U CKOPOCTb MOTOKa Oy/IeT M3MEHAThCs, KaK 110 CeYEeHUI0, TaK U T10
JITHHE TPYOOIIPOBOJIA.

Ha pucynkax 2 - 5 nmokasaHbl pacipe/ie/IeHus POJI0IbHOI KOMIIOHEHTBI CKOPOCTH, TeMIIepaTy-
PbI, TUHAMUYECKON BSI3KOCTH U IIPEJIE/IHHOTO HAIIpsizKEHUsl ¢/iBUra B Tpyborposojie. V3 pucynka 2
BHJIHO, UTO BXOIHOM MPOGUIH IPOIOIbHON KOMIIOHEHTHI CKOPOCTH TPaHCHOPMUPYETCs, Ha CTEHKE
3HAYEHNE CKOPOCTH PABHO HYJII0 U MOHOTOHHO MOBBIIIAETCS W JIOCTUTAET MAKCHMAJIHLHOT'O 3HATEHUST
Ha ocu. [To Mepe jBUKeHMS 110 JyTHHE TPYOOIIPOBO/Ia 3HATEHNUSI ITPO/I0IBLHOM CKOPOCTH B TIPUOCEBO
30HE pacTyT, & B IPUCTEHHOM 30HE HAOOOPOT CHUKAETCS.

Pucynok 2 — Pacupejeiienue mpojo/ibHON KOMIIOHEHTBI CKOPOCTH B TPYOOIIpOBOIE

D10 OOBACHAETCS TEM, UTO, BO-IIEPBBIX, MACCOBBINA PACXOJ] MOTOKA 10 CEYeHHI0 TPYObl coXpa-
HSETCsI U, BO-BTOPBIX, U3-38 CHUYKEHUsI TeMIIEPATYPhI B IPUCTEHHOI 30He (CM. puc. 3) pacTyT 3Ha-
qeHnst KodduinenTta JUHAMATECKONR Ba3KOCTU [i,(f) (em. puc. 4). Kpome sToro, npu 3nadeHnn
remrieparypsl t = 20°C' B IPUCTEHHOI 30He BO3HUKAET IIPEJIe/bHOE HAlpsizKeHne capura To(t) (cM.
puc. 5), KOTOpoe TaKzKe MPUBOJUT K TOPMOXKEHHIO CKOPOCTH MTOTOKA HEeMDTH.

Pacripeiesierne Temiieparypsl (cM. puc. 3) WLIIOCTPUPYET OOJIBIIYIO JJINHY HAYAIBLHOIO yIacT-
Ka, IJIe IMEeT MECTO IMOCTOSTHHOE 3HaYeHNe BXOAHOI Temueparypsl tg = 25°C. DT0 MOATBEPIK IaeTCst
snadenueM ducia [lexkie, paBnoe Pe = 17262, Tak KaK MPOTAKEHHOCTHh HAYAJIHHOIO yYacTKa MpPO-
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Pucynok 3 — Pacupesenenune teMmreparypbl B TPyOOIIPOBOJIE

Pucynok 4 — Pacupejenenne quHaMUYeCcKOl BA3ZKOCTH B TPYOOIIPOBO/IE

dbua Temneparypsbl onpeensercs ducyaoM [lexie [15].

Tern006MeH Ha CTeHKe CHUXKACT TeMIepaTypy B IPUCTEHHOI 30He, IPUBOIUT K MOSBJICHHIO IIpe-
JICILHOTO HAIIPSIZKEHNsl CABUTA U BI3KOILIACTHYHOrO cocTognus nedpru mupu remmeparype t = 20°C.
CHI/I}KQHI/IQ TeMIlepaTypbl paCcTEeT 110 JJIMHE U IIPUBOJAUT K YBE/JIMYECHUIO TOJIIMUHBI 30HbI JJUHaMMUYe-
CKOfi BSIBKOCTH W TIPEJICJILHOTO HAIIPSIZKEHUsT ¢iBura (cM. puc. 4, 5).

PaCHpeﬂ,eJIeHI/IH TeMIlepaTyphbl, I[‘I/IHaMI/ILIeCKOIU/I BA3KOCTHU U IIPEACJIBHOT'O HaIIPA2KECHUA CABUTA 110
JIIMHEe TPyOOIpPOBO/Ia MOKA3BIBAIOT, YTO 110 CEYeHMIO B obsactu Temueparypbl ¢ > 20°C' napadu-
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Pucynok 5 — Pacupenenenune npejebHONO HalPSKEHUs CIBUTa B TPYOOIPOBO/IE

HucTasg HedTh 00J1a/1aeT CBOIHCTBOM HbIOTOHOBCKOW »KUJIKOCTH, TOIVIA KaK B 00JIACTH TeMIIepaTypPbl
t < 20°C' — cBOHCTBOM BSI3KOILJIACTUYHON (HEHBIOTOHOBCKOIM) »Kujkoctu. Takoe CBOWCTBO HEM30-
TEPMHUIECKOTO JIBUXKEHUSI O0bSICHSAETCS TEIJIO0OMEHOM mapaduHUCTON HedTU B TPYyOOIIPOBOJIE C
OKPYZKaIoIIel cpeion.

Takum obpazom, nmapadunuctasd HepTh ¢ HBIOTOHOBCKUM CBOHCTBOM IIOCTEIIEHHO TEPEXOJIUT B
BA3KOIIJIACTUYHOE COCTOAHUE U3-3a TEIJI00OMeHa MeXKJy TeJlaMU ¢ Pa3HOW TeMIepaTypoil B CcOOT-
BETCTBUU C MPEJICTABIEHIsIMI BTOPOIO 3aKOHA TepMojnHaMuku [15].

5 3akJrouenue

1. Peomormueckue cpoiicTBa (BSI3KOCTH, HpEJeIbHOE HANPsI?KEHHE CJIBUTA) U TEITOMU3NICCKIEe
CBOWCTBA (IIJIOTHOCTD, TEILIONPOBOJIHOCTD, TEIMJIOEMKOCTE) TTapadUHUCTON HeDTH MOy Ye€HbI HA OC-
HOBE OIBITHBIX JIAHHBIX U 000DIIEHBI B BUJIE IMIMPUIECCKAX (POPMYJI C UCIOIB30BAHUEM PErPEcCH-
OHHOWN MOJIeJIN.

2. PesyabraThl pacueToB HEU30TEPMHUIECKOIO JIBUXKEHUA B TPYOOIIPOBO/IE TTOKA3BIBAIOT M3MEHE-
HUe cocTosinns napaduaucToit HedpTn. Hbl0TOHOBCKOE CBOMCTBO B HAYAJIBHOM yYaCTKe IIOCTEIIEHHO
IEPEXOJNT B BA3KOIIACTUIHOE (HEHBIOTOHOBCKOE) COCTOSIHHE M3-3a TeIiooOMeHa HeMDTH ¢ OKpy-
JKarolleil cpeo.

3. PacnpejiesieHnsi CKOpoOCTH, TeMIIEPaTyPhl, JUHAMUYIECKON BA3KOCTU U IIPEJIEIHLHOTO HAITPSIZKe-
HUS CJBUTA YCTAHOBUJIM 3aKOHOMEPHOCTH HEHM30TEPMUYIECKOI'0 JIBUKEHUS rmapaduHuCTOl HedTH 1
BBIABU/IA 30HBI TOPMOYKEHUS B IIPUCTEHHOI obJracT TPyOOIPOBO/IA.

6 BuaaroaapHocTu

lannast paboTa BBITIOJIHEHA 38 CYET CPEJICTB I'PAHTOBOTO (puHaHncupoBanus Komurera mayku Mu-
HUCTepCTBa obpazoBanusd n HayKu PecniyOsinkn Kazaxcran HaydIHO-HCCIEI0BATE/ILCKONH pAOOTHI Ha
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2ZKAHA TPUITIO TYPAEIT 3-PRRS ITAPAJIJIEJIb MAHUITYVJIATOPBIH,
KNMHEMATUKAJIBIK TAJI/TAVBI

TyiiblK KUHEMATUKAJIBIK Ti30eK napasuiesb Manunyaaropabs, (IIM) GepikTirin KorapJiaThlil, KeTeKIl
Tyi#ingepre Tyciperin KymTi azaiiTanpl. 2Koraphbl JKYKKOTEPTIMITIK MeH YKAKChl JTUHAMUAKAJBIK, KOPCET-
Kimrrep MyHZa# Kyiesepi eHIIpiCTiH KOnTereH cajajapblHia KoJmaHyra MyMKinaik Oepezi. Kasipri
Ke3jie Toxkipubesie kobinece CrioapT miaTdopMachl HeTi3iHe YKaca ral aJThl epKIHIIK JopeKesti, aaThl
asIKThI TTapaJliesb MAHUIYJIATOpIap (TeKcoro) Kouaanbuiaapl. MyHal mapasuiess MaHUIYJISTODIBIH
KO3FaJIMaJIbl IIAT(GOPMACH] aJIThl asKIIeH KO3FaJIbICKA KeJITIPiIeTIHIIKTeH OHBIH >KYMBIC afiMafbl Killli
6ostazel. [Tapasuresnb poOOTTHIH KYMBIC aliMaFbIHBIH Y/IFAIOBIH KBLIKBIMAJIBI ILIAT(OPMAHBI TIPEKITEH
6allJIAHBICTBIPATHIH ASKTAP/IbIH CAHBIH KEMITY apKbLIbI ajIyra 0606l YT agKThI Mapauieib poboTTap
(Tpunon) HerizimeH yII epKiHJIK jopexkere ue GOJIAJBI, sIFHU OJIAP €PKIHJIK JoperxKeci ajThlfa TeH
2KBLJIZKBIMAJIBI ITAT(OPMAaHBIH, KEHICTIKTeri OepiireH KO3FaJIbICHIH TOJIBIK, KAMTAMACHI3 €Te aJIMaiiJIbl.
ZKywmpicra opkaiiceicet PRRS (P - inrepsiemeni, R - aitHaamasslr, S - cdepaiblK KUHEMATHKAJBIK,
JKYNTap) KAHEMATUKAJIBIK, TI30EKTEH TYDPATHIH AJIThl €PKIHIIK JopezKesii KoHe yII askThl KaHa 3-PRRS
tpunog typaeri [IM ycebiabinaapr. 2K yMBICTBIH, MaKCATHl MAHUILYISTOP/IBIH KYMbBIC aiiMAFbIH aHBIKTAIL,
JKBUITAMJBIKTBIH TYpa YKoHE Kepi KMHEMATHKAJIBIK, eCElITepiH Ierry OoJIbIT TabbuIabl. AfHaaMasIb
KAHEeMaTUKAJIBIK Kynrap Oepinren IIM agkrapbIHBIH KO3FAJIBICHIHA MIEKTEY YKACAUTBIHIBIFBI OeJIriyi,
ocblfaH OaillJIAaHBICTHI KO3FaJIMaJibl ILIaTOPMAaHbIH, IEHTPiHiH KeHicTikTeri opubl Xp,Yp,Zp MeH
GarmapbiH 1, 0, ¢ aHBIKTANTHIH TApAMETPJIEPIIH aPAChIHIAFbI TOYEIIIIKTED eCKEPIII, XKYMbIC aiiMaFbl
AHBIKTAJIBI. ASKTap/IblH KOHTYPJIAPBIHBIH TYHBIKTATY TeHIeyaepineH fdkobu MaTpuiagapbl KypbLIIb,
alffHAJIMAJIbI KHHEMATUKAJIBIK, 2KYIITAP/IBIH, [IIEKTEY TeHJIeyJIepi OOMBIHINA 071 MATPUIIAIAPTA TOJIBIKTHIPY
Kacay apKbLIbl, YKBLIIAMIBIKTHIH Typa »KoHe Kepli KMHeMaTHKaJIbK ecenrTepi memiai. OckLiaiinia
aJIThl epKiHiaik Jjppexeni xkaHa 3-PRRS rTpumnomx typaeri IIM Crioapr miardopMachiHa KaparaHia
asgKTap CaHbl AJTBIJIAH YINKE a3alTBLIIbI YKOHE LIrepyieMesi KHHEMATUKAJIBIK YKYIITap/Ibl affHAJIMAJIbI
KHHEMATHAKAJIBIK, KYITAPTa, aJIMaCThIPY apKbLIbI JKYMBIC aiiMarbl YIFAATHLIJIb.

Tvyitin ce3aep: Tpuno, napaJie/b MAHAIIYIATOD, XKYMBIC aifMarbl, JIKOOU MATPUIACKHI, KOHTY PJIAPIBIH,
TYHBIKTATY TEHJEYl, KHHEMATUKAJIBIK, TAJIAY.
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e-mail: kairov.rustem@mail.ru
KunemaTtudeckuii aHajn3 HOBOIO IapaJjijiejibHoro mauumyJjsatTopa 3-PRRS tuna Tpunos

SaMKHyTasd KUHEMATHYeCKas Iellb yBEJIMYMBAET IIPOYHOCTH I[ApAUIeIbHbIX MaHuiryasropos (IIM)
U CHIKAET HATPY3KH, NPUJIOYKEHHBIE K BEIAYIIMM 3BEHbsIM. BBICOKasi TPy30HOIbEMHOCTb U XOPOIIHEe
JMHAMAYECKUE MMOKA3ATENM MO3BOJISIIOT UCIOJIB30BaTh TAKUE CACTEMBI BO MHOTHUX OTPACJISIX IIPOMBIIII-
JleHHOCTH. B HacTosilliee BpeMsi Ha NPAaKTHKE B OCHOBHOM WHCIOJb3ylorcst [IM ¢ mrecTbio cremeHsMu
cBOBOZIBI U € MMIecThio HoraMu (rekcanosnbl) Ha ocHose Iardopmbl Crioapra. IToCKOIbKY MOABUXKHAS
mnardopma takoro IIM mpuBoauTCs B ABMKEHME TIECTHIO HOTAMM, €ro pabodast 30Ha Oy1eT HeOOTBITION.
VBesmuenne pabodeil 30HBI MAPaJIIETBHOTO POOOTA MOXKHO MOJYIUTh 32 CUeT YMEHbBIEHUsT KOJTIMIeCTBa
HOT, COEJIMHSIONINX MOABUKHYIO maaTdopMy co croiikoii. [IM ¢ Tpemst HoraMu (TPUIIOZBI) OOBITHO UMe-
FOT TPHU CTEIIEHU CBOOOJIBI, TO €CTh OHU HE MOTYT IOJTHOCTHIO ODECIIeUNTh 3aJaHHOE JIBUYKEHIEe MOOUJIBHO
wraThOPMBI C IIECTHIO cTerneHsiMu cBobobl. B pabore npexncrasien oot [IM 3-PRRS tuna tpumnoz ¢
MECTHIO CTEMEeHSIMH CBOOOJBI U TPEMsI HOTAMU, KaXKJjias U3 KOTOPBIX COCTOUT M3 KMHEMATHIECKON Iernn
PRRS (P - mocrynarenbubie, R - Bpamaresnbuble, S - cdepudeckue kunemarudeckue mnapbl. 1lesbio
paboTHI siBJIsIeTCsI OIpejiesieHne pabodeii 30HbI U PelleHne MPsIMOii 1 00PAaTHONH KMHEMaTHIeCKON 3a1a4n
ckopoctu [IM. M3BecTHO, 4TO Bpalare/ibHble KHHEMATHIECKHE TIaphl OPAHUYMBAIOT JIBUYKEHIE HOT JIaH-
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HOIO MApAJUIEILHONO MAHUIYJISTOPA, B CBS3U C STUM pabodas 30HA OMPEJENIsach ¢ YIeTOM 3aBHCHU-
MOCTHU MEXKJIy HapaMeTpaMu, OIpPEeIeIsIOIUME [0JIoKeHne X p, Yp, Zp U opueHTaInuio 1, 0, ¢ neHrpa
JBUKYIIecs aT(opMbl B mpocTpaHcTBe. V3 ypaBHEHHUIT 3aMKHYTOCTH KOHTYPOB KHHEMATHIECKUX
1iereit ObLIN TOCTPOEHBI MATPUITHL SIKOOU, PEIeHbl IpsiMasi 1 00paTHasi CKOPOCTHBIE 33/[a91 KHHEMATUKI
myTeM A00aBJIeHUsT B MATPHUILy 1KOOM ypaBHEHWI OrpPAaHUYIEHUS BPAIIATEIbHBIX KHHEMATHIECKUX TIap.
Takum obpazom, B HoBoM IIM 3-PRRS Tuna tpunos, ¢ mectbio crerensiMu ¢BOHOOIbI ObLIA yMEHbBIIEHBI
KOJIMYECTBO HOT C IIECTH JO TpeX 1o cpaBHeHmil ¢ miardopmoit CTioapra u yBegndeHa pabodast 30-
Ha 3a CUeT 3aMeHbI [IOCTYIIaTe/IbHbIX KHHEMATHIECKUX IIap BpalllaTe/IbHbBIMI KHHEMATHIeCKUMU [IAPaMHU.

KittoueBbie cjioBa: TpUIioj, mapajuie/bHbI MAHUITYJISITOP, pabouast 30Ha, MaTpulia kobu, ypaBHEeHUS
3aMKHYTOCTHA KOHTYPOB, KHHEMaTUYECKUN aHAJIN3.

R.A. Kaiyrov
Al-Farabi Kazakh National University, Almaty, Kazakhstan
PhD student, e-mail: kairov.rustem@mail.ru
Kinematic analysis of a new 3-PRRS tripod type parallel manipulator

The closed kinematic chain increases the strength of the parallel manipulator (PM) and reduces the
loads applied to the drive links. High carrying capacity and good dynamic performance allow the use
of such systems in many industries. Currently, in practice, mainly PM with six degrees of freedom
and six legs (hexapods), based on the Stewart platform, are used. Since the moving platform of such
PM is driven by six legs, its workspace will be small. An increase in the workspace of a parallel robot
can be obtained by reducing the number of legs connecting the moving platform to the base. PM
with three legs (tripods) usually has three degrees of freedom, and, they cannot fully provide a given
movement of a moving platform with six degrees of freedom. The paper presents a new 3-PRRS type
tripod with six degrees of freedom and three legs, each of which consists of PRRS kinematic chains
(P - prismatic, R - revolute, S - spherical kinematic pairs). The purpose of the work is to determine
the workspace and to solve the direct and inverse problem of speed of the tripod. It is known that
revolute kinematic pairs restrict the movement to the legs of this tripod, therefore, the workspace was
determined taking into account the relationship between the parameters that determine the position
Xp,Yp,Zp and orientation v, 0, ¢ of the moving platform center in space. The Jacobi matrixes were
derived from the equations of the closed loops, the direct and inverse velocity problems of kinematics
are solved by adding the constraints equations of revolute kinematic pairs to the matrix. Thus, in the
new PM 3-PRRS type tripod with six degrees of freedom, the number of legs was reduced from six to
three compared to the Stewart platform, and the workspace was increased by replacing the prismatic
kinematic pairs by revolute kinematic pairs.

Key words: tripod, parallel manipulator, workspace, Jacobi matrix, equations for the closed loops,
kinematic analysis.

1 Kipicme

Kasipri pobororexHUKaHBIH KAJIIIBIH Tajay || —7] kesecini kepceTin oTbIp: 3aManayn poboTTap by
KOOICIHIH, aTKApYyIIbl MeXaHU3MIEPl (MAHUITYISITOPJIAPHI) AIbK (AaHTPOIOMOPQTHI) KHHEMATHKA-
JIBIK, TI30€eK TYPIH/Ieri cepusiibIK, MaHUITYIATOPIap 00JIbi TabbLIa/1bl. CepUsIbIK, MAHUITYISTOPJIAD
oMOebalThl, KeH >KYMBIC aliMaKKa >KoHe »KOrapbl MAHEBPJIi OOJIFaHbIMEH KeJIeci KeMIMiJIiKTepre ue:
KYPBLIBIMBI aPBICTBI OOJIFAH/IBIKTAH OJIAP/IbIH KATAHJIBIFBI a3, *KYKKOTEPIilITIr HaIap KoHe I10-
BUIUSTIAY JIRJIITT TOMEH.

Poborrapibin KnHEMATHKAIBIK, CY/I0aJIapblH 2Kacay/larbl OajJaMaJbl 9JiC PeTiHJe TYIBIK K-
HeMaTHKAJbIK Ti30eKKe he mapajuiesib MaHWUITYIsITOPJIAPIbl KOJJIAHy O0JIbIn TabblLiaasl |3, 8—10].
CepusiybIK MaHUITYIITOpPJIAPFa KaparaH/a IMapasiie/ib MaHUYIyJIsITOPIap/IblH KYPbLIBIMBI KATaH
00J18/1bI YKOHE JIe YKOFaphl JKYKKOTEPIiNITIKKe, TTO3UIUIAY/IBIH YKOFapbl JRJIJIIrHEe KOHE eJley Il Te3
OPEKeTTLIIKKE ne 60Ia/IbI.

Besrini ymr askrer napasuiesns poborrapra kartarbiagap: 3SRRR [13-15] Typaeri cdepanbik
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MaHUITYJIATOp (MYHJIAFbl R - aifHaIMa/Ibl KWHEMATHKAJIBIK, YKYII), OHBIH, GAPJIBIK AJIThI aifHAJIMAJIbI
KIHEMATHKAJIBIK, KYIITAPIbIH aiiHaIy ecTepi 6ip HyKTee KUbLIbIca sl koue leabra podot |16].

Yir asgkThl KoHe epKIHJIK JIdpexKeci ajTblifa TeH IapaJsiiejib MAaHUIYJIATOPIAP/IbIH Keioip
TypJepi 6ap. Onapra op yimr agrel ESR [17] (mysgarer E - Ka3bIKTHIK KUHEMATHKAJIBIK KYII),
RRPS [18], RES [19], URS [20] (mysgarer U - omGeban KuHEMATHKAJBIK, KYII) TyPiHIeri KeHICTiK-
TiK KHHEMATHKAJBIK JKyITapra ue mapasuiesb MaHuyiasgropaap karaibl. Ockl [IM Ka3bIKTHIK
JKoHe oMOeball KHHEMATHKAJIBIK, AKYIITap KOJIIAHbLIATHIHIBIKTAH OJIap/IblH KYPBLIBIMBI MEH OacKa-
py xKyiteci kypmesni 6oaazapl. SRRPS [18] Typmeri [IM 6ipintmi kipic aiiHaaMaIbl KO3FATBIC OapJIbIK,
rapaJijieib MaHUITYIATOP/IbIH KO3FaJIMalThIH TipeKTiH IIeHOepi OOMbIHINA affHAIYBI apKbLIbI iCKe
ACBIPBLIA/IBI, COHJIBIKTAH OYJI OHBIH KYPbLIBIMBIH KYP/Ie/IeH iPe/Ti.

1-cypert - ZKana Tpunos rypzeri 3-PRRS napasurens manumyagrop/ss 3D mogesi

KapacTbIpbUIbIl OTBIPFaH HapaJie/ib MaHUITYJAATOPAa Kipic iarepiiMei KHHEMaTUKAJIBIK, YKYTI-
Tap/biy, 120° OypbIIIIeH opHaJacKaH YIII OarbITTaybIIl OOWBIMEH iarepiiMesti KO3raaybl THIPOIH-
JIMHJIP apKbLIBI iCKe achIpblIa/ibl. Kipic KMHEMaTUKAJIBIK YKYIITap/IbIH allHAJIMAIbI KOSFAIBICHI YIII
CUJIPOIMIMH/IP/IIH, IITOKTAPbIMEH Oipre KO3raJlaThIH CEPBOIPUBOATAD APKBLIbI iCKE achIPbLIA/IbI.
AsKTapipl KbLIKBIMAJBI I1aTdopMaMeH GipiKTipeTiH cdepasiblK, KHHEMATHKAJIBIK, KYIITap OHbIH
KO3FaJIbICHIH TIeKTeMeiTi. COHIBIKTAH aaThl YKeTEKTeMeHIH, KO3FaIbICHIH OacKapa OTHIPHII KO3FaJl-
MaJIbl TJIaT(OPMaHbIH Ke3-KeJIreH OepiireH KO3FAJIbIChIH ajiyra 00/1abl.

2 2KywmbIc aiimarbl

Herizri OyUy VoW, nekapTThiK KoOpAuHATTAD 2Kyiieci yin OypoimThl OekiTiaren () mirardopMaHbH,
nenrpinge (Cyp.1l) Oy opuanackan. 2Keprigikri PXpYpZp Koopaunarrap xkyifeci cdepasibik To-
ncanapabig, Oy 1, O4 2, Oy 3 TEHTPi OOJIBIN TaOBIIATHIH, KO3FaIMaJIbl 4 m1ardopMaHbly P HyKTeciH e
OeKiTiIreH.
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2-cypert - BekTopsap MeH KoopuHaTTap XKylierepi

blaraitrpuibik yiria bactankbiga Herisri OgUy VoW, xone xkeprimikti PXpYpZp KoOpauHATTAD
Kylesaepi cofikec KeJiesi.

Herisri koopjmnarrap )yitecinen cdepaJsiblK TOICAJIAP/IbIH IIEHTPJIaPbIHA KOITy MaTpUIaJ/ia-
pbl [21,23, 2] xxyMbicTap/a KepceTiired. TypieHaipy MaTpuaiapbiHbH mapamerpiepi 1-kecree
KOPCETILJITEH.

1-xecte — TypJienipy MaTpurajIapblHbIH, TapaMeTpJiepi

agr = 0, b1 = 0, co1 = Op01; = ¢,
apr =5, Bon =0, o1 =5 +¢

aip = 010"y = a;, bia = 0’50, = b;,
O1,¢X1,¢Yl,iZ1,i — 02,1U2,i‘/2,iw2,i Ci2 = 01,10/1,1‘ = S§i, Q19 = %ﬂ,
Bia = 03,712 = ol

ags = 02,03, baz = 0, cp3 = 0,
a3 =0, Ba3 = 03, 723 =0

azy = 03,04, bsg = 0, ¢34 = 0,
azy =0, B34 =0, 134 =0
OoUgVoWy — OpXpYpZp aop, bop, cop, @op, Bop, Yop

oU VoW, — OXl,iYLz'Zl,i

O2,iU2,z‘V2,z‘W2,i — O3,z‘U3,iV3,z'W3,z‘

O3,z'U3,z‘V§,,z‘W3,i — O4,iX4,iY;1,iZ4,i

Bipinmii kecrejie TaHIaFaH KOOPJAUMHATTAD »KYHeJIepiHiH TYPJIEHIIpY MaTpUIlaJIapbIHbIH ITapa-
MeTpJiepl KOPCETLIreH, OHJla §; KoHe 0y, - KaslblIaHFaH KoopAuHaTasap, § - Oipinmi OesceHmi
irepJieMerti KWHEMATUKAJIBIK, 2KYTT 11eH Uy eciHiH, apachlHarbl OYPHbIIIIL.

Bepinrenep:

- GapJIbIK, KO3Fa/laThIH TYHIHJEDP/IIH Y3bIHABIKTAPL! (0,05, = [i; (05,0, = Y3

- Aol bOl,ia Co1,i; Q01,5 50171', Yo1,i5 abCoOJTIOTTIK OoUo%Wo KOOpJAuHaTTap }KYerCiHe KaTBICTBI
01,,X1,:Y1,21 i, KoOpIUHATTAD KYyileJepiHiH OpHAJIACYBIH aHBIKTAITHIH IapaMeTpJIep;

- hy =lo,, P, ¢; xeprinikri PXpYpZp kKoopauHaTTap Kyliecine KaTbICThI cepaiblK KuHeMa-
TUKAJIBIK 2KyITapabH, Oy ; TOIAPIBIK KOODIMHATAIAPEL;
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- 9P adKTbIH TYHIH/IED KoHe KHHEMATUKAJIBIK, XKYIITap T'€OMETPUACHIH aHBIKTAWThIH ITapaMeTp-
JIep.
Cdepanbix Toncanapapy Oy ; KOOpAUHATAIADEI ObLIANIN aHBIKTAJIAIbI

—bicyi + sisvi — [i87isbai — gisvistas: = Uo,,
—bisyi — sicyi + ficvistai + gicyistes; = Vo, , 1=1,2,3, (1)
Ci + a; + fichz; + gicbaz; = Wo, ,

MYHJ@, Oo3; = 0o + 03,

AftHaIMaJIbI TOIICAIAD/IBIH, MEXAHUKAJIBIK, [IIEKTEeYJIePIHIH oCepiHeH MmapaJsiie/ib MaHHUITYIsSATOP-
b agkTapbl, gran RRS nuamanapbl TeK KaHa yKa3bIKTHIKTAD OOMBIHINA KO3FAIaThIH/IBIFLI OeJI-
risii. CoJt 2Ka3bIKTHIKTAP/IbIH TeH ey IepiH ary yiriH, (1) »kyiieniy 6ipinii KoHe eKiHIi TeHjieyepin
COUKECIHITe ¢7y; YKOHE S7; aJlJIbIH ajia KeOEHTy apKbLIbl KOCANbIK

i - Uo,, + 57 - Vo, +bi =0, (i=1,2,3). (2)
[IM xyMmbIC aliMarbiH Kepi KWHEMATHKAJIBIK, ecell OOMbIHITIa KapacThIpaibiK. Ko3raaMmaJibl 1at-
dbopmansi KemicTikTeri opHamacybin Kesecl Kipic q = [sq, fa1, S2, 022, 83, 2 3,]7 KoHe ImIBITBIC

X = [Xp, Yp, Zp, ¢, 0, go]T alfHBIMAJIBLIAPBI APKBLIBI aHbIKTayTa 60718161, Bi3 Herisri canak Kyii-
ecimig Uy, Vy xone W ectepine karbicThl OipTiHjen OypbLIaThiH ¢, 6 KoHe @ Ditep OyphImTa-
poir [12] kompanambrs. Kosraamasst mwiardopmansiy, PXpYpZp werisri OgUy VoW, koopauaaTTap
Kyiiecine KQThICThI KO3FasIbIchiH Keyeci P = [Xp, Yp, Z p]T OpHaJIaCy BEKTOPBI 2KoHE 3 X 3 eJIIeM/Il
Rop 6ypbuly MaTpuiiajiapbl apKbLIbl ObLIaliIIa aHbIKTayFra 0018 1bI

t11 ti2 ti3
Rop = Ry(0)Ro(V)R.(¢) = | tor t22 a3 |, (3)
t31 32 133

1 0O 0 O
Xp tu tiz ti
Top = , 1
or Yp tor tao a3 (4)
Zp t31 tz t33
MYHJa,
t11 = clcp + swslsp, tio = —clsp + ssbcp, t13 = cish,

to1 = C¢8907 log = Cws% log = —3¢> (5)
t31 = —sbcy + sclsp, tss = shsp + sclep, tzz = cipch.

CdepaJsiblk, ToTICaIap/IbIH, KOOPANHATAIAPBI ObLIANIa AHBIKTAIA b

1 1 1 1 1 1
UO41 h UO42 _ _h/2 U043 _ —h/2
Vou | Tor | Voo | Tor | . V3/2 Vou | Tor | . V3/2 | (6)
Wo,, 0 Wo,, 0 Wo,s 0

(6)-Tenmeymnepsen (2), (4) xoue (5) eckepy apKbLIbl KO3FaJIMasbl I1aTGOPMAHbBIH KO3FATBICHIHBIH
IIEKTE/Iy TeHJey/IepiH aHbIKTaiMbI3

(XP + h - tll)C"}/l + (Yp + h - t21)8’}/1 +b=0
h h
XP+§<\/§t12—t11> C’YQ"F Yp+§(\/§t22—t21) 572+b:O

h h
Xp— 5(\/57512 +t11)| cys+ |Yp — 5(\/§t22 +to)| sy3+b=0
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s
Mynjia, & — Uy MeH s; BEKTOPJIAPBIHBIH, OH OArbITTapbIHbIH, apachbiHIarbl OYphII, v, = 5 +& 7=
3 T B
74‘5,73:5—67 §=s"1(0/n).
(7)-Teneysiep XKyiieciniy eKiHI TeHyeyiHeH VIiHII TeHIeyiH CofKeCiHIIe ajlJIbIH ajia Yy KOHEe
Cy3 KOOelTy apKbLIbl a3afiTaThiH OoJicak, X p ObLIaiiIIa aHbIKTa/Ia, bl

Xp= 0 [+ (38— 42)tm] + hs(26)ra — st (8)

Mo ocernaii (7)-Tenpeynep Kyifecinin ekiHmmi TeHeyiHeH YITHII TeHIeyiH CofiKeCiHIe ajiIbH
ajia §7vyo YKoHe §7y3 06J1y apKbLIbI a3alTaThiH 00JICaK, Yp aHbIKTAWMbBI3

Yp = g [far 4+ (1 — 4€)t1a] — hs(26)tay — 2bck (9)

(7)-Tenmeynep Kyiiecinin Gipinmi Tenjeyinen (8) kone (9) eckepe OTBIPBIN Keseci TeHJEy Il
aJaMbI3

2b
(tll + tQQ)Sf + (tlg — tgl)C£ = E (10)
(10)-renpeymen (5) TeHey/l ecKepe OTBIPBII KeJlecl TeH ey Il aJlaMbl3
2b
Acgp%—Bsgp—E =0, (11)

myHna, A = (¢ + c0)s€ + ssfc€, B = sipshs€ — (cp + ch)c€.
(11)-renmeymen IIM op agrblHBIH €Ki KypacThIPBLIYbIHA COMKeC IIeNiMIep aJaMbl3,

P12 = +ct (g) + a, (12)
mynza, o = tan~! (£), r = A2 + B2

biz RRS mumamamapasis, OH »Kak KypPaCThIPBLIybIHA COMKEC KeJIeTiH IMemnMIl Ko IaHaMbl3.

Ocounaiimna, Zp, 1) koHe 0 Toyesici3 aitHbIMaIbLIAPIBI Gepy apKbLIbl (8), (9) xkone (12) Tenme-
ynepaen Xp, Yp KoHe ¢ Toyes i mapaMeTp/ep/l aHbIKTaliMbI3.

(6)-Teneyen cdepasiblK TOICATAPIBIH KOODIMHATAJIAPBIH ObLIAIIA aHBIKTARMBI3

h hv3

WO4,1 = ZP —h- t317 WO472 - ZP + = - t31 _ t32,
2 2 (13)
h hv3
Wo,, =2Zp + B} “ta1 + 5 “t32.

(3)-maTpunanbiy 6e1rii Kacuerrepine 6alIaHBICTBI KeJleCi TEHJIK OPbIHJIbI

tgy = +4/1 — 12, —t2
31 11 21 . (14)

by = +4/1 — 12, — 1%,

Cdepastbik TOTICAJIAP/IbIH, Uo,., Vou, HYKTeJIepine (14) TEHJTIK OpBIHIAJIA-
Tteingait - Wo,,  KoopJmHATalapbIHbIH — Kejeci  TOPT — KOMOMHAIMsACHl — coiikec — Kejesl
(4t31, +t39; —t31, —ts0; +t31, —tse; —t31, +t32). Ocbl MoHzEpAiH iNIiHIE TEK KaHA AJFAIIKDI
exeyi (+t31,+t32;—t31,—t32) KO3Fa/IMaJIbl IJIAT(OPMaHH KayKeTTi OpHaJacy IapTTapbiH (7)
KaHaraTTaHIbIPaJIbl, AFHU KeHiCcTikTeri ke3-keiareH HyKrTere [IM 1meHTpi eH Kem JiereHje eki
barmap/aa Kere anagabl. AJ Keiibip HyKTesepre TeK KaHa 6ip Oarmapia 6apa ajiajibl.
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3 dAkobu marpuliajapbiH Kypy

AsgxrapybiH, KonTypiaapbibie, Og01 ;0] ;04 ;03,04 P TyiibiKTamy Tenjieynepin Kypambi3

rp=ro,, t+S;itayy; +cu;t+fi+g —h (15)
MYH]ia,
1 1
1 — 01 _ ap-cyp+bp - syp - sap
0 cp+bp - cap

(16)-Tenmeynen KopiHil TypraH/ail KOOpJIUHATTAD XKYiiesepiHin 6ac HYKTeaepiHiH pajnyc BeK-
TOPJIAPBIH OPBIH ayBICTBIPY MaTPHUIATIaphl OOWBIHITA KeJlecl Typ/e aHbIKTayra 001a bl

rp = [UprWp]T =Y7rp = 7(aop, bop, cor, aop, Bor, Yor) (17)

2KoHe

T o
r,,= [Ul,ivl,iWLJ =T :T(aou, 501,17 Co1,is Q01,i, 501,17 ’You)- (18)

AbcomorTik KoopauaarTap kyitecinmeri OgUy VoW Kaaran BeKTopiapIblH KOOPAHHATAIAPBIH
KeJjieci OyphLIy iMKiI MaTpUIaIapbIHBIH, KOMEriMeH aHbIKTAMBbI3

fi = 05:03; = "R i = "Ry - "Ry, - f; =
| (19)
= R(ao1, Boris Y014) - Rloaa, Biag, 1i2:) - 'Fi.

Keueci 6esrisieynepai enrizemis y; = 7o1,; 2KoHe OepiireH napameTpsepi naijaaanbi ¢ = 1,2, 3
agKTapbl YIIiH Kejlecl BEKTOPJIap/Ibl aHBIKTAMbBI3

fi = R(9007 Oa 72) : R(27007 92,2’7 900) ’ Z’ifi =

i 0 sy 0 0 —1 fi —fi- 8% st (20)
= s 0 —cy |- cthi —sth; 0 10| = fi-cvi- st )
0 1 0 —slp; —ba; O 0 Jir b

7. . ._0 24, _ 0 1, 2,i 3.
g = O3,i04,i = R3,i 'g; = Rl,i : ZR2,i : ZRzz,i ‘g =

= R(am,z‘, 501,1‘, 701,1‘) : R(Oémm 512,@ 712,1') : R(Oézg,z‘, 523,1‘7 723,z‘)3’igz' =
CYi 0 57 0 0 -1 09371‘ —893’1' 0 g;

= 57 0 —C%; . C@Q’i —89271' 0 . 86371‘ C937i 0 . 0 = (21)
0 1 0 —892,1‘ —C027Z’ 0 0 0 1 0

—¢; - 5% - (62 + 05,)
= Gi - i - S(0a; + 05,;) )
gi - c(02,; + 03;)
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hi - cpi
hi = POy; = "Rp - "hi = R(ew, Bi, i) - | hi-swi | (22)
0
MYHIa, @1 = Oa P2 = 2%7 Y3 = _2?71—

Abcomorrik OgUy VoW, koopamuaTTap Kyiiecine KaTbicThl, (15)-TeHaeyeri Kaaran BEKTOPJIap
AHBIKTAJIA/IbI.
YakpIT GoitbiHIna (15)-TeHIeyIeH TYbIHIbI aJaMbl3

I.'p = I.'Ol’i + éz + 2.11/2/77; —+ 62/272‘ + fz + gz — hZ (23)
Hemece o, ,;, a1/2/ 4, Co/2,; BEKTOPJIAPBIHBIH TYPAKThl €KCH/IIMNH eCKepe OTBHIPII, MbIHAHBI aJIaMbl3
fp:éixe17i+02,i><fi+w,-xg,-—wpxhi (24)

MYHJIA, Tp = [Uo . Vop. WOP]T = [19on, Upy,, U pWO]T - KO3FaJIMaJIbl IJ1AT(OPMAaHBIH EeHTPIHIH,
HYKTECIHIH CBI3BIKTBIK KBLJIJIAMJIBIFBL; §1; = S ;€1 - ChI3BIKTBIK ZKaJllIblIAHFaH »KbIIIaMIbIKTap-
JIBbIH BEKTOPJIAPHL; QQZ = 9272‘6271' - OYPBIIITHIK YKaJIIbLIAHFAH KbLIIaMIBIKTap/IbIH BEKTOPJIAPhI;
ey; - -1 OejiceHi OYPBIMNTHIK ©CTiH OipJiK BEKTOPBI; w; - (-IIi apaJblK TYHIHHIH OYpPBIITHIK
KBLIJIAMJIBIFBL, Wp = [wPUO, Wpy, , W pWO]T - KO3FaJIMaJIbl ILIAT(MOPMAHBIH, OYPBIIITHIK, KbLITIAM/IbI-
FBIHBIH BEKTOPHI; Bapibik BekTopiap abcomorTik OgUyVoW, KoopauunaTTap »KyiieciHe KaTbICTEI
AHBIKTAJIFAH.
(24)-Teniey i eKi JKarblH apaJsiblK TYHIHHIH BEKTOPbIHA CKaJIsIp KoOedTemis

gl tp=34i-gl -enital (0 xE)+al (wixg)—gl - (wpxh) (25)
HeMece BEeKTOPJIap/bIH 63apa OPHAJIACYBIH €CKEPe OTHIPBII, MBIHAHDBI aJIaMbl3

gl ip =35 (g -e)+0s- e, (fi x gir) — wp - (h; X g). (26)
Keneci 6enrineynepi enrizemis

X = [iT, Wl], 4= [sl, Oo.1, S0, Os2, S, 9'273]T (27)
JKoHe (26) TeHJeyIl Kesreci MATPUIAJIBIK Typre Keripemis

Jo - X =744 (28)
MyHJa,

ng (hy x gl);
Ju=| g5 (hyxg) ;

gg (h3 X g3)T 63
grf ‘€11 ezT,l (i x 1) 0 0 0 0
Jg = 0 0 g5 - €12 eg,z (fy x g2) 0 0 ‘
0 0 0 0 g5 ez ey, (fsxgs) |,

Jx xoHe J4 MaTpumamzapsl Kipic »KoHe MIBIFBIC YKaJIIBIJIAHFAH KOODAWHATAIAP/IEI Oail TaHBICTBIPa-
ThIH flKOOM Marpuiiagapbl OOJIBII TaObLIA/IbI.
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4 Kbu11aMABIKTBIK TAJIAAY

4.1 XKb1gaMObIKThIH Typa KHHEMaTUKAJBIK ecedi

ZKerekmni TyiiHIEp/IiH >KbIIAMIBIKTAPbIH Oepil, Ko3FfajMaJibl ILIaTGOPMAHBIH YKbLIIaMIbIFbIH
AHBIKTAY VIIiH, (28) MaTPUIAIBIK TOYEJJIIK KETKITKCI3. Jyx MATPUIIACHIH TOJIBIKTHIDY YIIiH, Ke-
Jiecl TeH/JIey/ Il KapaCThIPalbIK,

0,,; = OP + h,. (29)
(29)-Tenpeyni yakpir Goiibraia auddepenimaliay apKblibl Keeci TeHIey/ I aaaMbl3
VO472~ = f‘P + wp X hl (30)

AftHamMaJibl KHHEMAaTUKAJIBIK, KYITap/IbiH [IeKTeyIepiHe OaflIaHbICThl, cepasiblK KHHEMATH-
KaJIBIK ZKYIITaPIbIH XKbLIIAMJIBIKTaphl Vo, ; OpKallan/ia aifHaIMa/ bl KAHEMATUKAJIBIK, XK YIITaP/IbIH,
afinasry ocrepinin 6ipJiiK BeKTOpIIApBIHA €o,; JKOHE €3, HepHeHauKy/sap boaasl. Engeme (30) ren-
JIeyAiH €Ki KarblH €y ; BeKTOPbIHa CKaJIAp Kebeliremis

0=ey;-Tp+ey, - (wpxh) (31)
BekTopapbi, e3apa opHasacyaapbiHa 6ailIaHbICTBI KeJleci TeHIEY/ Il aJIaMbl3
e Tp+ (h;xey) wp=0 (32)
(32)-reniey i MaTPUIATIBIK, TYP/E YKa3aMbl3
Jg - X = 0gy3 (33)
MYH/IA,

e%jl (hl X 8271)T
Je=| €I, (h; xey)"
g 2,2 1 2,1

eg’g (hl X 82’1)T

(28) xome (33) renmeysepai Gipre »KasaMmbl3, COHbIMEH Oipre Jy MATPHIACHIHA TOJIBIKTBIDY
ZKacailMbI3

Jo-X=Jo-q, (34)
MYH/a,
[ 91z g1y g1z Nig N1y Nz ]
92z 92y g2z Nog TNy Na,
93z g3y g3z N3y N3y n3;
Ja - )

—cy1 —=sn 0 hiz-sy —hi-em hiyy-eyi—hi - sm

—cy2 —sv2 0 hoy 872 —ho.-cya hoy-cya—hoy - 572

L —CY3 —S73 0 hz-sy3 —hg.-cy3 h3y ccy3—hsy - 573
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[ —g-s0a31 [-g-sb3. 0 0 0 0
0 0 —3g - 802372 f - g- 80372 0 0
0 0 0 0 —g - sthzs f-g-slzs
Jo = |
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0 |

s34 = sin(fo; + 03;), s03; = sinbls;, ¢y = cosy,, sy =siny;, i =1,2,3.

4.2 XKb1gaMIbIKThIH KEePl KNHEMaTUKAJIbIK, ecebi

Kb 1aMIBIKTHIH Kepi KuHeMaTuKaJ bk ecebinid MakcaTsl 3-PRRS napaJsiiens MaHUIYIATOPIBIH,
OeJrisii OpHAIACYBI Ke3iHJle KO3FaJIMaJsbl IaT(GOPMaHbIH OepireH KbLIIaM/IBIKTAPbIH KaMTaMar-
CBbI3 €Ty VIIIH, aJThl YKETEKTETIIITIH KayKeTTi KbLIIaM/IBIKTaPbIH aHBIKTaY OOJIBIIT TabbLIaIbI.

Toyescis aiitHbiMaIbLIADIBIH Zp, 1 XKoHe 0 Geariii Monepin (5) TeH ey ecKepy apKbLIbl (8),
(9) xkone (12) Tengeymnepre Koiibin Toyesmi X p, Yp xKoHe  allHBIMAJIBLIAD/IbIH MOH/IEDIH aHbIKTayFa
6omaner. Kereci 6erineyni enriseiiix X = [Zp, ¥, 9], OHJI& KeJIeCl TeH/IIK OPBIHIbI

X=J % (35)

[ 0Xp 0Xp  0Xp Dp 9Xp  Xp D9 ]
0Zp 00 | 9p b 00 | oo 00

8Yp aYp 8Yp 8(10 aYp 8YP 690

Zp 00 T 0p o0 00 oy 00

1 0 0
J, = (36)
0 1 0
0 0 1
Op Op Oy
L 0Zp oY 00
(28)-renaeynen (35) eckepy apKblIbl MBIHANBI AJIaMbI3
q=J," I %I, (37)

(28)-Temikrel, MarpuachHHL omeMi 6 X 3, cos cebenTi 0J1 MATPHIIAHBIH, Kepl MaTpPHUIa-
CBIH aHBIKTAy VIIIH OHBI 3 X 3 eJileMre KeJITipeMi3, afHH VI affHaJIMaJIbl KeTeKTerin TyiiHaep/il
KO3FaJITKAH Karaiija yII IrepjaeMesti *KeTeKTerimn TyHiHaep/ i OeKiTill KosiMbI3 KoHe KepiciHie
YIII LIrepsieMesti YKeTeKTerint TYHiHaep/ i KO3FaITKaH Kafaiiga yIl aifHaIMaJIbl KeTeKTeTI Tyii-
iHgepai 6eKiTin KOSIMbI3.
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5 CaHJbIK MbICAJIJIAP

TypaxTbl mapameTpJiep/iiH, Kejeci MoHIepinge: a; = 15, b; = 8, ¢; = 5, f; = 60, g; = 70, h =
43 TIM KymbIC aiiMarbl aHBIKTAJJIBl. 3-CypeTTe iarepjeMe/i KHHEMATUKAJIBIK KYIITap/Ibl OeKiTil
KofiraHn »Karjaiiga s; = sy = §3 = H0 xkone Zp 0 men 170 apaJibIifblHa D KaJaMbIMEH, aj 1
JKoHe 0 exi 1k GoiibiHia —7 /2 Men /2 apasbiFbiaga /50 Kagambl GORBIHINIA 63repTe OTHIPHII
napaJijieib MAaHUILYJISITOP/IbIH, Kepl KUHEeMATUKAILIK, ecebi 21| mentini, erep Gepiiren nykreje
HaKTEL 0y ; menimaepi 6ap 6osca 6argapiama KeHicTikke HYKTe Koaabl. Cyperre KbI3bl1 "o" yKone
koK "*" Goiibiama [TM >KyMbIc aiiMarbIHbIH, €Ki 6arapbl KOPCETLIreH.

a0 150

20

10 100 -|
2 9 =

A0 50 -

.20

30 0 -

30 <20 10 1] 10 20 aq 50 ] 5050 1 -
uo ) Lo

150

100 150
=]
= o 100

50 = ”

&b ’
04 20
- 40 i
50 i - 0 - s q
g - L
50 -50 i 2T uo
Vo uo Vo

3-cypert - 2KymbIc aiimarbl

4-cyperre Zp 60 men 135 apasbirbibga 15 KagaMbiMeH, aj ¢ KoHe 0 eki 1ukJ 6oibiHIa —7 /2
MeH 7 /2 apasbirbiaa /50 KagaMbl GOfbIHIIA ©3repPTiIreH. 4-CypeTTeH LirepjeMesi KHHeMaTuKa-
JIBIK, 2KYIITap/IbIH ©3repyiHiH BEpTUKAJ OAFbITTarbl >KYMbBIC aiilMarbIHbIH ©3repyiHe ocep eTeTiH IirH
baiikayra 00JIa/Ibl, IFHU 1repeMesi KHHeMaTHKAJIbIK, »KYIITAP/IbIH apa KaIlbIKThIFbl YKaKbIHIaFraH
JKaraiiia napaJiie b MAaHUITYIATOP/IBIH, JKOFaPFhl KaKTarbl XKYMbIC affMarbl KeHelle/1i, aJi apa Ka-
MIBIKTHIKTAP aJIbICTaraH XKaraaii/1a TOMEHT] JKaKTarbl 2KyMbIC aiiMarbl KEHEHeTIH TITH Kope ajJaMbl3.
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4-cyper - inrepiiemMesii KHHEMATUKAJIBIK, YKYITAP/IbIH 2KYMbBIC aiiMarblHa dcepi

Manumysisitopbl Gesirisii 6ip KaJIbllika ajiblll Kejemis (kecre 2) ykoHe OeJICeH]Ii KHHEMATUKAJIBIK
JKYITapbl Oerii 6ip KbUIIaMIBIKIIEH KO3FaITKaH Kafmaiga (Kecte 3) Ko3ragMaJbl miaTdop-
MAaHbIH JIe3/[K JKbIIJIaMIBIKTAPbIH aHBIKTaiMbI3 (KecTe 4).

2-KecTe — 0371' MQH,ZLepi (92’1 = 9272 = 92’3

20,7853, S1 252283:60)

03,1 03,2 03,3 03,1 03,2 033
1| 1,8061 | 2,3347 | 1,8387 | 7 1,8387 | 1,8061 | 2,3347
2| 1,8061 | 2,3347 | 1,8387 | 8 1,8387 | 1,8061 | 2,3347
3| 1,8061 | 2,3347 | 1,8387 | 9 1,8387 | 1,8061 | 2,3347
4 11,8200 | 1,8200 | 1,8387 | 10 | 2,3347 | 1,8387 | 1,8061
5 11,8200 | 1,8200 | 1,8387 | 11 | 2,3347 | 1,8387 | 1,8061
6 | 1,8200 | 1,8200 | 1,8387 | 12 | 2,3347 | 1,8387 | 1,8061
3-kecte — Kipic mapamerpepi

51| 021 | 82| 022 | 83| bo3

1 [-1]02 [-1]02 |-1]02

2 10 0210 020 [02

3 -110 -110 -110

4 102 1]02 [-1]02

5 0 10210 |-1 0 |02

6 |-11]0 -110 -1 10

7 |-1]102 |-1]02 |-1]0,2

8 10 (020 (020 |02

9 -1 10 -1 10 -1 10

10-1]02 [-1]02 |-1]02

110 [02]0 [02]0 |02

121-110 -110 -110
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4-kecte — [Ibiroic napamerpJiepi

% Py, % Py, v Py, Wry, Wry, WPy,

1 2,3158 | -2,1329 | 19,3295 | -0,2341 | -0,1473 | -0,0159
2 2,0717 | -1,9081 | 18,1863 | -0,2094 | -0,1317 | -0,0142
3 0,2441 | -0,2248 | 1,1432 | -0,0246 | -0,0155 | -0,0016
4 0 0 24,4475 | 0 0 0

5! 0 0 22,7647 | O 0 0

6 0 0 1,6828 0 0 0

7 10,6892 | 3,0720 | 19,3295 | 0,2446 | -0,1290 | -0,0159
8 0,6166 | 2,7481 | 19,3295 | 0,2446 | -0,1290 | -0,0159
9 0,0726 | 0,3238 | 1,1432 0,0257 | -0,0136 | -0,0016
10 | -3,0051 | -0,9391 | 19,3295 | -0,0105 | 0,2572 | -0,015
11 | -2,6883 | -0,8400 | 18,1863 | -0,0094 | 0,2472 | -0,0142
12 | -0,3168 | -0,0990 | 1,1432 | -0,0011 | 0,0291 | -0,0016

6 KopbITbIHIBI

Kywmpicra tpumnon typjeri 3-PRRS TIM xymbic afiMarblH aHBIKTay Ke3iHJEe KO3FaIMaJIbl ILIAT-
dopmaHbIH IeHTPi KeHicTikTeri 6e/riji Oip HyKTere Tek KaHa eKi Oaraap/a 6apa aJaTbIHIbIFBI OeJI-
risii 601161, Benriii 6ip BepTuKa »Ka3bIKTHIKTAFbI MapaJiie/ b MaHUITYIITOPIBIH KYMbIC aiiMarbl
meHbep OOJIATBIHBIFBI AHBIKTAJIIbI >KOHE COJI MIeHOEePIiH iIiHIeri MaHUIYISTOP/IbIH IeHTPIHIH,
KO3FaJIy TPAeKTOPUIACHI KOPCETLIII. irepaeMesii KHHEMaTUKAJBIK, KYIITap/IbIH KO3FaJIbIChl BEPTHU-
KaJI OarbITTarbl JKYMBIC aliMarbIHbIH, YJIFAIObIHA 9CEP eTeTiHJiri Oenrii 60/l MaHumyaTop by,
JKBIJIAMTBIFBIHBIH Typa YKoHe Kepl KHHEMATUKAJIBIK eCerrTepl MeNTiIl }KOHe CATbICTHIPBIIIbI, CHH-
I'YJIAPJIBIK, KOH(MUTYpalnsigaH ajIblc aiiMaKTap/1a MeniMIepain abCOMOTTIK aJIlIaKThIFLL 5% acKaH
2KOK.
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APPLYING THE KNOWLEDGE BASE OF CWE WEAKNESSES IN
SOFTWARE DESIGN

The article deals with the issues of organizing software weaknesses by the software architect at the
stage of its design using the developed ontological knowledge base of CWE weaknesses. The main
goal of this research is to analyze the software defect system based on CWE and develop an ontology
model (knowledge base) of this system for software architects. The use of artificial intelligence tools,
in particular the development of knowledge bases based on weaknesses, will provide new opportunities
for searching and researching software weaknesses. This model being developed will be useful for
application by software developers, researchers in the field of software design and cybersecurity, as well
as teachers of educational institutions that conduct courses in software development technology and
information security. For developers, this model can serve as an assistant and reference when designing
software, since weaknesses are organized by a well-known security tactic, helping the designer to embed
security during the design process instead of detecting weaknesses after the software has been created.
Researchers will be interested in studying and applying software weaknesses in their work. Teachers
can use this model as a reference when studying and discussing security vulnerabilities in software
design or architecture, as well as the types of errors that can be made during software development.
The functions of the software architect are analyzed, and an example of the built ontological knowledge
base of CWE weaknesses is given.

Key words: CWE, software weaknesses, ontology, knowledge bases, software architect, Protege,
Semantic Web, SPARQL.

2K.E.Caprabanosa'*, B.T. Jumurpos?, C.M.Capcumbaesal
'K.2Kybanos aTegarsl AxTebe eHipaIik yHuBepcuTeri, AKTebe K., Kazaxcran
29ymue Kimmenr Oxpus arsmparst Cocdust yausepcureri, Codbus K., Boirapus
*e-mail: sartabanova88@gmail.com
ITporpammasianbIK, >kKacakTaMmaHbl »Kobasayana CWE ascizaikrepi Typadsibl
Oisim Ga3achlH KOJAaHY

Bepinren makamamsa nporpammastsik, 2kacaktama coyseririciaiyg, CWE ouici3 kaxrapbia OLTyTiH 1aMbIFaH
OHTOJIOTUSIJIBIK, 06a3aChIH KOJIJIAHA OTBIPBII, OHBI 2KODAIay Ke3€HiHJEe MPOrpaMMAJIBIK, KACAKTAMAHDBIH
OJICI3IINIH  YHBIMIACTBIPDY Mocejesepl KapacThIpbLIabl. DBys 3eprreyid Herisri maxcarsl - CWE
HEriziHjeri mporpaMMaJiblK, KacakKTaMa aKayJapbIHbIH >KYHeCiH TaJijiay 2KoHE ITPOTPAMMAJIBIK, Ka-
cakTaMa CoyJIeTIIIepl yImiH ochl KyieHin onTosorus mozenin (Gimim 6aszacein) kacay. 2Kacanisi
WHTEJJIEKT KYPaJIapblH KOJIAHY, aTall afiTKAHIa, 9JICI3IiKTepre Heridzjenren OuTiM 0a3achblH JTaMBITY
IPOTrPaMMAJIBIK, XKACAKTAMAHBIH QJICI3IKTEPIH i371eyre KoHe 3epTTeyTe 2KaHa MyMKinaikrep oepemi. By
93ipJIEHTeH MOJIeJIb TPOT'PAMMAJIBIK, 2KacaKTaMaHbl 93ipJIeyIIiJIep/IiH, TPOrpaMMAaJIbIK KacaKTaMa MeH
KHOEpKAyilci3/IiK caJachbiHIarbl 3ePTTEYINIEP/IiH, COHIal-aK MporpaMMaJbIK KacaKTaMaHBbI 93ipJey
TEXHOJIOTUSICHI MEH aKIMapaTTHIK KAYIlCi3/IiK KypCTapblH KYPri3eTiH OKY OPBIHIAPBIHBIH, OKBITYIIBLIA

© 2020 Al-Farabi Kazakh National University
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pBIHA Taigaasl Oosaabl. By Momenb o3ipJeymiijiepre MporpamMMablK KacaKTaMaHBI »Kobasayaa
KOMEKIIT 2KOHEe aHbIKTaMaJIbIK 060J1a aJ1a)ibl, OfiTKeHI o/Ici3aikTep Oeriyi Kayincismik TakTuKachIMeH yii-
BIMJIACTBIPBLIFAH, iU3aifHepre MPOrpaMMAaJIbIK, XKaCaKTaMa, YKacaJFaHHAH KeliH 0JICi3 YKepJiepii Taby/ IbIH
OpHBIHA YK0DAaJIay IPOIECIHIe KAYINCI3MIKTI eHri3yre KoMeKkTecedi. 3epTTeyIijiepre o3 KYMbICTapbIHIA
MPOrpaMMAJIBbIK YKaCaKTAMAHBIH, 9JICI3IrH 3epTTey KoHe KOIIAHY Moceseaepi KBI3BIKTHI 0O0JIaIbl.
OkpITymbLIap Oy MOJEJNbIl HPOrpaMMaJIbIK, 2KacaKTaMa IU3afiHbIHBIH, HEMECe apXUTEKTYPACHIHbBIH,
9JICI3 TYCTapBIHIAFbl KAYINCI3/IKTI, COHIAll-aK, IIPOrpaMMAaJIbIK, XKacaKTaMaHbl 93ipJiey Ke3iHJje 2Kacasybl
MYMKIH KATEJIKTEPJIH TYPJIEPIH 3epTTEy KOHE TaJKbLIay Ke3iHje AHLIKTAMAJIBIK, MaTephaJ PETiHe
KoJTaHa aJiajel. [IporpaMMalbik, KacakTaMa CoyJIeTIniciHiy, dyHknusuiapel tagaganaas, CWE ojciz
KaKTapLIH OLIYIIH OHTOJOTHSIIBIK, 0a3aChIHLIH, MBICAJIBI KEJITipiareH.

Tyiiia cezgep: CWE, nporpaMMasibIk, KacaKTaMaHbIH, 9JICI3/1iri, oHTOoI0rHsA, H6L1iM 6a3ackl, Tporpam-
MaJIbIK, KacakTama coyJieririci, Protege, Semantic Web, SPARQL.
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*e-mail: sartabanova88@gmail.com
IIpumenenune 6a3bl 3HaHuii ciaabocreit CWE B nmpoeKTupoBaHumn
IporpaMMHOT0 obGecreveHus

B crarhe paccMaTpuBAIOTCS BOIPOCHI OPTAHU3AINHN CJIA00CTEN IPOrPaMMHOIO 0OECHedeHusT apXUTEK-
TOPOM IIPOIPAMMHOIO ODecIleYeHusl Ha Talle ero MPOEKTHUPOBAHUs C IIPUMEHEHHeM pa3paboTaHHON
oHTOJIOrIYecKoi 6a3npl 3Hanuit ciaabocreiit CWE. OcHOBHOI IeIbI0 JaHHOIO UCCACIOBAHUS SIBJISIETCS
aHaau3 cucTeMbl JedekToB mnporpaMMHOro obecmedenusi na ocaoBe CWE wm paspaborka momesan
onrosoruu (6a3pl 3HAHUIT) ITON CUCTEMBI JIJIs APXUTEKTOPOB IIPOrpaMMHOr0O obectieuenus. [Ipumenenue
CPEJICTB HMCKYCCTBEHHOT'O WHTE/JIEKTA, B YACTHOCTH Pa3paboTKy 0a3y 3HAHWKM HA OCHOBE CjabocTeit
JIaCT HOBBIE BO3MOXKHOCTHU ITOMCKa W MCCJIEJOBaHUs CJ1abocTeil mporpaMMHOro obecrieuenusi. JlanHast
pa3pabaTbiBaeMasi MOJIEJIb OyJIeT 0JIe3Ha B IPUMEHEHNN Pa3paboTINKaMU IPOrPAMMHOI0 0becIiedeHust,
WCCIeZIOBATENsIM B 00JIACTH TIPOEKTUPOBAHUS IMPOrPAMMHOIO obecriedeHusi W KuOepOe30IacHOCTH,
a TakyKe IPEeroJaBaTe/sM yJIeOHBIX 3aBeJIeHH, KOTOpbIe BEIyT KypChl TEXHOJOTUU pPa3paboTKu
porpaMMHOTr0 obeciredenns W 1Mo WHMOPMAIMOHHON Oe3omacHocTu. PazpaboTunkaM JaHHAST MOJIENTb
MOYKeT CJIY?KUTHh IOMOIIHUKOM U CIIPABOYHUKOM IIPU ITPOEKTUPOBAHUE IIPOIPAMMHOIO 0OECIedeHus,
ITOCKOJIBKY CJIabble MeCTa OPraHM30BaHbI M3BECTHON TAKTUKON HE30IIaCHOCTH, ITOMOTasi IPOEKTHPOBIIUKY
BO BCTpamBaHUU OE30IIACHOCTH B TE€UYEHUE ITPOIECCa MPOEKTUPOBAHUSI BMECTO TOT'O, 9TOOBI OOHADYKUTH
ciabble MeCTa II0C/Ie TOrO, KaK IporpaMMHOe obecredenmne ObLio co3mamo. McciemoBarensm Oymer
WHTEPECHBI BOIIPOCHI U3yYeHUsI U IPUMEHEHUsI cJ1aboCcTell IPOrpaMMHOTO 0OeCIiedeH s B CBOUX PabOTax.
IIpemoaBaTest MOryT HCIOJB30BATH JIAHHYIO MOJIETh B KadeCTBE CIIPABOYHOTO MATEPUAJA DU
U3y4YeHUN ¥ 00CYKIeHUN OE30IIACHOCTH 110 CJIa0BbIM MeCTaM JIu3aiiHa WJIM apXUTEKTYPhl IPOrPaAMMHOIO
obecriedennsi, a TaK¥Ke TUIIOB OIMUOOK, KOTOPBIE MOT'YT OBITh CIEJIaHbI BO BpeMs pa3pabOTKU IIpOTrpaMM-
HOro obecriedenus. [Ipoanau3anpoBanbl (hyHKIMHA apXUTEKTOPA TPOrPAMMHOIO 0OECIIEUeH NS, TIPUBEIEH
npuMep MTOCTPOEHHOU OHTOJIOTHYecKoi 6a3bl 3uanuit ciabocreit CWE.

Kirouesbie ciaoBa: CWE, ciaboctu mporpaMMHOro o0eciiedeHusi, OHTOJIOI s, 0a3bl 3HAHUI, apXUTEK-
TOp IporpaMMHOro obecriedenusi, Protege, Semantic Web, SPARQL.

1 Introduction

Each organization makes sure that the software purchased and the software products developed
are protected at all levels. To protect all their software products, companies adhere to the rules
and standards of information security, as well as international recommendations, at all stages of
development. To solve these problems, the developer community and MITRE Corporation created
an international list of CWE software weaknesses. However, this information is not structured and
there are contradictions in structuring these weaknesses by concepts, which leads to problems in
the work of system users. These problems make it difficult to protect resources from cyber-attacks.
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The analysis of publications |[I—1] shows that one of the promising approaches to improving the
efficiency of both search and analysis of information is an approach based on the construction of
ontologies of the subject area. The authors propose an approach to implementing the organization
of software weaknesses using ontology.

2 Architectural concept of CWE

A software architect is a person, whose main activity is to manage the process of creating, designing,
developing and maintaining software. The main responsibility of the software architect according to
international requirements is to develop or select the most appropriate architecture for the system
(or systems), such that it meets the needs of the business, meets the requirements of stakeholders
and achieves the desired results under specified restrictions. The functions of the architect are
shown in Figure 1.

describes the approves monitors compli i
‘ 5 pliance with
infarmation system / ‘development tools i

¥ the selected architecture monitors requirements at

each design stage

| can justify the chosen

C ‘ approach
i ‘

responsible for defining and
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B 5

Software architect

can make critical
decisions

supports control over the

collaborates with the
software life-gycle

motivates colleagues leaders (customers)

fteam)

Figure 1 — Software Architect Functions [5]

In accordance with the Professional Standard in the Republic of Kazakhstan, the software
architect has the following responsibilities: evaluating and analyzing systems, developing system
solutions, developing IT strategies, concepts and architecture of information systems, introducing
innovations in business processes, advising on the selection and implementation of optimal systems,
from the point of view of the IT strategy of the enterprise, information technologies and using
investments in information systems with maximum benefit. Its main goal is to develop a software
architecture. The work functions of the software architect include [0]:

1. Creating Software Architecture Variants;

2. Assessment of software requirements and selection of software architecture option;

3. Documentation of software architecture and implementation of software tools;

4. Assessment of the possibility of creating a project architecture and identification of key scenarios;
5. Manage methods, interactions, and software upgrades;

6. Control over selection of software architecture option, implementation and maintenance of
software tools.
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3 The proposed ontology

An ontology is a system of objects, their properties, and relations between them for a certain area
of knowledge. Special languages are being developed to work with ontologies, the most modern
of which is the W3C consortium’s OWL language. Information in the ontology is stored in OWL
format, in the form of triplets. OWL is an information (knowledge) representation language that
can be used to describe ontologies both in the semantic web and in various applied information
systems. [7,§]

A Query Language for RDF (RDQL) and Protocol and RDF Query Language (SPARQL)
are currently available for executing queries to RDF stores. SPARQL is one of the recommended
semantic web technologies for publishing data to the Internet [9].

The knowledge base development process was divided into the following stages. - Defining
classes in the ontology;

- The organization of classes in a certain hierarchy;

- Property definition;

- The content of the instances of the class "CWEEntriess;

- The content of the instances of the class "CVEEntries»;

- The content of the instances of the class "CAPECEntries»;
- Checking the consistency of the knowledge base.

The architectural concept is represented as a graph. This concept includes 12 categories, each
of which consists of classes, variants, bases, and composites. The category structure is shown in
Figure 2.

Any ontology contains a header and a body. Figure 3 shows the title of the ontology (knowledge
base), added an annotation, you can add comments, and configure the import of the ontology. The
ontology body contains descriptions of classes, properties, and individuals.

The "owl:Class" class is introduced in the OWL language. Classes are organized in a hierarchy
using the "rdfs:subClassOf"property. Two complementary classes are important: "owl:Thing a
superclass of any OWL class; "owl:Nothing a subclass of any OWL class. An instance of any
OWL class includes an extension of the "owl:Thing" class. The extension of the "owl:Nothing"
class is an empty set. Class descriptions are the building blocks for defining classes using axioms.
To define classes and form various axioms, there are a number of constructs: "rdf:ID defining a
named class; "rdfs:subClassOf" is extensional one class is entirely included in the other extensional;
"owl:equivalentClass" is extensionally two classes coincide; "owl:disjointWith extensionally two
classes do not intersect.

Classes are the main component of the OWL ontology. Classes can be named, disjoint, and
hierarchical. When creating classes, the Protege editor initially already contains the "Thing"class
- which is a class that represents a set containing all the objects in the subject area.

In the created knowledge base, the Thing class contains the following classes: CWEEntries
- the main class under study, CAPECEntries, and CVEEntries. CWEEntries contains Software
weaknesses, CAPECEntries-attacks related to the corresponding weaknesses, and cveentries-
vulnerabilities.

An ontological graph is a bipartite graph whose vertices are concepts of the domain, and whose
arcs are relations between them. An ontological graph is an information model of a domain that
has the form of an oriented graph, whose vertices are classes, and whose arcs are relations or
connections. Figure 4 shows the ontological graph obtained as a result of constructing the domain
ontology in the Protege 5.5.0 editor [10].
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Figure 3 — Title of the ontology created by the knowledge base

The knowledge base you create consists of weaknesses, vulnerabilities, and attacks [11]. Since
the knowledge base is implemented from the point of view of the architectural concept, the main
class is CWEEntries. This class consists of the main view class, which includes 12 subclasses

(category). The Categories class contains CWE records that contain a set of other records that
share a common characteristic. [12]

Figure 5 shows the category content modeled in the Protege environment.
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Figure 5 — The structure category

Each category includes classes, bases, variants, and, if there are composites.

The category has the following format: description - brief description-specified in the
annotation), category ID - specified as a data property (data properties - ID), object property
? views member. This property associates each category with the corresponding classes, bases,
variants, and composites (that is, those that belong to a particular category).

Properties (rdf: Property) in OWL are relationships that bind classes or individuals. All
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CWEEntries have two main objects:

1) object properties - properties of objects (owl:ObjectProperty) are relationships between two
classes or individuals;

2) data properties - data type properties (owl:DataTypeProperty) - this property defines the
relationship between the individual and the data value (numerical constraints).

The main properties of object properties include: references (designed to indicate the
vulnerabilities available for a certain weakness), categories member (this property is necessary
for the relationship of each bases, variants, classes, compound with the corresponding categories),
related attack patterns (this property indicates the relationship of weaknesses with possible
attacks).

Properties of data properties include: id, modes of introduction, common consequences,
likelihood of exploit, demonstrative examples, applicable platforms, weakness ordinalities,
detection methods. |13, 1]

4 Application of the knowledge base

There are four types of data queries: default query, literal query, class instance query, class object
property query. Below are various types of queries written in SPARQL.
Query 1 - a general standard query, It defines the structure of the knowledge base and shows
the list of main objects.
Inquiry 1. Generic Standard Query:
PREFIX rdf: <http://www.w3.org/1999/02/22-rdf-syntax-ns# >
PREFIX owl: <http://www.w3.org/2002/07 /owl# >
PREFIX rdfs: <http://www.w3.org/2000/01/rdf-schema# >
PREFIX xsd: <http://www.w3.org/2001/XMLSchema# >
SELECT 7subject 7object
WHERE { ?subject rdfs:subClassOf 7object }

As a result of this query, a list of the main classes that are subordinate to the CWEEntries
class in our ontology is displayed.

Query 2 - a query based on class object property data, It identifies the knowledge base elements
associated with that property and shows the relationships between weaknesses through a specific
object property.

Inquiry 2. Objects associated with a property of type categories incudes:
PREFIX db: <http://www.semanticweb.org/Zh/ontologies/2018 /6 /CWE# >
PREFIX rdf: <http://www.w3.0rg/1999/02/22-rdf-syntax-ns# >

PREFIX owl: <http://www.w3.org/2002/07/owl# >

PREFIX rdfs: <http://www.w3.0org/2000/01 /rdf-schema# >

PREFIX xsd: <http://www.w3.org/2001/XMLSchema# >

SELECT 7x 7property 7y

WHERE { ?property rdfs:subPropertyOf* db:views includes.

7property rdfs:domain 7x .

?property rdfs:range 7y .

}

The result of the second query is to display the relationship between categories and objects that
are subject to categories using the categories includes property.
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Query 3 - Demonstrates the query based on the data type property. Defines the
likelihood of exploit property values for all categories and displays the list of categories and
the corresponding value for these categories of the likelihood of exploit property. Inquiry 3.
likelihood of exploit property values for categories:

PREFIX db: <http://www.semanticweb.org/Zh/ontologies/2018 /6 /CWE# >

PREFIX rdf: <http://www.w3.0org/1999/02/22-rdf-syntax-ns# >

PREFIX owl: <http://www.w3.0rg/2002/07 /owl# >

PREFIX rdfs: <http://www.w3.org/2000/01 /rdf-schema# >

PREFIX xsd: <http://www.w3.org/2001/XMLSchema# >

SELECT 7t 7y WHERE

{// 7x db:categories member 7t.

?x db:likelihood of exploit 7y

}

As a result of the third query, a list of values of the likelihood of exploit property for categories
objects is displayed.

5 Conclusion

CWE projects are hierarchical classifications and are used primarily in this capacity. They provide
a way to formally describe information security phenomena for use as a common language. The
main focus is on common use, so MITRE attracts specialists from both the scientific community
and industry to develop it. These projects serve as an important tool for constructive interaction
in the field of information security.

The authors have designed an ontological model of these weaknesses from the point of view of
the architectural concept. The article considers the possibilities of using the ontology of software
weaknesses.

The developed software is integrated with the Protege ontology editor, which is used for
ontology design and maintenance. As a result, a system has been created that provides an effective
filling of the knowledge base with knowledge, has an ergonomic interface for expanding the existing
model, combines the ability to convert new changes in the SID standards to the OWL language and
the ability to visualize the schemes of structural models of paths, knowledge of which is extracted
from the used database.

Queries for selection by condition, in the case of an ontological database, are made in SPARQL.
It is a language for querying data represented in the RDF model, and it is also a Protocol for
transmitting requests and responses.
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OB OJZIHOM IIPOCTPAHCTBE YETBIPEXMEPHBIX YV CEJI

BriepBoie Teopust yeThipexMepHbIX duces Obuta BBesena Y.P. Namunbronom B 1843 1, KoTOpas Ha3bIBa-
ercsi Teopuell KBATEPHUOHOB. B JaHHO# Teopuu yMHOXKEHUE siBJISeTCs HEKOMMYTATUBHON OIe€paIiueit,
BCJIEJICTBUE YET0 HE YAJIOCH TOCTPOUTH MTOJTHOIIEHHBI MAaTEeMATHIeCKUN aHaIn3 GPyHKIIMOHAIBHBIX IIPO-
crpaucts. B 2003 romy 6bL1a ommyOInKOBaHA HOBast Teopus MYHKIHI Y€THIPEX IEePEMEHHBIX Ka3aXCKIMU
MareMaTukaMu B. Maykeesbim 1 M.M. AGeHOBBIM, Tle BBOAUTCS KOMMYTATHBHOE YMHOXKEHUE, KOTOPast
[IO3BOJISIET PEIIaTh TPEXMEPHBIE MOJIE/IN MEXAHUKN aHAJIUTHIECKAM METOJIOM. BoJiee moJIHOe U3JI0KEHNE
uvoBO# Teopun M.M. Abenos onybsukosas B 2019 romy B Buze MoHOrpaduu. B xoze pa3Burust JaHHON
teopur M.M. AbGenobim u M.B. T'abbacoBbiM ObLIM HaiijIeHbI BCE YETHIPEXMEPHBIE TPOCTPAHCTBA C
KOMMYTATHBHBIM YMHOXKEHUEM, KOTOPBIM IIPUCBOEHbI obo3nadenns M2 - M7, u nosgBuiace neoOxomu-
MOCTb HUCCJIEJIOBAHUS JAHHBIX IpocTpancTB. Jlannas pabora m3ydaeT OIWH U3 ITUX IPOCTPAHCTB, a
UMEHHO IIPOCTPAHCTBO 4YeThIpexMepHbIX uncesa MbS. Ilenbio umccienoBanus JaHHON pabOTHI sBJIAETCS
n3ydeHre CBOMCTB YeThIPEXMEPHBIX dnce pocTpancTsBa M5 u 0bocHOBaHME ero 3HaYnMOCTU. B pabore
[TOJIy9eHBl HOBBIE PE3y/IbTaThl 00 ajirebpe mpocTpancTBa M5, BBeJIEHBI PA3JINIHbIE HOPMbI U METPUKH,
PaCCMOTPEHBI CBOWCTBA YUCJIOBBIX IOCIEI0BATEIHHOCTENR.

KitroueBbie cjoBa: 4eThIPEXMEPHOE 9HCJIO, CIIEKTD, COOCTBEHHOE 3HAYEHNE, CUMILIEKTHIECKUN MOJLYJIb,
CIleEKTpaJIbHAsS HOPMA.
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Tept enmiemai cangapabiH, 6ip KeHIicTiri TypaJsibl

Tept emmem i cangap TeopusicbiH ajirart pet B. P. l'amuiabron 1843 »KbLIbI €HIi3/11, OHBI KBATEPHUOHIAD
TEOPUSCHI JIET aTaIbl. ByJ1 Teopusiga eHrizijien KoOeiTy epekeci KOMMYTATHBTI eMeC, COHIBIKTAH (DyHK-
ITUOHAJIJIBI KEHICTIKTEP/IiH, TOJIBIKKAH/IBI MATEMATUKAJIBIK, TAJIAYbI icKe achIpbLIMaibl. 2003 KbLIBI TOPT
eJtmeMJIi caniap QyHKIMICHIHBIH XKaHa Teopusichln MareMaTukTep Bb. Moykees men M. M. O6eHOB aIThbI,
0J1ap KOMMYTATHUBTI O0JIATHIH KOOEHTY eperkeciH eHriz i, OyJ1 Teopus MEXaHUKAHBIH, YIIT OJIIIEM/ T MO Tb-
JIepiH aHAJIUTUKAJIBIK, 9JIICIIEH IIelryre MyMKIHIIK Oepemi. 2KKaHa TeOPUSTHBIH, TOJIBIK, Ma3MyHbIH M. M.
O6enoB 2019 xkpuTbl ©3iHIH MOHOrpadUsChIHIA OACHIN MbFAPIbl. ByJI TeopusHbl 3epTTey OAPBICHIHIA
M.M. O6enosB xone M.B. Fabbacos M2 - M7 Gesrineyimen epexinesieneTin, KobeiTy epexkeci KOMMyTa~
TUBTI OOJIATHIH OAPJIBIK, TOPT OJIIEM/II KEHICTIKTEpi aHbIKTAIbI, OChI Opaiiga TaObLIFaH KEHiCTIKTep/Ii
3epTTey KaXKeTTir TYBIHIa Ibl. ByJ1 2KyMbBICTa OChI KEeHICTIKTEP/IiH 6ipi, atamn alitkana M5 TepT esrmem i

caHJIap KEHICTir 3epTTeJireH.
Byn xymbicTeiH, MakcaTbl MD KeHICTIMHIH TOPT OJIMeMIl CAaHIAPBIHLIH KACUETTEPIH 3epTTey YKOHe

OHBIH, MaHBI3JIBLIBIFBIH HErizzey OOJIbII TabbLIabl. 3ePTTEIN OThIpFaH »KyMbicTa M5 KeHicTiriHig
ajrebpachl XKaWbIHIA XKaHA HOTUZKEJIEp aJIbIH/IbI, OPTYPJI HOpMaJap MeH MeTPUKaJIap €HTi31ITl, CAHIbIK,
TiZ6EKTEPIiH KacueTTepi KapacThIPHLIIb.

Tvyitiu ce3aep: TopT eIIeM Il caH, CIIeKTP, MEHITIKTI MOHIEP, CAMILIEKCTI MO/TYJIb, CIIEKTPAJIIBI HOPMA..
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On one space of four-dimensional numbers

The theory of four-dimensional numbers was first introduced by W.R. Hamilton in 1843, which is called
the theory of quaternions. In this theory multiplication is a non-commutative operation, as a result
of which it was not possible to construct a full-fledged mathematical analysis of functional spaces. In
2003, a new theory of functions of four-dimensional variables was published by Kazakh mathematicians
B. Maukeev and M.M. Abenov, where commutative multiplication is introduced, which allows solving
three-dimensional models of mechanics by the analytical method. A more complete presentation of the
new theory was published in 2019 by M.M. Abenov in a monograph. While developing this theory,
M.M. Abenov and M.B. Gabbasov found all four-dimensional spaces with commutative multiplication,
which were assigned the designations M2 - M7, and it became necessary to study these spaces. This
paper studies one of these spaces, namely the space of four-dimensional numbers M5. The purpose of
this paper is to study the properties of four-dimensional numbers of the space M5 and substantiate its
significance. In this study, new results are obtained on an algebra of the space M5, various norms and
metrics are introduced, and the properties of number sequences are considered.

Key words: four-dimensional number, spectrum, eigenvalue, symplectic module, spectral norm.

1 BBenenue

Briepsbie IpoCcTpaHCTBO YeThIpexMepHBIX drcest omucasa Y.P.lavmusabsron |||, koroperit Hazsas 510
IIPOCTPAHCTBO MMPOCTPAHCTBOM KBaTepHHOHOB. OH BBeJI Ol€pPAINN CJIOYKEHUsI, BHIYUTAHUS, YMHO-
JKEHWsT W JICJICHUST MEXKJy YeTBIPEXMEPHBIMU YUC/IaMU (KBATEPHHOHAMHU) U TIOCTPOUJ HEKOMMY-
TATUBHYIO ajarebpy derbipexmepHbix unces1 [2—12]. Cormacuo Teopeme ®@pobennyca |13, 14|, mose
KBATEPHUOHOB $BJIIETCS €IMHCTBEHHOI acCONMATHUBHON, HO HEKOMMYTATUBHOM asrebpoit 6e3 je-
qmreneir Hysns. B 2003 romy kazaxcranckume maremaruku MaykeeB B. u A6enor M.M. omy6/n-
KoBaJim MoHOrpaduio |15, B KOTOpoil onpeeiim HoBoe TPOCTPAHCTBO YeThIPEXMEDHBIX YUCET C
aCCOIMATUBHON U KOMMYTATUBHON aJiredpoii ¢ jeure/saMu Hyiad. Jlannas Teopus oka3ajiach Mpo-
aykrusoit 1 B 2019 rogy A6enos M.M. ony6smkoBas Monorpaduio [16], B KOTOPO# moCTpoeHb
COOTBETCTBYIOIINE aaredpa u MaTeMaTUIeCKUl aHAJIN3 HA OCHOBE YeThIPEXMEPHBIX YUCETT, KOTOPYIO
aBTOP Ha3BaJl «YETBHIPEXMEPHONM MaTeMaTUKON».

YerbipexMepHas MaTeMaTHKa TO3BOJISET PACCMOTPETH IIPOCTPAHCTBO YETHIPEXMEPHBIX UHCET
KaK eCTeCTBEHHOE PACIIMPEHUE TPOCTPAHCTBA OJIHOMEPHBIX U JBYMEPHBIX (KOMILJIEKCHBIX) UHCEL.
Kaxk crejsicrBue, Bce 6a30BbIe onepaliun, paboTaromire B TeOpur PpyHKINAH J1eiCTBUTEIbHOTO U KOM-
IJIEKCHOTO TIepeMeHHbIX |1 72|, coxpaHsfoTcss 1 B HOBOM IIPOCTPAHCTBE .

B nmanbueiimem A6enos M.M., coBmectro ¢ ['abbacoBbim M.B., onmcas Bce aHM30TPOIIHBIE e~
TBIPEXMEPHBIE ITPOCTPAHCTBA, KOTOPbIE ABJISAIOTCH ACCOIUATUBHBIMU M KOMMYTATUBHBIMU C JIEJTH-
ressivu Hy st [25]. Takux mpocTpaHCTB OKA3asio0Ch MECTh ¥ UM ObLIN IIPHCBOEHBI 0003HAYMEHMUs
M2, M3, M4, M5, M6, M7. Bce 3tu mpocTpaHCTBa TaKKe MOXKHO PacCMaTPpUBAThL KaK PacIIupeHue
JIEHCTBUTEIBHOIO U KOMILJIEKCHOTO TIPOCTpaHcTB. B pabore |16 moapobHo onucana deTbipexMepHast
MaTeMaTHuKa HaJl mpocTpancTrBoM M3. B manmoit pabore Mbl HCCIEIyeM OJUH U3 STUX IIPOCTPAHCTB
UMEIOTINI OTJIMYUTE/ILHBIN WHJIEKC ITPOCTPAHCTBaA, Kak Mb.

OcHOBHBIM OoT/IHYHEM TpocTpaHcTBa M5 oT mepBoHaYaJBbHOTO pocTpancTBa M3 sBisteTcs To,
qgro B 3amucu X = x1J1 +x9Jo + x3J35+ x4J,, Oa3ucHble 3ementsl Ji, J, € Re, a Jo, J3 € I'm B TOM
cMmbicse, 910 Jy - Jy = Jy - Jy = Ji, Jo - Jo = J3 - J3 = —J; [10]. D10 umeer onpeeseHnbIe IpenMy-
mecTBa B (PU3NIECKOM CMbIce, rie Ji, Jo, J3 MOXKHO pacCMOTpPeTh KaK TpeXMepHasd KOOPINHATA
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(z, y, z) B mpocTpaHcTBe, 4T0 o0bscHseT J; € Re, Jo, J3 € I'm, a J, Kak BpeMeHHOii OKa3aTeb
(t) KOTOpBIl PUKCHPYET MepeIBUKEHNUS TeJIa, 10 BPEMEHH.

BaMeHa TPUHA/IE’KHOCTEH TPOCTPAHCTB J3 U J4 U Ipyroe onpejesieHre Oepaun Y MHOKEHIS
NPUBOJIAT K M3MEHEHUIO BUJA OCHOBHON MATPHUIILI YE€THIPEXMEPHOrO UKCJa, YTO B CBOIO OYepelhb
HIPUBOJINAT K U3MEHEHUIO BUJIA CIIEKTPa U COOCTBEHHBIX 3HAUEHUI, a TAKKe CIIEKTPAILHON METPUKHU.

2 Marepuaj n MeToAbI

2.1 Aarebpaudeckue omneparumn

PaccmorpuM MHOXKECTBO ueThipexMepHbIX duces X = (X1, To, T3, 24), Ty x; € R, 1 = 1,2,3,4,
KOTOpoe 0bo3HaunM depes Mb.

Hpa yncna X = (z1,29,23,24) 1 Y = (Y1,Y2, Y3, Y4) CAUTAIOTCST PABHBIME, €CIH T; = Y, 1 =
1,2,3,4.

[Ipu sTOM, oreparnuu cJI0KeHUs U BBIYUTAHUS BBEJIEM KaK MOKOOP/IMHATHOE CJIOYKEHUE U BBIYHU-
TaHue, KOTOPbIE SBJISIOTCS aCCOIUATHBHBIMU M KOMMYTATUBHBIME. OIEpAIio yMHOKEHUS OIpe-
JIeJIIeM TaK, YTOObI OHa ObLJIa aCCONUATUBHON M KOMMYTATUBHOII.

Ounpepnenienne 1 [Ipoussederuem wuces X = (x1,x9,T3,24) uY = (Y1,Y2, Y3, Y1) HA306EM YUCAO
Z=X-Y = (21, 29, 23,24), 20e

21 = X1Y1 — T2Y2 — T3Y3 + T4y
29 = XaY1 + T1Y2 — Tal¥3 — T3Y4 (1)
23 = X3Y1 — TaY2 + T1Y3 — T2Y4
24 = TaY1 + T3Y2 + ToYs + T1Ya

Teopema 1 Bsedennas onepayus ymHoHcerus Yoo8aemeopAEM CACOYIOUUM YCAOBUAM.:

1. XY =Y - X (KommymamueHocmv YMHOHCEHUA);
2. (X-Y) - Z=X-(Y Z) (accoyuamusnocmov ymHroscenus);

3 (X+Y)- Z=X-Z+Y -Z (couemamesvrnocmv YmMHONCEHUA OMHOCUMENBHO CAONCEHUS),

ona mobwx X,Y,Z € R

Jloka3zaTeJabCTBO IIPOBOINTCA HEITOCPEJICTBEHHOM ITPOBEPKOIA.

Yuciio (1,0, 0,0) Oyem HA3BIBATD JEHCTBUTEILHBIM YUCIIOM, a 9UCIIO (T1, T2, 0, 0) — KOMILIEKC-
HBIM YHCJIOM.

U3 coornomennii (1) ciemyer, 9T0 IpU yMHOXKEHUH JIEfICTBUTEIHLHOIO YHCIA ¢ HA YeThIPEX-
MEPHOE YHCJIO TPOUCXOIUT TTIOKOOP/IMHATHOE YMHOXKeH!e Ha a, TO ecTb (a,0,0,0) - (1, 9, x3,T4) =
(axy, axy, axs, ary).

Cuiestyrormue deThipe dncia HasbiBarorcs 6asucabivu yucaamu: J; = (1,0,0,0), Jo = (0,1,0,0),
J3 =(0,0,1,0), Jy = (0,0,0,1).

Torna sr060e Yerbipexmeproe uncio X = (1, Te, T3, T4) MOKHO IPEJICTABATH B BUJIE PA3/IOKe-
oy 1o 6asucunIM uncaaM X =y - J1 + 22 - Jo + 23 3+ x4 - Iy

Onpenenenne 2 Cumniexmuveckum modysem wemuipermeprozo wucaa X = (xq1,x2,T3,24) 6
npocmpancmee M5 nazvieaemcs deticmeumesvHoe 4uUcio:

| X| = f/[(xl —24)" + (w2 + 23)°] - [(01 + 20)" + (02 — 23)"]. @)
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Tora MoOyJIb KOMILIEKCHOTO 4mcia & = (1, T2,0,0) paBen

2 2

Onpenenenne 3 Yucao X* = (x], x5, x5, T}) nasosem conpantcenvim wuciom K 4emolpermepro-
my wueay X = (x1, 9, T3,14), ecau:

* 2 2, .2 2
Ty =T (xl + Ty + T3 — .134) + 2$21’3$47
* _ 2 2 2 2
Ty = T (—xl — x5 + 5 — x4) — 2717324,
* _ 2, .2 2 2
Ty = T3 (—xl + a5 — x5 — x4) — 221724,

x _ 2 2 .2 2
vy =z (=] + 25 + 25 + 27) + 2212273,
Coomeememeeno, ConpANCENHbIE YUCAA K BAZUCHBIM YUCAAM UMEIOM 6UJ:
* * * *
2
ConpsizKeHHOe YMCJIO0 K KOMIUIEKCHOMY 4ucity & = (1, Ta,0,0) umeer Buj |z|” (z1, —2,0,0).

Jlemma 1 [Tyemo X € M5, mozda X - X* = | X|'J,.

JlokaszbIBaeTCs: HEIIOCPEICTBEHHON ITPOBEPKOIA.
[Iycrs X = (21, 9, T3, T4) — Y€TBIPEXMEPHOE YUCIIO, MOJYJIbL KOTOPOrO OTJIMYEH OT HyJist. Toraa

*

4
yMHOKas1 0be yacTu pasencrsa X - X* = [ X|"J; Ha uncio — noayunm X - —— = J;. Hucio
X | X]
* * * *
I | « [ T1 Ty T3 Ty
X = 70X = ) 4 4 4 (3)
X " [ " ]
|
HA30BEM OOPATHBIM YUCTIOM K X.
Y 1
Torma omepanuio JieJieHus 9eThIPEXMEPHBIX THCE/T ONPEICNM KakK X = Y- X"1= | X!4X Y,

ecm | X| # 0.

Teopema 2 [Tycmv X = (v1,20,73,74) € R, a X' = (y1,y2,y3,y4) — obpammoe wucao x X .
Toz0a saemermuv, 06PAMHO20 YUCAA GHPAHCAIOMCA CACOYIOUUM 00PA30M:

)
ylzl( T1 — X4 4 T+ 24 )
(x1 — x4)2 + (zg + :163)2 (1 + :U4)2 + (29 — x3)2 ’

1 < T9 + X3 4 To — X3
Yo = —% ;
2 (1‘1 — 1’4)2 + ($2 + 1‘3)2 (ZEl + $4)2 + (CBQ — ZE3)2
1 < To + T3 To — T3
Ys = —35 - )
2\ (21 — $4)2 + (22 + 13)2 (21 + $4)2 + (22 — 353)2
1 ( T1 — X4 i T+ T4
Ya=35\—
2 (Il — 1‘4)2 -+ (ZEQ + I3>2 ((L’l -+ ZL’4)2 + (l’g — (L’3>2
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HoxkazareabctBo B cuity dbopmyiist (3) u onpejesieHus: 3, HAXOAUM JIEMEHTHI 00paTHOTO YHUCIa
-1 _
X7 = (41,92, Y3, Y4).
2 2 2 2
1 . x1 (2] + 25 + x5 — x5) + 2002374

1= X = 2 2 2 27
Y | X| [(z1 — 24)” + (22 4+ 23)7] - [(21 + 24)” + (22 — 23)°]

_ 1 @y (227 + 223 + 225 + 22F) + :U4(—4a;1x4 + dxox3)

C2[(wy — @)+ (22 23)7] - [(@0 + 20)* o+ (22— 23)7]

_1m (($1 - $4)2 + (w2 + $3)2 + (21 + 204) + (w2 — $3)2)

2 [(% - $4)2 (22 + x3) } [ Ty + Ty) 2 (w2 — $3)2]
1904((:131 —20)" + (22 + 23)° — (21 + 24) — (22 — 5E3)2)
2 [(z1 - 24)° + (2 4 23) } Nz + 24) + (23 — x3)2]

1 ( T, — T4 N T+ x4 )
=5 2 2 2 2
2\ (z1 —x4)" + (9 + 23) (1 4+ 24)" + (22 — x3)
OcTasbHble 371eMeHThl HAXOIATCA aHAJOIMIHBIM 0OPa30M.

Omnpenesenne 4 Yemuvipermephoe wucio Ha3veaemcs neevposcoernvm, ecau |X| # 0, u 6vi-
poorcdennoim, ecau | X| = 0.

Omnuriiem BeIpOXK/IeHHBIEe dncia. VI3 ypasuenus |X| = 0 mosydnm, 9To CyINECTBYIOT JBA THUIIA
BBIPOZK/ICHHBIX THCEJ B PACCMATPUBAEMOM IIPOCTPAHCTBE, & MMEHHO, Yncia Buja (¢, Ca, —C2,C1) U
(¢1, €a, €3y —€1) TIPU TPOU3BOJIBHBIX JIEHICTBUTEIBHBIX €1 U Ca.

Hucna Buga (¢q,Co, —Co, ¢1) HA30BEM BBIPOKJIEHHBIME YUCJIAME [IE€PBOIO THUIA, a YUCJIa BUJA
(¢1, o, Coy —C1) — BBIPOXKJIEHHBIME YUCJAME BTOPOTO THUIIA.

OueBHIHO, €IMHCTBEHHBIM BBIPOYKJIEHHBIM YHCJIOM, OTHOCAIIUMCS U K IIEPBOMY, U KO BTOPOMY
tuny siBjsiercst aucsio 0 = (0,0,0,0). O6o3HaUMM MHOXKECTBO BCEX BBIPOXKJIEHHBIX YUCE]T TIEPBOTO
tura gepe3 Oy, & MHOXKECTBO BCEX BBIPOXKJIEHHBIX dmce/l BToporo tuna depes Ojy.

Teopema 3 Bupooicdennvie wucaa obaadarom caedyrouumu c60GUcmeamu:
1. Ecru X, Y €O, moX+Y eO, X—-YeO, X-YeO,.
2. Feau XY € O, mo X +Y €Oy, X =Y €Oy, XY €Oyy.
3. Ecau X € O1,Y € Orr, mo X -Y =0=(0,0,0,0).
4. Ecau X €O, Y ¢ OrUOr, mo X Y € Oy.
5. Ecau X € O, Y ¢ OrUOg, mo X Y € Oyy.

JlokazaTeabCTBO IPOBOJIUTCA HEIIOCPEICTBEHHOI IPOBEPKOIL.
[Tepexoaum K OIIpeIe/IeHIIO CIIEKTPa YeThbIpeXMepHoro uncia. ComocTaBuM KazKI0OMy 9eThIpex-
meproMy uncsty X = (21, Tg, T3, T4) HEKOTOPYIO MaTpully F'(x) ciemyrorero Buia:

1 —T9 —x3 Ty
To T1 —T4 —I3

Foo=| 20 ) ()
3 4 T X2

Ty T3 i) T
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Orobpaxenue F' : X — F(X) gaBisiercss B3anUMHO-OJIHO3HAYHBIM. JleficTBUTE/IbHO, JBYM pas-
HbIM dmucjaM X W Y COOTBETCTBYIOT pas3Hble MATPHIBI U JIJIsI JIIO0O MaTPUIhl YKa3aHHOTO BHIA
MOKHO HafiTH COOTBETCTBYIOIIEE YETHIPEXMEPHOE YUC/IO.

Teopema 4 Omobpasicenue F : X — F(X) daa npoussosvhux wemvipermeprvir wucea X, Y
obaadaem caedyrouwumy ce0TUCMEaAMU:

1L F(X1Y)=FX)+F({),

2. F(cX) = cF(X) 0an mobozo ¢ € R;

3. F(XY)=F(X)F(Y);

4. F(X7) = F7Y(X);

5. det (F (X)) = |X|*;

6. det (F(X)+ F(Y)) =X +Y[*;

7. det (F (aX)) = |aX|*;

8 det (F(X)F(Y)) =|XY|*;

9. det (F71 (X)) = |X"![*, 20e X — neswpooicdennoe wuco.

HoxkazarenabcTtBo Coiicta 1) n 2) odeBumbl. JTokazxkeM cBO#CTBO 3).

Ty —X2 —T3 T4 1 Y2 —Y3s  Ya

F(X) F(Y) _ To T1 —Ty4 —T3 Y2 U —Ys —Y3 - B
T3 —X4 Ty —I2 Ys —Ya Yy Y2 ’
T4 T3 T2 1 Ys Y3 Y2 U1

rje B — pe3ysbTuUpyIOlias MaTpuIia. BeIIucIuM 3JIEMEHThI MAaTPUIlbl :

bi1 = T1y1 — Tay2 — T3Ys + Tays = 215 b1z = T1Y2 + ToY1 — T3Ys — Talz = 22;

biz = —21y3 + Toys — T3y1 + TaYo = —23;  bia = —T1Ys — Tays — T3Ya — Tals = —24;
ba1 = Tay1 + T1Y2 — Tays — T3Ys = 22;  bag = —ToYs + T1Y1 + TaYs — T3Ys = 21;
bas = —ToY3 — T1Ys — Tals — T3Ya = —24; bos = ToYs — T1Y3 + Talo — T3Y1 = —23;

b31 = T3y1 — TaYo + T1Y3 — Toys = 23; 3o = T3Yo + Tuy1 + T1Ys + Tayz = 24;

b3y = —x3ys + TaYs + T1yr — ToYo = 215 bsa = —T3ys — TaYs + Ty + Tay1 = 22;

by1 = Tay1 + T3Y2 + Toys + T1Ys = 245 bao = —Tays + T3Y1 — Toys + T1Y3 = 23;

biz = —Tay3 — T3Ys + Tay + T1Y2 = 225 bay = TaYs — T3Y3 — TaY2 + T1Y1 = 21,

rie z = (21, 22,23, 24) = X - Y.
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Hokaxxem cBoiictio 4. I[To dopmyne (3) X1 = X*, ciieoBaTesbHO,

x|

1
(x_l)l = Wl’l (af + 25 + 23 — 27) + 2x9w324,

(x_1)2 = u%xz (—xf — :c% + x% — IZ) — 2012324,
1

(55_1)3 = W“ (=] + a3 — 2§ — 23) — 2z12024,

(3771)4 = #M (—x% + a3 + a5 + 37421) + 221293,
x

COOTBETCTBEHHO MaTpHUIla

1 _(xil)Q _(xil)g ($71)4
(

)
1y )
A B e e e A
(™), (27 )3 (™), (@7'),
a MaTpura
1 —X2 —XI3 Ty
F(X): ) T —Xy —XT3
T3 —XT4y Tr1 —XT9
Ty I3 T2 X7

VMHOXKas 9TH MaTPUILI APYT Ha Apyra nojgyuum, uro F (XY - F(X) = E, tne E — eauununas
MaTpuIla, 9TO J0Ka3biBaeT Tpedyemoe.
Hokaxkem cBoiicTBo 5. [lo onpejienienuio jierepMmunanTa

Ty —X4 —T3 Ty —T4 —X3
detF (X)=m| —x4 21 —xg |+@xo| 23 o1 —To |—
T3 T2 I Ty X2 T
Ty X1 —T3 Ty T1 —Xy4
— X3 | X3 —Xy4 —Tg | —Xgq4| Tz —AT4 T
Ty T3 x Ty T3 Ta

Borumcisis onpejiesiuTesin B OCIEIHEM PpaBEHCTBE yOexKIaeMcsi, ITO

Ty —I4 —T3 Tz —Ty —IT3

* *
—XT4 T —To | = Ty, xT3 T —T2 | = —T9,
T3 T2 1 Ty T2 1
To —Tg4 —IT3 i) I —T4

* *
T3 T —X2 | = —Tg, T3 —X4 T = Ty.
Ty T2 T Ty T3 T

Torma detF (X) = x10} — 29w — 232} + a47f = (- 2%), = | X|*.
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Hoxkaxxem cBoiicTBo 6. Vcrosnb3yst coiicra 1) u 5) umeem
det (F(X) £ F(Y)) =det(F(X+Y)) =|X Y[

HokazaTebcTBa CBOMCTB 7, 8, 9 BBINOJIHACTCH AHAJOTUIHO.

Takum 06pa3oM, MeXK/Iy HPOCTPAHCTBOM YeTHIPEXMEPHBIX YHCeT U MPOCTpaHcTBoM (4 X 4)-
maTpurl Buja (4) cymecTByer GHeKIust, KOTopasi CoXpaHsieT apudMeTHIecKie Olepalni, TO eCTh
CYIIECTBYIOIIAast OUEKITNS SABJISIETCSI TOMOMOP(MU3IMOM.

Onpenenenue 5 Cnexmpom wemuvipermepHozo 4ucss X Ha3v6aeMmes COBOKYNHOCNG TAPAKMEPU-
cmuseckux wucen coomeememsyrousets mampuuve F(X).

CocTtaBuM XapaKTEPUCTUIECKOE YPABHEHUE JJIs OIPEJIEJIEHNs CIIEKTPa Y€ThIPEXMEPHOIO YUCTIa
X - (xlu X2, T3, .’174):

ry — M —XT9 —T3 Ty
T2 Ty — M4  —24 —Z3 —0
Z3 —Ty X1 — M —T2 ‘
Ty T3 Z3 Ty —

Brerancimm OIIPpEJAE/INTEJIb XaPaKTEPUCTUIECKOI'O YPaBHEHUA:

pt— Az’ 4 2 (327 — 23 — 23 — 2f) B+
+ (—42% + Az 35 + Az + Az 2] + 8wowszy) p+ 2 + ) + x5 + 14—
— 22275 — 22203 — 22%x; — 203x: — 2x3x; — 223x; — 87ywowswy = 0. (5)

[Tepenurtiem ypaBHeHue CJIeIyIONIMM 00Pa30M:

pt — Ay p® 2 (33:% — 3 — 25 — xi) p? + (—41’“;’ + dxy 25 + Az + day g + 895237351;4) At
+ [(1’1 — .7}4)2 + (ZL’Q + 1’3)2] [(l’l + ZE4)2 + (.TQ — Ig)Q} = 0.
Pemmast ypasaenue (5) HAXOJAUM YeThIpe XapaKTePUCTUIECKUX YUCJIA YETHIPEXMEPHOTO YUC/Ia, X
H1 = X1 — X4+ ($2+$3)i,
p2 = 1 — 24 — (T2 + 23) 4, (6)
M3 Ty + T4+ (1’2 — Ig) ’i,
pg =1+ x4 — (22 — x3) 0

Takum 06pa3oM, CHEKTDP deTbIpexMepHoro uuciaa X = (T, Ta, T3, T4) COCTOUT U3 YETBIPEX II0-
IAPHO KOMILJICKCHO-CONPsIPKeHHbIX dncest Buga (6). Obosnaunm crnextp umcna r depe3 A(X) u
pacemorpum otobpazkerue S @ X — A(X).

Teopema 5 Omobpasicenue S AaaemMca 63aUMHO-00HO3ZHAYHBIM U OMOOPANHCEHUEM HA, MO €CMD
buexyued.

HoxkazareabcTBo [lycts X # Y, nokaxkem, aro Torga A(X) # A(Y). Homycrum nporusHOe,
TOr/Ia 9TO O3Ha4aet, 9ro p; (r) = p; (y), i = 1,2,3,4, cienoBaresbHo,

Ty — Ta+ (T2 +23) 1 = Y1 — Ya + (Y2 + y3) 1,
Ty — 2y — (T2 +23) 0 =y1 —Ys — (Y2 +y3) 1,
T+ T4+ (22 —23) 0 = y1 +ys + (Y2 — ¥3) 0,
1+ 24— (T2 —23) i =y +ya — (Y2 — Y3) @
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HepeHeCﬂ IIpaBbl€ YaCTH B JIEBYIO 9aCTb U IIPUBEIA IIO,ZLO6HI)IG 9JICHDbI IIOJIYyY9YMM

(2 —y1) — (24— ya) + (22 — y2) + (¥3 —y3)) i = 0,
(zy — 1) — (24 — ya) — ((22 y2) (3 —y3))i=0,
(zy — 1) + (24 — ya) + ((22 y2) (x4 —y3))i=0,
(), —y1) + (24 —ya) — (22 — y2) — (23— y3)) i = 0.

Orcrota oty Imm
r1 =y =0, 2—y2=0, 23 —y3 =0, 24 —ys =0

win X — Y = 0. Mbr nosryuniun nporuBopetune ¢ ycjioueM X # Y.
O6paTtHo, MoKazKkeM, 9To JI0OOMY CIIEKTDPY, COCTOAIIEMY 3 drnces Buaa (6) MOKeT COOTBETCTBO-
BaTb OJIHO W TOJBKO OJIHO YeTBhIPEXMEPHOe YUCI0. leficTBUTETbHO, MIyCTh

p=a+bi, p=a—b, pz=c+di, ps=c—di
eCThb CIIEKTD HEKOTOPOro YeThipexMepHoro uucia. Tormga usz dopmyi (6) ciemyer, aro

a+c c—a b+d d—c
Ty = ——, T3 = Ty = .
9 y L2 9 )y 43 9 y L4 9

T =

CanencrBue 1 FduncmeeHHvbM YUCAOM, UMENUUM HYAB80T cnekmp Asasemcs wucao 0 =

(0,0,0,0).

SameuaHue 1 Cne%mpamu bazucnux wucen aeamomea A (J1) = (1,1,1,1), A (Jo) = (i, —i, i, —i),

A (Js) = (5, —i, ~i,1), A (1) = (~1, ~1,1,1),
Teopema 6 /s ar0b020 wemvpermeprozo wucaa X = (1, Te, T3, Ty4) CNPABEOAUBO DABEHCTNEO
‘X’4:M1’M2‘M3'ﬂ4-
Hoxka3zareabcTBo. U3 coorHommenuit (6) ciemyer, 4ro
g pe = (21— 2a)* + (w2 +23)°, g s = (w1 + 20)° + (22 — 23)°
CIle/I0BATENbHO, U3 paBeHcTBa (2) CIeLyer iy - fig - fis - pg = | X|*.
CaencrBue 2 |Ji| =1, || =1, |J5] =1, |J4] = 1.

Teopema 7 Cnpasedausvl caedyrowue cooOmHoweHUs:

=
S
H_
=

( = wi(X) £ p1;(Y) dna mobwz X € R, Y € RY, i =1,2,3,4;

2. 1w (X -Y) = p; (X) - 15 (Y) dna mobox X € R, Y € R, i =1,2,3,4;

3o pwi(b-X)=0b-p;(X), 0ns mobwzr X € R*, be R',i=1,2,3,4;

4o i (X7 = (a( X)) ™" 0 06020 mesviposcdennozo X € R*, i =1,2,3,4,
5. 1 (X™) = p(X), das mobwxr X € R, i=1,2,3,4,n € N;

2de 11;(X) — i-vili KoMNoOHeHm CNeKmpa YemulpermepHo2o wucaa X .
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HoxkazarenabcTBo. ClipaBejinBoCTh COOTHOIIEHUs 1) OYeBUIHA.
Hokaxkem coornommenue 2). Cornacuo (1) u (6)

p1 (X -Y) = (21y1 — Toy2 — T3ys + Tals — T1Ys — T4l — T2Ys — T3Y2) +

(T1Y2 + T1Y3 + Tay1 — Tays + TaY1 — TaYa — TaYo — TaYs) - 1,

po (X -Y) = (2191 — ToYs — T3Y3 + TaYs — T1Ys — TaYy — T2Yz — T3Y2) +
(—21Y2 — T1Y3 — Tay1 + Toya — T3Y1 + TaYa + TaY2 + TayYs) - 1,

p3 (X - Y) = (2191 — Tays — T3y3 + TaYa + T1Ya + Tays + T2Y3 + T3ya) +
(T1Y2 — T1Y3 + Tayr + ToYs — T3yr — T3Ya + TaYa — Tay3) - b,

pa (X - Y) = (2191 — Toyo — T3Y3 + Tays + T1ys + Tay1 + Toy3 + T3y0) +
(—1y2 + T1Y3 — ToY1 — Toya + T3Y1 + T3Ys — TaYo + Tays) - 0.

Anajiornyno,
pa (X) = (21 — 24) + (22 + 23) - 4, i (Y) = (y1 —ya) + (2 +y3) - 4,
p2 (X) = (21 — x4) — (22 + 23) - 4, p2 (Y) = (y y4) (y2 + y3) i,
p3 (X) = (21 + x4) + (22 — 23) - 4, w3 (Y) = (y1 +va) + ( y3) - i,
pa (X) = (@1 + 24) — (22 — 33) - 4, pa (YY) = (1 +ya)— (2 — y3) - i
Torma

1 (X) ! (Y) = (Ilyl — T2l — T3Y3 + Ta¥s — T1Ys — TalY1 — ToY3 — 5133?/2) +
+ (T1Y2 + T1Y3 + Toys — TaYs + T3Y1 — T3Ys — TaYo — Tay3) - L = pa(x - y),

2 (X> ) (Y) = (xlyl — XY — T3Y3 + Tals — T1Ys — TaY1 — TaYs — $3y2) +
+ (=212 — T1Y3 — ToY1 + ToYs — T3Y1 + T3Ys + Tayo + Tay3) - i = pa(T - y),

ps (X) - pus (Y) = (z1y1 — ZaYo — T3ys + Tays + T1Ya + Tal1 + T2y + T3yo) +
+ (T1Y2 — T1Y3 + Toy1 + TaYs — T3y — T3Ya + TaY2 — Tays) -1 = ps(x - y),

pa (X) - pa (V) = (191 — TaYo — T3Y3 + Talya + T1ys + Taly + Toys + T3y2) +
+ (—21Y2 + T1Y3 — Lol — TaYs + T3y1 + TaYa — TaYo + TaYy3) -1 = pa(z - y).

Cootrorrienue 3) cjeiyeT U3 COOTHOIICHHS 2).
Hokaxkem coortHomenue 4). U3 coornomenns 2) creayer, uro u; (X - X)) = p(X) -
wi(X~1). C apyroit croponnt X - X! = J;. U3 coornomenuii (6) ciaemyer, uto ju; (J;) = 1 mis Beex

i =1,2,3,4. Crenosaresnbno, p; (X 1) = .
1 (X)

CoorHollienne 5) TakzKe CJIejlyeT U3 COOTHOIIEHUs 2).

Onpeie/iuB CIEKTD YETHIPEXMEPHOIO YHUC/Ia HAXOAUM €ro CIEKTPAaIbHYI0 HOPMY.
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2.2 OmnpejiesieHne HOPMbI B YeThIpeXMepPHOM mpocTpaHcTBe M5

Omnpenesienne 6 Yemuvipermeproe npocmpaHcmeo Ha3vi8aemca HOPMUPOSAHHYIM, ECAU 6 HEM 3a-
dana HeKomopas Hopma, Komopas yooeaemsopsem caedyouum yeaosusm [1.3]:

1) X =0, | X|| =0 mozda u moavko moeda, xozda X = 0,

2) IAXF = (AL - 1XT],

SNX+ Y < X[+ Y]]

1
Jlemma 2 || X, = 5 <\/(x1 —24)" + (@2 + 23)° + \/(Il + 24)° + (2 — x3)2) ABAACTNCA HOPMOT

yemuipermeprozo npocmparcmaa Mb.

HokazareabcTBo. B KadecTBe jj0Ka3aTe/IbCTBA IIPOBEPsIEM BBITIOJTHEHUE YCJIOBHIl OIpejieie-
nug 6. [lepBbie J1Ba yc/IOBUS OYEBUJIHBI, JJOKAXKEM HEPABEHCTBO TPEYTOJIbLHUKA.
s yiobcTBa paccMOTPUM JiBa pa3/Ie/IbHBIX HEpaBEHCTBA:

(A1 By — A231)2 >0, (C1Dy — 02D1)2 >0,

e Ay, As, Bi, By, Cy, Cy, Dy, Dy — nIpou3BoJIbHBIE BelleCTBEHHbIE Uncia. PackpbiBaeM CKOOKM
U T0cIe aaredpanvdeckux mpeodpPa3oBaHmil MOy daeM

2A1A3B1By < A12By% + A° B2, 2C,Cy D1 Dy < C12Dy% + Cy? D42

2 2
Hobasum K obeuM gactsiM 1epBoro HepasencTBa (AjAs)” + (ByBy)”, U BTOPOro HEpaBeHCTBA
2 2
(C1C%)" + (D1 D5)”, m u3BJIeKast KOPEHb HAIHIIIEM

A1As + BBy < \/(A12 + B:?) (A2 + By?),

10y + DiDy < /(G + Di?) (C? + D).

VYMHOXKUB Ha 2 1 J100aBJjIsist K 00enM YacTsIM II€PBOIr0 HEPaBEHCTBa, A2+ A2+ B2+ B2 BTOPOTO
HEPABEHCTBA C’12 +Co® + D + D22, COOTBETCTBECHHO U IIOBTOPHO M3BJIEKas KOPEHDL IIOJIyYNM

\/(Al + A2)2 + (B + 32)2 < \/1412 + By? + \/1422 + By,

\/(01 + 02)2 + (D1 + D2)2 < \/Cl2 + Dy? + \/CQ2 + Dy?,

OTKY/Ia CJIeTyeT

1 1
5\/(141 + A2)2 + (B + B2)2 + 5\/(01 + 02)2 + (D, + D2)2 <

1 1 1 1
5\/Al2 1+ B2+ 5\/012 1+ D2+ 5 A2+ By? + E\/CQ2 1 D>

BBenewm citemytornue 3aMeHbl TepeMEeHHBIX:

Ay =21 — 24, Ao = Y1 — Ya,, B1 =290+ 3, Ba=ys + y3
Cr=x1+24,Co =y1 +ys, D1 = 19 — 23, Dy = 45 — 3

HO,ZLCT&B.HHH X B BbIpazKC€HUA I1OJIYIUM
X+ Yo <l Xlle + 1Yo

JlemMa mokazaHa.
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Onpenenenne 7 Cnexmpanvrioti nopmoti sremenma X € R* npocmpancmea M5 nasvisaemcsa
HEOMPUUAMEALHOE YUCAO:

Xl = (% (01— 22)? + (02 + 25) 4\ (1 + 20)* + (23 — >) - iz 1] (7)

Omncanue CreKTPaILHON HOPMBI U ee CBOMCTB GoJiee mopobHO puBejien B pabore [16].

Jdemma 3 || X || = Vo2 + 292 + 232 + 142 A6aAEMCA HOPMOT HEMBPETMEPHOZO NPOCMPANCNEA
M.

JokazareabcTBO. B KagecTBe go0Ka3aTe/IbCTBA IIPOBEPUM BBIITOJIHEHNE YCJIOBUI OIIpe/Ie/IeHNs
6. PaccmoTpum ciiemyroriee nepaBeHCcTBO

(1y2 — x2y1)2 + (z1y3 — I3yl)2 + (T1ys — x4y1)2 + (zoys — x3y2)2 + (woys — x4y2)2—|—
(1'3344 - 11743/3>2 > 0.

PackpbiBast CKOOKU IeperuIieM CJieIyonmmM odpa3oM

201172y + 221Y103Y3 + 2X1Y104Y4 + 2T9Yo3Y3 + 2ToYoTays + 203Y3T4Ys <
< (951?J2)2 + ($1y3)2 + ($1y4)2 + (952?/1)2 + ($2y3)2 + ($2y4)2+
+ ($3y1)2 + (1333/2)2 + (x3y4)2 + (x4?/1)2 + (90492)2 + (I4y3)2-

Hobasisist (2111)°, (2212)°, (23y3)°, (23y3)°, (24y4)” K OBEHM HACTSIM HEPABEHCTBA Oy YAEM
(191 + T2y2 + 3Y3 + 513'4114)2 < (3712 + 35 + x3” + 5642) (?/12 + 2 + s’ + 2/42)

B3sB KOpeHb U YMHOXKUB Ha 2 MOJIydaeM

20111 + 2Toys 4 23ys + 224y < 20/ 212 + 292 + w32 + 142 - V2 + o2 + ys? + ya?
W
2 2 2 2
(1 +vy1)" + (z2+y2)" + (3 +y3)” + (za+ya)” <

<a? 4w’ s’ a2V m? + w?  as? +ag® Ve s
+un® g’ oy’ +ya

9TO 9KBHUBAJICHTHO
X +Yg < 1 XIg+ 1Y lg
Jlemma nmokaszana.

Onpenenenne 8 Eskaudosoti nopmoti ssemenma X € R* npocmpancmea M5 nasvieaemes neom-
PUUATNENDHOE YUCAO:

1 X5 = \/1'12+$22+£E32+5U42 =
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Teopema 8 Meowcdy cnexmpanvrot (7) u esxaudosois (8) mopmamu cnpasediusvl caedyrouue
HEPaABEHCMEa

1
EHX”E < [ Xlle < 1X1lg-

JokazareabcTBo. PaccmorpuMm cienyronme nepasercTsa 0 < VA2 — B2 < A |, e 0 <
|B| < A. Jlobasmsig ko BceMm dactsiM HepaBeHCTB A moayanm A < A + A% — B2 < 2A, wm
2A< A+ B+2VA%2— B2+ A— B <4A. I nocjie HeCJIOKHBIX [IPEOOPA3OBAHUIN IOy UM

1 1
E\/Z§§(w4+B+\/A—B)S\/Z 9)

O6osmasum A = S0 2,2, B = 2 (1124 — 2913), tie X = (11, T2, 73, 74) € RY, 1 (9) mepermmmen
CJIEJTYIONUM 00pa30M

4 4 4
1
ZZEZ‘Q S 5 ZZEZ‘Q -+ 2 (l’ll'4 — ZEQI?,) -+ ZZI l‘l‘Q -2 ($1I4 — Ig[L’g) S

=1

9TO paBHOCUJIBHO

1
EIIXIIE < [ Xlle < 11X1lg

Teopema mokazana.

JloxazanHas TeopeMa yTBepKIaeT, 4To HOopMbl || X || u || X ||, sxBuBasenTHbl. Taxum o6paszom,
YeTBLIPEXMEPHOE MTPOCTPAHCTBO R gBjIgeTcst HOPMUPOBAHHBIM TIPOCTPAHCTEOM.

O6osznaunm depes Ny MOJIMHOKECTBO Y€THIPEXMEPHBIX HHCEI, YAOBIETBOPSIONINX YCIOBHIO

T1Xg = T2X3

Teopema 9 (ceoticmea Hopm) Mrosicecmeo anemernmos Ny 3a.MKEHYMO 0OMHOCUMEADHO YMHO-
HCEHUA U CNPABEOAUBHL CACOYIOULUE PABEHCMNEA:

1. das otz XY € Ny | X5 = [ Xllgw 1X - Vil = 1Xlle [V o 1X - Vil = [1X]1p- [V ]

2. 0an mobvir XY € Or | X|p = V2 X[, IX - Ye =2 Xl Ve, 1X- Yl =v2:
X1 - 1Y [l 5

3. dan wobwr X,Y € Onr |Xllg = VAIX]er IX - Yg = 2- [ X]le- [Vl 1X -Vl =
VX - Y]

HokazareabcTtBo. Ilycts X, Y € Ngu Z = X - Y. Torma us oupejesnerusi 1 yMHOXKEHUS
TIOJIy YAM

2124 — 2223 = (1124 — T223) (yf +ys + 5+ yi) + (Y194 — Y2y3) (mf + x5+ 73 + xi) =0,

TO ecTb Z € Ny. 3aMKHYTOCTh Ny OTHOCUTEJILHO YMHOYKEHUS JI0Ka3aHa.
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Hoxazkem nepsoe yrsepzienne. Pasencrso || X, = || X||, npu X € Ny crexnyer u3 coorHo-
ITIeHNUST

1
110 = 5 (VI = 26010~ zama) + I + 2wz — 20z ).

amee

1Xle =

_1 (\/[(:m —x4) (y1 — ya) — (22 + 23) (Y2 + ys)]* + [(22 + 23) (1 — ) + (w1 — 24) (2 + y3)]*+

2

1+ 22) (5 + 92) — (@2 — 23) (92 — 96)]° + (22 — 8) (90 + 92) + (@ + 22) (32 — y3>]2) |

PackpbiBast cKOOKM 1 NIpUBEJIst TI0/IOOHBIE UJIEHBI TTOJTY IUM

1

IXe = 5 (\/[(xl —24)" + (w2 4 23)"] [(11 — wa)” + (12 +y3)"] +

\/[($1 +24)? + (22— $3)2] (1 + y1)’ + (y2 — y3)2}> = XN glY |z = I1X Yo

Tak Kak X,Y € Ny. Tperbe paBeHCTBO cjiejlyeT U3 MEPBBIX JIBYX.
okazkem Bropoe yrBepxaenne. [lycre X = (xq, 29, —22,21) € O;. Torma

IXlle = /23 +a3, [1X]lp = V2y/a} +a3.

Ecm Y = (y1,92, —¥2,y1) € Oy, TO
X . Y = (21’1y1 — 2[L‘2y2, 21’2y1 + 2l‘1y2, —QI'le — 2$1y2, 21’1y1 — 2[L‘2y2) .

CrenoBaTesbHO,

1
[ XYl = 5\/16(%% — 2ay)” + 16(zay1 + 1132)° = 2| XY |l

Tpernbe paBeHCTBO ciejlyeT U3 MEePBLIX JABYX. TeopeMa JoKa3aHa.

Takum o6pa3oM, Ha BBIPOXKIEHHBIX YHCJIAX CIIEKTPaJbHAs HOPMa JOCTUTAeT CBOErO OTHOCH-
TeJTbHOI'0O MUHAMYMa, Ha MHOXKecTBe Ny OHa JOCTUTAET CBOETO OTHOCUTEIHLHOTO MAKCUMYMa U COB-
najiaeT ¢ eBKJIUJIOBOM HOPMOA.

2.3 YwucyoBas 1OCJIeI0BATEIHBHOCTD U €€ IIpeaest

OHpe,Z(EJ'IeHI/Ie 9 Hycmb %(l()fC@OM’y HAMYPAABHOMY HYUCAY TV TLOCTNABAEHO 6 COOTMEBEMCTNEUE HEKO-

(agn) (n) _(n) (n)

mopoe wemwipexmeproe wucao A Gy Qs 0y ) Cosoxynmocmo asemenmos AM,

n = 1,2,..., HA3VIBAEMCA NOCACOOBAMEALHOCTNDIO YEMBPETMEPHBLT HUCEA, UAU NPOCTO NOCAE-
dosamenvrocmuio. Kascowiti anemenm A™ nasveaemes anemenmon smoti nocaedosamenbrocmu,
a4 YUCAO N — €20 HOMEPOM.

IncsI0ByI0 OC/IE10BATENBHOCTD ¢ duementamu A obosmaum {AM} (7).
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Onpenenenue 10 [locaedosamenvHocms 4emuiperMepHviT 4ucen {A(")} ABAAECMCA CLOOAWET-
CA, ECAU CYWECMBYEm MmaKoe vyemuipexrmeproe wucao A, wmo das mobozo € > 0 natidemes maxot
HOMED N, YMO ONA BCET N = N BHINOAHACNCA HEPABEHCMEO HA(”) — AH A < € IIpu omom wemoi-

PEXMEPHOE HUCAO A naszvieaemcs npe@eﬂom nocaedosamesbHoCmu UETNBIPETMEPHDILT HUCEN {A(n)}

YeTbIpexMepHBIE TIOCIEI0BATEILHOCTH, HE ABJIAIONINECS CXOASIUMUCS, HA3bIBAIOTCS PaCXO/IsI-
IITIMICS.

Teopema 10 Ilocaedosamervrocms YembPELTMEPHHIT HUCEN {A(”)} cxodumes moada u MoAbKO
mozda, x02da KaHCOGA KOMNOHEHMA CTOOUMCA KK 0OHOMEPHAA NOCAECIOBAMENOHOCTID.

JlokazaTebCTBO.

1. ITycThb mocieoBaTeIbHOCTD Y€ThIPEXMEPHBIX THCET {A(”)} CXOUTCS K 9ucy A, To 1o omnpe-
genernio 10 mosrydaem HA(”) — AH o < € Jud Beex n > n. PackpbiBast A™ g A Ha KOMIIOHEHTHI,
LIOJIY UM

]' n n 2 n n 2
—\/(ag)—@i)—al—l—cu) +<a§)+a§)—a2—a3> +

1 n n 2 n n 2
+§\/(a§)+ai)—a1—a4) +<ag)—ag)—a2+a3> < e (10)

Uz (10) caemyer

2 2
\/<a§n) — afln) —a; + a4> + (aé") + aé") —ay — a3> < 2,

2 2
\/<a§") + afln) —a; — a4> + (aé”) — aé") —as + a3> < e.

BrimosmnnMm Heca02KHBIE aJII‘e6paI/I‘{€CKI/Ie olepanumn

<a§") — afln) —a; + a4> < 462,
(aé”) + aé”) —ay — a3>2 < 4é?,
(aﬁ”) +al" —ay — a4>2 < 4é%,
(agn) —a{” —ay + a3)2 < 4é?,
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ITocie CYMMUDPOBaHUA U BbIYUTaHUA ITIOJTYIUM

)agn) — a1‘ < 46, ‘agn) — CLQ‘ < 457 ‘a:(’)n) - CLS‘ < 457 ‘az(ln) - a4’ < 4e.

2. IlycTb Temnepb 10C/IEI0OBATEILHOCTD YE€ThIPEXMEPHDBIX HHCET {A(“)} cxojuress K aucnny A
MMOKOMIIOHEHTHO KaK OJTHOMEPHBIE MOCIEeT0BATEILHOCTH, T.€.

<€ lay’ —ag| <e, ‘aé")—a3‘<e, ‘ai”)—a4‘<e.

‘agn) o ‘ Q

[IpoBoms mpespliyIue ajiredpandecKe ONEPAIMd B JPYTYI0 CTOPOHY, HECJIOXKHO IOJIYIUTh
OIICHKY

]' n n 2 n n 2
—\/(ag)—ai)—al—l—m) —|—<a§)+a§)—a2—a3) +

+§\/<ag)+ag)—a1—a4> +<ag)—aé)—a2+a3> < 2e.

1581011 HA(”) — AHC < 2e. Teopema joKa3ana.
Takum obpazoM, ecjii PacxXoJUTCs XOTs Obl Oj[HA KOMIIOHEHTa II0CJIeI0BATEIbHOCTH YeThIPEX-
MEPHBIX YUCEJI, TO TOCJIE/I0BATEILHOCTD SABJISICTCI PACXOIAIICHCS.

n 1 5n+5 1
ar’ n’ n ' nd
Kax crodamca ece xomnonenmol lim, oo A™ = A =(0, 0, 5, 0).

Ipumep 1 Hyemvs A = , 9Ma NOCACIOBAMEALHOCTND CTOOUMCA, MAK

, 1 5n+5 n’
Ipumep 2 Hycmo A™ = (sin n; — ———: — |, 2ma nocaedosamesvnocms pacrodauaAca,
n n4 en

MaK Kak NePeviil INeMEHM NOCACIOSAMEALHOCTIU ABAAECMCA PACTOOAULUMCA.

3 3akJroueHnue

B nmammnoit craTbe npuBejieHo onucanue npoctpancTBa M) deTbIpeXMepHbIX Yrces, B KOTOPOM BBe-
JIeHBbI Ollepalliy CJIOYKEHUS], BBIYUTAHUS U YMHOXKEHHUS, & TaKKe OIIpeJIesIeHbl UX CBOHCTBA KOMMY-
TATUBHOCTH, ACCOIMATUBHOCTA YMHOXKECHUA U COUYETATEAbHOCTA YMHOXKEHUA OTHOCATEJILHO CJIOZKE-
Hus. OupejiesieHbl HOPMbI U METPUKa B pPaccMaTPUBAEMOM IIPOCTPAHCTBE M JOKAa3aHbI CBOMCTBA
HODM.

UccnenoBanbl 1Mocsie0BATETLHOCTH Y€ThIPEXMEPHBIX YUCET, OIPeJIeJIeHbl UX CBONCTBA, & TaK-
JKe JIOKa3aHbl KPUTEPUU CXOJMMOCTH. Pe3ybraThl MpojelaHHONl PabOThl TOKA3BIBAIOT, YTO IMPO-
CTPAHCTBO YETHIPEXMEPHBIX duces MbS dABJIsieTcss eCTeCTBEHHBIM PACIIUPEHUEM COOTBETCTBYIOIIMX
[IPOCTPAHCTB BENIECTBEHHBIX U KOMILJIEKCHBIX YHUCEJI.
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USING THE BOUNDARY ELEMENTS APPROACH TO SOLVE
THE PROBLEMS OF LIQUID FILTRATION VIA THE DAM

The work deals with the method and programs to calculate the liquid filtration via the dam, with
allowing for the events of their possible damage. On the base of the boundary elements approach the
method to calculate the flow of a liquid via the dam in the presence of a watertight fitting member was
conducted. Using the numeric test, the free boundary position at the liquid filtration via the dam with
the defected upper and lower basins was received and provisional analysis with the outcomes, received
in the event of the defect of the upper dam basin only, was conducted. The primary free surface position
has been determined arbitrarily. The boundary elements disposition drawing for the soil unit at the
stream with the free area via the barrage with the defected upper (at the top) and lower barrage basins
has been developed with allowing for reaching the optimal computing time. The boundary elements
disposition drawing for the soil unit at the stream with the free area via the barrage with the defected
upper (in the middle) and lower dam basins has been developed for the same considerations. The
application was created in Delphi 7 visual programming environment. The main calculated outcomes
were compared for the potential at the stream with the free area via the barrage with the defected only
upper basin made earlier and for the barrage with the defected upper and lower basins. The outcomes
show that in the event with the upper dam basin defect there is more wetting of the soil than in the
event with the defect of both dam basins. It can be explained by the fact that the liquid stream at the
defect lower dam basin will be faster and wetting of the soil will be less. The results of submitted paper
can be useful in engineering practice for designing the soil dams.

Key words: liquid filtration, dam, barrage, defected basin, wetting, boundary elements approach.
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Berer apKbLIbl CYNBIKTBIKTAP/bI Cy3y €CeIlTepiH Ielry YIIiH
IIeKaPAaJIbIK, JIEMEHTTEP 9IiCiH KOJIJJaHy

ZKympIcTa BIKTHMAJI 3aKbIMJIAHY 2KarjafijlapblH €CKepe OTBIPBIN, jgamMba apKbLIbl CY/IbIH CY3iiIyiH
ecernrrey oJici MeH OafgapJiaMachl KapacTeipbliraH. [llekapaJsiblk 3JieMeHTTeD 9JIiCiHe CYyiieHe OTBIPHIIL,
cy ©TKI30eiTiH IIeKapaJsIbIK, 3JIeMeHT OOJIFaH Ke3jie 0ereT apKblabl CYMBIKTBIKTHIH CY3UIyiH ecenrey o/Iici
yeuIabLTaabl. CaHIbIK 9KCIEPUMEHT apKbLIbI YKOFAPFBI YKOHE TOMEHT1 ObedTepiH 3aKbIMIaTybIMEH
ngaMba apKBLIbI CYHBIKTBIKTBI Cy3y Ke3iHmae 00C IeKapaHblH Kargaiibl aJIbIHIbl YKOHE JTaMOAHbBIH, TEK
2KOFaprbl Obedi 3aKbIMIAHFAH YKAFIANIa aJbIHFAH HOTUXKEJIEPMEH CAJIBICTBIPMAJIbI TAIIay »KYPri3iiii.
Boc Gerrin Gacrankbl OpHBI epikTi Typie aHbIKTaJabl. OHTAMIBI ecerrey yaKbITBIHA KOJI KETKI3yiIl
eCKepe OTBIPHII, KOFapFbl YKoHe TeMeHT1 ObedTepii 3aKbIMail OTHIPHIN, JaMba apKbLIbI €pKiH OeTi
6ap CYMBIKTBIKTHI CYy3yre apHaJraH IeKapaJblK 3JeMEeHTTEPIIH OpHaacy rpadurrTepi caabHgbl. o
ochIHAM cebernTep OOMDBIHITA OOTETTIH OPTACKIHIA YKOHE TOMEHTI Obedinae 3aKbIM OacTaJ raH XKargaiga
Gerer apKbLIbl €pKiH 0eTi 6ap CYWBIKTBHIKTHI CY3y VIINH MIeKAPAJIBbIK JIEMEHTTEP/IiH OpHAIacy KecTeci
xKacayel. Delphi 7 Busyasasl Oarmapiamaay OpTachlHIa OarmapiiaMasblK, KacaKTaMa 2KacaJiIbl.
AJIbIHFAH HOTHXKEJIEPIEH JaMOaHbIH TeK YKOFaprbl ObediHiH GereTi 3akbIMIAHFAH KarIaiIa, JaMOaHbIH,
eki ObediHiH 3aKbIMIAHYbIHA KapaFaHa, TONBIPAKTHIH KOOIpeK cysaHybl Oaiikamaanbl. By qaMOaHbIH
CBIHYBI MEeH TOMeHri Obedi OosiraH Ke3le Cy arblHbl Te3ipeK KYpPell KOHe TOIBIPAKTHIH, CYJIaHybl a3
00JTaIbI. YCHIHBIIFAH KYMBICTBIH HOTHKeJIePi Kep 6ereTTepin Kobastay Ke3iHae nHKEeHepJK ToxKipubee
maiiaabl 00Iybl MYMKIH.

Tvyiiia ce3aep: CYUBIKTBIKTHI Cy3y, daMba, Oerer, Kopiay, 3aKbIMIajFal 6acceiiH, cy/ay, IeKapaJbIkK,
3JIEMEHTTED DJIICi.
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ITpumeHeHne MeTOA IPAHUYHBIX JIEMEHTOB
JJIsl pelieHus 3a/1a49 puiabTpanuu XXKuJaKocreii yepes mamoy

B pabore paccMOTpeHBI METOAWKA W MPOrpaMMa pactdeTa (PUILTPAINN BOJALI Uepe3 JaMOy ¢ yIeToM
CJIydaeB BO3MOYKHOI'O TOBpeXKieHns. Ha ocHOBe MeTO/la TPAHUIHBIX JIEMEHTOB MPEJJIOXKEH METOJ, JIJIst
pacdera (UIBTPAIMN KUJKOCTH 4Yepe3 JaMOy IpU HAJUYUU BOJOHEIPOHUIAEMOI0 I'PDAHUYIHOIO 3Jie-
MeHTa. [lyTeM YncIeHHOro SKCIepUMEHTa, IOy YeHO TOJIOXKEHNE CBOOOTHON I'PAHUIIBI TIPU (DUIBTPAIIUT
JKUJKOCTH 4depe3 aMOy ¢ MOBPEXKJIECHUEM BEPXHEr0 W HUXKHEro ObeOB W TPOBEIEH CPABHUTEIbLHBIH
aHaJin3 C pe3yJbTaTaMi, MOJYYEeHHBIMA B CJIydae MOBPEXKJEHUsI TOJHKO BepxHero Obeda 1aMObI.
[TepBuunoe moI0KEHIE CBOOOTHOM MOBEPXHOCTH OBIIO OIpEIe/IeHO TPou3BOIbHO. IlocTpoenn! rpaduku
PACIIOJIOXKEHNS "PAHUYHBIX JIEMEHTOB JJIsl (DUJIBTPAIIUN XKITKOCTU CO CBODOIHON ITOBEPXHOCTHIO Uepe3
JaMOy C IMOBPEXKIEHNEM BEPXHEr0 U HUXKHEro ObepOB C yUETOM JIOCTUYKEHHS OIITUMAJIBHOIO PACYETHOIO
Bpemernu. [lo Tem ke coobparkeHusiM OBLT MOCTPOEH TI'PadUK PACIOJOKEHUS TPAHUIHBIX 3JIEMEHTOB
JyTst (DUIIHTPAIUH KUJKOCTH CO CBOOOIHON TTOBEPXHOCTHIO Yepe3 1aMOy B CJIydae HAYAJIa MOBPEKICHUST
B IIEHTpe W HUXKHEro Obeda mamdObl. PazpaboTano mporpaMMmHoe obecrevdeHne B Cpejie BU3yaJbHOTO
nporpamMupoBanus Delphi 7. VI3 mosiydeHHBIX pe3y/abTaTOB BUIHO, UTO B CJaydae, KOTJA ITPOU3OIILIO
MOBpeKJIeHNe aMObl TOJIBKO BEPXHEro Obeda maMObl IPOUCXOAUT OOJIbIIee CMAYUBAHUE I'PYHTA, YeM
B Cjaydae C IOBpexkJeHueM oboux ObedoB HaMOBbI. DTO OOBSICHSIETCS TEM, UTO KOIJA TPOUCXOIUT
obstom m HuKHEro Obeda mamOBI MOTOK BOMABI OyJET WATH OBICTpEE W CMAYMBAEMOCTH I'DYHTa OyaeT
MeHbIIe. Pe3ysibraThbl 1peJICTaBJIeHHON paboThl MOTYT OBITH MOJIE3HBI B WHYKEHEPHON MPAKTHUKE MpHU
[IPOEKTUPOBAHUY I'PYHTOBBIX IJIOTHH.

Kitrouessbie ciioBa: puiibrpalius X KUJIKOCTH, JaM0a, 3arpaskIeHue, MOBPEX IeHHbIi 6acceiiH, cMaunBa-
HHUE, METOJ, TPAHUYHBIX 3JIEMEHTOB.

1 Introduction

The liquid filtration via ground barrages plays very significant role in the National economy |1, 2].
The data presents that more than half of all casualties caused by destruction of ground barrages
occur owing to the liquid filtration.

Thus, when planning and developing the ground barrages it is necessary to conduct filtering
calculation, in the course of which the depression bend position in the edifice corpus should be
determined; to determine filtering stream gradients and rate of filtering speeds [3,1]; to determine
the filtering expenditure via the barrage corpus and its base. Currently there are many suggestions
for the filtering calculation techniques via the ground dams [5].

Nevertheless, analysis of situation, when the barrage sequence defects are probable, is of great
significance [0, 7]. it is more common that the most wash upper and lower dam basins are defected.

The work is aimed at creation of the method and programs to calculate the liquid filtration
via the dam, with allowing for the events of their possible damage, and developing the method to
calculate the flow of a liquid via the dam in the presence of a watertight fitting member.

2 Problem setting

Let us consider the problem of liquid filtration via the dam with waterproof embedded elements.

The considered medium is smooth and isotropic, then the problem is resulted in the Laplace
equation Au = 0 regarding the speed potential u with boundary conditions: ¢ = 0 on the
impermeable boundary(because the bottom is solid (u,) = 0) i.e. on the surface layer of soil
and rocks (AF surface in Figure 1); u = const on ABC and EF surfaces of the spongy medium;
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u = x5 on DE filtration surface where the liquid goes via the soil and flows downward; u = x4
and ¢ = 0 on the free surface (CM and LD). KL is an inset element. Among other things, the
exact position of the free area is unknown, and determining it is a part of the process to solve the
problem.

The boundary conditions in the problem of liquid filtration via the dam:

ABC :u=H. :q=0,u=1x9; LD : q = 0,u = xs;

DE :u=ua29,FF:u=HE;AF : q=0;ML:q=0,u= xs.

Count surface

Figure 1 — The boundary conditions in the problem of liquid filtration via the dam

To numerically calculate the problem, the primary free area position is set arbitrarily, and
moreover, in all parts of its accepted condition ¢ = 0 [3]. Found for each nodular point of the free
area value of the potential is correlated with the liquid surface height if the difference between them
is more than the maximal admissible error, this difference is added with the algebraic approach
to the height of the surface at the respective nodular point and a new iteration is performed. If
necessary, the potential values at the internal points are determined after identifying the real free
surface position.

3 Mathematical model and results of numerical calculation

The division into boundary elements in the problem of liquid filtration via the dam is shown in
Figure 2. Position scheme of boundary elements for the soil unit in liquid filtration via the dam is
as follows:

Jj=16:¢=0; j=7,9:u; =0,1; j=10,20:¢; =0, uj = x9; j=21,24 :u; =0,5.

The division into boundary elements in the problem of liquid filtration via the dam is shown
in Figure 2. The heights’ upstream and downstream are 0.5 and 0.1 m respectively, regarding the
surface of reference. The boundary conditions are of the following form: u = 0,5 on the surface
facing the flow (node 21-24), ¢ = 0 on the bottom (impermeable) surfaces (nodes 1-6); u = 0,1
on the surface directed downstream (sites 7-9), and ¢ = 0 on the free surface (10-20 nodes). At
the primary stage of calculations, the free surface shape was chosen arbitrarily flat and equally
arbitrarily identified position of the surface. The ultimate free surface position will be received by
iterations. The problem is solved by the boundary elements approach.
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Figure 2 — The scheme of position of boundary elements

0,5 %
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heightm 0.3
0.2
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distance, m - 9 iteration
18 iteration

Figure 3 — The preliminary estimated results of the problem of filtration of a liquid via a
dam with a waterproof embedded parts

Figure 3 shows the estimated results of the problem of filtration of a liquid via a dam with a
waterproof embedded parts.The position of the free area was found after the 11*" iteration |7, 5].

During the numerical calculation of the problem, the primary free surface position is determined
arbitrarily, and, among other things, in all points of this surface ¢ = 0 convention is accepted [9].
The potential value,which was determined for each nodal point of the free surface, is correlated
with the liquid surface height [10].If inequality among them is more than the maximal admissible
error, this inequality will be algebraically compiled with the area height in the relevant nodular
point and new iteration will be conducted |1 1-13].

Figure 4 presents the boundary elements division in the issue on the stream with the free area
via the unit from spongy material. The upper and lower basins heights form 0,5 and 0,1 accordingly
concerning the reference area.

The ultimate free area position was received after the 6 iteration.

Consider in more detail the filtration problem via the edifice with defect in the spongy medium
entrance (Figure 5), where ABCK section is a fragment of the barrage (defected area of the
barrage). Respectively the boundary circumstances for the issue of the liquid current via the
barrage will be unequal.

Arrangement of the boundary elements for the ground block at the current with the free area
via the barrage with the defect in its top point is in Figure 6, with the defect in its middle point
is in Figure 7.

Let’s regard in details the issue on the filtering via the barrage with the defected upper and
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=L6  g=0. =79 u=0.1, =1020 qg=0,uy=x» =2124 u=0.5

Figure 4 — The boundary elements arrangement drawing for the soil unit

\*\.”

u=c %nsr:Hg

u=const=Hg

E

Reference plane
ABC:uw=H;, AK:uv=H,, CD: ¥ =1x,,g=0, DE: ¥ =x,, EF:=Hg, KF.q4=0

Figure 5 - Boundary conditions in the issue of the liquid current
via the barrage with the defect

a)
21=20

[N

24=1 2 3= 3 6=7

j=L3 4j=0.5, j=4.6 g=0, j=7.9 u=0.1, j=1020 @g=0,u=x> j=21.24 1;=0.5
a)-(x =0.2,x =02) b)-(x =03.x) =03)

Arrangement of the boundary elements for the earth block with the damage

Figure 6 —
(beginning of the damage at the top of the dam)
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24=1 2 3=4 ] 6=7

FL3w=0.5, =46 g=0, j=79u=0.1, j=1020 q=0,u=x;  j=20,22 v=0.5

2324 u=0.3
1)-(x =03,x =03) 2)-(x'=04.x =0,4) 3)-(x =05.,x =05)
Figure 7 — Arrangement of the boundary elements for the earth block with the damage

(beginning of the damage — middle point of the dam)

lower basins of the spongy medium, where ABCK, LEF sections are the upper and lower dam
basins’ fragments accordingly. Thus, the boundary conditions for the issue on the liquid stream
via the barrage will be different (Figure 8).

b
v Cf \

u ca;k:.r--H, 7 N\ N=X,

A——— B

WD
'-._‘A""'"“’
\
- WE
K =0 .\-\ u=sconsr=H;z

L B
F

H. » He

Reference plane
ABC:vw=H, AK:v=H, CD: #=x,,g=0 DE:u=x,, EFtu=H; LF:u=Hy KL:g=0

e

Figure 8 — The boundary conditions in the issue on the liquid stream via the barrage with
the defected basins

The boundary elements disposition drawing for the soil unit at the stream with the free area via
the barrage with the defected upper (at the top) and lower barrage basins is presented in Figure
9. The boundary elements disposition drawing for the soil unit at the stream with the free area via
the barrage with the defected upper (in the middle) and lower dam basins is presented in Figure
10.

The application was created in Delphi 7 visual programming environment. The program
comprises all necessary data and resolutions of the issue. Figures 11 and 12 show corresponding
betwixt the calculated outcomes for the potential at the stream with the free area via the barrage
with the defected only upper basin made earlier and the barrage with the defected upper and lower
basins.

Lines nomenclatures for Figures 11 and 12 are as follows:

an event of the undefected dam;
.............. an event with the defected upper dam basin (23 = 0, 3;z] = 0, 3);
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The boundary elements disposition draw for the soil unit with the defected basins

Figure 9 -
(beginning of the defect at the barrage top)
a)
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=112 u=0.55= 1324 v=02

B-(x =02,% =08}  b)-(x =031 =0.F)
The boundary elements disposition draw for the soil unit with the defected

Figure 10 -
basins (beginning of the defect in the barrage middle)

an event with the defected upper dam basin (3 = 0, 4; 2] = 0,4);

________ an event with the defected lower and upper dam basins (23 = 0,2; 2% = 0, 6);

— = an event with the defected lower and upper dam basins (z3 = 0, 3; 2% = 0, 5).

The outcomes of the modeling and computer test present potential of considerable effect of the
barrage washout areas on the wetted barrage capacity and, adequately, on the filtrate consuming

even at concerning small defect sizes [14].
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a)
21=20
b)
21=20
16 $
3
11
24=1 2 =4 5 67 8 9=10
13 u=0.5, j=46 =0, j=79 u=0.1, i=1012 v=0.1, j=13,20 q=0, u=x;
=21.22 u=0.5j=23,24 u=0.5
a)-(x =0.2,x° =0,6) b)-(x’ =0.3,x" =0.5)
1 =gy , 1 ke -
Figure 11 Corresponding of the calculated outcomes for the potential at the stream with

the free area via the barrage with the defect in the upper basin top only and via the barrage with
the defect in the upper and lower basins top

Figure 12
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Corresponding of the calculated outcomes for the potential at the stream with
the free area via the barrage with the defect in the upper basin middle only and the barrage with
the defect in the upper and lower basins middle
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4 Conclusion

Using the numeric test, the free boundary position at the liquid filtration via the dam with the
defected upper and lower basins was received and provisional analysis for comparing with the
outcomes, received in the event of the defect of the upper dam basin only, was conducted. The
outcomes show that in the event with the upper dam basin defect there is more wetting of the
soil than in the event with the defect of both dam basins. It can be explained by the fact that the
liquid stream at the defect lower dam basin will be faster and wetting of the soil will be less [15].
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MOJEJINPOBAHUE KOHIIEHTPAIIMOHHOI KOHBEKIIN
TP PA3JINYHBIX JABJIEHNAX 1 COCTABAX
TPEXKOMIIOHEHTHOI T'A30BOI1I CMECHU

B pmamHOlt crarhe paccMATPUBAETCS MATEMATHIECKOE W KOMIBIOTEDPHOE MOJEIMPOBAHUE BJIUSHUS
JABJIEHAs] U COCTaBa TPEXKOMIIOHEHTHOW ra30BOil CMeCH Ha KOHIIEHTPAIIMOHHYIO KOHBEKIIMIO HA OCHOBE
pertenust cucrembl ypapuenuit HaBbe-CTokca, ypaBHEHUSI HEPA3PHIBHOCTU W YPABHEHUIl JJIsi KOHIIEH-
TpaIUu KOMIIOHEHTOB TPEXKOMIIOHEHTHOI ra30Boii cmecu. Vcciemyercst mporiece, KOria TsKeJblil Ta3 u
JIETKUIT Ta3 HAXOJATCS B BEPXHEN YACTH OIPAHUYEHHON MOJ0CTH (DOPMBI MapasiIeienunesa, a CpeIHui
ra3 HaXOJUTCs B HUXKHeH yacTu. Yucjiennbie pacyeTsl ObLIN TpoBeensl s cucrem 0.55Ar+0.45He- Ny,
0.66Ar+0.34He-N3, 0.55C05+0.45He-No Ha paBHOMEPHOI NPSIMOYTOJLHON ceTKe. B Bujie PUCYHKOB
ObLIa IpeJCTaBjIeHa JUHAMIKA HU3MEHEHUs KOHIEHTPAIMI aproHa U JUOKCUIA YIVIEPOAA [JIsl ITUX
CHCTEM TIpU PA3JUIHBIX 3HAUECHUAX JaBJICHHUS. Pe3yabTaThl YUCIECHHOTO WCCJIEIOBAHUS TIOJYIEHBI C
nomorbio 3D uncieHHOrO ajaropuTMa, ocyIecTB/ieHHOro Ha 6a3e D3Q27 Moje/m MeToa perneToIHbIX
ypasuenuit Bosbipmana (LBM) B amnpokcumanuu Barnarapa-I'pocca-Kpyka (BGK). Ilposenenmnbie
pacdeThl MOKA3BIBAIOT, 9TO B TPEXKOMIIOHEHTHBIX T'a30BBIX CMECSX IPHU OMPEJICICHHBIX IABJICHUAX U CO-
CTaBaX BO3MOXKEH CJIOYKHBIN MaCCOIEPEHOC, CBSI3AHHBIN ¢ BOSHUKHOBEHIEM KOHBEKTHBHBIX BO3MYIIEHUI.
11 TPOBEPKH YHCJIEHHOTO aJITOPUTMA, PE3yJIbTaThl, IOJIyYeHHbIE B JIAHHON CTAaThe, ObLIX CPABHEHBI C
pe3yabTaTaMu, TOJIYIeHHBIMU SKCIIEPUMEHTAJBHBIM MTyTEeM, U MMOKA3aJU XOPOIIlee COTJIACOBAHME.

Kitouessbie cioBa: Jluddysus, KOHIIEHTPAIMOHHAS KOHBEKITUS, JTABJIEHAE, HEYCTONINBOCTD, PEIIeTOq-
Bl MeTon BosbiMana.

A.C. XKymomi*, B.H. Kocos?, B.A. Carenosa!, A. Acbuibexyibr!
19n-®apabu areiHgarel Kazak yaITTHIK yHHBepcuTeTi, AIMaTH K., Kazakcran
2 AGait aTeragarsl Kasak yiITTHIK II€/JarOrIKaJIbK, YHABepcHTeTi, AIMaTe! K., Kazakcran
*e-mail: ainura.z89@gmail.com
Y IKOMIIOHEHTTI ra3 KOCIIACBIHIAFBI 9P TYPJIi KbICBIM MeH Kypamra OaijiaHbICThI
KOHIIEHTPAIUSIJIBIK, KOHBEKIIUSIHBI MO/IEJI/IEeY

Byn makanama Haswre-Crokc Tenmeysep »xkyiieci, y3umicci3fik TeHmeyl »KoHe VI KOMIIOHEHTTI KOCIa
KOMITOHEHTTEPIHIH KOHIIEHTPAIASJIAPBIH CUNATTayFa apHaJIraH TeHJeYJIep/Ii IeNTy HeridiHe YITKOM-
IIOHEHTTI ra3 KOCIACBIHJAFBI ©p TYPJI KBICBIM MEH KOCIIa KypaMbl ©3TepiCiHiH KOHIIEHTPAIUSIBIK,
KOHBEKIIMS YP/IiCiHe 9CepiH MaTeMaTHKAJIBbIK »KOHE KOMIIBIOTEDJIK MoJesiey OastHaa a bl. Aybip
ra3 »KoHe JKEHIJI ra3 mnapaJuiejenumes (OPMACBIHIAFbl MIEKTEYJi OPTAHBIH YKOFAPFbI KAFbIHIA, aJl
OpTAIlla THIFBI3IBIKTAFBI T'a3 TOMEHT] YKarblHIa OPHAJACKAH KaFdaii1arsl mporecc 3eprresieni. CaHIbIk
ecenreynep 0.55Ar+0.45He-No, 0.66Ar+0.34He-Ny xome 0.55C05+0.45He-No Kyiiegepi yiiin
OipKAJIBIITH TIKOYPBIMITHI TOPAa Kypridiami. KelcbIMHBIE op TYpJi MoHaepi 6epiareH Ke3aeri aTaaMbIIT
JKyitesiep YIIiH aproH »KoHe KOMipTeK JIMOKCHIbI KOHIIEHTPAIUAIaPbIHBIH 63rePic JMHAMUKACHI CyPeTTeD
Typinge kepcerineni. Canapik 3eprrey HoTHKesepi Barnarap-I'poce-Kpyk (BGK) annpokcumarusicsr
KOJLJIaHbLIFAaH  Bosibiman TopJibl TeHgeysepi ogiciniy (LBM) D3Q27 momesi Herisinme KypbLIran
3D cammpik asjropuTmi KemerimeH ajbiaFaH. 2Kypriziaren ecemnreysep OOMBIHINA, YITKOMIIOHEHTTI
ra3 KOCHAJIApBbIHIa Oesriyii Gip KBICBIM MEH KypaM VIIiH KOHBEKTHUBTI aybITKyJIapMeH OailaHbICTDHI
Kypzeai Maccarapajy 00y MyMKIHIIN aHbIKTasibl. CAHJIBIK aJrOPUTM/ TEeKCepy MaKCaThIHa Oy
MaKaJIaHbI 2Ka3y 0apBICHIHA AJBIHFAH HOTUKEJIEP IKCIIEPUMEHTAJIIBI YKOJIMEH aJIbIHFAH HOTUKETEPMEH
CaJIBICTBIPBLIBII OTBIPHII, KAKCHI KeJIiCiM OepreHiH aTal eTy Kepek.
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Simulation of concentration convection at different pressures and compositions of
a three-component gas mixture

This article discusses the mathematical and computer modeling of the influence of pressure and
composition of a three-component gas mixture on concentration convection based on the solution of
the Navier-Stokes equations system, the continuity equation and equations for the concentration of
the mixture components. The process is investigated when heavy gas and light gas are in the upper
part of the parallelepiped, and gas with intermediate density in the lower part. Numerical calculations
were carried out for the systems 0.55Ar+0.45He-No, 0.66Ar+0.34He-N5, 0.55C05+0.45He-Ns on
a uniform rectangular grid. The dynamics of changes in the concentrations of argon and carbon
dioxide for these systems at various pressures were presented in the form of figures. The results of the
numerical study were obtained using a 3D numerical algorithm implemented on the basis of the D3Q27
model Lattice Boltzmann equations method with Batnagar-Gross-Crook (BGK) approximation. The
performed calculations show that complex mass transfer is possible, associated with the occurrence of
convective disturbances in three-component gas mixtures at certain pressures and compositions. To test
the numerical algorithm, the results obtained in this article were compared with the results obtained
experimentally and showed good agreement.

Key words: diffusion, concentration convection, pressure, instability, Lattice Boltzmann method.

1 BBenenue

WccnenoBanre KOHIEHTPAIIMOHHON I'DaBUTAIIMOHHON KOHBEKIIMM B MHOT'OKOMIIOHEHTHOH T'a30BOii
CMeCH SBJISIeTCS aKTyaJbHOI 3a1adeii Ha ceropuasamunit geub. JI. Munnep, T.Cuepyiuar u E.Mbsiicon
[1] mpu uccnenosarun TepmodpdekTa B TPEXKOMIIOHEHTHBIX I'a30BbIX CMECSX B BEPTUKAILHBIX
b HY3UOHHBIX KaHaIaX OOHAPYXKHU/IU, YTO M3MEHEHHe TeMIepaTypbl BOJIM3U I'DAHUIILI pas/ielia
ra30B JIJIs Psijla CUCTEM UMEJIO BUJI HEPETYISPHBIX KOJIEOaHU, XOTs 02KUIAJIOCh € MOHOTOHHOE Ha-
pacranue. Takoe 1moBejieHne ra30BbIX cMeceil pu quddy3un cBsI3aHO ¢ HHBEPCHUEH TIJIOTHOCTH BbI-
3BAHHON HEYCTONYMBOCTBHIO MEXaHUYIECKOTO paBHOBecuda cMmecH. JlasibHeilinee jeraabHOe UCCIIe/0-
Bauue 1uddY3NOHHON HEYCTONIMBOCTH € TIOMOITIBIO SKCIIEPUMEHTAIBHBIX METO/IOB B paborax [2—0]
MIOKa3aJ10 CYIIECTBEHHOE BJINSHIE HA NHTEHCUBHOCTh KOHBEKTUBHOI'O CMEITEHN TAKUX ITapaMeTpOB
KaK JIaBJIE€HUE, UCXOIHBII COCTAB CMECH, TeOMETPUIECKUX XapPaKTepUCTUK Ju(DY3MOHHOIO KaHAIa
U yTIJla ero HaKJ/IOHA.

[Ipu orpeie/IeHHBIX CUTYAIUAX CBA3aHHBIX C YBEJIMYCHUEM YNC/Ia KOMIIOHEHTOB I'a30BOI CMeCH,
U3MEHEHUH NeOMETPUYECKUX XapaKTePUCTUK KAHAJIOB, U T.JI. IPOBEJICHUE SKCIEPUMEHTOB CTAHO-
BHUTCS 3aTPYIHUTEIBHBIM U JIOPOIOCTOANIMM. B Takux ciiydasdgx BaKHOE 3HAYCHHE ITPUOOPETAIOT
YUCJIEHHBIE METO/IbI uccieioBanns. CyIlecTByeT MHOYXKECTBO PabOT 0 MCCJIEIOBAHUIO IIPOIECCA C
IPUMEHEHUEM DPAa3IMIHBIX YUCIEHHBIX MeTosioB |[7—10]. Bee sTu paboThl nMmeoT obimii Xapakrep
- OIHUCBHIBAIOTCH JIUIIB 3DPEKTH 6e3pa3MepPHbIX BEJIUYNH, TaKuX Kak dncio [Ipanarisa, qucio Pa-
stest, aucyio ['pacroda, ancio JIsonca u T.71., Ha nccaeyeMblii mporecc. OTHAKO 3aBUCHMOCTD 3TUX
BEJINYUH OT TEPMOJIUHAMUYIECKIX [IAPAMETPOB He yunThiBaroTcA. OCHOBHOE OTJIMYME ITUX paboT —
BBIOOP METOJIOB UMCJICHHOW peau3aliiu.

Hesibio annoit paboThl ABJISETCH OIMUCAHUE UUCJCHHBIM IIYTEM BJIMAHUS JIABJIEHUS U COCTABA
ra3oBOil CMeCH MCC/IeIyeMOro OObeKTa Ha ITPOIECC KOHIEHTPAIMOHHON KoHBeknmu. /lo macrod-
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mero BpemMenu apropamu pabot |11, 12] 6b110 nposesero 2D duciieHHOe MOJIEIUPOBAHIE BJIASTHUST
YKa3aHHBIX BBINITE TEPMOINHAMIYECKUX ITapaMETPOB Ha MHTEHCUBHOCTHh KOHBEKTUBHOTO CMEITIEHUS],
BBI3BAHHOI'O HEYCTOMIHBOCTHIO MEXAHUIECKOI'0 PABHOBECUS UCC/IelyeMoil cuctembl. [l ommcanus
paccMaTpuBaeMoro (hU3NKO-XUMUIECKOTO TIpoliecca Hanbojiee TOYHO, B JIAHHON paboTe MPOBOINT-
ca 3D dguciennoe mogesmmposanne. OHo ocyiecTBisgercs Ha 6aze D3Q27 mojenn penerouHoro
meroza Bomabsnmana (LBM) [13].

[ TpOBEPKU YUCJIEHHOTO aJITOPUTMa, PE3Y/ILTATHI, IOy YeHHbIe B JIAHHON cTaThe, ObLIN CpaB-
HEHBI C Pe3yJbTaTaMU, MOy IeHHBIMA SKCIIEPUMEHTAIbHBIM ITyTEeM, W TTOKAa3aJI1 XOPOIIee COTJIaco-
BaHWeE.

2 IlocTraHoBKa 3aja4u

Uccnemyemprii iporiece paccMaTpuBaeTCsd B OrpaHUYeHHON obJiactu B (hopMe mHapaJiie/ernuie/ia
(Pucynok 1). B BepxHeil wacTu nmapaJuiesienuiie/ia HAXOASATCs JIEPKUN ra3 W TsXKeJblil a3, a B
HUZKHEH JacTh — CpeJiHuii 1o 1IoTHOCTH ra3. Yucia 1, 2 u 3 B pucynke 1 ob603HAYAIOT JIETKUIA,
TAYKEJIbI U CPEJIHMIT ra3bl, COOTBETCTBEHHO.

Pucynok 1 - Ilenesas obyracthb

Cucrema BO3MYIIEHHBIX yPaBHEHUN B TPEXMEPHOM IIPOCTPAHCTBE B pub/mKennn Byccunecka
UMeeT CACTYIONI BUI;

Ou, v, Ow_
oxr Oy 0z
%+u%+v@+w@— 18p < 32 8%)
ot ox dy 0z p 89& 3:1:2 022 )"
ov ov ov ov 1 8p ( 82 820)

ot "M TVay TVe: T ooy T e
ow ow  Ow ow 18p+v <82 62w 82w)_

T or Ty TVe: T Tpa- oz " a2 T 9

-9 [1 + /BCI ( CT) + 502 ( OT)]

00, 9C,  8C, 90, . [PC,  PC, PG\ .. (0°C, 9°C, 9°Ch
o Yor Yoy TV T 022 o T o2 022 o o2 )
0C,  0C, 9C, O9C, . [0°C, C, PO\ . [8C, 9°Cy, 0°C
tu2 - + 2+ + + 2+ ,
ot ox dy 0z ox? 0y? 072 0x? 0y? 072
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Ci+Cy+C5=1,
rJie U, ¥, W — KOMIOHEHTHI CKOPOCTH, P — JAaBJIEHNE, p — IJIOTHOCTH, 1" — Temueparypa, C; — KOHIIEH-
TpaIusa (-r0 KOMIIOHEHTa, Uy — KHHEMaTU4ecKas BASKOCTh, DF; — mpakTudeckne kosdduiueHTsl
nuddysun, t — Bpems, o — Koapdurment repmogudbdysun, C! — 3HaUeHne STAJOHHON KOHIIEHTPAa-
UM {-I'O KOMIIOHEHTa, (¢, — Koaddunment odobvemuoro pacmupenus s Cy, Be, — KoadpdunmenT
obbemuoro pacrupenus Jis Cy. CBsisb npakrtuiecknx kosddummentos auddysm Dj; ¢ Koad-
dburmentamu B3anmuoit auddysun D;; [11] onpeaensgercsa cOOTHOMEHIAMM:

D15 [C1D3s + (Cy + C3) Do
D )

D* . CID23 [D12 - D13]
12 — D ’

* j—
Dll_

Dy = Dos [CaDy3 +l(701 + Cs) D12]7 D; = _02D13 [%2 — D23]’ (1)

D = Cngg + Cleg + Cngg.

Cucrema ypaBHeHUII UMeeT CJIEYIONIe Hada/IbHbIe U TPAHUIHbBIE YCJIOBUS:
u =0, v =0, w=0, nmput=0, 0<x<L, 0<y<W 0<z2z<H

01:(), 02:0, CgZXg, HpI/ItZO,OSISL,OSySW,OSZSH/Q
ClzXla 02:X27 03207 Hth:O? OSISLa 0§y§W7 H/2SZ§H

oC;

u =0, v =0, w =0, 5 =0, nmpuxr=0, 0<y<W, 0<z<H
x
oC;

u =0, v =0, w =0, 5 =0, npux=L, 0<y<W, 0<z<H
x
oC;

u =0, v =20, w =0, 5 =0, npuy=0, 0<x<L,0<z<H
Y
oC;

u =0, v =0, w = 0, 3 =0, mpuy=W, 0<x<L, 0<z<H
Y
oC;

u =0, v =0, w =0, 5 =0, mpuz=0, 0<x <L, 0<y<W
z
oC;

u =0, v =0, w = 0, 5 =0, mpuz=H, 0<x<L, 0<y<W
z

Cucrema ypaBHEHUIT MOXKeT OBITh PUBEeHA K 6e3pa3sMepHOMY BULY € UCIOJIB30BAHUEM CJIEIYIO-
ux 6e3pa3sMepHbIX BEJTUYINH:

r = — = —, 2 = —
LY Tw 0’
u v w (e}
== v"=— w'=—,Uy=—;
Us Us U’ " H
c;,—Cr L?
Or— i " Hiow _P

7 AOZ » P W?
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« (3
Lejj=—,Pr=—, 2
L) D:} a ( )

9B, AC1H? 9B, AC,H?
GrCl = 1—27 GTCQ = 2—27 (3>
Vs Ys

N GTC2’ £ _ at .

GTCl H2
rjae u*, v*, w* — 6e3paszMepHble KOMIIOHEHTHI cKopocTu, Uy — XapakTepHas CKOPOCTh,p* — b6e3pa3-

mepnoe naBienne, CF — 6e3pasMepHast KOHIEHTpaIus i-1o Komronenta, AC; = C{naX—C'{ni“, orax -
MaKCUMAJILHOE 3HAYCHUE KOHIIEHTPAIMH i-T0 KoMmoHenTa, C™™" — MuHIMAaIbLHOE 3HAMEHUE KOHIICH-
TPaIMK ¢-r'0 KOMIIOHEHTA, t* — Oe3pa3dMeproe Bpemd, Pr — yucyo I[lpanarisa, Le — uuciio JIbionca,
Gr — aucyo ['pacroda.
VpaBHeHUs IPUHUMAIOT CJIEY IO Oe3pa3MepHbIil BUT:

ou* ~ov*  ow" 0
Ox* + Oy* + oz
ou*  out  ,ou* Lou* op* Pur Pur *u
e e e (ax*2 Tt 8z*2) !
o ov* O L Ov* op* Pr (821)* 0?v* 8211*)

)

u + v w = —— + + +
ot ox* oy* 0z* dy* ox*2  Jy*2  0z*2

ow*  ow*  _ow* L ow* op* (82w* Pw*  O*w*
—— +Pr

o o Vo TV o T or 0z "oy T o
oc; | .0Ci | 0Ci | 0CT

o ar oy T o

1 (aﬂc; 92C" 82Cf) | (a?c; 92C; a?c;)

2
) — Gre, Pr(Cy + NC3),

- Lei \ 0z*2 ' Oy ' 922 0x*2 | Oy2 + B
oCs b oCs . oCs o oc;
ot* ox* oy* oz*
1 [0*Cy  9*Cy  O°Cf 1 [0%°Cy  0*Cy  O°Cs
+ + ,

L€12

- Ley \ 02 ' Oy*2 ' 022 x| Oy2 | 92
3

L€22

(C;AC; +CT) =1.

1

)

1 [82Cc; | 8:Cy |, 9%Cy 1 (82cr | 8*Cr | 9*C ..
Jnddy3unonHbIE UIEHBI Ios ( ot T o5 + 50 Ten \9z2 T 32 T 32 ) B IPaBOil yacTu

yPaBHEHU KOHIIEHTPAIIUYA KOMIIOHEHTOB Oy/IyT PACCMATPUBATHCS B KaUecTBE UCTOTHUKOB. O003HA-
9UM UX Yepe3 ¢ U ¢ COOTBETCTBEHHO.
DBespasmepnble HaUaIbHBIE U TPDAHUYHBIE YCIOBUI:

u* =0, v* =0, w'=0 mput =0, 0<z"<1/2, 0<y"<1/6, 0<z"<1

Ci=0, C7=0, C7=1, iput" =0, 0<z"<1/2, 0<y"<1/6, 0<2"<1/2
Ci=1, C5=1, C;=0, nput*=0, 0<2"<1/2, 0<y" <1/6, 1/2< 2" <1
aC
ox*

u* =0, v* =0, w* =0,

=0, nmpuz* =0, 0<y"<1/6, 0<z"<1
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oC

u* =0, vt =0, w* =0, ai:O, mpu z* =1/2, 0<y*<1/6, 0<z"<1
T

u* =0, v* =0, w* =0, 0*207 npuy* =0, 0<z"<1/2, 0<2"<1
Y

u* =0, v* =0, w* =0, 6*:()’ mpu y* =1/6, 0<z"<1/2, 0<2"<1
Y

ut =0, v* =0, w* =0, 5 =0, npu 2" =0, 0<2"<1/2, 0<y"<1/6
Z*

u* =0, v* =0, w* =0, 8*20’ npu 2 =1, 0<z2"<1/2, 0<y*"<1/6
z

3 YuciieHHBII MeTO/,

Yuciennoe perenne B ganHo# pabore crpoutces va D3Q27 moenn pererodHoro Mmeroaa bosbiva-
Ha [13]. Pemerounoe ypasuenne Bosabimana B anmpokcnmanun Barrarapa-I'pocca-Kpyka (BGK)
BBITVISIJTUT CJIETYIOIINM 0OPA30M:

Fi(Z + @At t+ At) — fi(Z,t) = At [_M o
— hy

Tf
hia(Z+ EAL ¢+ At) — hio(Z,1) = At [——hf*a(”’”*"iva(”’t

)

+ Qi,a
rae fi, hio — OYHKIUE pacnpe/ieleHust CKOPOCTH 1 KOHIICHTPAIIMK KOMIIOHEHTOB, €; — JUCKDET-
Hasl PEIIeTOYHAs CKOPOCTb, Tf, Tha — BPEMsl pejlakcaruu, F; — KOMIOHEHT BHeIIHed CHibl, (Q;q
OTBEYAET 3a MCTOYHUK (o,Al- pereTounslii mar 1o spemenn, f;i?, hi? — paBHoBecHast dbyHKIMsI
pacIipe/ie/ieHnsi CKOPOCTU U KOHIEHTPAIUU COOTBETCTBEHHO.

PasnoBecHbie d)yHKHI/II/I olpenesieHbl CJIeAyIOomUuMN (bOpMyjlaMI/II

Th,«a

N 2
— e, e; u —eq eq
eq _ e;ucd 9(1 ) _ 3utu
fit =wip | 143 c? +2 ct 2 2

- 2
— = e,ﬁeq —eq e
e;utl 9( i ) 3 utuc?
e (A
hi‘fl:wiC’a 143 s T 5 1 53
' c 2 c 2 c

rie ¢ = Ax/At, Az u At pereTodHbI AT TI0 TPOCTPAHCTBY U BPEMEHH, KOTOPbIe DABHBI €/IHHUIIE.
asee oka3aHbl 3HAYCHUST BECOB 110 BCEM HAIIPABJICHUSIM:

8/27, =0,
o 2/27, i=1-6,
) 1/54, i=T-18,
1/216, =19 — 26,
B momerm D3Q27 (Pucynok 2) qucKpeTHbIe CKOPOCTH BBIYHCIISAIOTCS 10 CIIeytoreii hopmyre:
(0,0,0)c, i=0,
_} (£1,0,0)c, (0,%1,0)c, (0,0,+1)c, 1=1-6,
“ ) (£1,4£1,0)e, (0,£1,+1)e, (+1,0,+1)c, 1 =7T—18,
(£1,£1,+1)c, 1 =19 — 26,
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15 B 23
Pucynok 2 - Mogens D3Q27

B nammoii pabore st anmpokcuManmn Brermeii cunst F = p,g [, (Cr — Cy) + Be, (Cy — C,)]
B LBM ucnosnbsyercst cxema, npejjiokertast I'yo u jp. [15]:

At [eé—u el -u)| =
Fi:%(l__)[e u+e(e4u)}'F

2
27f cs c;

s annpokcuManuy MCTOYHUKOB ¢, B LBM ucnonbayercs cxema, npemioxennas Cera [10]:

1
i,a0 — Wi 1— o
Q’ w ( 2Th,a)q

ypaBHeHI/Ie 9BOJIIOIIUN AEJINTCA Ha JBa IMalra, CTOJIKHOBECHHE 1M PaCIIPOCTPpaHCHUE!:

(T,1) — Tt
RS AU}
Tf .
hio(Z,t) — S (2,
(@) — hig( )+W>7
Th,a

1. fil(@ t) = f;(Z,t) + At (

iu()[(f? t) = hi,a(f, t) + At (—

>

2. fi(@+ &AL+ AL) = fi(7,1),
hiolT + EAL t + At) = hy o (T, 1).
[Tocsie BTOpPOTO MMIara HEOOGXOAUMO OOHOBUTH MaKpOIapaMeTpbl (IIOTHOCTD, CKOPOCTh, KOHIIEH-

TPAITH) 1O CJICTYIONTIM (DOPMYJIaM:
26 26 26
_ . At o ; At
:E : 722 &4+ —F CZE:h‘ ~o0. ).
P o fza P — fzez + 2 ) «a s 1,00 + 2 Qz,a

ﬂﬂﬂ 3aMbIKaHNA CHUCTEMbI ypaBHeHI/IfI OBLIN UCIIOJIb30BAHDI cjleayromme rpadnIiabIe YCJIOBUA.
Yenosue Hy.HeBOfI CKOPOCTH JJIdA BCEX CTEHOK:!

[i(@w,t + AL) = f_j(Zy, t + AL), € -7 >0,
Venosue Hefimana 111 KOHIIEHTPAIMU HA BCEX CTEHKAX:

BioTw,t + At) = h_j o(Tw, t + At), & -7 > 0.
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4 Pe3ynbTaThl 1 00CYy2K/eHUE

Yucnennble pacderbl ObLin mpoBefeHbl it cucteM 0.55Ar+40.45He-Ny, 0.66Ar+0.34He-No,
0.55C0,+0.45He- N, Ha paBHOMEPHOI MPsIMOYTOJIbHOM ceTke pasmepom 30x10x60. Yucaa nepesn
XUMHUYECKIMU 3JIeMEHTaMI COOTBETCTBYIOT KOHIIEHTPAIUSIM KOMIIOHEHTOB B MOJIBHBIX JIOJISIX B UC-
cJIeIyeMbIX ra30BbIX cMecsX. [laBiienne BoiOupasioch B guamnasone p = 0.5 + 2.5 Oupu 1" = 298 K.
[MTar o Bpemenn npunumasicad paBubiM (0.001 cekymnj. Boraucimmrenbaas obactb umeer (hopmy
napaJuiesiennuie/ia, JJIMHA, MUPUHa W BbicoTa KOoToporo pasHbl 0.025 M, 0.003 m m 0.17 M co-
orBeTCcTBeHHO. HeobxommMble busmdeckrne mapaMeTpbl KOMIIOHEHTOB Ta30BBIX CMeceil yKa3aHbI B
Tabmue 1.

Ta6J11/ma 1 - Qusnyeckne IapaMeTpbl KOMIIOHEHTOB Ia30BbIX CMeceil Ipu
Po = 0.1 MHa, TO =298 K

Kowmnonenrsr | p°, n°, DY,, DY,, DY, Monsapnas
(kr/m3) | 1070 10~* 104 1074 Macca m,
(MMac) | (m?/c) (mM?/c) | (m%/c) | 1073
(Kr/MOJIB)

CO2(2)+ He(1) — Ny(3)

CO, 1.9753 | 1.463 44.009

He 0.18 1.946 0.584 0.713 0.165 4.003

No 1.25 1.766 28.016

AI‘(2) + He(l) - NQ(S)

Ar 1.662 2.215 39.944

He 0.18 1.946 0.708 0.7437 0.221 4.003

No 1.125 1.766 28.016

T
7, HOLPaBOIHBIC KO DUIUEHTDI 10 JIABJIEHUIO U TeMIIe-

paType, COOTBETCTBEHHO. 3/1eChb, po U Ty — JaBjeHne n TeMIeparypa Ipu HOPMAJIbHBIX YCJIOBHSX
(po =010, Ty =298 K), p u T — nasyenne u remreparypa onbita. C MOMOIIBIO MOMPABOYHBIX
KO3 HUIMEHTOB HAXOISITCS MapaMeTphl dKCIepuMeHTa. [[JTOTHOCTh KOMIIOHEHTOB K TIapaMeTpPaM
OIIBITA TPUBOJUTCA 110 hOpMyJIe:

O6o3naunm gepes Kp = % u Kt =

b= P
" KpKt’

rjie pY - MJIOTHOCTH 4-I'0 KOMIIOHEHTa [TPU HOPMaJIbHBIX YCJIOBUAX. JIMHAMUYECKas C/IBUIOBAs BiA3-
KOCTB K TIapaMeTpaM OIIbITa IIPUBOIUTCS 10 (hOpMYIIE:

ni = W?Kt%’

rae 7’]? - JMHaMMN4YeCKasd BASKOCTDL 1-TO KOMIIOHEHTA, IIp1 HOPpMaJIbHBIX YCJIOBUAX. CDOpMy.Ha JLJIA
HaXOZKJICHUA KNHEMATHUYECKON BI3KOCTH:

Vf = 202%7
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rie C; - KOHIEHTpaIus ¢-ro Komionenta. B3anmubie kodddurments! nuddy3un ormbiTa ompeie-
JITIOTCS CJIETYIONIIMU (POPMYTaMU:

Dy = D% Kt? Kp, Dyy = D% Kt? Kp, Dy = D Kt? Kp,

rie D?j - ko3 durmenTs! nuddy3un Mpu HOPMAIBHBIX yeaoBusgX. [IpakTuueckue K03 buImeHTo!
mubdysnn D}, HaxonaTes COOTHOIEHNAMN (1). Kosdbdurmenrsl 06beMHOIO PaCIIUPEHNsT BBITIC
JIAIOTCS CJIEJIYIONIM 00Pa3oM:

Mg — M3

(C’lml + CQmQ + C3m3) ,,602 == T (C’lml + Cgmg + Cng’Lg) s

my —ms

/801 - H

rJIe m; - MOJIApHAs Macca ¢-I'0 KOMIIOHEHTA.

C MoMOIIbIO BBIINIEYKA3aHHBIX TIaPAMETPOB OIBITA MOXKHO BBIYNCINTH HEOOXOMMbIe Oe3pas3Mep-
uble Besmaunbl (2), (3). Ha pucynkax 3-5 mpeJicTaBIeHbl pe3yIbTaThl YUCIEHHOIO MOJIETUPOBAHI
i y3noHHOrO U KOHBEKTUBHOTO cMmerttenust jiist cucreM 0.55Ar+0.45He-Ny, 0.66Ar+0.34 He-
Ny, 0.55C05+0.45He-Ny. KcrepuMeHTaJIbHOEe MCCIeI0BaHNe 3TUX CHCTEM OIMCaHO B paborax
[3; 5; 6]. Ha pucynke 3 mpejcraBieHbl H30MOBEPXHOCTH KOHIEHTDAIMH APrOHA JIJIS CHUCTEMbI
0.55Ar+0.45He-N, 1ipu pa3iuvHbIX 3HAYEHWAX JaBjieHus. B cucreme nHabsomaercsa auddys3u-
ounbIii nporecc. Ha pucynke 4 m3obparkeHa JUHaAMHUKA W3MEHEHHUsI KOHIICHTPAIUA aproHa JIsd
cucrembl 0.66 Ar+0.34 He-Ny. CpaBHeHue pucyHKoB 3 u 4 MOKA3bIBAET, 9TO C YBEJIUICHUEM KOJIH-
JecTBa KOMIIOHEHTa C HamOOJIbINEel MOJISIPHON Maccoif B MCXOIHOM COCTaBe CMECH, HHTEHCUBHOCTH
€ro IMepeHoca CTAHOBUTCH 3HAYUTEIHLHO OOJIbIIE, YeM JIJIsi CUCTEMbI ¢ MEHBIITUM HCXOJIHBIM COJEP-
»KanueM aprorna. Ha pucynke 5 rnokazana JUHAMIKA U3MEHEHUS KOHIIEHTPAITMHI TsI?KEJI0TO Ta3a JijIs
TPOWHOI CHCTEMBI, TJIe MECTO aproHa 3aMellaeT JTHOKCU/I yriepoja. B sroM ciiydae 3aMeTHO, 9TO
yBeJINUEHNE JIaBJIE€HUs BJIUsSET Ha CTAOMIBHOCTD MEXaHUIECKOTO PABHOBECHUS. DTO MPOUCXOIUT B
CBA3U C TE€M, YTO MOJIsIpHad Macca JIMOKCHUJIa YIJIepo/ia O0JIbIle MacChl aproHa.

Takum 0OpazoM, TPOBEJIEHHBIE YKCIIEPUMEHTBI MTOKA3AH, 9TO B TPEXKOMIIOHEHTHBIX T'a30BbIX
CMeCsX IPH OIPEJIC/IEHHBIX JABICHUAX U COCTaBaX BO3MOXKHO BOBHUKHOBEHHE CJIO?KHOTO MACCOIIe-
peHoca, CBA3aHHOTO C BOSHUKHOBEHUEM KOHBEKTHBHBIX BO3MYIIEHUI.

a 5} B

Pucynok 3 - /lunammka u3menenns koureHTpanun B cucreme 0.55Ar+0.45He- Ny
npu: a) P=0.5MIla; 6) P=1.5Mna; B) P=2.5Mmna.
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Pucynok 4 — Jlunamuka msMmeHeHus: KoHreHTparun B cucreme 0.66 Ar+0.34 He- Ny
npu: a) P=0.5MIla; 6) P=1.5Mna; B) P=2.5Mua.

a 5} B

Pucynok 5 — [lunamuka u3menennst koureHTparun B cucreme 0.55C0,+40.45He- Ny
npu: a) P=0.5MIla; 6) P=1.5Mna; B) P=2.5Mua.

5 3akJroueHue

Ha ocHoBe mpoBeieHHBIX UCCJIEI0BAHNIT OBbLIN CJIe/IaHbI HUZKECIETYIONINEe BIBOJIbI.

DBrura pazpaborana MaTeMaTndeckas MOJENb JIJIsT MOJETUPOBAHNS CJIOXKHOTO MacCCOIIEPEHOCa B
TPOMHBIX FA30BBIX CMECAX MPU Pa3IMIHBIX JTABIEHUIX.

Beut paspaboran 3D uuciennsiit ajaroputm Ha 6aze D3Q27 mojenu pemerouHoro MeTojia
BousibriMana Jj1si MOJIe/ITMPOBaHUsS MACCOIEPEHOCA KOMIIOHEHTOB KOHIIEHTPAIIMU B OTPAHUYEHHON
IoJI0CTH POPMBI MTapaJlIesIenuIe .

Ha ocHOBe dHCIEHHOrO MOJEIUPOBAHUA TPEXKOMIOHEHTHBIX cMmeceit 0.55Ar+0.45He-Ny,
0.66 Ar+0.34He-N5, 0.55C05+0.45He- Ny, ucciieIoBaHbl BIMSHUE JIaBJIEHUS W HCXOIHOIO COCTa-
Ba KOMIIOHEHTOB Ha YCTOWIMBOCTD (DD Y3MOHHOIO IIPOIEcca.

Takum o6pa30M, IIOCTaBJICHHBIC 3a/Ja491 BbIIIOJIHEHBI ITOJITHOCTBLIO.
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CraHgapTHBIE pa3jeibl ctarbu: BBegenue, O630p aureparypbl, Marepuaj u MeToabl, Pe3ysibrarhl
u oGcyxkaeHne, 3akiodenne, Biaarogapaocru (eciau nmerorcsi), Coucok sureparypbl (Ha3BaHusd
pa3/IeJI0B He MEHSITh)

6) BBemenue. Beeenne cocTouT u3 CJIeLyIOMUX OCHOBHBIX 3jieMeHToB: "O6ocHOBaHUE BHIOOPA TEMBI; aKTy-
aJbHOCTH T€MbI MJIK IIPobJIeMbl. B 060cHOBAHNT BEIOOpA TEMbBI Ha, OCHOBE OIMCAHUS OIIBITA IIPE/IIIeCTBEHHIKOB
cooBIIaeTcst 0 HaJIMYIUU IIpoGJIeMHOI cuTyaruu (OTCYTCTBHE KaKUX-JIM00 MCC/IeA0BAHUIL, [OSBJIEHUE HOBOIO
00beKTa U T.J.). AKTYAJbHOCTb TEMbI OIIPEIESeTcs OOIMM MHTEPECOM K U3YUYEHHOCTH JAHHOIO OObEKTa,
HO OTCYTCTBHEM HMCYEPIIBIBAIOIINX OTBETOB HA UMEIOIIUECs] BOIIPOCHI, OHA JOKA3bIBAETCS TEOPETUIECKON M
[IPpaKTUYIECKON 3HAYMMOCTbIO TeMbl. "Omupejesienne obbeKTa, IIpejMeTa, IeJieil, 3a1a4, MeTOI0B, MOIX0I0B,
TUTIOTE3bl W 3HadeHusi Bameir paborol. llenb mcciemoBanns cBsi3aHa C JTOKA3aTETLCTBOM TE3WCA, TO €CTh
MpeICTaBIeHIEM MIPeIMeTa CCIeIOBAaHNS B M30paHHOM aBTOPOM acCIeKTe.



7) O630p smreparypbl. B paszene 0630p sinTeparypbl [OJKHBL ObITh OXBAdeHbI (DYHIAMEHTAJbHBIE U
HOBBIE TPY/IBI [10 UCCJIEIYeMOil TeMaTuKe 3apy0eKHbIX ABTOPOB Ha aHIIMACKOM #a3biKe (He MeHee 15 TpyioB),
aHaJIu3 JIAHHBIX TPYIOB C TOYKU 3PEHUsl UX HAYYHOI'O BKJIAJA, & TAKXKe IIPO0eJibl B UCC/IeI0BaHUN, KOTOPhIE
Bwr monosasiere B coeit crarbe. HEJIOITYCTVIMO Ha/ure MHOXKECTBA, CCHLJIOK, HE UMEMOIINX OTHOIIEHUS
K paboTe, MM HEyMECTHBIE CY?KICHHS O BAIINX COOCTBEHHBIX JOCTUKEHUSIX, CCBIIKM Ha Balmm mpeaprayIme
paboTHI.

8) Marepuan u metoabl. Pa3zjiesn mo/keH COCTOSITH M3 ONUCAHWSI MATEPUAJIOB U XO/Ia PabOThI, a TakKe
[TOJIHOTO OMUCAHWS HCIOJb30BAHHBIX METOJIOB. XapaKTEePUCTHKA WJIA OIMMCAHUE MATEPUAJIA HMCCJIETOBAHUS
BKJIIOYAET €r0 MPEJICTABIEHNE B KAYeCTBEHHOM U KOJIMYECTBEHHOM OTHOIIEHNH. XapaKTEePUCTUKA MaTepHasia
— ojuH u3 (HaKTOPOB, OIPEIEISIONIUI TOCTOBEPHOCTh BBIBOJIOB U METOJIOB MCCJIEJI0BaHuUA. B aTOM paziesre
OIMCHIBAETCS, KaK MpobseMa Oblita u3ydeHa: moapodHas wHopMalius 6e3 MMOBTOPEHUs paHee OmyOJIMKOBaH-
HBIX YCTAHOBJIEHHBIX [IPOIIEYP; UCHOJIb3yeTCs uaeHTuhUKaIms 060pyaoBanus (IIPOrpaMMHOro obecnedeHus )
U OIMCAHNE MATEPHUAaJIOB, ¢ 00sI3aTe/IbHBIM BHECEHUEM HOBU3HBI IIPU UCIIOJIb30BAHIN MAaTEPUAJIOB M METOOB.
Hay4nas meTomosiorusi 10JKHA BKJIOYATH B CeOsl: - MCCIIEI0BATEIbCKUN BOIPOC(-bl); - BBLIBUIAEMYIO TUIIO-
Te3y (Te3UC); - ITAIBI UCCIIEJOBAHNS; - METObI UCCIEIOBAHMS; - PE3YJILTATHI UCCIIEIOBAHUS.

9) PesysbraThl U 06CyxKaeHue. B 3T0M pasjiesie IPUBOIATC aHAJU3 U OOCYKJIEHUE MOJIYUCHHBIX BaMU
Pe3yJIbTaTOB HCCJIeI0BanusA. [IpuBOAATCS BBIBOJIBI IO IOJYyYEHHBIM B XO/I€ HCCJIEIOBAHUAS PE3YIbTaTaM, Pac-
KPBIBAETCS OCHOBHAs CYTh. Ul 9TO OAMH M3 CaMbIX BaXKHBIX PA3/IEJIOB CTAThbU. B HEM HEOOXOIMMO IIPOBECTH
aHaJu3 pe3yJIbTaTOB CBOel paboThl U 0OCYXKIEHIEe COOTBETCTBYIONINX PE3yJIbTaTOB B CPDABHEHUU C IIPEJIBIITY-
MIMH pabOTaMU, AaHAJIM3AMHA U BBIBOJIAMH.

10) Bakmarouenune. O6obiIeHre U OABEIEHUE UTOIOB PAbOThl HA JAHHOM JTalle; IOJATBEPXKICHUE UCTUHHO-
CTH BBIJBUTAEMOTO YTBEPXKJIEHUsI, BLICKA3aHHOI'O aBTOPOM, M 3aKJOYEHHE ABTOPa 00 M3MEHEHUH HayJIHOTO
3HAHWS C YIeTOM IOJIyUYEHHBIX Pe3yJIbTaToOB. BBIBOIBI HE JOJIKHBI ObITh aDCTPAKTHBIME, OHU JIOJI?KHBI OBITH
HCITOJIb30BAHBI JIJIsI 00O0IIEHNsT PE3Y/IHTATOB UCCJIEIOBAHIUS B TOI HJIM WHOI HAydHOI 00JIACTH, C ONUCAHUEM
MIPE/JTOZKEHUH NI BO3MOXKHOCTElN masbHeliteit paboTel. CTPyKTypa 3aK/II0UeHNs TOJIKHA COIEPKATD CJIE Ty~
forue Bonpockl: KakoBbI 1eji 1 MeTobl uccienoBanus! Kakue pe3yabrarhl 1m0J1y4ueHbl! KaKOBbI BBIBOIBI!
KaxoBbl IepCrieKTUBBI U BO3MOYKHOCTU BHEJIPEHUS, ITPUMEHEHIS Pa3paboOTKu !

11) Baarogapuocru (ecsim nmerorcsi). Hanpumep: PaGora Bbinossena 1npu mojiepKke rpairoBoro dbu-
HAHCHUPOBAHUS HAYIHO-TEXHUYECKHUX IIPOTPAMM U IPOeKToB MuHncrepcTBOoM HayKu U obpazosanus Peciy6-
sk Kazaxcran (rpant «HammeHnosanne Tembl rpanTas, 2018-2020 rospr).

12) Cuoucok smreparypsl/References. (06a cuucka, eciiu craThs Ha PYCCKOM UM Ka3aXCcKoM. Eciu cra-
Thsl Ha AHIVIUICKOM, TO TOJBKO OJUH CHHUCOK 10 cTwiio Jukaro). CImcoK UCHoab3yeMoil JIuTepaTypbl, Ui
Bubsmorpaduueckuii ciucox cocrout uz He MeHee 30 HauMeHOBaHuUil uTepaTypbl, 1 u3 Hux 50% Ha aHTJIHii-
CKOM sI3bIKe. B cilydae HAJIW4IUs B CIHCKe JUTEPATyPhl PabOT, MPEJICTABICHHBIX HA KUPUJUINAIE, HEOOXOIMMO
MpEeJCTaBUTH CIIUCOK JINTEPATYPHI B JABYX BAPUAHTAX: [EPBLIA — B OPUTHHAJE, BTOPOil — POMAHU3UPOBAHHBIM
asdasuToM (TpaHcIuTEpanus). POMaHU3MPOBAHHBIH CINCOK JIMTEPATYPHI JOJIPKEH BBIIVISJIETD B CIIEYIOIIEM
Buzie: aBTop(-bI) (TpaHCaUTEpAIUs) — HA3BAHUE CTATHU B TPAHCIMTEPUPOBAHHOM BADUAHTE [[IepeBoj] HA3Ba-
HU# CTATHU HA AHIIMACKUIT I3bIK B KBaJIPATHBIX CKOOKAX|, HA3BAHUE PYCCKOA3bIYHOIO HCTOYHMKA (TPAHCIUTE-
parus, Jubo AHIIUHCKOE HAZBAHUE - €CJIU €CTh), BBIXOJHbIE JAHHbIE ¢ OOO3HAYCHUSIMY HA AHTJTUHACKOM A3BIKE
(rom B Kpyribix ckobOkax) — crpanunpl. Hampumep: Gokhberg L., Kuznetsova T. Strategiya-2020: novye
kontury rossi- iskoi innovatsionnoi politiki [Strategy 2020: New Outlines of Innovation Policy]. Foresight-
Russia, vol. 5, no 4 (2011): 8-30. Cuucok Jiureparyphbl IpejacTasigercsd 1o Mepe muruposanus, 1 TOJIBKO
Te pabOThI, KOTOPBIE IMUTUPYIOTCs B TeKcTe. CChIIKU HA JIMTEPATYPY ODOPMIISIOTCS B KBaPATHBIX CKOOKaX C
ykazauueM HoMmepa Jjinreparypbl. Ctuib odopmiterns "Crucok jmrepaTypblHa pyCCKOM U KA3aXCKOM SI3BIKE
corytacuo 'OCT 7.1-2003 "Bubaunorpaduyeckast 3anuck. budbnmnorpadudeckoe onucanue. Obrme TpeboBamms
u npasuia cocrapieHus" (rpebosanne K msganusM, sxonsmux B nepedenb KKCOH). Crunb odopmienust
"References" poMaHU3MPOBAHHOIO CIIUCKA JUTEPATYPHI (CM. BBIIIE), a TaKyKe UCTOYHHKOB HA AHIVIMICKOM
(IpyromM MHOCTPAHHOM) $3BIKE JIJIS €CTECTBEHHOHAYYHBIX M TeXHMYECKMX Hanpasienuil corsacuo Chicago
Style (www.chicagomanualofstyle.org).

B mannom pa3zzene HEOOXOIUMO yUIECTh:

a) Llurupyrorcst OCHOBHBIE HayYHbIE ITyOIMKAINY, [IEPEJIOBbIE METO/[bI UCCIIE0BAHMSL, KOTOPBIE IPUMEHSIIOTCS
B JIAaHHOW 00JIACTY HAYKW W HA KOTOPBIX OCHOBaHa paboTa aBTOpA.



6) M36eraiiTe upe3aMepHBIX CAMOIUTUPOBAHMIA.
B) W36eraiite upesmepHbIx cchlIoK Ha nybimkaimu asropos CHI'/CCCP, ucmnosnb3yiiTe MUPOBOH OIBIT.

r) Bubmuorpadudeckuii CImMCOK IOMKEH COIepKaTh (yHIAMEHTAIbHbIE U HAauboJee aKTYyaJbHBIE TPY/IbI,
onyOJIMKOBAHHbBIE U3BECTHBIME 3aPYOE’KHBIMU aBTOPAMHU U MCCJIEIOBATEISIMU 110 T€ME CTATHH.

6. 2Kypnas npuiep:KuBaeTcst €iHOTO CTUJIS U IIO9TOMY IPEIbABISAET Pl OONIX TpeOoBaHMil K 0(OPMIEHUIO
pabor. Ucxonmbiii (HeOTTpaHCIMPOBAHHDIH) tex-haiiyn J0/KeH HeJUKOM IOMENATHCs B TOPU30HTAIBHBIX PaM-
KaX 9KpaHa 33 BO3MOXKHBIM MCKJIFOUEHUEM MaTPUIl U TAOJIUI] U TPAHCJUPOBaThbest 6e3 mporectoB KWIEX 20 u
COODITEHNT O KPATHBIX U HEOIPE/IEJIEHHBIX MEeTKaX, OOJIBINMIX MEPETOTHEHHBIX U He3amoTHEeHHBIX Ookcax. He
CJIeJTyeT OMpPeJIeIsITh MHOTO HOBBIX KOMAH/T, n300peTasi COGCTBEHHBIN CJICHT. ABTOPBI MOTYT MOJINPYKATH JAPY-
rue CTaHJIaPTHBIE CTUJIEBBIE TAKETHI, HO TOJIBKO T€, KOTOPhIe HE BXOJAT B IIPOTUBOpEYre ¢ makeramMu amsmath
u amssymb. EcrecrBenno ¢aits, KpoMe BCEro mpodvero, M0JKeH ObITh MPOBEPEH Ha OTCYTCTBUE I'DaMMAaTH-
YeCKHUX U CTHJIMCTUYIeCKUX omubok. CTaThbu, HE yIOBJETBOPSIONHE STUM TPEeOOBAHUIM, BO3BPAIIAIOTCS Ha
JOpPaboOTKY.

DTaJIoHHBIT 00pa3er, paboThI ¢ JeMOHCTpanueil rpaduKn, ¢ TpeaMOy/Ioil yCTPAnBAIOIIeil PeIaKIIIO, CIIINCKA
TUIUYIHBIX OIMIMOOK O(GOPMJIEHUST U METOJbl MX YCTPAHEHUsI MOXKHO IOJIYYUTh B PEJAKIUU WA Ha caiire
KasHY uwm. anp-®@apabu http://journal kaznu.kz.

7. I'paduyeckne daityibl ¢ PUCYHKAME JOJKHBI OBITh TOJIBKO Ka4eCTBEHHBIMU YepHO-OebiMu B hopMmarte .eps,
JinbO BBITIOJITHEHHBIMH B JIATEXOBCKOM (popmare. Pucynku B 3Tux hopMaTax Je/raroTcs, HAIpUMep, ¢ ITOMOIIBIO
MOIIHBIX MaTeMaTndeckKux nakeroB Maple, Mathematica uim ¢ momoreo nmakera Latexcad. KadecrBernmbie
rpadudeckre Gailyibl ¢JIeJaHHbIE JPYTUMHI TPaDUIECKUMHI IIPOTPAMMAME JIOJIPKHBI OBITH CKOHBEPTUPOBAHBI B
dopwmar .eps ¢ momornipio Adobe Photoshop min koueprepa Conversion Artist. Bee pucyHku J0KHBL OBITEH
y2Ke UMIIOPTUPOBAHHBIME B tex-(ailil U mpeCcTaB/IsiioTCst B PEJAKIINI0 BMECTe C OCHOBHBIM (hailjioM CTAThHU.
I'pacdudeckue hopmaThl, OTIUIHBIE OT BBINMIEYKA3AHHBIX, OTBEPTAIOTCS.

Penakius BripaBe oTKa3aThCs OT BKJIIOYEHUsI B pabOTy PUCYHKA, €CJIM aBTOP HE B COCTOSIHUY ODECIIEYUTH €ro
HaJIJIeKAaIee KaIeCTBO.

VBaxkaeMble YUTATEIN, BBl MOXKETE IMOJAIMUCATHCS Ha Hail KypHaJ , Bectauk KasHY. Cepus maremaruka, me-
XaHUKa, nHPopMaTuKa, KoTophiil BKtodeH B karajor AO | Kasznoura® ,TASETHI U 2KYPHAJIBI“. KosmuecTBo
nomepos B rox — 4. Vnmekc 1y MHINBUIYAJIBHBIX MOAIMCINKOB, MIPEINPUITHN U Oopranu3anuit — 75872, moamuc-
Had 1eHa 3a rofa — 1200 TeHre; WHAEKC JbIOTHONW TOJITUCKY JIJIT CTYACHTOB — 25872, MOJNUCHAS IIEHA 33 TOJ, JIJIsd
crysieaToB — 600 TeHre.
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