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SPECTRUM OF THE HILBERT TRANSFORM
ON ORLICZ SPACES OVER R

In this paper, we investigate the spectrum of the classical Hilbert transform on Orlicz spaces LΦ

over the real line R, extending Widom’s and Jörgens’s results in the context of Lp spaces [3, 8],
since the classical Lebesgue spaces are particular examples of Orlicz spaces when the N -function
Φ = xp/p. Our motivation to do so is due to the classical result of Boyd [1] which says that the
Hilbert transform is bounded on certain Orlicz spaces and the fact that the spectrum of the
bounded linear operator is not an empty set. We first present an auxiliary result from the general
theory of Banach algebras and results from general theory of Banach spaces, which further helps
us to give a full decsription of the fine spectrum of the Hilbert transform on Orlicz spaces over
the real line R. We also present a resolvent set of the Hilbert transform on Orlicz spaces over the
real line R as well as its resolvent operator.

Key words: Hilbert transform, spectrum, point spectrum, Orlicz space.
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R жиынындағы Орлич кеңiстiктерiнде анықталған Гильберт түрлендiруiнiң спектрi

Бұл мақалада бiз, Уидом және Йоргенстiң Lp кеңiстiктерiнiң контекстiндегi нәтижелерiн [3,8]
кеңейте отырып, R нақты түзуiнде анықталған LΦ Орлич кеңiстiктерiндегi классикалық
Гильберт түрлендiруiнiң спектрiн зерттеймiз, себебi классикалық Лебег кеңiстiктерi Φ
N -функциясы Φ = xp/p болған кезде Орлич кеңiстiктерiнiң ерекше мысалдары болып
табылады. Зерттеу жүргiзудегi негiзгi мотивациямыз Бойдтың кейбiр Орлич кеңiстiк-
терiндегi Гильберт түрлендiруiнiң шенелгендiгi туралы классикалық нәтижесi [1] және
жалпы шенелген сызықты операторлардың спектрi бос жиын емес екендiгiмен байланысты.
Бiрiншiден, бiз Банах алгебраларының жалпы теориясынан көмекшi нәтиженi ұсынамыз,
ол әрi қарай R нақты түзуiнде анықталған Орлич кеңiстiктерiндегi Гильберт түрлендiруiнiң
дәл спектрiн толық сипаттауға көмектеседi. Бiз сондай-ақ R нақты түзуiнде анықталған
Орлич кеңiстiктерiндегi Гильберт түрлендiруiнiң резольвенттi жиынын, сонымен қатар
оның резольвенттiк операторын анықтаймыз.

Түйiн сөздер: Гильберт түрлендiруi, спектр, нүктелiк спектр, Орлич кеңiстiгi.
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4 Spectrum of the Hilbert transform . . .

В данной статье мы исследуем спектр классического преобразования Гильберта в простран-
ствах Орлича LΦ над вещественной прямой R, расширяя результаты Видома и Йоргенса
в контексте Lp пространств [3, 8], поскольку классические пространства Лебега являются
частными примерами пространств Орлича, когда N -функция Φ = xp/p. Наша мотивация в
иследовании, обусловлена классическим результатом Бойда [1] об ограниченности преобра-
зования Гильберта в некоторых пространствах Орлича и к тому, что спектр ограниченного
линейного оператора не является пустым множеством.

Сначала приведем вспомогательный результат из общей теории банаховых алгебр, который в
дальнейшем поможет нам дать полное описание тонкого спектра преобразования Гильберта
в пространствах Орлича над вещественной прямой R. Мы также представляем резольвентное
множество преобразования Гильберта в пространствах Орлича над вещественной прямой R,
а также его резольвентный оператор.

Ключевые слова: преобразование Гильберта, спектр, точечный спектр, пространство Ор-
лича.

1 Introduction

Let LΦ(R) be an Orlicz space over the real line R. Define the Hilbert transform H on the
space LΦ(R) by the formula

Hf(t) :=
1

πi
p.v.

∫ ∞
−∞

f(s)

t− s
ds, t ∈ R, (1)

where the integral is understood as Caushy principal value. Boundedness of H acting on
LΦ(R) obtained by D.W.Boyd in [1, Theorem 5.8]. In the same work, Boyd demonstrated
that the necessary condition for the boundedness of the Hilbert Transform is the reflexivity
of the Orlicz space, which coincides with the condition of non-triviality of Boyd indices.
According to the fundamental principles of spectral theory for linear operators on Banach
spaces, it is established that if a linear operator is bounded, then its spectrum must necessarily
be non-empty. Hence, the purpose of this paper is to investigate the spectrum of the
Hilbert transform, including the classification of points within the spectrum. The spectrum
of the Hilbert Transform on Lp(−1, 1), 1 < p < ∞ was completely identified by Widom in
1960. Additionally, he provided a decomposition of the spectrum into its point spectrum,
denoted as σpt(H), continuous spectrum σc(H), and residual spectrum σr(H) [8, §5]. In 2021
Guillermo P.Curbera, Susumu Okada and Werner J.Ricker extended Widom’s results to any
rearrangement invariant Banach spaces over (−1, 1) [9]. They investigated the spectrum and
fine spectra of the finite Hilbert transform acting on rearrangement invariant spaces over
(−1, 1) with non-trivial Boyd indices. Jörgens demonstrated the spectrum and point spectrum
of the Hilbert Transform in the context of Lp(R) and Lp(R+), where 1 < p <∞, as presented
in [3]. In our research, we applied the identical methodology, which also relies on the theory
of Banach algebras.

2 Preliminaries

In this section, we provide certain definitions and notations from the theory of Banach
algebras and from the theory of linear bounded operators on Banach spaces.
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Definition 1 A complex normed space A is called a normed algebra if for any elements A,B
of A there is defined a product AB ∈ A with the following properties

• associativity: A(BC) = (AB)C;

• distributivity: (A+B)C = AC +BC, A(B + C) = AB + AC;

• homogeneity: α(AB) = (αA)B = A(αB),∀α ∈ C.

The product satisfies the inequality ‖AB‖ ≤ ‖A‖‖B‖, where ‖ · ‖ is a norm of A. If
A is a Banach space, then A is called a Banach algebra. Moreover, if there exists in A an
element I with following properties AI = IA = A, ∀A ∈ A and ‖I‖ = 1 then A is called
a normed algebra with unit (respectively Banach algebra with unit). An element A ∈ A is
called regular if there exists B ∈ A such that AB = BA = I. The element B is the inverse of
A and accordingly is denoted by A−1. If an element is not regular, then it is called singular.
For every A ∈ A we define the resolvent set ρ(A) as the set of all λ ∈ C such that (λI − A)
is regular. For all λ ∈ ρ(A) we defined the resolvent operator Rλ(A) = (λI − A)−1. The
complement of ρ(A) is called the spectrum of A and denoted by σ(A).

Definition 2 An element A ∈ A is called algebraic if there exists a polynomial

p(λ) =
m∑
i=0

αiλ
i (2)

with coefficients αi ∈ C and αm 6= 0 such that

p(A) =
m∑
i=0

αiA
i = 0. (3)

A minimal polynomial of A is a monic polynomial (whose highest-degree coefficient equals 1)
p(x) of the lowest degree such that p(A) = 0

First note that a minimal polynomial is unique. Indeed, if there are two minimal polynomials,
denoted as p(x) and q(x), both of degreem, then, (p−q)(A) = p(A)−q(A) = 0. Note that, the
degree of the resulting polynomial (p− q)(x) is less than m, contradicting their minimality.
Thus, it follows that p = q. Additionally, recognize that the minimal polynomial p(x) is
irreducible, i.e. it cannot be expressed as the product of two polynomials. To illustrate, if
p(x) = r(x)t(x), where both r(x) and t(x) have degrees lower than that of p(x), then 0 =
p(A) = r(A)t(A). Consequently, either r(A) = 0 or t(A) = 0, contradicting the minimality
of p(x). It is also known that any polynomial q(x) with q(A) = 0 is divisible by the minimal
polynomial of A. In other words, if there exists a polynomial q(x) satisfying q(A) = 0, then
q(x) = p(x)r(x), where p(x) is the minimal polynomial of A.

Now we introduce some definitions from the theory of bounded linear opearators on
Banach spaces. Let X be a Banach space. For Banach space X we denote by B(X), the set
of all bounded operators from X into itself. It is known that B(X) is a Banach algebra [2].
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Definition 3 Let T ∈ B(X). The spectrum of T is the set of all λ ∈ C for which the
operator λI −T does not have an inverse that is a bounded linear operator, denoted as σ(T ).
The resolvent set ρ(T ) of T in X is defined as complement of the spectrum: C\σ(T ). In other
words, the resolvent set of T is the set of all λ ∈ C for which the operator λI − T have an
inverse that is a bounded linear operator.

Definition 4 [7, Definition 1.13] Let T ∈ B(X). Define

σpt(T ) = {λ ∈ C : λI − T is not injective ⇔ Ker (λI − T ) 6= {0}} ;

σc(T ) =
{
λ ∈ C : λI − T is injective Im (λI − T ) = X, but Im (λI − T ) 6= X

}
;

σr(T ) =
{
λ ∈ C : λI − T is injective, but Im (λI − T ) 6= X

}
.

σpt(T ), σc(T ) and σr(T ) are called respectively the point spectrum, the continuous spectrum
and the residual spectrum of T in X.

It is known that σpt(T ), σc(T ) and σr(T ) are disjoint [7] and

σ(T ) = σpt(T ) ∪ σc(T ) ∪ σr(T ).

Since B(X) is a Banach algebra, the definition of the spectrum and resolvent set on Banach
algebras and linear bounded operators on Banach spaces coincide. As usual, by Lp(R) we
denote the standard Lebesgue space.

Definition 5 [4, 5] A mapping Φ : R→ R+ is called an N-function if

• Φ(x) = 0 iff x = 0 and Φ(x) > 0 for x > 0;

• Φ is convex, continuous and even;

• lim
x→0

Φ(x)
x

= 0, lim
x→∞

Φ(x)
x

= +∞.

We say that N -function Φ satisfies the ∆2-condition, if and only if there exists a constant
k > 0 such that

Φ(2x) ≤ kΦ(x), for all x > 0.

For every N -function Φ and for every measurable function f on R we can define a functional

MΦ(f) =

∫
R

Φ(|f |)dx

and set

‖f‖LΦ
= inf

{
a > 0 : MΦ

(
f

a

)
≤ 1

}
.
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Definition 6 The set

LΦ = {f ∈ L : ‖f‖LΦ
<∞}

equipped with the norm ‖ · ‖LΦ
is called an Orlicz function space.

An Orlicz space is an example of rearrangement invariant spaces. Note that Lp spaces coincide
with Orlicz spaces when the N-function has the form Φ(x) = xp/p, p ∈ (1,∞). For a more
general information on Orlicz spaces LΦ, see [2, 4, 5, 7].

Definition 7 Let LΦ(R) be reflexive. If f ∈ LΦ(R), then the classical Hilbert transform H
is defined by the principal-value integral

Hf(t) :=
1

πi
p.v.

∫ ∞
−∞

f(s)

t− s
ds, ∀f ∈ LΦ(R),

(see, e.g. [2, Chapter III. 4]).

The Hilbert transform H is bounded on LΦ(R) if and only if LΦ(R) is reflexive (see, for
example, [1, 2, 6]).

3 Methods and materials. Spectrum of the Hilbert transform on LΦ(R)

In this section, we find the spectrum of the Hilbert transform on LΦ(R). First, we present a
preliminary result from the of theory of Banach algebras.

Proposition 1 [3, Exercize 4.10] Let A be an algebraic element of A (cf. Definition 2).
Then

1. The resolvent of A has the form

Rλ(A) =
1

p(λ)

m−1∑
i=0

λiBi

where

Bj =
m∑

k=i+1

αkA
k−i−1.

2. The spectrum σ(A) is contained in the set of zeros of p:

p0 = {λ ∈ C | p(λ) = 0} ⊃ σ(A)

3. If p is a minimal polynomial for A, then

p0 = σ(A).
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Proof. 1. We know that

Rλ(A) =
1

p(λ)
(B0 + λB1 + λ2B2 + ...+ λm−1Bm−1)

and

B0 = α1I + α2A+ ...+ αmA
m−1;

B1 = α2I + α3A+ ...+ αmA
m−2;

B2 = α3I + α4A+ ...+ αmA
m−3;

...

Bm−2 = αm−1I + αmA;

Bm−1 = αmI.

Then we have

p(λ)Rλ(A) = (α1I + α2A+ ...+ αmA
m−1)

+ λ(α2I + α3A+ ...+ αmA
m−2)

+ λ2(α3I + α4A+ ...+ αmA
m−3)

+ ...+ λm−2(αm−1I + αmA) + λm−1αmI.

Therefore,

p(λ)Rλ(A) = α1I + α2(λI + A) + α3(λ2I + λA+ A2)

+ α4(λ3I + λ2A+ λA2 + A3) + ...

+ αm−1(λm−2I + λm−3A+ ...+ λAm−3 + Am−2))

+ αm(λm−1I + λm−2A+ ...+ λAm−2 + Am−1))

= α1(λI − A)(λI − A)−1 + α2((λI)2 − A2)(λI − A)−1 + ...

+ αm−1((λI)m−1 − Am−1)(λI − A)−1 + αm((λI)m − Am)(λI − A)−1

= (λI − A)−1(α1(λI − A) + α2((λI)2 − A2) + ...

+ αm−1((λI)m−1 − Am−1) + αm((λI)m − Am))

= (λI − A)−1(p(λ)− p(A)) = p(λ)(λI − A)−1.

If p(λ) 6= 0, then

Rλ(A) = (λI − A)−1,

and

Rλ(A)(λI − A) = (λI − A)Rλ(A) = I.

2. We demonstrate that σ(A) is a subset of p0 = {λ ∈ C : p(λ) = 0}. Choose any
λ ∈ σ(A). It follows that p(λ) = 0, meaning that λ belongs to p0. To argue this, assume the
opposite, i.e., suppose p(λ) 6= 0. In such a case, based on the preceding reasoning, a resolvent
Rλ(A) exists, implying that λ ∈ ρ(A). This assumption leads to a contradiction, compelling
the conclusion that p(λ) = 0. Consequently, we establish that σ(A) is a subset of p0
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3. Let p(x) be the minimal polynomial of A. Assume that σ(A) is a subset of p0. Then
choose λ0 ∈ p0 \ σ(A). Then, by the preceding arguments, there would exist a resolvent
Rλ0(A) which has the form

Rλ0(A) =
1

q(λ0)

m−1∑
i=0

λi0Bi,

for some polynomial q(x) with q(A) = 0. Since p(x) is the minimal polynomial, the polynomial
q(x) can be expressed as follows q(x) = r(x)p(x). We know that λ0 ∈ p0, i.e. p(λ0) = 0,
therefore, q(λ0) = r(λ0)p(λ0) = 0, which contradicts the existence of the resolvent Rλ0(A).
The contradiction proves the fact that p0 = σ(A).

Before proceeding to the main result of this paper we present some technical lemmas. The
proofs can be found in their respective references.

Lemma 1 [10, Lemma 2.1] Let X(R) be a separable Banach function space. Then the set
L2(R) ∩X(R) is dense in X(R).

Lemma 2 [4, 5] The following statements are equivalent:

(a) N-function Φ satisfies ∆2-condition;

(b) LΦ(R) is reflexive;

(c) LΦ(R) is separable.

Let LΦ(R) be a reflexive Orlicz space, then as stated earlier the Hilbert transform is
bounded linear operator on LΦ(R). In other words, we have that H ∈ B(LΦ(R)). Since
LΦ(R) is a Banach space, B(LΦ(R)) is a Banach algebra.

Lemma 3 Let LΦ(R) be a reflexive Orlicz space, then H2f = f , for any f ∈ LΦ(R).

Proof. It is a known [3], [11, Chapter 4] that H2 = I for all f ∈ Lp(R), 1 < p < ∞. Let
p = 2. Hence, one can obviously see that H2f = f for every f ∈ L2(R) ∩ LΦ(R). By Lemma
2, one has that LΦ(R) is separable. Hence, by Lemma 1, L2(R) ∩ LΦ(R) is dense in LΦ(R).
Therefore noting that the integrals involved in the Hilbert transfrom are finite, passing to
the limit, we have H2f = f for every f ∈ LΦ(R), which completes the proof.

The following theorem is the main result of this paper, which extends Widom’s result [3].

Theorem 1 Let LΦ(R) be a reflexive Orlicz space and let H be the Hilbert transform on
LΦ(R). Then,

(i) σ(H) = σp(H) = {±1}.

(ii) ρ(H) = C \ {±1} and the resolvent has the following form

Rλ(H) =
1

2
(λ+ 1)−1(I −H) +

1

2
(λ− 1)−1(I +H).
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Proof. (i). Note that, by Lemma 3, H2 = I and obviously there is no polynomial q(·) of degree
1 such that q(H) = 0. Hence, the minimal degree of the polynomials is 2:

p(H) = I −H2 = 0.

Therefore, by Proposition 1, we have

σ(H) = {λ ∈ C : λ2 − 1 = 0} = {±1}.

Moreover, for λ = ±1, one has

(I −H)(I +H)f = (λ2I −H2)f = 0, f ∈ LΦ(R).

Hence, g = (I +H)f ∈ Ker{I −H} 6= ∅. Therefore, σ(H) = σp(H) = {±1}.
(ii). By the definition of the resolvent, it easily follows that ρ(H) = C \σ(H) = C \ {±1}.

Since

p(λ) = λ2 − 1, α0 = −1, α2 = 1, αk = 0, k = 1, 3, 4, ... .

Then, by Proposition 1, we obtain

B0 = H, B1 = I

and

Rλ(H) =
λI +H
λ2 − 1

=
1

2
(λ+ 1)−1(I −H) +

1

2
(λ− 1)−1(I +H).

Remark 1 Since the point spectrum, continuous spectrum and residual spectrum are disjoint
sets, it easily follows from Theorem 1 that σc(H) = σr(H) = ∅.

4 Conclusion

In this paper, we investigated the spectrum of the Hilbert transform on Orlicz spaces over
the real line. Our findings revealed that the spectrum of H on LΦ(R) consists two points,
specifically σ(HLΦ(R)) = {−1, 1}, and this spectrum coincides with the point spectrum. We
also determined the resolvent set ρ(H) and the resolvent Rλ(H) of the Hilbert transform on
the spaces LΦ(R).
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MATHEMATICAL MODELLING OF THE PROCESS OF NATURAL GAS
TRANSPORTATION VIA PIPE NETWORKS USING CROSSING-BRANCH

METHOD
This research is among the most relevant research on the problems of natural gas transportation via
pipe networks. The increased demand for natural gas in Kazakhstan is associated with a greater
level of environmental friendliness; as a result, many power-generating stations use natural gas
as their main source of energy. Modernization of existing thermal power plants is necessary to
improve the environmental situation in the country. There are three main groups of gas pipeline
systems considered in the literature: collection, transmission, and distribution systems. In this
article, we present detailed research on the transmission process and develop useful approaches.
Over the past few years, a huge amount of research has been conducted on many problems of
decision-making in the gas industry and, in particular, on optimizing the pipeline network. In this
paper, we consider dynamical models, highlighting aspects of modelling and the most relevant
solutions to date. This research can serve as a useful tool for understanding the evolution of many
real-world applications and the most recent advances in solution methodologies emerging in this
complex field of research. The results of this research can be used to develop technologies for
automating calculations, planning, and optimizing natural gas transportation.
Key words: natural gas transportation, mathematical modelling, nonlinear model.

С. Бургумбаева1∗ , Д. Жусупова2, Б. Қошқарова1
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Қиылысу-тармақ әдiсiн қолдана отырып, табиғи газды құбыр желiлерi арқылы
тасымалдау процесiн математикалық модельдеу

Қарастырылып отырған зерттеу жұмысы табиғи газды құбыр желiлерi арқылы тасымалдау
мәселелерi бойынша ең өзектi зерттеулердiң бiрi болып табылады. Қазақстандағы табиғи
газға деген сұраныстың артуы қоршаған ортаға зиянсыздық деңгейiнiң жоғарылауымен
байланысты; нәтижесiнде көптеген электр станциялары негiзгi энергия көзi ретiнде табиғи
газды пайдаланады. Елдегi экологиялық жағдайды жақсарту үшiн жұмыс iстеп тұрған
жылу электр станцияларын жаңғырту қажет. Әдебиеттерде қарастырылған газ құбырлары
жүйелерiнiң үш негiзгi тобы бар: жинау, тасымалдау және тарату жүйелерi. Бұл мақалада
бiз тасымалдау процесi туралы егжей-тегжейлi зерттеулердi ұсынамыз және пайдалы
тәсiлдердi әзiрлеймiз. Соңғы бiрнеше жылда газ саласындағы шешiмдердi қабылдаудың
көптеген мәселелерi бойынша, атап айтқанда, құбыр желiсiн оңтайландыру бойынша үлкен
көлемдегi зерттеулер жүргiзiлдi. Бұл жұмыста бiз динамикалық модельдердi қарастырамыз,
модельдеудiң аспектiлерiн және бүгiнгi таңдағы ең өзектi шешiмдердi атап өтемiз. Бұл
зерттеу көптеген нақты әлем қолданбаларының эволюциясын және осы күрделi зерттеу
саласында пайда болған шешiм әдiстемелерiндегi ең соңғы жетiстiктердi түсiну үшiн
пайдалы құрал бола алады. Бұл зерттеулердiң нәтижелерiн есептеулердi автоматтандыру,
жоспарлау және табиғи газды тасымалдауды оңтайландыру технологияларын әзiрлеу үшiн
пайдалануға болады.

Түйiн сөздер: табиғи газды тасымалдау, математикалық модельдеу, сызықты емес модель.
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Математическое моделирование процесса транспортировки природного газа по
трубопроводным сетям методом пересечения-ветви

Данное исследование относится к числу наиболее актуальных исследований по проблемам
транспортировки природного газа по трубопроводным сетям. Повышенный спрос на
природный газ в Казахстане связан с повышением уровня экологичности; в результа-
те многие электростанции используют природный газ в качестве основного источника
энергии. Модернизация существующих теплоэлектростанций необходима для улучшения
экологической ситуации в стране. В литературе рассматриваются три основные группы
газопроводных систем: системы сбора, транспортировки и распределения. В этой статье
мы представляем подробное исследование процесса передачи и разрабатываем полезные
подходы. За последние несколько лет было проведено огромное количество исследований по
многим проблемам принятия решений в газовой отрасли и, в частности, по оптимизации
трубопроводной сети. В данной статье мы рассматриваем динамические модели, освещая
аспекты моделирования и наиболее актуальные на сегодняшний день решения. Это ис-
следование может послужить полезным инструментом для понимания эволюции многих
реальных приложений и последних достижений в методологиях решения, возникающих в
этой сложной области исследований. Результаты исследования могут быть использованы
при разработке технологий автоматизации расчетов, планирования и оптимизации транс-
портировки природного газа.

Ключевые слова: транспортировка природного газа, математическое моделирование, нели-
нейная модель.

1 Introduction

This research is intended to build mathematical and computer simulations of non-stationary
modes with the optimization of the gas transportation process by choosing the most effective
control strategy and control actions on the technological equipment of the main gas pipelines
of the gas transmission system.

Over the past couple of centuries, fossil fuels have been the primary source of energy and
essential to global economic growth. Originally, coal was the main source of energy, but oil
later replaced it and became an important factor in maintaining civilization.

In the modern world, the rise in prices for non-renewable energy sources is breaking records
in the entire history of their production. It is advisable to connect this with the deteriorating
environmental situation in the world. A gradual transition to clean types of energy, such as
solar, wind, etc., is planned by most developed countries. But immediate transformation of
energy systems is impossible and takes time. Therefore, the most promising direction is less
polluting energy sources such as natural gas.

Complex gas-dynamic processes occurring in a pipeline in transient conditions require
a more comprehensive solution to problems such as management, design and operation of
gas transmission systems. It should also be noted that gas transport is carried out in large
diameter pipes and under high pressure.

The characteristics of the gas in the pipeline change in real time, which significantly
complicates the modeling process and does not allow one to estimate the gas parameters well
enough to make a decision. Gas dynamics is described by a system of three partial differential
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equations based on the laws of conservation of energy, mass and momentum. But for practical
purposes, the obtained numerical solutions of this system do not give satisfactory results.

An acute discussion about physical phenomena on graphs continues, particularly regarding
the context of gas dynamics [1], [2] including the publications of the Pipeline Interest Group
[3] or textbooks such as [4], [5].

In particular, accurate but computationally cheap prediction of gas dynamics in pipeline
networks is a major industrial problem and has been studied for several years [6], [7]. In
gas dynamics, the predominant physical phenomenon is pressure loss due to the effects
of hydraulic friction on the pipe walls. Currently, there are several models that describe
this effect with varying degrees of accuracy. Most of these models are given on isothermal
Euler equations, i.e., a system of nonlinear partial differential equations for each pipe. The
main difficulty lies in nonlinear dynamics, i.e., the nonlinearity of the system of differential
equations, which limits the possibility of efficient and accurate modelling of pipelines and
pipeline networks.

We consider the problem of modelling and simulating gas dynamics in pipes. The key
point in modeling is the non-stationary nature of the process, which significantly affects the
construction of optimal control, reducing the quality of the resulting solutions. Stationary
modes are well studied and are often used in modeling natural gas transport, but they reduce
the plausibility and reality of such processes, which leads to low confidence in the results
obtained for management and decision-making.

Obtaining new capacity while maintaining emissions regulations is one of the difficult
problems facing countries. The most optimal solution to switch to gas leads to the
construction of gas-fired thermal power plants and gas power plants. The natural gas power
generation vector is a reliable hedge against the variability of renewable energy sources such as
wind and solar [8], [9]. Such conditions for energy supply are a challenge for gas transportation
systems, since different volumes of consumption must be included in the modes of the gas
transportation process in order to provide the necessary capacities in a timely manner. New
approaches should be considered to replace those that existed in conditions of stable gas
supplies, when gas from the field was supplied to consumers in accordance with established
volumes [10], [11].

Such contracts ensured a nearly constant supply of gas [12]. Modeling and optimization
of the transportation process was limited to the consideration of stationary processes [13],
[14]. But now, consideration of the stationary case for gas-dynamic systems is becoming
unsatisfactory. Several approaches to such research are encompassed in [15], [16].

The article is structured as follows:

• Section 2 represents the description and statement of methods.

• Section 3 provides a description of the main computational procedures and their
relationship. The results of the calculations obtained using the dynamical model are
shown in graphs.

• Section 4 discusses the meaning, importance, and relevance of the research results.

• Conclusions on the main outcomes of this study are finally presented in Section 5.
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2 Methods

The following is a mathematical model that most fully describes the process of gas movement
in a pipe, i.e., Newton’s equation of motion

∂P

∂x
+ gρ

dh

dx
+

λ

2DS2

|M |M
ρ

+ ρ
DW

dt
= 0, (1)

where P is pressure, g is acceleration due to gravity, ρ is density,
dh

dx
is the slope of the pipeline,

λ is the coefficient of hydraulic friction, D is the inner diameter, S is the cross-sectional area,
M is mass flow rate,

DW

dt
=
∂w

∂t
+ w

∂w

∂x
,

and x is the length of the pipe.
The continuity equation is as follows:

S
∂ρ

∂t
+
∂M

∂x
= 0, (2)

and the energy equation is written in the form of temperature θ = θ(x) under the assumption
of zero temperature gradient over time. Also, the equation of state is

P = zRθρ, (3)

where R is the gas constant and z is the compressibility factor.
The coefficient of hydraulic friction can be calculated using Chen’s formula [17], which is

often used in practice:

1
√
λ

= −2 log

 ε/D

3.7065
−

5.0452

NRe

log

 1

2.8257

(
ε

D

)1.1098

+
5.8506

0.8981NRe

 .

Here, NRe is the Reynolds number, NRe = ρuD/µ, µ is the dynamic viscosity of the gas,
u is velocity, and ε is the roughness of the pipe.

Typically, isothermal models are used to model gas transport, ignoring temperature
changes along the length of the pipeline and over time.

There are many formulas for calculating the compressibility coefficient; for example, see
the source for an overview of existing methods [18]. Based on many studies, the standards for
calculating the gas compressibility factor based on the parameters and composition of natural
gas SGERG-88 [19], GERG-2004 [20], and the latest version of the standard GERG-2008 [21]
were constructed; these take into account most of the dependent factors.

In accordance with [22], a simplified formula is used in practice; the compressibility
coefficient of natural gas at a pressure of up to 15MPa and temperature in range of
250− 400K, z is calculated by the formula

z = 1 + A1Pred + A2Pred, (4)
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where

A1 = −0.39 + 2.03Tred − 3.16T 2
red + 1.0T 3

red,

A2 = 0.0423− 0.1812Tred + 0.2124T 2
red,

Pred = PPcr,

Tred = TTcr.

The critical pressure and temperature of the gas mixture can also be determined from a
known density under standard conditions (T = 293.15K, P = 101325Pa):

Pcr = 0.1737 · (26.813− ρst) , Tcr = 155.24 · (0.564 + ρst) ,

where ρst is the gas density under standard conditions (set according to the gas passport).
The basis for all simplifications under the assumption of an isothermal process, and,

therefore, also the classical dynamics of a gas in a pipe, is described by the Euler equations:

ρt + qx = 0,

qt +

(
q2

ρ
+ a2ρ

)
x

= −λ
q|q|
2Dρ

− gρhx.

Here, q is the gas flow, q = ρu, and a2 = zRT . The first equation is the law of
conservation of mass, and the second equation describes momentum. The system represents
a hyperbolic equilibrium law involving the effects of friction and gravity (described by ghx).
The computational complexity for modelling a pipeline network using these equations is
high. The first approximation of this system can be obtained by performing an approximate
estimate of the term ∂ (q2/ρ) and excluding it from the equation. The resulting system is
written as follows:

qt

(
a2ρ

(
1 +

q2

ρ2a2

))
x

= −λ
q|q|
2Dρ

− gρhx.

This system, known as the Weymouth equations, reduces to solving a linear system of
hyperbolic partial differential equations for each pipe.

In the research implementation, we consider non-isothermal (1) - (3) models using the
compressibility factor (4).

Adopting the space discretization according to Figure ??, the equation of motion (1) is
represented as

ρi+1−ρi+
λi |ŵi|Li
2DiSiw̃2

zi

Mi+g
∆hi
w̃2
zi
ρ̂i+

ρ̃i + b∗ρ̄i+1ρ̄i

θ̃i
∆θi+

Li
Siw̃2

zi

dMi

dt
= 0, (i = 1, 2, . . . , n), (5)

where
ŵi =

M̄i

Siρ̄i
,

w̃2
zi = Rθ̃iZ̄iZ̄i+1,
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ρ̂i =
p̄i + p̄i+1

2Rθ̄i
√
Z̄iZ̄i+1

,

θ̃i = 0.5
(
θ̄i + θ̄i+1

)
, ρ̃i = 0.5 (ρ̄i + ρ̄i+1) ,

p̄i = Rθ̄iZ̄iρ̄i,

Z̄i =
1

1 + ρ̄i
(
b∗ − a∗θ̄i

) ,∆θi = θi+1 − θi,

∆hi = hi+1 − hi,
ρ̂i
w̃2
zi

=
2ρ̄iρ̄i+1

(p̄i + p̄i+1)
√
Z̄iZ̄i+1

.

Figure 1: Discretization scheme by space

By following the paper [23], we write a discretized system of (2) - (3):

dρ1
dt

+
2

L1S1

M1 = − 2

L1S1

Q1,

dρi
dt

+
2

Li−1Si−1 + LiSi
(Mi −Mi−1) = − 2

Li−1Si−1 + LiSi
Qi,(i = 2, 3, ..., n)

dρn+1

dt
+

2

LnSn
(−Mn) = − 2

LnSn
Qn+1.

(6)

The integration is based on a modified implicit integration method [24] with a
nonsymmetric difference:

Yn+1 − Yn
∆t

= A ((1− v)Yn+1 + vYn) +
1

2
B (Un+1 + Un) , (7)

where Un and Yn are the values at time t, Un+1, Yn+1 are the values at time t+ ∆t which is
the integration time-step, and i is the coefficient of nonsymmetric difference.

We write the system of (5) - (6) for i = 2 in the following form:

α2
d

dt
M2 + α1M2 + ρ3 − ρ2 = r2, (8)
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β
d

dt
ρ2 +M2 −M1 +Q2 = 0, (9)

α1 =
λ2 |ŵ2|L2

2D2S2w̃2
z2

, α2 =
L2

S2w̃2
z2

, r2 = −g∆h2
w̃2
z2

ρ̂2 −
ρ̃2 + b∗ρ̄3ρ̄2

θ̃2
∆θ2, β = L1S1 + L2S2. (10)

Here, values with a bar above represent values at the previous time step. Then, equations (8)
- (10) can be written using the implicit scheme (7):

a2M2 + ρ3 − ρ2 = f2, (11)

d2ρ2 +M2 −M1 = e2, (12)

a2 =
α2

(1− v)∆t
+ α1,

f2 =
r2 + r̄2

2(1− v)
+

(
α2

(1− v)∆t
+

v

1− v
α1

)
M̄2 +

v

1− v
(ρ̄2 − ρ̄3) ,

d2 =
β

(1− v)∆t
,

e2 = −Q2 + Q̄2

2(1− v)
+

β

(1− v)∆t
ρ̄2 +

v

1− v
(
M̄1 − M̄2

)
.

(13)

As a result, we obtain a system of linear equations with a tridiagonal matrix for equations
(11) - (13):

a1 1
−1 d2 1

−1 a2 1
· · ·
· · ·
· · ·
−1 dn 1

−1 an


·



M1

ρ2
M2

·
·
·
ρn
Mn


=



f1
e2
f2
·
·
·
en
fn


+



ρ1
0
0
·
·
·
0

−ρn+1


. (14)

Equation (14) gives formulas for M1 and Mn:

M1 = A+Bρ1 + Cρn+1, (15)

−Mn = U + V ρ1 + Wρn+1. (16)

First, let us build formulas for the coefficients of (15) using the left tridiagonal matrix
algorithm [25]: 

M1 = η1,

ρi+1 = ξiMi + ηi,

Mi−1 = ξiρi + ηi, (i = 1, 2, . . . , n− 1),

,
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where the coefficients are written as follows:

ξn−2 =
a2n−2

c2n−1
, ηn−2 =

f2n−1

c2n−1
, ξi =

ai

ci − biξi+1

(i = 2n− 3, 2n− 4, . . . , 1).

Simplifying ηi (i = 1, 2, . . . , n− 1), we obtain formulas for A, B, and C:

B =
1

c1 − b1 · ξ1
, (17)

C = −
b2n−2

c2n−1
·

b2n−3

c2n−2 − b2n−2 · ξ2n−2
·

b2n−4

c2n−3 − b2n−3 · ξ2n−3
· . . . ·

b1

c2 − b2 · ξ2
·

1

c1 − b1 · ξ1
, (18)

A =

(
. . .

(((
b2n−2 ·

f2n−3

c2n−1
+ f2n−2

)
·

b2n−3

c2n−2 − b2n−2 · ξ2n−2
+ f2n−3

)
× (19)

×
b2n−4

c2n−3 − b2n−3 · ξ2n−3
+ f2n−4

)
· . . . ·

b1

c2 − b2 · ξ2
+ f1

)
·

1

c1 − b1 · ξ1

Second, let us build formulas for the coefficients of (16) using the right tridiagonal matrix
algorithm [25]: 

Mn = βn,

ρi = αiMi+1 + βi,

Mi = αiρi+1 + βi, (i = 1, 2, . . . , n− 1)

,

where

α1 =
b1

c1
, β1 =

f1

c1
, αi+1 =

bi

ci − aiαi
(i = 1, 2, . . . , 2n− 2).

Simplifying βi, we obtain formulas for U , V , and W :

W =
1

c2n−1 − a2n−2 · α2n−2
(20)

V =
a1

c1
·

a2

c2 − a1 · α1

·
a3

c3 − a2 · α2

· . . . ·
a2n−2

c2n−2 − a2n−3 · α2n−3
·

1

c2n−1 − a2n−2 · α2n−2
(21)

U = −

((((
a1 ·

f1

c1
+ f2

)
·

a2

c2 − a1 · α1

+ f3

)
·

a3

c3 − a2 · α2

+ f4

)
× . . .× (22)

×
a2n−2

c2n−2 − a2n−3 · α2n−3
+ f2n−1

)
·

1

c2n−1 − a2n−2 · α2n−2
.

In general, these formulas can be written as follows:

Mαβ = A+Bρα + Cρβ, (23)

−Mαβ = U + V ρα +Wρβ. (24)

Here, Mαβ elements describe crossing points in the transmission network (see Figure 3).
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3 Numerical results

We use a model for gas dynamics in pipe networks by the crossing-branch method. We present
the derivation of the model as well as numerical results illustrating its validity properties.

The calculation scheme consists of three main steps, as shown in Figure 2.

Figure 2: Calculation scheme by space and time

Next we present numerical results on an artificial sample network without compressors.
Future work will be dedicated to the model considering compressors along the entire network.

Figure 3: Crossing-branch scheme

To study the model, two calculation scenarios were built:
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1. Building a steady state with stable input data.

2. Constructing a dynamic mode with the simulation of the growth of the gas flow at one
inlet point of the main pipeline with a constant inlet pressure.

Using the crossing-branch method from [23]– [24] in Figure 3, we obtain numerical results
for the artificial gas pipes network, as shown in Figure 4.

The method used in this study can be applied to pipeline networks without involving
graphs. It is easy to see in the network figure that the mode of gas flow through pipes can
be set as an array of sets of points following the given orientation of the gas flow. Then, we
get an array of dimension 17, each element of which consists of a set of network points. For
example, for our artificial network, we get the array in Table ??.

We present an example synthetic network in Figure 4 consisting of a tree with 29 nodes
connected by 28 edges with a total length of 370.6 km, 3 gas fields, and 7 terminals or
withdrawals, not containing compressors.

Figure 4: Gas pipelines network

Let us write the equation for the cross vertex α:

dαρα +
∑
i∈Qα

Mαi +Qα = eα, (25)

where Qα is the set of neighboring cross vertices. If we assume that the data on the output
points are known, then we get an equation independent of ρδ. By combining all equations
for cross vertices by applying formulas (17)–(24), we obtain the linear system with respect
to vectors of unknown densities at the cross vertices of the graph:

Sρ = R. (26)

totalRegimeCalculation[] constructs the initial regime using input data of the regime.
According to the scheme in Figure 2, the procedure constructFullSystem[] builds matrix
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S from (26) and solves the system. N depends on the simulation time, i.e., from the time
interval of the modelling of the transportation process. As the compressors are not connected
to the constructed gas pipeline network, the gas supply and the volume of consumption
must be equal. Here, the loss of gas during transportation is considered insignificant due to
micro-cracks in the pipes.

By ignoring gas parameters of output points of the network in (25), we must evaluate the
separate numerical procedures for that like calculateOutDirections[]. This calculation is
used a linear non-isothermal model [26].

The last block of calculations includes the procedure updateTotalData[], which updates
all gas parameters and applies appropriate conversions, such as density to pressure.

Table 1: Table of the regime

Table 1: Table of the regime
Branch # Set of points Branch # Set of points Branch # Set of points

1 {1, 2} 7 {7, 8} 13 {21, 23, 24}
2 {2, 3, 4} 8 {14, 15, 8} 14 {7, 25}
3 {2, 5} 9 {8, 12, 13} 15 {25, 26, 27, 28}
4 {5, 6, 9} 10 {18, 17, 16} 16 {25, 29}
5 {5, 7} 11 {19, 18} 17 {21, 22, 8}
6 {7, 10, 11} 12 {18, 20, 21}

Numerical experiments were performed with time step τ = 0.01 sec and h = 1 km
and the duration of the simulation was 5.5 hours. Accounting for transient withdrawals, and
accordingly the assumption of transient injections, we consider a regime with time-dependent
dynamical information, where one of the injection point gas parameters, such as mass flow
or pressure, is given dynamically.

Figures 5 and 6 show results for the numerical solution. Below are the calculated pressure
values in the start point of branches and graphical form for each branch separately.

Figure 5: Pressure values in the start point of branches

The results for densities in crossing nodes {2, 5, 7, 25, 8, 18, 21} are shown in Figures 7
and 8.

Calculations were performed using the software system Wolfram Mathematica. The
computational procedures shown in scheme Figure 2 were implemented in various Wolfram
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Figure 6: Pressure values in the graphical form for each branch separately

Figure 7: Density values in crossing points

notebooks, which can be instantly launched. The source code has been uploaded to GitHub
and is available at the link [27].

4 Discussion

The outcomes of this research have provided insight into the investigation of the natural
gas transportation process. Due to the unstable flow of natural gas into the pipeline system
and changes in consumption, modeling the transportation process is a complicated problem.
However using the considered dynamic model, we can obtain gas flow parameters at each
point in the network dynamically. The crossing-branch method, which utilizes supply and
consumption data, enables the development of the state of a dynamic system at a specific
time.

Gas pipelines are often operated in transient modes due to the time-varying needs of
consumers for natural gas and gas supplies. For a certain period of operation of the gas
pipeline with specified gas parameters, depending on time, at the input and output points,
pipeline dispatchers are faced with the task of optimizing the transition process to minimize
fuel consumption at compressor stations in real time. For optimal management and control
of the transport network, it is preferable to use dynamic models since they describe the
dynamics of transient processes and allow efficient use of fuel gas.

Currently, the authors have conducted calculations to simulate the operation of gas
compressor units, which will eventually be included in the complete transport network. The
model discussed in this article will allow optimizing fuel consumption in such scenarios,
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Figure 8: Density values in crossing points in the graphical form

reducing compressor speed, i.e. decreasing the load of these units while maintaining the
equipment within the permissible operating range. These results should be considered when
planning the implementation of gas transmission networks including equipment such as gas
compressor units.

It should be noted that there is one important disadvantage of this model. As can be
seen from formulas (18)-(19) and (21)-(22), it demands significant computational resources
for large n. However for practical purposes (when n is less than 1000, mainly for real pipeline
networks, since the number of vertices does not reach large values) this algorithm performs
well and provides satisfactory computational results in an acceptable time.

5 Conclusions

The main problem is that gas movement without high pressure is impossible. If the gas enters
with high pressure, then during movement, as a result of friction against the walls of the pipes,
the pressure drops and the speed decreases. Therefore, compressor stations are installed in
all onshore gas transportation networks. The main customers of this process are consumers
and suppliers. The goal of this and future research is to control gas transportation in such
a way as to meet the needs of consumers when operating compressors in economical mode,
minimizing fuel gas consumption. The main element of the gas network is the pipe, followed
by compressors to increase the gas pressure. The pipeline network contains many valves -
regulators that can be opened and closed, which provide control and control of the direction
and volume of gas. To get an idea of the size of such a gas transportation infrastructure,
we consider the pipeline network of Kazakhstan. The total length of Kazakhstan’s main gas
pipelines is more than 19 thousand kilometers, on which 56 compressor stations operate, and
316 gas pumping units are installed [28]. Recently, many scientific papers have been devoted
to theoretical studies of the optimization of gas network transients using mathematical
optimization tools. After the gas consumption planning process, the operating modes of
various main gas pipelines are built - the direction and volume of flows, the load on the
network and the load of compressor stations that provide the gas with the required high
pressure are taken into account. Specialist dispatchers monitor compressors and, based on
their knowledge and experience, determine the loading of units for stable operation of the
transport process.

Further research will be devoted to the construction of mathematical and computer
modeling of non-stationary modes in order to optimize the gas transportation process
by choosing the most optimal control policy and control influences on the technological
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equipment of main gas pipelines.
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ON THE INITIAL BOUNDARY PROBLEM FOR HYPERBOLIC
EQUATIONS WITH EXPONENTIAL DEGENERATION t12/7

Degenerate equations have been and are the object of numerous studies. They have not only
theoretical but also practical significance. Let us only point out the fact that they arise when
modeling subsonic and supersonic processes flows in a gaseous environment, filtration processes
and movement of groundwater, in climate forecasts, etc. Mathematically, the degeneracy of a
differential equation can be different. In this paper we consider a degenerate equation of the
form ∂t

(
tβ∂tu(x, t)

)
− ∆u(x, t) = f(x, t). In a bounded cylindrical domain, when the degree of

degeneracy β = 12/7, we have established the unique solvability of the Cauchy-Dirichlet problem
for the considered degenerate hyperbolic equation. Based on the solution of the spectral problem
for the Laplace operator with Dirichlet conditions are introduced spectral decompositions of the
right side of the differential equation and the desired solution to the Cauchy-Dirichlet problem.
For the Fourier coefficients we obtain a family of Cauchy problems for a degenerate second-order
ordinary differential equation, moreover, the second initial the condition must be met with weight.
The latter is determined by the degree of degeneracy of the equation. The solutions to each of the
Cauchy problems are represented by using Bessel functions. A priori estimates are established, on
the basis of which is established the solvability of the initial-boundary problems for a degenerate
hyperbolic equation.
Key words: Degenerate equations, degree of degeneracy, hyperbolic equations, a priori estimate.
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Жойылым дәрежесi t12/7 гиперболалық теңдеу үшiн

бастапқы шекаралық есеп туралы

Жойылмалы теңдеулер көптеген зерттеулердiң объектiсi болды да және болып табылады.
Олардың тек теориялық емес, практикалық маңызы бар. Атап кететiн болсақ олар газды
ортадағы дыбысқа дейiнгi және супер дыбыстық ағындар, сүзу және жер асты суларының
қозғалысының үдерiстерiн модельдеу кезiнде, климаттық болжамдарда және т.б. пайда бо-
лады. Математикалық тұрғыдан дифференциалдық теңдеудiң жойылымдығы әртүрлi бо-
луы мүмкiн. Бұл жұмыста ∂t

(
tβ∂tu(x, t)

)
−∆u(x, t) = f(x, t) түрiндегi жойылмалы теңдеуiн

қарастырамыз. Шектелген цилиндрлiк облысында, жойылым дәрежесi β = 12/7 болғанда,
қарастырылып отырған жойылмалы гиперболалық теңдеу үшiн Коши-Дирихле есебiнiң бiр-
мәндi шешiмдiлiгiн орнаттық. Дирихле шарттары бар Лаплас операторы үшiн спектрлiк
есептiң шешiмi негiзiнде, берiлген функция болып табылатын дифференциалдық теңдеудiң
оң жағы мен Коши-Дирихле есебiнiң iзделiндi шешiмiнiң спектрлiк жiктелуi енгiзiледi. Фурье
коэффициенттерi үшiн бiз, екiншi бастапқы шарты салмақтықпен орындалуы қажет бола-
тын, жойылмалы екiншi реттi қарапайым дифференциалдық теңдеулердiң Коши есептерiнiң
тобын аламыз. Соңғысы теңдеудiң жойылым дәрежесiмен анықталады. Коши есептерiнiң
әрқайсысының шешiмдерi Бессель функциялары арқылы анықталады. Жұмыста сонымен
қатар жойылмалы гиперболалық теңдеу үшiн бастапқы шекаралық есептiң шешiмдiлiгiне
негiз болатын априорлы бағалаулар алынды.
Түйiн сөздер: Жойылмалы теңдеулер, жойылым дәрежесi, гиперболалық теңдеу, априорлы
бағалаулар.
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О начально-граничной задаче для гиперболического уравнения

со степенным вырождением t12/7

Вырождающиеся уравнения являлись и являются объектом многочисленных исследований.
Они имеют не только теоретическую, но и практическую значимость. Укажем лишь на тот
факт, что они возникают при моделировании процессов до-звуковых и сверх-звуковых тече-
ний в газовой среде, процессов фильтрации и движения подземных вод, в прогнозе клима-
та и т.д. Математически, вырождение дифференциального уравнения может быть различ-
ным. В настоящей работе рассматривается вырождающееся уравнение вида ∂t

(
tβ∂tu(x, t)

)
−

∆u(x, t) = f(x, t). В ограниченной цилиндрической области, когда степень вырождения
β = 12/7, нами установлена однозначная разрешимость задачи Коши-Дирихле для рассмат-
риваемого вырождающегося гиперболического уравнения. На основе решения спектральной
задачи для оператора Лапласа с условиями Дирихле вводятся спектральные разложения
заданных функций – правой части дифференциального уравнения и искомого решения за-
дачи Коши-Дирихле. Для коэффициентов Фурье мы получаем семейство задач Коши для
вырождающегося обыкновенного дифференциального уравнения второго порядка, причем
второе начальное условие должно выполняться с весом. Последнее определяется степенью
вырождения уравнения. Решения каждой из задач Коши представляется с помощью функ-
ций Бесселя. Установлены априорные оценки, на основе которых установлена разрешимость
начально-граничной задачи для вырождающегося гиперболического уравнения.
Ключевые слова: Вырождающиеся уравнения, степень вырождения, гиперболическое
уравнение, априорные оценки.

1 Introduction

Would like to note that the authors study degenerate equations and investigate the solvability
of various initial-boundary value problems in degenerate domains [1]– [4]. The presented work
is a continuation of these studies.

The following initial-boundary value problem for a model degenerate hyperbolic equation

∂ t(t
β∂ tu)−∆u = f in Q = Ω× (0, T ), (1)

u = 0 on Σ = ∂Ω× (0, T ), (2)

u(x, 0) = 0, lim
t→+0

tβ∂ tu(x, t) = 0 in Ω, (3)

was studied in the dissertation of N. Kaharman [5]. In particular, he established the following
result:

Theorem 1 Let β ∈ [0, 1), f ∈ L2(Q), (−∆)1−νf ∈ L2(Q). Then problem (1)–(3) is
uniquely solvable, and there is an a priori estimate

‖u‖2
W 2,2(Q; tβ) ≡ ‖u‖

2
L2(Q) + ‖tβ∂ tu‖2

W 1
2 (0,T ;L2(Ω)) + ‖∆u‖2

L2(Q)

≤ C
[
‖f‖2

L2(Q) + ‖(−∆)1−νf‖2
L2(Q)

]
, where ν =

1− β
2− β

, (4)

that is, the parameter ν changes within the half-open segment: ν ∈ (0, 1/2].
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As is known from [6], [7]– [12], if the degree of degeneracy β ∈ [0, 1), then this is a case
of weak degeneracy of the equation. If β ∈ [1, 2], then this is a case of strong degeneracy.
Thus, in the dissertation of N.Kaharman [5] the case of weak degeneracy is considered. The
case of strong degeneracy is more difficult to study. Here, each value of the parameter β from
the interval [1, 2] requires separate consideration. In this paper we study the case β = 12/7,
parameter ν = 5/2.

2 Statement of the problem. Main result

Let 0 < T <∞, Ω ⊂ Rn is a bounded domain with the boundary ∂Ω ∈ C2, Q = Ω× (0, T ),
Σ = ∂Ω× (0, T ). Consider the following initial boundary value problem

∂ t
(
t12/7 ∂ tu

)
−∆u = f in Q, (5)

u = 0 on Σ, (6)

u(x, 0) = 0, lim
t→+0

t12/7 ∂ tu(x, t) = 0 in Ω. (7)

The following result is valid.

Theorem 2 (Main result). Let the following conditions be satisfied:

f(x, t) ∈ L2(Q),
f(x, t)

tα
∈ L2(Q),

∆f(x, t)

tα
∈ L2(Q), α > 23/14.

Then the problem (5)–(7) is uniquely solvable, and there is an a priori estimate

‖u‖2
W (Q; t12/7) ≡ ‖u‖

2
L2(Q) + ‖t12/7 ∂ tu‖2

W 1
2 (0,T ;L2(Ω)) + ‖∆u‖2

L2(Q) ≤

≤ C

[
‖f(x, t)‖2

L2(Q) +

∥∥∥∥f(x, t)

tα

∥∥∥∥2

L2(Q)

+

∥∥∥∥∆f(x, t)

tα

∥∥∥∥2

L2(Q)

]
. (8)

3 Methods and materials. Proof of theorem2. А priori estimates

Applying the Fourier method to problem (5)–(7), namely u(x, t) =
∞∑
j=1

cj(t)zj(x) we obtain

the Cauchy problem for the Fourier coefficients cj(t)

(
t12/7c ′j(t)

)′
+ λj cj(t) = fj(t) in (0, T ), (9)

cj(0) = 0, lim
t→+0

t12/7 c′j(t) = 0, (10)

where {zj(x), λj} is a solution to the spectral problem:

−∆z(x) = λ z(x), x ∈ Ω, z|∂Ω = 0, (11)



30 On the initial boundary problem for hyperbolic equations . . .

and let the solution has the form

{zj(x), λj, j = 1, 2, ..} , moreover, 0 < λ1 < λ2 < ..., (12)

and the system of eigenfunctions {zj(x), j = 1, 2, ...} is orthonormal.
Temporarily, for simplicity we will omit the index j. Let us rewrite equation (9) and the

initial conditions (10) in the following form:

t2c ′′(t) +
12

7
t c ′(t) + λ t2/7c(t) = t2/7f(t) in (0, T ). (13)

c(0) = 0, lim
t→+0

t12/7 c′(t) = 0. (14)

Let us find a general solution to the inhomogeneous equation (13). According to ( [13], chapter
2, § 2.1.2, formula 62 or 127), the general solution to the homogeneous version of equation
(13) has the form:

c hom.eq.(t) = t−5/14
[
AJ5/2

(
7
√
λt1/7

)
+BY5/2

(
7
√
λt1/7

)]
, t ∈ (0, T ). (15)

Since in (15) the Bessel functions have an index ν = 5/2, then according to ( [14], 10.1.1,
10.1.11–10.1.12 at ν = 5

2
) for the homogeneous equation (13) (for f(t) ≡ 0) the fundamental

solutions can be written in the following form

ϕ1(t) =

(
3

[7
√
λt1/7]3

− 1

7
√
λt1/7

)
sin(7

√
λ t1/7)− 3

[7
√
λt1/7]2

cos(7
√
λ t1/7),

ϕ2(t) =

(
− 3

[7
√
λt1/7]3

+
1

7
√
λt1/7

)
cos(7

√
λ t1/7)− 3

[7
√
λt1/7]2

sin(7
√
λ t1/7),

ϕ̄1(z) =

(
3

z2
− 1

)
sin z − 3

z
cos z, ϕ̄2(z) =

(
− 3

z2
+ 1

)
cos z − 3

z
sin z, (16)

that is

ϕ̃1(t) = ϕ̄1(z)
∣∣
z=7
√
λ t1/7

, ϕ̃2(t) = ϕ̄2(z)
∣∣
z=7
√
λ t1/7

, (17)

therefore, the general solution (15) for the homogeneous equation (13) (for f(t) ≡ 0) is
written as:

chom(t) = t−2/7[Aϕ1(t) +B ϕ2(t)]. (18)

Note, that the necessity for additional notations (16) will become evident later (formula(21)).
To find a general solution to the inhomogeneous equation (13) (where f(t) 6= 0) we use

the method of variation of constants. We will have

c(t) = A(t)ϕ1(t) +B(t)ϕ2(t). (19)

Let us write the system of algebraic equations in terms of the unknown functions A′(t) and
B′(t):

ϕ1(t)A ′(t) + ϕ2(t)B ′(t) = 0,

ϕ′1(t)A ′(t) + ϕ′2(t)B ′(t) = f(t)

t12/7
,

(20)



M.T. Jenaliyev, A.S. Kassymbekova 31

for which we calculate the Wronskian ( [14], 10.1.6) and the corresponding determinants

W = W {ϕ1(t), ϕ2(t) } =

∥∥∥∥∥ ϕ1(t) ϕ2(t)

ϕ′1(t) ϕ′2(t)

∥∥∥∥∥ =
1

[7
√
λ t1/7]2

,

WA =

∥∥∥∥∥∥
0 ϕ2(t)

f(t)

t12/7
ϕ′2(t)

∥∥∥∥∥∥ = − f(t)

t12/7
ϕ2(t), WB =

∥∥∥∥∥∥
ϕ1(t) 0

ϕ′1(t)
f(t)

t12/7

∥∥∥∥∥∥ =
f(t)

t12/7
ϕ1(t).

Hence, for the unknown coefficients of the general solution of equation (13) from (19), we,
respectively, obtain

A ′(t) =
WA

W
, B ′(t) =

WB

W
,

that is,

A(t) = −7
√
λ

t∫
0

f(τ)

τ 11/7

[(
− 3

[7
√
λ τ 1/7]2

+ 1

)
cos(7

√
λ τ 1/7)− 3

7
√
λ τ 1/7

sin(7
√
λ τ 1/7)

]
dτ + a,

B(t) = 7
√
λ

t∫
0

f(τ)

τ 11/7

[(
3

[7
√
λ τ 1/7]2

− 1

)
sin(7

√
λ τ 1/7)− 3

7
√
λ τ 1/7

cos(7
√
λ τ 1/7)

]
dτ + b.

To satisfy the first initial condition from (14), it is necessary that a = 0, b = 0. Then for
the general solution of equation (13) from (19) we obtain

c(t) = −
t∫

0

f(τ)

t1/7τ 11/7
[ϕ̃1(t)ϕ̃2(τ)− ϕ̃1(τ)ϕ̃2(t)] dτ, (21)

where according to (16)–(17) the functions ϕ̃1(t), ϕ̃2(t) are defined by the following formulas

ϕ̃1(t) =

(
3

[7
√
λ t1/7]2

− 1

)
sin(7

√
λ t1/7)− 3

7
√
λ t1/7

cos(7
√
λ t1/7),

ϕ̃2(t) =

(
− 3

[7
√
λ t1/7]2

+ 1

)
cos(7

√
λ t1/7)− 3

7
√
λ t1/7

sin(7
√
λ t1/7).

For convenience of calculations, we introduce the functions c̄(z), f̄(z), ϕ̄1(z), ϕ̄2(z), so
that the following equalities hold:

c(t) = c̄(z)
∣∣
z=7
√
λ t1/7

, f(t) = f̄(z)
∣∣
z=7
√
λ t1/7

, ϕ̃1(t) = ϕ̄1(z)
∣∣
z=7
√
λ t1/7

, ϕ̃2(t) = ϕ̄2(z)
∣∣
z=7
√
λ t1/7

,

(22)

where

ϕ̄1(z) =

(
3

z2
− 1

)
sin z − 3

z
cos z, ϕ̄2(z) =

(
− 3

z2
+ 1

)
cos z − 3

z
sin z. (23)
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Then from (21)–(23) for the solution c̄(z) we obtain

c̄(z) = −76λ5/2

z∫
0

f̄(ζ)

z ζ5
[ϕ̄1(z)ϕ̄2(ζ)− ϕ̄1(ζ)ϕ̄2(z)] dζ =

= −76λ5/2

z∫
0

f̄(ζ)

zζ5

{[(
3

z2
− 1

)
sin z − 3

z
cos z

] [(
− 3

ζ2
+ 1

)
cos ζ − 3

ζ
sin ζ

]
−

[(
3

ζ2
− 1

)
sin ζ − 3

ζ
cos ζ

] [(
− 3

z2
+ 1

)
cos z − 3

z
sin z

]}
dζ, (24)

or

c̄(z) = −76λ5/2

z∫
0

f̄(ζ)

zζ5
· 3(z − ζ)

ζ2

{(
1− 3

ζ

z
+
ζ2

z2

)
sin(z − ζ)

z − ζ
+

(
ζ

z
+

3

z2

)
cos(z − ζ)

}
dζ =

= −3·76λ5/2

 z∫
0

f̄(ζ)

zζ7

(
1− 3

ζ

z
+
ζ2

z2

)
sin(z − ζ)dζ −

z∫
0

f̄(ζ)

z2ζ7
(z ζ + 3)

(
1− ζ

z

)
cos(z − ζ)dζ

 .
(25)

From (25), using formulas (21)–(24), we obtain:

|c(t)| ≤ K1

t∫
0

|f(τ)|
t1/7τ 13/7

dτ +K2

t∫
0

|f(τ)|
t2/7τ 13/7

dτ ≤

≤

[
K1t

α1−3/2

√
2α1 − 3

+
K2t

α2−23/14√
2α2 − 23/7

]∥∥∥∥f(τ)

τα

∥∥∥∥
L2(0,T )

, α = max{α1, α2} > 23/14, (26)

where the constants K1 and K2 do not depend on λ, and satisfy the inequalities

K1 ≥
3

72λ
, K2 ≥

3

73λ3/2
. (27)

From (26)–(27) ,we obtain the fulfillment of the first initial condition from (14).
Let us now verify the fulfillment of the second initial condition from (14). We will calculate

the derivative with respect to z of the function c̄(z) (25):

c̄ ′(z) = −3 · 76λ5/2

z∫
0

f̄(ζ)

z2ζ7

{(
−zζ + ζ2 − 4 + 9

ζ

z
− 3

ζ2

z2

)
sin(z − ζ)+

+
1

z

(
z2 − 4zζ + 3(ζ2 − 2) + 9

ζ

z

)
cos(z − ζ)

}
dζ. (28)
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Furthermore, by using the formula

t12/7c ′(t) =
z12

712λ6
c̄ ′(z)

∣∣
z=7
√
λ t1/7

dz(t)

dt
=

z6

76λ5/2
c̄ ′(z)

∣∣
z=7
√
λ t1/7

, (29)

we establish

z6

76λ5/2
c̄ ′(z) = −3z4

z∫
0

f̄(ζ)

ζ7

{(
−zζ + ζ2 − 4 + 9

ζ

z
− 3

ζ2

z2

)
sin(z − ζ)+

+
1

z

(
z2 − 4zζ + 3(ζ2 − 2) + 9

ζ

z

)
cos(z − ζ)

}
dζ. (30)

From relation (30), using formula (29), we, respectively, obtain

|t12/7c ′(t)| ≤ K1
1

t∫
0

t10/7|f(τ)|
τ 13/7

dτ +K1
2

t∫
0

t9/7|f(τ)|
τ 13/7

dτ ≤

≤

[
K1

1 t
α1
1−9/7√

2α1
1 − 19/7

+
K1

2 t
α1
2−10/7√

2α2
2 − 19/7

]∥∥∥∥f(τ)

τα1

∥∥∥∥
L2(0,T )

, α1 > 19/14,

where the constants K1
1 and K1

2 do not depend on λ, and satisfy the following inequalities

K1
1 ≥

3

73λ3/2
, K1

2 ≥
3

74λ2
.

We have shown that the second initial condition from (14) also holds if there is the
following requirement on the right-hand side of equation (13) t−α1f(t) ∈ L2(0, T ), α1 >
19/14.

So, we have shown that if the conditions of theorem 2 are met, function (21) satisfies
Cauchy problem(13)–(14).

Let us proceed to establish the a priori estimate (8). For the solution c(t) (21) according
to (26) , we will have:

|c(t)| ≤

[
K1T

α1−3/2

√
2α1 − 3

+
K2T

α2−23/14√
2α2 − 23/7

]∥∥∥∥f(τ)

τα

∥∥∥∥
L2(0,T )

, α = max{α1, α2} > 23/14. (31)

From (31) we have

‖c(t)‖L2(0,T ) ≤ T 1/2

[
K1T

α1−3/2

√
2α1 − 3

+
K2T

α2−23/14√
2α2 − 23/7

]∥∥∥∥f(τ)

τα

∥∥∥∥
L2(0,T )

, α = max{α1, α2} > 23/14.

(32)

Furthermore, from the equation (13), we obtain:∣∣∣(t12/7c ′(t)
)′∣∣∣ ≤ |f(t)|+ λ|c(t)|,
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Using the last inequality and (32), we will have the following estimate∥∥∥(t12/7c ′(t)
)′∥∥∥2

L2(0,T )
≤ K3

[
‖f(t)‖2

L2(0,T ) +

∥∥∥∥λf(t)

tα

∥∥∥∥2

L2(0,T )

]
, α > 23/14. (33)

Finally, using the relations

t12/7c ′(t) =

t∫
0

(
τ 12/7c ′(τ)

)′
dτ,

∣∣t12/7c ′(t)
∣∣2 ≤ T

T∫
0

∣∣∣(τ 12/7c′(τ)
)′∣∣∣2 dτ

and the estimate (33), we obtain the following estimate∥∥t12/7c ′(t)
∥∥2

L2(0,T )
≤ K4

[
‖f(t)‖2

L2(0,T ) +

∥∥∥∥λf(t)

tα

∥∥∥∥2

L2(0,T )

]
, α > 23/14. (34)

Now, returning the indices j to the functions c(t) and f(t) we note, that these are the
Fourier coefficients of the functions u(x, t) and f(x, t) in the expansions:

u(x, t) =
∞∑
j=1

cj(t)zj(x), f(x, t) =
∞∑
j=1

fj(t)zj(x), (35)

where {zj(x), λj, j = 1, 2, ...} are solutions to the spectral problem (11)–(12).
As a result, using formulas (21) and (35), due to the Parseval-Stecklov equality and the

estimate (32), we have the first a priori estimate:

‖u(x, t)‖2
L2(Q) =

∞∑
j=1

‖cj(t)‖2
L2(0,T ) ≤ K5

∥∥∥∥f(x, t)

tα

∥∥∥∥2

L2(Q)

, α > 23/14. (36)

Next, for −∆u(x, t) according to (36), we obtain the second a priori estimate:

‖∆u(x, t)‖2
L2(Q) =

∞∑
j=1

‖λj cj(t)‖2
L2(0,T ) ≤ K6

∥∥∥∥∆f(x, t)

tα

∥∥∥∥2

L2(Q)

, α > 23/14. (37)

Now let us establish an estimate for the expression ∂ t
(
t
12
7 ∂ tu(x, t)

)
. First of all, from

equation (5), we obtain equalities

∂ t
(
t12/7 ∂ tu(x, t)

)
= f(x, t) + ∆u(x, t), (38)

t12/7 ∂ tu(x, t) =

t∫
0

[f(x, τ) + ∆u(x, τ)] dτ. (39)

From (38)–(39) and estimate (37) we have the third and fourth a priori estimates∥∥∂ t(t12/7 ∂ tu(x, t)
)∥∥2

L2(Q)
≤ K7

[
‖f‖2

L2(Q) +

∥∥∥∥∆f(x, t)

tα

∥∥∥∥2

L2(Q)

]
, α > 23/14, (40)

∥∥t12/7 ∂ tu(x, t)
∥∥2

L2(Q)
≤ K8

[
‖f‖2

L2(Q) +

∥∥∥∥∆f(x, t)

tα

∥∥∥∥2

L2(Q)

]
, α > 23/14. (41)

The set of inequalities (36), (37), (40)–(41) is equivalent to the a priori estimate (8).
Theorem 2 is completely proven.
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4 Conclusion

In the work, sufficient conditions are found to be imposed on the right-hand side of
the differential equation, which ensure in the Sobolev space the unique solvability of
the homogeneous Cauchy-Dirichlet problem for one inhomogeneous degenerate hyperbolic
equation, the degree of degeneracy β of which is determined by the relation: β = 12/7.
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ON THE MINIMIZATION OF k-VALUED LOGIC FUNCTIONS IN THE
CLASS OF DISJUNCTIVE NORMAL FORMS

In the world, research devoted to adjusting the results of heuristic methods based on forecasting,
recognition, classification, and determining the absolute extremum of a multidimensional function
is relevant and widely used in such fields as medicine, geology, hydrology, management, and
computer technology. In this regard, it is important to construct optimal correctors of heuristic
algorithms based on control materials. Therefore, checking the completeness of classes of k-
valued logical functions and developing methods and algorithms for minimizing functions in
the class of canonical normal forms, estimating the number of monotonic functions of k-
valued logic, constructing minimal bases of special classes of correcting functions for correcting
incorrect algorithms remains one of the important problems of computational and discrete science.
mathematics. Currently, a lot of scientific research is being carried out around the world aimed
at expanding the integration of science and industry, in particular the development of the theory
of k-valued logical functions for correcting the results of heuristic algorithms. In this case, an
important role is played by the construction of formulas in the class of canonical normal forms,
the coding of elementary conjunctions and the application of the rules of gluing, absorption
and idempotency for them, and checking the completeness of systems of correcting functions.
Consequently, the development of effective numerical computational methods and algorithms
for constructing correction functions based on k-valued logic to improve the accuracy of the
results of heuristic methods is considered a targeted scientific research. The paper considers the
representation of k-valued logical functions in the class of disjunctive normal forms. Various classes
of monotone functions of k-valued logic are studied. Theorems are proved on the coincidence of
abbreviated and shortest disjunctive normal forms of k-valued functions. For a certain class of
k-valued monotone functions, we prove an estimate for the number of functions from this class.
criteria for the absorption of elementary conjunctions by a first-order neighborhood of disjunctive
normal forms of k-valued functions are proved.
Key words: k-valued, minimization, disjunctive normal form, rank, abbreviated d.n.f., monotone
function.
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Дизъюнктивтi нормалды формалар класындағы k-мәндi
логикалық функцияларды минимизациалау туралы

Әлемде көп өлшемдi функцияның абсолюттi экстремумын болжау, тану, жiктеу және
анықтау негiзiнде эвристикалық әдiстердiң нәтижелерiн түзетуге арналған зерттеулер өзектi
және медицина, геология, гидрология, менеджмент және компьютерлiк технологиялар си-
яқты салаларда кеңiнен қолданылады. Осыған байланысты бақылау материалдары негiзiнде
эвристикалық алгоритмдердiң оңтайлы корректорларын құру маңызды. Сондықтан k-мәндi
логикалық функциялар кластарының толықтығын тексеру және канондық қалыпты
формалар класындағы функцияларды минимизациялау әдiстерi мен алгоритмдерiн әзiрлеу,
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k-мәндi логиканың монотонды функцияларының санын бағалау, арнайы функциялардың
минималды негiздерiн құру, қате алгоритмдердi түзетуге арналған түзету функциялары-
ның кластары есептеу және дискреттi математиканың маңызды мәселелерiнiң бiрi болып
қала бередi. Қазiргi уақытта бүкiл әлемде ғылым мен өндiрiстiң интеграциясын кеңейтуге
бағытталған көптеген ғылыми зерттеулер жүргiзiлуде, атап айтқанда эвристикалық алго-
ритмдердiң нәтижелерiн түзету үшiн k- мәндi логикалық функциялар теориясын жасауға
бағытталған. Бұл жағдайда канондық қалыпты формалар класындағы формулаларды құ-
ру, элементар қосылыстарды кодтау және олар үшiн желiмдеу, сiңiру және идемпотенттiлiк
ережелерiн қолдану, түзету жүйелерiнiң толықтығын тексеру маңызды рөл атқарады. функ-
циялары. Демек, эвристикалық әдiстердiң мен алгоритмдерiн жасау мақсатты ғылыми зерт-
теу болып саналады. Жұмыста k-мәндi логикалық функциялардың дисъюнктивтiк қалыпты
формалар класында ұсынылуы қарастырылады. k-мәндi логиканың монотонды функцияла-
рының әртүрлi кластары зерттеледi. k-мәндi функциялардың қысқартылған және ең қысқа
дизъюнктивтiк қалыпты түрлерiнiң сәйкестiгi туралы теоремалар дәлелденген. k-мәндi мо-
нотонды функциялардың белгiлi бiр класы үшiн бiз осы сыныптағы функциялар санының
болжамын дәлелдеймiз. k-мәндi функциялардың дизъюнктивтiк қалыпты формаларының
бiрiншi реттi көршiлестiгiмен элементар қосылыстарды жұту критерийлерi дәлелдендi.
Түйiн сөздер: k-мәндi, минимизация, дизъюнктивтiк қалыпты форма, ранг, қысқартылған
д.қ.ф., монотонды функция.
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О минимизации k-значных логических функций в классе
дизъюнктивных нормальных форм

В мире исследования, посвященные корректировке результатов эвристических методов на
основе прогнозирования, распознавания, классификации, определения абсолютного экстре-
мума многомерной функции, актуальны и широко используются в таких областях, как ме-
дицина, геология, гидрология, менеджмент, вычислительной технике. В связи с этим важ-
но построение оптимальных корректоров эвристических алгоритмов на основе контрольных
материалов. Поэтому проверка полноты классов k-значных логических функций и разработ-
ка методов и алгоритмов минимизации функций в классе канонических нормальных форм,
оценка количества монотонных функций k-значной логики, построение минимальных базисов
специальных классов корректирующих функций для корректировки некорректных алгорит-
мов остается одной из важных задач вычислительной и дискретной математики. В настоящее
время в мире проводится много научных исследований, направленных на расширение инте-
грации науки и промышленности, в частности развитие теории k-значных логических функ-
ций для коррекции результатов эвристических алгоритмов. При этом важную роль играет
построение формул в классе канонических нормальных форм, кодирование элементарных
конъюнкций и применение для них правил склеивания, поглощения и идемпотентности, про-
верка полноты систем корректирующих функций. Следовательно, разработка эффективных
численных вычислительных методов и алгоритмов построения корректирующих функций на
основе k-значной логики для повышения точности результатов эвристических методов счита-
ется целевым научным исследованием. В работе рассматривается представление k-значных
логических функций в классе дизъюнктивных нормальных форм. Исследуются различные
классы монотонных функций k-значной логики. Доказываются теоремы о совпадении со-
кращенных и кратчайших дизъюнктивных номальных форм k-значных функций. Для опре-
деленного класса k-значных монотонных функций доказывается оценка числа функций из
этого класса. доказываются критерии поглощения элементарных конъюнкций окрестностью
первого порядка дизъюнктивных нормальных форм k-значных функций.
Ключевые слова: k-значная, минимизация, дизъюнктивная нормальная форма, ранг, со-
кращенная д.н.ф., монотонная функция.
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1 Introduction

The methods of k-valued logics are generally necessary for the study of a number of important
problems from the most diverse fields: biology, medicine, military affairs, automation, control,
planning of experiments etc., everywhere where not only the quantitative relationships
between the quantities characterizing the processes under consideration are significant, but
also the logical dependences connecting them [1–4]. A multi-valued logical function can be
represented as a disjunction (multi-place function "or") K1 ∨ K2 ∨ ... ∨ Km, where each
term is a conjunction (multi-place function вЂњandвЂќ) of certain variables from the
set {x1, . . . , xn}, taken with or without negation. k-valued function gives a description
functioning of the control system, and the formula realizing it, in particular, the disjunctive
normal form (d.n.f.), describes the scheme of this system, so that the nodes and elements
of the scheme correspond to the terms and letters of the d.n.f. as a rule, k-valued function
has many essentially different d.n.f. [5–12]. In mathematical logic they are considered from
the qualitative side. With the development of cybernetics, the terms and letters of the d.n.f.
began to reflect equipment costs in circuits and this drew attention to the quantitative side.
Therefore, one of the problems of k-valued logics dictated by practice is the problem of
minimizing multi-valued functions. The results of research in some areas in this area, in
particular, minimization in certain systems multi-valued functions are quite widely displayed
in the literature [13–15]. Therefore, it should immediately be noted that we will only discuss
the minimization of multi-valued functions in the class of d.n.f..

2 Problem statement

Consider the set of multivalued logic functions depending on n variables, etc. the set of
functions defined on the set of all vertices of the n-dimensional k-lattice Ek

n and taking
values from the set Ek = {0, 1, . . . , k − 1}. With this interpretation, there is a one-to-one
correspondence between multivalued logic functions depending on n arguments and subsets
of Nf ⊆ Ek

n. The function f (x1, . . . , xn) and the subset Nf ⊆ Ek
n correspond to each other

in the case f (x) =
{
γ, if x ∈ Nf

0, if x ∈ Ek
n\Nf

, where

γ ∈ Ef ⊆ {0, 1, . . . , k − 1} (1)

We can assume that the set Ef divides the function f into a number of subfunctions
fγ1 (x̃) , . . . , fγm (x̃), and the set Nf into pairwise disjoint subsets Nfγ1

, . . . , Nfγm , where m =
|Ef |,

fγi (x̃) =

{
γi, if f (x) = γi

0, if f (x) 6= γi

Nfi =
{
α̃ :
(
α̃ ∈ Ek

n

)
∧ (f (α̃) = γi) ,

(
i = 1,m

)
.
}

It is easy to see that

f (α̃) = max
γi
{fγ1 (α̃) , . . . , fγm (α̃)} (2)



40 On the minimization of k-valued logic functions . . .

The function fγ (x̃), which takes only two values (0 and γ), will be called quasi-Boolean,
and the representation of the function f (x1, . . . , xn) in the form of a (2)-quasi-Boolean
representation of the multi-valued logical function f (x1, . . . , xn).

We introduce the function

JM(x) =

{
k − 1, if x ∈M
0, if x /∈M

, where

M ⊆ Ek = {0, 1, 2, . . . , k − 1} (3)

An elementary conjunction (e.c.) is an expression
A = min [JM1 (x1) , . . . , JMn (xn) , γ], where

∅ 6=Mj ⊆ Ek,
(
j = 1, n

)
(4)

Further, for brevity, formulas max [A1, . . . ,Am] will be conventionally denoted as A1 ∨ . . . ∨
Am =

m
∨
i=1

Ai : if Ai is an analog of e.c., then this formula will be called disjunctive normal
form (d.n.f.).

The area of truth of e.c. let’s call A the region NA in which A takes the value γ. It is easy

to see that the domain NA =
n∏
j=1

Mj is a sub lattice (a subset of the set Ek
n) of the lattice Ek

n.

With such a geometric consideration, the e.c. the sub lattice NA corresponds to the lattice
Ek
n.

Rank e.c. let’s A call a number r (A) =
n∑
j=1

(k − |Mj|) = kn−
n∑
j=1

|Mj|.

The formula M =
t
∨
i=1

Ai where all Ai,
(
i = 1, t

)
are e.c. will be called the disjunctive

normal form.
Note that each set-valued logic function f (x1, . . . , xn) corresponds to a non-empty class

of d.n.f. realizing the given function. The set of all intervals corresponding to e.c. a certain
d.n.f. from this class determines the covering of Nf by sub lattices of the lattice Ek

n. Hence
it follows that the subsets M ⊆ Ek

n can be defined using the d.n.f.
Let I = {NA}, be some subset of sub lattices from Ek

n.
A sub lattice NB ∈ I is said to be maximal with respect to M if there is no sub lattice

NA in I such that NA 6= NB and NA ⊇ NB.
To represent the function f (x1, . . . , xn) in the form of a d.n.f. we considered its quasi-

Boolean representation: f = fγ1 ∨ . . . ∨ fγm and γ1 < γ2 < . . . < γm.
Note that for the same function f (x̃) there can be several equivalent quasi-Boolean

representations. Indeed, f = fγ1 ∨ . . . ∨ fγm = f ∗ = f ∗γ1 ∨ . . . ∨ f
∗
γm where Nf∗γi

= Nfγi
∪ Qi,

Qi ⊆ ∪
j>i

Nγj ,
(
i = 1,m

)
.

We will consider only one "maximum"representation f ′ = f ′γ1 ∨ . . .∨ f
′
γm where Nf ′γi

=
n
∪
j=1

Nfγj
,
(
i = 1,m

)
.

Select all maximal sub lattices NBij
,
(
i = 1,m

)
contained in Nf ′γi

that have non-empty
intersection with Nfγi

and such that the value of Bi
j is equal to γi in NBij

,
(
i = 1,m

)
. D.n.f.

M =
m
∨
i=1

Ii∨
j=1

Bi
j is called the reduced disjunctive normal form of the function f (x̃).
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A covering of a set Nf by maximal sub lattices is said to be irreducible if, after the removal
of any of its sub lattices, it ceases to be a covering. A d.n.f. realizing a function f is called
dead-end if it corresponds to an irreducible cover of the set Nf .

Consider a multivalued logic function F (x1, . . . , xn) defined at M ⊆ Ek
n : F (x̃) = γj, if

x̃ ∈ Mj,
(
j = 1,m

)
, m < k, γj ∈ Ek, M =

m⋃
i=0

Mi and Mi

⋂
Mj = ∅ at

(
i 6= j, i, j = 0,m

)
.

And γ1 < . . . < γm, γ0 = 0.
Thus, F (x1, . . . , xn) is defined by specifying pairwise disjoint sets M0, . . . ,Mm. The

function F (x̃) is defined, generally speaking, not on the entire set Ek
n. There are different

before the definition in the class of functions F (x̃), multi-valued logic, not equivalent to each
other.

Our task is to find the simplest ones, in a certain sense, before definitions.

For F (x̃), select all maximal intervals NBij
,
(
i = 1,m, j = 0, Ii

)
contained in Ek

n\
i−1⋃
v=0

Mv

that have non-empty intersection with Mi such that the value of Bi
j is equal to γi.

D.n.f. M =
m
∨
i=1

Ii∨
j=1

Bi
j is called the reduced normal form for F (x̃). It is easy to see that

d.n.f. ηΣTF is uniquely determined by the function F .
Let us now indicate the points at which, when the values of the function F change

(transition to F ′), the values of ηΣTF change (transition to ηΣTF ′).

3 Monotone functions of k-valued logic

Let’s consider some order on the set εk. For two sets = = (α1, α2, . . . αn) and β̃ =

(β1, β2, . . . βn) the precedence relation = ≤ β̃ is satisfied if αi ≤ βi in this order for any
i = 1, n.

Definition 1. A k-valued logic function f (x1, x2, . . . , xn) is said to be monotonic with
respect to a given order if for any tuples α and β such that

(
= ≤ β̃

)
we have f (α) ≤ f (β).

If 0 < 1 < 2 < . . . < k − 1, then the set of functions that are monotone in this order
constitutes the class of monotone functions of k-valued logic.

Theorem 1. Abbreviated d.n.f. monotone function fγ of k-valued logic in n variables
a) consists of e.c. KA, and only elementary formulas of the form J[a,k−1] (x) , 0 ≤ a ≤ k−1

are used;
b) Is the only minimal (shortest) d.n.f. of the function f .
Proof.
a) Let K = JT1 (x1) · JT2 (x2) · . . . · JTn (xn) · γ, where Tj = [aj, k − 1], j 6= i, 0 ≤ aj ≤

k − 1, Ti = [bi]
⋃

[ai, k − 1] , bi ≤ ai.
Then the conjunction K, and hence the function fγ, takes the value γ on the set ã =

(a1, a2, . . . , ai−1, ai, ai+1, . . . , an).
b) It follows from the monotonicity condition for the function fγ that for any set b̃ such

that b̃ ≥ ã, fγ

(
b̃
)
= γ therefore, there exists an e.c. K ′ = JT ′1 (x1) ·JT ′2 (x2) · . . . ·JT ′n (xn) ·γ,

where T ′j = Tj, j 6= i, T ′i = [bi, k − 1], for which UK ⊂ UK′ ⊆ Ufγ , and e.c. K is not maximal
for Ufγ .
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c) As proved, each maximum e.c.K functions has the formK = J[a1,k−1] (x1)·J[a2,k−1] (x2)·
. . . · J[an,k−1] (xn) · γ, 0 ≤ aj ≤ k − 1, j = 1, n.

Let us show that the set ã = (a1, a2, . . . , an) is core for the function fγ, etc. in the
abbreviated d.n.f. the function fγ has no e.c., except for K, which takes the value γ on this
set.

Indeed, if in the reduced d.n.f. function fγ was an e.c. K ′, which takes the values γ on the
tuple ã, then it would follow from the monotonicity condition for the function fγ that the
e.c. K ′ takes the value γ on all tuples b̃ such that b̃ ≥ ã, then UK ⊆ UK′ , which contradicts
the maximum e.c. K.

The theorem is proved.
Corollary. Abbreviated d.n.f. monotone function f of k-valued logic in n variables

consists of e.c. KA and is the only minimal d.n.f. functions f .
Proof. A monotone function f has the following obvious properties: for any comparable

collections ã ∈ Nfγ and b̃ ∈ Nfθ we have b̃ > ã for γ < θ. Therefore, e.c. K, is included in
the abbreviated d.n.f. functions fγ (γ ∈ {εk/0}) do not contain elementary formulas of type
JT (x), where the set T is a disconnected set of points from εk.

The second assertion is proved by the method of theorem 1, and the core sets for the
function f are the sets ã = (a1, a2, . . . , an) in the e.c. K = J[a1,b1] (x1) · J[a2,b2] (x2) · . . . ·
J[an,bn] (xn) · γ.

Corollary proven. On the set εk we introduce a partial order 0 < 1, 0 < 2, . . . , 0 < k−1
where i is incomparable with j if i, j ∈ {εk/0}.

The set of functions of k-valued logic f in n variables, monotone in a given order, is
combined into the class S. Let us estimate the cardinality of the class S.

The set εk is associated with a basic graph - a directed graph withK vertices corresponding
to the elements of the set εk, in which there is an arc (i, j) if and only if i > j.

Let us introduce the Z axis on the plane. Associate each point A of the plane with the
number ZA, the projection of A onto the Z axis. In particular, if the basis graph is drawn
on the plane, then each vertex corresponds to the number Zi. An image of a basic graph is
called admissible if for any arc (i, j) of the graph Zi − Zj ≥ 1.

Consider a random variable ξ = ZA, where the point A can fall into any vertex of the
graph with probability 1

k
then the expectation is Mξ = Zcp = Z1+...+Zk

k
and the variance is

Dξ = 1
k

k∑
i=1

(Zi − Zcp)2.

We will consider the image of the graph shifted so that Mξ = 0.
In older articles an estimate is obtained for finding the number ψ (n) of monotone functions

of n variables from an arbitrary partially ordered set of k elements:

ψ (n) = d
1√
2πD
· k
n
√
n

(1+ε(n)) (5)

where ε (n) → 0 at n → ∞; D = inf Dξ; d = max (|H1| , . . . , |Hs|), H0 ≤ H1 ≤ . . . ≤ Hs+1,
all Hi ⊆ εk, s ≥ 1, |H0| = |Hs+1| = 1 and Hi 6= Hj, at i 6= j (Hi ≤ Hj if a ≤ b for any
a ∈ Hi, b ∈ Hj), the maximum is taken over all possible chains. This estimate is also valid
for the class of functions S.
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For the order in εk we have:
Z1 − Z0 ≥ 1

· · · · · · · · ·
Zk−1 − Z0 ≥ 1

(6)

Zcp =
Z0 + Z1 + . . .+ Zk−1

k
= 0, Dξ =

1

k

k−1∑
i=0

Zi
2 (7)

It follows that Z0 ≤ −k−1
k

and Zi ≥ 1
k
, i = 1, k − 1, so Dξ ≥ k−1

k2
and D ≥ k−1

k2
.

On the set εk for the introduced order there is only (k − 1) chain
{0} < {0, 1} < {1}
· · · · · · · · ·
{0} < {0, k − 1} < {k − 1}

(8)

It is obvious that in the considered case d = 2.
Consequently{

ψ (n) = d
1√

2π(k−1)
· k
n+1
√
n

(1+ε(n)) (9)

where ε (n)→ 0 at n→∞.
For functions of class S, e.c. consists of elementary formulas of the form JT (x), where

T ⊆ {εk/0}.
If for monotone functions f of k-valued logic the abbreviated d.n.f. is the only minimal

one, then for functions of the class S this property does not hold, which is demonstrated by
the following.

Example. k = 3, n = 3.
Let the function f (x1, x2, x3) take the values 1 on the sets

(0, 1, 1) , (1, 1, 1) , (1, 2, 1) , (2, 1, 1) , (1, 2, 2) and 0 in other cases.
Abbreviated d.n.f. function f has the form:

DC (f) = J1 (x2) · J1 (x3) ∨ J1 (x1) · J2 (x2) · J[1,2] (x3) (10)

and the minimum:

DM (f) = J1 (x2) · J1 (x3) ∨ J1 (x1) · J[1,2] (x2) · J1 (x3) (11)

The process of transition from the abbreviated d.n.f. functions f of a k-valued logic to a
dead-end one can be divided into elementary steps, each of which is a removal from the d.n.f.

D obtained in the previous step, one e.c. K. Removed e.c. is such that UK ⊆
m⋃
j=1

UKj , where

Kj are some e.c. from d.s.f. D different from K.
In older articles the criterion for covering an interval by the sum of other intervals for

functions f of k-valued logic is described. For functions f of class S, this criterion has a
simpler form.
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E.c. K1 and K2 are called orthogonal if K1 ·K2 = 0. In other words, conjunctions K1 and
K2 are orthogonal if and only if UK1

⋂
UK2 = ∅. Obviously, when studying the absorption,

some sets of e.c. {Kj} , j = 1,m e.c. K it suffices to consider only those e.c. that are non-
orthogonal to K. To check orthogonality, it is easiest to use the following properties: two e.c.
are orthogonal if and only if there exists a variable xj for which T 1

j

⋂
T 2
j = ∅ is satisfied in

the elementary formulas JT 1
j
(x1) and JT 2

j
(x2).

D.n.f. D realizing the function f absorbs the e.c. K if K (x̃) ≤ D (x̃) for any x̃ = εnk .
So let K = JT1 (x1) · JT2 (x2) · . . . · JTt (xt) · γ.
Obviously, K can be absorbed only by those sets of e.c. {Kj}, which take values from

{0, γ}, so let’s consider the absorption process using the example of the quasi-Boolean
function fγ.

For each e.c. {Kj} , j = 1,m construct an e.c. Kj, replacing the elementary formulas
JT (x) occurring in Kj with J[1,k−1] (x).

It’s obvious that UKj ⊆ UKj , UKj ∩
(
UD/UKj

)
= ∅.

Let us introduce into consideration the set εn,tk - the collection of all sets from εnk , in which
the t first coordinates take values from {εk/0}, and the rest are arbitrary.

Theorem 2. The disjunction D =
m
∨
j=1

Kj absorbs the e.c. K if and only if
m
∨
j=1

Kj = γ for

any x̃ = εn,tk , etc. if
m
∨
j=1

Kj = εn,tk .

Proof. Need. Let D absorb the e.c. K. Let us prove that in this case
m
∨
j=1

Kj = γ for

any x̃ = εn,tk . Let us assume that this is not the case, etc. there is a collection = such
that

m
∨
j=1

Kj (=) = 0. Denote by xi1 , . . . , xip the variables that are not included in any of the

e.c. from D. Obviously, the values of the remaining variables do not affect the value of the
expression

m
∨
j=1

Kj.

The value of the function f on the tuples = will be denoted by [f ]=. Then one can write[
m
∨
j=1

Kj

]
{=} = 0 (12)

where {=} is the set of sets whose (x1, x2, . . . , xt) coordinates take all possible values from
{εk/0}, and the remaining (n− t) coordinates are such that (12) is satisfied. hence we get
that [Kj] {=} = 0 for all j = 1,m, so [D]= = 0.

Let us determine the values of the remaining variables entering K (K 6= 0 on UD, since
K is not orthogonal to D) so that K turns into γ on these sets. The intersection of these two
sets determines the values of all variables in such a way that D takes the value 0 on this set,
and e.c. K value γ. This contradicts the condition K (x̃) ≤ D (x̃) for any x̃ = εnk , hence the
assumption that

m
∨
j=1

Kj 6= γ on εn,tk is false, and the necessity of the condition of the theorem

is proved.

Adequacy. Let the condition of the theorem be satisfied etc.,
m⋃
j=1

UKj = εn,tk . Then UK ⊆

m⋃
j=1

UKj , but UK
⋂( m⋃

j=1

UKj/
m⋃
j=1

UKj

)
= ∅. Consequently. UK ⊆

m⋃
j=1

UKj .

The theorem has been proven.
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4 Conclusions

The paper proposes a representation of k-valued functions in the class of disjunctive normal
forms. Monotone functions of k-valued logic are investigated. We prove theorems on the
coincidence of abbreviated and shortest d.n.f. k-valued functions. For a certain class of k-
valued monotone functions, the number of functions from this class is calculated. Criteria for
the absorption of elementary conjunctions by a first-order neighborhood are proposed.
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IN ONE SCENARIO, THE DEVELOPMENT OF A DEFECT IN THE
ATTACHMENT OF THE ROD

This article discusses the issue of the origin of a rod fastening defect. At the beginning of operation,
the rod is rigidly fixed at the edges. During operation, over time, certain defects may appear at
the ends of the rod. We need to find out what defects may occur? Then it is necessary to trace the
further behavior of the emerging defects at the ends of the rod. This paper discusses the diagnostics
of types of fastening of a structure made of interconnected rods. In this work, the state of fastening
types in individual parts of the structure is determined and a number of results are obtained using
mathematical analysis. Most of them assume how failures begin at the end connections of the
rods, and then the scenario for their further development. Mathematical models are presented to
determine the state of the rod attachments relative to the proposed scenario, and then the state in
which they are in is carefully examined. Defects in fastening objects made from a system of rods
are investigated using identification problems. The difference between this article and other works
is that instead of the shape of the area, the size of the object, or the state of its location, defects
that occur in fasteners are studied. This work is devoted to the search for types of fastening that
provide the required range of vibration frequencies.
Key words: Euler-Bernoulli equation, rod, defect, Taylor formula.
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Стержень бекiтуiндегi ақаудың пайда болып дамуының сценарийi туралы

Бұл мақалада стерженьдердiң ақауының шығу тегi туралы мәселе қарастырылады. Жұ-
мыстың басында стержень ұштарында қатаң бекiтiледi. Уақыт өте келе стержень ұштарында
белгiлi бiр ақаулар пайда болуы мүмкiн. Бiзге қандай ақаулар пайда болуы мүмкiн екенiн
анықтау керек? Содан кейiн стержень ұштарында пайда болатын ақаулардың одан әрi
әрекетi туралы айтылады. Осы жүмыста өзара байланысқан стерженьдерден құралған
конструкцияның бекiту түрлерiне диагностика жасау қарастырылған. Бұл жүмыста
конструкцияның жеке бөлшектерiнде бекiту түрлерiнiң ақуалы анықталды және бiрқатар
нәтижелер математикалық жолмен талдау арқылы алынған. Олардың көбi стерженьдердiң
шеттiк бекiтулерiнде ақау қалай басталады және одан кейiн олар ары қарай қандай
сценаримен дамитыны ұсынылған. Ұсынылған сценарииге байланысты стерженьнiң шеттiк
бекiтуiнiң күйiн анықтауға математикалық модельдер көрсетiлген және одан кейiн олар
қандай күйде болатыны мұқият зерттелген. Стерженьдер жүйесiнен құрастырылған обьек-
тiлердiң бекiтуiндегi ақауларын идентификациялау есептерi бойынша зерттелiнген. Осы
мақаланың басқа жұмыстардан өзгешелiгi – облыс формасы, обьект көлемi немесе орналасу
жағдайының орнына бекiтулерде пайда болатын ақаулар зерттеледi. Бұл жүмыста тербелiс
жиiлiгiнiң қажеттi диапазонын қамтамасыз ететiн бекiту түрлерiн iздеу қарастырылады.

Түйiн сөздер: Эйлер-Бернулли теңдеуi, стержень, ақау, Тейлор формуласы.
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Об одном сценарии зарождения развития дефекта крепление стержня

В данной статье обсуждается вопрос зарождения дефекта крепления стержня. Вначале
эксплуатации стержень по краям жестко закреплен. В процессе эксплуатации с течением
времени могут появляться те или иные дефекты на концах стержня. Надо выяснить какие
дефекты могут возникать? Затем надо проследить дальнейшее поведение возникающего
дефектов на концах стержня. В данной работе рассматривается диагностика видов креп-
ления конструкции из соединенных между собой стержней. В данной работе определено
состояние типов крепления в отдельных частях конструкции и методом математического
анализа получен ряд результатов. Большинство из них предполагают, как начинаются
разрушения в концевых соединениях стержней, а затем сценарий их дальнейшего развития.
Представлены математические модели для определения состояния крепления стержня
относительно предложенного сценария, а затем тщательно изучено, в каком состоянии они
находятся. Дефекты крепления объектов, изготовленных из системы стержней, исследуются
по задачам идентификации. Отличие данной статьи от других работ состоит в том, что
вместо формы области, размера объекта или состоянии его расположения изучаются
дефекты, возникающие в креплениях. Данная работа посвящена поиску типов крепления,
обеспечивающих необходимый диапазон частот вибрации.

Ключевые слова: Уравнение Эйлера-Бернулли, стержень, дефект, формула Тейлора.

1 Introduction

Acoustic diagnostics is the determination of the technical condition of equipment in working
order based on the parameters of vibration processes. Acoustic diagnostic methods are widely
used to determine the strength of various materials and the location of incipient, incipient
and developing cracks. The acoustic diagnostic method is used to determine the technical
condition of a structure in various environments. Acoustic diagnostic methods make it possible
to study the structure itself as a whole without dismantling it. This work is devoted to the
search for types of fastening that provide the required range of vibration frequencies. Such
problems relate to the problems of mathematical acoustics outlined above. Even in this case,
it is necessary to identify parameters that describe the state of fixation by natural frequency.
More precisely, the diagnostics of the states of the edge fastenings of the rods based on the
frequencies of transverse vibrations is considered.

Transverse oscillations of the rod are described by the Euler-Bernoulli equation [1], which
is written in the form

∂2

∂x2

(
EJ

∂2w

∂x2

)
+ Aρ

∂2w

∂t2
= q(x, t) (1)

relative to the transverse deflection w(x, t).

Here are E, J,A, ρ standard physical characteristics of the material from which the rod is
made. At the beginning, we consider that both ends of the rod are rigidly fixed. This means
that relations

w(0, t) = 0,
∂w(0, t)

∂x
= 0, w(l, t) = 0,

∂w(l, t)

∂x
= 0
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are fulfilled. In this case, the length of the rod is chosen equal to l. Over time, defects may
appear along the rod. We believe that, first of all, defects can arise at one of the ends of the
rod.

A comparative analysis of literary [1–3] sources indicates that it is easier to bend a rod
than to stretch it or rotate it around the axis of the rod. The mathematically specified
phenomenon is characterized by the asymptotic behavior of w1(x, t), w2(x, t) transverse and
w3(x, t) longitudinal deviations in the form of

1

h2
(
~e1 ·w1(x)+ ~e2 ·w2(x)

)
+

1

h
· ~e3
(
w3(x)− η1

∂

∂x
w1(x)− η2

∂

∂x
w2(x)

)
+

1

h

(
η1~e2− η2~e1

)
(2)

Here ~e3 direction is along the rod, and ~e1, ~e2 directions are perpendicular to the rod axis [3].
In expression 2 there is also w4(x, t), which characterizes the torsion around the axis of the
rod. Parameter h is also involved here, which characterizes the diameter of the cross section
of the rod. Taking into account the above-mentioned effect, given by expression 2 , we can
now proceed to the study of physical phenomena occurring near the fixed end of the rod.

2 Methods and materials

2.1 The scenario of the occurrence and development of defects at the point of
attachment of the rod

In this point, one of the possible variants of occurrence at the end points of the rod attachment
is attached. The scenario consists of four stages of emergence and development of a defect at
one end of a rod. The defect at the point of attachment of the rod undergoes the following
stages. At the beginning, the end of the rod is rigidly fixed, then during the operation
of the rod, the conditions of rigid fixation of the rod are weakened due to the bending
moment. The next stage is characterized by the fact that the actions of transverse forces
cause "backlash"at the point of attachment. Each stage of the defect corresponds to its own
individual frequency of transverse oscillations of the rod. The indicated natural oscillations of
the rod can be measured by acoustic means. Thus, based on the measured natural frequencies
of the transverse oscillations of the rod, the stage of the defect in the end fixings of the rod
can be determined.

Now consider the neighborhood of rod x = 0. That is, x is between 0 and h. Then the
Taylor formula [4]

w(x, t) = w(0, t) +
∂w(0, t)

∂x
+

1

2

∂2w(0, t)

∂x2
x2

∂w(x, t)

∂x
≈ ∂w(0, t)

∂x
+
∂2w(0, t)

∂x2
x+

1

2

∂3w(0, t)

∂x3
x3

we use for the rigidly fixed edge x = 0, and we getw(h, t) ≈
1
2
∂2w(0,t)

∂x2 h2

∂w(h,t)
∂x

≈ ∂2w(0,t)
∂x2 h+ 1

2
∂3w(0,t)

∂x3 h3
(3)
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We know that torque is equal to the theory of elasticity

M(0) = −EJ ∂
2w(0, t)

∂x2

and is equal to the transverse force

Q(0) = EJ
∂3w(0, t)

∂x3

Therefore, from equation 3 the relations are fulfilledw(h, t) ≈
−h2

2EJ
M(0)

∂w(h,t)
∂x

≈ − h
EJ
M(0) + h3

2EJ
Q(0)

for moment and transverse force [5].

Now we can predict how a defect will appear at edge x = 0 of the rod and according to
what scenario it will develop.

Let there be at the beginning a rigid fastening of the edge x = 0 of the rod

w(0, t) = 0,
∂w(0, t)

∂x

∣∣∣
x=0

= 0. (4)

During operation (after some time) conditions

w(0, t) = 0,
∂w(0, t)

∂x

∣∣∣
x=0

= α1
∂2w(0, h)

∂x2
(5)

are carried out taking into account relation 4. Since h — is small, the following hierarchy

h
∂2w(0, t)

∂x2
� h2

2

∂2w(0, t)

∂x2
� h3

2

∂3w(0, t)

∂x3

will be executed. Therefore, we will first consider h∂2w(0,t)
∂x2 , and h2

2
∂2w(0,t)

∂x2 , h
3

2
∂3w(0,t)

∂x3 are very
small quantities. That is, it can be considered zero.

Here α1 is the parameter. In this case, fastening 4 is transferred to condition 5 . This is
where edge defect x = 0 begins to appear. In this case, it shows that the value of h∂2w(0,t)

∂x2

and h3 ∂
3w(0,t)
∂x3 is very small. Therefore, condition 5 is satisfied. The mechanical meaning of

this condition 5 is to take into account the influence of angular momentum M(0) on the
value of the angle of inclination ∂w(0,t)

∂x
. Therefore, instead of condition 4, condition 5 should

be taken into account. If previously there was a rigid mount, now it is necessary to take into
account the influence of torque. If you have observed such a situation, then you can continue
to use the rod. Due to the impact of torque, the rigid mount was changed to the mount
under condition 4, but we continue to operate. At this stage [6], there is no need to stop
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using the rods, even though the angle of inclination appears. That is, it does not require repair.

But one thing should be noted: the natural frequencies of horizontal oscillations according
to conditions 4 change when the natural frequencies are conditions 5. If we continue to use
the rods without repair, then we will call the transition from state 4 to state 5 a level 1 defect
and assume that this defect does not yet require repair. So, let us assume that conditions
5 are satisfied at edge x = 0. From the asymptotic relations 2, the boundary conditions 5
change to the following conditions:w(0, t) = α2

∂2w(0,t)
∂x2

∂w(0,t)
∂x

= α1
∂2w(0,t)

∂x2

(6)

here 0 < α2 < α1. In this case, we consider that a level 2 defect has occurred on edge x = 0
in which case the repair time will be reduced. Therefore, the risk is even higher than the
previous level. Previously, the degree of destruction varied under the influence of torque.
Now we need to take into account the action of the transverse force Q(0). If we take these
points into account [7], the rod goes through 4 stages during operation.

3 Conclusion

At stage 1 there will be a rigid fastening. At this moment, the equation of the rod is described
by equation

w(0) = 0,
∂w(0)

∂x
(0) = 0.

At this stage the rod is in a horizontal position. After the 1st stage, after rigid fastening, it
moves on to bending. At this moment the equation of the rod will be

w(0) = 0,
∂w(0)

∂x
= α1

∂2w(0)

∂x2
.

At this stage, the rod deviates from the horizontal position and acquires an inclined angle.

At this stage there is no need for repairs. Here the rigid fastening is maintained. Here the
edge binding remains as rigid as before. Bending occurs only along the rod. That is, the rod
retains its original fastening.

After the 2nd stage, edge x = 0 is weakened. At this stage, you can continue using the
rod. We must remember that repairs must be made there in the future. That is, the edges
of the rod change from a rigid attachment to a slightly looser edge. Therefore, as the ends
of the rod are weakened from the rigid fastenings, play occurs. The resulting play does not
completely release the rod. When there is play in the rigid fasteners, a hole appears. The
equation of the rod for backlash has the form [6]

w(0) = β
∂2w(0)

∂x2
,
∂w(0)

∂x
= α1

∂2w(0)

∂x2
, α� β.
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At this time we must remember the work ahead. After the 3rd stage it moves from bend
to fracture. The rod at this time is described by the equation [6]

w(0) = β
∂2w(0)

∂x2
,
∂w(0)

∂x
= α1

∂2w(0)

∂x2
+
∂3w(0)

∂x3
, α� β � γ.

At this time, a transverse force acts on the rod. As a result, the rod will break.

That is, we see here that at the end there is a transverse force. This shear force will cause
the rod to break. Then from these stages we draw the following conclusions: First of all, the
rod bends under the influence of a torque, under the influence of which its edges become
loose, and the rod breaks under the action of a transverse force. At this time, it is necessary
to urgently repair the rod. All this follows from the Taylor formula of the form of the equation
of state of the rods.
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INTEGRO-INTERPOLATION METHOD OF CONSTRUCTING A
DIFFERENCE SCHEME IN A PROBLEM WITH A MOVING BOUNDARY

Working with systems that involve moving boundaries can be a very difficult task. Not only do
we have to solve the equations describing the system, but we also have to find the region the
system occupies at each step. One of the common moving-boundary classes, Stefan problems
are systems of diffusion or heat-conduction where the boundaries between the different phases
in the system change over time [1, 2]. Unfortunately, since Stefan problems can be so complex
that an analytical solution of the system is often impossible. Therefore, approximate analytical
methods or numerical methods, which are the most practical for working with these problems,
are often used. This work is devoted to numerical investigation of nonlinear fluid filtration.
Hydrodynamic study of non-Newtonian fluid filtration requires solving nonlinear differential
equations with partial derivatives. The integration of these equations is associated with serious
mathematical difficulties caused by moving boundaries, the dependence of the physical properties
on the coordinates and time, the specifics of the boundary conditions. Therefore, in the works
devoted to the study of nonlinear effects of filtering liquid and gas, approximate methods are
used (quasistationary approximation, the integral relations and numerical). Among them, we
can note the simplicity and versatility of finite difference method, which, however, requires
the solution of a complex system of algebraic equations with simple computational algorithms.
In our problem, in order to close the mathematical system, another equation is required is
a type of Stefan’s condition. This is the law of conservation of momentum balance, which
determines the position of the moving interface. Note that this moving boundary is an unknown
surface. Consequently, the problem we are considering is an example of a free boundary problem [3].

Key words: nonlinear fluid filtration, non-newtonian fluid, movable boundary, region of the grids,
numerical solution, finite difference method, approximate analytical solution.
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Шекарасы жылжымалы есептiң айырымдық схемасын құрудың

интегро-интерполяция әдiсi

Жүйе жылжымалы шекералар бойынша берiлсе күрделi есепке жатады. Мұнда жүйенi си-
паттайтын теңдеудi шешiп қоймай, жүйенiң өзгерiс аймағын бiлу қажет. Осындай көп та-
раған жылжымалы шекрасымен берiлген есептердiң диффузиялық немесе жылуөткiзгiштiк
процестерде кездесуi Стефан типтес есептерге жатады. Бұндай жүйеде әртүрлi фазалардың
шекарасы уақытқа байланысты өзгерiп отырады [1, 2]. Өкiнiшке орай, Стефан есептерi күр-
делi болғандықтан аналитикалық шешiмдерiн анықтау мүмкiндiгi қиын. Сондықтан мұндай
есептерде жуық аналитикалық шешiмi және тәжiрибеде ыңғайлы сандық жуық шешiмдерi
қолданылады. Бұл есеп сызықты емес флюидтiң филтрленуiнiң сандық зерттеу жұмысына
жатады. Ньютондық емес сұйықтардың фильтрленуiнiң гидродинамикасын зерттеу сызықты
емес дербес туындылы дифференциалдық теңдеудiң шешiмiне байланысты күрделi болады.
Мұндай есептердiң интегралын анықтау келесi матаматикалық қиындықтар тудырады: про-
цестi сипаттайтын физикалық шамалардың кеңiстiк координаттарына және уақытқа бай-
ланысты өзгерiсi, жылжымалы шекаралардың және шекаралық шарттардың ерекшелiгiне
байланысты болады. Сондықтан сұйықтардың фильтрленуiнiң сызықты емес эффектiлiгiн
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зерттеуде жуық шығару әдiстерi (квазисызықты, интегралдық қатынас немесе сандық)
қолданылады. Бұлардың iшiнде қарапайымдылығымен және жетiмдiлiгiмен ақырлы-
айырымдық әдiс ерекше орын алады. Бiрақ есептеу алгоритмiнiң жеңiлдiгiне қарамастан
күрделi алгебралық теңдеулер жүйесiн құрып шығару керек. Бiздiң есептi тұйықталған
математикалық жүйеге келтiру үшiн Стефан шартында кездесетiн теңдеу қажет. Бұл жерде
сұйықтық қозғалысының шекарасына байланысты қозғалыс мөлшерiнiң сақталу импульс
заңын беретiн теңдеу болу керек. Мұндай есеп белгiсiз шекараға байланысты жылжымалы
беттi бередi. Сондықтан еркiн жылжыйтын шекараға байланысты шартпен берiлген есепке
мысал бола алады [3].

Түйiн сөздер: сызықты емес сұйықтықты фильтрациялау, Ньютондық емес сұйықтық,
жылжымалы шекара, тор аймағы, сандық шешiм, шектi айырмдық әдiс, жуықталған анали-
тикалық шешiм.

А. Каримов, К. Иманбердиев∗
Казахский национальный университет имени аль-Фараби, Казахстан, г. Алматы

∗e-mail: kanzharbek75ikb@gmail.com
Интегро-интерполяционный метод построения разностной схемы

в задаче с подвижной границей

Работа с системами, которые имеют подвижные границы, может оказаться очень сложной
задачей. Нужно не только решить уравнения, описывающие систему, но и найти область,
которую система занимает на каждом шаге. Один из распространенных классов задач с
движущимися границами, задачи Стефана – это системы диффузии или теплопроводности,
в которых границы между различными фазами в системе меняются с течением времени [1,2].
К сожалению, поскольку задачи Стефана могут быть настолько сложными, что аналити-
ческое решение системы часто оказывается невозможным. Поэтому часто используются
приближенные аналитические методы или численные методы, которые наиболее практичны
для работы с такими задачами. Данная работа посвящена численному исследованию нели-
нейной фильтрации флюида. Гидродинамическое исследование фильтрации неньютоновской
жидкости ставит перед необходимостью решения нелинейных дифференциальных уравне-
ний с частными производными. Интегрирование таких уравнений связано с серьезными
математическими трудностями, обусловленными подвижными границами, зависимостью
физических свойств от координат и времени, спецификой краевых условий. Поэтому в
работах, посвященных исследованию нелинейных эффектов фильтрации флюида, применя-
ются приближенные методы (квазистационарное приближение, интегральные соотношения
и численные). Среди них простотой и универсальностью отличается метод конечных разно-
стей, который, однако, требует решения громоздкой системы алгебраических уравнений при
простате вычислительных алгоритмов. В нашей задаче, чтобы замкнуть математическую
систему, требуется еще одно уравнение – типа условия Стефана. Это закон сохранения
баланса импульса движения, который определяет положение движущейся границы раздела.
Заметим, что эта движущаяся граница является неизвестной поверхностью. Следовательно,
рассматриваемая нами задача является примером задачи со свободной границей [3].

Ключевые слова: нелинейная фильтрация жидкости, неньютоновская жидкость, подвиж-
ная граница, область сеток, численное решение, метод конечных разностей, приближенное
аналитическое решение.

1 Introduction

Oils of Western Kazakhstan, containing a relatively large amount of paraffin-asphaltene-
resinous substances, belong to non-Newtonian fluids. The study of the structural and
mechanical properties of such oils is of great interest for solving various issues of oil
production. The study of the rheological characteristics of non-Newtonian oils on a capillary
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viscometer (copper capillary tubes with a diameter of 2, 3 and 4 mm and a length of 200,
300 and 400 mm) was carried out according to a well-known technique, [4–6]. For oil with
a 25% resin content at temperatures of 16, 18 and 210 C, the characteristic dependence
ϑ = ϑ(|∇P |) Figure 1 shows the curve, [7, 8]. For the test oil, the plot of dependence is
nonlinear and passes through the origin, and it is convexed downwards at small pressure
gradients, and at large it has a linear shape. Models of viscous and viscous-plastic media and
various types of dependence were used to describe the structural behavior of the fluid. So,
for example, the flow curve shown in Figure 1 can be approximated by two straight lines, in
particular, one straight line OA, passing through the origin, and another AC, cutting off on
the abscissa axis segment OB, corresponding to the limiting shear gradient g∗. If we restrict
research to |∇P | > g∗, then we obtain a model similar to the Shvedov–Bingham model, and
for |∇P | < g∗ is viscous fluid flow model.

 

Figure 1

Figure 1. Shows the experimental dependence of the ϑ = ϑ(|∇P |) fluid filtration rate
(solid curve 1) and its approximation (dashed lines) BC or OAC. If the rate of fluid filtration
at low pressure gradients cannot be neglected, then it is necessary to use filtration models
that take into account the fluid flow at such gradients. These models include those based on
polygonal or other approximations of the indicator curve

ϑ = ϑ(|∇P |).

When using the experimental curve (1), the velocity of fluid movement in a porous medium
can be described by the nonlinear equation, [5, 8]:

−→
ϑ = −k

µ
F (|∇P |) ∇P

|∇P |
. (1)

In this case F (|∇P |) is a continuous positive, monotonically increasing function
(F ′(|∇P |) > 0), derivative of which can have a finite number of discontinuities of the first
kind.

Figure 1 (curve 1) shows a model of a viscous medium with an apparent viscosity [7]
depending on the pressure gradient. In this case, the polygon fits into the indicator curve
in such a way that its first link passes through the origin and characterizes filtration at low
pressure gradients, and the second link coincides with the asymptote of the graph ϑ = ϑ(|∇P |)
and characterized the flow of fluids at large pressure gradients.
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To calculate the filtration of a Newtonian fluid, along with mathematical methods,
simulators (analog computers) are widely used, however, electric simulation of the flow of
a non-Newtonian fluid in a porous medium using conventional simulators is in most cases
impossible. In work [9] similarity criteria are derived and an analog simulator based on the
well-known electrohydrodynamic analogy is described. In the case when the movements of the
liquid at small pressure gradients are not taken into account, i.e. the curve is approximated
by a half-line BC, cutting off on the abscissa axis a segment of OB.

Thus, approximation by a two-link polygon will give the following model of nonlinear
filtering [8].

−→
ϑ =

{
−k
ν
∇P, |∇P | < g∗,

− k
µ
(|∇P | − µ∗g∗) ∇P|∇P | , |∇P | > g∗.

(2)

Here µ∗ =
(
1− µ

ν

)
is the apparent viscosity, and µ and ν are dynamic viscosities at small

and large pressure gradients.
In other works [8], approximate analytical solutions for this problem were obtained using

various approximations: either the half-line BC or the polygon OAC. To obtain approximate
solutions, usually use the method of integral relations proposed by G.I. Barenblatt [6] and the
method based on applying the Laplace transform. With the help of the Laplace transform,
the approximate solution of the problem is limited to the initial stage of the process (quasi-
stationary approximation).

2 Methods and materials

2.1 System of equations describing isothermal fluid filtration

It is assumed that the terrestrial rock is elastic, and the fluid belongs to the class of weakly
compressible liquids. Under these assumptions, the mathematical model can be represented
in the form of the following system of equations: continuity equation ∂mρ

∂t
+ div(ρ

−→
ϑ ) = 0;

equation of the porous medium state is dm = βrdP ; equation for the fluid state is ρ =
ρ0 exp[βf (P − P0)].

Then the equation of continuity, taking into account the equations of state of the porous
medium and fluid becomes

β∗
∂P

∂t
+ div

−→
ϑ = 0. (3)

In the above formulas, the following designations are adopted: k is permeability coefficient,
β∗ = βr + βf is reservoir coefficient of elasticity, βr and βf are rock and fluid compressibility
factors.

2.2 Mathematical model of nonlinear fluid filtration

Let’s now consider the problem of fluid filtration, i.e. with polygonal approximation of
the experimental flow rate is depression curve (Figure 1). Let an isotropic layer of unit
thickness and width be filled with a homogeneous liquid. Under the long-term influence of
the temperature field, the liquid acquired structural and mechanical properties that were
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unequal along the length of the formation. In this case, the value of the gradient at the
boundary of the viscosity discontinuity can depend on the x coordinate. If the structural and
mechanical properties of liquid particles are distributed during their transfer, we will assume
that the magnitude of the gradient at the viscosity discontinuity boundary g(x, t) will change
in proportion to the speed of the liquid. Then, taking into account the filtration law (2), the
continuity equation (3) in a one-dimensional formulation for the case g(x, 0) = g∗ = const
is reduced to solving the equations [7, 8]. Thus, it is required to find the function P1(x, t),
P2(x, t), ξ(t) from the conditions:

c1
∂P1

∂t
=

∂

∂x

[
k1(x, t)

(
∂P1

∂x
− µ∗g∗

)]
, x0 < x ≤ ξ(t), t > 0, (4)

c2
∂P2

∂t
=

∂

∂x

[
k2(x, t)

∂P2

∂x

]
, ξ(t) ≤ x ≤ L, t > 0. (5)

where c1 = µβ∗, c2 = νβ∗.
Under the initial condition

P2(x, 0) = ϕ(x), x0 < x < L, ξ(0) = x0, (6)

and the condition of matching the initial values P1 and P2 : lim
t→0

P1(x, t) = ϕ(x0).

Under the following conditions on the unknown boundary ξ = ξ(t) :

lim
x→ξ−0

P1(x, t) = lim
x→ξ+0

P2(x, t), t > 0, (7)

lim
x→ξ−0

∂

∂x
P1(x, t) = lim

x→ξ+0

∂

∂x
P2(x, t) = g∗, t > 0. (8)

and the corresponding condition on the gallery

α1
k

µ

(
∂P1(x0, t)

∂x
− µ∗g∗

)
+ β1P1 (x0, t) = q1(t), t > 0, (9)

P2(L, t) = ϕ(L), t > 0. (10)

where α1 · β1 = 0, α1 + β1 = 1.
Unlike problems [10–12], here there is no explicit equation for determining the free

boundary, however, the known value of the gradient at the viscosity discontinuity boundary
allows us to construct a difference scheme that allows us to determine the position of the
boundary.

It should be noted that in a layer of finite length L, filtration is divided into two periods.
The first period is at 0 ≤ t ≤ T, where T is the moment in time when the boundary reaches
the right end of the formation (ξ(T ) = L), the second period at t ≥ T is characterized by the
solution of equation (4). An approximate solution of the problem by the method of integral
relations was considered, for example, in [8].

In the case of rectilinear-parallel motion of the medium and g∗ = const, taking into
account the following dimensionless parameters:

x =
x

L
, ξ =

ξ

L
, u =

Pi (x, t)

P0

, k1(x, t) =
k1(x, t)

k0

,
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k2(x, t) =
µ0k2(x, t)

k0

, t =
t

t0
, g∗ =

g∗L

P0

, q1 =

(
µq1

k1

+ µ∗g∗

)
· L
P0

,

t0 =
µβ∗L2

k0

, µ0 =
ν

µ
, c1 = 1, c2 = 1, i = 1, 2.

For P1, P2 in dimensionless form, one notation u(x, t) is adopted, since they are defined
in non-intersecting areas, and the continuity conditions are satisfied at the interface. It is
necessary to define the functions u(x, t) so that they satisfy the filtration equation. Let’s
write the equations by omitting the dashes above the variables

c
∂u

∂t
=

∂

∂x

(
k
∂u

∂x

)
, t > 0. (11)

Moreover, the functions u, c and k are defined in the intervals 0 < x < ξ(t) and ξ(t) <
x < 1, i.e.

k =

{
k1(x, t), 0 < x < ξ(t),

k2(x, t), ξ(t) < x < 1,
0 < ki ≤ ki0;

c =

{
c1(x, t), 0 < x < ξ(t),

c2(x, t), ξ(t) < x < 1,
0 < ci ≤ ci0.

(12)

Note that the functions c and k may have a discontinuity at x = ξ(t). In addition
to equation (11), the functions u(x, t) and ξ(t) at the interface x = ξ(t) must satisfy the
conditions of continuity of the desired function

u(ξ − 0, t) = u(ξ + 0, t),

and matching gradients at the viscosity discontinuity boundary:

∂

∂x
u(ξ − 0, t) =

∂

∂x
u(ξ + 0, t) = g∗. (13)

Initial conditions

u(x, 0) = ϕ(x), ξ(0) = x0, (14)

and boundary conditions

l1u(x0, t) = q1(t), u(1, t) = 1. (15)

Here the operator corresponds to plane-parallel filtration

l1 = α1

(
k1
∂u

∂x

)
+ β1u.

Assuming that problem (11)–(15) is posed correctly and we assume that ξ(t) is a
monotonically increasing function t ∈ (0, T ], ϕ′(x) ≥ 0 and q1(t) < 0.
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2.3 Difference scheme

For the numerical solution of the considered nonlinear problem, we construct an iterative
implicit difference scheme based on the idea of the method of attaching a moving boundary
ξ = ξ(t) to grid node [11, 13, 14]. The domain for solving the problem is the half-grid D =
{x, t|x0 ≤ x ≤ 1, t ≥ 0}. On the segment [0, 1], we introduce a quasi-uniform grid of basic
and flow nodes: {

xi = xi−1 + h, i = 1, n− 1; x0 = 0; xN = 1
}
,{

xi−1/2 = xi−1 + 0.5h, i = 1, n− 1; x0 = x−1/2; xN = xN+1/2

}
.

The area [0, 1] of streaming nodes is split into cells i =
[
xi−1/2, xi+1/2

]
, i = 0, n. The line

x = ξ(t) in the solution area is the dividing one. Here we consider a uniform mesh in x and
a non-uniform mesh in time ω̂h,τ = {xi, tk|xi = x0 + ih, h > 0, i = 0, n, tk = tk−1 + τk, τk =
k∑
j=0

∆τj, ∆τj > 0, k ≥ 1, n ≥ 3}. In this case the time step τk we will take depending on k

so that the end of the broken line approximating the movable boundaries x = ξ(t) for any

τk =
k∑
j=0

∆τj would hit the node of the difference grid.

The initial boundary value problem (11)–(15) corresponds to the following conservative,
purely implicit two-layer difference scheme [7,11]. Let us consider the case c1 = c2 = 1. Then
we write (11) at all points except the point x = ξ(t) in the form of

∂u

∂t
=

∂

∂x

(
k
∂u

∂x

)
, t > 0. (16)

Integrate it within (ξk − h1/2) , (ξk + h1/2) ,∫ ξk+h1/2

ξk−h1/2

∂u

∂t
dx =

∫ ξk

ξk−h1/2

∂

∂x

(
k1
∂u

∂x

)
dx+

∫ ξk+h1/2

ξk

∂

∂x

(
k2
∂u

∂x

)
dx. (17)

Applying the mean value theorem to the integral on the left, we obtain

h1
∂u

∂t
= k2

∂u

∂x

∣∣∣
ξk+h1/2

− k1
∂u

∂x

∣∣∣
ξk−h1/2

. (18)

Here the condition from the point of discontinuity is divided into two, which reduces the
approximation error arising from the inaccurate determination of the interface. Moreover, if
we divide (18) by h1 and go to the difference derivatives [15], for the point x = ξ(t) we get:

yt̄ =
(
kyx̄
)
x
, (19)

where under k is considered

k =

{
k1 (x− h1/2, t) given that 0 < x < ξ(t),

k2 (x+ h1/2, t) given that ξ(t) < x < 1.



A. Karimov, K. Imanberdiyev 59

Passing to the difference derivatives in (16) and comparing them with (19), we obtain a
homogeneous difference scheme over the entire interval [0, 1]. Combining it with the initial
and boundary conditions, we arrive at the difference problem in the entire domain:

yt̄ =
(
kyx̄
)
x
, y

(0)
t = ϕ (xi) ,

`1y = q1 (tk) given that x = 0,

y = 1 given that x = 1.

(20)

The operator `1 is determined by the balance method by integrating (16) on the segments
(0, h/2) and using the boundary condition. As is known, in this case, the approximation error
will be o(h2).

Difference problem (20) is supplemented by the condition within which x = ξ(t). For this
in the area Dξ taking into account the condition on the fracture line of the fluid viscosity
(13), at t = tk, calculate the integral for a cell with a node of i = ik. Then the equation (16)
becomes: ∫ x

i+1
2

x
i− 1

2

∂u

∂t
dx = (1− δi)

∂u

∂t

∣∣∣xi+1
2

x
i− 1

2

+ δi

[
k
∂u

∂x

∣∣∣xi+1
2

x
i− 1

2

+ k
∂u

∂x

∣∣∣ξk−0

ξk+0

]

= ki+ 1
2

∂u

∂x

∣∣∣
x
i+1

2

− ki− 1
2

∂u

∂x

∣∣∣
x
i− 1

2

+ δi

(
ki− 1

2

∂u

∂x

∣∣∣
ξk−0

− ki+ 1
2

∂u

∂x

∣∣∣
ξk+0

)
= ki+ 1

2

∂u

∂x

∣∣∣
x
i+1

2

− ki− 1
2

∂u

∂x

∣∣∣
x
i− 1

2

+ δi

(
ki− 1

2
− ki+ 1

2

)
g∗.

Here: given δi = 1, ξ ∈
[
xi− 1

2
, xi+ 1

2

]
and δi = 0, ξ /∈

[
xi− 1

2
, xi+ 1

2

]
.

We denote the grid function yik = u(xi, tk) and y̌ik = u(xi, tk−1).
Then we have:(

yik − y̌ik
∆τk

)
h1 = kik+ 1

2

yik+1 − yik
h1

− kik− 1
2

yik − yik−1

h1

+ δi

(
kik− 1

2
− kik+ 1

2

)
g∗.

Hence, when the interface of two viscosities is displaced by one step, we find the
corresponding time

h1

∆τ
(s+1)
k

=

[
kik+ 1

2

y
(s)
ik+1−y

(s)
ik

h1
− kik− 1

2

y
(s)
ik
−y(s)ik−1

h1
+
(
kik− 1

2
− kik+ 1

2

)
g∗

]
(
y

(s)
ik
− y̌ik

) , (21)

where δi = 1, s is t.
The computational algorithm is based on a counter sweep. Difference equation (20) over

the entire grid region is then reduced to the form:

az,iyz,i−1 − bz,iyz,i + cz,iyz,i+1 = dz,i, z = 1, 2. (22)

Then, to determine the pressure value at the interface between two viscosities, we obtain
a system of algebraic equations.
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a) from left to right, using the right sweep formulas, we determine the sweeping coefficients

αi =
c1,i

b1,i − a1,iαi−1

, βi =
a1,iβi−1 − d1,i

b1,i − a1,iαi−1

, i = 1, ik − 1, ik ≥ 2; (23)

b) from right to left, calculate the sweep coefficients of the left sweep

ψi =
a2,i

b2,i − c2,iψi+1

, ηi =
c2,iηi+1 − di
b2,i − c2,iψi+1

, i = n− 1, ik. (24)

For the movable unit � i = ik �, based on the formula of right and left runs

y1,i−1 = αi−1y1,i + βi−1, i = ik,−nk; (25)

y2,i+1 = ψi+1y2,i + ηi+1, i = ik, nk, (26)

and taking into account (13), we find the required function y1,ik = y2,ik = y∗ik ,

y∗ik =
βik−1 + ηik+1

2− (ψik+1 + αik−1)
. (27)

Wherein α0, β0 and ψn, ηn are determined depending on the setting of the boundary
conditions.

Thus, when passing from the (k−1) time layer, calculations are performed in the following
order

∆τ
(0)
k−1 ⇒ (20)⇒ (22)⇒ (21)⇒ (18)⇒

⇒
∣∣∣∆τ (s)

k −∆τ
(s−1)
k

∣∣∣ < ετ ∧max
i

∣∣∣y(s)
i − y

(s−1)
i

∣∣∣ < εp.

If the convergence condition is satisfied, we assume that ∆τk−1 = ∆τ
(s)
k−1 and ξk+1 = ξk+h1

and go to the next time layer, and if the inequalities are not satisfied, we repeat the iterative
process.

2.4 Numerical solution results

For illustration, the numerical solution of the problem was carried out for a constant shear
gradient g∗ = const. This problem has an approximate analytical solution [8], and for a
quasi-stationary approximation of a physical process, we execute the law of variation of the
moving boundary.

When the gallery is set on the constant pressure of ∆p = p0 − pc, then the solution has
the form of:

ξ(t) = 2

√
κµt ln

(
(1− ε)∆p
(g∗
√
πκµt)

)
, ε =

(√κµ −√κν)(√κµ +
√κν

) . (28)

If the production gallery is set to a constant flow rate D = g∗ + µ · q1

k
, then the solution has

the following form:
ξ(t) = C

√
κµt,
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where p0 +D
√
t ∼= p0 + 2

√
κµt
π

[
(1 + ε) ε

(
xe−C

2 − C
√
π erfcC

)
− 1
]
. (29)

Here κµ = k
(µ·β∗)

, κν = k
(ν·β∗)

, g∗ = 5 ·10−3atm/m, p0 = 150atm, pc = 120atm, µ = 2.5cPs,

ν = 3.6cPs, k = 0.4D, β∗ = 16 · 10−6atm−1, q1 = 6.077 · 102cm3/sec, L = 103m, t0 = 106sec,
κµ, κν are the piezoconductivity coefficients at high and low pressure gradients.

Position of the movable boundary versus time during operation with a given constant
pressure on the gallery and at a constant gradient value g∗ = 5 · 10−3atm/m at the
discontinuity of viscosities boundary is shown in Figure 2. Here, the absolute error, defined
as the difference between the numerical and approximate analytical solutions depending on
the operating time, varies from 1.73 · 10−2 to 7.22 · 10−2.

Figure 2

Figure 2. Graph of a moving border ξ = ξ(t) depending on the time when the gallery is
operated with constant pressure. The solid line corresponds to the numerical solution, and
the dashed line to the approximate analytical solution (28).

The coordinate of the moving boundary depending on the time during operation with a
given flow rate and at g∗ = 5 · 10−3 atm/m is shown in Figure 3. Here, the absolute error of
the solution, depending on the operation time, varies from 1.92 · 10−2 to 8.15 · 10−2.

Figure 3

Figure 3. Graph of a moving border ξ = ξ(t) depending on the time when the gallery
is operating with a constant flow rate. The solid line corresponds to the numerical solution,
and the dashed line to the approximate analytical solution (29).
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For the value of the gradient at the boundary of the discontinuity of viscosities g∗ =
5 · 10−3atm/m at ∆p = p0 − pc = 30atm the moving front ξ(t) reaches the right end of
the formation L = 103m in 19.4 hours. If the value of the gradient at the boundary of the
discontinuity of viscosities increases, then the time to reach the moving boundary xi(t) the
right end of the layer is correspondingly growing. Calculations were carried out for various
constant values of the shear gradient: 7 · 10−3atm/m; 8 · 10−3atm/m and 9 · 10−3atm/m. The
time to reach the moving front ξ(t) of the right end of the reservoir L = 103m is growing: 22.2
hours; 25 hours and 27.7 hours; respectively. In the case of the first stage of fluid filtration,
the change in pressure as a function of time is shown in Figures 4 and 5 at g∗ = 5·10−3atm/m.

Figure 4

Figure 4. Pressure change graphs during gallery operation with constant pressure for
various values of dimensionless time: 1− 0.2924E− 02; 2− 0.6866E− 02; 3− 0.1275E− 01;
4− 0.2078E− 01; 5− 0.3118E− 01; 6− 0.4404E− 01.

Figure 5

Figure 5. Graphs of pressure changes during gallery operation with constant flow rate for
various values of dimensionless time: 1− 0.3165E− 02; 2− 0.5959E− 02; 3− 0.9645E− 02;
4− 0.1425E− 01; 5− 0.1972E− 01; 6− 0.2611E− 01.

3 Conclusion

Analysis of the results showed that the number of iterations depends on the step size of the
grid region. In this case, the step along the spatial coordinate is selected depending on the
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value of the fracture gradient of the fluid viscosity. With a large shear gradient, one should
take a smaller step along the spatial coordinate. In a numerical experiment, formula (21) was
used to find the appropriate time for fishing in the node of the movable boundary. The results
presented showed that the proposed method can be used to determine the free boundary in
similar problems with conditions (7), (8), implicitly determining its position.
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ON ONE SOLUTION OF A NONLOCAL BOUNDARY VALUE PROBLEM
FOR A NONLINEAR PARTIAL DIFFERENTIAL EQUATION OF THE

THIRD ORDER

In this paper, a nonlocal boundary value problem for the Benjamin-Bona-Mahony-Burgers
equation is studied in a rectangular domain. By introducing new functions, the nonlocal boundary
value problem for a nonlinear third-order partial differential equation is reduced to a boundary
value problem for a second-order hyperbolic equation with a mixed derivative and functional
relations. Before using the approximate method, the nonlinear problem under consideration is
examined for the presence of solutions, it is necessary to clarify where these solutions are located,
that is, to find the region of isolation of solutions. The isolation area of the solution in our case is
a ball in which there is a unique solution to the problem. Next, an algorithm for finding a solution
to a nonlocal boundary value problem is proposed. In terms of the initial data, conditions for
the convergence of the algorithms are established, which simultaneously ensure the existence and
isolation of a solution to a nonlinear nonlocal boundary value problem. Estimates between the exact
and approximate solutions of the problem under consideration are obtained. The results obtained
are of a theoretical nature and can be used in the construction of computational algorithms for
solving nonlocal boundary value problems for the Benjamin-Bona-Mahony-Burgers equation.
Key words: Benjamin-Bona-Mahony-Burgers equation, differential equations with partial
derivatives, algorithm, approximate solution.
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Үшiншi реттi дербес туындылы сызықтық емес дифференциалдық теңдеу үшiн бейлокал

шеттiк есебiнiң бiр шешiмi жайында

Бұл жұмыста тiкбұрышты облыста Бенджамин-Бона-Махони-Бюргерс теңдеуi үшiн бейло-
кал шеттiк есебi зерттеледi. Жаңа функциялар енгiзе отырып үшiншi реттi дербес туын-
дылы сызықтық емес дифференциалдық теңдеу үшiн бейлокал шеттiк есебi аралас туын-
дылы екiншi реттi гиперболалық теңдеу үшiн бастапқы-шеттiк есепке келтiрiледi. Жуық
әдiстi қолданбас бұрын қарастырылып отырған сызықтық емес есептiң шешiмiнiң бар бо-
луын зерттеймiз, шешiмдердiң қайда орналасқанын, яғни шешiмнiң оқшауланған облысын
анықтау қажет. Бiздiң жағдайымызда оқшауланған облыс - есептiң шешiмi бар және жалғыз
болатын шар болып табылады. Әрi қарай бейлокал шеттiк есептiң шешiмiн табу алгорит-
мi ұсынылады. Бастапқы берiлгендер терминiнде сызықтық емес бейлокал шеттiк есептiң
шешiмiнiң бар болуы мен оқшауланғанын қамтамасыз ететiн алгоритмдердiң жинақтылық
шарттары алынған. Қарастырылып отырған есептiң нақты және жуық шешiмi арасындағы
бағалаулар табылған. Алынған нәтижелер теориялық сипатқа ие және үшiншi реттi дербес
туындылы сызықтық емес дифференциалдық теңдеулер үшiн бейлокал шеттiк есептердi ше-
шуде есептеу алгоритмдерiн құру үшiн қолданысын таба алады.
Түйiн сөздер: Бенджамин-Бона-Махони-Бюргерс теңдеуi, дербес туындылы дифференци-
алдық теңдеулер, алгоритм, жуық шешiмi.
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Об одном решении нелокальной краевой задачи для нелинейного дифференциального
уравнения в частных производных третьего порядка

В данной работе в прямоугольной области исследуется нелокальная краевая задача
для уравнения Бенджамина-Бона-Махони-Бюргерса. Вводя новые функций нелокальная
краевая задача для нелинейного дифференциального уравнения в частных производных
третьего порядка сводится к начально-краевой задаче для гипереболического уравнения
второго порядка со смешанной производной и функциональным соотношениям. Прежде
чем использовать приближенный метод рассматриваемая нелинейная задача исследуется
на наличие решений, необходимо уточнить, где эти решения находятся, то есть найти
область изоляции решений. Область изоляции решения в нашем случае является шар, в
котором решения задачи существует и единственно. Далее, предложен алгоритм нахождения
решения нелокальной краевой задачи. В терминах исходных данных установлены условия
сходимости алгоритмов, одновременно обеспечивающие существование и изолированность
решения нелинейной нелокальной краевой задачи. Получены оценки между точным и
приближенным решениями рассматриваемой задачи. Полученные результаты носят теоре-
тический характер и могут быть использованы при построении вычислительных алгоритмов
решения нелокальных краевых задач для нелинейных дифференциальных уравнений в
частных производных третьего порядка.

Ключевые слова: уравнение Бенджамина-Бона-Махони-Бюргерса, дифференциальные
уравнения в частных производных, алгоритм, приближенное решение.

1 Introduction

The article considers a nonlocal boundary value problem for a third-order nonlinear partial
differential equation or the Benjamin-Bona-Mahony-Burgers equation. Various types of the
BBMB equation were studied in [1]-[14]. Despite the presence of a large number of works
devoted to the study of solving problems for the BBMB equation, interest in them has not
waned to this day. This is due to the fact that the Benjamin-Bona-Mahony-Burgers equations
represent an interesting and important object of study, combining wave theory, mathematical
physics and practical applications. Previously, the authors used the parameterization method
[15]-[17] to study more general boundary value problems for a system of linear [18]-[19]
and nonlinear third-order pseudoparabolic equations. Constructive algorithms for finding
approximate solutions to the problems under study were proposed and necessary and sufficient
conditions for the existence of a solution were established. Subsequently, a nonlocal boundary
value problem for the Benjamin-Bona-Mahony equation was studied [20]. Due to the fact that
the problems under consideration are nonlinear, direct use of previously obtained results
is not always possible. In this article, the Benjamin-Bona-Mahony-Burgers equation with
general nonlocal boundary conditions that differ from the conditions specified in [20] is
investigated. An algorithm for finding an approximate solution is proposed and conditions
for the solvability of the problem under study are obtained.
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2 Statement of the initial boundary problem

A nonlocal boundary value problem for the nonlinear Benjamin-Bona-Mahony-Burgers
equation is considered.

∂3w

∂x2∂y
=
∂w

∂y
− α∂

2w

∂x2
+ β

∂w

∂x
+ w

∂w

∂x
, (x, y) ∈ Ω = [0, X]× [0, Y ], (1)

w(x, 0) = ϕ(x), x ∈ [0, X], (2)

w(0, y) = γ(y)w(X, y) + ψ(y), y ∈ [0, Y ], (3)

∂w(0, y)

∂x
= θ(y), y ∈ [0, Y ], (4)

here α, β-const, function ϕ(x) continuously differentiable on [0, X], functions ψ(y), θ(y), γ(y)
are continuously differentiable on [0, Y ], γ(y) 6= 1.

Let C(Ω, R) be the set of functions w : Ω→ R. continuous on Ω

Function w(x, y) ∈ C(Ω, R) having partial derivatives ∂w(x,y)
∂x

∈ C(Ω, R), ∂w(x,y)
∂y

∈
C(Ω, R), ∂2w(x,y)

∂x∂y
∈ C(Ω, R), ∂2w(x,y)

∂x2
∈ C(Ω, R), ∂3w(x,y)

∂x2∂y
∈ C(Ω, R) is called a solution to

problem (1)-(4) if it satisfies equation (1), for all (x, y) ∈ Ω, and boundary conditions (2)-(4).
To find solutions to problem (1)-(4) we introduce new functions

w(0, y) = µ(y), z(x, y) = w(x, y)− µ(y).

Then problem (1)-(4) can be written in the form (5)-(9)

∂3z(x, y)

∂x2∂y
=
∂z(x, y)

∂y
+ µ′(y)− α∂

2z(x, y)

∂x2
+ β

∂z(x, y)

∂x
+ [z(x, y) + µ(y)]

∂z(x, y)

∂x
, (5)

z(0, y) = 0, y ∈ [0, Y ], (6)

z(x, 0) + λ(0) = ϕ(x), µ(0) = ϕ(0), (7)

µ(y) =
γ(y)z(X, y) + ψ(y)

1− γ(y)
, y ∈ [0, Y ], (8)

∂z(0, y)

∂x
= θ(y), y ∈ [0, Y ]. (9)

3 Methods and materials

Differentiating equation (8) with respect to the variable y we obtain equation (10).

µ′(y) =
γ′(y)

[1− γ(y)]2
z(X, y) +

γ(y)

1− γ(y)

∂z(X, y)

∂y
+

ψ′(y)[
1− γ(y)

]2 . (10)
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By reintroducing the new function v(x, y) = ∂z(x,y)
∂x

, problem (5)-(9) and relation (10) can
be written in the following form

∂2v(x, y)

∂x∂y
=

x∫
0

∂v(ξ, y)

∂y
dξ+µ′(y)−α∂v(x, y)

∂x
+βv(x, y)+

[ x∫
0

v(ξ, y)dξ+µ(y)

]
v(x, y), (11)

v(x, 0) = ϕ′(x), x ∈ [0, X], (12)

µ(y) =
γ(y)

1− γ(y)

X∫
0

v(x, y)dx+
ψ(y)

1− γ(y)
, (13)

µ′(y) =
γ′(y)

[1− γ(y)]2

X∫
0

v(x, y)dx+
γ(y)

1− γ(y)

X∫
0

∂v(x, y)

∂(y)
dx+

ψ′(y)

[1− γ(y)]2
, (14)

v(0, y) = θ(y), y ∈ [0, Y ], (15)

where z(x, y) =
x∫
0

v(ξ, y)dξ. In (11), integrating over the variable x and taking into account

conditions (15), we obtain

∂v(x, y)

∂y
= θ′(y)− αv(x, y) + αθ(y) + µ′(y)x+

x∫
0

( ξ∫
0

∂v(ξ1, y)

∂y
dξ1+

+

[ ξ∫
0

v(ξ1, y)dξ1 + µ(y)

]
v(ξ, y) + βv(ξ, y)

)
dξ.

(16)

After repeated integration over the variable y and application of condition (12), we obtain
the following:

v(x, y) = ϕ′(x) +

y∫
0

(
θ′(η)− αv(x, η) + αθ(η) + µ′(η)x+

x∫
0

ξ∫
0

∂v(ξ1, η)

∂η
dξ1dξ+

+

x∫
0

[ ξ∫
0

v(ξ1, η)dξ1 + µ(η)

]
v(ξ, η)dξ + β

x∫
0

v(ξ, η)dξ

)
dη.

(17)

Assuming that v(x, y) = ϕ′(x), from equations (13) and (14) we determine

µ(0)(y) =
γ(y)

1− γ(y)
[ϕ(X)− ϕ(0)] +

ψ(y)

1− γ(y)
,

µ′
(0)

(y) =
γ′(y)

[1− γ(y)]2

[
ϕ(X)− ϕ(0)

]
+

ψ′(y)

[1− γ(y)]2
.
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Using equation (16) under the condition µ(y) = µ(0)(y), we can find

∂v(0)(x, y)

∂y
= θ′(y)− αϕ′(x) + αθ(y)+

+µ′
(0)

(y)x+

x∫
0

[ ξ∫
0

ϕ′(ξ1)dξ1 + µ(0)(y)

]
ϕ′(ξ)dξ + β

x∫
0

ϕ′(ξ)dξ =

= θ′(y)− αϕ′(x) + αθ(y) + µ′
(0)

(y)x+

x∫
0

[
ϕ(ξ)− ϕ(0) + µ(0)(y)

]
ϕ′(ξ)dξ + β

x∫
0

ϕ′(ξ)dξ.

Next, from equation (17) it follows

v(0)(x, y) = ϕ′(x) +

y∫
0

(
θ′(η)− αϕ′(x) + αθ(η) + µ′

(0)
(y)x+

+

x∫
0

[
ϕ(ξ)− ϕ(0) + µ(0)(η)

]
ϕ′(ξ)dξ + β

x∫
0

ϕ′(ξ)dξ

)
dη.

Taking the found functions µ(0)(y) and v(0)(x, y), the numbers r1 > 0 and r2 > 0, we
construct the following sets:

S(µ(0)(y), r1) =

{
µ(y) ∈ C([0, Y ], R) : ‖µ(y)− µ(0)(y)‖ < r1

}
,

S(v(0)(x, y), r2) =

{
v(x, y) ∈ C(Ω, R) : ‖v(x, y)− v(0)(x, y)‖ < r2, (x, y) ∈ Ω

}
,

G0(r1, r2) =

{
(x, y, w, v) : (x, y) ∈ Ω,

∥∥∥∥w(x, y)−
x∫

0

v(0)(ξ, y)dξ − µ(0)(y)

∥∥∥∥ <
< r1 + r2, ‖v(x, y)− v(0)(x, y)‖ < r2

}
.

Let U(l1, l2, x, y) denote the collection of quadruples
(
µ(0)(y), v(0)(x, y), r1, r2

)
, for which

the function f(x, y, w, v) in G0(r1, r2) has continuous partial derivatives f ′w(x, y, w, v),
f ′v(x, y, w, v) and ‖f ′w(x, y, w, v)‖ ≤ l1, ‖f ′v(x, y, w, v)‖ ≤ l2, l1,2−const. Taking the pair
{λ(0)(y), v(0)(x, y)} as the initial approximation of problem (11)-(15), we construct successive
approximations using the algorithm

1. Assuming v(x, y) = v(k−1)(x, y), from (13) and (14) we determine µ′(k)(y) и µ(k)(y).

2. Using equation (16), µ(y) = µ(k)(y), we find ∂v(k)(x,y)
∂y

.

3. Then, using equation (17) we find v(k)(x, y).

As a result, we get the system
{
µ′(k)(y), µ

(k)
r (x), ∂v

(k)(x,y)
∂y

, v
(k)
r (x, t)

}
, k = 1, 2, ....
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The following statement ensures the feasibility and convergence of the proposed algorithm,
as well as the solvability of problem (11)-(15).

Theorem 1. Let the following conditions be satisfied
a) the function ϕ(x) is continuously differentiable on [0, X],
b) the functions γ(y), ψ(y), θ(y) are continuously differentiable on [0, Y ], γ(y) 6= 1,

c) q = αY + X2Y γ
1−γ + X2γ

1−γ + X2

2
+ X2Y l2

2
+X2Y l2γ

1−γ + (l1 + β)XY < 1,

d) σ
1−q

γ
1−γXY

2 < r1,
qY σ
1−q < r2,

where γ = max
y∈[0,Y ]

‖γ(y)‖, ψ = max
y∈[0,Y ]

‖ψ(y)‖, θ = max
y∈[0,Y ]

‖θ(y)‖, α, β − const,

σ = θ′ + α max
x∈[0,X]

‖ϕ′(x)‖+ αθ +X

(
γ′

[1− γ]2

[
ϕ(X)− ϕ(0)

]
+

ψ′

[1− γ]2

)
+

+X max
x∈[0,X]

‖ϕ(x)‖ max
x∈[0,X]

‖ϕ′(x)‖+X

(
γ

1− γ
[ϕ(X)− ϕ(0)] +

ψ

1− γ

)
max
x∈[0,X]

‖ϕ′(x)‖+

+β

X∫
0

ϕ′(x)dx,

then the sequence of functions {µ(k)
r (x), v

(k)
r (x, t)}, k = 1, 2, ..., determined by the algorithm is

contained in S(µ(0)(y), r1)× S(v(0)(x, y), r2), converges to {µ∗(x), v∗(x, t)} - solving problem
(11)-(15). Moreover, any solution to problem (11)-(15) in S(µ(0)(y), r1) × S(v(0)(x, y), r2)
isolated and fair estimates:

a) ‖µ∗(y)− λ(k)(y)‖ ≤ γ
1−γ

XY 2

2

∞∑
i=k

qiσ,

b) ‖v∗(x, y)− v(k)(x, y)‖ ≤ Y
∞∑

i=k+1

qiσ.

Proof. For k = 0 the following inequalities hold

‖µ(0)(y)‖ ≤ γ

1− γ
[ϕ(X)− ϕ(0)] +

ψ

1− γ
,

∥∥∥∥µ′(0)
(y)

∥∥∥∥ ≤ γ′

[1− γ]2

[
ϕ(X)− ϕ(0)

]
+

ψ′

[1− γ]2
,

∥∥∥∥∂v(0)(x, y)

∂y

∥∥∥∥ ≤ θ′ + α max
x∈[0,X]

‖ϕ′(x)‖+ αθ +X

(
γ′

[1− γ]2

[
ϕ(X)− ϕ(0)

]
+

ψ′

[1− γ]2

)
+

+X max
x∈[0,X]

‖ϕ(x)‖ max
x∈[0,X]

‖ϕ′(x)‖+X

(
γ

1− γ
[ϕ(X)− ϕ(0)] +

ψ

1− γ

)
max
x∈[0,X]

‖ϕ′(x)‖+

+β

X∫
0

ϕ′(x)dx = σ,
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‖v(0)(x, y)− ϕ′(x)‖ ≤
y∫

0

∥∥∥∥∂v(0)(x, η)

∂η

∥∥∥∥dη.
For k = 1, when v(x, y) = v(0)(x, y), the following inequalities follow

‖µ(1)(y)− µ(0)(y)‖ ≤ γ′

1− γ

X∫
0

‖v(0)(x, η)− ϕ′(x)‖dx < γ

1− γ
XY σ < r1,

∥∥∥∥µ′(1)
(y)− µ′(0)

(y)

∥∥∥∥ ≤ γ′

[1− γ]2

X∫
0

‖v(0)(x, y)− ϕ′(x)‖dx+
γ

1− γ

X∫
0

∥∥∥∥∂v(0)(x, y)

∂y

∥∥∥∥dx,
∥∥∥∥∂v(1)(x, y)

∂y
− ∂v(0)(x, y)

∂y

∥∥∥∥ ≤
≤ α

y∫
0

∥∥∥∥∂v(0)(x, η)

∂η

∥∥∥∥dη +
γ′x

[1− γ]2

y∫
0

∥∥∥∥∂v(0)(x, η)

∂η

∥∥∥∥dη+

+
γx

1− γ

X∫
0

∥∥∥∥∂v(0)(x, y)

∂y

∥∥∥∥dx+

x∫
0

ξ∫
0

∥∥∥∥∂v(0)(ξ1, y)

∂η

∥∥∥∥dξ1dξ+

+l2

x∫
0

ξ∫
0

y∫
0

∥∥∥∥∂v(0)(ξ1, η)

∂η

∥∥∥∥dηdξ1dξ +
γl2x

1− γ

y∫
0

X∫
0

∥∥∥∥∂v(0)(x, η)

∂η

∥∥∥∥dxdη+

+l1

x∫
0

y∫
0

∥∥∥∥∂v(0)(ξ, η)

∂η

∥∥∥∥dηdξ + β

x∫
0

y∫
0

∥∥∥∥∂v(0)(ξ, η)

∂η

∥∥∥∥dηdξ ≤
≤
(
αY +

X2Y γ

1− γ
+
X2γ

1− γ
+
X2

2
+
X2Y l2

2
+X2Y

l2γ

1− γ
+ (l1 + β)XY

)
max

(x,y)∈Ω

∥∥∥∥∂v(0)(x, y)

∂y

∥∥∥∥ ≤
≤ q max

(x,y)∈Ω

∥∥∥∥∂v(0)(x, y)

∂y

∥∥∥∥ ≤ qσ.

‖v(1)(x, y)− v(0)(x, y)‖ ≤
y∫

0

∥∥∥∥∂v(1)(x, η)

∂η
− ∂v(0)(x, η)

∂η

∥∥∥∥dη ≤
y∫

0

qσ < r2.

For k = 2 the following estimates hold:

‖µ(2)(y)− µ(1)(y)‖ ≤ α

1− α

X∫
0

‖v(1)(x, y)− v(0)(x, y)‖dx ≤
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≤ γ

1− γ

y∫
0

X∫
0

qσdxdη ≤ γ

1− γ
XY

2
qσ,

∥∥∥∥∂v(2)(x, y)

∂y
−∂v

(1)(x, y)

∂y

∥∥∥∥ ≤ q max
(x,y)∈Ω

∥∥∥∥∂v(1)(x, y)

∂y
−∂v

(0)(x, y)

∂y

∥∥∥∥ ≤ q2 max
(x,y)∈Ω

∥∥∥∥∂v(0)(x, y)

∂y

∥∥∥∥ ≤ q2σ,

‖v(2)(x, y)− v(1)(x, y)‖ ≤
y∫

0

∥∥∥∥∂v(2)(x, η)

∂η
− ∂v(1)(x, η)

∂η

∥∥∥∥dη ≤ Y q2σ.

‖µ(2)(y)− µ(0)(y)‖ ≤ γ

1− γ
XY

2
qσ +

γ

1− γ
XY

2
σ ≤ γ

1− γ
XY

2
(1 + q)σ < r1,∥∥∥∥∂v(2)(x, y)

∂y
− ∂v(0)(x, y)

∂y

∥∥∥∥ ≤ (1 + q) max
(x,y)∈Ω

∥∥∥∥∂v(1)(x, y)

∂y
− ∂v(0)(x, y)

∂y

∥∥∥∥ ≤
≤ (q + q2) max

(x,y)∈Ω

∥∥∥∥∂v(0)(x, y)

∂y

∥∥∥∥ ≤ (q + q2)σ.

‖v(2)(x, y)− v(0)(x, y)| ≤ Y (q2 + q)σ < r2.

At the k + 1−th step of the algorithm, for v(x, y) = v(k)(x, y), the following estimates
hold

‖µ(k+1)(y)− µ(k)(y)‖ ≤ γ

1− γ

y∫
0

X∫
0

‖v(k)(x, η)− v(k−1)(x, η)‖dxdη, (18)

∥∥∥∥µ′(k+1)
(y)− µ′(k)

(y)

∥∥∥∥ ≤ γ

1− γ

X∫
0

‖v(k)(x, y)− v(k−1)(x, y)‖dx, (19)

∥∥∥∥∂v(k+1)(x, y)

∂y
− ∂v(k)(x, y)

∂y

∥∥∥∥ ≤ q max
(x,y)∈Ω

∥∥∥∥∂v(k)(x, y)

∂y
− ∂v(k−1)(x, y)

∂y

∥∥∥∥, (20)

‖v(k+1)(x, y)− v(k)(x, y)‖ ≤
y∫

0

∥∥∥∥∂v(k+1)(x, η)

∂η
− ∂v(k)(x, η)

∂η

∥∥∥∥dη. (21)

‖µ(k+1)(y)− µ(0)(y)‖ ≤

≤ γ

1− γ

y∫
0

X∫
0

‖v(k)(x, η)− ϕ′(x)‖dxdη ≤ γ

1− γ
XY

2

k∑
i=0

qiσ < r1,

‖v(k+1)(x, y)− v(0)(x, y)‖ ≤ Y
k+1∑
i=1

qiσ < r2.



A.M. Manat, N.T. Orumbayeva 73

Consequently, from inequalities (18)-(21) and q < 1 it follows that the sequence
{µ(k)(y), v(k)(x, y)} at k →∞, converges to {µ∗(y), v∗(x, y)}− solution of problem (10)-(14)
in S(µ(0)(y), r1)× S(v(0)(x, y), r2).

Let’s establish inequalities

‖µ(k+p)(y)− µ(k)(y)‖ ≤ γ

1− γ
XY

2

k+p−1∑
i=k

qiσ, (22)

‖v(k+p)(x, y)− v(k)(x, y)‖ ≤ Y

k+p∑
i=k+1

qiσ. (23)

for p→∞ we obtain estimates a), b) of Theorem 1.
Let’s prove uniqueness. The uniqueness of the solution of problem (1)-(4) is proved

similarly to the proof of Theorem 1 from [18]. Theorem 1 is proved.
The function w(k)(x, y), k = 1, 2, 3... is determined from the equality

w(k)(x, y) = µ(k)(x, y) +

x∫
0

v(k)(ξ, y)dξ, (x, y) ∈ Ω.

Let S1(w(0)(x, y), r1 + r2x) denote the set of continuously differentiable with respect to x, y
functions w : Ω→ R, satisfying the inequality ‖w(x, y)− w(0)(x, y)‖ < r1 + r2x.

In view of the equivalence of problems (1)-(4) and (11)-(15), Theorem 1 implies.
Theorem 2. If the conditions of Theorem 1 are satisfied, then the sequence of functions

w(k)(x, y), k = 1, 2, ..., is contained in S(w(0)(x, y), r1 + r2) converges to the unique solution
w∗(x, y) of problem (1)-(4) in S(w(0)(x, y), r1 + r2) and the inequality

‖w∗(x, y)− w(k)(x, y)‖ ≤ γ

1− γ
X2Y 2

2

∞∑
i=k+1

qiσ + Y

∞∑
i=k

qiσ.

4 Conclusion

Thus, the third-order nonlinear Benjamin-Bona-Mahony-Burgers equation with nonlocal
conditions has been studied. The Benjamin-Bona-Mahony-Burgers equation describes the
propagation of small amplitude waves in a nonlinear dispersive medium when simulating
unidirectional plane waves. In this paper, an algorithm for searching for an approximate
solution to the problem under consideration is proposed and the conditions for the
convergence of the proposed algorithm are determined. An estimate between the exact and
approximate solution of the nonlinear problem is obtained.
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PARTICULAR SOLUTIONS OF MULTIDIMENSIONAL GENERALIZED
EULER-POISSON-DARBOUX EQUATIONS OF ELLIPTIC-HYPERBOLIC TYPE

The primary outcome of this study is the construction of partial solutions for a class of
multidimensional partial differential equations with multiple singular coefficients of the second
order. We consider the generalized multidimensional second-order Euler-Poisson-Darboux
equation. Employing a well-known method, we reduce the generalized Euler-Poisson-Darboux
equation to a second-order partial differential equation of the hypergeometric type. The solutions
to this second order hypergeometric equation comprise 2n functions that contain the first
Lauricella hypergeometric function. The Lauricella function, also known as an n-dimensional
series, incorporates three distinct parameters - the Pohhammer polynomials. To study the
properties of these particular solutions, we require a decomposition formula expressing the first
Lauricell function as the product of simpler hypergeometric functions with fewer variables.
Through this study of particular solutions and the determination of singularity order at the
origin, we establish the uniqueness of these solutions. Thus, having proved the peculiarity of
particular solutions at the origin, it can be argued that the constructed particular solutions are
fundamental solutions of the generalized multidimensional second-order Euler-Poisson-Darboux
equation.

Key words: multidimensional generalized Euler-Poisson-Darboux equation, particular solutions,
Lauricella’s hypergeometric function, expansion formula, order of the singularity.
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Эллиптикалық-гиперболалық типтегi Эйлер-Пуассон-Дарбу көпөлшемдi жалпыланған
теңдеулердiң дербес шешiмдерi

Осы жұмыстың негiзгi нәтижесi екiншi реттi бiрнеше сингулярлық коэффициенттерi бар көп
айнымалы дербес туындылы дифференциалдық теңдеулер класы үшiн дербес шешiмдердi
құру болып табылады. Эйлер-Пуассон-Дарбудың екiншi реттi жалпыланған көп өлшем-
дi теңдеуi қарастырылады. Белгiлi әдiс көмегiмен Эйлер-Пуассон-Дарбу жалпыланған
теңдеуi гипергеометриялық типтегi екiншi реттi дербес туындылы дифференциалдық
теңдеуге әкеледi. Екiншi реттi гипергеометриялық теңдеудiң шешiмдерi құрамында Ла-
уричелланың алғашқы гипергеометриялық функциясы бар 2n функциялар болып табылады.
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Лауричелланың функциясы деп аталатын функция бұл үш түрлi параметрден тұратын, яғ-
ни Похгаммер көпмүшелерiнен құрылған n-өлшемдi қатар. Дербес шешiмдердiң қасиеттерiн
зерттеу үшiн Лауричелланың бiрiншi функциясын аз айнымалылары бар бiрнеше қарапай-
ым гипергеометриялық функциялардың көбейтiндiсi түрiнде келтiретiн ыдырау формуласы
қажет. Дербес шешiмдердiң қасиеттерi зерттеледi, осылайша координаттардың басындағы
ерекшелiктiң ретi анықталады. Координаттардың басында дербес шешiмдердiң ерекшелiгiн
дәлелдей отырып, құрылған дербес шешiмдер Эйлер-Пуассон-Дарбудың жалпыланған екiн-
шi реттi көп өлшемдi теңдеуiнiң iргелi шешiмдерi болып табылады деп айтуға болады.
Түйiн сөздер: Эйлер-Пуассон-Дарбудың көпөлшемдi жалпыланған теңдеуi, ерекше шешiм-
дер, Лауричелла гипергеометриялық функциясы, жiктеу формуласы, ерекшелiк ретi.
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Частные решения многомерных обобщенных уравнений
Эйлера-Пуассона-Дарбу эллиптико-гиперболического типа

Основным результатом настоящей работы является построение частных решений для клас-
са многомерных уравнений в частных производных с несколькими сингулярными коэф-
фициентами второго порядка. Рассматривается обобщенное многомерное уравнение второ-
го порядка Эйлера-Пуассона-Дарбу. С помощью известного метода обобщенное уравнение
Эйлера-Пуассона-Дарбу приводится к дифференциальному уравнению в частных производ-
ных второго порядка гипергеометрического типа. Решениями гипергеометрического уравне-
ния второго порядка являются 2n функций, которые содержат в себе первую гипергеомет-
рическую функцию Лауричелла. Так называемая функция Лауричелла представляет собой
n-мерный ряд, содержащий три разных параметра - многочлены Похгаммера. Для иссле-
дования свойств частных решений необходима формула разложения, которая выражала бы
первую функцию Лауричелла в терминах произведения нескольких более простых гипергео-
метрических функций, содержащих меньшее количество переменных. Изучаются свойства
частных решений, таким образом определяется порядок особенности в начале координат.
Доказав особенность частных решений в начале координат, можно утверждать о том, что
построенные частные решения являются фундаментальными решениями обобщенного мно-
гомерного уравнения второго порядка Эйлера-Пуассона-Дарбу.
Ключевые слова: многомерное обобщенное уравнение Эйлера-Пуассона-Дарбу, частные ре-
шения, гипергеометрическая функция Лауричелла, формула разложения, порядок особенно-
сти.

1 Introduction

It is known that particular solutions have an essential role in studying partial differential
equations. In case of the singular elliptic equations, the role of particular solutions is played
by fundamental solutions. Formulation and solving of many local and non-local boundary
value problems are based on these solutions. The explicit form of particular solutions gives a
possibility to study the considered equation in detail. For example, in the works of Barros-
Neto and Gelfand [1–3] fundamental solutions for Tricomi operator in the plane were explicitly
calculated.
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Particular solutions of generalized Euler-Poisson-Darboux equation

uxx + uyy +
2α

x
ux +

2β

y
uy = utt +

2γ

t
ut, x > 0, y > 0, t > 0

were found in [4], where α, β and γ are constants (0 < 2α, 2β, 2γ < 1).
It is well known [5] that all linearly-independent fundamental solutions of the singular

elliptic equation
m∑
j=1

∂2u

∂x2j
+

n∑
j=1

2αj
xj

∂u

∂xj
= 0, m ≥ 2, n ≤ m (1)

in the first hyperoctant x1 > 0, ..., xn > 0 are expressed explicitly by a hypergeometric
function F

(n)
A in n variables introduced by Lauricella [6]. Fundamental solutions of the

equation (1) in its various special cases were constructed by many authors [7–10] and
applied to the solution of boundary value problems for the equation (1) up to dimension
m ≤ 4 [11–13]. Further applications of fundamental solutions of the equation (1) can be
found in the works [14–16].

In this paper, we construct a particular solutions of multidimensional generalized Euler-
Poisson-Darboux equation

k∑
j=1

∂2u

∂x2j
+

k∑
j=1

2αj
xj

∂u

∂xj
=

n∑
j=k+1

∂2u

∂x2j
+

n∑
j=k+1

2αj
xj

∂u

∂xj
, k = 1, n− 1 (2)

in the n-dimensional cone

Ω =
{

(x1, ..., xn) : x21 + ...+ x2k > x2k+1 + ...+ x2n, k = 1, n− 1
}
,

where αj are constants (0 < 2αj < 1 , j = 1, n). It turns out that particular solutions of
the equation (2) are also expressed in terms of the Lauricella function F

(n)
A with variables,

however, which differ from the variables of the functions involved in the fundamental solutions
of the singular elliptic equation (1).

In investigation of the particular solutions for the singular partial differential equations,
we need expansions for hypergeometric functions of several variables in terms of simpler
hypergeometric functions of (for example) the Gauss and Appell types.

The familiar operator method of Burcnall and Chaundy [17, 18] has been used by them
rather extensively for finding decomposition formulas for hypergeometric functions of two
variables in terms of the classical Gauss hypergeometric function of one variable.

Following the works [17, 18], Hasanov and Srivastava [19, 20] introduced operators
generalizing the Burcnall-Chaundy operators and found expansion formulas for many
triple hypergeometric functions, and they proved recurrent formulas when the dimension
of hypergeometric function exceeds three. However, due to the recurrence, additional
difficulties may arise in the applications of those decomposition formulas. For two Lauricella
hypergeometric functions in n variables are proved new expansion formulas which are free
from the recurrence [21]. The most recent properties of Lauricella’s hypergeometric function
F n
A can be found in [22].
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The plan of this paper is as follows. In Section 2 we briefly give some preliminary
information, which will be used later: definitions of Pochhammer symbol, Gaussian and
Lauricella hypergeometric functions; a system of PDE satisfied by Lauricella hypergeometric
function F (n)

A and its linearly-independent solutions. In Section 3 the expansion formula for
the Lauricella function and consequences from this formula are given.

In Section 4 we describe the method of finding particular solutions for the considered
equation and in Section 5 we show what order of singularity the found solutions will have.

2 Preliminaries

Below we give definition of Pochhammer symbol and some formulas for Gauss hypergeometric
function, definition of Lauricella hypergeometric function F

(n)
A and system of partial

differential equations which can be satisfied by the Lauricella function F (n)
A .

First we define a Pochhammer symbol and Gaussian hypergeometric function.
A symbol (κ)ν denotes the general Pochhammer symbol or the shified factorial, since

(1)l = l! (l ∈ N ∪ {0}; N := {1, 2, 3, ...}) , which is defined (for κ, ν ∈ C), in terms of the
familiar Gamma function, by

(κ)ν :=
Γ(κ+ ν)

Γ(κ)
=

{
1 (ν = 0;κ ∈ C\{0})
κ(κ+ 1)...(κ+ l − 1) (ν = l ∈ N ;κ ∈ C),

it being understood conventionally that (0)0 := 1 and assumed tacitly that the Γ− quotient
exists.

A function

F (a, b; c;x) ≡ F

[
a, b;
c;

x

]
=
∞∑
k=0

(a)k(b)k
(c)k

xk

k!
, |x| < 1 (3)

is known as the Gauss hypergeometric function and an equality

F (a, b; c; 1) =
Γ(c)Γ(c− a− b)
Γ(c− a)Γ(c− b)

, c 6= 0,−1,−2, ...,Re(c− a− b) > 0 (4)

holds [23, p.73,(14)]. Moreover, the following Boltz formula [23, p.76,(22)]

F (a, b; c;x) = (1− x)−bF

(
c− a, b; c; x

x− 1

)
(5)

is valid.
Lauricella hypergeometric function F (n)

A in n ∈ N (real or complex) variables is defined
as following [6]

F
(n)
A (a,b;c;x) ≡ F

[
a,b;
c;

x

]
=

∞∑
|k|=0

(a)|k|

n∏
j=1

(bj)kj
(cj)kj

x
kj
j

kj!
,

n∑
j=1

|xj| < 1, (6)

where

a := (a1, ..., an) , b := (b1, ..., bn) , c := (c1, ..., cn) ;
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x := (x1, ..., xn) ; |k| := k1 + ...+ kn, k1 ≥ 0, ..., kn ≥ 0.

In definition (6), as usual, the denominator parameters c1,...,cn are neither zero nor a negative
integer.

Lauricella function ω (x) = F
(n)
A (a,b; c;x) satisfies the system of equations [24, p. 117]

xj (1− xj)
∂2ω

∂x2j
− xj

n∑
i=1
i 6=j

xi
∂2ω

∂xi∂xj
− bj

n∑
i=1
i 6=j

xi
∂u

∂xi

+ [cj − (a+ bj + 1)xj]
∂u

∂xj
− abjω = 0, j = 1, n (7)

and, in turn, this system has 2n linearly independent solutions [24, p.118]

1 : {F (n)
A

[
a, b1, ..., bn;
c1, ..., cn;

x

]
,

n :


x1−c11 F

(n)
A

[
a+ 1− c1, b1 + 1− c1, b2, ..., bn;
2− c1, c2, ..., cn;

x

]
,

..............................................................................

x1−cnn F
(n)
A

[
a+ 1− cn, b1, ..., bn−1, bn + 1− cn;
c1, ..., cn−1, 2− cn;

x

]
,

n(n−1)
2

:



x1−c11 x1−c22 F
(n)
A

[
a+ 2− c1 − c2, b1 + 1− c1, b2 + 1− c2, b3, ..., bn;
2− c1, 2− c2, c3, ..., cn;

x

]
,

..............................................................................

x1−c11 x1−cnn F
(n)
A

[
a+ 2− c1 − cn, b1 + 1− c1, b2, ..., bn−1, bn + 1− cn;
2− c1, c2, ..., cn−1, 2− cn;

x

]
,

x1−c22 x1−c33 F
(n)
A

[
a+ 2− c2 − c3, b1, b2 + 1− c2, b3 + 1− c3, b4, ..., bn;
c1, 2− c2, 2− c3, c4, ..., cn;

x

]
,

..............................................................................

x
1−cn−1

n−1 x1−cnn ×

× F (n)
A

[
a+ 2− cn−1 − cn, b1, ..., bn−2, bn−1 + 1− cn−1, bn + 1− cn;
c1, ..., cn−2, 2− cn−1, 2− cn;

x

]
,

.................................................................

1 :

{
x1−c11 ...x1−cnn F

(n)
A

[
a+ n− c1 − ...− cn, b1 + 1− c1, ..., bn + 1− cn;
2− c1, ..., 2− cn;

x

]
.

3 Methods and materials. Expansions of Lauricella function F
(n)
A

For a given multivariable function, it is useful to find a decomposition formula which would
express the multivariable hypergeometric function in terms of products of several simpler
hypergeometric functions involving fewer variables.

Burchnall and Chaundy [17, 18] systematically presented a number of expansion and
decomposition formulas for some double hypergeometric functions in series of simpler
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hypergeometric functions. For example, the Appell function

F2

[
a, b1, b2;
c1, c2;

x, y

]
=

∞∑
m,n=0

(a)m+n (b1)m (b2)n
(c1)m (c2)n

xm

m!

yn

n!
, |x|+ |y| < 1

has the expansion [17]

F2

[
a, b1, b2;
c1, c2;

x, y

]
=
∞∑
i=0

(a)r (b1)r (b2)r
r! (c1)r (c2)r

xryrF

[
a+ r, b1 + r;
c1 + r;

x

]
F

[
a+ r, b2 + r;
c2 + r;

y

]
.

Following the works [17,18] Hasanov and Srivastava found a decomposition formulas for all
four Lauricella functions of three variables [19] and proved a recurrence formulas at arbitrary
n ∈ N\{1} [20]. However, due to the recurrence of Hasanov-Srivastava’s decomposition
formulas, additional difficulties may arise in the applications of this expansions. Further
study of the properties of the Lauricella function F

(n)
A showed that known decomposition

formula can be reduced to a more convenient (nonrecurrence) form.
With any natural numbers n ∈ N \ {1} the following expansion formula holds true [22]:

F
(n)
A (a,b;c;x) =

∞∑
|mn|=0

(a)A(n,n)
Mi,j!

n∏
k=1

(bk)B(k,n)

(ck)B(k,n)

x
B(k,n)
k F

[
a+ A(k, n), bk +B(k, n);
ck +B(k, n);

xk

]
, (8)

where

|mn| =
n∑
i=2

n∑
j=i

mi,j, mi,j ≥ 0, , 2 ≤ i ≤ j ≤ n;

Mi,j! = m2,2!m2,3! · · ·mi,j! · · ·mn,n!, 2 ≤ i ≤ j ≤ n;

A(k, n) =
k+1∑
i=2

n∑
j=i

mi,j, B(k, n) =
k∑
i=2

mi,k+
n∑

i=k+1

mk+1,i.

In case n = 1, the formula (8) is greatly simplified and coincides with the definition of
the single hypergeometric function (3).

Using expansion (8) and Boltz formula (5), it is easy to derive an analogue of the Boltz
formula for the Lauricella hypergeometric function in the form

F
(n)
A (a,b;c;x) =

∞∑
|mn|=0

(a)A(n,n)
Mi,j!

n∏
k=1

(bk)B(k,n)

(ck)B(k,n)

(
xk

1− xk

)B(k,n)

×

×
n∏
k=1

(1− xk)−bk F
[
ck − a+B(k, n)− A(k, n), bk +B(k, n);
ck +B(k, n);

xk
xk − 1

]
. (9)
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Let a, b1,. . . , bn are real numbers with a 6= 0, −1, −2, ... and a > |b|, where |b| :=
b1 + ...+ bn. Then n = 1, 2, ..., the following summation formula holds true [21]

∞∑
|mn|=0

(a)A(n,n)
Mn!

n∏
k=1

(bk)B(k,n) (a− bk)A(k,n)−B(k,n)

(a)A(k,n)
=

Γ (a− |b|)
Γ(a)

n∏
k=1

Γ(a)

Γ (a− bk)
. (10)

It is easy to see that formula (10) is a natural generalization of the well-known summation
formula (4).

Let a, bk, ck be real numbers, where ck 6= 0,−1,−2, ... and a > |b| > 0 and ck > bk. Then
for n = 1, 2, ..., the following limit correlation is true

lim
ε→0

{
ε−b1−...−bnF

(n)
A

(
a,b; c; 1− z1(ε)

ε
, ..., 1− zn(ε)

ε

)}
=

Γ (a− |b|)
Γ(a)

n∏
k=1

|zk(0)|−bk Γ (ck)

Γ (ck − bk)
.

(11)

where zk(ε) are arbitrary functions, and zk(0) 6= 0.
Limit correlation (11) directly follows from decomposition (9) and summation formula

(10).

4 Particular solutions

Consider equation (2) in Ω. Let x := (x1, ..., xn) be any point and x0 := (x01, ..., x0n) be any
fixed point of Ω. We search for a solution of (2) as follows:

uk (x, x0) = P (rk)ω (ξk) , k = 1, n, (12)

where ω is unknown function and

P (rk) = r−2βk , β =
n− 2

2
+

n∑
j=1

αj; (13)

r2k =
n∑
i=1

sgn(k − i)(xi − x0i)2, sgn(z) :=

{
1, if z ≥ 0,
−1, if z < 0;

(14)

ξk := (ξk1, ξk2, ..., ξkn) , ξkj = sgn(k − j)
r2k − r2kj
r2k

, (15)

r2kj = sgn(k − j)(xj + x0j)
2 +

n∑
i=1
i 6=j

sgn(k − i)(xi − x0i)2, k, j = 1, n.

In what follows for brevity, we omit the index (letter) k in the notations uk, rk, ξk1, ...,
ξkn.

Let us calculate the necessary derivatives of the desired solution

∂u

∂xj
= ω

∂P

∂xj
+ P

n∑
i=1

∂ω

∂ξi

∂ξi
∂xj

, j = 1, n,
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∂2u

∂x2j
= P

n∑
i=1

n∑
l=1

∂ξi
∂xj

∂ξl
∂xj

∂2ω

∂ξi∂ξl
+

n∑
i=1

(
2
∂P

∂xj

∂ξi
∂xj

+ P
∂2ξi
∂x2j

)
∂ω

∂ξi
+ ω

∂2P

∂x2j
, j = 1, n

and substitute into equation (2):

n∑
i=1

Aik
∂2ω

∂ξ2i
+

n∑
i=1

n∑
l=i+1

Bilk
∂2ω

∂ξi∂ξl
+

n∑
i=1

Cik
∂ω

∂ξi
+Dkω = 0, (16)

where

Aik = P

n∑
j=1

sgn(k − j)
(
∂ξi
∂xj

)2

, (17)

Bilk = 2P
n∑
j=1

sgn(k − j) ∂ξi
∂xj

∂ξl
∂xj

,

Cik =
n∑
j=1

sgn(k − j)
(

2
∂P

∂xj

∂ξi
∂xj

+ P
∂2ξi
∂x2j

+ P
2αj
xj

∂ξi
∂xj

)
, (18)

Dk =
n∑
j=1

sgn(k − j)
(
∂2P

∂x2j
+

2αj
xj

∂P

∂xj

)
.

Now we consider Ak. Since

ξkj = −sgn(k − j)4xjx0j
r2

and

∂ξi
∂xj

= −sgn(k − i)4x0j
r2

δij − sgn(k − j)2 (xj − xj0)
r2

ξi, (19)

where

δij =

{
1, i = j,
0, i 6= j

is the Kronecker delta, we have

(
∂ξi
∂xj

)2

=
16x2i0
r4

δij +
16 (xj − xj0)xi0

r4
δijξi +

4(xj − xj0)2

r4
ξ2i , (20)

Substituting (20) into (17), we get

Aik = −4Pxi0
xir2

ξi (1− ξi) . (21)
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Using the product of the derivatives
∂ξi
∂xj

and
∂ξl
∂xj

in the form

∂ξi
∂xj

∂ξl
∂xj

=

(
−4 (xi − xi0)

xir2
− 4 (il − xl0)

xlr2
+

8

r2

)
ξiξl, l ≥ i+ 1,

we have

Bilk = P

(
4xi0
xir2

+
4xl0
xlr2

)
ξiξl. (22)

Substituting the following derivatives

∂P

∂xj
= −2βsgn(k − j)P xj − xj0

r2
,

∂2ξi
∂x2j

= −sgn(k − j)4 (xj − xj0)
xir2

δijξi − sgn(k − j)2ξi
r2

+
8(xj − xj0)2

r4
ξi

and (19) into (18), we get

Cik = −P

(
−(β + 1)

4xi0
xir2

ξi + 2αi
4xi0
xir2

− ξi
n∑
j=1

αj
4xj0
xjr2

)
. (23)

Taking into account first derivative (14) of P and its second derivative

∂2P

∂x2j
= 2βsgn(k − j)P

[
2 (β + 1)

(xj − xj0)2

r4
− 1

r2

]
,

it is not difficult to find the expression

Dk = 4βP
n∑
j=1

αjxj0
xjr2

. (24)

Now substituting (21)–(24) into equation (16), we obtain the following equation

n∑
i=1

xi0
xi

[
ξi (1− ξi)

∂2ω

∂ξ2i
+ [2αi − (β + 1)ξi]

∂ω

∂ξi
− αiβω

]

−
n∑
i=1

n∑
l=i+1

(
xi0
xi

+
xl0
xl

)
ξiξl

∂2ω

∂ξi∂ξl
−

n∑
i=1

ξi
∂ω

∂ξi

n∑
j=1

αjxj0
xj

= 0,

which is equivalent to the system:

ξj (1− ξj)
∂2ω

∂ξ2j
− ξj

n∑
i=1
i 6=j

ξi
∂2ω

∂ξi∂ξj
− αj

n∑
i=1
i 6=j

ξi
∂ω

∂ξi
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+ [2αj − (β + αj + 1)ξj]
∂ω

∂ξj
− αjβω = 0, j = 1, n. (25)

Thus, the multidimensional generalized Euler-Poisson-Darboux equation (2) equivalently
reduced to the system (25).

Comparing the system (25) with the system (7) and by virtue of (12), we obtain 2n

particular solutions of equation (2):

uk,1 (x;x0) = γ1r
−2β
k F

(n)
A

[
β, α1, ..., αn;
2α1, ..., 2αn;

ξk

]
, (26)

uk,2 (x;x0) = γ2
(x1x01)

1−2α1

r2β+2−4α1

k

F
(n)
A

[
β + 1− 2α1, 1− α1, α2, ..., αn;
2− 2α1, 2α2, ..., 2αn;

ξk

]
, (27)

uk,3 (x;x0) = γ3
(x2x02)

1−2α2

r2β+2−4α2

k

F
(n)
A

[
β + 1− 2α2, α1, 1− α2, α3, ..., αn;
2α1, 2− 2α2, 2α3, ..., 2αn;

ξk

]
, (28)

.....................................

uk,n (x;x0) = γn
(xn−1x0n−1)

1−2αn−1

r
2β+2−4αn−1

k

F
(n)
A

[
β + 1− 2αn−1, α1, ..., αn−2, 1− αn−1, αn;
2α1, ..., 2αn−2, 2− 2αn−1, 2αn;

ξk

]
,

(29)

uk,n+1 (x;x0) = γn+1
(xnx0n)1−2αn

r2β+2−4αn

k

F
(n)
A

[
β + 1− 2αn, α1, ..., αn−1, 1− αn;
2α1, ..., 2αn−1, 2− 2αn;

ξk

]
, (30)

uk,n+2 (x;x0) = γn+2
(x1x01)

1−2α1 (x2x02)
1−2α2

r2β+4−4α1−4α2

k

×

×F (n)
A

[
β + 2− 2α1 − 2α2, 1− α1, 1− α2, α3, ..., αn;
2− 2α1, 2− 2α2, 2α3..., 2αn;

ξk

]
, (31)

..................................

uk,(n2+n+2)/2 (x;x0) = γ(n2+n+2)/2

(xn−1x0n−1)
1−2αn−1 (xnx0n)1−2αn

r
2β+4−4αn−1−4αn

k

×

×F (n)
A

[
β + 2− 2αn−1 − 2αn, α1, ..., αn−2, 1− αn−1, 1− αn;
2α1, ..., 2αn−2, 2− 2αn−1..., 2− 2αn;

ξk

]
, (32)

..................

uk,2n (x;x0) = γ2n

∏n
j=1 (xjx0j)

1−2αj

r2β+2n−4α1−...−4αn

k

F
(n)
A

[
β + n− 2α1 − ...− 2αn, 1− α1, ..., 1− αn;
2− 2α1, ..., 2− 2αn;

ξk

]
,

(33)

where β, rk and ξk are defined in (13), (14) and (15), respectively; γi
(
i = 1, 2n

)
are constants

to be selected in a special way based on the applied problem under consideration.
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5 Some properties of particular solutions

It can be directly shown that the particular solutions (26) – (33) satisfy the equation (2) with
respect to the variables (x1, ..., xn) and (x01, ..., x0n), however, these functions with respect
to variables (x1, ..., xn) do not satisfy the adjoint equation

k∑
j=1

∂2u

∂x2j
−

k∑
j=1

∂u

∂xj

(
2αju

xj

)
=

n∑
j=k+1

∂2u

∂x2j
−

n∑
j=k+1

∂u

∂xj

(
2αju

xj

)
, x1 > 0, ..., xn > 0. (34)

In this connection, according to Sabitov’s proposal [25], we multiply the functions (26)
– (33) by x(2α) := x2α1

1 ...x2αn
n , since the product x(2α)uk,j (x;x0) is a solution of equation

(34) whenever uk,j (x;x0) is a solution of the original equation (2). Thus, if uk,j (x;x0) are
functions defined in (26) – (33), then we obtain 2n particular solutions

qk,j (x;x0) = x(2α)uk,j (x;x0) , j = 1, 2n, (35)

which are satisfy the equation (2) and adjoint equation (34) with respect to the variables
(x01, ..., x0n) and (x1, ..., xn), respectively.

Theorem 1. If 0 < 2αj < 1 (j = 1, n), then particular solutions (26) – (33) have a

singularity of the order
1

rn−2
at r → 0.

Proof. We will consider the first particular solution, the singularity of the remaining
solutions is proved in a similar way. By virtue of (26) and (35), we have

qk,1 (x;x0) = γ1x
(2α)r−2βk F

(n)
A

[
β, α1, ..., αn;
2α1, ..., 2αn;

ξk

]
.

Taking into account the expression (13) for β, one can rewrite particular solution
qk,1 (x;x0) in the form

qk,1 (x;x0) =
1

rn−2
q̃k,1 (x;x0) ,

where

q̃k,1 (x;x0) = γ1
x(2α)

r2αk
F

(n)
A

[
β, α1, ..., αn;
2α1, ..., 2αn;

4x1x01
r2k

, ...,
4xkx0k
r2k

,−4xk+1x0k+1

r2k
, ...,−4xnx0n

r2k

]
.

(36)

Now we show that q̃k,1 (x;x0) is bounded at r → 0. On the right side (36) we make a
replacement xj −x0j = εtj (j = 1, n), where t := (t1, ..., tn) are new variables and ε ≥ 0, then

q̃k,1 (x;x− εt) = γ1
x(2α)ε−2α

T 2α
k

F
(n)
A

[
β, α1, ..., αn;
2α1, ..., 2αn;

1− z1(ε)

ε2
, ..., 1− zn(ε)

ε2

]
.

where

zj(ε) =
T 2
k ε

2 + sgn(k − j) · 4xj (xj − εtj)
T 2
k

,
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T 2
k =

k∑
j=1

t2j −
n∑

j=k+1

t2j , j = 1, n.

Using the limit correlation (11), we have

lim
ε→0

q̃k,1 (x;x− εt) = γ1
Γ(β − α)

42αΓ(β)

n∏
j=1

Γ (2αj)

Γ (αj)
<∞.

Thus the function q̃k,1 (x;x0) is bounded, hence the function qk,1 (x;x0) has the singularity

of the order
1

rn−2
at r → 0. Q.E.D.

6 Conclusion

This study focused on constructing particular solutions for the generalized multidimensional
Euler-Poisson-Darboux equation. The method utilized for constructing particular solutions
was derived from the renowned monograph by Appel and Campet de Ferrier. Each particular
solution contains the first hypergeometric Lauricella function. Furthermore, the singularity
of the obtained particular solutions at the origin was proved.
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SIMULATION OF CARBON DIOXIDE ADSORPTION ONTO
CONSOLIDATED ACTIVATED CARBON IN 2D AXISYMMETRIC

SYSTEM

The research work is devoted to the kinetics of adsorption. Needless to say that physical adsorption
is of great interest in heat industry according to the number of research papers published in the
area annually. The working pair of carbon dioxide and consolidated tablet of AC was considered.
The mathematical model built for a cylindrical coordinate system, so the computational domain is
a rectangle corresponding to the radial section of the tablet. The rate of adsorption implemented
using the LDF (linear driving force) model. The temperature map was constructed for analyzing
the behavior of the temperature field. Curves of instantaneous uptake and simulated average
temperature are obtained. Simulation results are compared with experimental data and shows
good agreement. The study also presents findings of a grid sensitivity analysis. The developed
solver is the subject to further expansion to consider more quantities, such as change in porosity,
volatile gas concentration, etc.
Key words: activated carbon, adsorption, axisymmetric, carbon dioxide, numerical modeling.
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Нығыздалған белсендiрiлген көмiрге көмiрқышқыл газының адсорбциясын

2D осьтiк симметриялық жүйеде модельдеу

Зерттеу жұмысы адсорбция кинетикасына арналған. Жыл сайын аталған бағытта жария-
ланатын ғылыми еңбектердiң санына қарасақ, физикалық адсорбцияның жылу өнеркәсiбiн-
де үлкен қызығушылық тудыратынын айтудың қажетi жоқ. Көмiрқышқыл газы және ны-
ғыздалған белсендiрiлген көмiр таблеткасының жұмысшы жұбы қарастырылды. Математи-
калық модель цилиндрлiк координаттар жүйесi үшiн құрылды, сондықтан есептеу облысы
таблетканың радиалды қимасына сәйкес келетiн тiк бұрышты төртбұрыш болып табылады.
Адсорбция жылдамдығы LDF (сызықтық қозғаушы күш) моделiн қолдану арқылы жүзеге
асырылды. Жұмыста температура өрiсiнiң өзгеру қарқыны талданды, лездiк жұтылу және
модельденген орташа температура қисықтары тұрғызылды. Модельдеу нәтижелерi экспери-
менттiк деректермен салыстырылды және жақсы сәйкес келетiнi анықталды. Зерттеу жұ-
мысы сонымен қатар есептеу нәтижелерiнiң тордың өлшемiне тәуелдiлiгiне талдау нәтиже-
лерiн ұсынады. Әзiрленген есептегiш құралды адсорбциялық жұтылу кезiндегi кеуектiлiк
өзгерiсi, ұшқыш газ концентрациясы және тағы басқа өзектi шамаларды ескеретiндей етiп
ұлғайту күтiледi.
Түйiн сөздер: белсендiрiлген көмiр, адсорбция, осьтiк симметрия, көмiрқышқыл газы, сан-
дық модельдеу.

c© 2024 Al-Farabi Kazakh National University

https://orcid.org/0000-0002-8103-6413


90 Simulation of carbon dioxide adsorption onto consolidated . . .

Б.А. Берденова
Казахский национальный университет имени аль-Фараби, Казахстан, г. Алматы

e-mail: Bakytnur.Berdenova@kaznu.edu.kz
Симуляция адсорбции диоксида углерода на консолидированный активированный уголь

в 2D осесимметричной системе

Научно-исследовательская работа посвящена кинетике адсорбции. Излишне говорить, что
физическая адсорбция представляет большой интерес в теплоэнергетике, судя по количе-
ству научных работ, публикуемых ежегодно в этой области. Рассмотрена рабочая пара угле-
кислого газа и консолидированной таблетки активированного угля. Математическая модель
построена для цилиндрической системы координат, поэтому расчетная область представляет
собой прямоугольник, соответствующий радиальному сечению таблетки. Скорость адсорбции
реализована с использованием модели LDF (линейная движущая сила). Проведен анализ
поведения поля температуры. Получены кривые мгновенного поглощения и моделируемой
средней температуры. Результаты моделирования согласуются с результатами эксперимен-
тального исследования. В работе также представлены результаты анализа чувствительности
сетки. Разработанный решатель подлежит дальнейшему расширению для учета большего
количества величин, таких как изменение пористости, концентрации летучего газа и т.д.
Ключевые слова: активированный уголь, адсорбция, осевая симметрия, углекислый газ,
численное моделирование.

1 Introduction

The process of adsorption has a wide range of applications, it is used in cooling/heating
systems, gas separation, gas purification, water filtration, carbon capture, etc. Here is
an overview of some recent research findings on adsorption and its use in refrigeration
systems. Automotive adsorption-based air conditioning systems are a promising alternative to
traditional systems from an environmental and energy saving perspective. Such systems can
operate using exhaust heat from an engine. An example of a designed and tested adsorption
chiller prototype can be found in Verde et al. [1]. The adsorption system working on a two-bed
silica gel was able to produce 2.1 kW cooling capacity.

Ben-Mansour et al. [2] presented a review on the application of the adsorption process on
CO2 separation from typical power plant exhaust gases. The work discusses the candidate
materials for post-combustion carbon capture, the experimental investigations that have been
carried out, and numerical models developed to simulate the gas separation. Authors indicate
gaps in experimental investigations and in simulation studies considering one dimensional
flow. More research work is needed that doesn’t not ignore the radial or 3D thermal and
adsorption behaviors.

The established patterns in equilibrium adsorption curves in adsorption theory are of
an empirical nature. A new approach to constructing equilibrium uptake equations was
proposed by the following authors. Yin et al. [3] introduced a new model correlating and
predicting adsorption equilibrium concentrations using machine learning method. Sellaoui
et al. [4] established theoretical expressions to fit the adsorption isotherms of ibuprofen
on activated carbon using grand canonical ensemble. Unlike conventional isotherms models
(Langmuir, Freundlich, etc.) the expressions involve physicochemical parameters and are
thermodynamically consistent. Sghaier et al. [5] used statistical physics formalism with the
grand canonical ensemble to construct isotherm equations. The study performed by applying
four expressions and the best isotherm equation fitting experimental data was found. Also
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the authors used the statistical physics for expressing and calculating the coefficient of
performance (COP) of ethanol/activated carbon systems.

Cai et al. [6] demonstrated silica gel (SG)-water adsorption refrigeration device and
compared the performance of three types of composite adsorbents in the refrigeration system.
The composites fabricated by mixing SG with MOFs to improve mass transfer characteristics
and either with copper chips (CCs) or foamed copper (CFs) of different mass ratio to improve
thermal characteristics. Development of new materials by mixing different substances permits
limitless possibilities in the field of adsorption application.

Pena and de Lemos [7] numerically investigated unsteady multidimensional heat transfer
problem with internal heat generation. The simulation is carried out in a two-dimensional
axisymmetric domain and involved reaction and phase transition phenomena. In [8] recent
study, we presented results of simulation of CO2 gas adsorption onto consolidated AC
tablet, with the calculation geometry simplified to a one-dimensional case. The mathematical
model involved more quantities, such as change in porosity, volatile gas concentration, and
accordingly, more equations were solved. The current work investigates the process of CO2

adsorption by the composite under constant pressure and temperature conditions in 2D
axisymmetric system. The energy balance equation and the adsorbed phase balance equations
have been solved at a moment, and the solver is subject to further expansion to account for
more associated accompanying phenomena.

2 Mathematical model and problem description

The calculation domain is schematically illustrated in Figure 1. The mathematical model built
for a cylindrical coordinate system, so the computational domain is a rectangle corresponding
to the radial section of the tablet.

Figure 1: Schematic illustration of calculation domain

The energy conservation equation for the solid adsorbent is as equation (1). The
adsorption rate is assumed to follow the Linear Driving Force model, equation (2). The
thermal conductivity and capacity of the adsorbent vary with temperature and adsorption
rate, since the composition of a unit volumes change with adsorption, also due to the
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exothermic nature of the process for the working pair of CO2/AC. But in the current study
they are considered constant due to lack of experimental data.
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For the nodes along the longitudinal axis equation (6) is solved.

ρcp
∂T

∂t
= k

(
2 · ∂

2T

∂r2
+
∂2T

∂z2

)
+ ėgen (6)

Initial conditions, equation (7) and equation (8):

q|t=0 = 0 (7)

T |t=0 = T∞ (8)

Problem parameters used for simulation. Dimensions of the tablet used in the
simulation: tablet radius 8.5 mm, height 1.8 mm (see Figure 1). The characteristics of the
composite consolidated activated carbon taken from previous studies [8,9] and illustrated in
Table 1.

The expression for the rate constant of LDF model:

kLDF (T ) = k0 exp

(
− Ea

R T

)
(9)

Where R is the gas constant, 8.314 J mol−1 K−1. The activation energy and pre-exponential
factor are:

Ea = −17.34 kJ mol−1 (10)
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Table 1: The characteristics of the composite for numerical calculations

Property Unit Value
Heat conductance W m−1 K−1 0.22
Thermal capacity J g−1 K−1 0.821
Isosteric heat of adsorption kJ mol−1 19.02
Porosity - 0.482
Skeletal density g cm−3 0.917
Apparent density g cm−3 0.475
Equilibrium uptake g g−1 0.274

k0 = 1.58× 10−5 s−1 (11)

The heat transfer coefficient depends on the difference in temperature between the surface
of the heated object and the surrounding temperature T∞, and on the thermal properties
of the medium. The properties of carbon dioxide under given conditions of temperature and
pressure are shown in Table 2.

Dimensionless numbers, [10]:

Ra = Gr · Pr (12)

Gr =
β ·∆T · g · L3

ν2
(13)

Pr =
µg · cp,g
kg

(14)

Table 2: Properties of carbon dioxide at 293.15 ◦C and 0.535 MPa

Property Unit Value
Pressure bar 5.35
Temperature Celsius 20
Density kg m−3 9.96
Specific isobar heat capacity kJ kg−1 K−1 0.88
Isobar coefficient of thermal expansion 10−3 (K−1) 3.75
Heat conductance 10−3 (W m−1 K−1) 16.44
Dynamic viscosity 10−6 (Pa s) 14.72
Kinematic viscosity 10−6 (m2 s−1) 1.478

The system of equations has been solved in Python (Version 3.11.5) using the explicit
finite difference scheme. Volume average of quantity f found as below:

Θ(f) =

H∫
0

R∫
0

(2πr · f(r, z)) dr dz =
n∑

i=1

m∑
j=1

2π · r∗j · f
(
r∗j , z

∗
i

)
·∆r ·∆z (15)
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Tave =

∫
T dV

V
(16)

qave =

∫
q dV

V
(17)

3 Results and discussion

The temperature field behaves as expected, the outer boundaries are colder than the core.
Figure 2 shows the instantaneous temperature field at the same time instant 18 seconds
calculated using 8x32 nodes, 12x48 nodes and 16x64 nodes. The results illustrated upside
down due to peculiarity of the visualization library. The proper grid sensitivity analysis was
performed to avoid grid size dependent results, Appendix A. The grid refinement allows more
accurate calculation and detailed temperature map.

The calculation result of the previous study obtained using non-isothermal pore change
model for the 1D case illustrated for comparison [8]. Two temperature profiles are shown in
Figure 3, one obtained using 2D axial symmetric geometry in scope of the current study,
and the other obtained using abovementioned 1D non-isothermal pore change model. The
non-isothermal pore change model counts the effects associated with change in porosity, and
mobile gas penetration into the tablet. But due to the 1D geometry the convective heat loss
though the side wall cannot be determined. When using a 2D case the cooling occurs faster
indicating the heat loss through the sides. The findings are reasonable and consistent with
recent results.

According to the experimental measurement the adsorption rate is high during the first
300 seconds and declined rapidly thereafter. It achieves a plateau at around 600 seconds and
remains constant, when no further change in adsorption uptake is noticed. Therefore, only
the first 600 seconds are of interest as a simulation time. The instantaneous average simulated
uptake compared with experimental data.

Figure 4 illustrates the adsorption uptake over time. Black dots indicate the experimental
data, the dashed blue line indicates simulation result of the current study. Solid purple line
shows the result obtained in previous study using non-isothermal pore change model.

4 Conclusions

Recent review articles point to the need for more experimental and numerical studies that
do not ignore the radial or 3D thermal and adsorption behaviours. The present paper shows
simulation results obtained for a cylindrical coordinate system, so the computational domain
is the radial section of the tablet. Currently the energy balance equation and the adsorbed
phase balance equations are solved. The validation of the developed solver is performed
via comparison with the results obtained experimentally and using one-dimensional model
of recently published study. The developed solver is the subject to further expansion to
consider more quantities, such as change in porosity, volatile gas concentration, etc. In-
situ measurements of the sample’s temperature and thermal properties are challenging
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8x32 nodes

12x48 nodes

16x64 nodes

Figure 2: Instantaneous temperature field at 18 seconds calculated using different mesh refinements: (a) 8x32
nodes, (b) 12x48 nodes, (c) 16x64 nodes

experimental investigation work. The validation of the simulated temperature profiles with
experimental data is of great interest.

Research highlights

– Gas adsorption onto activated carbon tablet simulated in 2D axisymmetric system.

– Dynamics curves for key parameters were constructed and compared with results of a
recent one-dimensional numerical study.

– Adsorption uptake curves were compared with experimental data.
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Figure 3: Mean temperature profiles obtained using 2D axial symmetric geometry (blue line), and 1D non-
isothermal pore change model (purple line) [8]

Figure 4: Adsorption uptake obtained using 2D axial symmetric geometry (dashed blue line) and 1D non-
isothermal pore change model (solid purple line). Black line corresponds to the experimental data
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Appendix A. Interim Results

Figure 5 shows the average temperature profiles obtained for 3 different cases: (a) for adaptive
kLDF(T ) and h(T ), (b) for fixed kLDF and adaptive h(T ), and (c) for both fixed kLDF and h.
The mean temperature Tave varies over time according to the Figure 6. The calculation results
for 4 different grid sizes illustrated. The grid sensitivity analysis shows good convergence of
the curves towards the result obtained on the finest grid, Table 3. The grid size cannot
be reduced indefinitely. The computational result is reasonable for 12x48 nodes. Further
refinements increase the calculation time only, and do not affect much on the temperature
profiles.

Figure 5: Temperature profile obtained using 3 different cases

Figure 6: Grid sensitivity analysis. Mean temperature over time.
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Table 3: Maximum temperature observed for different grid sizes

Number of nodes 16x64 12x48 8x32 4x16
Tmax 338.04 337.64 336.97 334.69
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DETECTION OF OPERATING SYSTEM VULNERABILITIES AND
NETWORK TRAFFIC ANALYSIS METHODS

Researchers and experts on information protection develop antivirus programs and applications
to improve the security of operating systems and security policies. Threats will be relevant to
organizations that do not consider security policies and regular software updates. This paper
discusses applications for scanning and analyzing network traffic, such as Netdiscover, Wireshark,
and Nmap. The model network is based on a virtual machine. This research aims to determine
methods for scanning and analyzing network traffic and detecting network vulnerabilities. This
study conducted a penetration test for Windows 10 using the Kali Purple operating system and
identified the vulnerability of the operating system. The calculation of network traffic is performed
with (1) the determination of the arithmetic means of network traffic, (2) the calculation of the
variance, and (3) the determination of the magnitude of fluctuations relative to the average M, the
range of maximum and minimum values ofD, and the Hurst coefficient. As a result of the conducted
research on students enrolled in the educational program 6B06301 – Information Security Systems
at Farabi University, the proficiency in MS Excel and C# skills amounted to 77.11%. The research
results can be used in the field of information security systems.
Key words: network traffic, penetration, analysis, vulnerability, exploit, attack, Kali Linux,
Windows.
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Операциялық жүйе осалдығын анықтау және трафиктi талдау әдiстерi

Зерттеушiлер мен ақпаратты қорғау жөнiндегi сарапшылар операциялық жүйелердiң қа-
уiпсiздiгiн және қауiпсiздiк саясатын арттыру үшiн вирусқа қарсы бағдарламалар мен қо-
сымшалар әзiрлейдi. Мақалада Netdiscover, Wireshark және Nmap сияқты желiлiк трафиктi
сканерлеуге және талдауға арналған қосымшалар қарастырылды. Желiлiк трафиктi талдай
бiлу – киберқорғаудың алғашқы желiсi. Виртуалды кеңiстiк – деректердi қорғау технология-
сы саласындағы оқыту сценарийлерiн iске асыруға арналған орын. Осы зерттеудiң мақсаты
желiлiк трафиктi талдау әдiстерiн және желiнiң осалдығын анықтау. Зерттеуде Kali Purple
операциялық жүйесiнiң көмегiмен Windows 10 жүйесiне ену тестi жүргiзiлдi және операци-
ялық жүйенiң осалдығы анықталды. Сондай-ақ, желiлiк трафиктiң орташа арифметикалық
мәнiн (1), дисперсияны есептеу (2), орташа M (3) қатысты ауытқу мәнiн анықтау, D макси-
малды және минималды мәнiнiң диапазоны және Херст коэффициентiне талдау жүргiзiлдi.
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Желiлiк трафиктi талдаудың және осалдықтарды анықтаудың ұсынылған әдiстемесi Ethernet
жергiлiктi желiсiне шабуылдарды неғұрлым жоғары дәлдiкпен және толықтықпен анық-
тауға және бұғаттауға мүмкiндiк бердi. Нәтижеде анықталған Херст коэффициентiнiң мәнi
(( ≤ 0, 5)) өзiндiк ұқсастығы жоқ эргодикалық қатар екенi айқындалды. Сонымен қатар,
орындалған зертханалық жұмыс нәтижесiнде Farabi университетiнiң 6В06301 – Ақпараттық
қауiпсiздiк жүйелерi бiлiм беру бағдарламасы бойынша студенттердiң MS Excel және C#
бойынша бiлiктiлiгi 77,11% тең болды. Алынған зерттеу нәтижелерi ақпараттық қауiпсiздiк
жүйесi саласында пайдаланылуы мүмкiн.
Түйiн сөздер: желiлiк трафик, ену, талдау, осалдық, эксплоит, шабуыл, Kali Linux,
Windows.
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Обнаружения уязвимости операционной системы и методы анализа сетевого трафика

Исследователи и эксперты по защите информации разрабатывают антивирусные программы
и приложения для повышения безопасности операционных систем и политик безопасности. В
данной статье рассматриваются приложения для сканирования и анализа сетевого трафика,
такие как Netdiscover, Wireshark и Nmap. Умение анализировать сетевой трафик – первая
линия защиты от киберугроз. Виртуальное пространство – место для реализации сценариев
обучения в области технологии защиты данных. Цель данного исследования определить ме-
тоды анализа сетевого трафика и обнаружение уязвимости сети. В данном исследовании с
помощью операционной системы Kali Purple проведен тест на проникновение в Windows 10 и
определена уязвимость операционной системы. Также, проведен расчет сетевого трафика с
определением: среднеарифметическое значение сетевого трафика (1), вычисление дисперсии
(2), определение значения колебаний относительно среднего M (3), диапазон максимального
и минимального значения D и коэффициент Херста. Предложенная методика анализа сете-
вого трафика и обнаружения уязвимостей позволила с более высокой точностью и полнотой
выявить и блокировать атаки на локальную сеть Ethernet. По результатам показателя Хер-
ста ( ≤ 0, 5) определен эргодический ряд, который не обладает самоподобием. В результате
проведенного исследования студентов по образовательной программе 6В06301 – Системы ин-
формационной безопасности университета Farabi навыки работы с MS Excel и C# составили
77,11%. Полученные результаты исследования могут быть использованы в области системы
информационной безопасности.
Ключевые слова: сетевой трафик, проникновение, анализ, уязвимость, эксплоит, атака,
Kali Linux, Windows.

1 Introduction

Today, data transmission is developing rapidly. This means the availability of the local
network and easy connection of users. The local data transmission environment also
creates conditions for listening to network traffic and connecting attackers to the network.
Unregistered port numbers make network traffic monitoring and intrusion detection difficult.

Klenilmar L. Dias et al. [7] consider a module for classifying video traffic based on machine
learning. The proposed naive Bayes algorithm is used to relax the independence hypothesis
and in quality assurance schemes for computer networks. The results of this module are
applied in real-time scenarios.

Some other authors [4] propose an effective statistical approach to attack detection based
on traffic characteristics and an algorithm for dynamic detection of threshold values. The data
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from the MIT Lincoln Laboratory DARPA and developments of the university laboratory
using this algorithm were used to derive attributes based on distributed denial-of-service
characteristics.

Markus Ring et al. [13] proposed a new methodology for generating real network traffic
based on the flow for evaluating network-based intrusion detection systems (NIDS). The data
is based on Generative Adversarial Networks (GANs), which are used to generate images.
The new method proposed for estimating generated network traffic based on the flow of the
CIDDS-001 dataset has shown the ability to generate high-quality data.

In this paper, the algorithms for modeling network graphs are considered, and applications
for network analysis are used. The experimental part shows the analysis of network traffic
based on a virtual machine and the use of network traffic filtering. In order to protect the
information, an exploit of the Windows operating system was identified, and a vulnerability
scan module was searched. Based on the results of the network traffic calculation, the Hurst
index ( ≤ 0, 5) is obtained.

2 Methods and materials

In the research by N. Clarke et al. [1], traffic metadata is used to identify users. The results of
the experiments conducted to investigate the relationship between user actions and network
signals are shown in Table 1.

F. Pacheco et al. [11] have studied the methods of machine learning and Deep
Learning (DL) for the classification of Internet traffic. The platform under study is satellite
communications, where encrypted, unencrypted, and tunnel communications are considered.

Table 1: Services and interaction with users [1].

Services User interaction
Bbc Watching video clips, TV programs, listening to audio clips,

commenting, sharing news
Dropbox Uploading files, general viewing of files, folders
Facebook,
Twitter

Posting, commenting, sharing, finding friends, attaching files, chatting,
messaging

Google Keyword searching, creating, editing, deleting online documents
Hotmail Downloading and uploading file attachments, composing an email,

deleting content, replying to email
Skype Sending text messages, transferring files, changing online presence
YouTube Searching, watching videos, downloading songs and videos, writing

comments
Wikipedia Searching, reading articles

Y. Kawasaki et al. [6] propose a state-space model that estimates the traffic state over
a two-dimensional network with alternative routes. This method also employs sequential
Bayesian filtering with a cell transmission model GTM for the flow model.

The article by Makarenko S.I. et al. [9] presents a comparative analysis of foreign and
Russian penetration testing methodologies and standards, such as The Open Source Security
Testing Methodology (OSSTMM), Information System Security Assessment Framework
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(ISSAF), Open Web Application Security Project (OWASP), Penetration Testing Execution
Standard (PTES), Technical Guide to Information Security Testing and Assessment (NIST
SP 800-115), Study a Penetration Testing Model (BSI), Methodology of Information Systems
Security Penetration Testing (PETA), Penetration Testing Framework (PTF), and Positive
Technologies. Additionally, definitions of basic terminology are provided.

Ethical hacking (pentest, pentesting) involves authorized simulated attacks on computer
systems to identify weaknesses in the security system. It is also used to assess the security of
operating systems, network security, web applications, and wireless systems. To protect the
system, professional pentesters utilize various tools and methods that malicious actors use
for hacking. Stages of penetration testing:

1) Information gathering – detecting network hosts, open ports, etc.;
2) Vulnerability analysis – checking for unpatched systems, misconfigurations, etc.;
3) Exploitation – gaining access using discovered vulnerabilities;
4) Post-exploitation – maintaining access using backdoors, rootkits, etc.;
5) Reporting – presenting results and recommendations for preventing identified

vulnerabilities.
A research study was conducted at the Faculty of Information Technology of Farabi

University to identify vulnerabilities in the Windows 10 operating system. The research
consisted of two parts: conducting a penetration test and calculating the Hurst exponent
using Wireshark.

For the study, students specializing in information security systems at the Faculty
of Information Technology were selected. A survey was conducted among the students,
which included the following questions: 1) participation in CTF competitions; 2) knowledge
of scanning tools; 3) practical experience in identifying OS vulnerabilities. Data analysis
involved observing 86 participants. According to the survey results, 21% of students
participated in CTF competitions, 62% possessed practical skills in scanning tools, and 17%
had practical experience in identifying OS vulnerabilities.

3 Results and discussion

The experimental part of the work analyzes network traffic based on a virtual machine. Data
connection type is a network bridge. In order to analyze network traffic, we use the Kali
Purple operating system.

The Netdiscover utility discovering network interfaces without an IP address configuration
was used to determine the nodes available on the network.

One of the key features of the Wireshark utility is traffic interception. The Wireshark
utility fixes the problem with the network, debugging of web applications, network programs,
and sites and allows viewing the packet data at all OSI levels.

The Wireshark window consists of panels: Packet List, Packet Details, and Packet Bytes.
In the window, one can see the traffic related to the wireless access point and which protocols
are used.

In the Filter menu, entering the command ip. src==192.168.137.136 and pressing Enter
make it possible to get only those packets that came from the specified IP address and the
results of filtering.
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The Statistics-Capture File Properties command shows the average number of packets
per second, the average packet size, and the traffic intensity.

Traffic results are as follows: packet intensity λ = 2.5 packets/s, average packet size
L = 159 bytes, and traffic intensity a = 3159 kb/s.

An open-source network scanner used in Windows and Kali Purple operating systems
is Network Mapper (Nmap). This utility determines the devices connected to the network,
installed programs, the type of operating system, and the types of filters applied. Nmap opens
a port on a computer and uses incoming connections to connect to another program.

Yu.V.Markin [10] considers a table with the results of network analyzers (Table 2):

Table 2: Summary table of the overview of network analyzers [10].

Objectives Wireshark Snort Вго ntopng
Thread recovery +/- -/+ + -
Analysis of encrypted data + - - -
Analysis of nested tunnels + - + -
Adding protocol support -/+ +/- +/- +/-

In order to achieve the set goals, the following requirements have been developed:

1. Difference in data flows when sending and recovering;

2. Supported format of archived and classified traffic;

3. Supported tunnel protocols with arbitrary stack configuration.

Based on the analysis performed to protect the information, exploits for the Windows
7 operating system were identified, and a search for the exploit/multi/handler vulnerability
scanning module was performed (Fig. 1).

Figure 1: Defining exploits

The use of certain network layer vulnerabilities is based on the IEEE 802.11 standard. For
the experiment, a test local private wireless network Broadcom 802.11 n Network Adapter



104 Detection of operating system vulnerabilities and . . .

was used. The attack generation environment uses a virtual machine with the installed Kali
Purple distribution version kali-linux-2024.1-installer-purple-amd64.iso with a set of special
utilities for testing for network penetration. A virtual machine with Windows 7 OS was
used to analyze the attacks. Metasploit Exploitation Framework tool was used to test for
penetration.

The results of exploits that can be applied in the tested are shown in Fig. 2.

Figure 2: Results of the vulnerability definition

On Windows 7, a hack was detected using the Servis apache2 (Fig. 3-4)

Figure 3: Loading the Servis apache2
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Figure 4: Open apache2 in the Windows 10

In our research paper, we used the Hurst definition of R/S statistics to calculate network
traffic per second. The traffic load results are shown in Fig. 5. The simulation duration is 330
seconds, and the number of packets is 3093. This value can be changed to study the nature
of the traffic.

Figure 5: Traffic under study for calculation

The following packets were received according to the analysis results: Ethernet – 2, TCP
– 43, IPv4 – 22, and UDP – 55. The calculations of the results obtained are shown in Table 3.

Traffic duration m = 330 seconds, N = 330/(3093/330) ≈ 35

Where, N is the number of blocks, and 3093 is the number of packets.
i = 1, time = 150 s – 31, packet = 345
P1 = 345/(150 ∗ 31) = 0.074

i = 2, time = 210 s – 46, packet = 417
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P2 = 417/(210 ∗ 6) = 0.043
i = 3, time = 270 s - 113, packet = 2961
P3 = 2961/(270 ∗ 113) = 0.097
i = 4, time = 330 s - 141, packet = 3093
P4 = 3093/(330 ∗ 14) = 0.066

Table 3: Summary table of Network Analyzer overview.

Xi 1 2 3 4
Pi 0.074 0.043 0.097 0.066

The arithmetic mean of network traffic is determined by the following formula:

M =
1

N

N∑
i=1

Xi

M = 0.07

(1)

Calculating the variance:

S2 =
1

N

N∑
i=1

(Xi −M)2

S = 0.019

(2)

Determination of the value of the oscillations relative to the mean M :

Dj =
∑j

kXk − j ·M
D1 = X1−N ·M = 0.004
D2 = X1 +X2−N ·M = −0.023
D3 = X1 +X2 +X3−N ·M = 0.004
D4 = X1 +X2 +X3 +X4−N ·M = 0

(3)

Maximum and minimum D value range:

R = max {Dj} −min {Dj}

R = 0.004
(4)

The Hurst coefficient is determined by the following formula:

H =

ln

(
R

S

)
lnN

H = −1.1

(5)

This traffic calculation can be performed using the C# compiler (Fig. 6).
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Figure 6: Results C#

Based on the results of the Hurst indicator (H), the following processes are determined:
• H ≤ 0.5 – an anti-persistent or ergodic series that does not have self-similarity;
• H = 0.5 – complete random series with particle displacement in classical Brownian

motion;
• H ≥ 0.5 – a persistent (self-sustaining) process that has a long memory and is self-

similar [12].
According to the results, we have H ≤ 0.5, and this process is anti-persistent and does

not have self-similarity.
In the following studies, the vulnerability analysis of the modules of the biometric voice

identification system is conducted, and a block diagram of the system of voice identification
of the user by voice with enhanced protection against attacks is proposed. This scheme
for the use of elementary speech units in the developed identification systems allows
improving computational performance, reducing subjective decisions in biometric systems,
and increasing security against attacks on voice biometric identification systems with a
probability of the first and second errors of the kind of 0.025 and 0.005 [15].

Using the MS Excel and C# compiler, the calculation was carried out by 77.11% of
students (Fig. 7).

Computer Emergency Response Team (KZ-CERT) is a center that collects and analyzes
information on computer incidents and provides advisory and technical support to users
in preventing computer security threats. Together with Nitro Team LLP, more than 170
potentially vulnerable Microsoft Exchange IP addresses were discovered in the republican
segment. Attackers can gain access to any Microsoft Exchange Server email account using
these vulnerabilities. KZ-CERT experts sent instructions on identifying vulnerable software
to all government agencies and operational information security centers [8].
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Figure 7: Methods of traffic calculation

Emrah Yasasin et al. [16] examine the vulnerability of software packages and the impact
of exploits. Based on the National Vulnerability Database (NVD), the authors used mean
absolute error (MAE) and root-mean-square error (RMSE) to measure prediction accuracy
using single, double, and triple exponential smoothing, Croston’s methodology, ARIMA,
and the neural network approach. The results have shown that the optimal forecasting
methodology depends on the software, and forecasting accuracy is reliable within the two
applied forecasting error metrics.

Darshana Upadhyay et al. [14] investigate the vulnerability of the Supervisory Control
and Data Acquisition (SCADA) network. In the scientific work, real incidents of SCADA
vulnerabilities registered in standard databases are considered, and recommendations for
SCADA security are given.

4 Conclusion

The goal of this research was to identify effective utilities for analyzing network traffic and
detecting network vulnerabilities. Based on the analysis, the following threats were identified:
broadcast scanning; interception of network traffic; modification and implementation of
network traffic; getting information about the device; changing the ARP-spoofing table;
implementation of a false DHCP server.

Identification of vulnerabilities in Windows 10 is done using the Kali Purple distribution.
The following categories of attacks were identified: violation of the network perimeter;
violation of integrity; violation of confidentiality; accessibility violation; link layer attack;
Ethernet network layer attacks.

The analysis revealed the lack of full protection against harmful network activity. The
developed methodology for detecting vulnerabilities and cracking the OS is based on the
IDEF0 and IDEF1X methodology.

The proposed method of analyzing network traffic and detecting vulnerabilities allows
you to identify and block attacks on the local Ethernet network with higher accuracy and
completeness. The obtained results of the Hurst exponent (H ≤ 0.5) determined an ergodic
series that does not have self-similarity.

The vulnerability database grows every year. Organizations are undergoing changes
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that are associated with a security risk. Information security management automates the
inventory of resources and the identification of vulnerabilities using modern security tools.
Each vulnerability must be verified. Thus, the proposed methods of analyzing and scanning
the vulnerability of network resources are the first step towards security. This is a cyclical
process, and the regularity of the process allows minimizing the risk of attacks on private,
corporate infrastructure.

Further research will continue to study new types of attacks in local networks and improve
the architecture of the information security system.
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CREATING A MODEL OF SEMANTIC ANALYSIS OF EXTREMIST
TEXTS IN THE KAZAKH LANGUAGE

Presently, there is a significant emphasis on the utilization of semantic analysis to scrutinize texts
and viewpoints expressed in the Kazakh language within the realm of social networks, with the
primary objective of identifying content of a suspicious or extremist nature. This research article
is dedicated to exploring the application of machine learning and deep learning techniques in the
realm of extremist content detection within textual data.
The investigation takes into account several critical factors, including oversampling and
undersampling during the feature processing phase, the nuanced differentiation between extremist
and neutral subjects, and the handling of imbalanced classification challenges. These considerations
culminate in the development of a sophisticated deep learning model for text classification. The
study encompasses the deployment of various machine learning models to discern extremist content
within textual materials. Additionally, a comprehensive comparative analysis of machine learning
methodologies is conducted to ascertain the most effective approach for this task, taking into
consideration oversampling and undersampling techniques for addressing data imbalance issues.
The research endeavors are delineated into two core subtasks: the formulation of a machine learning
model specialized in the detection of extremist content within text, and the construction of a deep
learning model that factors in the unique characteristics of the Kazakh language and the available
dataset.
Furthermore, the study delves into the intricacies of feature processing, culminating in a
comparative assessment of outcomes derived from a range of machine learning algorithms used
to classify religious extremism, each leveraging distinct feature combinations. The methodologies
explored encompass decision trees, random forests, support vector machines, k-nearest neighbors,
logistic regression, and naive Bayes.
This research significantly contributes to the spheres of text mining, artificial intelligence, and
machine learning, offering practical recommendations for the processing and categorization of
texts linked to religious extremism. Moreover, it underscores the contemporary significance of
conducting semantic analyses on extremist texts written in the Kazakh language.
Key words: internet extremism, machine learning, deep learning, social networks, neural
networks.
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Қазақ тiлiндегi экстремистiк мәтiндердi семантикалық талдау моделiн құру

Қазiргi уақытта әлеуметтiк желiлерде қазақ тiлiндегi мәтiндер мен көзқарастарды зерттеу
үшiн семантикалық талдауды қолдануға көп көңiл бөлiнуде, оның басты мақсаты күдiктi
немесе экстремистiк сипаттағы мазмұнды анықтау болып табылады. Бұл зерттеу мақаласы
мәтiндiк деректердегi экстремистiк мазмұнды анықтау саласында машиналық оқыту мен
терең оқыту әдiстерiн қолдануды зерттейдi.
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Зерттеу бiрнеше маңызды факторларды ескередi, соның iшiнде функцияларды өңдеу саты-
сында артық iрiктеу және жеткiлiксiз таңдау, экстремистiк және бейтарап субъектiлер ара-
сындағы нәзiк саралау және теңгерiмсiз жiктеу мәселелерiн шешу. Бұл пайымдаулар мәтiндi
жiктеу үшiн күрделi терең оқыту моделiн әзiрлеумен аяқталады. Зерттеу мәтiндiк матери-
алдардағы экстремистiк мазмұнды анықтау үшiн әртүрлi машиналық оқыту үлгiлерiн пай-
далануды қамтиды. Бұдан басқа, деректердiң теңгерiмсiздiгi мәселелерiн шешу үшiн артық
iрiктеу және жеткiлiксiз таңдау әдiстерiн ескере отырып, осы тапсырмаға ең тиiмдi тәсiл-
дi анықтау үшiн машиналық оқыту әдiстемелерiнiң кешендi салыстырмалы талдауы жүр-
гiзiледi.
Зерттеу жұмыстары екi негiзгi қосалқы мiндетке бөлiнген: мәтiндегi экстремистiк мазмұнды
анықтауға мамандандырылған машиналық оқыту моделiн әзiрлеу және қазақ тiлiнiң бiрегей
сипаттамалары мен қолжетiмдi деректер жиынтығын ескере отырып, терең оқыту моделiн
құру.
Зерттеу сонымен қатар, дiни экстремизмдi жiктеу үшiн пайдаланылатын машиналық оқы-
ту алгоритмдерiнiң ауқымынан алынған нәтижелердi салыстырмалы бағалаумен аяқтала-
тын, әрқайсысында ерекше белгiлердiң комбинациясын пайдалана отырып, мүмкiндiктердi
өңдеудiң қыр-сырын зерттейдi. Зерттелген әдiстерге шешiм ағаштары, кездейсоқ ормандар,
тiрек векторлық машиналар, k-ең жақын көршiлер, логистикалық регрессия және аңғал Бейс
кiредi.
Бұл зерттеу дiни экстремизмге қатысты мәтiндердi өңдеу бойынша тәжiрибелiк нұсқаулар
ұсына отырып, мәтiндi өңдеу, жасанды интеллект және машиналық оқыту салаларына елеулi
үлес қосады. Оның үстiне бұл қазақ тiлiнде жазылған экстремистiк мәтiндерге семантикалық
талдау жүргiзудiң заманауи маңыздылығын көрсетедi.
Түйiн сөздер: интернет экстремизмi, машиналық оқыту, терең оқыту, әлеуметтiк желiлер,
нейрондық желiлер.
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Создание модели семантического анализа текстов экстремистской направленности на

казахском языке

В настоящее время большое внимание уделяется использованию семантического анализа для
изучения текстов и точек зрения, выраженных на казахском языке в социальных сетях, с
основной целью выявления контента подозрительного или экстремистского характера. Эта
исследовательская статья посвящена изучению применения методов машинного обучения и
глубокого обучения в области обнаружения экстремистского контента в текстовых данных.
В исследовании учитывается несколько важных факторов, в том числе избыточная и недо-
статочная выборка на этапе обработки признаков, тонкая дифференциация между экстре-
мистскими и нейтральными субъектами, а также решение проблем несбалансированной клас-
сификации. Эти соображения завершаются разработкой сложной модели глубокого обучения
для классификации текста. Исследование включает в себя использование различных моде-
лей машинного обучения для выявления экстремистского содержания в текстовых матери-
алах. Кроме того, проводится всесторонний сравнительный анализ методологий машинного
обучения для определения наиболее эффективного подхода к этой задаче с учетом методов
передискретизации и недостаточной выборки для решения проблем дисбаланса данных.
Исследовательские усилия разделены на две основные подзадачи: разработка модели машин-
ного обучения, специализирующейся на обнаружении экстремистского контента в тексте, и
построение модели глубокого обучения, учитывающей уникальные характеристики казахско-
го языка и доступный набор данных.
Кроме того, исследование углубляется в тонкости обработки признаков, кульминацией кото-
рых является сравнительная оценка результатов, полученных с помощью ряда алгоритмов
машинного обучения, используемых для классификации религиозного экстремизма, каждый
из которых использует отдельные комбинации признаков. Исследованные методологии вклю-
чают деревья решений, случайные леса, машины опорных векторов, k-ближайших соседей,
логистическую регрессию и наивный байесовский подход.
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Это исследование вносит значительный вклад в области анализа текста, искусственного ин-
теллекта и машинного обучения, предлагая практические рекомендации по обработке и ка-
тегоризации текстов, связанных с религиозным экстремизмом. Более того, это подчеркивает
современную значимость проведения семантического анализа экстремистских текстов, напи-
санных на казахском языке.
Ключевые слова: интернет экстремизм, машинное обучение, глубокое обучение, социаль-
ные сети, нейронные сети.

1 Introduction

Semantic text analysis is one of the main problems of both the theory of creating artificial
intelligence systems associated with natural language processing and computer linguistics.
Syntactic and morphological analysis is usually used in the primary processing of texts using
an automatic machine method. Turning to semantic analysis, scientists not only consider the
text as a set of words and sentences, but also try to create a complete semantic image created
by the author.

Machine learning is considered a branch of artificial intelligence. Its main idea is that the
computer is not limited to using a pre-written algorithm, but learns to solve the problem
on its own. Any work can be classified into one of three levels depending on the relative
availability of machine learning technology. The first level is when it is available to various
technology giants at the level of Google or IBM. The second level is when a student who
has certain knowledge can apply it. The third level is when even grandparents can handle it.
Now that machine learning is at the intersection of the second and third levels, the pace of
changing the world with the help of this technology is increasing every day [1].

To create methods in machine learning, mathematical statistics, numerical methods,
mathematical analysis, optimization methods, probability theory, graphical theories, and
various methods of working with numerical data are used. As the processing power of
computers has increased, the laws and predictions they create have become many times
more complex, and the range of problems and problems that can be solved using machine
learning has expanded. With machine learning, we use different methods and select the most
suitable method for a given task.

The task is divided into 2 subtasks: 1) creating a machine learning model for detecting
extremism in text and 2) creating a deep learning model.

In general, many deep learning methods have sufficient performance and can solve many
problems that previously could not be solved effectively, for example, they are often used in
computer vision, machine translation, and speech recognition tasks. Using deep learning, we
develop a model taking into account the characteristics of the Kazakh language and data set
[2].

2 Material and methods

Using machine learning to detect extremism in text
In this section, we compare the results of using different machine learning algorithms

to classify religious extremism using different combinations of features. Modern research
considers the following most common methods for constructing and training classifiers:
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decision tree, random forest, support vector machine, k-nearest neighbors, logistic regression,
naive Bayes (Figure 1).

Figure 1: Comparison of results of classification algorithms

Table 1 shows the comparison results between different methods using different features.
As shown in the table, the performance of all methods improves by combining more functions
together. This observation confirms the informativeness and effectiveness of the acquired
features. However, the contribution of each feature varies significantly, indicating variations
in the results of individual methods [3].

Table 1: Comparison of different methods using different features

Methods Features ACC. Prec. Recall F1 AUC
SVM Statistical Features

+TF-IDF
0.8204 0.2423 0.7593 0.3673 0.8622

Statistical Features
+TF-IDF+POS

0.8412 0.2512 0.6625 0.3643 0.8263

Statistical Features
+TF-IDF+POS+LIWC

0.1065 0.0641 0.8834 0.1196 0.5357

Statistical Features
+TF-IDF

0.9444 0.9529 0.201 0.332 0.6472

Decision tree Statistical Features
+TF-IDF+POS

0.9444 0.8969 0.2159 0.348 0.6395

Statistical Features
+TF-IDF+POS+LIWC

0.9444 0.8812 0.2208 0.3532 0.6274

Statistical Features 1234 1234 1234 1234 1234
Statistical Features
+TF-IDF

0.9368 1.0 0.0794 0.1471 0.9179

Statistical Features
+TF-IDF+POS+LIWC

0.9364 1.0 0.0744 0.1386 0.914

Statistical Features
+TF-IDF

0.9335 0.8421 0.0397 0.0758 0.5847

KNN Statistical Features
+TF-IDF+POS

0.9354 0.8158 0.0769 0.1406 0.6105

Statistical Features
+TF-IDF+POS+LIWC

0.9351 0.7037 0.0943 0.1663 0.701
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Statistical Features
+TF-IDF

0.9681 0.8942 0.6079 0.7238 0.9739

Simplified
Bayes
algorithm

Statistical Features
+TF-IDF+POS

0.9625 0.806 0.598 0.6866 0.9687

Statistical Features
+TF-IDF+POS+LIWC

0.9543 0.7304 0.531 0.6149 0.9599

Statistical Features
+TF-IDF

0.9601 0.9568 0.4392 0.602 0.9759

Logistic
regression

Statistical Features
+TF-IDF+POS

0.9598 0.9418 0.4417 0.6014 0.9759

Statistical Features
+TF-IDF+POS+LIWC

0.9409 0.6647 0.2804 0.3944 0.9336

The AUC performance measurement in each classification is the area under the receiver
operating characteristic curve with all extracted features. In the last column of Table 4, AUC
tends to increase with more combined features. The logistic regression method obtains the
highest AUC of 0.9759, while most other methods have a very similar AUC value above 0.9.

To evaluate the classification of texts related to extremism with other specific online
communities, we expanded our corpus and tested our models in "news" and "jokes" . As the
results show, most models show an accuracy of more than 75%, and the model trained with
KNN methods detects extremist texts with an accuracy of more than 95% in tests on both
datasets. This means our model can work in real environments with an accuracy of about
95% [4].

Using deep learning to detect extremism
Deep learning is ideal for natural language processing (NLP) tasks such as sentiment

analysis, text classification, machine translation. For text classification, we use the following
deep learning methods: convolutional neural network (CNN) and recurrent neural network
LSTM.

Our dataset includes labeled texts. Each text was assigned a label: 0 for neutral text or 1
for extremist text. Since in our case the data is text, we considered filtering and vectorization
to prepare the data. Text filtering is performed to reduce noise and outliers.

The following algorithm was used to filter the texts:
1) bringing all characters to the same case and removing unnecessary characters,
2) exclusion of common words (stop words),
3) perform stemming and lemmatization,
4) indicate the tokenization pattern (breaking the text into words - tokens) and the n-gram

model of words (the number of possible words in a token).
Neural networks can only learn to find patterns in numeric data, and so before we feed

text into the neural network as input, we converted each word into a numeric value. This
process is called word encoding or tokenization.

For tokenization, we used word embeddings. This method represents words as dense word
vectors (also called word embeddings). This means that the word "embedding" collects more
information into fewer dimensions. Their goal is to map semantic meaning into geometric
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space. This geometric space is called the embedding space. This will display semantically
similar words close to the embedding space, such as numbers or colors.

To tokenize the data, we used the Tokenizer utility class in Keras, which can vectorize a
text corpus into a list of integers.

In Tokenizer we used two parameters: num_words which is responsible for setting the
size of the dictionary and pad_sequence() which simply pads the sequence of words with
zeros. The pad_sequence() parameter is used to solve the problem of different word lengths
in a text sequence. We add the num_words parameter, which is responsible for setting the
size of the dictionary. We set the value of num_words to 20000. One of our problems is that
each text sequence in most cases has a different word length. And we’ll also add the maxlen
parameter to indicate how long the sequences should be. This cuts out sequences larger than
this number [5-6].

3 Literature review

The objective of this literature review is to bridge an existing knowledge gap by conducting
a comparative examination of machine learning algorithms utilized for the identification of
extremist content in the Kazakh language. By amalgamating and critically assessing prior
research, this review seeks to provide insights into the strengths, limitations, and potential
avenues for future exploration within this field. Ultimately, this endeavor contributes to the
advancement of robust tools aimed at countering the proliferation of extremism within the
Kazakh online sphere.

Article [7] underscores the importance of identifying and categorizing tweets associated
with extremism, as extremist groups employ social media platforms to disseminate their
ideologies and recruit adherents. The article introduces a system designed to analyze
content related to terrorism, with a specific focus on classifying tweets into extremist and
non-extremist categories. This approach harnesses deep learning-based sentiment analysis
techniques to construct a tweet classification system. Encouragingly, the experimental results
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suggest the potential effectiveness of this structural framework. The article addresses the
pressing need for effective methodologies to detect extremist content on prominent social
networks like Facebook and Twitter. It makes a substantial contribution to the domain
of extremism studies by presenting a framework that aids in monitoring and combating
the propagation of extremist ideologies online. Furthermore, this work offers prospective
researchers a blueprint for advancing the field of identifying and categorizing extremist
content on social media platforms.

In Article [8], the significance of researching online extremism to monitor the proliferation
of hate on social media platforms is articulated. The author highlights the limitations of
existing research, emphasizing its ideological bias and its propensity to utilize simplistic
binary or tertiary classifications. The research within this article endeavors to establish a
balanced dataset encompassing various ideologies, with a particular focus on extremist tweets.
The resulting dataset, referred to as Merged ISIS/Jihadist-White Supremacist (MIWS),
is evaluated employing pretrained BERT and its variants (RoBERTa and DistilBERT),
achieving a notable f1 score of 0.72. This study underscores the increasing emphasis on
natural language processing employing deep learning techniques within extremism detection
research.

Article [9] delves into the role of uncertainty in political, religious, and social matters
in inciting extremism among individuals, which manifests through their expressions on
social networks. Acknowledging the dominance of English in social media interactions,
this research underscores the importance of considering sentiments expressed in other local
languages to gain a more comprehensive understanding of the data. The study concentrates
on sentiment analysis of multilingual textual data sourced from social networks to gauge
the intensity of extremist sentiment. It introduces a multilingual dictionary complete with
intensity weightings, achieving a validation accuracy of 88%. For classification, Polynomial
Naive Bayes and Linear Support Vector Classifiers are deployed, with the Linear Support
Vector Classifier attaining an 82% accuracy rate on a multilingual dataset. This research
advances our comprehension of extremist sentiments expressed in multiple languages on social
networks, offers insights into the levels of extremism, and underscores the effectiveness of the
classification algorithms employed.

The subsequent article [10] accentuates the menace posed by online extremists on social
media platforms and acknowledges the limitations associated with suspending their accounts,
as they can readily create new ones. This study proffers operational solutions to confront this
challenge, with a particular focus on formulating behavioral patterns for Twitter accounts
linked to the "Islamic State of Iraq and Syria" (ISIS). These patterns are employed to track
existing extremist users by identifying pairs of accounts attributed to the same individual.

In summation, these articles collectively enrich the landscape of detecting extremist
content through the application of machine learning and deep learning techniques. They
encompass diverse facets such as sentiment analysis, language models, social network analysis,
and deep learning architectures. By engaging with these articles, readers can acquire a
comprehensive comprehension of the subject matter, along with insights into the diverse
methodologies and algorithms employed in this domain.
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4 Results and discussion

In neural network, we know several terms such as input layer, hidden layer and output layer.
Thus, the difference between deep learning and neural network architecture is the specified
number of hidden layers. A simple neural network has only 1 hidden layer, whereas Deep
Learning has more than 1 hidden layer (Figure 2).

Figure 2: Deep Learning Model Architecture

We start with a layer of input neurons, where we enter our feature vectors, and then
the values are transferred to the hidden layer. Each time we connect, we pass the value
forward while the value is multiplied by the weight and the offset is added to the value. This
happens on every connection, and at the end we get the value of the output layer. The output
layer consists of one or more output nodes. In our case, one node, since we have a binary
classification task.

Neural network formula: To calculate the values for each output node, we must multiply
each input node p by the weight W and add a bias b. All this must then be summed up
and passed to function f. This function is considered an activation function, and there are
various functions. Typically, a rectified linear unit (ReLU) is used for hidden layers, a sigmoid
function for the output layer in a binary classification problem, or a softmax function for the
output layer in multiclass classification problems. We use the sigmoid function. The algorithm
starts by initializing the weights with random values and then trains them using a method
called backpropagation. This is done using optimization techniques (also called an optimizer),
such as gradient descent, to reduce the error between the calculated output and the desired
output (also called the target output). The error is determined by the loss function, the losses
of which we want to minimize using the optimizer. Here we use the "Adam" optimizer and
the "cross entropy" loss function [11].

Development of a convolutional neural network for text classification
Convolutional neural networks have revolutionized image classification and computer

vision by being able to extract features from images and use them in neural networks. The
properties that make them useful for image processing also make them useful for sequence
processing. In the case of text classification using CNN, the convolutional kernel slides over
word embeddings, only its task is to look at embeddings for several words at once. The
dimensions of the convolutional kernel must also change to suit this task.

To look at word embedding sequences, we want the window to look at multiple (usually 3
or 5) word embeddings in the sequences. The cores will be a wide rectangle with dimensions
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like 3x300 or 5x300 (with an embedding length of 300). In our case 4x200 because we set the
sequence length to 200 when tokenizing. Each kernel cell has a corresponding weight. As the
kernel slides over the word embedding, the kernel’s weights are multiplied by the value of the
word embedding, then all the multiplied values are summed to produce the output value.

The convolutional neural network will include many of these kernels, and as the network
is trained, these kernel weights are learned. Each core is designed to view a word and
surrounding words in a sequential window. Thus, the convolution operation can be considered
as window-based feature extraction. There is another nice property of this convolution
operation. Recall that similar words will have similar embeddings, and the convolution
operation is simply a linear operation on these vectors. So, when a convolutional kernel
is applied to different sets of similar words, it will produce the same output value [12].

To process the entire sequence of words, these kernels will sequentially traverse the list
of word embeddings. This is called 1D Convolution because the kernel only moves in one
dimension: time. One core will move one by one through the list of input embeddings, looking
at the first word embedding, then the next word embedding, the next, and so on. The resulting
output will be a feature vector.

The maximum values obtained by processing each of our convolutional feature vectors
will be concatenated and passed to the last layer. This is called MaxPooling. And this is
what our convolutional neural network looks like (Figure 3).

Figure 3: Proposed Convolutional Neural Network

Now let’s see how we can use this network in Keras. First, we need to add an embedding
layer with the parameters input_dim - the size of the dictionary, the number of unique
words we want to use; input_length – sequence length; output_dim – dimension of the
embedded variable. We then set an exclusion layer to exclude 50% of the nodes. Now we add
a convolutional layer that has 100 filters with a kernel size of 4, so that each convolution
takes into account a window of 4 word embeddings and a relu activation function. Before we
add the Max Pooling layer, we add a normalization layer. After the pooling layer, we add a
dense layer to get a pin size of 8 and use the relu activation function. Finally, we set up the
output layer. Since we are doing binary classification, we use the sigmoid activation function
and get 1 result in the output layer.

Here we used the "Adam" optimizer and the "cross entropy" loss function. And we got
the following result for 4 epochs (Figure 4) [13]:
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Figure 4: Result for 4 epochs

Application of a recurrent neural network
A recurrent neural network is a deep learning algorithm designed to solve a variety of

complex computer problems, such as object classification and speech detection. RNNs are
designed to process a sequence of events that occur sequentially, making sense of each event
based on information from previous events. RNNs are rarely used in real-world scenarios due
to the vanishing gradient problem. This is one of the biggest challenges for RNN performance.
In practice, the RNN architecture limits its long-term memory capabilities, which are limited
to remembering only a few sequences at a time.

LSTM (Long short-term memory) is designed to solve the vanishing gradient problem and
allow them to retain information for longer periods of time compared to traditional RNNs.
Therefore, we use LSTM rather than a traditional recurrent neural network. The LSTM
architecture is shown below (Figure 5).

Figure 5: LSTM architecture
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We will classify text data using a deep learning network with long short-term memory
(LSTM). Text data is naturally sequential. A piece of text is a sequence of words between
which there may be dependencies. To learn and use long-term dependencies to classify
sequence data, we use an LSTM neural network. An LSTM network is a type of recurrent
neural network (RNN) that can learn long-term dependencies between time steps, as shown
above, of sequence data.

To input text into an LSTM network, you first need to convert the text data into numeric
sequences. We already converted the text into numeric values when we built the convolutional
neural network model. Next we will work with those numerical values.

We created exactly the same model for this neural network as for the convolutional neural
network. Only instead of a convolutional layer, a bidirectional LSTM layer was added.

Bidirectional LSTMs are an extension of traditional LSTMs that can improve model
performance in sequence classification tasks. In problems where all time slots of the input
sequence are available, bidirectional LSTMs train two LSTMs instead of one in the input
sequence. The first one refers to the input sequence as is, and the second one refers to an
inverted copy of the input sequence. With this form of generative deep learning, the output
layer can simultaneously receive information from the backward and forward states (Figure
6).

Figure 6: LSTM architecture

A convolutional neural network (CNN) is limited by the local window size and can only
extract local text features. For long texts such as news, CNN cannot learn the long-term
dependency of long text. A deep learning recurrent neural network model based on long
short-term memory (LSTM) can learn the long-term dependency of text. The test data
classification results are shown in Figure 7 [14].

Figure 7: Test data classification result
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5 Conclusion

As a result of this article, the following results were obtained: a) different machine learning
models were applied to the task of detecting extremism in text content; b) a comparative
analysis of machine learning methods was carried out to select the optimal method for a given
task; c) oversampling and undersampling methods were carried out to eliminate the problem
of data imbalance; d) a deep learning model (convolutional and recurrent neural networks)
was developed to detect extremism in Kazakh texts.
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"Multi-classification of ideological directions of cyber extremism in the Kazakh language
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LOGICAL AUTOMATIC IMPLEMENTATION OF STEGANOGRAPHIC
CODING ALGORITHMS

The main goal of steganography is to ensure secure communication while keeping the
communicative act "invisible". The origin of this term dates back to Ancient Greece and translates
as "hidden writing". A simple yet effective method of steganography in antiquity, considering the
frequent use of wax tablets, involved cutting out the message on the wooden bottom of the tablet
and then writing a decoy message on the wax. Technological evolution has led to human ingenuity,
allowing the use of this powerful tool for both message transmission and watermarking products
during the transition from physical to digital media. There are various forms of steganography,
including injective, generative, substitutive, selective, and constructive. The steganography we
employ is injective, as it is more suitable for our task of hiding information in image pixels.
After various searches, we decided to use BMP (Bitmap Picture) 3 (Microsoft Windows NT) and
later versions as the image file format, as this version, especially in 24-bit and 32-bit encodings,
represents a single color component. Each byte allows for altering the least significant bits without
changing the external appearance of the image.
Key words: logical automatic implementation, steganographic coding, algorithms, RGB (Red,
Green, Blue), LSB (Least Significant Bit), PSNR (peak signal to-noise ratio).
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Стеганографиялық кодтау алгоритмдерiн логикалық автоматты жүзеге асыру

Стеганографияның негiзгi мақсаты коммуникативтi актiнi "көрiнбейтiн"сақтай отырып, қа-
уiпсiз байланысты қамтамасыз ету. Бұл терминнiң шығу тегi Ежелгi Грециядан басталады
және "жасырын жазу"деп аударылады. Ежелгi дәуiрде балауыз таблеткаларын жиi қол-
дануды ескере отырып, стеганографияның қарапайым, бiрақ тиiмдi әдiсi планшеттiң ағаш
түбiндегi хабарламаны кесiп алуды, содан кейiн балауызға алдау хабарламасын жазуды қам-
тиды. Технологиялық эволюция адамның тапқырлығына әкелiп соқты, бұл қуатты құралды
физикалық медиадан цифрлық тасымалдағышқа көшу кезiнде хабарларды жiберу үшiн де,
өнiмдердi су таңбалау үшiн де пайдалануға мүмкiндiк бердi. Стеганографияның инъекция-
лық, генеративтi, алмастырушы, селективтi және конструктивтi сияқты әртүрлi формалары
бар. Бiз қолданатын стеганография инъекциялық болып табылады, өйткенi ол кескiн пик-
селдерiндегi ақпаратты жасыру мiндетiмiзге қолайлырақ. Түрлi iздеулерден кейiн бiз BMP
3 (Microsoft Windows NT) және одан кейiнгi нұсқаларын кескiн файлының пiшiмi ретiнде
пайдалануды шештiк, өйткенi бұл нұсқа, әсiресе 24-биттiк және 32-биттiк кодтауларда, бiр
түстi құрамдас бөлiктi бiлдiредi. Әрбiр байт кескiннiң сыртқы көрiнiсiн өзгертпестен ең аз
маңызды биттердi өзгертуге мүмкiндiк бередi.
Түйiн сөздер: логикалық автоматты iске асыру, стеганографиялық кодтау, алгоритмдер,
RGB (Қызыл, Жасыл, Көк), LSB (Ең аз маңызды бит), PSNR (сигналдың шуылға қатынасы
шыңы).
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Логическая автоматная реализация алгоритмов стеганографического кодирования

Основная цель стеганографии обеспечить безопасную связь, сохраняя при этом коммуни-
кативный акт "невидимым". Происхождение этого термина восходит к Древней Греции и
переводится как "скрытое письмо". Простой, но эффективный метод стеганографии в древ-
ности, учитывая частое использование восковых табличек, заключался в вырезании сообще-
ния на деревянном дне таблички, а затем написании ложного сообщения на воске. Техно-
логическая эволюция привела к человеческой изобретательности, позволившей использовать
этот мощный инструмент как для передачи сообщений, так и для нанесения водяных знаков
на продукты при переходе от физических носителей к цифровым. Существуют различные
формы стеганографии, включая инъективную, генеративную, замещающую, селективную и
конструктивную. Используемая нами стеганография является инъективной, поскольку она
больше подходит для нашей задачи по сокрытию информации в пикселях изображения. По-
сле различных поисков мы решили использовать в качестве формата файла изображения
BMP 3 (Microsoft Windows NT) и более поздние версии, так как эта версия, особенно в 24-
битной и 32-битной кодировке, представляет собой единую цветовую составляющую. Каждый
байт позволяет изменять младшие биты без изменения внешнего вида изображения.
Ключевые слова: логическая автоматическая реализация, стеганографическое кодирова-
ние, алгоритмы, RGB (красный, зеленый, синий), LSB (младший значащий бит), PSNR (пи-
ковое отношение сигнал/шум).

1 Introduction

The ability to utilize Arduino and any components that can be implemented sparked our
interest in creating a useful and intriguing project for our participants [1]. Initially, the idea
was to create a universal remote control panel that could be used in electronic equipment by
using an infrared remote control to manage ecological process automation. After discussing
other ideas, it was concluded that injective steganography could be an excellent tool to achieve
the goal [2–8].

Figure 1: Generalized model of a steganographic system
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The main goal of steganography is to ensure secure communication while keeping the
communicative act "invisible". The origin of this term dates back to Ancient Greece and
translates as "hidden writing". A simple yet effective method of steganography in antiquity,
considering the frequent use of wax tablets, involved cutting out the message on the wooden
bottom of the tablet and then writing a decoy message on the wax [9–14]. Technological
evolution has led to human ingenuity, allowing the use of this powerful tool for both message
transmission and watermarking products during the transition from physical to digital
media [15–17]. There are various forms of steganography, including injective, generative,
substitutive, selective, and constructive. The steganography we employ is injective, as it
is more suitable for our task of hiding information in image pixels [18–24]. After various
searches, we decided to use BMP 3 (Microsoft Windows NT) and later versions as the image
file format, as this version, especially in 24-bit and 32-bit encodings, represents a single
color component. Each byte allows for altering the least significant bits without changing the
external appearance of the image. Therefore, supported raster images are 24-bit and 32-bit,
because altering 8, 4, or 1 bit would be noticeable.

BMP format is one of the simplest formats jointly developed by Microsoft and IBM. A
raster image file records the image as a table of points (pixels). It manages colors both in
RGB (Red Green Blue) and through an indexed palette.

Our developed steganographer, as mentioned earlier, is compatible with both 32-bit and
24-bit raster image formats because we decided to use 4 image bytes to hide 1 byte of text.
Of these 4 bytes, the first three are modified, and the last one should remain unchanged.

In the case of the 32-bit format (where R represents the red byte, G represents the green
byte, B represents the blue byte), the least significant bit of the bytes will be modified in
RGB.

The research provided systematic activities for image steganography, including
hiding/embedding secret messages, revealing messages, as well as a systematic step-by-step
approach to ensuring the execution of these steps. The research begins with explaining the
new system, thereby giving a hint about its contents [25–29].

The proposed system employs a robust approach, involving embedding a secret message
into one of the three RGB image color channels, bitwise processing, bit shuffling, a secret key,
and cryptography to develop a new algorithm for steganography system. The new algorithm
will provide the following important aspects of data security enhancement. Before matching
the secret message to the image carrier by means of transposition, the intruder is misled.

The encryption of the secret key and data is encrypted using a reliable repetitive algorithm
to ensure secure protection that cannot be easily cracked or broken.

The secret data will be hidden by matching them with the blue color frequency in the
carrier image using a modification method for gray color.

Enhance file security on the Internet through efficient encryption and embedding of a
secret message that can only be revealed by authorized third parties.

To ensure effective hiding of the secret message on the selected cover image, a different
encryption method will be used. These modules include file matching and encryption methods
to hide the secret message and ensure its security. A general diagram explaining the new
methodology is presented in Figure 2 below.
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Figure 2: Steps of Text Concealment and Display on Image

2 Encryption Algorithm

This is a step-by-step approach used for concealing a message within an innocent image.
This algorithm represents a procedural methodology developed to protect against malicious
attacks on files over the Internet. The encryption algorithm is employed for concealment in
this algorithm, precisely providing the first step in ensuring file security on the Internet,
as well as serving as the first stage of image steganography adopted for this research. The
algorithm begins by taking input about image concealment and outputs an encrypted stego-
image with secret data and key bits. The encryption algorithm schema is presented below.

Inputs: original color image and document.
Output: Stego_Image consisting of a secret message.
Step 1: Select what needs to be concealed and the required encryption key.
Step 2: Convert the selected key into a one-dimensional array (1D array).
Step 3: Use logic 1 to apply the bitxor process to one bit of the secret key array with

logical 1.
Step 4: Rearrange the encrypted bits from bitxor by swapping even and odd bits from

step 2.
Logic: If the secret key bit = 1, perform the bitxor process with logical 1. Otherwise, do

not implement the bitxor process.
Step 5: Repeat step 4 until all secret data bits are encrypted.

3 Cartographic module

The mapping procedure has been adopted for efficiently placing a secret message into a pixel
of the carrier/cover image for final encryption. The cover image channels are transformed,
followed by a 1-to-1 mapping to place the secret data into the cover image, preserving the
bits and pixels of the original cover image to obtain the output steganographic image.

Input: cover image, secret message
Output: Stego_Image Step 1: Choose the carrier image.
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Step 2: Transform the cover image from step 1.
Step 3: Select the secret file.
Step 4: Perform a 1-to-1 mapping to conceal the message from step 3 into the image from

step 2.
Step 5: Stego image.
Concealment Algorithm.
Input: color image as cover, secret data, and key.
Output: Stego_image
Step 1: Choose the cover color image and divide it into red, green, and blue channels.
Step 2: Apply image transposition to all three channels of the input image.
Step 3: Encrypt the secret key and secret data according to encryption module 3.1.
Step 4: Transform pixel values for the blue channel by adding 1 if the first bit of the cover

image equals one (1). If the pixel value is even, add one to the pixel.
Step 5: Map secret data from step 4 based on secret key bits (SKB) as follows: If secret

key bits are even, the system adds one (1) to the pixel value. If pixel value equals the secret
key bit value of 0 or is odd, subtract 1 from the pixel value. If pixel value of the secret bit
equals 1 or is even, the system adds 1 to the pixel value.

Step 6: Repeat step 5 until all secret bits are mapped to gray levels of the carrier image.
Step 7: Transpose all three planes and combine them to make the steganographic image.
Convert the decoding algorithm of the LSB method to algebraic form as follows:
Y0 = Y1 = 1; Y6 = X1X3; Y11 = X1X3X4X6X7X8;
Y2 = X1X2; Y7 = X1X3X4X5; Y12 = X2X3X5X6X7X8;
Y3 = X1; Y8 = X1X3X4; Y13 = X1X3X4X6X9;
Y4 = X1; Y9 = X1X3X4X6X7; Y14 = X1X3X4X6X9;
Y5 = X1X3; Y10 = X1X3X4X6X7X8; Yk = X1X3X4X5X6∨;X1X3X4X5

Unfortunately, it seems like the matrix scheme you mentioned is not provided in the text
you provided. If you have the matrix scheme or any specific details you’d like to discuss or
analyze regarding the LSB (Least Significant Bit) encoding and decoding algorithm, please
feel free to provide them, and I’d be happy to assist you further.

Y0 = Y1; Y8 = Y9;
Y1 = X1X2Y2 ∨X1Y3; Y9 = X5Y10 ∨X5X6X7Y11 ∨X5X6X7Y12 ∨X5X6;
Y2 = X1X2Y2 ∨X1Y3; Y10 = Y9;
Y3 = Y4; Y11 = Y13;
Y4 = X3Y5 ∨X3Y6; Y12 = Y13;
Y5 = Y4; Y13 = X6X7X8Y11 ∨X6X7X8Y12 ∨X8Y14 ∨X6X8Y15;
Y6 = X4Y7 ∨X4Y8; Y14 = X6Y15;
Y7 = X4Y7 ∨X4Y8; Y15 = Yk;

4 Extracting Algorithm.

The extraction algorithm delineates the sequential steps outlined in a flowchart aimed
at extracting text from an image. The user is required to input both the key file and
the steganographic image generated earlier. It is imperative that the same key file is
employed during both the hiding and extraction phases. Subsequently, upon user input, the
provided data undergoes scrutiny and validation for any potential exceptions. In the event of
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exception detection, the process iterates from the beginning. Conversely, if no exceptions
are encountered, the algorithm proceeds with the extraction process by implementing
modifications to retrieve the secret message from the image file. This extracted secret message
is then displayed on the screen or saved in a file.

Figure 3: Extract the least significant bit of the blue channel.

5 Assessment of picture quality

This aspect involves examining the original image and the developed stego_image to
determine whether any detectable changes or physical modifications to the original image
will occur, thus verifying the effectiveness of the algorithms and steps taken in developing
steganography. The quality of each (i.e., the original image and the resulting steganographic
file) is carefully analyzed using common measures used for comparing the degree of quality.

The new steganographic algorithm has a high embedding capacity and low visual
distortion. Encryption methods are resistant to malicious attacks, including adding noise,
smoothing, quantization, and ordinary grid editing. Besides reliability, the new algorithm
provides acceptable embedding capacity without noticeable visual distortion after embedding.

The efficacy of the novel encryption and steganography techniques is assessed in relation
to their embedding capacity, embedding distortion, and reliability. The discrepancy in
embedding distortion between the initial grid and its corresponding counterpart is scrutinized
through metrics such as the root mean square error (RMSE), peak signal-to-noise ratio
(PSNR), signal-to-noise ratio (SNR), and extracted reliability.

Mean Squared Error (MSE) is employed as a measure of similarity between images,
elucidating the degree of distortion between the original and Stego_image. It serves as a signal
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image quality metric, extensively utilized for assessing image quality due to its simplicity in
determination, effectiveness in gauging image optimization, and ease of parameter calculation.

MSE = 1
MN

M∑
x=1

N∑
y=1

(Sxy − Cxy)
2

The computation of the Mean Squared Error (MSE) between two images adheres to the
aforementioned equation, wherein M and N represent the number of rows and columns of the
cover image, respectively. Y and X denote the signals of the Stego image and the original
image, respectively.

It is imperative to note that the Mean Squared Error is significantly influenced by the
intensity scaling of the image. For instance, an MSE value of 100.0 achieved in an 8-bit image
context (with pixel values ranging from 0 to 255) is deemed satisfactory. Conversely, an MSE
value of 100.0 attained in a 10-bit image context (with pixel values ranging from 0 to 1023)
is scarcely discernible and lacks substantial significance.

The Peak Signal-to-Noise Ratio (PSNR) provides an explanation of image quality by
offering the ratio of the image signal to the power of image distortion in a logarithmic scale.
It is also considered as a relative explanation of human perception of image quality. The
higher the PSNR, the higher the image quality.

The PSNR is calculated by scaling the Mean Squared Error according to the image range.

PSNR = 10 log
[

2552

MSE

]
Peak Signal-to-Noise Ratio (PSNR) values are conventionally expressed in decibels (dB).

PSNR serves as a robust measure for comparing the outcomes of recovering identical images
from various manipulations or compression processes. However, it’s important to note that
comparing PSNR values between different images holds lesser significance due to factors such
as image content, resolution, and compression artifacts, which can significantly influence the
perceived quality of the images. Therefore, while PSNR is valuable for assessing the fidelity
of image recovery within the same context, its utility diminishes when used for comparing
the quality of distinct images.

Signal-to-Noise Ratio (SNR) provides the ratio of signal power to noise power. It is an
index that indicates the level of changes and influence on images based on a specific effect
(such as steganography), providing a measure of the quantity/level of image transformation.

SNR is expressed in the formula below:

SNR = 10log10
signal
noise

Normalized Cross-Correlation (NCC) compares two images based on their common
relationships. It is used to measure how two images deviate from or relate to each other.
NCC is expressed in the formula below:

NCC =

M∑
x=1

N∑
y=1

(S(x,y)·C(x,y))

M∑
x=1

N∑
y=1

(S(x,y))
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Figure 4: Extract the least significant bit of the blue channel.

The user is required to upload an image file, then select the level of security. The
transmitted message is entered into the message field, after which the user enters their
password for encrypting and embedding the secret message into the image (see Figure 4).

Finally, the user clicks the "Write Message to Image"button. After the appropriate
measures have been taken, the user will need to upload a new image containing the secret
message, i.e., the "Crypto-Stego Image". The algorithm used for the LSB method greatly
complicates the detection of changes in images sent and received over the Internet by the
human eye.

6 Conclusion

A logical method of steganographic encoding has been developed for the secure storage
and transmission of images based on Boolean functions in the class of disjunctive normal
forms using microcontrollers and CAD systems for designing programmable logic controllers.
Methods and algorithms of steganographic encoding have been developed and implemented
for the secure storage and transmission of images in an ecological system based on IoT
technologies.
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