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Institute of Mathematics and Mathematical Modeling, Almaty, Kazakhstan
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CONVEXITY AND CONCAVITY IN SUBMAJORIZATION INEQUALITIES
FOR 7-MEASURABLE OPERATORS

We proved the following result. Consider a semi-finite von Neumann algebra equipped with a trace,
and let there be several T-measurable operators together with a nonnegative function defined on
the nonnegative real line. Suppose also that we are given positive weights whose total sum equals
one. If the function obtained by applying f to the square root of its argument is convex and if f
vanishes at zero, then the weighted sum of the values of f applied to the absolute values of the
operators is at least as large as a certain expression involving f evaluated at both the average of
all the operators and their pairwise differences. If the same function of the square root is concave,
the inequality reverses: the mentioned expression becomes no smaller than the weighted sum of
the transformed absolute values. This theorem yields a significant generalization of Clarkson-
type inequalities in the noncommutative setting and extends the result previously established by

Alrimawi, Hirzallah, and Kittaneh.
Keywords: Clarkson inequality, 7—measurable operator, von Neumann algebra, generalized

singular value function, submajorization inequality, convex function, concave function.

. oyitbek
MaremaTuka KoHe MATEMATHKAJIBIK, MOJAEIbIEY HHCTUTYTHI, AjMmaTsl, Kazakcran
*e-mail: dauitbek@math.kz
T—eJIIIEM/Ii omepaTopJiap YIIiH cyOMakopJiaHFaH TeHCI3AIKTep/ieri oiibic *KoHe
neHec PyHKIOUSAIAP

Biz kemeci mormkeni mosengemik. 2Kaproinait akeipant ¢don Heiiman ajarebpachl KapacThIPBII-
CBIH, COHBIMEH KaTap, MYH/Ia OipHeIe T-eJIIeM Il OrepaTopap *KoHe HAKTbl CAHHBIH TepiC eMec
MOH/IepiHIe aHbIKTaFaH QyHKIus O6ap OGosicbiH. CoHJal-aK KOCBIHJBICHI Oipre TeH GOJIATBIH OH,
casmakTap Oepiyicin. Erep mesmeri moni Hesre TeH, f GyHKIUSICH ©3iHIH apryMeHTIHIH KBaJIpaT
TYOipiHe KOJIIAHBLIFAH Ke3/e OibIC 00JIca, OHA OIepATOPJIAPIbIH, MOLYJ/Ibaepine ocbl [ OyHKIH-
STHBI KOJIJIAHY APKBLIbI AJBIHFAH MOHJIED/IH CAIMAKTAJFAH KOCBIH/IBICHI OAPJIBIK, OEPATOPIAP/IbIH,
opraina MoHiHe YKoHe OJIADJIbIH albIPMAIIBIIBIKTAPhIHA KOJJIAHBUIFAH f (DYHKIUSIIAH KypaJraH
GesiriJii 6ip epHeKkTeH KeM 60jMaiiibl. AJl erep atajirad (QYHKIUsT KBaJApaT Tybipre KoJIaHbIIFaH-
Ja neHec GoJsica, oHja OyJI TEHCI3MIK KapaMma-Kapchl OAFbITTa OPBIHIAIAILI: KOPCETIITeH OpHEK
CaJIMaKTAJIFAH KOCBIHIBLIAH KeM eMec 060sapl. By HoTmke OeiffkoMMyTaTuBTIK opragarsl Kirapk-
COH THIITI TeHCI3miKTepai enpyip KeHeiireni kone Alrimawi, Hirzallah »xone Kittaneh enberimme
AJIBIHFAH HOTUYKEHI TOJIBIKTHIPAJIBL.

Tyitiua cesaep: Kitapkcon Tencizuiri, T-esmem/ii oreparop, ¢poH Heiiman ajirebpachl, CHHIYIISIPJIbI
KaJrmbuiaMa (QYHKINs, CyOMazkopu3alius TeHCI3/Ir, goHec MYHKIMS, OUbIC (DyHKIUS.

1. Hayutbex
MucruTyT MaTeMaTUKI 1 MaTeMaTHIecKoro Moaeauposanns, Anvarot, Kaszaxcran
e-mail: dauitbek@math.kz
BBIIIyKJIOCTh M BOHYTOCTh B CyOMa>kOpM3allMOHHBIX HEPAaBEHCTBAX JIJId
T—U3MEPUMbBIX OIIEePaTOPOB
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4 Convexity and concavity in submajorization inequalities for 7-measurable operators

Mp1 joka3am cienyonmii pesysabrar. PaccMarpuBaeTcs: 1MoJy-KoneuHas ajrebpa ¢pon Heiimana,
HECKOJIBKO T-M3MEPUMbIX OIIePATOPOB U HEOTPUIATE/IbHAsT (DYHKITHS, OIPEIeJIEHHAs] Ha HEOTPUIlA-
TeJbHOM ToJryocu. Tak»Ke 3aaHbl MTOJOXKUTEIbHBIE BEca, CyMMa KOTOPBIX paBHA eauHUIe. Kcam
dyHKIMsA, KOTOpas MOIYyYaeTCs MPU HpUMeHeHnn f K KBaJPATHOMY KOPHIO CBOETO apryMeEHTa,
SIBJISIETCS] BBIMYKJIOW W TPH 9TOM 3HadYeHWe f B HyJle PABHO HYJIIO, TO B3BEIIEHHAs] CyMMa 3Ha-
yeHuil pyHKIUN, TPUMEHEHHON K MOJIYJIIM OIIEPATOPOB, HE MEHbIIIE OIIPEJIEJIEHHOIO BhIPAYKEHUS,
IIOCTPOEHHOTO U3 3HA4YeHWil f, B3ATHIX Ha CPEJIHEM Oleparope W Ha MX IOMAPHBIX Pa3/INYIUsIX.
Eciin ke ykazannas (QyHKIWMS, IPUMEHEHHAS K KBaJIPATHOMY KODHIO apryMEHTa, sIBJISETCsI BO-
THYTO#, TO CIIPaBEINBO OOPATHOE HEPABEHCTBO: 3TO BHIPAXKEHNE HE MEHBINE B3BEIEHHON CYMMBI
cooTBeTCTBYyIONNX 3Hadennii. [loydennblii pe3yabTaT CyIEeCTBEHHO PACIIUPSIET HEPABEHCTBA TH-
ma KjlapkcoHa B HEKOMMYTATHBHOI Cpejle U JONOJHseT (GopMy, paHee ycTaHOBJIeHHY0 Alrimawi,
Hirzallah u Kittaneh.

KumroueBbie ciioBa: HepaBeHCTBO KiapkcoHa, T-m3MepuMblil oneparop, ajrebpa ¢dou Heiimana,
0000IEHHAS CHHTYIIpHAs (DYyHKITNS, HEPABEHCTBO CyOMaKOPU3AIINN, BBILYKJIas (DYHKIIS, BOTHY-
Tast PYHKITHAS.

1 Introduction

Let (M, 7) be a semifinite von Neumann algebra acting on a complex Hilbert space H,
where 7 is a faithful normal semifinite trace on M. The x-algebra S (7) of all T-measurable
operators affiliated with M provides a natural framework for extending classical inequalities
to the noncommutative setting.

An operator x € S (1) is said to be positive (denoted x > 0) if (z£,£) > 0 for all
¢ € dom(z). For two self-adjoint operators x,y € S (1), we write x > y if v —y > 0.

In this framework, unitarily invariant norms play a central role. We say ||| - ||| is unitarily
invariant if

[uzvl|] = [[|2[]]

for all z € S(7) and for all unitary operators u,v € M. Typical examples include the
generalized Schatten p-norms given by

1
|zl =7 (l2")"". 0 <p < oo.

A fundamental result in the theory of unitarily invariant norms is given by the classical
Clarkson inequalities in Schatten classes, which provide bounds for operator combinations
under p-norms. These inequalities have been studied and generalized in various contexts,
particularly in the setting of bounded operators on Hilbert spaces.

We now consider B(H ), the algebra of all bounded linear operators on a complex separable
Hilbert space H. This algebra is a von Neumann algebra under the weak operator topology
and forms one of the most important examples in functional analysis. Within B(#), the
positive operators are those x for which

(x£,&) >0 for all £ € H.

A notable extension of Clarkson-type inequalities to this noncommutative setting was
established by Alrimawi, Hirzallah, and Kittaneh in |1|. They proved the following result:

Let ||| - ||| be a unitarily invariant norm, Ay,..., A, € B(H) be positive operators, and
let aq, ..., a, be positive real numbers such that Zyzl a; =1

Define the index set Sy = {1,...,n} \ {¢}. Then:
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1. If f is a nonnegative function on [0, 00) with f(0) = 0 and g(t) = f (v/1) is convex on
[0,00), then for every unitarily invariant norm,

|'|f <\/1_7a€ Ay — ]Zl% ) +];<S[f(\/TA nAk)
+f 3 A;

>
2. If f is a nonnegative function on [0, c0) such that g(t) = f (V) is concave on [0, c0),
then for every unitarily invariant norm,
A )

Zajf(mjy)‘ 'f( Az—zaj

+jkz€;£f(1/ O‘JO"“)|A Ak> (

foreach /=1,....n

PILT

DIl

This paper develops new norm inequalities for operators that generalize and refine the
classical Clarkson inequalities. Prior results on non-commutative Clarkson-type inequalities
for the symmetric norm of 7-measurable operators can be found in |7], while related
submajorization inequalities were established in |4} 5].

The structure of the paper is as follows. Section [2] develops several key operator identities
on Hilbert spaces that form the foundation for our results. In Section [3] we establish the
main norm inequalities for convex and concave functions of 7-measurable operators.

foreach/=1,....n

2 Preliminaries

Throughout this paper, we denote by M a semifinite von Neumann algebra acting on a Hilbert
space H, equipped with a faithful normal semifinite trace 7. A densely defined, closed linear
operator x on H with domain D(z) is said to be affiliated with M if

w*ru =z for all unitary v € M’,

where M’ is the commutant of M.

An operator z affiliated with M is said to be T-measurable if, for every € > 0, there exists
a projection e € M such that e (H) C D(z) and 7 (e') < ¢, where et :=1—e.

The set of all T-measurable operators is denoted by S (7). This space forms a x-algebra
under strong closures of algebraic operations.

Let P (M) denote the lattice of projections in M. For €, > 0, define the sets

N (e,0) :=={x € S(r): Je € P(M) such that ||ze| <& and 7 (e") <4} .
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These sets form a neighborhood base at 0 for a metrizable Hausdorff topology on S (1),
called the measure topology. With this topology, S (7) becomes a complete topological
algebra (see [L1]).

For x € S (1), generalized singular value function u (t;x) is defined by

p(t;z) == inf {||ze]| ;e € P(M), 7(e") <t}, t>0,

(see |9] for more details about the generalized singular value function).
If x,y € S(7), then we say that x is submajorized by y and write < y if and only if

t ¢
/ w(s;x)ds < / p(s;y)ds, te0,00).
0 0
See |23] and the references therein.

3 Main results
The next result is a restatement of |6, Lemma 2].

Lemma 1 Let x,- - :r;n 1 be T- measumble operators and let ag, - -+, a,_1 be positive real
numbers such that Zj “o ajr; =0 and Y7, Ja; =1. For each £ €{0,...,n — 1}, we have

n—1
;0
(1_a |9«“e| + Z j \:vj—:vk|2:Zaj B2
7=0

]kES{
where Sp = {0,...,n—1}\ {¢}.

Lemma 2 LetZ,O aj =1. Then for each { =0,...,n—1,

OZJQ% ) n—1 ) n—1
(1 "o [P ZO‘J% + Z ’35] | = ZO‘J' |2;]" — L
0) =0 =0 =0

7 kES@

In particular,

o n—1 n—1 n—1
=Y | <> eyl =) eyl
1 — o) , : :

with equality if and only if x; = xy, for all 5,k € 5.
Proof. Let

n—1
xr = E ija?j.
Jj=0

Define new variables:
n—1

y; = x; — T, so that Z a;y; = 0.
j=0
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Applying Lemma [I| to the y; (since they satisfy the same assumptions), we get:

(67 ) &]ak
T |ye|”™ + Z 2(1—|yy — |’ Z% [ (1)

73,keSy

Note that:

ye=x0—7, |y;—ul’ = (x5 —3) — (2, — 3)|* = |2v; — @],

and
Z% ‘yj Zay ‘373_37’

:ZO‘J 2l —xm—xm]+|§:\2)

n—1 n—1
= Zaj |xj|2 — (Za] J> - Zoz z; + |:17|2204j
j=0 Jj= Jj=0

n—1
=> ajlaP -z - 'z + |2
=0

n—1

2 _12

=Y ajlzl* - |z
7=0

Substituting these into equation , we obtain:

(67107
|I€_I| + Z lj—oz _xk| ZCY] |x]|

7 k‘GS@

which is exactly the statement of the lemma.
The second part of the lemma follows from the nonnegativity of the second term on the

left-hand side: o
S W% s
J = U,
jes, 2 (1 —a)
with equality if and only if z; = x, for all j,k € S,.
We obtain the following result, similar to |9, Proposition 4.6] (see also |6, Lemma 3|).

Lemma 3 Letxg,..., T, 1 be positive T-measurable operators and let oy, . . . , a1 be positive
real numbers such that Z 70 a; = 1.

(1) If g : [0,00) — [0,00) is a convex function with g(0) = 0, then

1 (t;g (i ozjwj)> < p (t;i:ajg (%)) :
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(i) If h: [0,00) — [0,00) is a concave function, then

1 <t; iajh (9@)) <pu <t; h (i aj:cj>) :

We recall the following well-known result (see [8, Theorem 5.3]).

Lemma 4 Let for all xq,--- ,x,_1 be positive T—measurable operators.

(i) If g : [0,00) — [0, 00) is convex function with g(0) = 0, then

> o) =g (ij)

Jj=0

(i) If h: [0,00) — [0,00) is concave function, then

The following theorem offers a natural extension of |1, Theorem 3.8|.

Theorem 1 Let xg,...,x,_1 be T-measurable operators and «g,...,a,_1 be positive real
numbers such that ,

> a=1

5=0

Then for each £ € {0,...,n —1}:
(i) If f : [0,00) — [0,00) is a non-negative function with f(0) = 0 and g(t) = f(\/1) is

convezx, then
071677 o
f(\/l—ae >+szeszf(\/ )|x] $k|>
n—1
> g, ) =) o ().
j=0

+f(
§=0

(ii) If h(t) = f(\/t) is concave, then the reverse inequality holds:

> aif(lz) < f (\/ ] iwae Tg — Z%‘ﬂfj >
=0 :

+ 3 f( i kal)+f<

7,k€Sy

Ty — E ;5
7=0

iLj

) |
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Proof. Let f : [0,00) — [0,00) be a non-negative function. Define g(t) = f(v/t) and h(t)
f(\/1), depending on convexity or concavity of f(v/1).

We prove each case separately.

(i) Assume that g(t) = f(v/1) is convex and f(0) = 0.

Let
a 1 aQ
¢ O
Ay = Ty — E QT Byipr=./———|x; — ) |
Jj=0
Then

+ Z f(Bejx) + f(C) = g(A}) + Z 9 (Bi ) +9(C?).

7,kESy 7,k€Sy
By convexity of g and Lemma [4](i), we have
g( A+ Y g (B2x) +9(C*) =g (A? + > B+ 02) :
7,kESy 7,kESy

Note that by Lemma 2, we can write:
n—1

Az + Z szk + 02 = Zaj‘ij‘
k€S, 5=0

Hence,

n—1
Z [ (Bejx) + f(C ( ozj|xj|2).

J,k€Se j=0

Applying Lemma [3{i) (since g is convex and ¢(0) = 0), we conclude:

n—1 n—1
) (zajw) S asgllas) = 3 sl
j=0 Jj=0

7=0

)+sz€; f (,/ S )|$j—$k|)

+f< ) =Y f ().
=0 =0

,_.

Therefore,

[ Qu
f( 1—@3

n—1

Ty — E ;T4
Jj=0

E :Oéj%‘

(ii) Now assume h(t) = f(1/1) is concave.
Then using Lemma [3{ii) and (2),

n—1 n—1 n—1
> aif(lz) =D aih(lz;?) < h (Z %‘|%‘|2> =h (Aﬁ + > B+ 02> :
=0 j=0

J=0 JkeS,
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Then by Lemma (ii) and concavity of h, we get:

h| A7+ Y B +C* | 2h(A]) + Y h(BE;) +h(C?)

7,k€S) 7,k€Sy
= f(A)+ D f(Buga) + £(O).
7,k€S)
Thus,
n—1
> aiflz) =< f
=0

This completes the proof.
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REDUCTION THEOREMS FOR DISCRETE HARDY OPERATOR ON
MONOTONE SEQUENCE CONES (0 <p<1)

In this work, we investigate the discrete Hardy and Copson operators acting on the cone of
nonnegative monotone sequences. It is established that the weighted inequalities of type I, — I,
for these operators, in the case 0 < ¢ < 00, 0 < p < 1, can be reduced to the corresponding
inequalities defined on the cone of general nonnegative sequences. The latter possess a broader basis
for proof, which significantly extends the possibilities for their analysis. Weighted inequalities for
the integral Hardy operator (in the continuous setting) on the cone of nonnegative nonincreasing
functions have been studied previously by many authors. Reduction theorems for inequalities
involving Hardy-type integral operators on the cone of nonincreasing functions to inequalities on
the cone of nonnegative functions are well established. In this paper, we provide several theorems
that demonstrate the equivalence between inequalities for discrete Hardy and Copson operators on
the cone of nonnegative nonincreasing sequences and the corresponding inequalities on the cone of
nonnegative sequences. Our proofs differ substantially from those in the continuous case. Methods
applicable in the continuous setting do not always work in the discrete setting. For the case p > 1,
analogous results were obtained by the authors earlier.

Key words: reduction theorems, discrete Hardy operator, monotone sequences, weighted
inequalities, Copson operator.

H. Bokaes !, A. Torarumsuim?, H. Kyzey6aesa!*
LJLH. T'ymunes aTeragarsl Eypasus yITTHIK yHIBepcuTeTi, Actama, Kazakcran
2 Yexus Ioinbiv axagemusicoinsie, Maremarnka nacTuTyTer, Ilpara, exms
*e-mail: nurgul.kuzeubaeva@mail.ru
MouoToHAbI Ti30eKTEep KOHYCBIHAAFbI AUCKPETTI Xap/u onepaTopbl YIIiH peayKIUIIbIK
reopemasiap (0 < p < 1)

By xxymbicTa 613 Tepic eMec MOHOTOHIBI Ti30EKTEp KOHYCHIHIAFbI JUCKPEeTTI Xapau xKoue Korcon
orepaTopsapbiH KapacTeipambl3. 0 < ¢ < 00, 0 < p < 1 KarjgafibIHIarbl MOHOTOHIBI Ti30eKTep
KOHYCBIHIAFDLI JUCKpeTTi Xapan xone Komcon oneparopraps! ymin I, — [, Typingeri caaMaxTel
TEHCI3IKTEPAl Tepic eMec Ti30eKTep KOHYCHIHIATBI COMKEC TEHCI3iKTepre KeaTipyre 00JaThIHBI
kepceriiired. COHFBLIAPBIH 9JIeljiey Herisi KeHipek, OyJI oJlapbl Tajiay MYMKIHIIKTEpiH aiiTap-
JbIkTail KeHeitreni. Tepic emec ecneiiTin pyHKIUIIAD KOHYCBIHIAFBI MHTEIPAJIIBIK, XapIu Oepa-
Topsl yinin (y3liiccls xarmaiija) cajiMakThl TeHCI3AIKTep Il OYPhIH KOITereH aBTop/iap 3ePTTEreH.
By makamazma Tepic emec ecreiiTin TizbekTep KOHYCHIHIAFBI AucKpeTTi Xapau koHe Komcon ome-
paTopJiapbl YIIMH TEHCI3MIKTEPIiH »KoHe Tepic emec Ti30eKTep KOHYCBHIHJAFbI TEHCI3MiKTepre 3K-
BUBAJIEHTTIJIINHE KATBHICTBI OPTYPJI TeopeMaJjap YCHIHBLIFAH. YCHIHBLIFAH JDJIE/Ieyep Y3IKCi3
JKarIaliJIaFblIap/IaH alTapJIbIKTall epeKiesiene . Y3/IKCi3 mapaMeTp/ie KOJJIaHbLIATHIH 9JIiCTeD
JUCKPETTI MapaMeTpie opKalllaH »KYMBIC icTeil 6bepmeiiai. p > 1 >KarmaifblHa yKcac HOTHYKEJIEPI
613 OYpBIH AJFaHOBI3.

Tyiiin ce3aep: peayKinsg TeopeMasapbl, JUCKPETTI XapaIn OmepaTopbl, MOHOTOHILI Ti30eKTep,
caJMaKTaJFaH TeHcizaikTep, Komcon omepaTopsr.

H. Bokaes', A. Torarumsmin?, H. Kysey6aepal*
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! Eppasuiickuit HanuoHaapHbI yHuBepcuter uM. JL.H. I'yymuésa, Acrana, Kazaxcran
2 NMucturyt MaTemaruxu Yemckoil akajemun Hayk, Ilpara, Yemckas Pecry6iika
*e-mail: nurgul.kuzeubaeva@mail.ru
PenykinmnoHnHbie TeopeMbl OJs AUCKPETHOTO omeparopa XapAu Ha KOHyCcax MOHOTOHHBIX
nocJsegoBaresibHOCcTElR (0 < p < 1)

B namHoit cTaThe MBI paccMaTpPUBAaEM JIMCKPETHBIE oepaTopbl Xapau u Korcona Ha KOHyce HEOT-
pHUIIATEILHBIX MOHOTOHHBIX IOCJIeI0BaTeIbHOCTe. [loKa3aHo, 9TO BecoBble HEPABEHCTBA BUJA
I, = lq nosa qucKpeTHBIX omepaTopos Xapau u Korcona Ha KOHyce MOHOTOHHBIX ITOCTIE0BATEIBHO-
creit B caryuae 0 < g < 00, 0 < p < 1 MOryT OBITH CBEJEHBI K COOTBETCTBYIOIIAM HEPABEHCTBAM HA
KOHYCe HEOTPUIATEIbLHBIX MOCaea0BaTe bHoCTel. [lociename obaamaoT 6oJtee MUPOKOH OCHOBOM
JUTsT JTOKA3aTeJIbCTBA, YTO CYIIEeCTBEHHO PACIIUPSIET BO3MOXKHOCTH UX aHAJM3a. BecoBble HepaBeH-
CTBa JIJIs MHTEIPAIBHOrO oriepaTopa Xap/u (B HEIPEPHIBHOM CJIydae) Ha KOHYCe HEOTPUIATEIbHBIX
HEBO3PACTAIMNX (DYHKIUI paHee MCCIeIO0BAJNCH MHOIMMHU aBTOPAMHU. XOPOIIIO M3BECTHBI TaK¥Ke
TEOpEeMbI CBEICHWS HEPABEHCTB JjIs WHTErPAJbHBIX OIEPATOPOB TUIA Xapau Ha KOHYCEe HEBO3-
pacraronux GYHKINI K HEPABEHCTBAM HA KOHyCe HEOTPHUIATEJbHBIX dyHKnnil. B pabore mpuso-
JISITCST PA3JIMIHBIE TEOPEMBI, KACAIONINECs SKBUBAJIEHTHOCTH HEPABEHCTB JIJIsI JINCKPETHBIX Olepa-
topoB Xapsu n Korcona Ha KOHyce HEOTPHIATEIHHBIX HEBO3PACTAIONINX II0CJIEI0BATETLHOCTEN
U HEpaBEHCTB Ha KOHyCe HeOTPUIATEIbHBIX IOCjesoBaTebHoCTell. [IpeacraBiieHHbIE TOKa3aTE /b
CTBa CyIIECTBEHHO OTJINYAIOTCS OT JIOKA3aTe/IbCTB B HEIIPEPHIBHOM cJrydae. MeTombl, IpuMeHnMbIe
B HEIPEPBIBHON MMOCTAHOBKE, HE BCerjia paboTaioT B JucKperHoii. s ciaydast p > 1 aHajgoruanbe
pe3yJIbTaThl OBLIN paHee MOy YeHbl HAMHU.

KiroueBbie cj10Ba: peLyKIMOHHBIE TEOPEMBI, JIMCKPETHBII orepaTop Xap/iu, MOHOTOHHBIE TTOCJIe-
JIOBATEJIbHOCTH, BECOBbIE HEPABEHCTBA, oneparop Korcona.

1 Introduction

In this paper, we study weighted Hardy and Copson inequalities, focusing on their behavior
on cones of nonnegative and monotone sequences. We establish conditions under which these
inequalities hold and explore their relation to corresponding results in the continuous setting.

S (Set)) atm)) <o (S wtmpbomy) ()

DD zk) ) alm)] <C D x(m)b(m) (2)

m=1 \k=m m=1

for non-negative, non-increasing sequences x = {z(m)}. Here {a(m)} and {b(m)} are given
non-negative weight sequences, p € (0,1) and g € (0,00) are fixed parameters and the
constant C' > 0 is independent of z. The case 1 < p < o0 and 0 < ¢ < oo was
considered in the recent paper [1], for discrete cases, Sawyer’s duality theorem was obtained
by R.Oinarov and S.Kh.Shalginbaeva |2|, and using an effective method based on Sawyer’s
duality principle, which reduces inequalities (1) for non-negative, non-increasing sequences to
modified inequalities for non-negative sequences, they give a characterization of the inequality
of (1), in the cases 1 < p, ¢ < 0o, Sawyer’s duality theorem cannot possible to use in the case
when ¢ € (0,1). The corresponding problem for unrestricted, non-negative sequences {x}
was solved by the authors in [3], [4] and ( [5], Theorem 9.2). In the continuous setting, this
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problem has been extensively studied over the last twenty years (see [6], |7], [8], [11], and the
references therein). Under the conditions 1 < ¢ < oo, and 0 < p < oo, an effective approach
is provided by Sawyer’s duality principle [12], which reduces inequalities (1) for nonnegative
non increasing sequences to modified inequalities for the same class of sequences.

Our main results are the discrete analogues of the theorems of A.Gogatishvili and
V.D.Stepanov [6].

The structure of the paper is as follows. In the next section, we formulate the main results
of the study. Section 3 is devoted to preliminary results, while the final section contains the
proofs of the principal statements concerning supremum operators with kernels. Throughout
the paper, we shall adhere to the following notation. The set of all natural numbers will
be denoted by N. We write A < B if there exists a positive constant C' such that A <
C'B. Furthermore, the notation A ~ B ill indicate that both A < B and B < A hold
simultaneously.

2 Main Results

We assume that {a(m)} and {b(m)} are sequences of non-negative terms throughout. Their
partial sums are denoted by

A(m) = a(k), B(m)=> bk), meN,
k=1 k=1
Theorem 1 Let 0 < ¢ < 00, 0 < p < 1. Suppose that {a(m)} and {b(m)} are given non-
negative weight sequences. Then, the following six conditions are equivalent.
(i) Inequality (1) holds for every non-negative, non-increasing sequence {x(m)}.
(ii) The inequality stated below holds true:

q

P

Z Z (Z y(k)) ” am)| <C (Z y(m)B(m)) (3)

m=1 =1 k=i

for every sequence {y(m)} consisting of non-negative terms,
(iii) The inequality stated below holds true:

g

> (Z 1 <Zy(k)>) : am)| <cC (Z y(m>B(m)> (4)

m=1 =1 m=1

for every sequence {y(m)} consisting of non-negative terms,
(iv) The inequality stated below holds true:

q

2 ( sup ¥ (ZM)) Cam) | <c (Zy<m>8<m>> (5)

1<i<m
m=1

=

for every sequence {y(m)} consisting of non-negative terms,
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(v) The inequality stated below holds true:

(Z (Z ( sup y(k:))p> a(m)) q <C (Z y(m)B(m)) p (6)

m=1 \i=1 \iSk<oo m=1

for every sequence {y(m)} consisting of non-negative terms,
(vi) The inequality stated below holds true:

(i <1§3<1f>m W (ijgooy(k))ya(m)); <C (g:l y(m)B(m)>; (7)

m=1

for every sequence {y(m)} consisting of non-negative terms.

Theorem 2 Let 0 < ¢ < 00,0 < p < 1. Suppose that {a(m)} and {b(m)} are given non-
negative weight sequences. Then the following sixz conditions are equivalent:

(i) Inequality (1) holds for every non-negative, non-increasing sequence {x(m)}

(ii) For any o > 0, the following inequality is satisfied:

q

3 =

o m

1 : a+1
2\ (ZB(k) W)) =

(i) sc<2y<m>3<m>)p ®)

for every sequence {y(m)} consisting of non-negative terms,
(iii) For any o > 0 the following inequality is valid:

(Z (Z L (sup B(k)a“y(k))p) a<m>)q <c (Zy<m>3<m>>p (9)

m=1 \im1 B(i) 7 \1<k<i m=1

for every sequence {y(m)} consisting of non-negative terms,
(iv) For any a > 0 the following inequality is valid:

Z (Z (Z ﬁ) B(i)aﬂy(i)) P a(m)] <C <Z y(m)B(m)) : (10)

for every sequence {y(m)} consisting of non-negative terms,
(v) For any a > 0 the following inequality is valid:

Z(SUP (Z%> ZB(k)”ly(/ﬂ)) a(m) | <C

o1 \I<ism \3Z B(k) »

VRS
NE

for every sequence {y(m)} consisting of non-negative terms,
(vi) For any a > 0 the following inequality is valid:

Z<sup (Z#) sup B(k)a“y(m)pa(m) sc(me)B(m))p’ (12)

1 \1<ism \'— B(k) » 1<k<i

for every sequence {y(m)} consisting of non-negative terms.
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Theorem 3 Let 0 < ¢ < 00,0 < p < 1. Suppose that {a(m)} and {b(m)} are prescribed
non-negative weight sequences. Then the siz conditions listed below are mutually equivalent:
(1) Inequality (2) is satisfied for every non-negative, non-increasing sequence{x(m)}.

(ii) The inequality stated below holds true:

q

am)| <C (Z y<m>B<m>>p (13)

m=1

55 (S)

m=1 k=m \i=k

for every sequence {y(m)} consisting of non-negative terms,
(iii) The inequality stated below holds true:

LSRN

om) | <c <2y<m>B<m>) p (1)

m=1

S (fj(z - m>py<z'>>

m=1 \i=m

for every sequence {y(m)} consisting of non-negative terms,
(iv) The following inequality is valid:

) ( sup (i — m>p2y<k>) “am)| <c (Zym)B(m))p (15)

m=1 m=i<00 m=1

for every sequence {y(m)} consisting of non-negative terms,
(v) The following inequality is valid:

(Z (Z sup y(i)i> a(m)) q <C (Z y<m)B(m)> ’ (16)

m=1 =m k<isoo m=1

for every sequence {y(m)} consisting of non-negative terms,
(vi) The following inequality is valid:

(Z( sup (i—m)P sup y<k>)pa<m>)q <c (Z y<m>B<m>)p (1)

m<i<o0o 1<k<oo _
m=1
for every sequence {y(m)} consisting of non-negative terms.

Theorem 4 Let 0 < ¢ < 00, 0 < p < 1. Suppose that {a(m)} and {b(m)} are given non-
negative weight sequences. Then the following six conditions are equivalent:

(i) Inequality (2) holds for every non-negative, non-increasing sequence{z(m)}.

(ii) For any a > 0, the inequality below is satisfied:

S

1

> BG)~ (Z B(/f)C“*ly(/f)) p a(m) | <C (Z y(m)B(m)> (18)

=1 = m=1

S =
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for every sequence {y(m)} consisting of non-negative terms,
(iii) For any o > 0 the following inequality is valid:

|

(? @ 505 (s B yn)

1<k<i

for every sequence {y(m)} consisting of non-negative terms,
(iv) For any a > 0 the following inequality is valid:

TR

o

> Z(ZB ) B(z’)“rfl;m)%(k)

m=1 i=m

for every sequence {y(m)} consisting of non-negative terms,
v) For any a > e following inequality is valid:
F 0 the following @ lity 1s valid

B =
Q=

Z sup B(i)™ 7 (ZB k)etly ) a(m)

m—1 m<i<oo

for every sequence {y(m)} consisting of non-negative terms,

(vi) For any a > 0 the following inequality is valid:

> ( sup (fj B(k)c‘f)p ( sup,B(foa“y(k:)))TZ

me—1 m<i<oo i 1<k<i

for every sequence {y(m)} consisting of non-negative terms.

3 Preliminaries

Lemma 1 (Fubini, see [])])

Z a(m) Z b(k) < oo if and only if Z b(m) Z a(k) < oo

m=1 k=1 m=1 k=m

D a(m) ) b(k) =Y b(m) > alk)

m=1 k=1 m=1 k=m

o) <

(24)
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Lemma 2 (Power Rule, see [15]) If 0 < p < oo, then

min(p, 1) 3 b(k) (me) s(ZW@) < max(p,1) Y b(k) (Zb@) - (25)

j=1

Lemma 3 (Power Rule for Tails, see [15]) If 0 < p < 0o, then

min(p, 1) 3 b(k) (Zb@) s(zba@) < max(p, 1) > b(k) (Zb@) . (26)

k=1 k=1 j=k

Lemma 4 (Generalized Partial Sums lemma, see [15]) Let N € N and 0 < p < 1.

(a) If .
k=1 k=1
then N ) N
p
Za(k):v(k) < sup (kal alk)) b(k =1,2,--,N)
1 1<m<N Dy b(K) —
and all non-negative non -ieasing sequences (x(1),x(2),--- ,x(N))
(b) If
N p N
(Z a<k>) S bk) (m=12-.N)
k=m k=m
then

v v N ak) &
(Za(k:)x(k:)) sup ( . > > b(k)a(k)?  (m=1,2,---,N)

k=1

4 Proofs of Main Results

Proof 1 Proof of Theorem 1. We have the following estimates

1 1
sup | su k < sup 1 < k
<1§i§pm (igkspooy( )>) 1<z<pm (Zy ) I (;M ))

< k(3) (Z (L))

The first two inequalities are trivial, and the last inequality follows from Lemma 4.

(27)
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We also need the following trivial inequalities,
sup ¥ su k < su k "< k . 28
(s o (sup vt > (s o) < > (Zm >> (28)
The equivalence

(i) < (i)

easily follows by taking x(k) = (> 5, y(z))% in (1) and use Fubini Lemma 1.
From the estimates (27) follow the following implications

(1ii) = (it) = (iv) = (vi),
and from the estimates (28)we have

(17) = (v) = (vi).
The tmplication

(vi) = (udi),

follows from [ [14], Theorem 2.8 and Theorem 2.4]. Therefore, we have all the implications.
Proof 2 Proof of Theorem 2.

In (1) consider decreasing sequence:

1 k atl_; . 00 ' %
x(k) = T B(z) » b(1
. <2£;1 D D) D y@))

. Using the following estimate,

w(k) > (Z’f b(i);(i)a;ll > (Z B(z’)af‘lb@)) y(j)) ~ ( 105;1 ZB(j)“ply(j))

j=1 \i=1

and (25) and (26) we obtain

-
10e
-
I
N
&
=
@‘i
T™-
oy
=
»:‘EE
Ny
=
N————
N——
/@\ S
32
N———
A
N
hE
N
NE
B
=
N———
/@\ S
2
N——
Q=

Q
PO
1Me
VR
N
slk‘
=

%u —
=
\;/‘Q
L
%
=
i
AN
=
NE
=
<o
~
=
2
N———
B =
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Hence (8) follows.

11 b ot N g
B(}f)apll‘(k) < (a+1)PB<k)ap+1 (;B(J) b(J)I(J)) :

Using this estimate, (8) for sequence y(j) = B(j)7*b(j), we get

() )

k=1

<(a+1)

NE
]

Q=

(ﬁ > B(j)%(j):c(j))

VAN
Q
Q
_|_
=
3=
R
gk
=
&)
8
S
s}
N~
|

B =

1<k<e

S 1 ! a+1
(22 (E5am) g oer)

N AT
§<Z (ZB<k>> oo y@) |

The first two inequalities are trivial, and the last inequality follows from Lemma 4(b).
We also have the following trivial estimates:

(29)
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From the estimates (29) follows following implications
() = (i1) = (v) = (vi).
From the estimates (30) we have
(11) = (idi) = (vi),
The tmplication

(vi) = ().

Follows from [ [14)], Theorem 3.2 and Theorem 2.4]. Therefore, we have all the implications.

Proof 3 Proof of Theorem 3. We have the following estimates:

(- (s 00))' = (o 6 (S0) )

(31)
The first two inequalities are trivial, and the third inequality follows from Lemma 4(a), and
the last equivalent follows by using (24).

We also need the following trivial inequalities,

(mi?foo <i<szilfooy(k>>> = im ( j;lfooy(/f)>; < i (i y(k))é . (32)

The equivalence

(i) < (i)

D=

easily follows by taking x(k) = (32, y(z))% in (2).
From the estimates (31) follows the implications

(13i) = (i) = (iv) = (vi).
From the estimates (32) follows the implications
(17) = (v) = (vi).
The tmplication
(vi) = (i),

follows from [ [14], Theorem 3.2 and Theorem 2.4]. Therefore, we have all the implications.
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Proof 4 Proof of Theorem 4. The equivalence (i) < (ii) follows same way as in the proof
of Theorem[3. As in the proof of the Theorem[3, we have

1
oS p P
1
su —— | sup B(k)*y(k
(mqgm(E B(k)af) Sup B(R)™y( ))

k=i

< ( sup (Z %) ZB(k)aHy(/f)>p

msisoo \ 4= B(k) 7

[\
[~
VR
3
[S—
Q
~
kS
N
@
< —
Q
A
=
=
Q
£
=
=
S m

which gives the implications
() = (it) = (v) = (vi).

Using the trivial estimates

p

SIS

00 1 oo 1 %
sup ZE sup BeTy | < Z oI (sup B,‘jﬂyk)
msisoo \ 1 B, 7 1<k<i Topor \1<k<i
o 1 i %
1
<>t (Sarn)
i=m Bi P k=1

We are obtaining the implications:
(17) = (i1i) = (vi).

The implication
(vi) = (),

follows from [14, Theorem 2.3 and Theorem 2.4].

5 Conclusion

In this paper, we establish that weighted inequalities of the type I, — [, for discrete Hardy
and Copson operators on the cone of non-negative monotone sequences can, in the case
0 <q<o0,0 < p <1, bereduced to the corresponding inequalities on the cone of non-
negative sequences. This approach makes it possible to employ a broader range of proof
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techniques and significantly simplifies the analysis of the inequalities under consideration.
The equivalence theorems relating inequalities for discrete Hardy and Copson operators on
the cone of non-increasing sequences to those on the cone of non-negative sequences emphasize
the intrinsic differences between the discrete and continuous cases. It is shown that methods
successfully applied in the continuous case do not always prove effective in the discrete one.
The results obtained complement previously known statements for the case p > 1 and broaden
the theoretical framework for studying discrete Hardy and Copson operators in weighted
spaces.

6 Declaration

The authors have no competing interests to declare. Relevant to the content of this article

7 Acknowledgements

The research was supported by the grant Ministry of Education and Science of the Republic of
Kazakhstan (project no.AP26196065). The research of A.Gogatishvili was partially supported
by the grant project 23-04720S of the Czech Science Foundation (GACR), The Institute of
Mathematics, CAS is supported by RVO:67985840, by Shota Rustaveli National Science
Foundation (SRNSF), grant no: FR22-17770.

References

[1] N. Bokayev, A. Gogatishvili, G. Karshygina, N. Kuzeubayeva and T. Unver, Reduction theorems for the discrete Hardy
operator on the cones of monotone sequences. Journal of Mathematical Sciences, 2025 291(2), 217-223.

[2] R. Oinarov and S. Kh. Shalginbaeva, Weighted Hardy inequalities on the cone of monotone sequences. Izv. Minister.
Nauki Akad. Nauk Resp Kaz. Ser. Fiz. -Mat., 1998, 1, 33-42.

[3] G. Bennett, Some elementary inequalities. Quart. J. Math. Ozford Ser. 1987 38(2),401-425.
[4] G. Bennett, Some elementary inequalities. III. Quart. J. Math. Ozford Ser. 1991,42(2), 149-174.

[6] K. -G. Grosse-Erdmann, The blocking technique, weighted mean operators and Hardy’s inequality. Lecture Notes in
Mathematics. Springer-Verlag, Berlin 1998, 1679.

[6] A. Gogatishvili and V. D. Stepanov, Reduction theorems for operators on the cones of monotone functions. J. Math.
Anal. Appl. 2013, 405(1), 156-172.

[7] A. Gogatishvili and V. D. Stepanov, Reduction theorems for weighted integral inequalities on the cone of monotone
functions. Uspekhi Mat. Nauk. 2013 68, 3-68. Russian Math. Surveys. 2013 68(4), 597-664.

[8] G. Sinnamon, Hardy’s inequality and monotonicity, Function Spaces and Nonlinear Analysis. Mathematical Institute of
the Academy of Sciences of the Czech Republic, Prague, 2005, 292—310.

[9] M. L. Goldman, Order-sharp estimates for Hardy-type operators on cones of quasimonotone functions. Eurasian Math.
J., 2011, 2(3), 143-146.

[10] M. Johansson, V. D. Stepanov, E. P. Ushakova, Hardy inequality with three measures on monotone functions. Math.
Inequal. Appl. 2008,11(3), 393—-413.

[11] H. P. Heinig, V. D. Stepanov, Weighted Hardy inequalities for increasing functions. Canad. J. Math. 1993, 45(1),
104-116.

[12] E. Sawyer, Boundedness of classical operators on classical Lorentz spaces. Studia Math. 1990,96(2),145-158.



24 Reduction theorems for discrete Hardy operator ...

[13] A. Gogatishvili, M. Krepela, R. Ol’hava, and L.Pick, Weighted inequalities for discrete iterated Hardy operators. Mediterr.
J. Math. 2020, 17(4, 132.

[14] A. Gogatishvili, L. Pick, and T. Unver, Weighted inequalities for discrete iterated kernel operators. Math. Nachr. 2022,
295(11), 2171-2196.

[15] G. Bennett and K. -G. Grosse-Erdmann, On series of positive terms. Houston J. Math. 2005,31(2),541-586.

Asmopaap mypasve mMaaiMmem:

Boxaes Hypowcan JL.H. Tymunes amviidaev, Eypasusa yammuok ynusepcumems, Ip-

eeni mamemamura kapedpacvinvir, npogeccopv. (Acmana, Kaszaxeman, ssexmpondur nowma:
bokayev2011@yandez.ru);
Amupar Toeamuweunu — PhD, Yexus eviavim axademuacvinoy, Mamemamuka urncmumymoiioa
bac evinvimu Komemrepi, (Ilpaza, Yexusn, snexmpondor nowma: gogatish@math.cas.cz);
Kyseybaesa Hypeysv (xoppecnondenm aemop) — JLH. Dymunses amwvndaev. Eypasus
yammok  yrusepcumemi  PhD  doxmopanmu  (Acmana, Kasaxeman, anexmpondors nowma:
nurgul.kuzeubaeva@mail.Tu,).

Cesedernusn 06 asmopax:

Boxaes Hypotwcan — npogeccop xagedpv. Oyndamenmanvhot mamemamuru Eepasuiickozo Ha-
yuonasvnozo ynusepcumema umenu JI.H. lymuaesa (Acmana, Kasaxcman, ssexmponnas nowma:
bokayev2011Q@yandez.ru);

Amupan Toeamuweusu — PhD, eaasnviti nayurutl compydnukx Unemumyma mamemamuru dew-
ckotli Axademuu nayx, (Ilpaea, Yewckasn Pecnybauka, anexmponnas nowma: gogatish@math.cas.cz);

Kyseybaesa Hypeyav Kacvmzanosna (koppecnondenm asmop) — PhD doxkmopanm Eepasutickozo
HAUUOHAAHO20 Yyrusepcumema umeny JI. H.lymunesa (Acmana, Kazaxeman, saexkmponnas nowma:
nurgul. kuzeubaeva@mail.Tu,).

Information about authors:

Bokayev Nurzhan — Professor of the Department of Fundamental Mathematics at L.N. Gumilyov
Eurasian National University (Astana, Kazakhstan, email: bokayev2011@yandex.ru);

Gogatishvili Amiran — PhD, Chief Researcher at the Institute of Mathematics of the Czech
Academy of Sciences (Praha, Czech Republic, email: gogatish@math.cas.cz);

Kuzeubayeva Nurgul (corresponding author) — PhD student of Gumilyov Eurasian National
University, (Astana, Kazakhstan, email: nurgul.kuzeubaeva@mail.ru).

Received: August 12, 2025
Accepted: December 9, 2025



ISSN 1563-0277, eISSN 2617-4871 JMMCS. Ned(128). 2025 https://bm.kaznu kz

IRSTI 27.31.21 DOI: https://doi.org/10.26577/IMMCS202512843

S.A. Aldashev!" ' | S.I. Kabanikhin?> ' | M.A. Bektemessov?>
nstitute of Mathematics and Mathematical Modeling, Almaty, Kazakhstan
2Sobolev Institute of Mathematics SB RAS, Novosibirsk, Russia
3*Institute of Information and Computing Technologies, Almaty, Kazakhstan
e-mail: maktagaliQmail.ru

ILL-POSEDNESS OF A MIXED PROBLEM IN A CYLINDRICAL DOMAIN
FOR THE MULTIDIMENSIONAL LAVRENTIEV-BITSADZE EQUATION

Studies of well-posed and ill-posed problems in mathematical physics, including inverse problems
and their practical applications, are of considerable interest, where the key issue is the correct
formulation of the direct problem. Hyperbolic and elliptic equations are widely used in biomedical
modeling, including to describe tumor growth and deformations of biological tissues. Analogies
between membrane oscillations and tissue dynamics are widely used in biomechanics and
mathematical medicine. For example, the spatial oscillations of elastic membranes are described
by partial differential equations. When the membrane deflection is specified by a function u(z,t),
x € R™, m > 2, application of Hamilton’s principle leads to a multidimensional wave equation,
and in the case of equilibrium, to the Laplace equation. Consequently, the dynamics of elastic
membranes can be described by the multidimensional Lavrentiev-Bitsadze equation. The problems
considered in the article are ill-posed problems. The proof of non-unique solvability and the
construction of an explicit solution is in fact a regularization of an ill-posed problem through
the spectral method and integral representations, etc. In this article, the ambiguity of the solution
is proven and an explicit form of the classical solution of a mixed problem for the multidimensional
Lavrentiev-Bitsadze equation, is presented.

Key words: Ill-posedness, mixed problem, cylindrical domain, Bessel function, boundary
conditions.
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HekoppeKTHOCTh CMeNIaHHoOM 3aJa4u B MUJINHAPUYECKOl obJjacTu
IJisi MHOTOMEPHOro ypaBuenus JlaBpenrbeBa-Bunanse

UccnemoBanns KOPPEKTHBIX U HEKOPPEKTHBIX 3a/a9 MATEMATHICCKON (DU3UKM, BKJIIOYas 00paT-
HBlE 33JIa9l U UX [IPAKTUIECKUe IIPUMEHEHUs], [IPEJICTAB/IAI0T 3HAYNTE/IbHBII UHTEpEeC, Iie KJIIo-
9eBbIM MOMEHTOM BBICTYIIAeT KOPPEKTHasl MOCTAHOBKA HPAMOi 3ajadu. ['umepbomyeckue u 3J-
JINTITUYECKHE yPABHEHUS IITTPOKO UCIOJIB3YIOTCS B OMOMEIUITNHCKOM MO/IEJIMPOBAHNAN, B TOM IUCJIE
JIJTsT OTTUCAHUST POCTa OMYXOJIEBBIX 00pa30Banuii u jgedopMalinii GHoJIOrnIecKux TKaHe. AHasornn
MeXKTy KOoJIebaHusIMI MeMOpaH 1 JJUHAMUKOI [TOBEIeHUST TKaHeH MTIPOKO MPUMEHSTIOTCS B OroMexa-
HUKe U MaTeMaTHJIecKoil MeauimHe. Tak KojiebaHust yIpyrux MeMOpaH B IIPOCTPAHCTBE OIUCHIBA-
IOTCsl yPABHEHUSIMU B YACTHBIX ITPOU3BOAHLIX. [Tpu 3amanun nporuba memOpans! dbyuximeii u(x,t),
r € R™, m > 2, upuMeHeHre NpuHNUIA [aMUITOHA TPUBOIUT K MHOIOMEDHOMY BOJIHOBOMY
YPaBHEHUIO, & B CJIy9ae PABHOBECHOTO COCTOAHUS - K ypaBHenuto Jlammaca. CireroBaresibHo, nuHa-
MUKa YIPYTUX MeMOpaH MOXKeT ObITh OlrcaHa MHOTOMEPHBIM ypasHenuneM JlaBpenTbesa-Bumaze.
PaccmarpuBaemble B cTaThbe 3a/[a9u sIBJISIIOTCS HEKOPPEKTHBIMU. JI0Ka3aTeIbCTBO HEOIHOZHATHO-
CTU PeIlleHUs] U TOCTPOEHNE SIBHOT'O PEIeHUs] (DAKTUYECKH IPEICTABJISIET CODON pery/isipu3aliuio
HEKOPPEKTHOH 3a/[a9H C IIOMOIIBIO CIIEKTPAJIBLHOIO METO/1a, MHTEIPAJIbHBIX IIPe/ICTaB/eHuit u T.11. B
CTaThe JI0KA3aHa HEOJHO3HAYHOCTH PEIIEeHUs W IIPEICTABJICH SBHBIN BUJ KJIACCHIECKOTO DPEIICHUS
CMEIIAHHOM 33/1a91 [[JIsi MHOTOMEPHOro ypaBHenusi JlaBpenrnesa-bBuraze.

KuroueBbie cjioBa: KOPPEKTHOCTD, CMEITIAHHAS 381898, IMIHHApUIecKas 00/1acTh, pyukmus Bec-
ceJisl, [PAHUYHbBIE YCJIOBUSI.

1 Introduction

The team of authors has maintained scientific cooperation for many years, based on the
results of research the field of well-posedness and ill-posed of problems in mathematical
physics and related inverse problems, as well as their applications. When studying inverse and
ill-posed problems, the formulation of the direct problem and its well-posedness conditions
are of great importance, such a connection is presented [1H3|. As is known, hyperbolic and
elliptic equations are used in biomedical models, including tumor growth and deformation
of biological tissues. In [4], a linear stability analysis of growing tissues is discussed. The
equations for small perturbations are reduced to mixed-type systems. In particular, wave-like
and diffusion-like regimes (hyperbolic and elliptic, respectively) are described, which may
coexist due to heterogeneous growth. Indeed, analogies between membrane vibrations and
tissue dynamics are actively used in biomechanics and mathematical medicine. For example,
this includes predicting brain tumor growth, where mechanical pressure on the surrounding
tissues is taken into account, as well as analyzing tissue deformation during tumor invasion
(such as glioblastoma), where the deformation follows wave-type equations with viscoelastic
terms. The above problems have been studied in detail in [5-8], but for multidimensional
hyperbolic-elliptic equations these problems have not yet been studied.
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2 Problem statement and result

Let Q45 be a finite domain of the Euclidean space E,,.; of points (z1,...,Zy,t), bounded
at t > 0 by the cylinder I's = {(z,t) : |z| = 1} and the plane ¢ = § > 0, and for t < 0
the cylinder I'y, = {(z,t) : |x| = 1} and the plane t = o < 0, where |z| is the length of the
vector 2 = (21,...,&m), m > 2. Denote by Qj and Q parts of the domain Q,g, lying in the
half-spaces ¢ > 0 and ¢t < 0; 03 — the upper base of the domain Qg,a 0. — the lower base of
the domain Q.

Let S be the common part of the boundaries of the domains Q;g and €2, representing the
set of {t =0,0 < |z| < 1} points from E,, |9].

In the domain of (2,3 we consider

(sgnt)Ayu — uy =0, (1)
where A, is the Laplace operator for variables z1, ..., x,, [9].
Next, it is convenient [9] for us to move from Cartesian coordinates x1,...,Z,,t to

spherical r,01,...,0,,_ 1,6, 7>0,0<60; <21, 0< 6, <m,i=2,m—1.
As a multidimensional mixed problem, consider the following problem

Problem 1 Find the solution of the equation in the domain Q.5 fort # 0 from the class
C(Qap) N CH(Qap) N C*(QF UQ) satisfying the boundary conditions

= ?/11(?5, 9)7 (2)

@

u

=o(t,0), ul = o(r0), (3)

« Oa

at the same time, 11(0,0) = 12(0,0), ¥a(c,0) = p(r,0).

u

Let {Y .(6)} be a system of linearly independent spherical functions of the order n,
1<k <k, (m—2)nlk, = (n+m—3)!(2n+m —2) and WL(S), I = 0,1,... are Sobolev
spaces [9].

It takes place ( |10], p. 142-144)

Lemma 1 Let f(r,0) € Wi(S). If | > m — 1, then the series

k

f(T’, 0) = Z f:(T)YTﬁm(H), (4)

n=0 k=1

3

and also the series obtained from it by differentiation of order p < l—m+1 converge absolutely
and uniformly [9,(10].

Lemma 2 In order for f(r,0) € Wi(S) it is necessary and sufficient that the coefficients of
the series ([]) satisfy the inequalities [9,10]

0o kn

|fo(M)] < a, ZZan]ff(r)F < ¢y, ¢1,c = const.

n=1 k=1
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By ¢%,(t), @E(r), we denote the expansion coefficients of the series ([]), respectively, of
the functions ¥»(t,0), ¢(r,0) |9].
Then the following is true

Theorem 1 If v(t,0) € WATs), ws(t,6) € WHT), ¢(r6) € Whlow), 1 > o', then
Problem 1 s solvable and not unique.

Proof. In spherical coordinates the equation (1)) in the domain €, has the form [10,/11]

m—1
ur‘r—l'

1
.= —0 =0, 5
. U 2 U+ Uy ()

where is

m—1
I 1 a . m—71—1 a . . 2 .
0= — E ma—% (sm J eja_ej) , g1 — 1, g; = (sm91 .. .51n9j_1) , ] > 1.

Jj=1

It is known ( 9], [10], p. 239) that the spectrum of the operator § consists of eigenvalues
A =n(n+m—2),n=0,1,..., each of which corresponds to k,orthonormal functions
Y (0).

Since the desired solution to Problem 1 in the domain €, belongs to the class C'(€,) N
C?(9), it can be sought in the form as

0o kn

u(r,0,t) =Y > wk(r )Y;r,(0), (6)

n=0 k=1

where @" (r,t) are the functions to be defined.
Substituting (@ into , using the orthogonality of spherical functions [9,10], we arrive

at the equation
Mg

—1
at 4+ Uy, + Uy — Tk =0, k=1k, n=0,1,.., (7)
r r

Moreover, from the boundary condition , taking into account Lemma 1, we have

ﬂﬁ(la t) = ¢§n(t), Eﬁ(ra a) = Eﬁ(T% k=1ky,, n=0,1,.... (8)

In (@), (§), replacing vk (r, t) = uk(r,t) — ¥k (t), we get

m—1_ A1 —k
U]:LT - T_QU'}:L + vatt - fn(ru t) (9)

—k
Unrr +

E(Lt) =0, Di(r,a)=¢k(r), k=1

x5
3
N

|
=
-

. \ (10)
Falr,t) = 05, (1) = Vo, 90(r) = Bn(r) — vii(a).

r2
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By replacing o* (r,t) = r3="™)/2p%(r 1), the problem @D, is reduced to the following
problem

A ~
Lvf =oF  + r_QUZ + v,";tt = fk(r, t), (11)

n nrr n

vP(1,t) =0, v¥(r,a)=3"r), k=1,k,, n=0,1,...,

(12)
y, = D) =B iy o ), () = D2 ),

We seek the solution to problem (11)), in the form v*(r,t) = v} (r,t) + o5, (1), where
vf (r,t) — is the solution to the problem

Lvlfn = ﬁ(r’ t), Ufn(Lt) =0, vlfn(r’ a) =0, (13)
and v (r,t) — solving the problem
Lvy, =0, vy, (1,1) =0, vy, (r,a) = F,(r). (14)

We will consider the solution of the problems in the form

vi(rt) = Ry(r)Tu(t). (15)

s=1
At the same time, let

filrt) = al (R,(r), 5,(r) = bk, Ry(r). (16)

s=1 s=1
Substituting into , taking into account , we get
An

Ry + (ﬁ +u> Rys=0, 0<r<1, Rs1)=0, |Rs(0)] < 0, (17)

Tow — pT(t) = al,(t), a<t<0, (18)

Ts(a) = 0. (19)

A limited solution to the problem is [12]

RS(T) = \/;JI/(ILLS,TLT)7 n= Mg,n' (20)

v=mn+ (m—2)/2,u,, — zeros of Bessel functions of the first kind J,(2),u = p3 ..
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The general solution of the equation is represented as [12]

0

/ a¥ (€ sinh i, nEdE+

t

cosh fig 1

Tsn(t) = c15 cosh pig nt + cos sinh pg ,t —
Hsn

0
h s,n
LT / at ,(€) cosh py EdE,
t

15, Cos — arbitrary constants, satisfying the condition ((19)), we will have

tsnTsn(t) = crspisn|cosh pis nt — (coth ps ) sinh pg ]+
0
+ | (coth prona / ¢ (€)(sinh i, )€ — / ok (©)(cosh o) [ sinh it = o1

0

— (cosh fiot) / b (€)sinh i, €€ + (sinh 1, 1) / ¢ (€) cosh i nEd€.

t

Substituting into , we get
%:Tt :Zafn o (Hsnr), Zb W(psnr), 0<r <1 (22)
s=1

Series — expansions into Fourier-Bessel series [12], if

ok (0) = 2 pen)) ? [ VEREO T en ), 23

B = 2 (1) / VEB (), (1amE)de, (24)

where fi5,,, s = 1,2, ... are the positive zeros of the Bessel functions J,(z), arranged in order
of increasing magnitude.

From , we obtain the solution to the problem ({13)) in the form
vf (1) Z V1T ()T (s nr), (25)

where T} ,(t) — are determined from (21, and af () — from (23).
Next, substituting into , taking into account we will have

Ve — 12,Vs =0, a<t<0, (26)
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Vi(a) =1L,..
The general solution of the equation has the form
Vin(t) = ¢ cosh pug nt + ¢ sinh g t,

where ¢}, ¢, — arbitrary constants, satisfying which condition (27) we get

S

Vin(t) = ¢, [cosh fignt — (coth iy na) sinh t]+b§’"8mh“s’”t
sn(t) = ¢ [cosh i p, coth fus o) sinh g, Snb o

From m @ we get the solution to the problem by the formula
U2n T, t Z \/_‘/s n (,U/s n'r)

where V;,(t) are from (28), and b7, — are from ([24).
Thus, the boundary value problem for the equation with data

= 102(7579)714 = 902(T’ 0)

in the domain of {2, has countless solutions of the type

u

Lo

oo kn
u(r,0,8) = > {dh(t) + R (1) + o, (D]} (6),
n=1 k=1
where v}, (r,t), v§ (r,t) are defined from (25]), (29).

Using the formula |13| 2J!(2) = J,— 1(2) — Jy11(2), estimates |10}/13|

1 2\
< - (= < m—2
RAQIS T(1+v) <2> Nkl < ™,

['(z) — gamma function, as well as lemmas, constraints on given functions (¢, 0),

c1,cg=const, 7=1,m—1, ¢q=0,1,...

(27)

(28)

(29)

(30)

@(r,0), as

in |14, |[15] it can be shown that the resulting solution belongs to the class C(Q, )NC(y).

Next, from at t — —0 it will have

kn
u(r,0,0) = 7(r,0)

Mg

n=1 k=1 s=1

kn

oo (o] _m)
u(r,0,0) = v(r,0) = Z Z Z{%nt z [—(015 + ¢ o) fhs.n cOth g ot

n=1 k=1 s=1
0

0
+coth ipa) [ ok, ()(sinh a6 — / ¥ (€) (cosh o)+

(67

:U’S,nblgn
+—7} } Jyﬁw (:U/s,nr)yrﬁm<0)

cosh pi; nav

0o m)
Z{¢2n 2 (c1s + Clls)}Jn_F@ (Ms,nT)Yf,m(@),
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with 7(r, 6),v(r,0) € Wi(S), | > 32
Now we will study Problem 1 in the domain of QE, which, by virtue of and is
reduced to a mixed problem for the multidimensional wave equation |9

-1 1
Uy + Mur — —25u —uy =0 (32)
r r

with conditions

= ¢1 <t7 9) (33>

u| =7(r,0), wu

= 0
. ),

Ig

The following is shown in [7]

Theorem 2 The problem (32), is uniquely solvable in the class C(ﬁ;) NC?*(Qy).

From representation , and also from Theorem 2 it follows that Problem 1 has countless
classical solutions.

Theorem 1 has been proven.

Since in [7,9] an explicit form of solutions to problem , was obtained, then it is
possible to write an explicit representation of the solution for Problem 1.

3 Conclusion and discussion

It has been established that the mixed problem for the multidimensional Lavrentiev-Bitsadze
equation admits an ambiguous solution, and its explicit classical form has been obtained. This
ill-posedness, manifested in the solution’s high sensitivity to small data changes, is directly
related to the problems of tumor modeling, where parameter instability leads to significant
variability in growth predictions and treatment response.lt has been established that the
mixed problem for the multidimensional Lavrentiev-Bitsadze equation admits an ambiguous
solution, and its explicit classical form has been obtained. This ill-posedness, manifested in the
solution’s high sensitivity to small data changes, is directly related to the problems of tumor
modeling, where parameter instability leads to significant variability in growth predictions
and treatment response.
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This paper studies a differential equation representing the differences of two operators. One of the
operators is generated by linear differential expressions that depend on time. The second operator
is the Ionkin operator with respect to the spatial variable. In this paper, the differential operator
with respect to time is generated by two-point Birkhoff regular boundary conditions. At the
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Agmon conditions. Moreover, the operator with respect to the spatial variable is not self-adjoint.
In the beginning, the solvability of the problem is proved. In the final part, the uniqueness of the
solution is proved. Direct application of the methods of the authors’ previous works to prove the
uniqueness of the solution to the problem is quite problematic. However, the authors managed to
modify the reasoning of previous works to prove the uniqueness of the solution to the problem.
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Kenicrik atinbiMasibliibl IOHKHH onepaTOpblH KAMTUTHIH yaKbIT OOWBIHIIIA
JKeprimikTi emec ecenTepiH Oipereii 1mentimMi TypaJibl

Bya xxymbIcTa €Ki onepaTopbiH aifbIpMachl OOJIBIT TaOBLTATHIH I dEePEHITHAIILIK, TEHIEY 3epT-
tesiesi. Oneparopsapabie OipiHImici yakbITKa TOYes i ChI3BIKTHIK, auddOepeHITnaIbIK 6PHEKTED
apKbLIbl TYbIHAA B, Omeparop/iap/iblH eKIiHIIICI KeHICTIK aitHbIMaJibira Toye i VIoHKuH omepa-
TOPBIH CUIIATTANAbI. By )KyMbIicTa yaKbITKA KATHICTHI Aud HepeHnnaabK, OIepaTop eKi HYKTe K
peryasapasl Bupkrod mekapasblk MmapTTapbl apKbLIbl KYPBLIFaH. Byl Karbinaiira KeHiCTIK aifHbI-
MaJiblFa ToyeJiai oneparop AIMOH mIapTTapblH KaHaraTTaHabpMaiiabl. COHbIMEH KaTap, KeHICTIK
affHBIMAJIBLIBL ortepaTop Tyhinmec Gonmaiiabl. 2KyMBICTBIH, Kipicriecisie ecemTiH, IerrieTinmiri
Jonenaeneai. KOpbITbIHABI O6JIiMIAe MENMIHIH >KAJFbI3ALIFLL JaJesaeneai. EcenTin menmiMinin
2KAJTFBI3JIBIFBIH JIDJIEJJIEY YIIIH aBTOPJIAPIbIH OYPBIHFBI €HOEKTEPIHIEr! 9JIicTep Il TiKeei KO IaHy
bIHFAliChI3. JlereHmMen, ecenTiy, menmiMiHiH KaJFbI3IBITBIH T9JIe//Iey YIIiH OYPBIHFBI €HOeKTepiHIeri
ITaibIM/IAYJIap/Ibl KOJIJIAHA AJIJIbI.

TyitiH ce3/ep: IIMNTUKAJIBIK OlepaTropJap, JuddepeHnaIIbiK-0IepaToOPIbIK, TEeHIeYIep,
06acTanKbI-IIEKTIK €Cell, eCENTiH IIelriMi, menriMinis, 60Iybl, MeniMiHIH KaJIFbI3IbIFbI, OIEPATOP-
JIBIH MEHTIIIKTI MOH/IEP], TOJIBIK, OPTOHOPMAJIAHFaH KYHesep.
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B nmamnoit pabore wnccienyercs nuddepeHInaIbHoe ypaBHEHNE, IPEJICTABIAIONEEe PA3HO- CTH
aByx omeparopoB. OJUH W3 0OIEpaTOPOB, MOPOXKIAETCS JIMHEHHBbIME U (OEPEHITHATb- HBIMI
BBIPAYKEHUSIMU, 3aBUCSIIIIMI OT BpeMeHu. BTopoit u3 omepaTropos mpejicTaiiser ore- parop VoH-
KWHA 10 IPOCTPAHCTBEHHOM nepemennoil. B nacrosimeit padore auddepeHmaibHblil OepaTop mo
BPEMEHU ITOPOXKJIAETCS JIBYXTOYEIHBIMY PEryJISPHBIMEU 110 BUPKTrody rpaHUIHBIME YCJIOBUSIMH.
B T0 ke BpeMsi /ITHITHIECKUIT OIepaTop M0 MPOCTPAHCTBEHHON IepeMEHHOI He yIOBJIETBOPSIET
TaK Ha3bIBaeMbIM ycjioBusM Armona. Bojree TOro omneparop 1o mpocTpaHCTBEHHON IepeMEHHOM He
SIBJISIETCsI CAMOCOIIPsI?)KEHHBIM. B HadaJie MOKa3bIBAETCsI PAa3PENInMOCTh IIOCTABJIEHHON 3a1aun. B
3aK/IIOYUTEIbHON JaCTU JTOKA3BIBAETCS €IMHCTBEHHOCTH pelnenus. HemocpeacTBeHHoe mpUMeHe-
HUE METOJIOB IPEIBIIYIIX paboT aBTOPOB JJIsl TIOKA3ATEbCTBA €IUNHCTBEHHOCTH PEIeHIsT 33/1a91
joctaTodno mpobsemuo. OTHAKO aBTOpaM ISl JJOKA3ATEIbCTBA €MHCTBEHHOCTH PEIeHNsT 3a/1a91
y/1aJ10Ch MOJIMDUIUPOBATE PACCY2KJIEHUS ITPEIbLIYIUX paboT.

KittoueBbie cJji0Ba: 3JUIUITAYECKUE OMEPATOPHI, M QEpPEHITNAIBHO-0IEPATOPHBIE YDABHEHUS,
HavaJIbHO-KpaeBasd 3a/ia4da, pa3pelnMOoCThb 33/1a41, CyIIECTBOBAHNE PEIeHNs, € JMHCTBEHHOCTD Pe-
meHusi, COOCTBEHHbIE 3HAYEHUS OIIEPATOPA, IIOJHBIE OPTOHOPMUPOBAHHBIE CHCTEMBI

1 Introduction

Let 0 < T < oco. We introduce the differential expression

where p(t) € C*[0,T], k =0,1,...,2p — 2.
Let us consider in the domain Q7 = (0,1) x (0,7) the differential equation

I(t, %)u(x,t) —u(z,t)+ % = f(z,t), (z,t) € Qr, (1)

with boundary conditions on z for fixed t € (0,7)

8u(0 t)  Ou(l,t)
or  ox

u(0,1) =

with conditions on ¢ for fixed z € Q2

deu(z, 1) = “u(z, 1) o*u(z, t)
User(ulwr, ) = =5 57| _ +Z<a2§13 e R

i Je] s
Usze(u(z, -)) mu—(ac,t) o + Z (0425,5M‘ 525, (x ) t:T> =0,¢=1,...m,

ote =T = ots
0z, t) 0z, t)
Uomre(u(z,-)) = a2m+§,V5W —0 + 62m+§,V£W —
115—1
Fu(z,t) Fu(z,t) B B
Z <a2m+f,sT o + Bome, o t:T> =0, &=1,...r (3)
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Here 2m + r = 2p, and also in the next line (0 < j; < ... < j, <2p—1,0<1 < ... <1, <
2p — 1) there are no identical natural numbers. For the coefficients of the condition on ¢ the
inequalities are satisfied

’O‘2m+q,uq‘ + ‘ﬂ?m+q,uq‘ #0, q=1,...,r

The right-hand side f(x,t) is a given function. Note that conditions (3| are non-decomposable
boundary conditions for j =1, ..., 2p, i.e. they have the form

Uj(u(‘ra )) = Ujo(u(l‘, )) + UjT<u(x’ ))7 (4)

where for a = 0,7 the linear form Uj,(u(z,-)) represents a differential expression depending

on
ou(z,a) 0% lu(z,a)

ot 77 ot

According to the monograph by M.A. Naimark |1], boundary conditions of the form
are regular boundary conditions. In the work by G.M. Kesel’'man [2] it is shown that regular
in the sense of Birkhoff boundary conditions of the form can be normalized and reduced
to the form .

Boundary conditions with respect to the variable x were first introduced and studied
in the work of N.I. Ionkin [3]. An important distinctive feature of Ionkin’s conditions is that
the corresponding eigenvalue problem

u(zx,a),

—"(z) =Mv(z), 0<z<1

with boundary conditions has infinitely many associated functions. The latter fact
significantly influences the spectral expansions with respect to the system of eigen and
associated functions of the Ionkin problem.

The purpose of this work is to find out what requirements the right-hand side of f(z,1)
must satisfy so that problem f* is uniquely solvable?

We define the functional space of solutions V5"*(Qr) of problem (I)—(2)—(3) as the linear
space of functions u(x,t) belonging to the space Lyo(Q7) and having a generalized derivative
with respect to the spatial variable x and with respect to the variable ¢ up to the order 2p
inclusive, belonging to the same space, with a finite norm

r ou(-,t) 0
2 1 op gy = ol —3 1(t, = )u(-t),u(-,1))|| dt
Il gy = [ o)+ 175 oy + (e Gt )]

where

0 ! 0
(l(t,a—)u(-,t),u(-,t)) :/0 l(t,a)u(x,t)u(x,t)dx.

It is obvious that the space V,"*”(Qr) is a Banach space.
In the work of N.I. Tonkin [3]| the eigenvalue problem was considered:

V'(z)+ Av(z) =0, 0<z<l1 (5)
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v'(0) = '(1) (7)

which is not self-adjoint. The adjoint to problem f@ has the form

v (x) + Av*(z) =0, 0<uz<l, (8)
v(1) =0, (9)
v*(0) = v*(1). (10)

It is known [3] that problem (4)—(6) has eigenvalues
Me = (27k)?, k=0,1,.. (11)

The system of eigenfunctions of problem f@) is calculated in the work [3] and it has the
form:

vo(z) = x, vog_1(x) = x cos(2mk x), vor(z) = sin(2rkz), k= 1,2, .... (12)

Note that each eigenvalue A, for k& > 0 corresponds to an eigenfunction v (z) and an
associated voy_1(x). At the same time, for k = 0 the eigenvalue Ay = 0 is simple.

The system of eigen and associated functions of the adjoint problem to problem f@
is denoted by [3]:

vy(z) =2, 05 (x) =4cos(2mkx), vy (x) =4(1 —x)sin(2rkx), k=1,2,.... (13)

In this case, each A\, = (27 k)? with k > 0 corresponds to an eigenfunction v3, ,(z) and an
associated v3, (7).
In the work [3] the following lemmas are proved.

Lemma 1 [5/. Sequences of functions and form biorthogonal on the interval (0, 1)
systems of functions, so that for any numbers i and j the following relation holds

1
(vi, v}) = / vi() vi () dr = 04,
0

here 6,5 is the Kronecker delta.

Lemma 2 [3]. The sequence vo(z) = x, vop_1(x) = x cos(2m k x), vor(z) = sin(2r k z), k =
1,2, .... forms a basis in the space of functions Ly(0,1), and for any function ¢(x) € Ly(0,1)
the inequalities of F. Riesz [J] with some constants are valid r1, r9, Ry, Ra, :

rll@lrao1) < ) lekl? < Rl Lo, (14)
k=0

ra | @lla01) < Y l0k” < Rall@llza01); (15)
k=0

*

where o = fo o(x)vi(x)de, ¢f = fol o(z) vg(z)dz.
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In what follows we denote by py = 1, poy—1 = por, = X/1+ (27k)? for k > 1 . Sequence of
numbers We denote {pg, &k > 0} by p.

If the right-hand side of the equation f(x,t) belongs to the space Lo(Qr), then we
introduce the sequences

1
flt) = [ flet) e, k=0, (16
0
1
filt)= [ ety uads, k=0 (17)
0
Let W3 (Qr) denote the space of functions f(x,t) € Ly(Qr) such that
0 )
% € La(Qr),

. O 2 . T 2 4 . 2 d 4 6f(7t) 2 d
1£C O a0,y + ILFC D Za000) + ; 117000 At + ; H—at 17.0,1) dt < 0.

The main result of this article is formulated in the following statement.

Theorem 1 Let p be an arbitrary natural number. Let the condition A(px) # 0 be satisfied
for all k > 0 (the characteristic determinant A(py) is introduced by formula ([23)).
If the right-hand side f(x,t) belongs to the space Wy (Qr), then there exists a unique

solution u(z,t) € V3 **(Qr) of problem ()-@)-), and the estimate

T ou(-,t) 0
{1000+ 1252 o)+ 10 ) ) <

M . 0)]2 . T2 ! )2 d ! M 2 d 18
1£C5 O Za0,) + 1LF G D 20000y + ; £ T000,1) dt+ ; | BN 2,01y 2t], (18)

where M is some constant independent of f(x,t).

In the works of N.I. Tonkin [3,|4] a mixed problem for the heat equation was investigated.
Theorem 1 generalizes the results of N.I. Tonkin [3|4] when the differential part of the heat
conductivity operator with respect to the variable t is replaced by a differential expression
with respect to the variable t of order 2p.

At the same time, in the works of A.I. Kozhanov [6,/7], R.R. Ashurov [§], K.B. Sabitov |9,
10| similar problems were studied, when the differential part of the heat conductivity operator
with respect to the spatial variable x is replaced by more complex differential expressions
with respect to the variable x.

Note that an equation of the form ([I]), according to the terminology of A.A. Dezin [11],
refers to differential-operator equations. The issues of solvability of differential-operator
equations were studied in the works |12-17]. V.V. Sheluchin [18,/19] studied the problem
of forecasting ocean temperature based on average data for the previous period of time,
which also belongs to the class of differential-operator equations.
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There are various methods of proving uniqueness. Usually, an effective means of proving
uniqueness is the maximum principle [20] and its various generalizations such as the Hopf |21]
and Zaremba-Giraud [22] principles. For problem (I))-(2)—(3), the above principles are not
satisfied. Therefore, when proving the uniqueness of a solution, we needed a toolkit other
than the extremum principle.

In the work of V.A. Ilyin [23| a fairly universal method for proving the uniqueness of a
solution for hyperbolic and parabolic equations is proposed. Under fairly general restrictions
on the domain 2, in the work [23| a theorem of uniqueness of a solution for hyperbolic and
parabolic equations is proved. The meaning of the requirements of V.A. Ilyin’s theorem [23|
is that the elliptic part of a hyperbolic and parabolic operator has a complete system of
eigenfunctions in the corresponding functional space.

We also note the work of I.V. Tikhonov [24], devoted to uniqueness theorems for linear
nonlocal problems for abstract differential equations. This work is interesting because 1.V.
Tikhonov proposed a new method for proving uniqueness theorems. I.V. Tikhonov’s method
of proving uniqueness is based on the "method of quotients"for entire functions of exponential
type. In the work of A.Yu. Popov, I.V. Tikhonov |25|, the class of unique solvability of the
heat equation with a nonlocal condition expressed by an integral over time on a fixed interval
was determined. They managed to give a complete description of uniqueness classes in terms
of the behavior of solutions for |z| — oo.

The differential equation ([1f) is the sum of two operators. One of the operators is generated
by linear differential expressions depending on time. The second operator is the Ionkin
operator with respect to the spatial variable. In this paper, the differential operator with
respect to time is generated by two-point Birkhoff regular boundary conditions. At the same
time, the elliptic operator with respect to the spatial variable does not satisfy the so-called
Agmon conditions [26].

Moreover, the operator with respect to the spatial variable is not self-adjoint. Therefore,
direct application of the methods of works [28-34] to prove the uniqueness of the solution
to problem —— is quite problematic. However, the authors managed to modify the
reasoning of works |28-30] to prove the uniqueness of the solution to problem f*.

Recall that for unique solvability, the mutual arrangement of the spectra of the two
operators indicated above plays an essential role. In the articles of the authors [28-30], the
method for proving the uniqueness theorem is a hybrid of the method of guiding functionals
of M.G. Crane [1,)27] and the method of V.A. Ilyin [23].

2 Formal representation of the solution to problem ——

We seek the solution to problem (I)—([2)—(3) in the form

u(w,t) = yo(t ) + Z Yor—1(t) Vog—1(z) + yor(t) U%(:ﬂ)), (19)

Using the results of the monograph [1], we find the coefficients yy(t) using the formula

/ HtT)\k Folr) dr, (20)
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where fi(7) are calculated using formula ([16]).
The formulas for the expressions H(t, 7, pi”) and A(p;?) are taken from the monograph [1
and will be given below.
For further calculations, it is convenient to denote by {w,} the roots of (—1) of degree 2p.
In this section, we assume that p is an even number. The results formulated for even p remain
valid for odd p. In this case, minor changes are required in the course of proving the results.
If p is an even number, then the numbering of the numbers {wi,...,ws,} can be
subordinated to the inequalities

Rew; < -+ <Rew, < 0 < Rewp1 < -+ < Rewyy,. (21)

Let pr, = /1 + 4m2k?. According to the monograph [1], we introduce a system of solutions
{y,(t, pr)} of the homogeneous equation I(t, 4y, (t)+ p;¥ y,(t) = 0, which has an asymptotic
representation

Yult, pi) = e - [1], (22)

where [1] = 1+ O(1/px) upu py — 0.
Now we can enter the characteristic determinant

Alpr) = det[U;(y,)];  J, w=1,...,2p. (23)

From inequalities and asymptotic representations we obtain an asymptotic
representation of the characteristic determinant for pp — oo

_ 201iteHim) ity pp(wpg1 e twap)T
A(pr) = py, L ePrlers DT A - (1], (24)
where
wi! Wit 0 . 0
J1 J1
0 Wit Wa,
A — wim . wym 0 . 0 20
V “ e V p+1 1/ . .. 2p l/
1 1 1 1
a?m—}—l,ulwl a2m+1,ulw1 /82m+171/1 wp.l,_l 62m+1,1/1 pr
1% 1Z 1% 1%
Qomtru, W1 Qomi1,0,W1" /32m+17wwp_11 62m+17yrw2;

Let W, denote the algebraic complement of the element y,(fp 71)(7’, pr) in the determinant
2p—1 2p—1
v ) ety ()
2p—2 2p—2
W(T) = | Y% g (T7 pk) y2pp (7—7 pk)
yi (7, pr) Yap(T; pr)

Let’s define the function

2p

1
g(t7 T, pk) = :l:§ Z y,u(t7 sz) Zﬂ(Ta Pk)>

p=1
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where

Wu(7)
2u(T, p) = %
Moreover, the sign < + > is taken when ¢ > 7, and the sign < — > when ¢t < 7.
From inequalities and representations it follows that

e~ PRWuT

2u(T, pr) = o T [1].
k

According to the monograph [1] we introduce the function

it oe) oyt oe) 9,7, o)
H(t, T, pk) _ Uy ('y1> Ui (EUQP) U (g) <T> :
U2p(y1) cee U2p(y2p) U2p(g) (7-)
where , )
Us(9) = =5 D2 U0 2u(7) + 5 3 Urlon) 5lr)s 5= 1,022

Let ¢t > 7. In the determinant H(t, 7, pr) we multiply the columns with numbers 1,...,p

by the functions %zl(T),...,2zp( ), and the columns p + 1,...,2p by the functions

—22p11(7), ..., —322,(7) and add them with the last column. As a result, we obtain the
relation
yi(t,pe) . yap(t,pr)  Ho(t, 7)
H(t, T, pk) _ Ul(yl) cee Ul (?2}7) H1(7‘—7 Pk:) ’
Usp(y1) oo Usp(yzp)  Hap(T, pr)
where

tT,Ok Zyu Zu

P
(7. pr) ZU]T Yu) 2u(T) — Z Ujo(Yu) 2u(7), G=1,...,2p.

p=p+1

From inequalities and asymptotic representations we derive the asymptotic formula

2(j1+---+jm)+V1+...+Vr epk(wp+1+~"+w2p)T

_ Py
H<t7 T, pk) - 2p p2p 1
epPkwit o eprwil ﬁo(t, T, Pk)
c. Hl(T pk)
’ 1
AO . [ ]7

ﬁ2p(7-7 pk)
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where
Hot’?’pk Zw ePren(t= T) 1],
_ +1 _
HQE 1(7’ pk 2525 1je— 1W,u p 1eplcqu T) _|_ Z (.U]& Pkqu[l]
p=1 p=p+1
2p
1
Hog(7, pr) Zw]ﬁ eI + Z Q¢ je — o prre T E =1, m,
p=1 p=p+1
2p
I/ +1 — +1 _
H2m+£ T, pk Z ﬂ2m+§ veW 5 epkw#(T T)[l] + Z 052m+£,1/§wl,:£ € pkwu‘f'[l],f = 17 s T
p=p+1

Therefore, for 0 < 7 < t < T the representation is correct

H(t7 T, pk) 1 7 &l 1 7

= - Hy(t, T, ———hs(t, pr) - Hs(T, prc), 25
Aw) 2pp2p 7 Ho(t, 7, pi) — A02pp2p rhs(t, pr) (7, ) (25)

where hg(t, pr) is the determinant obtained from the characteristic determinant A(\;) by
replacing its s-th row with the row

||ewlpkt[1]’ - ewppkt[l]’ e"-’p-ﬁ-lpk(t*T)[l] ew20Pk(t=T) [1]]].

PIRRED)

The expansion of the determinant hs(t, px) over the s-th row has the form

2p
s(t, px) Zh ekt 1] + Z hs e D] s = 1,...,2p.

pw=p+1

In this case, h
complements.
The asymptotic relation remains valid for 0 < ¢t < 7 < T. As a result, equality ,
taking into account and , will take the form

suyS = 1,...,2p are numbers representing the corresponding algebraic

u(a:,t)——vo / Ho(t, 7, po) fo(7 dT——Zh tﬂo/ H(7, po) fol )dT]

1 v
_Z—Qk%ll / Ho(t, 7, por—) for(7 dT__Zh (t; pai—s / H,(7, pois) fora (7 )dT]

2]9 k=1 Pok—1

1 ng

% e 1 / Ho(t, 7, por) for (7 T——Zh t, pak) / H,(7, por) for(T )dT} =
k=1

! 2p1 / Ho(t,, pi) fiolT dT——Zh tpk/ Hy(7, pr) fulT )dT] (26)

2]) o pk
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Let us introduce the following notations

t T
I (1) = provy / et fi(r)dr, T (1) = pr / ereon =) fi(7)dr,
0 t

T T
T (1) = e o / e T f(rydr, IO (1) = e pan, / eTPT f(7)dr,
0 0

[(5)

T T
k,us(t) — epkw“(tT)pkws/ ePkws(T=) fk(T)dTa Ilﬁi?s@) — ePkwu(tT)pkws/ e PkWsT fk(T)dT
0 0

(27)
Now let us take into account the asymptotic representations of the functions Flo(t, T, Pk)s

EIS(T, Pe)s S = 1,...,2p. As a result, from , using the notation , we have the
following representation

1 & k()
2p§ Pi
where
- 1) = (2)
== mo- > o+
n=1 p=p+1
ii 5 9D SIFEWIVNESTIIRS b SR PRV CICS
Ao 26—1,uP26—1,5¢— 1 kus 26-1,p%s LEys
é=1 p=1 s=1 p=1 s=p+1
- W (5) - (6)
S
hag—1,uP2e 1,5 . ]k:,us + ) Z A G
u=p+1 s=1 p=p+1 s=p+1
p P () P wg* @
3 4
hog S T (8) + ) Z hag utag je-1—— o Lys(t)—
pn=1 s=1 p=1 s=p+1
d (5) - 5_1 (6)
Z > " hog W I0 (1) + Y Z hag Qo je i ]k,w(t)>—
p=p+1 s=1 p=p+1 s=p+1 P
- S - (@)
( Zh2m+€ uﬁgm+§7ygwjélkﬂs +Z Z h2m+€ ua’2m+5 VgCUs Ik,us(t)
&=1 pn=1 s=1 pn=1 s=p+1

p 2p 2p

2p
6
S Y homsenBomsen S Tob D+ DD hamseutamsenF LD |
s=1

p=p+1 s= p=p+1s=p+1
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Remark 1 If, when solving problem -—, we use the expansion in the biorthogonal

system v (x), then we would obtain a representation of the solution u(x,t), similar to the
representation (28)

*

1 o0
_p kz:: 7 (29)

where
= [0~ 3% e
p=p+1
p P ) P
( hog—1,1B2¢-1,j¢— o ‘]Ig,us B Z a1 i T (£)—
{:1 pn=1 s=1 p=1 s=p+1
w} 5
Z h2£ 1215~ o d k(:u)s Z Z hae 1,4k Ty (t)—
p=p+1 s=1 p=p+1 s=p+1
9 (¢ W
j
Zzh% wwst T ( +Z Z o uOvag je—1——— T () —
p=1 s=1 p=1 s=p+1 Pk
2p 2p (.UJ e—1
(5) s (6)
Z Zh%uw Ton )+ > > hoeuone je1—— Jkus(t))_
p=p+1 s=1 p=p+1s=p+1 Pk
r p
( h2m+§ MﬁZm-&—&,ugwg k,us +Z Z h2m+§ pO2m+g, VgWS J]gu)s(t)
£=1 pn=1 s=1 p=1 s=p+1

2p
Z Z h2m+§ u52m+5,u§ws k,w Z Z h2m+§ ua2m+5,l/&w3 J( ) (t)>] m

kus
p=p+1 s=1 p=p+1 s=p+1

Here we introduced the functions J,S}(t),. ,J,ii)s(t), which were obtained  from

I,(CL)(t), ...,I,gi)s(t) as a result of replacing fi(7) with fi(7), i.e

t T
J0() = prw / ePnt) p2(r)dr, IO () = py / =) f2(1)dr,
0 t

T
Tin(t) = emnt pres, / e 10 fr(mydr, Tt

T
p ks () = epkw”t/)kws/ e T fi(T)dr,
0 0

T T
Jlgi)s(t) — epkw“(t_T)Pkws/ ePrws(T—T) fI: (T)dT, Jlgi)s(t) - epkw”(t_T)Pkws/ o PRWsT f;(T)dT.
0 0
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3 Some auxiliary statements
In this section we will prove the following lemma.

Lemma 3 Let v = sin QLP and p be an even number. If f(x,t) is differentiable with respect to
t, then for allk > 1 and t € (0,T) the following estimates hold:

t
|f/$3(f)|§\fk(t)|+|fk(0)|€'””“t+/ [fule D dr - for p=1,....p;
0

T
P 0] < | fiol®)] + | fioT) e 7oT0 4 / D) @D dr for  p=p+1,... 2p;
t

T
[T (B)] < 1fe(T) €77 4 | fo(0) e 71+ 4 gmmnt / [fu(r)| e D ar,

0
fO?" Sy = 1»---717;
T
|I]gi)s(t)| < folT)|e 7T | £ (0)]e~PrE + e—vpkt/ fL(7)] e dr,
0

fors=p+1,....2p, pu=1...,p;
T
[IELO] < [F(T) 07T 4 | f(0)]e704072T) oy ret=T) / | fi(m)| e dr,
0

for s=1,....p, pu=p+1,...,2p;

T
O] < [P0 4 RO 4 om0 [y eo ar
0

for s,p=p+1,...,2p; (30)

Stmilarly, similar estimates also hold for integrals J,i/t) (1), J,gi)(t), J,Ez)s(t),i =3,4,5,6.

The proof of Lemma 3 follows from the fact that for p — even the following inequalities hold:
Rew; <--- < Rew, = —y <0 <7 =Rewp1 < -+ < Rewyy,.

For example, let us prove an estimate for |I ,SL) (t)|]. The following identity holds

t t
d

]]E;L) (t) = pkwu/ epkum(t—T) fk(T)dT —_ _/ fk<7-> d_epkwp,(t—T) dT —
0 0 T

t
—fi(t) + fi(0)em " + /0 FL(7) ePrentt=) g,

This implies the required estimate for |/ ,SB (t)]. The other statements in Lemma 3 are proved
similarly.
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Lemma 4 There is an estimate for the integral
TP < (D + 1fu(0) + / [filr)Par. (31)
For other quantities |I,gi)s(t)|2,j = 1,5, similar estimates hold. Similar estimates also hold

for quantities |J,§i)s(t)\2, j=1,6.

Proof 1 For s > p and u > p we write out the value using relations (30))

T 2
‘[lgi)s(t)P < <’fk(T)‘€7Pk(t*2T) + ’fk(o)‘ewk(t*T) + e1Pe(t=T) / | (1) e 7PeT dT) <

0

< 3(|(T)Pe 20 4| f(0) P -D) 4 el / ()] e dr)?).
Since 0 <t < T, then (t —2T) < (t —T) < 0. Therefore, the following estimates are valid
|fu(T) P2 < | (TP,

| fi(0)[e®7+ 1) < | £ (0)]?,
T T
[ an? < (1l any

T T 1 — e~ 2T T
/0 () Pdr / e gy = 17 / ilr)far <~ / fu(r)Pdr.

29py,

This implies . Lemma /4 is proved. Other quantities |I,§i)s(t)|2,j = 1,5 are estimated
simalarly.

4 Proof of solvability of problem ——

In Section 3, formal representations of the solution to problem f* are obtained. The
solutions to problem f* have representations and . Now we will justify the
convergence of these representations.

From Lemma 3 and representation follow the necessary estimates for ||u(-, t)H%Q(o,w
” Ou(-

I 0,0-
Flrst, let us evaluate the expression [|u(-, 1)[17, o) +1175:~ ot )||L2 (0.1)- To do this, let’s consider

ou(-,t ! Pu(z,t), ———
Ol + 175 o = [ (ulnt) = 55 it

ox 2

From it follows that

u(z,t) — % = %ka(x) - Ag(t).



48 On the unique solvability of nonlocal in time problems ...

We multiply the last expression by as a scalar. As a result, we have

D 128 0 = [ (Yonie) 4u0) s (32 T A0 de =
0 k=0 §=0 FJj

2p 2p P;
1 o= 1 _ ! _ 1 «— 1
e D> A - Ax() vp(x) - vj(z) doe = 12 > =5 Awlt) - AL (2)
k=0 j=0 P 0 k=0 Ik
Thus, we get
ou(-,t) I < 1 _
2 ) 2 *
luls )20 + 1= o) = 12 g g Ap(t) - A3 (1) (32)
From we obtain the following upper bound
I &1 1 L ARy AR
2 A AOI < 15 Y S (IR + 1521) <
W 2 w2 2Ty Ty
1 - 2 A*(£)]2
5 2 (I4OF +140F). (33)
8]9 k=0

Taking into account , we estimate the expression from above

2p PP
PROESTS [Zu,w OF+ 3 15 OF+ Y S 0P+

pn=p+1 p=1 s=1
oS (4) ( ) S
5
)P DATHICIESD S I ITEED S SRt (34
p=1 s=p+1 pn=p+1 s=1 p=p+1 s=p+1

From Lemma 3, as well as from Lemma 4, the following inequality follows

AP < M{ROF + ROF + AT+~ [ 1fi(r)Par] (33)

Summing both parts of inequality over k, we have

S 1A < MRG0 B on) + 17O+

k=0

of
Do+ 5 [ 1L ] (36)
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Here we use the inequalities from Lemma 2.
Using the statements of the second part of Lemma 3, we have a similar estimate for the

expression

D IA4OF < Mp? [Ilf(-,O)lliQm,l) HILFC O 00+

f (7)1
1D o+ 5 [ 1L ] (37)
As a result, from inequalities E, (134)—(35)—(36)—(37) we obtain the estimate
ou(-,t)
s D1za0.) + 15z a0.) < M- [Hf<'70)”%2(0,1) LGOI 00+
af(,
1D+ 2 [ 128D ] (38)
7 Jo
Scalar multiplication of the expression (¢, g) (-,t) by u(-,t) we get
0 ! 1
0 Dy ) = [ [Flt) = = 3 @) - A, u(enh)] do =
ot 0 2p =~
(39)

/ Flo, ) u(z,t) dm—%z p—ipAk(t)-A;(t).

Next, using the above estimates, we obtain
=1

1 -
u( )] < flu ) llzan - 1 G D 2a00,0) +%Z g |A(t) - Az ()] <
k=0 Pk

(1 Doy + 17D o) + 2 -3 (140 + TADT). (40)

9 K :
k=0

Summing up inequalities and ( ., we get as a result
3u( t) 12 3}
STz 0 + G (1), (1) <

(- Ol Za00)

0
[ Oy + 1Mo 1 Ty + & [ N2ZE2 ] a1

Now it remains to integrate both parts of inequality over t from 0 to T'. As a result, we
have - (1
ou(-,t 0
| [ 0B + 1752 oy + 1 gt 00 )] e <

T
0
M [ Oy 1 Do+ [ W70t [ 1L ] (a2

As a result, for the solution u(x,t) we have the required estimate.
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5 Proof of the uniqueness of the solution of problem 77

In the previous section, sufficient conditions for solvability on the right-hand side f(z,t) of
equation were found.

Now we will prove the uniqueness of the solution u(x, t) of problem f*. To do this,
we denote by A the operator corresponding to Ionkin’s problem —@—@. We also introduce

the operator B, defined by the differential expression I(t, %) according to the formula

Bu(t) = I(t, %)w(t), 0<t<T

on the domain of definition
D(B) = {w(t) € WP(0,T) : U;j(w) =0,j = 1,2, ..., 2p}.

Let us introduce for s = 1,...,2p solutions r(t, 1) of the homogeneous equation

d
l+(t7£> %s<taﬂ>zu'lis<t)ﬂ)7 0<t<T

with inhomogeneous conditions
U]*<%S<7/’l’>> = Ojs—1 A*(,u)7 j = 1772p

Here the expression [*(¢,4) is the adjoint differential expression to the expression [(t, 4).

The set of linear forms U7y, U, ..., U3, defines the domain of the adjoint operator B*, that is
D(B*) = {w(t) € W(0,T) : Uj(w) =0,5 = 1,2, ..., 2p}.

Here A*(u) is the characteristic determinant of the operator B*. Note that all solutions
&5 (t, 1) represent entire functions of p.

Let po be the zero of the characteristic determinant A*(u) and its multiplicity be my.
Then for any s = 1,...,2p in the ordered row

1 gt

10
|:K;s(t7 MO): ﬂa_/l"is(t) /JJ(])’ T (mO — 1>‘ 8[1/m0_1 "is<t’ MO):| (4?))

the first non-zero function represents the eigenfunction of the operator B*, and the subsequent
members of the row give a chain of associated functions generated by it.

Finally, for the sake of completeness, we present the Lagrange formula [1|. For any two
functions w(t) and R(t) from W;*(0,T), the identity holds

/Ol(t,%)w(t)mdt—/o w(t)l+(t,%)R(t)dt:

> [Ui(w) Ulpji1(R) = Ujpap(w) - U]*(R)}a (44)
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where the linear forms Usyiq(:),...,Us(-) are chosen so that the system of 4p forms
Ui(),...;Ug(+) is a linearly independent system of linear forms. According to the results
of the monograph [1], the set of linear forms Uy (-), ..., U} (:) is determined uniquely by the
system of forms U;(-), ..., U (+).

Now we proceed to the proof of the uniqueness of the solution to problem ——.
Consider u(z,t) the solution to the homogeneous boundary value problem f* for
f = 0 and show that u(z,t) = 0 for (z,t) € Qr. For a fixed x € (0,1) we introduce the
function

Fy(a,p) = / ule,t) e (Tt (45)

t is not difficult to see that

Feop) — s Eon) = [ (utant) - o) -
/Tl(t O e, t) - T (46)
| (b gl t) - s(t )t

According to the Lagrange formula @) we have

Fao) = g5 Puen) = [ w140 w70t = Unsay(ul, ) 5

i [l ) T = Vesayfuta. ) B

= (2, 1) = Uspop(ulz, ) A* (). (47)

Note the connection between A(\) and A*(\). For all complex A the identity holds
A(N) = A*(N).

Therefore, for s = 1,...,2p, equality can be rewritten as
d2

Fy(w, 1) = =5

By 1) = iy, 1) — Upsaplu(e, ) A" (1) (18)
which is valid for all € (0, 1) and all complex .

If po is zero of the characteristic determinant A(X) of multiplicity myg, then for all s =
1,...,2pand all x € (0,1) from the equalities follow
d2
dr —— s (z, po) = poFs(, p1o),

10 0? 10

ﬁa_/L(FS(ZL"M) 8 2 ($ M)) ‘,U:MO = MOF@(FS(I, 'u>‘,u:u() + Fs(x’ M0)7

FS('%?MO)
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1 gmo—1 o2
(mo — 1)' a/ubmo—l (Fs(l’, 'u) o @FSCC? N))‘

p=Ho

1 oMo Fy(z, p) } 1 0" F(x, 1) ‘
mo — 1)' 8[[17”’071 H=H0 (mo _ 2)' alulm072 u:,u,o'

= Hog (49)
Since, according to the condition of the theorem, A()\;) # 0 for all £ > 0, then no Ay can
coincide with the eigenvalue 1. Therefore, from relations it follows that for all x € (0,1)
the equalities are satisfied

1 OF(z, p)

1 oM Fy(x, )
Fs(#, 10) =0, ﬂa—,u‘uqm T (me — 1) Qumot |N=#0 =0 (50)

Thus, for all z € (0, 1), the complex number i is a zero of the function Fy(z, p) of multiplicity
no less than my.

Since Fy(z, pt) is an entire function of y and each zero i of the characteristic determinant
A(p) of multiplicity my is also a zero of Fy(z, ) of multiplicity not less than myg, then the

% is also an entire function of p. According to the methodology of V. A. Ilyin 23|

ratio
we multiply the function Fs(x, u) scalarly by the root function vy (z), & > 0 of the operator

A and denote them by

1
Gse(p) = / Fy(z, p)og(z)dz, k>0, 1<s<2p. (51)
0

The multiplicities of zeros in p of the functional G (p) are not less than the multiplicities
of zeros of the functions Fs(x, 11). We also introduce the functions

0uel) Gg’zfjg)z / (@) / u(x,w%dtdx, (52)

which also represent entire functions of .

Further analysis of entire functions Qg (u) is based on the technique of estimating the
orders of growth and types of entire functions. Note that the entire function Qg () does not
depend on the choice of the fundamental system of solutions of the homogeneous equation

d

I*(t, E)R(zf) =pu-R(t), 0<t<T.
Let p1 = p?. Let p be an arbitrary complex number from the sector Sy = {p € C|0 <
arg p < 2%} Let us enumerate the numbers wy, ws, ..., wsy, in the following order
Re(pwi) < Re(pws) < -+ < Re(pw,) < 0 < Re(pwpi1) < - -+ < Re(pway), (53)

when p lies strictly inside the sector Sp.
Let us choose a fundamental system of solutions of the homogeneous adjoint equation

d
I (t, E> h(t) = —p®-h(t), 0<t<T,
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so that the asymptotic relations are satisfied
It p) = e L+ O(U/p)],... . hult, p) = e [1 + O(Up)], p € So, p— 0. (54)

As a result |1] for any p from the sector Sy we have an asymptotic representation of the

characteristic determinant A(p) for p — oo, written through the fundamental system of

solutions {hi(t, p), ..., hep(t,p)}.
In the work [2| the conjugate linear forms Uy (-),...,U; () are written out explicitly.
Taking into account their representation for p € Sy, p — oo we have for j <p

Us,(hi) = (poy) == [1],

Uspi(hg) = (pwy) >~ 1=0[0],

U2*p—2m+2(hj) = (pwj)@p_l_wm)[lL
Us—om1(hy) = (pw;) P~ 1=1m)[0],
Uy (hy) = (pwy) P~ @],

U (hy) = (puy) P~ [@].
Similarly, when j > p for p € Sy, p — oo we have

Usy(hj) = (puoy) == T0],

Usp(hy) = (puoy) @1 mer 1],

Uz, omya(hs) = (puoy) PP~ meriT 0],
U;p—2m+1 (hj) = (pwj)(Qp—l—Wm)epUJjT [1] )

Uy (hy) = (pw;) PP~ =m)ers T3],

Uy (hy) = (pwy) =7 err TG ],

Here it is designated for brevity [a] = a + O(1/p).
We substitute all these expressions into the characteristic determinant

R (1) = det(U; (hy)) = o7 erlrn ot Ay, (5)
where

a=22p—1-m+.+22p—1-v|+2p—1-w)+...+2p—-1-1,),
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The number 6 is nonzero, since according to the work of |2] the conjugate linear forms
Us,(-), ..., U (-) are also Birchhoff regular.

For any p from the sector Sy the asymptotic representation of HTl(t, p) for p — oo has the
following form, written in terms of the fundamental system of solutions

1
ﬁl(tv p) - (

ST
p

0l (56)

where & is some numerical determinant. o
We obtain similar asymptotic representations for ry(t, p) for s > 1.
From this it follows that

= 1 Tl?l(t’mux vp(x) do =
Q1k(ﬂ)—/0 (/0 X"(p) (7t)dt> K(z) de =

/O /(; (pwp>2i[’£_a<1]_’71 [08} U<x, t) Uk(l') dt dzx. (57)

Using Riemann’s lemma ( |19], p. 496), we easily obtain

lim Qlk(:u) = 07 pE SO'
lp|—o00
It immediately follows from this

lim Qui(n) =0, pe€ Sp.

p—00

Thus, along all rays p € Sy and p — oo we have the limit equality
lim Q11 (p) = 0.
pP—00

We obtain similar asymptotic representations for Qg (p) for s > 1 and for all £ =
0,1,2,....

Exactly the same analysis can be carried out for the sector p € S, where S; = {p €
Cl3, <argp <7}

Therefore, according to the Phragmen-Lindelof and Liouville theorems ( [20], p. 203) for
functions of finite order we obtain that

Qs() =0 npuBecex p € C.

From here for any £ =0,1,2,... and for any s = 1,...,2p we have

1
/ vg(x)Fs(x,p)de =0, VYueC.
0

Then from the completeness of the system {vi(z), k =0,1,2,...} in Ly(0, 1) it follows that

Fyx,p) =0, Vre(0,1), VueC, s=1,...,2p.
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Therefore, we have

T
/é?g(t,ﬁ)u(a:,t)dtzo, Vre (0,1), VpeC, s—=1,....%.
0

It follows from this

1 0
vlop”

T
//%;(t,ﬁ)u(x,t)dtzo, Ve e (0,1), VueC, s=1,...,2p, VYv>0. (58)
0

Now, instead of i in equality , we substitute u, — an arbitrary eigenvalue of the operator
B. The multiplicity of the eigenvalue pu, is considered equal to m.,. Let the parameter v in
formula take the values 1,2,...,m,; — 1. Then, by virtue of , from we obtain
that for any fixed x € (0,1) the function u(z,t) is orthogonal to all eigenfunctions of the
operator B*. Since the system of eigenfunctions of the operator B* is a complete system in
Ly(0,7), it follows from this that

u(z,t) =0, Vte (0,T), xe€(0,1).

Thus, the uniqueness of the solution to problem —— is completely proven.
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ON THE OPTIMAL RECOVERY OF FUNCTIONS
FROM THE CLASS W,

In this paper, the problem of optimal recovery of functions from the anisotropic Sobolev class W5
in the power-logarithmic scale by the values of linear functionals is solved in the Hilbert metric,
and the limiting error of the optimal computing unit is found. Thus, the following results are
obtained here: 1) The exact order of error of optimal recovery of functions f € W,'® by computing
units constructed based on the values of linear functionals defined on the class under consideration
has been established;2) The computing unit that realizes the established exact order is written
out in explicit form; 3) The limiting error of the specified optimal computing unit is found, which
preserves its optimality and can not be improved in order. The actuality of the problem studied
here is that, firstly, the class W5'® is a finer scale of classifications of periodic functions by the
rate of decrease of their trigonometric Fourier coefficients than the anisotropic Sobolev class in
the power scale W3, secondly, the set of computing units (Z(N ), p ~) with linear functionals is a
fairly wide set containing all partial sums of Fourier series over all possible orthonormal systems,
all possible finite convolutions with special kernels, as well as all finite sums of approximation used
in orthowidths, linear widths and greedy algorithms.

Key words: optimal recovery, optimal computing unit, limiting error, exact order, anisotropic
Sobolev class, trigonometric Fourier coefficients, linear functionals
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W,® knacel pyHKIMANAPBIHBIH, ONTAMAJIALI KAJIBIITACTBIPYBI TYpPAaJIbl

Byn xymbicra THABOEPTTIK MeTpHUKala [Ioperke — JOTrapudMIiK IMKAJaJArbl aHU30TPOIITHI
Cobones Wy™ kiachl QyHKIMAIAPBIH ONTHMAJ/Bl KAJIBIITACTBIDY ecebl INMenmiareH »KoHe
ONTHUMAJIJIbI €CelTey arperarTblHBbIH IIeKTIK Kareiri tadbuirad. CoOHBIMEH, MyHJa KeJjieCi HOTHU-
xkeqep anpiaran: 1) f € W,'” dyHKIUsIApbIH KApPaCTBIPBII OTHIPFAH KJIACTA AHBIKTAJPAH
CBHI3BIKTHIK, (DYHKITMOHAJIIAD MOHJEPl apKbLIbl KYPBLIFAH €CEITey arperarTapbIMEH OINTUMAJIIbI
KAJIBIITACTBIPYIAFbl KATEMIKTIH J191 peri raraiibingasran; 2) Tarafiblapairan 190 peri kysere
achIpaThIH eCcelTey arperarbl afiKplH TypJe Kasblibll Kesripiiren; 3) Kepceriiren onrumasiisi
€CerTey arperaTbIHbIH OHBIH, ONTHUMAJIBIFBIH CAKTAUTHIH KOHE peTi OONBIHINA KaKCapMaWThIH
mekTiKk Karesiri Tabpurad. OCbIHIa 3epTTENIl OTBHIPBLIFAH €CEITiH, ©3eKTLIr MBIHA KalTTap
apKbLIBl TYCIHIIpifei: OipiHImigeH, meproAThl (QYHKIUIAPIbI OJIAPIBIH TPUTOHOMETPUSLIBIK,
Oypre K03DDUIMEHTTEPIHIH, KeMy KbUITAMIBIFBI OOMBIHINA KJIACCU(PUKAIMASAIAL CUIATTAYIA
Wy® KIacel opezkestiK MIKATaIarbl aHu30TPONTHI W3 KIIACHIMEH CAIBICTBIPFAHIA JIOJI OPi TEPeH
IMKAJIAIAFbI KJIACC OOJIaJIbI, eKIiHIMIIEH, ChI3BIKTHIK, (DYHKIIMOHAJIAPTa CONKEC (l(N ), p N) ecerrey
arperaTTapbIHbIH KUBIHBI JKETKUTIKTI K€H >KUbIH OOJIBIT TaObLIa Ibl, OUTKEHi, OYJI 2KUBIH KypaMbIHA
0apJIbIK, MYMKIH OpTOHOPMAJIAHFaH XKyiienepre coiikec Pypbe KaTapaapbIHBIH OapJbIK jepbec
KOCBIH/IBLJIAPBI, apHAiibl ©3eri 6ap aKbIPJIbl KOHBOJIIOIUSLIAP, COHBIMEH Oipre, opTomuameTpJliepie,
CBIBBIKTHIK, IHAMETPJIEPIe YKoHe TPUIN aJITOPUTMIAEPIET] XKYBIKTayIapia KOJIIAHBLIATEIH OapIIBIK,
aKbIPJIbl KOCBIHJIBLIAP Kipe/Ii.
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O6 onTuMasbHOM BoccTaHOBJeHNU (yHKIMit u3 kiaacca W,

B nmammoit pabore B ruianbepTOBOi METpHKE peIleHa 3aJatda ONTHMAJbHOTO BOCCTAHOBJICHUS
dbynkuumit n3 anusorponnoro kiacca CoboseBa B cremeHHO — Jorapudmmyeckoil mxame Wy
10 3HAYEHUSIM JIMHEHHBIX (DYHKIIMOHAJOB U HalijIeHa IIpeje/ibHasl IIOIPEIIHOCTD OINTHMAJIBHOIO
BBIUUC/IATE]LHOTO arperara. TeM caMbiM, 37€Ch HOJIyYeHbI CJeLyIolue pe3yabrarsi: 1) Ycra-
HOBJIEH TOYHBINA MOPSJIOK TOTPENTHOCTH ONTUMAJIBLHOrO BOCCTaHOBJIeHus dynkmmii f € Wy
BBIYHCJIATEIFHBIMA ArperaraMu, HOCTPOECHHBIMH II0 3HAYEHUSIM JIMHEHHBIX (DyHKIIMOHAJIOB,
OLIPEJICJICHHBIX HA DpAaccMaTpPUBaeMOM Kjacce; 2) B sBHOM Bue BBIINCAH BBIYUCIATEIIbHBIH
arperar, peasju3yIONiii yCTaHOBJIEHHbIH TOYHBIN nopsoK; 3) Haiijena npejespHas HOrpenHocTb
YKA3aHHOI'O OIITHMAJBHOIO BBIYUC/IUTEIBHOIO arperara, COXPAHSONAs €ro ONTUMAJbHOCTb U
HeyJIydIaemMasi 1Mo NOpsiKy. AKTYaJIbHOCTh U3ydaeMoil 3/1eCh 3a/a41 3aKII0UaeTCsl B TOM, YTO BO
— mepBbIx, Kitacc Wy'® sBisercst Gostee TOHKOI MKaJI0i Kaccudukanmii mepromaecknx QyHKIHit
110 CKOPOCTH YOBIBaHWS WX TPUTOHOMETpHIecKuX Kodddurmentor Dypbe, deM aHM30TPOITHBIH
kjacc CobosieBa W3 B CTelleHHON INKaje, BO — BTOPBIX, MHOXKECTBO BBIYHCJIUTE/ILHBIX ArDeraToB
(IMN) N ) ¢ mumeitnbiMu yHKIHOHATAME SABJISETCS JOCTATOYHO MHPOKMM MHOXKECTBOM, COJIEp-
KAIMUM BCE YACTUIHBbIE CYMMBbI PsijioB Pypbe 10 BCEBO3MOXKHBIM OPTOHOPMUPOBAHHBIM CHCTEMAM,
BCEBO3MOKHBIE KOHEUYHBIE CBEPTKH CO CIIEIUAJHHBIMU $IPAMH, & TAKXKE BCE KOHEUHBIE CYMMBI
IPUOIMKEHNsI, UCIOJIb3YIONINECs B OPTOIOINEPEYHNKAX, JUHEHHBIX ITOIEPEIHUKAX U IKATHBIX
aJIrOPUTMaX.

KurouyeBbie ciioBa: onTuMajbHOE BOCCTAHOBJIEHUE, ONTHUMAJIBHBIN BBIYUCIUTEIBLHBIN Arperar,
npeJiesibHasl MOTPEIIHOCTh, TOYHBIN TOPSIOK, aHM30TPONHbI Kjaace CobosieBa, TPUrOHOMETPIYe-
ckre kodpdurmentsl Oypbe, TUHEHHBIH DYHKITTOHA

1 Introduction

The problem of optimal recovery of functions of class F' = {f(x) : z € Q} by the values
l;&)(f), . ,l](\]fv)(f) of linear functionals ZJ(VI) F—=C, ..., l%v) : ' — C consist in establishing
the exact order of quantity

6N(LN7F7 Lq) = inf 5N((Z(N)7SON)7F7 Lq)u (1)

(l(N)ﬁON)ELN
where L7 = L9() is a set of measurable functions on 2 with finite norm

1/q
[lf(@)|2de ), if 1<q<oo;
[flle = \&
sup vrai| f ()], if ¢= o0,
ISy

(1, ow), 1) = sup |£) = on () (1), 0715
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©n — an arbitrary function such that on(7,...,7n;2) € L7 as a function of z for any
T AN =1 = ), (), Ly = {199} x {en )

Here we note that by ‘establishing the exact order of quantity ’ we should understand
finding a positive sequence {¢n}n>1 such that for some constants A; > 0 and Ay > 0
independent of NV, the inequalities A1y < dn(Ly, F, L?) < Astpy are satisfied for all V.

Everywhere below, the pair (IV), ¢x) € Ly will be called a computing unit, and the pair
(l~(N ), Pn) € Ly that realizes the exact order of quantity , an optimal computing unit.

The quantity was first considered in |1| when recovering analytical functions in the
L? metric. Then the research of the paper |1] was continued in [2]. In [3], the relationships of
the quantity with the known quantities - the Kolmogorov width, the Gelfand width, and
the linear width - were studied. Further, in [4] - [§] the exact orders of (1)) were established
with an indication of the optimal computing units. Moreover, in [6] and |7], in addition to
establishing the exact order of , the limiting errors of the optimal computing units were
found (the definition of the limiting error is given below).

In [8], the Sobolev class W5'® in the power-logarithmic scale was considered for the first
time, and under certain conditions on the vector o = (a, ..., as), a theorem on the optimal
recovery of functions from the considered class in the metric of the space L?,2 < ¢ < o0
was formulated. Here we managed to remove these conditions on the optimal recovery in the
metric of L? and to find the limiting error of the optimal computing unit.

2 The definitions of the class W,* and of the limiting error

First, we agree on the notation used. As usual, [a] denotes the integer part of a number
a,m = (my,...,ms) € Z° |J| denote the amount of elements of a finite set J. Here and
throughout the text, for each vector r = (rq,...,7s) with positive components , we set

A=Ay, 1) = (1 4+ 1/r) "

For positive functions f(x),x > 1 and g(z),z > 1 the notation f(z) < g(z) will mean the
existence of some quantity C' > 0, independent of the variable z, such that f(x) < Cg(x)
holds for all x > 1. And the simultaneous fulfillment of inequalities f(x) < Cg(x) and
g(x) < Cf(x) is written as f(z) =< g(z). Everywhere below, the symbol [J will denote the
end of the proof.

Let be given an integer number s > 2, vectors r = (rq,...,rs) and a = (aq,...,qs)
such that r; > 0 and «; € R for each i = 2,3,...,s. The anisotropic Sobolev class W, =
Wyt 1]% in a power — logarithmic scale, by definition, consists of all summable on
a cube [0,1]° and 1 — periodic by each variable functions f(x) = f(z1,...,zs), that satisfy
the condition

A 2
S || @ e 1) o 2 4 1) < 1,

mezZs

where f(m) = [ f(z)e >™™Ddz,m € Z* are the trigonometric Fourier — Lebesgue
[0,1]°
coefficients of the function f,m; = max{l;|m;|} for each j =1,...,s.
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For each f € F calculating the values l%)(f), . ,ZEVN)(f) of the functionals ZJ(VI) :F —

C,... ,l](VN) : ' — C, with few exceptions, cannot be exact. Therefore, for the optimal
computing unit (Z(N ), &), the problem arises of finding the error £y in calculating the values
[](\})(f), . ,ZE\],V)(f) functionals Z](\}) F — C,...,ZNEVN) : F — C, that preserves optimality
(I™) Zx) and cannot be improved in order. The definition of Zy was first given in [9] within
the framework of the study «Computational(Numerical) Diameters. There, the error £y
was called the limiting error of the optimal computing unit (I™Y), &y ). Further, in [10], an
equivalent definition of €y was formulated within the general formulation of the problem of
recovering the operator 1" : F' — Y, where F'is a functional class, Y is a normed space. Now we
present from |7] the definition of the limiting error, stated at T'f = fand Y = L9, g € [2, +0o0].

The limiting error of an optimal computing (I(V ), ©on) is defined as a sequence £y > 0 such
that

AN(gN,<l~(N),§5N),F,Lq) ~= (5N(DN,F Lq) and
———An(nEn, (W), 3y), F, L9)

I
N o on(Dy, F, L9)

for any arbitrary slowly increasing to 400 positive sequence {ny}y>1, where
AN(‘€N7 (i(N)7 SEN)J F7 Lq) =

FO) = En @) +9Pen, - () + 28w )|

= +00

= sup sup

TeF i<t b <1

.....

for each positive sequence .

3 Formulations of the obtained results

Further, for the sake of brevity, we will use the following notations
On(Ln) = on (L, W5, L2), o5 ((I™), &) = on (17, &), W5, L),

AnEw, (N, 68)) = AxEn, (I, 8n), Wy, LP).
We have proved the following two theorems.

Theorem 1. Let the number s € N\1, vectors r = (ry,...,rs),r1 > 0,...,7s > 0 and
a=(a,...,as) € R® be given, and let \= (1/ry + -+ 1/r )"t > 1/2,

N; = N;(K) = [KM7i(In K)Me/rottes/ra)/ri(y [()=ei/ri) K > 2

foreachi € 1,...,5,N = N(K) = [[(2N; + 1). Then there exists a quantity Cy > 0 such
i=1

that for all integers K > Cy the relations

1

N (In N)Mea/rit—tas/rs)’ (2)

On(Ly) == On((I™), Zy)) ==

hold, here, the computing unit (Z(N), ©n) is defined by the equalities

N
() = FmD), 106 = FY) (e awi) = ) 2t

T=1
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where {mM,m® ... mMY is some ordering of the set
AK:{mGZS : |m1’ SNla"'7|mS| SNS}
Theorem 2. The quantity ey = NAH/Q(IHN)A(imﬁ..‘msm> is the limiting error of the
optimal computing unit
N
o ~ ~ 50 (N ~ (1) ,2mi () x
(™, n) = Bn(N (), - IR (i) = Y f(mD)emione),
T=1
1.€.
An(En. (N, 5x)) =< dx(Ly) (3)

and for any arbitrarily slowly increasing to +00 positive sequence {nyx)}k>1 the equality

AN(T]Ng]\ﬁ (Z(N)a [;EN))

li = 4
K1~I>n<>o 5N(LN) 00 ( )
holds.
Remark 1. Relations () under the conditions 1/ min{ry, r1+a; }+- - -4+min{r, ri+a,} <
2 andr;+a; >0 =1,...,s) on the vector a = (ay, ..., ) obtained in [8].
Remark 2. In the case oy = g = -+ = a5 = 0 the main results of the article (0] follow

from Teorems 1 and 2.

4 Auxiliary statements

Lemma 1 (see, Lemma 1.2.4 from [11]). For each v € R there exists a quantity Cy(y) > 2
such that for all integers K > Cy(v) the relation In(K In” K) =< 1In K holds.

Lemma 2. Let a number B > 2, vectors v = (r1,...,1r5),r1 > 0,...,74 > 0 and o =
(aq,...,05) € R® be given, and let v; = a1 /r1 + -+ 4+ as/rs — /X for each i € {1,...,s}.
Then there is an integer Ko > 2 such that for all integers K > max{C}(v;), Ko} the relations

In(BN;) »<InK ~<InN(i=1,...,s), (5)

hold, where N; = N;(K) = [KM7i(In K)MNev/nttas/r)/ri(ln K)=/"] for each i =
L,...,s, N=N(K)=J[(2N; +1).
i=1
Proof. Since for each i € {1,..., s} the equality

lim K7 (In K)MNe/rittres/m/ri(in [O)=e/m = fog

K—o0

is true, there exists some integer Ky > 2 such for all integers K > Kj the inequality
KA7i(In K)Mea/rit+as/rs)/ri(In )~/ > B holds. Therefore,

In(BN;) < In (BKM"(In K)Mer/mtteas/ra)/ri(y ) =ei/m) <
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2\
< 21In (KMri(In K)Mea/mttas/r)/r iy jO)=ea/7) < Z2 In(K In” K) (6)
T
It is clear that
A
In(BN;) > In (K7 (In K)Mew/rittas/ra)/ri(In 0)=ei/7) > = In(K In" K). (7)

T
According to Lemma 1, for all integers K > Ci(7;) the relation In(K'In" K) >< In K is
valid. Therefore, due to (6) and (7)), for all integers K > max{C(v;), Ko} the relation

In(BN;) =< InK,ie{l,...,s} (8)

holds. From the definition of number N; and the equality N = JJ(2N; + 1) the inequalities
i=1

K < N < 2%K easily follow, hence, taking K > 2 into account, we obtain In K < In N <
(2s +1)In K, which together with (§) will lead to the relations (f]). O

Lemma 3. Let be given numbers r > 0,8 # 0 and a positive, strictly increasing on
the interval (Cy,+00) function ¢(0), where Cy > 1. If for some C3 > 0 and Cy > 0 the
inequalities

C30" 10" (20) < (8) < C40" In(26), (9)

are true for each § € (Cy, +00), then there exist positive quantities Cs > 1,Cs > 0 and C7 > 0
such that the inequalities

0651/7. ]n_ﬂ/r(25) < o*(8) < 0751/r ln—ﬂ/r(25>7 (10)

are satisfied for all 6 € (Cs,+00), where ¢* is the function inverse to .
Proof. Let us prove the lemma for case 8 > 0 (in the case § < 0, analogous arguments
are carried out). Let

Cs = (rPCyHYr and  Cr = (rPCy 28V (11)
Since

JLim 5T In=P"(26) = 400, (12)

—+00

there exists a positive quantity Cs > Cy such that the inequality Cgd/" In™" / "(20) > Cy is
satisfied for all § € (Cs, +00). Therefore, by virtue of the right-hand side of (9], we obtain

C4CE51In~"(26)
B

©(CedY" In=P/m(26)) < In”(C5o1In~"(26)). (13)

Since lim In"?(20) = 0, then for some positive Cy > Cg the inequality In""(20) < Cy" is

d—+o00

satisfied for all § € (Cy, +00). Consequently, continuing , taking into account the first
equality from (1)), for all § € (Cy, +00) we have

Cs0" In=P/"(26) < ¢*(6). (14)
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According to ([12), there is a positive quantity Cjy > C3 such that the inequality
Cro/T lnfﬁ/r(%) > (5 holds for all § € (Cjp, +00). Therefore, by virtue of the left part
of @D, we obtain

—p
on(C70Y In P/ (26)) > C3C75i2 (29) In”(C261n~?(26)). (15)

Since 61im C';\/gln_ﬁ(%) = 400, then there is a quantity C1; > Cj¢ such that for all
——+o00
d € (C41,+00) the inequality CT VoIn™?§ > 1 is satisfied. Therefore, using and second
equality from we arrive to the inequality
C70Y" In P/ (26) > ¥ (6). (16)

Now, if we take C5 = max{Cy, C11}, then by virtue of inequalities and , the
inequalities are satisfied for all 0 € (C5, +00). O

Lemma 4. If A > 1/2, then the trigonometric Fourier series of each function f € Wy*
converges absolutely.

Proof. It is clear that for all 6 € [1,+00) the relations

In(1+ ) =< In(2) =< In(A9) (17)

hold, where A > max{2,e/m .. e~%/m} Using Holder inequality and the definition of
class W5 for every = € [0, 1]* we have

Y fmyem <y | f(m

mezs mezs

. 1/2
Z 2|2 — 2y 12 : (18)
TP Int(my + 1) + -+ + M In** (s + 1)

mEZS

Let wy(z) = (1/In® A)x™ In* (Az), ... ,ws(z) = (1/In* A)x™ In®(Az) for all x > 1. Then
by virtue of and we obtain

1/2
; 1
Z [Fm)] < (Z wz(m1)+~~+w§(ﬁs)> . (19)

mezs mezs 1

The functions wy,...,ws strictly increase on the interval [1,+o00). Indeed, for each i €
{1,...,s} we have

wi(z) = (1/In* A)(r; In(Ax) + a;)z" " In® ! (Az) >

> (1/In% A)(r;Ine™ /" + a;)a" " In% " (Az) = 0.

Further, denoting by w? the inverse of the function w;, for each p = 1,2,..., we define the
set X, ={m e Z°: |my| < wi(w(2p)),...,|ms| < w!i(w(2p))}, where w is the inverse of the
function w*(x) = wi(x) X - -+ X wi(zx) strictly increasing on [1, +00).
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For m = (mq,...,ms) € X,11\X, there is an index 6 € {1,..., s} such that
Mgl = w;(w(2%)) & wyllme]) = w(2).

Therefore, taking into account the inequality wi (M) +- - -+w?(Ms) > wj(My) and the relation
| X1\ Xp| =< 2P for all p=1,2,... we obtain

1 op
Z wi(m) + - - - + w2(7,) < w2(2p)’ (20)

mEXp 11\ Xp

p—1
If we put Xy = (), then according to equality X, = | (Xx+1\Xk) we have

1
Z W2(my) + -+ + w2(msy)

mezZs

p—1
1
= li .
D DD D ARSI

K=0 mEXK+1\XK
Therefore , by virtue of the inequality

1 <. 2K

> T T ) <<K§m (21)

mezs

is true. According to Lemma 3, there exists a quantity C5 > 0 such that for all integers
K > (5 the inequalities

(.U(QK) > 2)\K ln)\(al/rl—l-m—‘,-as/rs)(g . 2K> Z QAK(K + 1)/\(a1/r1+--.+as/7's)

are satisfied, whence,

2K 1
Z w?(2K) < Z 220 DK (K 4 1)2Maa/rit+as/rs) < o0, (22)
{K:K>C12} {K:K>C12}

since for A > 1/2 the last series converges according to D’Alembert’s criterion. As a result
of , the series KX—:O#;(K) converges. Therefore, due to and for A > 1/2 the

trigonometric Fourier series of each function f € W, converges absolutely. [J

Lemma 5 (see, Lemma A from [12|). Suppose we are given an integer s > 1. Then, for
each integer N > 1, the following assertion holds: for any set G = {m™M, ... ,m(N/)} cC Z°
such that N' = |G| > 2N and |G| =< N, and for arbitrary linear functionals ly,...,Ix
defined at least on the set of all trigonometric polynomzals with spectrum in G, there exist

complex numbers {c;, satisfying the condztzons ck > N ck 2 = N, moreover, if
P k 1 ying 3

x(z) = 2 o™ D) then 1, (x) =0, ..., In(x) =0 and ||x||z~ > N, x|z = VN.

k=1



66 On the optimal recovery of functions from the class W5

5 Proof of theorem 1

Next, we will consider integers K > Cy = max{C1(71),...,C1(7s), Ko}. Since

9’5]\7 (Z](\}) (f) l(N ) Z f 27rz(m(") Z 27rz(m @) )

cAk
then according to Lemma 4 the equality
f(z) — N <l~§\})(f), LI ) S fm)eteion) (239
mGZs\AK

holds. For any m € Z°\ Ak there is a number v € {1,..., s} such that |m,| > N,.. Therefore,
taking into account the monotony of the function w,, we have

1
m%rl In2* (ml 4 1) et mzrs 1n2os (ms n 1)

<

1 1 1
< < < : 24
wi(my) + - +wi(m,)  wi(m,)  N2vIn’*(AN,) (24)
Due to the definition of the number N, and the relation the inequality
N7 In® (AN,) > N*(In N)Mea/rittas/rs)
is true. Therefore, continuing the inequality we obtain
! <
my In®* (M + 1) 4 -+ -+ W2 In®* (M, + 1)
1
< (25)

N2\ (In N )2\ @ /mtras /)

From , by virtue Parseval equality, the definition of the class under consideration and
the equality , follows

= (i 7N)(fy. 1
|70 =& (@, B0 ) |, < e (26)
wherefrom we have
1
j(N
5 ((l 7SON)) N)\ (ln N) 041/T1+~~+O¢5/’r‘5) ‘ (27>
Let the function on(z1,...,2zn;y) : CV x [0,1]* = C and linear functionals lj\} ,...,l%v)
defined on class W5'® be given and let Gy = {m € Z* : |my| < [Mi],...,|ms| < [M;]}, where

M; = NM7mi(In N)Mea/rittas/rs)/ri(In N)=/m for each i = 1,2,...,s. Since the inequality
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|Gn| > 2N and the relation |Gy| =< N are valid for Gy, then by virtue of Lemma 5 for

linear functionals l%), e ,l%v) there are complex numbers ¢,,, m € Gy such that
> leml =N, (28)
meGN

moreover, if [[y(z) = 32 ¢me™ ™) then I{([Ty) = 0,..., 1" () = 0 and

meGN

1L,

Let’s consider the function

L VN. (29)

1
gN(ZE) - N)\+1/2<1n N))\(a1/7"1+~~+as/r5) HN(:E)

Taking into account the definitions of the numbers M;,i € {1,...,s} and equality we
obtain

ST (g (m)? (M W @ 4 1) - (w4 1)) <

meGN
< L E lem)? < 1
N " '
meGN

Therefore, for some Ci3 > 0 the function fy(z) = Cizgn(z) belongs to class Wy, Further,
using the equality , we find

1
[fnllze > N (In N),\(al/r1+~-+as/rs)' (30)
. r;a (1) _ (N) _
Since fx € Wy and I’ (fn) =0,...,15y '(fv) =0, then
swp [ £0) = en (), )|, 2
fewy® L
1
2 U ) = om0 00l e + (=) () = (0, 05) ) 2 (vl e
wherefrom, taking into account , we obtain
1
On(Lyn) > (31)

N (In N)Mer/mt-Fas/r)”

Consequently, by virtue of the inequalities oy (Ly) < dx((I™), @y)) and (27) the relations
hold. [J
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6 Proof of theorem 2

For arbitrarily given numbers |7](\;)| < 1(r =1,...,N) the inequality

|76 = @@ + 988w, D + 88w )|, <
N
~ (71 (N T)\~ wi(m (™).
< | rO = En @, WD)+ DA (32)
=1 L2
holds. It is clear, that
al 1
Nz 2w
Z( N JEne < N,\<lnN),\(al/m+~--+as/rs)‘
=1 2
Therefore, according to inequalities and , we have
|£6) = v @) + Ve, B0 + V8|, <
1
< NI NP @t taafr)
wherefrom, due to the arbitrariness of the numbers 7](\;) (r =1,...,N) and the function f
follows
~ AN) ~ 1
DG, (I, 5w)) < (33)

N (In N)Mer/mtFas/re)”

Since oy (Ly) < On((I™M, &x)) < An(En, (I, By)), then using and we arrive to
(3)-

Further, for each integer K > Cj we take Sk = min{ny,In N} and define the set
Hyig ={me Z°: [i] < |mq| <2[J1],...,[Js] < |ms| < 2[Js]},

where N = N(K),ny = {nn)}r>1 is a positive sequence arbitrarily slowly increasing to
+00,
Jy = NMri(In N)Mea/nttas/r)fri(yy Ny=es/rig Wi =1 g).

Since Klim Bx = 400, there exist some quantity C4 > Cj such that for all integers K > C4

——+o00

the inequality

Bk >1 (34)

holds. For an arbitrary vector m = (mq, ..., ms) € Hg the inequality

In*(Am;) < In® N, (35)
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is true, where «; € R and m; = max{1l;|m;|} for each i € {1,2,...,s}. The validity of the
last inequality is established using Lemma 1 and inequalities In™"/" N < B;{l/ " < 1. Using
for any vector m = (my,...,m,) € Hx , we easily obtain

T In (A7) < N (In NYXen/ritssasf gt (36)

Now, for each K > C14 we consider the function hx(z) = Brenx Y. €™ Due to

meH g
inequalities |Hg| < N - 8>, 1/A > 0, and we have
D7 T lm) P I (7 + 1) + -+ + T2 I (7, + 1)) <

mEHK
1
<<— Yol g <L
mEHK /B

Therefore, for some Cy5 > 0 the function tx(z) = Cishk(z) belongs to class Wy, It is clear
that

1 1-1/(2) (37)

”tKHLQ > N’\(ln N)/\(al/r1+---+as/rs) K

Let

~(T tk m<T) (1 _gK m(T)
o )

ENTIN ENTIN
v =A™ on) () = FmD), 17 (F) = fm™)y

for each integer K > (4. Since

AP <1, 0] < 1k (m™) + v 7Ven = 0, (=) (mD) + q7 P e

for any 7 € {1,..., N}, then for every computing unit (I'"), py) € ®x we have

en=0

sup sup
FEW WP I<1, ey §Y|

f(m““) A -)] >

L2

> maX{HtK(‘) — on(tr(mY) + %(\})UNSNN, ot (m™)) + FunnEn; )’

Y

L2
(=t = en((=t) D) + 7w, (<)) + 78 mwEws )| ) =
= max {[[tx(-) = (0, ., 05) 2, [(=tx) () = on (0, 0 o} = lExcllze. (38)
Comparing inequalities and , for any computing unit we obtain
Ax(nn, (1P, on)) > dn(Ly) - i /Y. (39)
Since 1 — 1/(2)) = &1 > 0, then hm Bl V@Y = 400, Therefore, due to , for each

(IN) py) € ®y we have

HAN(UNgNy (Z(N)a ‘PN))

K—o00 5N<LN)

Since (I™), Gy) € ®y, then from (40) the equality @ follows. OJ

= +00. (40)
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7 Conclusion

When considering the class W,'® in problems of optimal recovery of functions and finding
limiting errors, in contrast to the multidimensional Sobolev classes with a dominant mixed
derivative SW, Korobov E and the isotropic Sobolev class W both the exact order
and the limiting error €y do not depend on the number s of the variable functions
fx) = f(x1,...,25) € W5 (see, for example, [4], [13], [14]). Therefore, the theorems
formulated and proven here are important results in approximation theory, numerical analysis
and computational mathematics.
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AN ELLIPTIC SELF-ADJOINT OPERATOR OF THE SECOND
ORDER ON A GRAPH WITH SMALL EDGES

This work is devoted to the study of a second-order elliptic self-adjoint operator on a metric
graph with short edges. The underlying structure is constructed by rescaling a given graph
by the factor e~ and attaching it to another fixed graph, where ¢ > 0 is a small parameter.
No substantial restrictions are imposed on the pair of graphs. On this combined structure, we
define a general second-order elliptic self-adjoint operator whose differential expression involves
derivatives of arbitrary order with variable coefficients and a non-constant potential. The vertex
conditions are taken in a general form as well. All coefficients, both in the differential expression
and in the vertex conditions, are allowed to depend analytically on the small parameter €. It was
previously established that the components of the resolvent corresponding to the restrictions of
the operator to the fixed-length edges and to the short edges are analytic in € as operators in the
corresponding functional spaces, with the restriction on short edges additionally conjugated by
dilation operators. Analyticity here means representability of these operator families by Taylor
series. The first principal result of the paper is a recursive procedure, reminiscent of the method
of matched asymptotic expansions, for determining all coefficients of such Taylor series. The
second main result provides a convergent expansion of the resolvent in the form of a Taylor-type
series, together with effective estimates of the remainder terms.

Key words: graph, differential operator, resolvent, boundary conditions, Taylor series.
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IITarsia goracekl 6ap rpadTap GoiibIHAa aHBIKTAJIFaH ©3iHe-03i TyiiHaec
eKiHII peTTi 3IuNTUKAJILIK, AuddepeHnaaabiK orepaTop

By xxyMmbIc KbICKA J0oFrajapbl 6ap METPUKAJBIK, TpadTarbl eKiHIM PeTTi 3/INITUKAILIK, 63iHe-031
TyiiiHgec omepaTop/Ibl 3epTTeyTe apHaJraH. BacTalnKsl KypbuIbiM Oepiiren rpadTol £ 1 koadbdu-
[MeHTiHe Jiefiin MaciiTabray KoHe OHBI DacKa OekiTijreH rpadka Kajray apKbLIbl KYPbLIaJIbI,
MmyHparel € > 0 - kimi napamerp. ['padrapabis, xKyObiHa aliTap/IbIKTall IIEKTeyIep KOMbLIMAaii-
met. Ocbl GIpIKTIpiAreH KypbUIBIMIA €KIiHIM PEeTTi JUIMITHKAJBIK, ©3iHe-031 TyiliHaec omepaTop
AHBIKTAJIAIBI, TUMMEPEHITHANIBIK, OPHETT affHbIMaIbl KoM uImenTrepi 6ap TYBIHIBLIAD YKOHE
TYPaKTHl €MeC ITOTEHINAJ apKbIIbl aHbIKTaJIraH. ['padTeiH Tebenepinzeri maprrap Ja KaJilbl
Typae bepineni. JuddepeHnualiabiK, opHEKTE YKoHe TebesiepIeri mapTrapaarbl 0apJIblK, KOaddu-
[UEHTTEP Killll € MapaMeTpine aHAJTUTUKAJIBIK TOYE 1 60Ty bl MyMKiH. AJJIBIHFBI 3€PTTEYJIEP/IE OTle-
PaTOP/IBIH TYPAKTHI Y3bIHIBIKTAFBI IOFaIapIarbl 2KOHE KbICKA JIOFAJIAp/Iarbl MEeKTeyJIepiHe ColKec
PEe30JIbBEHTAHBIH, KOMIIOHEHTTED] € mapaMerpine KATBICTHI THICTI DYHKITMOHAJIBIK KEHICTIKTepIeri
OTIepaTOpJIap PETiH e AaHATUTUKAIBIK eKeH/IIr JosesieareH. COHBIMEH KaTap, KbICKA JOFajIapIarbl
IEeKTeyJIep KOCBIMINA TYP/Ie JTUIATAIUs OllepaTopIapbiMeH yitiectipiieai. MyHIarbl aHATUTHKA-
JIBIK, JIeTeHIMI3 - OChl oreparopJsiap ToObiH Teiljiop Karapbl apKbLIbl ©pHEKTEY MyMKIiHIir. 2Ky-
MBICTBIH, Oipinmii Herisri Hotmkeci - Teitsiop KaTap/apblHBIH OapJiblk KoadduimenTTepin Tabyra
apHAJIFaH, KeJICIJIreH aCHMIITOTUKAJIBIK, 2KIKTEeMeJIep 9/IiciHe YKCac PEKyPCUBTI Iporeaypa OoJIbIi
TabBLIaAbl. EKiHII Herisri HoTmKe pe30JIbBEHTAHbI TEHTOPJBIK THITEr KaTap TYPIiH/Ie *KIHAKTHI
KIKTey MeH KAJIJIBIK, MYIIIeIep/ iH, THIMI OaraayiapblH YChIHA/IbI.
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DIANNTUYECKUIT CAMOCONPSI>KEHHBIN OIIEPATOP BTOPOro IOPsSAKa
Ha rpade ¢ MajJgbIMu pebpammu

Jannast paboTa IOCBSAIIEHA HUCCJIEIOBAHUIO SJIUITUYECKOIO CAMOCOIPSIKEHHOIO OIIEpATOpa
BTOPOI'O TOpsiIKA HA METPUYECKOM rpade ¢ maybiMu pédbpamu. Vcxomaast CTPYKTypa CTPOUTCS
OyTéM MacITabHpoBaHus IAHHOTO rpada ¢ KOI(POUIMEHTOM £ ' W IPHCOETUHEHHS €ro X
npyromy ¢dbukcuposanuomy rpady, rae € > 0 - masbiii mapamerp. CyIeCTBEHHBIX OMpaHUIEHUN
Ha mmapy rpadoB He HakIagbBaeTcsa. Ha 3Toit KOMOMHUPOBAHHON CTPYKTYPE OMPeIeIsieTCsT OOt
SJUIUIITUIECKUN CAMOCOIIPSIZKEHHBIN OIIEpATOp BTOPOrO MOPSIKA, UM (MEPEHITUAIBHOE BhIPasKeHIe
KOTOPOT'O BKJIFOYAET MPOU3BOJHBIE ITPOM3BOJIBHOIO MOPSIKA C MEPEeMEHHBIMU KO3(hUIneHTaMu
U HEMOCTOSIHHBIM IIOTEHIIHAJIOM. YCJIOBHS B BEPIIMHAX TaKXKe 3aalTcst B o0rmieit dpopme. Bee
ko3 durmeHTsl - Kak B AuddepeHnnaabHOM BBIPDAXKEHUH, TAK W B YCJAOBUAX B BePINNHAX
- JIOIyCKAeTCs 3aBUCHMBIMU OT MAJIOTO IapaMerpa & aHaJUTHYecKuM obpaszoMm. Pamee Obu1O
YCTAHOBJIEHO, YTO KOMIIOHEHTBI PE30JIbBEHTBI, COOTBETCTBYIOIIHE OIPAHIMIEHUSIM OI€paTopa
Ha PEOpa (DUKCHPOBAHHOW JJIMHBI W Ha KOPOTKHE PEOpa, AaHAJUTUYHBI [0 € KaK OIepaTOpbI
B COOTBETCTBYIOIMMX (DYHKIMOHAJBHBIX MPOCTPAHCTBAX, IPU 3TOM OrpAHUYEHNE Ha KOPOTKHUX
pEOpax IOTMOJHUTEIBHO COMPSATACTCS C OIEepaToOpaMu JujaTarud. 1107 aHAJIUTHIHOCTHIO 371eCh
[OHUMAETCSI TIPEJICTABUMOCTh ITUX CeMeCTB omeparopoB B Buje psnoB Teiiopa.llepsbim
OCHOBHBIM DE3YJIbTATOM pPabOTHI SIBJISETCS PEKYPCUBHAS MPOIEAYPa, HATOMUHAIONAS METO/T
COIJIACOBAHHBIX ACUMIITOTUYECKHMX PAa3JIOXKEHUM, JIJIsi HAXOXKJIEHUs] BCeX KOI(DDUIMEHTOB TaKUX
psnos Teitopa. Bropoii riaBHBIN pe3yabTar TaéT CXOMSAINNCS PA3JIOXKEHNE PE30IbBEHTHI B BUJIE
psa TeHIOPOBCKOro Thia BMecTe ¢ 3(P(MDEKTUBHBIMA OIEHKAMY OCTATOYHBIX UJICHOB.

KuroueBbie cioBa: rpad, anddepeHInagabblii OepaTop, pe30JbBeHTa, TPAHNTHBIE YCIOBUSI,
psan Teitmopa.

1 Introduction

One of the actively developing areas of modern spectral theory of operators over the past
two decades is the theory of quantum graphs [1H6]. In this theory, special attention is paid
to perturbations caused by geometric features of the graph, in particular, the presence of
small edges. Early studies concerning Taylor series for resolvents of operators on graphs with
short edges were focused on the approximation of certain boundary conditions at vertices
using graphs of a special structure with small edges. Such an approximation was understood
as uniform convergence of resolvents of the corresponding operators on the original and
approximating graphs.

Questions of this kind were considered for Schrodinger operators on a number of simple
model graphs in [7,/8]. In particular, in [7], a star graph of three edges was studied, one of
which was considered small, with §- or ¢’-type conditions imposed at the central vertex.
In [§], a graph of arbitrary structure was added to a graph including a loop and two
fixed edges, obtained by scaling the given finite graph with a coefficient 7!, where ¢ is
a small parameter. In these studies, it was found that the resolvents and spectra of such
operators depend on ¢ analytically, which was unexpected, given the singular nature of such
perturbations. Usually, for singular perturbations, it is possible to construct only asymptotic
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expansions for eigenvalues, while the questions of convergence of such series and, especially,
their analytical dependence on a small parameter remain open [9,10|. Advances in the analysis
of model operators became the motivation for studying more general operators on graphs
with arbitrary topology and small edges. An elliptic self-adjoint operator of the second order
with variable coefficients and general boundary conditions on a graph was considered, to
which another graph with small edges whose lengths were proportional to the parameter
€ was glued. Moreover, both the coefficients of the differential expression and the boundary
conditions could analytically depend on e. In this paper, we continue the study begun in [7,8|
and focus on the analysis of the resolvent of the general operator. The main result is the
construction of a recurrent procedure for the coefficients of the Taylor series of the resolvent
components. Based on the results of [9,/10], a uniformly convergent expansion of the resolvent
in a Taylor series is obtained, and effective estimates of the remainders of this expansion in
various operator norms are given.

1.1 Research methodology

The text does not specify the specific time, place, and conditions of the study, since the work
is of a theoretical and mathematical nature. The study was conducted within the framework
of mathematical modeling and analytical analysis, without involving experimental data or a
sample of subjects. Abstract graphs constructed by compressing one graph and then gluing
it to another, as well as the corresponding second-order elliptic operators, were considered
as the "material". The main research tool was the methods of functional analysis, operator
theory, and asymptotic expansions.

2 Research results

2.1 Statement of the Problem

The main object of the study of this article is a self-adjoint elliptic operator of the second
order on a singular perturbed graph. The essence of a singular perturbation is the presence of
small edges. A graph with small edges is obtained by gluing in a certain way a small graph to
a given graph with edges of a fixed length. The latter graph is denoted by the symbol I and
is a finite metric graph. This means that it contains a finite number of edges and vertices,
on each edge a direction and a corresponding variable are introduced. As a measure on each
edge, the standard Lebesgue measure is chosen. The graph I' is allowed to have edges of
infinite length. At the same time, we assume that this graph does not contain isolated edges
and vertices.

By v we denote another finite metric graph without isolated vertices and edges, and now
we assume that the graph v contains edges of only finite length. We compress the graph
by a factor of €71, i.e., we replace each of its edges e of length |e| with an edge ¢|e| while
preserving the rest of the graph structure. We denote the resulting graph by ~..

In what follows, we will often identify the original graphs I' and . with the corresponding
subgraphs of I'., for which the same notations will be used. The directions and variables on the
edges of I' and ~. are preserved after the described gluing. Therefore, each function defined
on the graphs I' and ~. is simultaneously considered to be defined on the corresponding



M. Konyrkulzhayeva, G. Auzerkhan 75

subgraphs of I';. And vice versa, a function defined on I';, is considered to be defined on the
graphs I' and ~..
On the graph I'. we consider the elliptic operator H,. with the differential expression
~ d d d d
= =5 Pe—— | = € €7 ‘/57 1
HE) = = gpegy Tt aegy) + (1)

where 7 is the imaginary unit, and the coefficients are given by the equalities

D= {PF(-,é) on I 4 = {qp(-75) on I, V.o {VF(.75) on T,

Ssp’y('a 6) on e, : 6;1]77('7 6) on e, 8725&‘/’)/(3 6) on e,

Here pr = pr(-,e) € WL(T),qr = qr(-,e) € WL(T), Vi = Vi(+, ) € Lo(T) and
Py =py(,6) € WL(7),4y = ¢,(-,e) € WL(v),V, = V,(-,e) € Ly(y)-are some real functions
defined respectively on the graphs I' and v and analytic in € in the norm of the indicated
spaces S; : La(y) — La(7:)-is a linear operator, defined by the formula

x
(S.u)(x) == u(g>, T € e (2)
on each edge e. of the graph ..
The differential expression H(e) is considered uniformly elliptic: taking into account the
analyticity of the functions pr and p, with respect to €, we assume that the inequalities

pr(z,0) > ¢y on I',p,(£,0) > ¢y on vy

with some fixed constant ¢y > 0.

The boundary conditions for the operator H. are defined as follows. For an arbitrary
vertex M € I'. with degree d(M) > 0, we denote by e;(M),i =1, ...,d(M), the edges coming
out of M. We introduce a pair of d(M)-dimensional vectors

U1(M) %(M)
Un(u) := : , Un(u) = : , (3)
ua(ary (M) (M)

where x;-variable on the edge e;. The boundary conditions at the vertex M € I'. are specified
in the general form:

A (e)Ups(u) + B (e)Ups(u) = 0, (4)

where Ay (e) and By (e)-analytic matrices of size d(M) x d(M) in .

Strictly,H. is defined as an unbounded operator in Ls(I'.) whose action is described by
the differential expression (1) on the domain of definition composed of functions from the
space W (T'.) satisfying the boundary conditions ; here we use the notation
Wi(-) := @Wi(e), j = 1,2. All other operators that are used further in the paper are strictly
defined in a similar way based on their differential expressions and boundary conditions.

We restrict our consideration to self-adjoint operators, which means that it is necessary to
impose certain conditions on the coefficients of the differential expression and the matrix
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in the boundary conditions . The criterion for the self-adjointness of the operator H. is
the simultaneous fulfillment of the equality

rank(AM(O)BM(0)> = d(M) (5)
and the presence of self-adjointness of the matrix
Apr(e)Iy () By (e) + B (e)lly (€)On Ly (e) By, (o),

where

[1y(e) = diag{ﬂi(M)Pa‘ei(M)(M)}izl,...,d(M), (6)
Oun(e) = diag{ﬁi(M)qs‘ei(M)(M)}z':L...,d(M),

e;(M) are the edges emanating from the vertex M, and the numbers ¥;(M) are defined as
follows: e;(M) , if the direction on the edge e;(M) inward from the vertex M coincides with
the initially chosen direction on this edge, and 9;(M) := —1, if these directions are opposite.

The boundary condition , in essence, does not change when multiplying it from the
left by non-singular square matrices of size d(M) x d(M). Taking into account equality (),
we partially limit such freedom in the choice of matrices Ay () and By(e) by the following
condition. We denote r(M) := rankB);(0) and assume that the first (M) rows of the matrix
By (0) are linearly independent, and the last d(M) — r(M) rows vanish. We simultaneously
assume that the last d(M) — (M) rows of the matrix A,,(0) are not equal to zero.

The main goal of this paper is to describe in detail the dependence of the resolvent of the
operator H. on the parameter €. To formulate the main result, we need to introduce auxiliary
notations. This will be done in sections 2.2 and 2.3.

2.2 Auxiliary notations and the main condition

For convenience and to simplify a number of technical calculations, we assume throughout
the paper that the directions on the edges e;,7 = 1, ..., dy, of the graph I', emanating from
the vertex M, are chosen inside the edges from the vertex M. If there is a loop among the
edges e;, then in order to ensure that such a condition is satisfied, we introduce an additional
artificial vertex on the loops, on which we set the standard Kirchhoff condition. Such a vertex
does not change either the operator H,., or its resolvent, or its spectrum.

We introduce another auxiliary graph 7., which is obtained by attaching edges of infinite
length e$°,i € J;,7 = 1,...,n, to the vertices M;,j = 1, ..., n, of the graph . The variable on
the graph v is denoted by &. An auxiliary operator H,, is defined on the graph H.,. This is
an unbounded operator in Ly(7,) with the differential expression

Hoo = _difp'y('vO)d% T i(d%qv(-,()) + %('70)%&) +V4(,0) on v,

A~

Heoo = —pi(O)% on e*, i€ J;, j=1,...,n, pe):= pp‘ei(Mo,a),
and boundary conditions

Ag\(/)[)UM(u) + B](\S)Uj\/[(u) =0 at the vertices M € 7.
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Here the vectors Ups(u) and Uy, (u) are introduced similarly to (3]) with the replacement

y dz The matrices AE&) and BJ(&) are defined by the formulas

o._( O © [ Ba(0)
Ay = <A]_V[(O)> , By = (dgjl (0)) )

where A,,(-) and Bj,(-) are the matrices composed of the last d(M) — r(M) rows of the
matrices Ap/(-) and By(-) and the matrix By;(-) is formed by the first r(M) rows of the
matrix Bjs. The operator H., is self-adjoint, and its essential spectrum is the semi-axis
[0, 00).

The fundamental condition imposed on the operator H. is expressed in terms of the
operator H:

of derivatives £“ on
i d.

(A) The operator Ho, has no embedded eigenvalues at the edge of its essential spectrum.
Equivalently, condition (A) can be reformulated as follows. Consider the boundary value
problem

Haooth = 0 0on Yoo, Ag\(/)[)UM(Q/J) + BJ(\S)UJQ(#J) =0 at the vertices M € 7. (7)

By virtue of the definition of the differential expression H. on semi-infinite edges e,
the solution of this problem on these edges is given by a linear function. Therefore, the
absence of an embedded eigenvalue on the edge of the essential spectrum of the operator
Hoo is equivalent to the absence of nontrivial solutions ¢ € W3 (y) ® W3,.(e°) of problem
@), which identically vanish on all edges e°. At the same time, the presence of nontrivial
solutions that are constant on these edges and do not simultaneously vanish on all edges e,
is not excluded. In other words, the presence of a virtual level is allowed on the edge of the
essential spectrum of the operator H.

Let /), j = 1,..., k, be linearly independent solutions of problem , constant on the
edges €. By condition (A), these functions do not vanish identically simultaneously on all
edges e;°. It is clear that k£ < dj. If there are no such solutions, then we set k := 0.

For an arbitrary function u defined on the edges €°,7 € J;,7 = 1,...,n, at least in the
neighborhood of the vertex M; and continuous up to this vertex, we introduce the notation

Uy () = (u] (o))

e i€Jj,j=1,...n

We denote ¥V = U, (W),j = 1,..,k and we choose the functions ¥() so that
the introduced vectors WU) are orthonormal in C%. If k < dy, then we additionally
choose arbitrary vectors UU) € C% j = k4 1,....dy, so that the entire set of vectors
VO e ¢ j = 1,..,dy, forms an orthonormal basis in C%. This means that the matrix
U= (W g®gED gld)) s unitary.

An important role will be played by another auxiliary operator on yet another graph,
denoted by 7., and obtained by attaching unit edges ef*, 7 € J;, 7 = 1,...,n, to vertices
M;, j=1,...,n, of the graph ~. Vertices M; will be considered the beginning of edges €;°,
i.e., the direction on these edges is chosen inward from M. Vertices that are the ends of edges
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e:° will be denoted by M, 1 € J;, j =1, ...,n. The mentioned auxiliary operator is denoted

by He.(g) and is determined by the differential expression

Her(e) i= = gepa )k + i (0 )  ar (20 ) + Vi) on g 5

Her(€) = —pi(E)j—; + 2ieg;i(e) on e§*, i € J;, j=1,..n,
with boundary conditions
eAn(£)Un(u) + Bur(e)Up (u) =0 (9)
at the vertices M € v, and boundary conditions of the third type

HF,M() (E)U/

ex

(U) — iE@F7M0(€>Uex(’LL) =0

at the vertices M7*, where it is denoted

dul@‘fz Mex
a6 (M7*) u(ME*)
Usy(u) := o : y Ue (1) = : ,¢i(€) == 0i(Mo)qr|e, (Mo, €).
e (M) u(Mzy)

2.3 Parts of the resolvent and known results

Let Rr : Lo(I'.) — Lo(T') and R, : Lo(I'c) — Lo(7:)-restriction operators to subgraphs of T’
and 7., namely Rpf := f|p, R..f = f|,.. It is clear that

Ly(I'e) = Ly(T) @ La(7e), Rr @ R, = I, (10)

where Jr_- is the identity operator in Lo(T;).
Since the operator H. is self-adjoint, its resolvent (H.—\)~! is well defined for all A € C\R.
Therefore, we can introduce a pair of operators

Rr(e,\) = Rr(He = A\) N T @ S.), By(e,\) =S "R (He — N HTr @ S.),

where Jr— is the identity operator in Lo(I'). These operators are linear and bounded as
acting from Lo(T") & Lo(7y) to WZ(T') and WZ(v), respectively.

Let us explain the action of the operators Rr and R,. For an arbitrary pair of functions
(fr, fy) € Lao(T') & Lo(7y), we construct a function f € Ly(I'.) by the rule f := fr on I' and
f = S.f, on 7. Next, the resolvent is applied to f and restrictions of the result to the
subgraphs of T" and 7. are considered, i.e., the functions Rp(H. —A)~'f and R (H.—\)"'f.
The first of these functions is the action of the operator Rr(e, ) on (fr, f,). To the second
restriction we additionally apply the operator 8- : the resulting function S-'R.,_ (H.—\) "' f-
is the action of the operator R (e, A) on (fr, fy). We also note the formula

(Mo =N f = (Br(e.) © SR, (2. 0) (R © 5.'R,,) (1)
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Next, we need another auxiliary operator on the graph I', considered as a separate graph.
This operator is denoted by H,, and it corresponds to the differential expression H(0) and
the boundary conditions

AE&)UM(U) + B](\E)Uj’w(u) =0 at the vertices M €T (12)

For M # My, the matrices Ag\(}) and BJ(S[) are introduced simply: Ag\? = AM(O)7B](\2) =
By (0). In the case of M = M, the description of the matrices Ag\% and B](\% is much more
cumbersome. Namely, these matrices are of size dy x dy and they have the form

. (Q@ 0 w1k O ox o I, 0\ ..
AM() = <O Idok) L “+1 (0 0 L @F,Mo(0)7 BM() = — 0 0 v HF,MO(O) (13)

where for an arbitrary d the symbol I; denotes the identity matrix of size d x d, and the
symbol 0 denotes the zero matrices of the corresponding sizes. The matrices Il 5z, and Or
are described by the formulas

HF,M0<€) = diag{ﬁi(Mo)pr ei(M()a 8)}z’=1 ,,,,, do>
Or.u,(€) = diag{ﬁi(MO)QF|ei(M076)}i:1 ..... do

where, recall, e¢; are the edges of the graph I' emanating from the vertex M, the numbers
U;(Mp) are defined as and in (). The matrix Q has the form

QM .. QWY
Qim | s ] QU =+ Y QY (14)
Q Q Meéevso

i d (1) () @ .d i
Q(]) = (Lg(vo)dﬁg 7d7fl§] >L2(W) + (%,Z%(,O)Qﬁ(])) +

+(Z'di;(.7 0)p ), 4 >L2m + ({dl( 0)(®), w(j)>L2(j)27(v> (15)

QN = (Lar(w?), Un(w)) = = (em @), 00w, ) - (16)
Lar() 1= Do (003, (919 — 22 0)030(00) + (Vo + L) ™ Pl (69, (17
eu() == 200 (A5 Uni () + B UL (), (18)
Uns = =Chi (Anr +iBar), Dar(-) := T (00U (+) = O5, 0 (0)Une (), (19)
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+
AW (AON ooy [ Z(0)
= dA~T 5 = 2 p— ’
o daM (O) . %dd];M (0)7

Iy a1, () := diag{vs(Mo)py
& a1 (¢) = diag{0i(Mo)g, .

where the matrix A}, (-) is formed by the first r(M) rows of the matrix A (+),e;(M) are
the edges emanating from the vertex M, the numbers v;(M) are deﬁned in (6), and the
functions p, and ¢, are extended to the edges e°, ¢ € J;, j = ,n, by the formulas
p’y('a e) = pile), qV('a €) = eqi(e).

By P, we denote the projection in C¥™) onto the eigenspace of the matrix Uy
corresponding to the eigenvalue —1, and we also set Pj; := Taonry — Pur-

Let’s define more spaces:

7(-) i= @ec C(€) N Leo(e), [lull+e) Z el 2 e

7'(1) = Bee. O (€) N Wio(e), [lullrie) = ZHUIle

Theorem 1 Let the matrices Ap(€), Bu(€) satisfy the above conditions. Then the operators
H. and Hy are self-adjoint. Let condition (A) also be satisfied. Then the operators H. and
Ho are linear and bounded as acting from Lo(T) @ Ly(7y) to WE(T') and WZ(v) and to 74(T")
and (7). For each A € C\ R there exists eg(\) > 0, such that for eg(\) > 0 the operators
Rr(e,A) and R, (e, \) are analytic in € as are the operators from Ly @ Lo(y) in WZ(T') and
W3(v) and in 7/(T) and 7*(v). In both cases the first terms of the Taylor series of these
operators are of the form

Rr(e,N) = (Ho — A) " Pr + 0(c), Re(e, ) = RVPr + O(e),

RIYNS 5= 300, (). en() s= (000 00) U (o= 2)'7). (20)

2.4 Main result

The main result of this paper describes all the coefficients of the Taylor series for the
operators Rr and R, as well as the analogue of the Taylor series for the resolvent of the
operator H..

Let’s define a family of auxiliary functions - solutions to problems

(’H(O) — )\)191"1" =0, onT,

. (21)
AQU (1) + BOUL, (9:r) =0, in M # My, Uy, (0ir) = 00,

The application of Lemma 2 from Section 3 guarantees the unique solvability of these
problems. Let us consider two systems of boundary value problems. The first is introduced
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on the graph I', considered as an independent graph (p > 0):

. "1 dvH .
(’H(O) - A)ug =— E o den (-,0)u,_, in T, (22)
q=1

AQ U (0:r) + BOUL, (9:r) =

- 4 : (23)
_q;%<ddqu (0)Un (1) + %(@%(ugq)) MeT, M # M,
~ , p 1 dqﬁez X .
Her(o)up = (52pX’Yf’Y o Z a ded (O)X,Yup_q + /\X’Yup72 on Yez, P > 0, (24)

q=1

PyUy(u)) = =PyCug), Padw(u) + KyUn(u) = 2iChy (Uns + Ed(M))_ICMgga (25)

p

g5 =) (Aﬁf}UM(u;_i) + Bﬁ?U&(u}_Q),

=1
1 di’lf%(o) ldiBL(O)
Ay o= | GO a ),B;‘u::< il del >,Me%o
( () : 2 (0)

where we set u) := 0 for p < —1, x, denotes the characteristic function of the graph =, d,, is
the Kronecker-Capelli symbol and

(+1)! dett!

—1
The main result about Taylor series for the operators Rr and R, is as follows.

Theorem 2 Let all the above conditions on the coefficients of the differential expression
H(e) and the matrices Ap(€), By(e) be satisfied, and let condition (A) be satisfied. For
each pair (fr, fy) € Lao(I') @ Lo(7y) the Taylor series of the functions Rr(e, N)(fr, f,) and
R+ (g, N)(fr, fy) have the form

Rp(e’f, )\)(fr,f,y) = i apug, ug = (Ho — )\)_lfp
P ) | (26)
’R’W<€7 A)(ffaf'y) = z::[prZ, U’g = Zci<ff)w(l)a

i=1

and converge uniformly in ¢ in the spaces W3(T') and W3(v), as well as in the norms of the
spaces T2(T') and 7%(7).
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The coefficients of these series are given by the formulas

k k
= U,E,* + Z Ciptir, U; = U;* + Z Ci,pw(i)v p=1, (27)
i=1 i=1
where u . is the unique solution of problem (22 with boundary conditions
Unty (UQ*) = Uy (13.) (28)
and ] , is a particular solution of problem , with the boundary condition
U’;eac (u;7*> = UA;WO (ug_l)’ (29)

determined by the orthogonality conditions

D) —g i
(U.Y(ug,*),\lﬂ ><ch —0, j=1,..k (30)

The constants c; ,, p > 1, are given by the formulas

-1

Cip hip (Do (V,r), \p(l))(cdo oo (9(Fnr), \Il(l))(cdo
=11 =] L= (32)
Chp hip (Po(@1r), ¥®) - (Do(Wrr), ¥

3 (B v0) = ()
— Lo(vy La(v)

)
+51p(f'yaw )L2(7 +)‘( Up— 27w(j))L2 o (HF’MO(O)UMO( tp— 1*"Il(j))>(cdo_
+ )

()
. . -1 i
— Z ((PMgM,j7 PMUM(¢(]>)>@1(M) 22<(UM<O) + Ed(M ) P]\J/_[gM,ﬁ PﬁUM(ip(]U)@d(M))’

Mey

9 —PMCM<222(A§’2UM< ) B U (1) + AN Usi () + By Upy () >)),

Do(-) = Tp,agy () Ui, () = 4OT, Mo(0) Uty (-)
(33)

The second main result describes an analogue of the Taylor series for the resolvent of the
operator H..

Theorem 3 Let all the above conditions on the coefficients of the differential expression
H(e) and the matrices An(€), Ba(€), be satisfied, and let condition (A) be satisfied. For each
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function f € Lo(T.) the function (H. — X\)~'f can be represented by a series converging in
W2(T.) and 73(T.)

(He =N f =) Pup @87, (34)
p=0

where the functions ug and u}) are the coefficients of the series with
fF = Pl“f7 f'y = SEP'YEf'

For an arbitrary N € Z, the following estimates are valid:

N
—1
I(He =N f =D Pupllway < CVEV2 £l (35)
p=0
N
~1
I(He = A) " F =D Pupllrewy < CVENY2 fll o (36)
p=0
N
~1
I(He = A) " f =D &Sty ||y < CVENT2) Ly (37)
p=0
N
—1 .
I(He =) = D Sepllug < OV iy i = 1,2, (38)
p=0
N
-1
I(He = X)) f = Sty [l < CVTEVT2 fl e (39)
p=0
N
—1 _
I(He = A) " F =D ePSaupllrigry < OV Fl Ly (40)
p=0

where C' is some fixed constant independent of e, N and f.

3 Auxiliary lemmas

To prove the main result, we will need a series of auxiliary lemmas and facts, which are
presented in this section.
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Lemma 1 Suppose that condition (A) is satisfied. For an arbitrary family of vectors
gur € Py CM gy € Py CUM M € v, an arbitrary vector go, € C% and an arbitrary
function g € La(Yer) the boundary value problem

7:2 ( )u_g7 m Yex) HFMO(O)U/ ( ) Yex (41>
PMUM() gMapﬁM<>+K UM()—QMJ_?;TZME’}/OO

is solvable in W2(Yez), if and only if for all j = 1,...,k the equality holds

(quvzj( )>L (Yea) <961‘7U (w(j))) d0+
> <9M LU (¢ )><cd<M> (gM’ 19;; (w(j))><cd<M>' "

Mevoso Meys

Lemma 2 For an arbitrary family of vectors gy € C*™M) M € T, an arbitrary function
g € Lo(I') and each A € C\ R the boundary value problem

(7/—[\(0) — )\)u =g onT,

UMO(U) = OM, m M e F, M 7é M()

is uniquely solvable in WE(T).

The following auxiliary lemma guarantees the invertibility of the matrix ) + L from the
formulation of Theorem 2 (see (31))).

Lemma 3 The matriz Q) + L is non-singular.

We multiply the equation in by ¥, scalarly in Ly(T) and integrate by parts twice,
taking into account the boundary conditions from . Then we obtain that the matrix L —
tImAGr s self-adjoint, where Gr is the positive definite self-adjoint Gram matriz of the
functions ;1. Since the matriz Q is also self-adjoint, it follows from here that for all ¢ € C%
we have

m((Q + L)c, C><Ck = —]m/\(Gpc, C)Ck #0

which immediately implies the non-degeneracy of the matriz Q and completes the proof of the
lemma.

4 Taylor series for parts of the resolvent

In this section we prove Theorem 2. According to Theorem 1, the operators Rr and R, are
analytic in € as operators from Ly(T)® Ly (y) in W3(T') and W (~y) and in T (F) and 7' (7). This
means that for an arbitrary pair (fr, f,) € Lo(I') @& La(y ) the functions u} = Rr(e,7)(fr, )
and uf = R,(g,7)(fr, f,) are represented by series converging unlformly in € in the
norms 7!(T") and 7!(7). It also follows from formula that in the sense of decompositions

the equality

-1

(He=A) f=uw=u oS, f=[faSf (43)
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From this and from the equation for the resolvent (”Ha — )\)71 it follows that the function
u. is a solution of the differential equation (7?[5 — )x)flug = fr on the graph I' and
satisfies the boundary conditions @ at the vertices M € I'y M # M,. We substitute
the series for Rr from into this equation and the boundary conditions, expand all
the coefficients in Taylor series in ¢ and collect the coefficients at the same powers of ¢.

Then we obtain a recurrent system of boundary value problems , for the functions ug.

Our next step is to obtain similar boundary value problems for the functions w). To do
this, we first extend these functions from the graph + to the graph 7., according to the
following rule:

6) = 2 o (0 + o

Due to such continuation, equality and continuous differentiability of the function wu,,
we immediately conclude that the following equalities must be satisfied:

Uni, (ug) =U,(u)), p>1, (45)

W(My), i€ J;, j=1,...n. (44)

U () =0, UL, (05) = Usgy (1) P2 1, (46)

Yex

These relations are continuity conditions connecting the restrictions of the function u. to the
subgraphs I" and ~ on the edges e;; here we should keep in mind the replacement & = z;e7!,
connecting the variables on the edges e and e;. Further, we also consider these continuity

conditions as boundary conditions for the functions ug and u).

From formulas , the equation for the resolvent (7‘-[a — )\)71, the definition of the
operator H.,(¢) in Section 3 and the continuation formulas |i it follows that the function
u) is a solution of the differential equation (’Hem( ) — 52)\) = &2f on fy with boundary
conditions @D We substitute into this problem the series for R from ), expand all the
coefficients into Taylor series in € and collect the coefficients at the same powers of €. Then,
taking into account the continuation formulas and the definition of the differential
expression ﬁex(O) on the edges ef*, we obtain a recurrent system of boundary equations ([24))
for the functions w) with the boundary conditions

AU (u)) + BY Upr (u) = =7,
p .
gg:;(AgQUM( L)+ B (0)-)), M € e

1=

We now investigate the solvability of problems (22)), (23), and ([24), (29)), (46). The
function uf is already defined in . Since problem , , for ug is homogeneous,

its solution is a linear combination of functions ¢ : uj = 37 ¢; ¥, Due to the boundary
conditions for u} at the vertex M, and the definition of the vectors U@ i < k+1 we

obviously have (U Mo (Uo) \II(Z)> =0 for j > k + 1. Consequently,
C2o

(47)

k
Co,i = ci(fr), UMO Uo Zcz fr)w
=1
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where the functionals ¢;(f) were defined in (20). This leads to the formula for u§ from (26]).
Let us now consider problem , , for u{. The right-hand side Uy, (ug) in the
boundary condition with p = 1 is a known quantity, since the function w is already

completely defined. This problem is a special case of problem with
f=—e(0)u], grer = HF,MO(O)UJ’\@ (us)
gn = sPuen (1)), gmL = (UM + Ed(M)) Prien (ug),

where the operator EM is defined in . The solvability condition for this problem is given
by equality , which in this case takes the form

0=— <HF,M0 (O)UJI\/[O (ug)> U'Y (w(j))) + (%(O)U& (¢(j))> -

La(v)

- §<PM5M(ug),z9M(¢(j>)> + > ((UM+Ed(M)>1P]\Jj5M(u3),UM(¢(j))>

ME’YOO

caony  MEveo (M)
(48)
Using the obvious equalities
dyp® dH., , dHes (), (D) on,
=0, on ¥\ Ve, ——(0)9p1) = ¢ & (0 (7))
de de 0 on v\ Yex
and definition quantities Qgij ), by integrating by parts we verify that
(o) = (Feonn) -
Lo(v) La(Y)ex (49)
i dll,, i .dO.,, i i
=+ ¥ (TM(O)UJ’W(W ) = iS2(0) Une (), Uni (v@)
ME’YOO (Cd<M)

Taking into account the last relation and the definition of the function ug in (26)), it is easy
to see that the solvability condition of the problem for u] is equivalent to the boundary
condition at the vertex M, with matrices . Since this condition is satisfied, the
problem for u] is solvable and its general solution has the form

k
u’1Y - U’Y,* + Z ci,lqu)(i)v (5())
=1

where u?,ﬁ is a particular solution of problem , , satisfying the orthogonality

condition (30), and ¢;; are some constants that will be found later.
Having found the function ], we can already determine the function u}. It is found as a

solution to problem (22), ([23), (45)). According to Lemma 2, problem (24), (47), for u}

is uniquely solvable and its solution has the form

k
u’ly = u’1y7>k + Z Ci,lﬁi,Fa (51)
=1
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where ulf* is the solution of problem , with the boundary condition Uy, (ulf*) =
U, (u],).

Let us now study problem , ., . We substitute formula into the right-
hand sides of equalities (|24 , , and we substltute equality (1)) into the right-hand side
of . The resulting problem is a special case of problem , the solvability of which is
determined by condition . Writing out this condition for this problem and taking into

account relations and —, we obtain

k

k
Z Qe + Z Cia (190 (Vir), \IJU))C% = hj1, (52)

i=1 =1

where the numbers h;; are defined by the equalities

297 o .
hja = (fv 3 s (0)xyud + Mg — B (0)] ¢(l)> -
La(v)

<HF,M0 (O)UIZMO (ulf,*) ) \I/(])> cdo -

-2 > ((UM(0)+Ed(M)>1PﬁCM(A Un (u],) + Bj; UM( )+

Me'}/oo

+AT U () + BS U (ud), PirUns (W))) -

Cd(M)

Yo <PMCM<A< Un (u],) + B U (4], +

+AG U () + B Uty (ud), Padag (9 >>>

In matrix form, equalities are rewritten to the equation (@ + L)c; = hy, and Lemma
3 allows us to uniquely solve this equation by finding the coefficients ¢; ;. This leads to

formulas (31)), with p = 1.

The remaining functions, ug and u}, are defined in a similar way. Namely, the function
uy is defined up to a linear combinat1on of the functions ) With some coefficients ¢; , by
the formula from ([27)). Then problem , . for the function w, is uniquely solvable and
its solution has the form (27)). Now we can solve problem ., i ) for up ,1,since all
the right-hand sides in this problem are expressed through the functlons already found. The
solvability condition for the last problem is given by equality and leads to a system of
linear equations (@ + L)c, = h,, where the vector h, is from (32) with coefficients from (33).
This system is uniquely solved thanks to Lemma 3 and the solution is given by formula .
The described procedure allows us to determine all the coefficients of the Taylor series ([26]).

Theorem 2 is completely proved.
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5 Analogue of the Taylor series for the resolvent

This section is devoted to the proof of Theorem 3. Equality follows immediately from

and ; it suffices to substitute the series into formula .

Since, by Theorem 1, the operators Rr(e, A) and Rr(e, A) are analytic in € and, according
to Theorem 2, their Taylor series are given by equalities , the following inequalities hold:

IRee, M) (fr, 1) Zepuruwz < 2R (I 2y + 1 rla)- (53)
[Re(e. M) (fr. 1) Zep DIz < O N2 ol oy + il ) (54)
IRee, M) (fr, 1) Zsu oy < O (el + Mfel) (55)
IRe(e A (e f2) Zep P2y < O (el + 1l ) (56)

where C' is a fixed constant independent of €, NV, fr and f,. From definition of the operator
S, it follows that

d'S.u (|2 e d'S.u |2 L1 diu

: = : , . = : , 57

‘ dxt N Ly(ve) dxt 1Ly (y) ‘ dzr lr(ye) dxt () (57)
and, in particular,

58

‘f” L) f” La(7e) (58)

We also note that from formula follows the equality

N N N
(Ho=2) =3 erub @Sy = (Re(e, M) (fr, )= 3 el ) @S- (Rele, N (fr, )= 3 "3 ))

(59)
Then from , we have

<

W3(T)

(=01 ngu o = [Ree 1) - zepu

< 02N+2 2N+2(Hfr||L2(F) + ”fF”LQ(’Ys))
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and from here it follows . Similarly, using instead of , it is easy to prove estimate
(136).-

As above, applying inequality , the first formula in and equalities , (?7) we
obtain estimates , :

2 2
| <
W3 (7e)

W3 (ve)

([T S
p=0

. (Rr<e, NINSESy u)

2

< 51_2i
o W%('YE)

N
Re(e N(fe ) = S g < 2 (il + e il ),
p:

where i = 0,1,2, and for + = 0 for convenience we set Wi := L,. Reasoning as above and
using inequality instead of and the second equality in instead of the first, we
easily prove inequalities , (40). Theorem 3 is completely proven.

6 Discussion

The results obtained show that even in the case of graphs with complex structure and
arbitrary boundary conditions, the behavior of the resolvent of an elliptic operator can be
accurately described using analytical methods. This is important for further study of the
spectral properties of operators on quantum graphs, as well as for applications in physics,
where such structures model real systems with small scales. The work develops and refines
previously known approaches, offering a more general and flexible analysis scheme without
strict restrictions on the graph structure or the type of coefficients. The results are consistent
with previous studies in the field of asymptotic analysis, but take a step forward due to
the rigorous description of the remainder terms. Prospects include extending the methods to
nonlinear operators, systems with variable scales, and numerical implementations for specific
applications.

7 Conclusion

In this paper, we study the behavior of an elliptic self-adjoint operator of the second order
on a graph with small edges, depending on a small parameter €. It is established that the
resolvent of such an operator is analytic in € and can be represented as a convergent series
with the possibility of exact calculation of all coefficients. An effective method, similar to the
matching of asymptotic expansions, is developed for constructing this series and estimates of
the remainder terms are obtained. The results confirm the possibility of a rigorous description
of the spectral properties of the operator as ¢ — 0 and open the way to further studies of
operators on graphs of complex structure.
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IMPROVEMENT IN VOLTERRA-FREDHOLM INTEGRO-DIFFERENTIAL
EQUATIONS BY ADOMIAN DECOMPOSITION METHOD

The Adomian Decomposition Method (ADM) is widely recognized as a powerful and versatile
semi-analytical tool designed to solve a broad range of problems, including linear and nonlinear
differential equations, as well as integral equations. This method has been extensively applied
across various scientific and engineering disciplines due to its simplicity and efficiency in generating
accurate approximate solutions. In this note, we introduce an enhanced and refined scheme based
on the ADM framework to obtain approximate solutions for Volterra-Fredholm integro-differential
equations (IDEs) with specified initial conditions. Our proposed scheme not only simplifies the
computational process but also ensures improved accuracy and convergence. Additionally, we
rigorously prove the uniqueness of the solutions to the Volterra-Fredholm IDEs by leveraging the
mathematical foundation of Banach’s Fixed Point Theorem, providing theoretical validity to our
approach. To validate the effectiveness of the enhanced scheme, we apply it to a diverse set of linear
and nonlinear Volterra-Fredholm IDEs with initial conditions. The numerical results obtained are
systematically compared with those from existing methods reported in the literature. Our findings
reveal that the proposed approach demonstrates remarkable accuracy, efficiency, and reliability in
solving complex IDEs. Consequently, this method represents a significant advancement in the field
of integro-differential equations.

Key words: Adomian decomposition method, Volterra-Fredholm Integrodifferential equation,
Approximate solution, Uniqueness solution, Adomian poliynomials, Banach’s fixed point theorem.
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A nomMuaHHBIH, XKikTey 91ici apKbLibl BosibTeppa—®Ppearojibm
MHTerpo-anddepeHnnalJIbIK TeHAey/IePiH »KeTiJaaipy

Atomuanpbik gexkomuosunums ouici (ADM) xxestiiik KoHe ChI3BIKTBIK eMec I depeHIuaibK TeH-
JEeYIepi, COHIaii-aK NHTerPAJIIBIK, TEHACYIEPIl KOCA aJIFaHIa, eCeTePaiH KeH ayKbIMbBIH IIeITyre
apHAJFaH KyaTThbl KoHE oM0Oebarl >KapThulail aHAJUTUKAJIBIK Kypas pPeTiHae KeHIHeH TaHBLIIbI.
By ofic HAKTBI XKYBIK, MIENTIMJIEP/Ii MIBIFAPY/IAFbl KapanalbIMIbLILIFGI MEH THIMJILIiriHe Oaitra-
HBICTBI OPTYPJI FBIIBIMU 2K9HE WHYKEHEPJIK IoHep/le KeHIHEeH KOJIaHbLIaIbl. By xka36ama 6i3
Genritenren H6acTankbl maprrapMmen Bosbreppa-Ppearonby naTErpo-auddepeHnuaaabK, TeHIe-
yaepine (IDE) xxybik mermimuepai ainyra apaasran ADM nerizine Herizesres KeTiiaiplired xxoHe
HAKTBIJTAHFAH CXeMaHbl YChIHAMBI3. DBi3MiH YChIHBIIFAH CXeMa ecenTey MPOIeCiH KeHiIIeTin Kana
KOMMali/Ibl, COHBIMEH KaTap KOFapbLIaThIJIFAH JRJIJIK II€H KOHBEPIeHIIUSHBI KAMTAMAaChI3 €Te/i.

© 2025 Al-Farabi Kazakh National University
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Conbiven katap, 6i3 Bompreppa-®@peaxonsm IDE memivaepinin 6ipereinirin Banax Gekitinren
HYKTE€ TEOPEMACHIHBIH MAaTEeMATHKAJBIK HETi3iH maiigasaHa OTBIPBII, Oi3/IiH KO3KapaChIMBI3IbI
TEOPUANIBIK, HEri3/ieil OTBIPHIN, KaTaH JoJengeimiz. 2KaxkcapTbLiraH CXeMaHbIH THIMILTTIH
TeKCepy YIIiH 6i3 OHbI O TYPJIi ChI3BIKTHIK »KOHE CBhI3BIKTHIK eMec Bosbreppa-PpexonbMm Gacta-
Kbl MOH TEeHJEYJIEPIHIH KUBbIHTHIFbIHA KOJIAHAMBI3. AJIbIHFAH CaHIBIK, HOTUXKeJep oijebuerrte
CUTIATTAJFAH 0ap OmiCTEp/IiH HOTHXKEJePIMEeH XKyhesi Typie CAJIbICThIpbLIaabl. HoTmxkenepimis
yebiHbLTFAH Toclt Kypaeai O2KB mernryne kepeMer JpJiiik, THIMIIIK KoHe OepIKTiK KopceTeTiHin
xopceremi. Jemek, Oy omic maTErpo-auddepeHnuaiablK, TeHIeYAep CATACHIHIATB alTapIbIKTai
inrepineymimkTi 6iaaipeti.

Tyitin ce3zep: AnoMuaHABIK ~— KeHeWTy  ojici, Bomabreppa-®pesiroibM  MHTErpo-
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VayuineHnue nHTerpo-anddepeHInaIbHbIX ypaBHeHuT Boabreppa—®pearosibMa MeTOI0M
pasJiokeHus AsjoMmuaHa

Meroz, paznoxenus Anomuana (ADM) mupoko npusHan Kak MOIIHBIA ¥ YHUBEPCAIBHbIH MOJTY-
AHAJNTUIECKAN UWHCTPYMEHT, IIPEIHA3HAYCHHBIN [IJIsi PEIIeHNs MMHPOKOT0 KPYyra 3a/1a9, BKJIOYAs
JIMHeWHbIe U HeJinHeiHble nuddepeHInaibHble yPABHEHNs, & TaKyKe HHTEerpajIbHble yDABHEHUS.
DTOT METO/I, IITIPOKO IPUMEHSIETCS B PA3JINIHBIX HAYYHBIX U MHZKEHEPHBIX UCIUIIINHAX OJ1aroapst
cBoeil poctoTe n 3p(PHEKTUBHOCTU B CO3JAHUN TOYHBIX MPUOJIMXKEHHBIX pelnenuii. B aToii 3amer-
Ke MBI IIPEJICTaBJIsIeM YCOBEPIIEHCTBOBAHHYIO U YJIYUIIEHHYI CXEMY, OCHOBAHHYIO HA CTPYKTYype
ADM, nyist nosrydenust NpubJINKEHHBIX PEIeHuil st MHTerpo-audGepeHnnaj bHbIX ypaBHeHUH
(IOY) Boubreppo-®@pesroibma ¢ yKa3aHHBIME HadaJ bHBIMU ycaoBusMu. Hama npezyaraemast
CXeMa He TOJIBKO YIIPOIIAeT BBIYUCINTENbHBIH IPOIECC, HO U 00ECIIEYNBAET OBBIIIEHHYIO TOYHOCTD
U CXOAMMOCTh. KpoMme Toro, Mbl CTPOro J0Ka3blBaeM yHHUKaJbHOCTH pemteHuit V1Y Bosbreppsbi-
®pearosbMa, UCIOIL3Ysl MATEMATHIECKYI0 OCHOBY TeopeMbl BaHaxa 0 HEMOIBUKHON TOUKe, 0bec-
eYnBast TEOPETHIECKYIO0 0OOCHOBAHHOCTD HAIIETO MOAX0Aa. UTOObI MOATBEPAUTE 3(PPEKTUBHOCTD
YCOBEPIIIEHCTBOBAHHON CXEMBI, MBI IIPUMEHSEM €€ K Pa3Ho0Opa3HOMy HAOOpPY JIMHEWHDBIX U HEJIU-
ueitubix IV Bomabreppol-@penronbma ¢ HadaabHbIMU yeaoBusaMu. 1losyvuennbie quciennbie pe-
3yJIBTAThI CACTEMATUYIECKH CPABHUBAIOTCS C PE3YJIBTATAME CYIIIECTBYIOIUX METOJIOB, OITMCAHHBIX B
Jmreparype. Hamm pesyibTarTsl MOKa3bIBAIOT, 9TO MIPEJIOYKEHHbII [I0IX0]] JIEMOHCTPUPYET 3aMeda-
TEJIBHYIO TOYHOCTH, 3((PEKTUBHOCTD U HAJIE?KHOCTD IpH pernernn caokubx Y. CremoBarebHo,
9TOT METOJI, IPECTABIISET COO0I 3HAUNTEIbHBIN IPOTrPecC B 00JIACTH HHTETPO- M hePEeHITNATBHBIX
YPaBHEHUN.

Kurouesbie cioBa: Meron pasioxenus: Ajomuana, VHTerpomuddepeHuajibHOoe ypaBHEHMe
Bousibreppa-®@penrosbma, [IpubiankeHHoe pelieHne, eIUHCTBEHHOE pEIeHWe, MHOIOUWIEHBI A 10-
MHaHa, TeopeMa BaHaxa O HEIMOJBUYKHONI TOUYKe

1 Introduction

In this paper, we consider a class of Volterra-Fredholm integro-differential equations of the
type:
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S0, () ) _f(x)+>\1/K1 (2,0) F (u (t))dt+>\2/K2 (2.0) By (u (8) dt, (1)

with the initial conditions

uD(a) =b;, j=0,1,2,... (m—1) 2

Where u/(x) is the j™ derivative of the unknown function u(z) that will be determined
K, (x,t), r = 1,2 are the kernels of the equation , f(z) and 0,(x) are analytic functions,
Fi(u(t)) and F5(u(t)) are nonlinear continuous functions and a, b, A1, A, b; are constants.

Linear and nonlinear IDEs are the class of mathematical problems appearing in many
engineering and science areas. These types of equations are challenging to solve analytically.
Therefore, numerical methods are required to obtain approximate solutions [1-12]. The
Adomian Decomposition Method (ADM) is one of the powerful tools to obtain semi-analytical
solutions of operator equations and has been widely used in recent years due to its simplicity
and accuracy in solving linear and nonlinear differential equations, integral equations and
IDEs with initial and boundary conditions |13-28|.

Besides that we have achieved very good results in this direction in our previous articles
[29-31].

Our main aim is to obtain numerical solution of Eq. — by standard ADM and
modified ADM and analysis the behaviour of error terms for large number of iterations.
The proposed scheme is tested on various linear and nonlinear IDEs and compared with
other existing methods, to demonstrate its high accuracy and efficiency. This paper provides
a valuable tool for researchers in engineering and science, enabling them to obtain high

accurate approximation solutions of Volterra-Fredholm IDEs with initial conditions using
the standard and modified ADM.

2 Methodology

2.1 Application of adomian decomposition method to nonlinear volterra-fredholm
integro-differential equations

Now, we can rewrite Eq. in the form

m—

W () = /Kl (u(t)) dt+)\2/K2 x,t) Fy(u Z (x) WD (z), (3)

zomx

Since Lu = 22 is the differential operator of order m., to reduce IDEs (1) into integral

equations (IEs), we integrate both sides of equation m-times in the interval [a,z] with
respect to x to obtain
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m—1 m—1

T — _ 0;(x i — T
u(@) = 3 e —a)yb, = 3 L7 (F5u0(@)) + 17 (1)

r=0 7=0

T b
A L! ( JEEOR (u(t))dt) + ALt < J 3 Fg(u(t))dt)
0 a

where L~ is the inverse operator of L and can be computed by Leibniz rule

Tm—1 T

L7Y(F) = j7 / (F)d2pmdp,_y . .. dxy = ﬁ/(m—t)m_l(F)dt. (5)

0

For nonlinear terms in , we apply Adomian polynomial series

M (u(z)) = ZAnu My (u(z)) = ZBn' (6)

where A,, B,; n > 0 are the Adomian polynomials determined formally as follows:

Ay =— |5=F “u , Byn=— |5 F “u
n! [d,yn 1 (;7U>] - n [d’}/n 2 <;7U>]

The Adomian polynomials were introduced in [1H3] as:

v=0

AQ = F1 (UO) s
A = U1F1, (Uo) )
Ay = ugFy' (ug) + %U12F1” (uo), 3
A3 = U3F1/ (Uo) + U1U2F1” (Uo) + %Ulelm (UQ> s ( )
Ay = usFy (o) + ugusFy (o) + %U/QzF]_” (up) + %ulzugFlm (ug) + %ul(IV)Fl(IV) (ug) ,

and

By = Fy (up),
B1 = Ungl (UO> s
By = usFy (ug) + %U12F2” (ug) ,
Bg = U3F2/ (Uo) + U1U2F2H (Uo) —f- %U12Fgm (Uo) s
By = usFy (ug) + uyusFy () + %ungZH (up) + %u12u2F2m (ug) + %ul(IV)FQ(IV) (ug) ,

(9)

The standard decomposition technique represents the solution of u as the following series:

u = Zuz (10)
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By substituting @ and (|10)) into (4]), we obtain

gui(x) :mz—l (T —a)b - > Z L™ (5 @ ¢ ()(IE)> + L7 <658))

k=0 i=0 j=0 , (11)
ML (fl(?zv';)A )+>\2L—1( Kg((ﬂct)B<)dt>
The components ug, uq, us, ... are usually determined recursively by
m—1
ug(r) = L1 (5’:?;)) + > L@ —a)b,,
k=0
T b
w(z) = A L7! (f %@?Ao(t)dt) + AL} (f B2 By (¢ )dt)
0 a
m—1
_ 6;(x
- -1 <5m((z))“0(j)(x)>’
b
ug(aj) = )\1L_1 (f I;n((xx? (t)dt) + )\2L_1 f I;ib(fa:) B ( )dt) (12>
m—1
— 5]' xT ]
- X 1 (EHnO@),

For the modified ADM, we decompose f(z) = fi(x) + fo(x) in Eq. and do search
solution as and performing operations similarly as we arrive at

o L1 ( [ I?(EZ; dt)

b
’ Al(t)dt> + ALt ( af e Bl(t)dt> (13)
1)

Then, u(z) = Y1 ,u;(z) will be taken as the approximate solution. Eqs and
are called standard and modified ADM respectively.
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2.2 Uniqueness solution of ides

In this section, we show that under which conditions the solution of the Eq. — is unique.
In Eshkuvatov [30] proved the following lemma and theorem regarding to the problem (1)-(2).
Before starting and proving the main results, we introduce the following hypotheses:

Hj: There exist two constants L; > 0, Ly > 0 such that for any uy, us € C(J, R), J =
[a, b]

|y (ug () = Fi(ug ()] < Ly |lug — g,
|F2 (U t) — Fy (uz (t)] < Lalus — usf,
(uQ(t)l 7|u1_u2|a ]_{0717"'7 _1}7

where D7 is a differential operator and 7; are Lipschitz constants.
Hy: There exist two functions K7, K5 for the kernel functions K, Ky € C (D, R) the set
of all positive functions continuous on D = {(t,z) € R:a < x <t < b} such that

D7 (ua (1)) —

t b

K| = supteab]/|K1(t x)dx| < 0o, Kj = supteab]/|K2(t x)dzx| < o0.

a a

Hj: The functions 6; (), j ={1,2,...,m — 1} and f(¢) mapping J — R are continuous
functions.

Theorem 1 (Banach’s Fized Point Theorem). Let (X, d) be a complete metric space
and let T : X — X be a contraction on X. Then T has a unique fixed point x € X such that
T(x) = z. The following lemma is proven in Eshkuvatov [30].

Lemma 1 Let o(t) € C(J,R") then u(t) € C(J, RT) is a solution of the problem (1)-(2)
if u is satisfying.

( m—

u(t) = ¢(t) = T f 7 (05(2) D7 (ul)))da

]:

aft )™ [Of Ki(z,r)Fy (u(r ))dr} dx

(14)

Jr(m 1! J =2 [sz z, 1) Fy(u(r ))dr] dr,
a 0

\
for t € J = [a,b] and

> % t—a)t ﬁ/(t—m)m_lf(t)dx (15)

Let us prove the following theorems based on the Lemma 1.
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Theorem 2 Assume that the hypothesizes Hy, Hy and Hs hold. If

5 K7 (L K3 (L
e = 75, LA 1,( ) e 2'( 2) (b—a)™ <1, (16)

where v* = maxj<j<m—17; and 0* = maxi<j<m—_1|0; (t)| then there exists a unique solution

u(x) € C(J) for Eq. (1)-(2).
Proof of Theorem [2] Let the operator T : C(J, R) — C(J, R) be defined by

N~
&
=

I
A
=

|
M3
E)
| —
s
—
~
|
&
3
Py
[@%)
o
o
=
&
=
IS

where (%) is defined by (15).
It is known by Lemma 1, that a function u is a solution to (1)-(2) if u satisfies Eq.(14).

Now we prove that T has a fixed point u in C'(J, R) under condition . To do this end, let
uy,us € C(J, R) then for any t € [a, b].

7)) = (T O < 5 b [ (6= 0™ W] 1D (0) = Do)t
b | (=™ [ F I 1A () = Fi alr)) | do
| (0= 0™ [ae fll (o) 1 000) = Fa aalo)] dr] s

< szlfyjHul—uQH{t(t— )" e + 2 (KT Ly un — ] ft t— )" da
o ,,

o1 S5 Lz [lur — ual] f (t—2)" do

MKFLi(b—a)™
. m! +

=cllup —usl, e <1.

AgKng(b—a)m
m!

< [7*5*(17—@) +

< | |l = v

Thus, operator T' is the contraction map. By the Banach contraction principle we can
conclude that T has a unique fixed point u in C(J, R).

3 Results

3.1 Illustrative examples

Example 1 (Hamoud et al. [23]). Consider the following Fredholm IDEs of order one with the
initial condition.
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u(z)=e"(1+z)—x+ Oflxu(t)dt,
u(0) = 0.

(17)

The exact solution of (17) is u(x) = ze®
Solution: To apply ADM, we need to convert Eq. (17) into integral equations which

1
yields u(z) = ze* — ‘%2 + % [ u(r)dr

0

Using the standard ADM we get U = ze” — 5; Us = we” — 555 Ui = we” —
Uy, = ze" — 55

The numerical results of Example 1 are given in Table 1.

x .
1209323527

Table 1: Numerical results of Example 1

X | Exact solution | Error for ADM [9] | Error for ADM | Error for ADM
(n=3) (n=10) (n=30)
0.1 0.11051709 1.3 x 107* 8.27 x 10711 2.26 x 1026
0.2 | 0.24428055 5.56 x 1074 3.31 x 10719 9.05 x 1026
0.3 | 0.40495764 1.25 x 1073 7.44 x 10710 204 x 1072
0.4 | 0.59672987 222 x 1073 1.32 x 107° 3.62 x 107%
0.5| 0.82436063 3.47 x 1073 2.07 x 107 5.65 x 1072
0.6 | 1.00327128 5.00 x 1073 2.98 x 107 814 x 10°%
0.7 | 1.40962689 6.80 x 1073 4.05 x 1077 1.11 x 1074
0.8 | 1.78043274 8.89 x 1073 5.29 x 107 1.45 x 1074
0.9 | 2.21364280 1.12 x 1072 6.70 x 107 1.83 x 10724
1.0 | 2.71828182 — 8.27 x 1077 2.26 x 10~

Remark 1. From the Table [If we can conclude that ADM is very high accurate semi-
analytical method to solve linear IDEs of order one. Hamoud et al. [23] found error of ADM

for two iteration only. We are able to run the iteration upto 30 and improve accuracy upto
10724,
Example 2 (Alao et al. [20]). Solve the following Fredholm integrodifferential equation

The exact solution is u(z) = =.

Solution: Convert IDEs into integral equations u(x) = z — x—; + [ ru(r)dr
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Figure 1: Graph for Example 1.

Using the standard ADM we get

2
ngx— L

G
— e &t
Us = 196608
o x .
Ui =1 6142450044
U, =1 — =
n=% " Ggn-

L am
sct solutiony ™ ™ ®uix) in ||\,.I

The numerical results of Example 2 are given in Table

Remark 2. Table [2[shows that ADM is again very high accurate semi-analytical method
to solve linear IDEs of order one. Alao et al. [8] found error of ADM for seven iteration only.
We are able to run the iteration upto 30 and improve accuracy is 10728,

Ezample 3. (Hamoud ) Consider the following non-linear Volterra-Fredholm integro-

differential equation.

u'(x) + xu(r) = 20 + 2® — %

u(0) = 0.

with the exact solution is u(z) = 2.

Solution: To apply ADM, we convert it to integral equations

0.9
Z 3
il d—
—1—2/u T
0

t

u(m)—x2+$—4—x—6—0—yx —|—/
N 4 30 14
0

dt+fxu

(19)

xT

/ u(t)dt
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Table 2: Numerical results of Example 2

X | Exact solution | Error for ADM [17] | Error for ADM | Error for ADM
(n="7) (n=10) (n=30)
0.1 0.10 7.95 x 1071 1.55 x 10712 1.35 x 10739
0.2 0.20 3.18 x 107° 1.62 x 10712 5.39 x 10730
0.3 0.30 7.15 x 1077 1.40 x 10~ 1.21 x 107%
0.4 0.40 1.27 x 1078 2.48 x 10711 2.15 x 107%
0.5 0.50 1.99 x 1078 3.88 x 10711 3.37 x 107
0.6 0.60 2.86 x 1078 5.59 x 10711 4.85 x 1072
0.7 0.70 3.89 x 1078 7.61 x 10711 6.60 x 10~
0.8 0.80 5.09 x 1078 9.93 x 107! 8.62 x 1072
0.9 0.90 6.44 x 107® 1.26 x 10710 1.09 x 10728
1.0 1.00 7.95 x 1078 1.55 x 10710 1.35 x 10728

The summary of numerical results of Example 3 are given in Table 3.

Table 3: Numerical results of Example 3

X | Exact solution | Error for ADM [17] | Error for ADM | Error for ADM
(n=2) (n=3) (n=10)
0.1 0.0100 2.40 x 107° 2.55 x 107° 47 x 10711
0.2 0.0400 3.94 x 1074 9.87 x 1076 1.9x10°10
0.3 0.0900 1.96 x 1073 2.07 x 107° 4.4 x 10710
0.4 0.1600 8.72 x 1073 3.27 x 107° 9.0 x 10710
0.5 0.2500 6.24 x 1073 4.16 x 107° 1.2x 1077
0.6 0.3600 9.12 x 1073 417 x 107° 1.7 x 1077
0.7 0.4900 6.31 x 1073 2.78 x 107° 2.4 x 1077
0.8 0.6400 9.74 x 1073 9.61 x 107° 3.1x 1079
0.9 0.8100 8.53 x 1073 3.63 x 107° 4.0x 1079

Remark 3. In Hamoud [24] consider nonlinear IDEs with initial conditions and demon-
strated the error terms for two iteration only. In Table [3| we are able to run Maple coding
until 10 iterations and got favourable decreasing the error terms. ADM is again demonstrated
the suitable and high accurate semi-analytical method to solve nonlinear IDEs of order one.

Ezxample 4. (Olayiwola et al. [28]). Consider the following non-linear Volterra IDEs.

u(z) =14z + 2+ f (z —t)u(t)dt,
u(0) =1, u (0) = 00, u’(0) = 1.

(20)

The exact solution of Eq. (17) is u(z) = e* — x.
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Solution. Convert (20) into integral equations

t
{L‘2 .173 5(74 5(76

u(x)zl—l—?—i-g—’—ﬁ-i-ﬁo—’—%/(x—tf /(t—T)u(T)dT dt.

0

0

The numerical results of Example 4 are given in Table

Table 4: Numerical results of Example 4

X | Exact solution | Error for ADM [17] | Error for ADM | Error for ADM
(n=>5) (n=>5) (n=30)

0.0 1.0051709 1.0 x 10710 0.0 0.0

0.1 1.0051709 3.2 x 107 3.7 x 10763 1.2 x 1071
0.2 1.0214027 2.3x 107* 4.0 x 107> 2.0x 1071
0.3 1.0498588 6.8 x 107* 7.8 x 107 1.0 x 1071
0.4 1.0918246 1.4 x 1073 43 %1075 3.0 x 1071
0.5 1.1487212 2.4 %1073 3.5 x 10°% 5.7 x 10719
0.6 1.2221188 3.7x 1073 83x 107 ™M 1.6 x 10719
0.7 1.3137527 5.3 x 1073 8.5 x 1073 1.9 x 10719
0.8 1.4255409 7.3 x 1073 4.6 x 10756 3.2 x 107199
0.9 1.5596031 1.2 x 1072 1.5 x 1074 4.7 x 10719
1.0 1.7182818 1.2 x 1072 3.7 x 10733 2.2 x 1072™

Remark 4. In Example 4, M.O.Olayiwola et al. |28] consider linear Volterra IDEs with
initial conditions and solved in the Collocation method. In Table[d] we are able to get results
until 5 iterations and got the gradually decreasing error terms. Numerical results revealed
that ADM is very accurate semi-analytical method to solve linear IDEs of order one.

Example 5. Consider the following non-linear Volterra integro-differential equation.

W (x) —d(x) = B —x+ S g [uR(t)dt
0 (21)

u(0) = u'(0) = —1.

with the exact solution is u(x) =e™* — 1.
Solution: To apply ADM, we convert it to integral equations

x t T

3 3 —2z
u(:t):—é—zlx+1$2—%+ 68 —i—/(x—t) /u2(7')d7' dt+/u(t)dt
0 0 0

This example was solved by SADM and MADM.
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The solution with SADM is as follows

wle) =~ + Jub % 4
up () = bf (x —1t) (of A0d7'> dt + bfuo(t)dt
wy, (z) = b[ (x— 1) ( Oft An_1d7> dt + Ofun_l(t)dt

So that n-term approximate solution
Up () =up (z) +uy () +ug () + ... + uy, (2)
Also, the solution with MADM is as follows

up(z) = —§ — 3z + E;Z;

uy (z) = 32% — 2y Ofw (x —1) (Oft A0d7'> dt + juo(t)dt;

s () = b[ (x— 1) <Oft Aldr> dt + Oful(t)dt

T t T
Uy () = [ (x—1t) (f An_1d7> dt + [ u,_1(t)dt
0 0 0
The n-term approximate solution for this also looks the same
Up () =ug (z) +uy () +ug () + ... + u, (2)

The summary of numerical results of Example 5 are given in Table

Table 5: Numerical results of Example 5

X Exact Error for Error for Error for Error for
solution ADM (n=5) | MADM (n=5) | ADM (n=10) | MADM (n=10)
0.1 |-0.09516258 | —1.95 x 10~ | —9.91 x 107*% | —2.06 x 1072 | 1.04 x 10~2!
0.2 ]-0.18126924 | —2.47 x 1077 | —9.92 x 107 | —=8.23 x 107 | —9.91 x 107
0.3]-0.25918177 | =414 x 1078 | =941 x10% [ —=1.0x 107 | =428 x 1077
0.4 |-0.32967995 | —3.03 x 1077 | —4.69 x 1077 | —2.82 x 107" | —9.10 x 10~ ™
0.5]-0.39346934 | —14x107°% | —1.57x107% | —=3.36 x 10713 | —9.54 x 10713
0.6 | -0.45118836 | —4.87 x 107% | —4.04 x 107° | —2.08 x 107'? | —6.46 x 1072
0.7 | -0.50341469 | —1.30 x 107> | —8.60 x 107° | —5.95 x 10~ '? | —3.27 x 107!
0.8 | -0.55067103 | —3.31 x 107> | —1.56 x 10™° | —=1.39 x 10~ | —1.35 x 10710
0.9 [ -0.59343034 | —7.10 x 107° | —2.47 x 107° [ —2.60 x 10719 | —4.78 x 10~10

Remark 5. This example was established by the authors and solved by ADM and
MADM. It can be seen that the error in both methods worked well and not much difference
each other. When n = 10 iterations, error of both methods reached to 107°. By increasing
number of iterations we get more decreasing errors.
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4 Conclusion

In this study, we have developed an enhanced scheme based on the Adomian Decomposition
Method (ADM) for solving both linear and nonlinear integro-differential equations (IDEs)
of arbitrary order nnn. Through a series of numerical experiments, we observed that the
approximation error associated with ADM decreases progressively as the number of iterations
increases, indicating improved convergence behavior (see Tables 1-4). Notably, our results
demonstrate that ADM performs particularly well for linear IDEs when a larger number of
iterations is employed (see Tables 1-2), with a significant improvement in the accuracy of
the solution. To evaluate the effectiveness of the proposed method, we compared our results
with those obtained using existing approaches, including the collocation method and the
variational iteration method. The comparison reveals that our improved ADM-based scheme
achieves superior accuracy across various test problems. Looking ahead, we intend to extend
this work by applying the improved ADM-based scheme in combination with the Series
Solution Method (SSM) to tackle systems of complex Volterra-Fredholm integro-differential
equations. This future direction aims to further enhance the applicability and efficiency of
analytical and semi-analytical methods for solving advanced IDE systems arising in applied
mathematics and engineering contexts.
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NUMERICAL SIMULATION OF DECAYING TURBULENCE IN THE PRESENCE OF
FREELY MOVING BUOYANT SOLID PARTICLES OF FINITE-SIZE

We present interface-resolved direct numerical simulations of decaying homogeneous isotropic turbulence
laden with finite-size spherical particles. The fluid phase is solved using the lattice Boltzmann method
(LBM) coupled with the interpolated bounce-back (IBB) scheme to impose no-slip boundary conditions at
moving particle surfaces. The accuracy of the method is verified against benchmark cases, including the
settling sphere experiment of ten Cate et al. and pseudo-spectral simulations of single-phase turbulence.
Simulations are performed at an initial Taylor-scale Reynolds number in the range of Rey, = 20 — 45
for particle volume fraction of 2.5%. The results show that finite-size particles enhance small-scale flow
structures and accelerate the decay of turbulent kinetic energy compared to the single-phase case. Energy
spectra analysis reveals a redistribution of energy from large to small scales. These findings provide new
insights into turbulence modulation mechanisms in particle-laden flows and demonstrate the applicability
of LBM for fully resolved particle—turbulence interaction studies.

Keywords: particle-laden, turbulence, multiphase, LBM, DNS.
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lexTi o/1memaeri epkin KO3rajJaTblH KaJAKbIMAJIbI KATTHI 00JIIIEKTePAiH KATbICYbIMEH
bIIBIPANTBIH TYPOYJEHTTIKTI CAHIABIK MOIEJIbAeYy

Ocbl JxyMbICTa 013 IIEKTI e1IeMAl CHEepUKaIIBbIK OOIIIEKTEPMEH XKYKTEITeH bIBIPAThIH O1pTEKTi H30TPOII-
TBI TYpOYJIEHTTUIIKTIH TiKeJIel CaH IbIK MOJISIIb/IeY HOTI KelepiH yebiHaMbI3. CYHBIK (ha3aHblH TUHAMHUKACHI
topiel bonbivan oxicimer (LBM) mremineni, o KO3FalbICTaFbl OemiekTep OeTiH/e KaObICHI TYpY IIIe-
KapaJbIK IIapTTapblH KOO YIIiH HHTEpHONHsIIanFaH marsuibicy (IBB) cymmbachel KonmaHbuFad. OmicTiH
JIOJIJIIT CBIHAKTHIK €CeTTep e TeKCEePili, COHBIH ilTiHAe ChepalblK OOIIIEKTIH Mery TOMKipHOeCiMEH KoHe
6ipdazainbl TypOyJSHTTIIIKKE apHAJIFaH MCEBIOCHEKTPAIIbI 9/IIC HOTHKEIEPIMEH CalbICTHIPY OpbIHIIAII-
anel. Ecenteynep Teitnop macmta0bl OoiibiHIIa 6acTarnkel PeitHonbac canaapblHbIH MoHI Rey = 20—45
JIMaIa30HbIH/A OOFaH A XKoHe OeIIIeKTepIiH KoleMIiK yieci 2.5% ke3inae xyprisinai. Hotmkenep Oen-
IICKTEpIiH IIEKTi eIImeMIepi aFbIHHBIH YCaKMacIITaOThl KYPhUIBIMAAPHIH KYIICHTIM, TYpOyICHTTIK K-
HETHKAJIBIK SHEPTUAHBIH Oip¢a3aisl kaFaiiMeH CalbICTRIPFaH/Ia TE3ipPEK OIIyiH JKeleNIeTeTiHIH KopceT-
Ti. DHEPreTHKAIBIK CIEKTPICPAl Tajjay SHEPTUAHBIH YJIKEH MacmTadTapiaH Kimn macmradTapra aysbl-
CYBIH aliKbIHIabl. byl HOTHXENep OesiiekTep Oap aFbIHAAPAAFbl TYpPOYICHTTLTIKTI MOMYJISIUSIIAY Me-
XaHU3MJIEP1 Typalibl )aHa MaJiMeTTep Oepei )kaHe «OeeK—TypOyIEHTTLITIK» ©3apa SPEKeTTECYiH TOIBIK
mrenrireTid 3eprreynepre LBM omiciHiH KoanaHOAIBIFBIH KOpCeTe .

Tyiiin ce3aep: GateiprutFan OemmexTep, TypOyIeHTTUTIK, KoT (a3zaislk arbiHAap, LBM, DNS.
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YucieHHoe MOJeTUPOBaHNeE 3aTyXalollell TYpOyJIeHTHOCTH B IPUCYTCTBHHU CBOOOAHO
ABMKYIIMXCS IUIABYYHX TBEPABIX YaCTHI KOHEYHOT0 pa3Mepa

B nmanHO# paboTe HaAMU MPEICTABICHBI PE3yNIBTATHI MPSIMOTO YHUCICHHOTO MOJCIUPOBAHUS 3aTyXaroIei
H30TPOITHON OTHOPOIHON TypOyIEHTHOCTH HArpy>KEHHOH C(hepuIecKHMHU YacTUIIAMH KOHEYHOTO pa3Mepa.
JuHaMuka )KuIKo# ¢assl paspemraeTrcst MerogoM pemérdaroro bonsimana (LBM), coBMeménnoit ¢ mHTEp-
MOJMPOBAaHHOM cxeMoii oTpakerns (IBB) i 3aganns rpaHUYIHBIX yCIOBUI PIUTUIIAHNS HAa TOBEPXHOCTSX
JIBIKYIITUXCS YaCTHIl. TOUHOCTH METO/Ia MOITBEPKIAETCS Ha TECTOBBIX 3a/1a4ax, BKIFOUAst SKCTIEPUMEHT 110
ocenanuio cephl U MPH CPABHEHUH C PE3YIIbTaTaMH IICEBIOCIICKTPAIBHOTO METO/IA [T OAHO(A3HOH Typ-
OyieHTHOCTH. Pacu€Thl BRITIOTHEHBI IPH HAaJaIbHBIX YHciax PelHomnbaca mo Macitady Teitmopa B quara-
30He Re) = 20—45 mpu 00bEMHOIT none yacTuil 2.5%. Pe3ynsraTsl MOKa3bIBAIOT, YTO YaCTHIIE KOHETHOTO
pasMepa yCHITUBAIOT MEITKOMACIITa0HbIE CTPYKTYPHI TEUSHUS U YCKOPSIOT 3aTyXaHue TypOyJICHTHON KIHE-
TUYECKOW PHEPTHH 10 CPABHEHUIO C OAHO(MA3HBIM CllydaeM. AHAIIN3 SHEPTETHUECKHUX CIIEKTPOB BBISIBIISET
nepepacnpeesieHue SHEPTur OT OONBIIUX K MaJibIM MaciiTabam. DTH pe3yibTaThl MPedoCTaBISIOT HOBBIE
CBEJICHHSI O MEXaHU3MaX MOIYJISALINHU TypOYIEHTHOCTH B IOTOKAX C YACTHLAMH U JIEMOHCTPUPYIOT IIpUMe-
HUMOCTH LBM 11151 IOMHOCTRIO pa3pelI€HHBIX HCCIICA0BAaHUIA B3aNMOICHCTBIS YaCTHIIBI-TYPOYJICHTHOCTb.
KiroueBsle cji0Ba: IOrpy>kKeHHBIE YacTHIIBI, TypOYIEeHTHOCTh, MHOTO(a3HbIe TedeHns, LBM, DNS.

1 Introduction

Turbulence laden with solid particles is a phenomenon of fundamental and practical importance in
a wide range of natural and industrial processes, including sediment transport, atmospheric dust
dynamics, spray combustion, and chemical mixing. Understanding the dynamics of such flows
is particularly challenging due to the complex interplay between turbulent eddies and dispersed
particles, especially when the particles are of finite size and can modulate the turbulence field [2].

Recent advances in numerical analysis, and computing hardware allowed researchers to gain
more knowledge about two-way interactions of the flow and dispersed solid phase through interface-
resolved direct numerical simulations (DNS), where all the flow details around moving solid
particles are explicitly resolved, without a need to rely to empirical models or assumptions. The
configuration of the turbulent flows in such studies is often described by the decaying homogeneous
isotropic turbulence (DHIT) case, which offers a simple environment without of mean shear,
wall effects, and external forcing. It enables the isolation and detailed examination of turbulence
modulation mechanisms induced by particles, including attenuation or enhancement of turbulent
kinetic energy (TKE), spectral energy redistribution, and modifications of small-scale intermittency.

[15] presented particle-resolved direct numerical simulations of homogeneous isotropic
turbulence containing small, fixed spheres to investigate their impact on turbulence structure
and decay. By resolving the flow around each sphere, detailed near-field and wake dynamics
were captured which were absent in point-particle models[4]. The results show that the presence
of fixed particles enhances small-scale dissipation and alters the energy spectrum, leading to
increased energy at smaller scales and a faster decay of turbulent kinetic energy. The study further
demonstrates that wake-induced fluctuations are a dominant mechanism for turbulence modification
and provides quantitative measures of the additional dissipation generated by particle wakes.
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One of the recent works by [[12] employed direct numerical simulations of finite-size spherical
particles in decaying homogeneous isotropic turbulence, focusing on particle-induced modulation
of turbulence and the underlying mechanisms. The results show that particles generally enhance
small-scale dissipation and alter the decay rate of turbulent kinetic energy, with the effect depending
on particle size relative to the Kolmogorov length scale and the solid volume fraction. Energy
spectra reveal a transfer of energy from large to small scales in the presence of particles. The study
also quantifies additional dissipation from particle wakes and demonstrates that particle Reynolds
number and wake dynamics play a central role in modifying turbulence decay.

Oka and Goto [9] investigated the attenuation of turbulence in a periodic cube by finite-size
spherical solid particles through direct numerical simulations using an immersed boundary method
to resolve flow around each particle, with fixed volume fraction ¢ = 8.2 x 1073 and systematically
varying particle diameters d and Stokes numbers St. They found that turbulent kinetic energy
attenuation is governed by the additional energy dissipation rate €, in particle wakes. Based on their
simulation results authors proposed conditions for turbulence attenuation by finite-size particles.

While previous works incorporated discretized form of the Navier-Stokes equations to solve
for the motion of the fluids [[7], [S] used the Lattice Boltzmann Method (LBM) as fluid solver,
combined with the interpolated bounce-back (IBB) boundary scheme to account for dynamic fluid-
solid interface. The authors demonstrated that such numerical method can archive second order
spatial accuracy and good computational efficiency, proposing its usage for turbulent flows laden
with finite-size particles.

From the above mentioned examples, it is evident that the study of detailed mechanisms of
turbulence decay in the presence of finite-size particles remain an active research area. Presence
of the finite-size particles can significantly affect the temporal decay of turbulence. These effects
depend strongly on several dimensionless parameters, such as the particle Stokes number, volume
fraction, density ratio, and Reynolds number. In particular, when the particles are large compared to
the Kolmogorov length scale, the interaction becomes two-way or even four-way coupled, involving
significant feedback from particles to the fluid and particle-particle interactions [2].

In this study, we perform interface-resolved DNS of decaying particle-laden turbulence using the
LBM method with fully resolved flow around spherical solid particles. Our aim is to investigate the
effect of finite-size particles on the decay of turbulence at different flow Reynolds numbers, along
this way we also demonstrate that kinetic methods, such as LBM are suitable for such complex
cases as particle-laden turbulent flows. In the next section we provide the details of the combined
LBM-IBB method we use, followed by Section 3, where validation cases and simulation results for
particle-laden DHIT problem cases are presented. Finally, in the end we present conclusions to this
work.

2 Numerical Methods

In this section the numerical methods used to simulate fluid and solid (dispersed) phases are
described, including the details of the particle-particle collision treatment and scheme to enforce
a no-slip boundary condition on the surface of the freely moving finite-size particles.
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2.1 Lattice Boltzmann Method for Fluid Flow

The fluid motion is simulated using the Lattice Boltzmann Method, a kinetic approach that solves
the discrete Boltzmann equation on a cubic mesh. We employ the three-dimensional, 27-velocity
lattice model (D3Q27, see Fig. R.1)) , where the evolution of the particle distribution function
fi(x,t) is governed by the lattice Boltzmann equation with the Bhatnagar-Gross-Krook (BGK)
approximation:

f,-(X + ci5t7 t+ 5t) = fi(X7 t) - % (fi<x7 t) - fieq(x7 t)) ) (1)

where ¢; is the discrete velocity in the i-th direction, 7 is the relaxation time, 0t is the timestep
(0t = 1 in present work) and f;* is the equilibrium distribution function given by:

2

fieq:wip(Hci-qu(ci-u) _u-u>7 )

2 4 2
cs 2c; 2cz

where w; are the lattice weights, p is the fluid density, u is the macroscopic velocity, and c; is the
lattice speed of sound. The D3Q27 discrete velocity model is utilized because it is found to be more
accurate and stable for turbulent flows in complex configurations [[13].

The macroscopic flow variables are recovered via the moments of the discrete disctribution
function:

26 26
p=) fi ~pu=) fi (3)
i=0 i=0

The kinematic viscosity v is related to the relaxation time 7 through:

V= c? (7’ — %) ot. 4)

During numerical simulations, it is common to advance Eq. ([I]) in two step procedure consisting
of collision and streaming steps.

Collision:
* ot eq
fi <X7t):fz(x7t)_?[fz(xat>_f7, (p,ll)], (5)
Streaming:
fi(x + ¢;dt, t + 6t) = f1(x,1), (6)

where f; is the post-collision distribution function, and ¢ is the time step size.
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Figure 1: The D3Q27 discrete velocity model is used in the current work. The fluid particles are
allowed to move only in the shown discrete directions. The cube centered at the origin (0, 0, 0) has
side length of 1.

2.2 Interpolated Bounce-Back Scheme for Moving Boundaries

The standard bounce-back scheme is a popular choice to enforce no-slip boundary condition
in kinetic methods, such as LBM. However, it assumes that solid boundary is always located
exactly half-way between fluid nodes. An improvement made by Bouzidi et al. [|I]] allowed to use
bounce-back scheme on curvilinear boundaries with arbitrary location of solid boundary relative to
fluid nodes. The key point in the improvement of Bouzidi et al. []1]] is to use linear or quadratic
interpolation to recover unknown fluid particles coming from the boundary. The interpolated
bounce-back scheme is found to posses second-order of accuracy and is a common choice in laminar
and turbulent flow simulations.

The idea behind IBB is demonstrated using one-dimensional example in Fig. fl. When a lattice
link between a fluid node (zf) and a solid node () intersects the particle boundary, the IBB scheme
determines the exact intersection point and computes parameter ¢q. The value of ¢ defines which of
two ways is used to recover unknown distributoin function values, heading off the solid boundary
(that is, moving in the right direction at node x¢). In case ¢ < 0.5, the value of f; is equal to the pre
streaming value of f; at the node z;, while in the case ¢ > 0.5, f; at the near boundary node x is
recovered using interpolation through the values at nodes xs¢, x¢; and x;. The required values at
the node z; also found using the interpolation.

The hydrodynamic force and torque acting on a particle are computed from the momentum
exchange (Peng et al. [[L0]) at each fluid-solid interface:

thdro = Z Z Ap, Thydro = Z(r - rc) X AP, (7)
Ty %

where particle nature of LBM is exploited, and Ap is the momentum exchanged across a lattice
link, Ap = (ﬁ + f{”At) - ¢;, I, is the center of the particle, and the summation extends over all
links intersecting the particle surface.
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a)qg<0.5
m m PO W T—
Tyrf Trpo x Trag, Ty
b)qg > 0.5
| ] ] o—0———
Trrf Zyf Ly, xh, Lo

Figure 2: An example of the interpolated bounce-back scheme for two possible cases, depending
on the parameter ¢ which defines relative solid boundary intersection with velocity links, defined
as ¢ = (z, — xy)/(xp — xf): @) ¢ < 0.5, the unknown fluid particles are coming from the node z;,
b) ¢ > 0.5, the unknown fluid particles ar node x ; are reconstructed from the data from the nodes
Trrfs Xfy and ;.

2.3 Particle Motion and Coupling

Particles are modeled as rigid spheres, and their motion is governed by the Newton-Euler equations:

du

mpd_tp = thdro + Fcoll; (8)
dw
Ipd_tp = Thydro + Tcolb (9)

where m,, and I, are the particle mass and moment of inertia, u, and w,, are the translational and
angular velocities of the particle, and F, T represent forces and torques acting on a particle due to

interaction with the surrounding fluid (subscript hydro) and collision with other particles (subscript
coll).

The fluid-particle interaction is resolved at each time step. First, the LBM updates the fluid
flow field (Egs. (B, ), after which hydrodynamic forces and torques are computed via the IBB
scheme. The particle motion is then integrated based on the computed forces, and updated positions
and velocities are used in the next iteration of the IBB scheme. Egs. (8, [f) are discretized using
second-order scheme.
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2.4 Collision and Lubrication Modeling

To account for short-range hydrodynamic interactions (Fig. P]) that are under-resolved on the lattice,
particularly during close particle-particle approaches, a lubrication correction model is employed.
Specifically, a soft-sphere collision model with linear spring-dashpot mechanics combined with a
lubrication force correction is employed in this work. This approach provides physically correct
contact mechanics and helps to avoid nonphysical particle overlapping.

particle #1

g€ Gall

particle #2

Figure 3: An example of particle-particle or particle-wall interaction. The gap between particles or
between particle and wall is denoted as e.

The particle interaction force is split into two constituents F.,; = F; + F, F; accounts for
lubrication correction and F for soft-sphere collision. The magnitude of Fj is then:

Fi(e,u,) = —6mp s Ruy[A(€) — Mésw)], (10)

where u,, - relative velocity, € - gap width, and ¢, is the distance at which correction is activated.
The particular forms for A depend on the type of interaction, analytical forms of which were given
by Brenner [B], and for particle-particle interactions A = A,
1 9 3
=5 %ln(e) - %eln(e) + 1.346 + O(e). (11)
The soft-sphere contact collision force takes the form of a spring-dashpot system with the
magnitude of F given as:

where k,, is the spring stiffness parameter, (3, is the dashpot resistance parameter and ¢ = N At -
collision time:

b - _me(m + [lned]2)’ﬁn _ _2me[lned]' (13)
[N.At]? [N.At]
The coefficients k,, and (3,, are the functions of the collision time t = N_.At, effective mass m, and
of the coefficient of dry restitution. They form spring-dashpot system and guarantee that particle
re-bounces during the collision with duration of ¢ = N.At with the velocity u = eju., where u* is
the velocity at the end of the contact interaction.
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3 Simulation results

As a validation of the code first the single-phase Decaying Homogeneous Isotropic Turbulence
(DHIT) problem was compared to spectral simulation results. For this case, Rogallo’s procedure [|L1]
was used to generate an initial divergence-free velocity field with the prescribed energy spectrum.
The initial energy spectrum is given by [|16]

Eo(k:) _ Ak46_0'14k2,

with energy containing wavenumbers k = [k,, ky] = [3, 8] and coefficient A = 1.1474 x 1072, The
flow is prescribed for the DHIT problem using the Taylor microscale-based Reynolds number Re),

defined as
Urms A

Re}\ = )
14

where ;s 18 Root-Mean-Square (RMS) velocity, A is Taylor micro length scale, and v is fluid
kinematic viscosity.

The numerical simulation results for the evolution of turbulent kinetic energy and energy
dissipation at Re), = 26, obtained from the LBM and the benchmark pseudo-spectral simulation
[6], are presented in Fig. f. The excellent agreement between the kinetic method and the pseudo-
spectral simulation at a mesh resolution of 2562 strongly supports the applicability of the LBM to
turbulent flow simulations.

k, spectral =
" €, spectral  *
1E+00 § k, LBM 3
: g, LBM =-=-- ]
S 1E-01 4
W F E
@
S
< 1E-02 ¢ =
X
1E-03 ¢ E
1E-04 ] ]
0.1 1 10

te(0)/k(0)

Figure 4: Evolution of the turbulent kinetic energy (k) and it’s dissipation rate (¢) for DHIT problem.

To validate the accuracy of the numerical method for two-phase cases, we compare our
simulation results with the experimental data reported by ten Cate et al. [§] for the solid particle
settling problem. In their study, the motion of a single solid sphere settling under gravity in a
quiescent viscous fluid was investigated using particle image velocimetry (PIV). The experiments
were conducted in a square tank with dimensions 100 x 100 x 160 mm?, and the diameter of
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the sphere was d = 15mm. The sphere was released at the height of 120 mm above bottom
of the tank and was allowed to settle freely. The fluid used was a water—glycerol mixture with
varying viscosities, and the density ratio between the particle and fluid was in the range of p,/p; =
1.15—1.16. The Reynolds number based on terminal velocity ranged from Re ~ 1.5 to 32, covering
both creeping and moderately inertial regimes. In Fig. [ the evolution of the particle settling velocity
is shown. Here, again very good agreement between numerical results from LBM and experimental
data indicate sufficient validation and performance of the newly implemented kinetic approach.

U3, cm/sec

LBM| = = =
LBM Il +rveees T

LBM Il ===+
LBM IV
ten Cate |
ten Cate Il
14 ten Cate lll
ten ICate IIV

] ] ] ] ]
0 0.5 1 1.5 2 2.5 3 3.5

~ o> Hd«

4.5
t, sec

Figure 5: Evolution of the particle settling velocity compared with experimental data of cases [-IV
from Ten Cate et al. [|14].

After above mentioned validation cases we now present DHIT results for particle-laden and
particle-free cases. In total six simulations were performed, three of which are single-phase cases
and other three are particle-laden counterparts of fluid only cases. The carrier flow properties are
shown in Table [I, whereas suspended solid phase properties are shown in Table [J.

L N ko Upms v Re,
I | 256|256 |3.52-107% | 1.53209-10% | 0.0121 | 20
Il | 256 | 256 | 3.52-107% | 1.53209 - 1072 | 0.0101 | 30
III | 256 | 256 | 3.52-107* | 1.53209 - 1072 | 0.0068 | 45

Table 1: Fluid phase properties for single-phase and particle-laden cases.

The DHIT problem was defined in the cubic domain with periodic boundary conditions in all
three directions with the length of the cube side as L and the mesh resolution of V. The initial kinetic
energy of the flow is kg, while RMS velocity of the initial flow is u,.,,,s. Turbulence was characterized
using the Taylor microscale Reynolds number Re,. In particle-laden cases the volume fraction of
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Ny | pp/ps| @ | d/Az| d/X | d/n
I [50 ] 1.0 [25% | 256 | 1293 | 127
|50 1.0 |25% | 256 |12.93 | 13.91
|50 | 1.0 |25% | 25.6 | 12.93 | 14.91

Table 2: Solid-phase properties for particle-laden counterparts of the single-phase flows shown in
Table Il

a) Re=20
S k, LBM-SP —— ]
1E+00 E22 7=~ g, LBM-SP =-=- -

s : - k, LBM-PL —— ]
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%) E E

S 1E-02 F 3

< E -

4 L ]
1E-03 F -, 3
TE04 L
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Figure 6: Evolution of the flow turbulent kinetic energy and dissipation rate for single-phase (SP)
and particle-laden (PL) cases at different Reynolds numbers.

the solid-phase is set to 2.5% with the number of buoyant particles equal to 50. Particle diameter (d)
and mesh resolution was large enough to allow properly resolve all flow scales, including Taylor (\)
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Figure 7: Comparison of turbulence energy spectraat t* = 1 between single-phase (SP) and particle-
laden cases (PL).

and Kolmogorov (n) length scales. Particle-laden cases were identical to single-phase cases, except
that buoyant particles were introduced to the flow after one step of LBM algorithm.

Evolution of the flow turbulent kinetic energy and dissipation rate for single-phase and particle-
laden cases at different Reynolds numbers are shown in Fig. [j. For all three considered cases
which differ only in the initial flow Reynolds numbers, increase of dissipation rate due to the
introduction of the particles is visible at the beginning of the simulation. However, at later time
the energy dissipation rate becomes lower for PL cases. For all PL cases slight reduction of the
TKE is observable. This decrease of TKE is usually related to enhanced energy dissipation at the
surface of freely moving particles.
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Overall, evolution of TKE and energy dissipation is quite close to the ones in the single-phase
cases due to the relatively low volume fraction of suspended phase. At the same time, no significant
Reynolds number dependence in the behavior of the energy evolution is visible.

Comparison of the turbulence energy spectra at non-dimensional time t* = 1 between single-
phase (SP) and particle-laden cases (PL) is shown in Fig. [l. Immediately two observations can
be underlined. First, we see an increase in energy of the small structures in PL cases relative to SP
cases, related to a high wavenumber part of the spectra for all three Reynolds number cases. Second,
energy distribution at high wavenumber part of the spectra has noticeable wiggling, which is related
to velocity discontinuity on the solid-phase boundaries. Such osccillations can be considered as
numerical artifact and will be ignored here. Level of energy increase of small structures is larger for
lower Reynolds number cases. This can be explained due to enhanced introduction of the smaller
structures to the flow by fixed-size particles. At larger Reynolds numbers, the flow already contains
such small strucutres, and their enhancement due to the freely moving particles is minor.

4 Conclusions

From the performed work we can conclude that kinetic method of LBM is an efficient tool to study
turbulence in multiphase flows, particularly, for flows with freely moving suspended finite-size
particles. The second-order accuracy and stability of LBM is well suited to perform direct numerical
simulations of turbulent flows. The decaying homogeneous isotropic turbulence problem studied
here in single-phase and particle-laden cases revealed that modulation of turbulence is present,
visible from energy enhancement at higher end of spectra and decreased overall TKE. For all
three Reynolds numbers considered, such behaviour lasts, indicating that, at least under considered
Reynolds number range (Re) = 20—45) no significant Reynolds number dependence is visible. For
future works we suggest to hold similar studies at wider range of flow and solid-phase parameters
such as ones shown in Tables [I] and P.
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NUMERICAL ANALYSIS OF FLUIDIZED BED HYDRODYNAMICS WITH
OPENFOAM

Gas—solid fluidized beds play a vital role in energy production, chemical processing, and thermal
management due to their excellent mixing and transport properties. Despite their importance,
predicting fluidized bed hydrodynamics remains a major challenge because of the highly coupled
and nonlinear interactions between gas and particle phases. Computational fluid dynamics (CFD)
has become an indispensable tool for analyzing such systems, but the reliability of predictions
depends strongly on solver formulation, closure models, and postprocessing strategies. This
study revisits the benchmark experiment of Taghipour et al. 1], which provides high-quality
measurements of pressure drop and bed expansion BER, and applies it to the most recent release of
OpenFOAM (v12). An Euler—Euler two-fluid approach is employed, incorporating kinetic theory of
granular flow for solid-phase stresses and the Gidaspow drag correlation for interphase momentum
exchange. Simulations are performed on a two-dimensional rectangular bed fluidized with air
and Geldart B particles. Pressure drop and bed expansion ratio (BER) are selected as the main
indicators for validation. Beyond conventional postprocessing methods, a new mass-conservation-
based approach for estimating BER is introduced, which takes into account data from the entire
computational domain. The work aims to evaluate the predictive capacity of OpenFOAM v12
in reproducing well-established benchmarks and to advance postprocessing techniques for more
reliable characterization of fluidized bed hydrodynamics.

Key words: Fluidized bed, OpenFOAM, postprocessing methods, pressure drop, bed expansion
ratio.
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OpenFOAM keMmeriMeH CYHBITBIIFaH KabaT r'mApOANHAMUKACBIHBIH CaAHABLIK TAJIIAY bI

laz—xaTTh! hazasbl CYHBITHIIFAH KAOATTAD SHEPIHUS OHIIPY, XUMUSIBIK, TEXHOJIOTUSIAD YKOHE KbI-
JIyaJamacy IpolecTepinjie TUiMJIl apaJacTbipy XKoHe MaCCaHbl / JKbLILY/Ibl TachIMaJiay Kabijzerrepine
GailsIaHBICTHI KEeHIHEH KOJIaHbLIa bl Ajaiia MyH ail xKyiieseperi I ipoIMHAMAKAJIBIK, KYObLTbI-
cTap/ibl J19J1 OOJIKay Ta3 XKoHe KATThl OeJiekTep (as3ajapbl apachlHIAFbl Kypesi 9pi ChI3BIKTHI
eMec OailJlaHBICKAHIBIKTAH oJIi KYHre jeiiin Kypaeai mocese. Kasipri tanma CFD cyitbiTbiiran
KabaTTap/bl 3ePTTEYIH Heri3ri KypaaaapblHblH 0ipi, 6ipak MOIEsbIey HOTUKEJEPIHIH CeHiMIimi-
i eIy TeHaeyaepaiH HyCKAChIHA, KOJIAHBIIFaH Ka0y MOJETbIepiHe XKOHE JAePEeKTEP/Ii OHIey
omicrepine Tikeseit Toyesi. Ocor 3eprreyne Taghipour et al. |1] kpicbim Tycyi Men KabGaTThIH yiFa-
OBl YKOHIHJIEr »KOFraphl A9JIIIKTEr 9KCIIEPUMEHTTIK jepekTepi KapacTuipbLibin, OpenFOAM 6ar-
JlapJIaMaChIHbIH COHFBI HycKachiHaa (v12) canpik Tangay xypriziseni. Exi dazans Ditep—itiep
MOJIeNTi KOJIIAHBLIBIN, KATTHl (pa3a KepHeyIepi IPaHyJIAJbIK AFbIHHBIH KUHETHKAJBIK, T€OPUSCHI-
MeH, aji (asarap apachlHIAFrbl UMITYJIbC ajMacy Gidaspow TapTy KOPpeJSIusIChbIMEH CHITATTAIA~
b1, CaHABIK MOJIEJIbIEY aya arblHbIMeH cyiibiTbliran Geldart B camarbiHa KaTaThlH OeJIIeKTEPi
6ap eki esmmeM i TIKOYPHITITH KabaT yiria opbiaaasisl. Herisri Baauganussiblk KOPCETKIITep pe-
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TiHJIE KBICBIM TYCYl »KoHe KabarThiH yiraro koadduimenti (BER) anbiaran. Byran koca, ecenrey
ayIaHBIHIAFBI JEePEKTEP/I TOJBIK eckepe anaToia, BER-1i Macca cakTaybl TpUHITUIIIHE HETI3e-
PeH YKaHa, eCcerrrey TOCIIl YChIHbLIa L. 3eprrey Hotukesepi OpenFOAM v12 HyCKACHIHBIH, JKAKCHI
OerisIi 3TAIOHIBIK THAPOTHHAMUKAJIBIK, CUTIATTaMAJIaPIbl KaiiTa oHIipy KabiaeTin baratayra KoHe
CYUBITBIIFAH KAabATTapbl TaIayra apHAJIraH JIEPEKTEP/l OHJEY OIICTEePIH KeTiIaipyre OarbIT-
TaJIFaH.

Tyitia cesnep: Cyiibirouiran kabat, OpenFOAM, exi-daszainl MOEb, JepeKTep/Ii OHIeY, Kbi-
CBIMHBIH, TYCYyl, KAOATTHIH YIFa0 KO3(MdUuIneHTi.
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YucseHHbIll aHAJIN3 THAPOANHAMUKY ICEBI00XKN2KEHHOTO CJIOsI C MCIIOJIb30BaAaHUEM

OpenFOAM

lazo—TBepaple MCEBIOOKUKEHHBIE CJIOU IITUPOKO TPUMEHSIOTCS B SHEPreTUKE, XUMUIECKOHN Mpo-
MBIMIIJIEHHOCTH U TEIJIOTEXHUKe OJI1arofaps BBICOKIM XapaKTEPUCTUKAM CMEIIEHU, TEILJIO- M MaCCO-
obmena. Tem He MeHee, TOYHOE IIPOTHO3UPOBAHUE MUAPOINHAMIKI TAKIX CHCTEM OCTAETCS CJI0YKHOM
3ajateil n3-3a UHTEHCUBHBIX, HEJIMTHEHHBIX U TECHO CBI3aHHBIX B3aNMO/IEHICTBHUI Ta30BOI U TBEPIOH
das. Beruncsaurensnast rugpoguaamuka (CFD) cerosifs siBisieTcsi KJIOUEBBIM HHCTPYMEHTOM st
aHAJII3a TICEBIO0XKIKEHHBIX CUCTEM, OJTHAKO JIOCTOBEPHOCTD YHUCJIEHHOTO MOJIEJTUPOBAHUS B 3HATH-
TEJILHOU CTENEHN 3aBUCUT OT BHIOOPA YHUCIEHHOTO PEIATe s, MO/IEIeH 3aMbIKAHUS U IPUMEHSIEMbIX
MEeTOJOB IOCTIPOIleCCHHTra. B HacTosimeit paboTe MOBTOPHO PACCMOTPEHBI BHICOKOTOUHbBIE SKCIIE-
pUMeHTaJIbHBIE JTaHHBIE 110 ITaJIEHUIO JTaBJIEHUs U PACIINPEHHIO CJIod, IpescTaBiennble Taghipour
u coaropamu |1, n nposesieHO UX UncIeHHOE BocnponsseneHne B nocieaned sepcun OpenFOAM
(v12). Ucnonbsyercsa nyxdasuplii Jiiiep—DiaepoBCKuii MOIX0 I, Tae HAUPXKeHus TBEPIOH (has3bl
OIMCHIBAIOTCST KUHETUIECKON Teopueil rPaHysIsSpPHOrO MMOTOKA, a MeK(a3HbIii OOMEH WMILYIbCOM
— KoppeJisitueii conporubienuss Gidaspow. MojennpoBaHue BBITOJIHEHO ISl ABYMEDHOTO IIpsi-
MOYTOJIBHOTO IICEBJOO0KUKEHHOI'O CJIOs, a3PUPYEMOrO BO3IYXOM U COJEPIKAINEr0 YaCTHUI[I TUIIA
Geldart B. B kagecTBe OCHOBHBIX KPUTEPUEB BAJIAIAIUMYI [IPUHSATHI IaJIEHUE JIaBJIeHust U Koapdu-
nuent pacumpenus ciog (BER). Kpome Toro, npemioxen nosbiii metog oneaku BER, ocHoBanHbIH
HA 3aKOHE COXPAHEHUs] MACCHI, KOTOPBIi [TO3BOJISIET YIUTHIBATE JTAHHBIE BCEIl BEIYUCIUTEILHOM 00-
Jractu. Pe3ysbrarsl MCce0Banus HAIPpaBJIeHbl Ha OleHKy crocobnoctn OpenFOAM v12 Bocmpo-
U3BOUTH ODIIENPUHATHIE STAJOHHBIE XAPAKTEPUCTUKH TUIPOIUHAMUKH [ICEBIO0KUKEHHOI'O CJIOs
U Ha COBEPINEHCTBOBAHNE METO/IOB ITOCTIIPOIIECCUHTA JIJTst 60JIee HAIE2KHOTO aHAIN3a TAKUX CHCTEM.
Kurouessie cioBa: Ilcenooxkuxkennstii cioit, OpenFOAM, nByxdasHass MOJeJb, TOCTIIPOIEC-
CHUHT, TTaJIeHUe JTaBJIeHus], KO3(MDMUIINEHT PACIIUPEHUS CJIOSI.

1 Introduction

Fluidized beds are widely applied in energy conversion, chemical processing, and waste heat
recovery due to their excellent mixing and transport properties [2|. However, predicting their
hydrodynamic behavior remains challenging because of the complex interactions between
gas and solid phases. Computational fluid dynamics (CFD) has become an essential tool for
analyzing these systems, but numerical predictions often diverge from experiments, making
reliable benchmarks crucial for model validation. In a related context, recent CFD studies of
thermal energy storage systems have demonstrated that two-dimensional numerical models,
validated against experimental data, can accurately capture complex flow structures and
performance indicators such as temperature stratification, efficiency metrics, and mixing
behavior, highlighting the broader applicability of CFD methodologies beyond fluidized
beds [3]. One of the most widely used benchmarks is the experiment of Taghipour et
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al. [1], which provides high-quality measurements of global flow quantities such as pressure
drop and bed expansion ratio (hereafter BER) in a two-dimensional gas-solid fluidized
bed. These data have been used extensively to test Euler-Euler two-fluid models (TFM)
combined with drag correlations such as Wen—Yu [4], Syamlal-O’Brien [5], and Gidaspow |[6].
While many studies have reproduced this benchmark, results remain sensitive to choices
of drag law, boundary conditions. Previous evaluations of OpenFOAM have shown mixed
conclusions: some reported insufficient accuracy, while others demonstrated close agreement
with experiments. Importantly, no study has yet assessed the most recent release, OpenFOAM
v12, which incorporates updates in solver robustness and numerical schemes. Addressing this
gap, the present work investigates whether the multiPhaseEuler solver in OpenFOAM v12
can reliably reproduce Taghipour’s |1| benchmark. Pressure drop and BER are selected as
the main hydrodynamic indicators. In addition, a new mass-conservation-based method for
calculating BER is proposed and compared with conventional approaches. The objective of
this study is to validate the predictive capability of OpenFOAM v12 for gas—solid fluidized
bed hydrodynamics and to provide improved postprocessing strategies that can support
industrial-scale applications.

2 Materials and Methods

This study reproduces the benchmark experiment of Taghipour et al. [1] using the Euler—Euler
two-fluid model in OpenFOAM v12. The objective is to assess the solver’s ability to predict
two key hydrodynamic indicators: pressure drop and bed expansion ratio (BER). The
simulated system is a two-dimensional rectangular bed with dimensions of 1.0 m x 0.28 m x
0.025 m. The bed is initially filled to 40% of its height with Geldart B particles (mean diameter
275 pm, density 2500 kg/m?). Air serves as the fluidizing medium, with density 1.225kgm™3
and kinematic viscosity 1.485 x 107> m?s~!. The superficial gas velocity was varied between
0.025 and 0.51 m/s, covering the transition from fixed to bubbling and turbulent regimes.
The simulation utilized a multifluid Eulerian approach that solves conservation equations
for mass and momentum across gas and fluid phases. For modeling solid-phase stresses, the
kinetic theory of granular flow was implemented, providing closure through conservation of
solid fluctuation energy [7]. The governing equations can be summarized as follows:
Mass conservation equations of gas (g) and solid (s) phases:

a —
a(agﬂg) + V- (aypyy) = 0, (1)
0 R
E(O‘SPS) +V- (aspsUS) = 0. (2)

Momentum conservation equations of gas (g) and solid (s) phases:

a N JEFGNEN — — — —
ot (%pgug) +V- (O‘gpgug“g> = —a,Vp+ V Ty + ayp,G + Kys(tly — i) (3)
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%(aspsﬁs) + V- (aspstists) = —asVp — Vps + V- Ty 4+ asps G + Ky (U, — Us) (4)
where K, represents the interphase momentum transfer was described by the Gidaspow drag
law (Eq. (5-7)), while particle-wall interactions were represented by the Johnson—Jackson
boundary condition (Eq. (8-9)) with a restitution coefficient of 0.9 and specularity coefficient
of 0.2.

Gidaspow drag model [6]:

For ¢, > 0.8:
3, EsEgpg |Us — Uy
K, = 20, 2scely [Us gl _—265 5
= Sep el Gl (5)
For ¢, <0.8:
exp EsPyg |Us — U]
K, = 150259 4 1 7589178 79l 6
g Egdg + ds ( )
Cp = 22 (14 0.15(c, Re,)*™) (7)
gqReg g

Johnson and Jackson partial slip model [8]:

aUs o 7.‘—stspso%go\/e_s[]

S - S 8

Hs 2/ (8)

P % o _7T¢5U52P506590\/9_3 o 7r\/§¢spsasg() (1 - 6211)) \/6_30 (9)
S 833' - 2\/50[1;13)( 4a?1ax S

where ps and ks are the viscosity and conductivity of the solid phase, and ¢, and e,, are the
specularity coefficient and the particle-wall coefficient of restitution, respectively.

Numerical simulations were performed on a structured mesh of 56 x 200 cells (11,200
total), corresponding to a uniform grid spacing of 5 mm. Time integration employed an
implicit first-order scheme with a base time step of 6t = 10~3s. Postprocessing was conducted
in ParaView and with OpenFOAM utilities. Pressure drop and BER were computed and
compared against both experimental data and results from recent CFD studies. To improve
reliability, a new mass-conservation-based approach for BER calculation was tested alongside
conventional midline methods.

3 Literature Review

The benchmark of Taghipour et al. [1] remains a cornerstone for validating CFD models of
gas—solid fluidized beds, providing reliable experimental data on pressure drop and BER.
Their work demonstrated the applicability of Eulerian-Eulerian two-fluid models (TFM)
with drag laws such as Wen—Yu [4], Syamlal-O’Brien [5], and Gidaspow [6]. Because of its
reproducibility, this case has been widely adopted in later validation studies. Several authors
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have extended the benchmark using different CFD solvers. Herzog et al. |9] compared Fluent,
MFIX, and OpenFOAM, finding that global parameters like pressure drop were captured
reasonably well. Londono [10] reported larger deviations, while Kusriantoko et al. [11]
emphasized sensitivity to mesh resolution, boundary conditions, and particle restitution.
Fatti 7] focused on OpenFOAM and showed that pressure drop was stable across numerical
setups, but BER was strongly influenced by wall models. Liu [12] highlighted the role
of adaptive time-stepping and averaging windows, which improved stability of results. A
major source of disagreement across studies is the calculation of the BER. Herzog [9] and
Liu [12] used pressure-drop methods, whereas Kusriantoko |11] applied a midline solid fraction
approach, which tended to overpredict expansion. This inconsistency underlines the need for
more reliable postprocessing techniques. More recent works expanded validation to different
solvers and scales. Shi et al. |13] compared 2D and 3D models in Fluent, recommending 3D
for accuracy but retaining 2D for sensitivity analysis. Reyes-Urrutia et al. [14] compared
OpenFOAM and MFIX for fluidized beds with heat transfer, finding both reliable but MFIX
slightly more accurate. Patil [15] and Armstrong |16] validated similar cases using CFX and
Fluent, further confirming the robustness of Taghipour’s benchmark |1] across platforms.
In summary, the literature demonstrates that predictive accuracy depends strongly on drag
models, boundary conditions, and numerical settings. Earlier OpenFOAM studies (Herzog
[9], Londono |10]) reported significant deviations, whereas more recent works (Fatti [7],
Kusriantoko |11]) suggest that careful parameter selection can yield accurate results. However,
no study has yet applied the latest OpenFOAM v12 to this benchmark. The present work
addresses this gap by assessing solver performance and proposing a new mass-conservation-
based BER calculation method as an alternative to existing approaches.

4 Results and Discussion

The inherently transient processes of bubble coalescence and breakup generate significant
pressure-drop oscillations within the fluidized bed [9]. To avoid the influence of these initial
fluctuations, the pressure drop used for comparison was calculated as a time-averaged
quantity only after the flow had reached a statistically steady state. Consistent with the
procedure reported by Taghipour [1], the averaging of global parameters commenced after
3 s of simulated time.

The pressure drop results obtained by various researchers using OpenFOAM for
Taghipour’s setup are summarized in Tab. [I} All simulations considered here correspond to
an inflow gas velocity of 0.38 m/s. Earlier numerical studies using OpenFOAM have reported
pressure-drop values between 5027 Pa and 8064 Pa, compared with Taghipour’s experimental
measurement of 5423.398 Pa. The simulations by Herzog [9] and Londono [10] show the
greatest departure from the experiment, predicting 7072 Pa and 8064 Pa, respectively.
Conversely, results on the lower end of the reported range tend to more closely match the
experimental value. Although Herzog (2012), Londono (2012), Fatti (2021), and Kusriantoko
(2024) all used OpenFOAM, their reported values differ due to changes in solver versions
and the availability of specific models. A noticeable trend appears: as the simulations become
more recent, their deviation from the experimental benchmark decreases. The most up-to-date
results, produced by Fatti and Kusriantoko, are in close agreement; however, because Fatti
provides more extensive methodological details, their findings are adopted as the primary
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Table 1: Pressure drop results obtained by various authors

Sources Pressure |Pa)
Experiment | 5423.398
Herzog 7072.423

Londono 8064.067
Fatti J&J 5067.370
Kusriantoko | 5072.617

Table 2: Comparison
Time discretization | This work’s dP [Pa] | Deviation from results of
10~°s euler 5145.96 Fatti et al. is 1.5%
10~3s euler 5132.88 Kusriantoko et al. is 1.2%

point of comparison in this work.

To assess the reliability of the present simulations, the parameter set used by Fatti was
replicated. This resulted in a predicted pressure drop of 5145.96 Pa, differing from Fatti’s
value by only 1.5%. Likewise, reproducing the conditions reported by Kusriantoko produced
a pressure drop of 5132.88 Pa, corresponding to a 1.2% deviation (Tab. . These results
demonstrate that the solver version employed in this study (v12) yields predictions that
closely align with the recent OpenFOAM investigations of Fatti and Kusriantoko et al., and
that the discrepancies are considerably smaller than those observed in earlier works, such as
those by Herzog and Londono.

According to the Ergun equation, which is applied in the Gidaspow drag model for e < 0.8
(Eq. (6)), the pressure drop across a bed increases with increasing superficial gas velocity [17].
When the gas velocity reaches a value at which the drag force on the particles balances their
weight (m x g), the bed becomes fluidized. This velocity is referred to as the minimum
fluidization velocity . Figure presents the dependence of bed pressure drop on inflow air
velocity reported by various authors. The results of the current simulations, as well as those of
Kusriantoko and Herzog, are consistent with the prediction according to the Ergun equation,
showing an increase in pressure drop with increasing velocity until the inflow velocity reaches
Um . In contrast, the plots reported by Fatti and Londono exhibit deviations from this trend
at low velocities. However, it is noticeable that Kusriantoko’s pressure drop begins to level
off later than both the current simulation results and Fatti’s results. This discrepancy may
be due to a lack of velocity points: there are insufficient data near w,,f, making it difficult
to determine whether the pressure drop increases exactly up to w,,;. For velocities above
Ums = 0.62 m/s, the results of the current work closely match those of Fatti et al. and
Kusriantoko et al.

Tab. [3] presents BER reported by different authors alongside the experimental value of
1.491 obtained by Taghipour. The results show significant variation across studies, with
reported values ranging from 1.343 (Taghipour) to 1.721 (Kusriantoko’s OpenFOAM).

It is clear that pressure drop is the difference of time-averaged and spatial-averaged (along
boundary) pressure between inlet and outlet boundaries. However BER can be determined in
three ways: from the pressure drop along a vertical midline of the bed (midline AP method);
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Figure 1: Bed pressure drop — inflow velocity relation comparison with the results of other
researchers

Table 3: Bed expansion ratio BER results obtained by various authors

Sources BER
Experiment | 1.491
Herzog 1.538

Londono 1.380
Fatti J&J 1.554
Kusriantoko | 1.721

from time-averaged gas fraction along midline (midline gas fr. method); from calculating sum
of particles time-averaged mass (domain mass method).

Herzog [9] and Liu [12] applied the midline AP but did not specify the criterion referred
to as the threshold, calculated by Eq. (10). The bed ratio is defined as the ratio between the
bed height at which the threshold reaches 1 and the initial bed height:

Rnlet - P(h)

threshold = )
Pinlet - P, outlet

(10)

Regarding the mudline gas fr. method, Kusriantoko proposed a criterion based on the
gas fraction ¢,(h) along the midline. In this method, the height at which the threshold that
is gas fraction equals 0.99 defines the extent of BER, and the BER is computed as the ratio
between this height and the initial bed height.

The domain mass method was developed in the present work. It is based on integrating
the solid mass (or, equivalently for incompressible flow, the solid volume fraction) over all
cells of the computational domain. The bed ratio is defined as the height below which the
total solid mass in the bed is nearly equal to the total solid mass in the entire domain. The
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corresponding threshold is computed using Eq. (11):

i(h) <56
Zi(:l) D ie1 Es

threshold =
HESHO Es,init HO

: (11)

where ¢ and j denote the horizontal and vertical cell indices, respectively.

Kusriantoko used the dt = 1073s euler scheme for time discretization. He determined
BER at height where the air fraction reached 0.99 and got H/Hy = 1.721. The value of the
current work by the scheme and method with a threshold such as Kusriantoko is equal to
1.658. That’s deviation from Kusriantoko’s is 3.6%. However, the values taken by Kusriantoko
overcome the values of the results of all other authors. Moreover, the current work value by
Kusriantoko’s method overcomes the current work values by other methods too according to
Tab. [ For this reason, the Kusriantoko’s method is discarded for the following studies.

Table 4: Bed expansion ratio BER calculated by time discretization of 6t = 10~3s, scheme
euler

Threshold/Method | midline AP | midline gas fr. | domain mass
0.950 1.382 1.621 1.438
0.980 1.482 1.646 1.525
0.990 1.533 1.658 1.562

Fatti used 6t = 1075s euler and got H/Hy = 1.554. Among the results by different methods
for H/Hy shown in Tab. 5 results taken by midline AP method with 0.99 threshold and by
domain mass method with 0.98 threshold are closest to Fatti’s result. It approves the use of
midline AP method with 0.99 threshold or domains mass method with 0.98 threshold.

Table 5: Bed expansion ratio BER calculated by time discretization of ¢t = 107°s, scheme

euler

Threshold/Method | midline AP | domain mass
0.950 1.382 1.462
0.980 1.482 1.537
0.990 1.533 1.587

Fig. 2] shows BER dependence on inflow air velocity of different authors. Across all
cases, the BER increases with inflow velocity, and the growth patterns similar. Kusriantoko’s
OpenFOAM results show the highest expansion values overall, due to the use of method
midline gas fr.. Plot of Fatti and this works simulation almost overlaps each other, meaning
that they validate each other. This simulations plot was done by method domain mass (plots
of by method midline AP and by method domain mass gave the same plot). Both of these
plots are close to experimental result. Herzog reported not as smooth as Kusriantoko, but
closely matching experimental and simulation trends. In contrast, Londono [10] observed
comparable behavior at low velocities but significant fluctuations above 0.4 m/s, with
expansion ratios oscillating between 1.45 and 1.8. These deviations suggest flow instabilities
not present in Herzog’s data.
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Figure 2: Bed expansion ratio BER — inflow velocity relation comparison with the results of
other researchers

5 Conclusion

This work assessed the capability of OpenFOAM v12 to simulate gas—solid fluidized bed
hydrodynamics against the benchmark of Taghipour et al. Results confirmed that the
solver provides accurate pressure drop predictions, with deviations under 6% relative to
experiments and under 2% compared with recent CFD studies. The newly proposed mass-
conservation-based method for calculating BER was shown to deliver more consistent and
experimentally aligned results than conventional midline solid fraction approaches, which
tend to overpredict expansion. Overall, the study demonstrates that OpenFOAM v12 can
reliably reproduce key hydrodynamic indicators of fluidized beds while offering improved
postprocessing strategies. These advances support the application of CFD in industrial design,
scale-up, and optimization of fluidized bed reactors.
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EXACT SOLUTIONS OF EQUATIONS OF THE TWO-PRIMARY-BODY
PROBLEM IN THE RESTRICTED THREE-BODY PROBLEM WITH
VARIABLE MASSES

This study investigates the translational-rotational motion of a non-stationary, axisymmetric body
of variable mass in the Newtonian gravitational field of two primary spherical bodies with variable
masses, formulated within the framework of the restricted three-body problem with variable
masses in a barycentric coordinate system. The masses of the bodies vary isotropically. The small
axisymmetric body may change its size and shape while remaining axially symmetric throughout
the process. The restricted formulation implies that the small body does not influence the motion
of the two primary spherical bodies with variable masses. The study focuses on the secular
perturbations of translational-rotational motion in the considered three-body system. Since the
exact solutions for the translational-rotational motion of the two primary spherical bodies with
variable masses in the barycentric coordinate system are unknown, the differential equations of
the two-body problem and those of the non-stationary small body are investigated jointly. Due
to the complexity of the problem, the translational-rotational motion of the three-body system is
studied using perturbation theory in analogues of Delaunay-Andoyer variables. Exact analytical
solutions of the differential equations for the secular perturbations of the translational-rotational
motion in the problem of two primary spherical bodies in terms of Delaunay-Andoyer variable
analogues are obtained. These exact solutions open the possibility of further investigating the
secular perturbations of the translational-rotational motion of a non-stationary, axisymmetric
body within the restricted three-body problem with variable masses.

Key words: Restricted three-body problem, variable mass, translational-rotational motion,
analogues of the Delaunay-Andoyer variables, perturbation theory.

M.JIx. Munrnubaes, B.P. Acan*
Ous-Qapabu areiagarel Kaszak yarTeik, yHHBepcuTeTi, Ajmarsl, Kazakcran
*e-mail: assanbalnur@gmail.com
ITlekTesiren yuI JeHe Macejieci asicbIHAAFbI Maccajapbl alHbBIMAaJIbI €Ki Herisri geHe maceJieci
TeHAeyJIePiHiH HAKThI IIelniMaepi

Bya »xyMBICTa IIEKTeIreH VI JeHe eceDiHiH asChIHIa MaccaJapbl AifHBIMAJILI €Ki Heri3ri cdepasIbik,
JIeHEHIH HBIOTOHJIBIK, TAPTHIIBIC OPICIHIEr Maccachl alfHbIMAJIBI OeicTallnoOHAp OCTIK CUMMETPHSI-
JIBI KiImi JieHeHin OapUIeHTPJIIK KOOPAWHATTAD KyieciHmeri inrepigemesti-aifHaaMaIbl KO3FAIBICH
KapacThIpbLIaanl. Jlenesaep/iin Mmaccasapbl yaKbIT OOMBIHITA N30TPOITHI ©3r€PE/li, COHABIKTAH PeaK-
TUBTI KYIIITEp MEH PEAKTUBTI MOMEHTTED maii1a 60ommaitabl. Kiri ecTik cuMMeTpusiyIbl IeHeHiH, 01~
meMi MeH TiTTiHI yaKbIT OOUBIHING 63Tepe/li, OipaK opKallaH 6CTiK CHMMETPUJIbI KYHIH CAKTal b
[IexTenren ecenTiH KOMBLIBIMBI - Killli MaccaJsbl JIeHe €Ki Herisri cdepasiblK, JeHEeHIH KO3FaIbIChIHA
9cep eTHeNIri" cuuaTTaii/ibl. Byt XKyMbIcTa YIIT IeHeHiH Jie LIrepijgeMerti-aifHaJIMaIbl KO3FAJIBICHI-
HBIH, FACBIPJIBIK YHBITKYIaphl 3epTTeseai. Maccagapbl aifHBIMAJIBI €Ki Herisri cdepasblk JeHeHiH
OapUIEHTPJIIK KOOPIUHATTAP XKyieseri iarepimemeni-affHaaMabl KO3FAIbICHIHBIH, 191 MIeNTiMIepi
OeJirici3 GoJiFaHIBIKTAH, €Ki Herisri JeHeHiH »koHe OeficTarmoHap Kilni JjieHeHiH guddepeHiual-
JIBIK, TeHgieyJsiepi OipJiecint KapacThipbuiabl. MoceseHiH, Kypesiirine OailJlaHbICTBI VI JIeHeJ
KyiteHin irepinemeri-afinaamalibl Ko3rasbichl Jletone-Anyaiie aliHbIMAJIBIIAPBIHBIH aHAJIOTA-
PBIHIAFBl YHBITKY TEOPUsCHI 9icTepiMen 3eprresai. Hotmkecinme eki Herisri cdepasibik geHeHiH,
lIrepistemerti-affHaIMaJIbl KO3FAJIBICHIHBIH, FACBIPJIBIK YHBITKY TEHJIEYJIEPIHiH JI9/1 aHAJIUTUKAJIBIK
IIEITiM/IeP] AJIBIH/IBL.
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AJiblHFaH TIenniMJiep IIeKTeJIreH VI JieHe eceOiHIH asiChIHIa MACCAChl allHbIMAJIbI OeHCTAIMOHAD
OCTIK CHMMEeTPUSIIBI JICHEHIH, irepiieMeti-aifHaaMasIbl KO3FAIbICHIHBIH, FACBIPJIBIK, YIBITKYBIH 9pi
Kapail 3eprreyre MyMKIiHIIK Oepei.

TyiiiH ce3aep: meKkTeNren yIi ene Maceseci, aifHbIMaJIbl Macca, aifHAJIMAJIbI-1IrepieMeti Ko3ra-
sibicel, emone- Anjyaite affHBIMAIBLIAPBIHBIH, AHAJIOTTAPBI, YHBITKY TEOPUSICHI.

M. /Ix. Munriubaes, b.P. Acan*
Kaszaxckuii HanmoHa/IbHBIN yHUBEpcUTeT UM. ajnb-Papabu, Anmarsr, Kazaxcran
*e-mail: assanbalnur@gmail.com
TounHble pellleHusi ypaBHEHHI 33a4YM JIBYX OCHOBHBIX T€JI B OTPAHUYEHHO! 3ajade TpeX TeJ C
mepeMeHHBIMU MacCaMu

B pabore paccMOTpeHO NOCTyIIaTeIbHO-BPAIATEIbHOE JIBUXKEHHE HECTAI[HOHAPHOIO MaJIoro
OCECHMMETPHUIHOrO TeJIa MEPEMEHHOM MaCChl B HHIOTOHOBCKOM IT0JI€ IIPUTSKEHUS IBYX OCHOBHBIX
cepudeckux TEJI € MEPEeMEHHBIMH MacCaMU B paMKaxX OIPAHUYEHHOW 3aJadll TpeX TeJ C
[IEPEMEHHBIME MAaCCaMU B OapHUIIEHTPUYECKON cucTeMe KoopAuwHaT. Macchl Tesl MEHSIIOTCS CO
BpPEMEHEM U30TPOITHO, IMOITOMY He IOSIBJISIFOTCSI PEaKTUBHBbIE CHUJIbI U PEAKTHUBHBIE MOMEHTHI.
MaJjioe ocecuMMETPUYIHOE TeJI0 MOXKET MEHSITh Pa3Mephbl M (DOPMbI IIPU 9TOM BCE BPEMsI OCTAETCs
ocecuMMeTpudHbIM. OrpaHuveHHas MOCTAHOBKA 33/a9M XapaKTEPU3YeTCs TEM, UTO MAJIOE TeJIo
HEe BJIMsIET HA JIBUIKEHUE JBYX OCHOBHBIX ChEpHUIECKHX Tejl ¢ HepeMeHHbiMEu Maccamu. Vccite-
JLyeTCsl BEKOBBIE BO3MYIIEHUs IMOCTYIATEHHO-BPAIIATELHOIO JIBUXKEHUS B PacCMATPUBAEMON
npobJjieMe Bcex Tpex TeJl. PellleHusi mocrynarebHO-BPAIlATeIbHOIO JIBUYKEHHUSI JBYX OCHOBHBIX
cdepruueckux TeJI ¢ IepeMeHHbIMI MaCcCaMy B OapUIIeHTPUIECKON cucTeMEe KOOD/IMHAT HEN3BECTHA,
moaToMy JuddepeHInalbHble yPABHEHNS 33 a9d IBYX OCHOBHBIX Tes u auddepeHInajibHbie
YPaBHEHUS HECTAIMOHAPHOTO MAJIOTO TeJIa UCCIeayeTcs coBMecTHO. [Ipobiema citoxnast, mosToMy
[IOCTYHATEbHO-BPAIATEILHOE JIBUZKEHNE CHUCTEMBI TPEX TeJl WCCJIEeLyeTCss MeTOJaMU Teopuit
BOSMyIILeHI/Iﬁ B aHaJIOraX IepeMeHHbIX ﬂeﬂOHe—AHﬂyaf/’Ie. BbIJII/I IIOJIy9€HbI TOYHBbIC aHAJIUTUICCKIE
pernenns auddepeHnraabHbIX YPABHEHIIT BEKOBBIX BO3MYIIEHUN IOCTYIIATEIbHO-BPAIATEBHOIO
JIBUZKEHUS 3aJIa9U JBYX OCHOBHBIX C(HEPUUECKUX TEJI B AHAJIOTax NepeMeHHbIX Jlejone- Anyaiie.
OTH pelieHnss OTKPLIBAIOT BO3MOXKHOCTH JTAJIBHEUINEr0 HCCJIeIOBAHNS BEKOBBIX BO3MYIIEHU
[MOCTYHATEHHO-BPAIATEILHOTO JIBUYKEHUsT HECTAIIMOHAPHOTO MAJIOTO OCECHMMETPUYIHOTO Tejia B
paMKax OrpaHMYEHHON 33/1a91 TPEX TEJI ¢ MEPEMEHHBIMU MaCCAMMA.

KurouyeBbie ciioBa: orpanwdeHHas 3ajada TPEX TeJ, EePEeMEeHHasi MacCa, MOCTYIIATeIbHO-
BpallaTesibHOe JIBUXKEHNE, aHAJIOrbl lepeMeHHbIX Jlesione- Arjyaite, Teopusi BO3MYIICHMUSI.

1 Introduction

The investigation of the impact of the variability of celestial bodies’ masses on the
dynamic evolution of gravitational systems is a relevant problem in modern astronomy and
astrophysics. In this paper, we investigate the celestial-mechanical formulation of the problem
of the translational-rotational motion of a non-stationary axisymmetric small body in the
Newtonian gravitational field of two primary spherically symmetric bodies with variable
masses and radius in a restricted formulation.

The masses of the bodies are variable, with the laws of mass variation being arbitrarily
prescribed functions of time - m; = mq(t), my = ma(t), mg = ms(t). In the general case, the
mass changes occur isotropically but at different rates

i (t) |, 1a(t) |, ma(t)
mi(t) © ma(t) © ms(t)

no reactive forces or reactive moments appear. A small axisymmetric body can change

its size and shape, has three mutually perpendicular planes of symmetry, and remains
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axisymmetric at all times. In this work, the restricted form of the problem is characterised by
the fact that the small body does not affect the motion of the two primary spherical bodies.

A brief overview of studies related to the present work is provided. The formation and
dynamical evolution of planetary systems is a central theme of modern astronomy. The
influence of single and binary stars on planet formation is of great importance, since nearly
half of all stars are found in binary or multiple stellar systems. One of the most effective ways
to assess this influence is to obtain an accurate picture of the population of binary stars. In [1],
an extensive database was created as a result of a comprehensive literature survey, in order to
carry out a complete census of all known binary stars hosting planets to date. The database
includes the characteristics (orbit or separation, stellar masses, dynamical stability, etc.) of
759 systems (including 31 circumbinary systems), which is nine times larger than the previous
complete census of binary stars with planets. Among the 728 S-type systems, 651 are binaries,
73 are triples, and 4 are quadruples.

Binary stars are considered key natural laboratories for the study of stellar physics, which
explains their inclusion in photometric space observations starting from the very first orbital
telescope launched in 1968. The review |2| follows the history of binary star observations and
the scientific insights gained, beginning with the early ultraviolet missions, moving through
the phase of mission diversification with various satellite projects, and reaching the present
stage of large-scale surveys focused on planetary transits. Over this time, detached, semi-
detached, and contact binaries have been studied, comprising stars at different evolutionary
stages—dwarfs, subgiants, giants, supergiants—as well as compact objects such as white
dwarfs and neutron stars, often accompanied by planets or accretion disks. Modern surveys
have uncovered a wide range of phenomena, including pulsating stars in eclipsing binaries and
systems that host transiting planets. Particular emphasis is placed on eclipsing binaries due
to their high scientific value, and on the most recent missions, which, owing to their extensive
sky coverage, provide unique opportunities for comprehensive astrophysical research.

A group of researchers from NASA’s Eclipsing Binary Patrol citizen science project |3]
has published a catalogue containing 10,001 eclipsing binary star systems. This discovery
significantly expands our knowledge of stellar physics and formation processes, and opens up
new opportunities for the search for exoplanets.

In [4], an interesting object was discovered 70 light years from Earth: the amazing world
of the v Octantis system, an exoplanetary system consisting of binary stars and one planet.
The main star there is slightly more massive than the Sun, and its companion is a white
dwarf. The planet, squeezed into a narrow space between the binary stars, not only exists
in a complex gravitational environment, but also has a retrograde orbit. The main star is a
subgiant, 1.6 times more massive than the Sun, and the second is an object with a mass of
about half that of the Sun. They orbit each other with a period of 1,050 days.

In [5], a unique planet was discovered in the 2M1510 system. The planet’s orbit is almost
perpendicular to the plane of the binary stars’ orbits. The shape of the planet itself is normal,
but it has an unusual orbit. There are three brown dwarfs in the system — too large to be
planets, too small to be full-fledged stars. Two dwarfs revolve around each other, while the
third, located further away, revolves around both of its companions. Planet 2M1510 b, which
has attracted the interest of scientists, is in a polar orbit around the two central brown dwarfs.

In [6], the classical dynamics of binary stars undergoing mass exchange between them is
studied. Assuming that one of the stars is more massive than the other, the dynamics of the
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lighter star is analysed as a function of its mass change over time. Within the framework of
approximations and mass transfer models, a general result is obtained which establishes that
if the lighter star loses mass, its period increases. If the lighter star gains mass, its period
decreases. Such non-stationarity in the dynamics of binary stars can significantly affect the
dynamic evolution of planetary systems around binary stars. We also note a two-volume
fundamental monograph devoted to close binary stars |7]. In the book [8], the evolution
of the rotational motion of a rigid body about its center of mass is examined under the
assumption that the body’s mass and dimensions remain constant. The rotational motion of
a triaxial satellite about its center of mass with moments of inertia close to one another is
analyzed, and several interesting results are obtained.

This review shows that the development of celestial-mechanical models of non-stationary
binary stars and planets is a relevant topic.

This work is structured as follows. Section 2 presents the formulation of the problem
of translational-rotational motion of a non-stationary axisymmetric small body in the
Newtonian gravitational field of two massive spherically symmetric bodies with variable
masses and radius in a restricted formulation and the equations of motion. Section 3 provides
exact analytical solutions for the rotational motion of two primary bodies in variable Eulers.
Section 4 provides exact analytical solutions for the equation of secular perturbations of the
translational motion of the centre of mass of two primary spherical bodies with variable
masses in a barycentric coordinate system. In Section 5, analytical expressions for the
coordinates and velocities of two primary spherical bodies with variable masses are obtained
based on exact solutions of the differential equations of secular perturbations. The conclusion
highlights the main result of the work and further prospects for research.

2 Formulation of the problem

In this work considered translational-rotational motion of three non-stationary celestial
bodies with variable masses. There, P, P, are the primary spherically symmetric bodies
with variable masses and variable dimensions, whose motion is determined by the problem
of these two bodies with variable masses.

The third body Pj is axisymmetric small body, and does not affect the motion of the first
two bodies. The body P5 has three mutually perpendicular planes of symmetry. The principal
axes of inertia of the own coordinate system are directed along the line of intersection of the
three mutually perpendicular planes, and this position is preserved during evolution.

Assumptions and differential equations of the problem in the barycentric coordinate
system were obtained in [9]. The equations of translational motion of two spherically
symmetric bodies in the barycentric coordinate system are as follows

~- .
T = —fmi— + AT + BT, (1)
i
where, f - gravitational constant, m; = m,(t) = mv} = mi(t)/m* v; = m;/m,m =
my +mo, Ay = 20 vy, By = U Jv; — 202 [v? i # 4,5 = 1,2.
The translational- rotational motion of two non-stationary bodies can be conveniently
studied in analogues of Delaunay-Andoyer variables [10], [11].



138 Exact solutions of equations of the two-primary-body problem ...

Rotational motion of two spherical bodies with variable masses will first be considered in
analogues of Fuler’s variables. Euler’'s dynamic equations are greatly simplified due to the
spherical symmetry of the bodies and take the form [12]

d d d
A = B.q;) = = 2
dt( i) =0, dt( ;) =0, dt(Cn) 0, (2)

Accordingly, Euler’s kinematic equations can be written as

pi = W sin 6 sin @; + 6; cos @;, q; = Py sinb; cos ; — O;sin g, 7 = i cos b + @5, (3)

The equations of translational-rotational motion of a small non-stationary axisymmetric
body P; have the form

7;‘3 = gmngU + 121237%2 + 323772, (4)
d oU oU | sin s oU
A As —C = |=— — 0 —
dt( 3p3) — (A3 3) q3T'3 O cos 3&)03 s +COS<P38937
d oU oU | cospy | oU (5)
A Cy— A = | =— —cosd _ =
dt( 3q3) — (C3 3) I3D3 s COs 3&03 sin 0 S 3 965’
d
C
i\ Csrs) =
P3 = 1/.}3 sin 6’3 sin @3 + ég COS (;?3, qs = 7#3 sin 93 COS Y3 — ég sin ©Ys, (6)
r3 = 1Pg cos s + @3,
0—f m1+ +f(C )1 1—37§1+1—37§2 (7)
- T31 392 5 2 ’l“%l 7“%2
2A B
A23 = —— ng = —— +4A
1 151 1
T, — — 21— 2
Y31 = Q13 ° 4 azsyl ° 4 - 3,
T ilx Y 3 z Tilz
V32 = 13 2 S 2 3+a32 3, (8)
32 32 32

In equations - @), - (6)), the notation used in [9] is retained.

Solutions for the translational-rotational motion of two primary spherical bodies with
variable masses in a barycentric coordinate system are unknown [13|, [14], therefore the
differential equations of the two primary bodies and the differential equations of the non-
stationary small body are investigated jointly. The problem is complex, so the translational-
rotational motion of a three-body system is investigated using perturbation theory methods
[15], [16], [17] in analogues of Delaunay-Andoyer variables.
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3 Exact analytical solutions for the rotational motion of two primary spherical
bodies in analogues of Euler variables

Note that the rotational motion of spherical bodies P;, P, has a simple solution, since
throughout its evolution, a spherically symmetric body retains its spherical density
distribution and spherical external shape.

From equations we obtain

Aip; = const = Ajopio,  Bigi = const = Bijpqio,  Ciri = const = Ciorip, 9)

From this follows the module of the kinetic momentum vector f?io, of the body P; a
constant value

Alp? + Biq} + Cir? = A3 (pzz() + g + 7%'20) = const = K}, (10)

Let the vector K be directed along the OZ axis, then the following formulas can be
written |1§]

Aipi = Aipi = Kjpsin; sin Qi = Kioq,
Biq; = Aiq; = K,psin0; cos p; = Koy, (11)
Ciri = Air; = Kjpcos0; = Koz,

Since Cﬂ’i = Aﬂ'i = AiOTiO = Ki(] COSs 92 = KiOz;

Cir; Kio. Ajor; T
cosf; = = 0 _ > 0 02 == —= 02 — = const (12)
K; K Aion/Pio + Gio + o V Pio T %o T Tio
Therefore,
Substituting into equations , we obtain
pi = Uy sin 6, sin g, q; = Py sin 6; cos ¢, r; = cos 0; + ¢, (14)

From the first equation and the first equation , the following solution of W is
obtained

pi = 1 sin 6; sin ;, Aipi = Kjosin0; sin ¢;, (15)
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From the last equation , we find the solution ¢;. Let us substitute the solution ¥; and
obtain the following

Aﬂ'i COS 91'0 AiOTiO COS (91'0

Gi =13 — hycos0; = r; — TZO cos by = i = i , (17)
As a result, we obtain the following results
cos; = cosb;y = 0= _ const, 0; = 0,0 = const, 6, =0, (18)
i0

. K,

by = =2 £ const, (19)
A;

. Ajorio — Ko cos o o Aiorio — Ciorio _ Aiorio — AioTio —0

o A A A

o; =0, i = i (to) = @i = const (20)

Substituting solutions , and into equations , we obtain the following
equations

Kio sin 6,9 sin ; g = Kio sin 6, cos @; g = Ko
Ai 10 10 % Az 20 105 i AZ

D = cos by, (21)

Thus, in a non-rotating coordinate system, we get

wix = 0; cos; + ¢; sin b; sin Wy,
wiy = 0;siny; — ¢; sin 0; cos Py,

. (22)

wiz = ; + gicost;,
wix =0, wiy = 0, Wiz = %:7 (23)
w; = \/wa + W + w2, = 1; # const (24)

The solutions found for the differential equations of rotational motion retain their form
even in secular perturbations. They will be used in calculations of the total kinetic moment of
translational-rotational motion of a gravitational system when analysing dynamic evolution
within the framework of a restricted three-body problem in analogues of the Delaunay-
Andoyer variables.
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4 Exact analytical solutions of the equation of secular perturbations of the
translational motion of the centers of mass of two primary spherical bodies
with variable masses in the baricentric coordinate system.

4.1 Derivation of the perturbation function

Due to its complexity, so the translational-rotational motion of a restricted three-body
system is studied via perturbation theory methods in Delaunay-Andoyer type variables
and exact analytical solutions are obtained for secular perturbation equations of the
translational-rotational motion of two primary spherical bodies in analogues of Delaunay-
Andoyer variables.

Using perturbation theory based on aperiodic motion along a quasi-conical section [12],
we derive the perturbing functions from equations . We rewrite equations as

. 71 . 91 (g A
fe gl (Y [ YA
rto2\m1 m M2\ /) m
) - 1 ' .. 1 /7 . . .
F1+fﬁ11_;1),+— —i—% 1 — o ~_1+£ o 71 = Fipert, (26)
3 2\my M Mmoo 2\m1 m/m
. ~ . 1 2 . .
Flpe'rt - Blfl - l S @ + ﬂ ﬂ 7?17 (27)
Mmoo 2\m1 m/)m

The unknown arbitrary function 7, = = (¢) is defined by the following conditions

1 M ~ Uy

- =A, =2-= 28

2 (ml + ’)/1) ! y27 ( )
Then we get

i (to) ot Ayt ™o My
— ) = t = - 29

1 =n(t) iy (1) e Mgy M2’ (29)
Taking into account equations and from , we obtain

ﬁlpert = BT (t) Fl; (30)

Accordingly, using v; we can formulate an explicit form of the function Bf

> g h
Br(t)=By— |- 4,0, 31
Ho=Bi- | 2o A 2 1)
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In the result, equation takes the form

A (i Y. [ L ) ]
'Fl—i-fml—;—i-— myn = SU Y A it 7 = gradg Uy, (32)
T2\ m Moo2\m1 o/ m

where, F:mrt = Bfﬁ = grady U, - perturbing force, U; - perturbing function
1~

Uy = 5Bl (3)

Similarly, we write the differential equations in a form convenient for using
perturbation theory for the body P;.

. R 1 ’ﬁ”L . . . 1 m . . B
T2+fm2—§+— ~—2+ﬁ To — B—— ,,—2—1-/)2 /E T’QZQTCLd,:‘QUQ, (34)
ry 2 \M2 Y2 Yo 2\m2 Y2/ 7o

where, ﬁgpert = B3(t)7 = grady,U, - perturbing force, U, - perturbing function
1 % 2
Uz = §B2 (t)r3, (35)

my m3

Bj(t) = By — {’B - flgﬁ} , Yo = 2(t) = (36)

- 9
2 2 mig m?

4.2 Unperturbed motion

In the case where F, 1pert = 0, ﬁgpert = 0 from equations , follows unperturbed motion
[12]

. 71 (s A\ - 5o (e A
ot i 4o (L B | (B
J,.3 J
Ty 2\my Vi 2 \my

The solution of the unperturbed motion is well investigated and has the following
form

B =0 37)

s

x; = y;p;j [cosu; cos Q; — sinu; sin Q) cos 4],
yj = Y;jp; [cosu;sin ) 4 sinu; cos €2 cos ;] , (38)

AP G SR S R SR e
zj = jpj [sinug sind;| , r; = x5 +yi + 27 = 7;p;

T = (ﬁ + &) xj + yjpiU; [—sinu; cos Q; — cosu;sin §2; cos 4],

Vi Pj

yj = Y fi Y + P05 [— sinw; sin Q; — cosu; cos Q; cos ;] , (39)
Vi Pi

Z.j = ﬁ + p—J Zj -+ vjpjuj [COS Uj sin ’LJ] s
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=12 (40)

where 6; is the true anomaly, and the parameters a;,e;,w;, 2;,4; are analogous to the
semi-major axis, eccentricity, inclination, longitude of the perihelion and longitude of the
ascending node of the P; and P, bodies.

1 .

pj=—5 @ej sin 4;, o = fmjo = const (41)
ViV P

: 1 \/Hjop;

uj = —3 ]2,0 -1y = 0+ w; (42)

[ s = e - o), (43)

1+ ecos)’

where ¢(t) is the antiderivative of the (1;/ Thiofyf)l/ ? function, and 7 is the time of passage
through pericenter.

4.3 Exact analytical solutions to the equations of secular perturbations of translational
motion in osculating analogues of Delaunay variables

The translational motion of the body P, in Delaunay variables can be written in the following
form:

. ouy . ouy . Uy
L1:_17G1:_17H1:_17
8[1 391 ahl (44)
i __8U1* . ouf i __(3U1*
T Ton T Tagy M T T oY
Accordingly, the Hamiltonian U; expression takes the following form:
~ 1/2 o ~ 1/2
* ma :ul() mig
U'= | = + | = Uf... 45
' (mmf’(t)) 2L7 (mﬂf(’f)) () (4)
where 10 = fmag
The perturbing part of the Hamiltonian:
1 % 2
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The quantity 77 is expanded into a series in terms of the small parameter e the eccentricity

2

2
ri = ipt = ~lal (%) =~la? [1 — 2e; cos M + % (3 —cos2M) + ... (47)
1

The relation between the analogues of the Keplerian elements and the Delaunay variables
is as follows:

L? H
a:%, 62:1—ﬁ, M =1, w=yg, Q=h, cosz':a (48)

If the above quantities are substituted, the perturbing function takes the following form:

1~ 1~ 2
U= §B>f(t)f? = §Bi‘(t)7fa% [1 — 2ey cos M + 62—1 (3 —cos2M) + ] (49)
By averaging over the mean anomaly M = [, we obtained the secular part of the

perturbation function in the analogues of Delaunay variables

1~ 1~ L? 3 G?
Upe = =B ()2 = =B ()L |1+ = (1- = 50
1()7"1 B 1()71%0 [ ‘1”2( L% ( )

Substituting the secular part of the perturbation function into equations —,
we get

Ll:o’ Gl:o? leoa
, U} 5 Bi(t)y? , oU; 3 B (t)y? : (51)
h=———1 - _ 71\ =1 _ TV he =0
1 oL, 5 M%o 15 (251 G, 5 /L%o 1 1 )
Hence it follows that

L1 - L1 (to) - L10 - COTLSt, Gl - Gl(t0> - G10 == const,
H1 = Hl(to) = HlO = const, hl = ]’Ll(t0> = th = const,

5L [~ 3G [* o (52)
b=l =h(to) ~ 5020 [ Biniode o=t - 500 [ Biondoa,

Hio Jig 2 150 Ji,

where according to — v = 71(t) = mam? /moym?, Bf = By — [f’h/fyl — A1 /|-

Thus, formulas , , , completely determine the coordinates and velocities
of body P; in a secular perturbation.

Similarly, we obtain the coordinates and velocities of the body P, using exact analytical
solutions of the equation of secular perturbations for the body Ps.

L2 = Lg(to) = L20 = CO’I’LSt, G2 = Gg(to) = G20 = COTLSt,
H2 = Hg(to) = H20 = CO?’LSt, h2 = hg(to) = h20 = CORSt,

2 L20 ! % 2 . 3 G20 ! % 2
ly = l2(t) = ly(to) — 5 2 B; (t)'YQ (t)dt, g2 = 92(?50) — 5 2 B; (t)’Yz (t)dta

(53)
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Where, according to B;(t) =By — [%/Vg — 1212%/72] ;Y2 = Yao(t) = mym3/migm?.
Formulas , , , completely determine the coordinates and velocities of
body P; in a secular perturbation.

5 Analytical expressions for the coordinates and velocities of two primary
spherical bodies with variable masses based on exact solutions of differential
equations of secular perturbations

Consequently, taking into account the formulas of unperturbed motion, which retain their
form in perturbed motion, coordinates and velocities in the equations of secular perturbations,
in analogues of Kepler’s variables, appear as follows:

T/ 3 3 ) ) .
Tjsec = Vi —5¢€ | cosw; | cos Q; — —5¢ | sinw; | sin Qj cosiy|,

1/ 3 . 3\ . .
Yjsec = Vj; —56 cosw;j | sin§2; + —56 sinw; | cos {2 cosi; |, (54)
stec = ’Yjaj —56 sin (A}j sin Zj:|

e .
T jsec = P J ( /10p; (sinw; cos Q; + cosw; sin 2 cos ;) — 3a;7; (sinw; sin Q; + a;y; cosw; cos QJ)) ,
a;y;
¢
Ujsee = 2—3 ( /Iiop; (sinw; sin ; — cosw; cos €2 cosi;) + 3a;7; (sinw; cos ; — a;y; cosw; sin QJ)) ,
a;v;
e . / - .
Zjsec = —] —M coswj + 3a32~7j sinwj | sinij,
2a; v;

(55)

Further, formulas (54)) — (55 will be rewritten in analogues of Delaunay variables using
known transformation formulas , which will be used in the study of translational-
rotational motion of a non-stationary small axisymmetric body.

In equations — @ of translational-rotational motion of a small non-stationary
axisymmetric body Ps, the values 7 (z;,y;,2;),7; (£;,9;, %) .7 = 1,2, according to the
formulas - found above, are already known functions of time.

Thus, the problem of investigating secular perturbations of the translational -rotational
motion of a non-stationary small axisymmetric body of variable mass in a Newtonian
gravitational field of two primary spherical bodies with variable masses within the framework
of a restricted three-body problem with variable masses in a baricentric coordinate system
is reduced only to finding the coordinates x3,ys, 23 and velocity Z3, s, 23 of a small non-
stationary body.

6 Conclusion

In this paper, we investigated the problem of translational-rotational motion of a non-
stationary axisymmetric small body in the Newtonian gravitational field of two primary
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spherically symmetric bodies with variable masses in a restricted formulation. We studied
secular perturbations in analogues of the Delaunay-Andoyer variables.

In general, the solution to the problem of translational-rotational motion of two primary
spherical bodies with isotropically varying masses is unknown, so the problem is investigated
by jointly considering the differential equations of the problem of two primary bodies
with variable masses and the differential equations of motion of a small non-stationary
axisymmetric body. The problem is complex, so the problem investigated using perturbation
theory methods.

As the main new result of this work, we have found exact analytical solutions to the
equations of secular perturbations of the translational-rotational motion of two primary
spherical bodies with variable masses.

Due to the results obtained in this work, the problem of investigating secular perturbations
of the translational-rotational motion of a non-stationary small axisymmetric body of variable
mass in the Newtonian gravitational field of two primary spherical bodies with variable masses
within the framework of a restricted three-body problem with variable masses in a barycentric
coordinate system is summarised as finding only the coordinates 75 (23, y3, 23) and velocity
73 (&3, U3, 23) of a small non-stationary body.

Thus, the investigation of secular perturbations of the problem considered is greatly
simplified, as in the classical restricted problem, in the following only the motion of a small
non-stationary axisymmetric body will be investigated.
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