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REGULARIZED TRACE OF A SECOND-ORDER DIFFERENTIAL
OPERATOR ON A TREE WITH DIRICHLET CONDITIONS

This paper considers the problem of calculating the regularized trace of a second-order
differential operator on a tree with Dirichlet conditions at the boundary vertices and matching
conditions at the interior vertices. The original graph is a tree consisting of seven vertices and six
oriented arcs. The relevance of the study is determined by the need to further develop methods
of the spectral theory of differential operators on graphs and to generalize known results obtained
for operators on a finite interval. To solve the problem, the original tree is divided into two
subgraphs, each of which is a star graph. This approach makes it possible to apply established
methods of spectral analysis to individual parts of the original graph. Particular attention is
paid to constructing the characteristic determinants of the Dirichlet and Neumann problems
on the considered subgraphs, as well as to studying their asymptotic behavior. The obtained
representations are used to establish asymptotic formulas for the eigenvalues of the original
problem. By applying the residue theorem, contour integration methods, and methods of complex
analysis, a final formula for the regularized trace of the Sturm—Liouville operator on the considered
tree is obtained. The obtained result generalizes known results for differential operators on a finite
interval to the case of graph-trees. The study extends existing approaches to the analysis of spectral
characteristics of operators on graphs and provides a basis for further investigation of regularized
traces on more complex graphs and other types of differential operators.

Key words: regularized trace, second-order differential operator, Dirichlet conditions, Neumann
conditions, matching conditions, characteristic determinant, eigenvalues.
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JupuxJe niaprrapbIMeH aralliTarbl eKiHII peTTi AuddepeHInaiibIK,
oriepaTopJbIH, O©HAEJTeH 131

Byn xywmbicra mekapasbik, Tebenepe Jupuxie mapTrapbl KoHE IIMKiI Tebesepie ColKecT-
iK TmapTTapbl KOMBUIFAH AFAINTA €KIiHIM peTTi qudhepeHnnaablK, OIepPaTOPABIH PEryISpPU3aIius-
JIAHFAH i3iH ecenTey Moceseci KapacThIpbLIaabl. bacTtanksl rpad keTi TebeeH KoHe aaThl OArbIT-
TaJFaH JOFaJaH TYPATHIH arall OOJIBII TabbLIa bl. 3ePTTEYIIH ©3eKTLIr rpadrapaarsl audde-
PEHIUAJJIBIK, OIIepaTOPJIAPIbIH, CIIEKTPJIK TEOPUSIChIHBIH OJICTEPIH OJaH Opi JaMBITY YKOHE KeCiH-
JIijieri omepaTopJap YIIiH aJblHFaH OeJIriji HOTHXKeJIep/Il KAJIBLIAY KAaXKeTTITriMeH OailJIaHbICTHI.
Koitbumran mocesteni mrenty yimia 6acTankbl aramrThl €Ki imki rpadkra 661y omici KOIIaHbLIAIb,
OJIAP/IBIH, OPKANCHICHI K YIABI3IIA Tpad 6obim TabbLtaabl. MyHIaM Tocia 6acTanKkbl TpaThIH Ke-
Ke OeJiKTepine CIIEKTPJIK Tasiay by Oesriiai oaicrepin Koaganyra MyMKiHaik Gepeni. 3eprreyie
KapaCThIPBLIBII OTHIPFaH imki rpadrapmarsr Jupuxie xxore HeliMan ecenrrepiHiH cUaTTaMaJIbIK,
AHBIKTAYBIIITAPBIH KYPYFa, COHIAN-aK OJIapIblH ACHUMIITOTUKAJBIK ©3IePICIH 3epTTeyre epekiie
KOHIT GeiHnem.
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AutbiaraH epHeKTep 0acTalmKbl €CENTiH, MEHIMKTI MOHJEpl YIIH ACHMITOTHKAJBIK, (DOPMYyJia-
JIapbpl aHBIKTAyJIa KOJIAHBLIaAbl. KasIblKTap TeopeMachblH, KOHTYD OOWBIHINA WHTErpasiay
QJIICIH 2KOHE KOMILJIEKC aHAJU3 JJIICTEPIH KOIJIAHY apKbLIbl KAPACTBIPBLIBII OTHIPFaH aFallTarbl
[MIrypm—JIunyBust onepaTopbIHBIH PeryIspU3aisaHFal 131 YIIiH KOPBITHIHIBI (hOPMYJIa ajIblH-
Jbl. AJibIHFAH HOTHXKE KeciHiizeri audepeHImaliiblk omnepaTopJap VIl Geriji HoTuKeIepIi
rpad-arammrap KargaiblHa KaJnbLiaiasl. 2Kyprisiiren 3eprrey rpadrapiarbl omepaTopiapibiy,
CIIEKTPJIIK CUMATTAMAaJAPhIH 3ePTTEYIH KOJJAHBICTAFBl TOCLIIEPIH KeHeHTe 1l KoHe KYp/IleslipeK
rpadrap Men auddepeHTnaIbK OepaTopIapIblH, 0acKa & THITEPIHIET] peryJisipu3ausaiaHran
i3/1ep/ai oJ1aH opi 3epTTeyre Heri3 KaJiaiiib.

Tvyitin ce3nep: enuenren i3, ekinmi perri auddepeHuaiabk oneparop, Jlupuxie maprrapsl,
Heiiman mapTTapsl, Kegicy mapTTapbl, CUIIATTAMAJIBIK, aHBIKTAY I, MEHITKTI MOHIED.
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PerynsapusoBaunbiii cien nuddepeHnajabHOro onepaTopa BTOPOro Nopsika Ha AepeBe ¢
ycaoBusmu Jupuxie

B mammoit pabore paccMaTpuBaeTca 3aada BLITUCACHUST PErYISPU30BAHHOIO cjena maudde-
PEHITHAIHLHOTO OTIEPATOPa BTOPOTO TOPAIKA Ha JepeBe ¢ ycaoBusaMu Jlupuxiie B TPaHUIHBIX BEp-
MIMHAX U YCJOBHUSIMH COIJIACOBAHUsI BO BHYTPEHHMX BepinnHaX. VlcxoaHblil rpad mpeicrabiisieT
co0Oil JIepeBO C CEeMbIO BEPIIMHAMU U MIECTHI OPUEHTHPOBAHHBIMU JIyraMu. AKTYyaJIbHOCTh UCCIe-
JnoBaHUs 00yCJIOBJIEHA HEOOXOMMMOCTBIO JIAJbHENINEr0 pa3BUTHSI METOJOB CIIEKTPAJIbHON Teopuu
b depeHnnaIbHBIX OEpATOPOB Ha Tpadax u 0000IeHNsT U3BECTHBIX PE3Y/IbTATOB, MOy YeHHBIX
JI7IsT OIIEPATOPOB Ha KOHETHOM OTpe3ke. st pemrenust moCcTaBIeHHON 330291 UCIOIB3yEeTC Pas3-
Oumemnme MCXOMHOTO JepeBa Ha JBa moarpada, KaxKIblii M3 KOTOPBIX MPEICTABIIET cOOOi 3BE3I-
HbIil rpad. Takoil 1moaxo/ MO3BOJISET IPUMEHSTh M3BECTHBIE METOJbI CIIEKTPAJIBHOIO aHAIM3a K
OTJEIbHBIM YacTsM HCXOAHOro rpada. Ocoboe BHUMaHUE yIejIsieTcsl MOCTPOEHUIO XapaKTEePUCTU-
qeckux ompenenauresneii 3amad dupuxiae u Heiimana mHa paccMaTpuBaeMbIX MOArpadax, a TakKe
HCCJIETOBAHNIO UX ACHMIITOTUYIECKOTO TTOBeAeHsI. [0y YeHHbIe TpeICTaBICHIST UCTIOIb3YIOTCST JJIsT
YCTAHOBJIEHUSI ACUMIITOTHYECKUX (DOPMYJI JJIsi COOCTBEHHBIX 3HaYeHUi ncxoanoi samaun. C momo-
IO TEOPEMBI O BbIUETAX, METO/a NHTEIPUPOBAHKSA 110 KOHTYPY U METO0B KOMILJIEKCHOTO aHAJIM3a
[IOJIyYeHa, UTOroBast (hopMyJia JJjisl PeryJisipu30BaHHOTO cieja oneparopa Iltypma—/InyBuiis Ha
paccmarpuBaeMoM jsiepeBe. llosryueHHBIN pe3ybraT 0600IaeT N3BECTHBIE PE3YJIbTATHI JIJIsl -
depeHITmaIbHBIX OIEepaTOPOB Ha KOHETHOM OTpe3Ke Ha caydail rpados-mepeBbeB. [Iposenémmoe
WCCJIEIOBAHNE PACIINPSAET CYNIECTBYIONINE TMOAXOAbI K M3YYEHUIO CIEKTPAJbHBIX XapaKTEePUCTUK
onepaTopoB Ha rpadax U CO3JaET OCHOBY JJIsl JAAJIbHEHINero UCC/IeJ0BaHUs PEeryJisipu30BaHHbBIX

cJIesI0B Ha OoJjiee CJIOKHBIX rpadax u Apyrux Tunax audQepeHImantbHbIX OepaTopoB.
KirroueBbie ciioBa: peryiisipu3oBaHHBIN ciell, auddepeHnuaabHblil OllepaTop BTOPOro MOPSIKA,

yesiosust Jupuxie, ycinosust Heiimana, ycaoBusi cOryIacOBaHUs, XapaKTEPUCTHUECKUH OIPEIesn-
TeJb, COOCTBEHHBIE 3HAYCHUSI.

1 Introduction

The study was conducted to calculate the regularized trace of the Sturm-Liouville operator
on a tree consisting of seven vertices and six oriented edges. This question is relevant in
the context of the theory of differential equations and the application of Sturm-Liouville
operators. Second-order differential equations defined on the edges of a tree and their
eigenvalues under various boundary conditions were investigated. The main goal was to
calculate the limit of the regularized trace of the Sturm-Liouville operator on a tree using
various mathematical methods such as characteristic determinants and deduction theorems.
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2 Research methodology

Consider a tree I' consisting of seven vertices and six oriented edges (Fig. . Let us denote

Figure 1: The tree.

the edges of the tree by ey, es, €3, €4, €5, €. Each edge has a starting and ending vertex. For
example, an edge e3 starts from vertex number 4 and enters the vertex number 3. In general,
the edge e; ends at vertex number j. The following homogeneous second-order differential
equation is defined on each edge:

—yj () = Ay (z), z€¢e,  j=1,2,3456. (1)

The length of the edge e; is equal to b; > 0. The numbers by, by, bs, bs, bs, b satisfy the
following requirement:
Requirement 1. For all k, j from the set {1,2,3,4,5,6}, the ratio I;—k is irrational.

J

To the system of equations , we add the Dirichlet boundary conditions at the boundary
vertices:

y;(bj)=0 by j=1,23 and 3 (0)=0. (2)

We also add the matching conditions at the interior vertices of the tree to the system of

equations (/1f):

Ya (b1) = y5 (0) = y3(0),

ys (bs) = vs (0),

Yo (bs) = 1 (0) = 2 (0), (3)
Ys (ba) = y5 (0) + 15 (0) + kays (0),

Ys (bs) =y (0) + v6 (0)

Yo (bs) = y/1 (0) + y5 (0) + key2 (0)

The numbers k4, kg are real, the eigenvalues of problem f are real [1]. Since the
lengths by, by, b3, by, bs, bg satisfy Requirement 1, the eigenvalues of problem f are
simple. These conclusions can be found in [2].



104 Regularized trace of a second-order differential operator ...

Let the eigenvalues of problem f for admissible k4, kg be denoted by \,, n > 1.
If k4, = kg = 0 then the corresponding eigenvalues of problem — will be denoted by
AV n > 1. It follows from the results of N. P. Bondarenko |3] that the following asymptotic
relations hold:

0 2
hmﬁ:1imﬁ:(b1+b2+b3+b4+b5+bﬁ). )
n—oo n2 n—oo n2 71'2

The aim of the present work is to calculate the limit

lim S (O — A~ ).
k=1

n—oo

where the sequences {m,, } and {a, } are chosen in a special way. The resulting formula, in the
terminology of V. A. Sadovnichii [4], is called the regularized trace of the Sturm-Liouville
operator on a tree.

Let us choose the interior vertex numbered 5 and divide the original graph I' into two
subgraphs I'; and I's. In fact, the subgraphs I'; and I'y are star graphs. For these subgraphs,
vertex 5 is a boundary vertex. On the subgraph I';, we consider two different problems.
The Dirichlet problem on the subgraph I'; means that all boundary conditions at vertices 0
and 3 preserved, while at vertex 5, the Dirichlet condition ys (bs) = 0 is imposed. We also
introduce the Neumann problem on the subgraph I'y: all boundary conditions at vertices 0
and 3 remain unchanged, and the matching conditions at vertex 4 are also satisfied, while
the Neumann condition 3 (b5) = 0 is imposed at vertex 5. It follows from the results of [2]
that the characteristic determinants of the corresponding Neumann and Dirichlet problems
are given by the following formulas:

1 1
AgN) (2’2) = —sin zbs sin zbs sin zby — — sin zbs cos zby cos zbs
< z

sin zbs sin zby

1
— —sin zby cos zbs cos zbs + k4

cos zbs,
z z z
sin zbs sin zby sin zbs sin zbs
(D) (.2
AV () = ——= cos zb; — cos zby
z z z z
sin zb, sin zbs sin zbs sin zb, sin zbs
— cos zbs + ky .
z z z z z

Similarly, the Dirichlet and Neumann problems are introduced on the subgraph I's. Their
characteristic determinants are calculated using the following formulas:

1 1
ALY (2%) = —=sin zby sin zb; sin zbs + — sin zby cos zby cos zbg
z z

sin zbs sin zby

1.
+ — sin zby cos zby cos zbg — kg cos zbg,
z

z

(z2) _ sin zbs sin zby sin zby sin zbg

AgD) cos zby

cos zbg —
z z z z

sin zby sin zbg sin zby sin zb; sin zbg
cos zby + kg )
z z z z z
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According to the results of [5/16], the characteristic determinant A (2%) of problem f
can be written in the form

A () = [n =22 = Al (2) Al (2) - A0V () A (7).

In the case k4 = kg = 0, it is convenient to denote the characteristic determinant A (2?)
by Ag (2?). In this case, we have the representation

A (2%) = Ag (2°) 4 ksl (2°) + kel (2%) + kakeAs (%) . (5)

To introduce the function Ag(z?), A;(2?%), Ay (2?), A3 (2?), it is convenient to use the
following notation. Let I5 denote the five-dimensional cube representing the set of vertices
e = (e9,€3,€4,€5,66), where each ¢; can take either the value zero or one. Then the function
Ag (2?) has the following representation:

1 : |
Ao (2%) = 1659 al sin z (b1 + Z (=) bi)
i=2

ecls
if
al = —1, ¢ €{(1,0,1,0,1),(1,1,0,0,1),(1,1,1,0,1),(0,0,1,0,1),
(0,1,0,0,1),(0,1,1,0,1)},
al = 3, e €{(1,0,0,0,1),(0,0,0,0,1)},
al = -3, e €{(0,1,0,1,0),(0,0,1,1,0),(0,0,0,1,0),(1,1,1,1,0)},
al =9, e€{(0,1,1,1,0)},
al =1, e€{(1,1,0,1,0),(1,0,1,1,0),(1,0,0,1,0)},
ag =0 for all othere € Is.

Similarly, A; (2?) has the following representation:

6
1 _
Al (22) — 16 Za; COS 2 (bl + Z (—1) i bz>
ecls 1=2
if
al =1, ¢ €{(0,1,0,1,0),(0,0,1,0,0),(0,1,0,0,0),(0,0,1,1,0),(1,1,1,0,0),
(1,0,0,1,0),(1,1,1,0,1),(1,0,0,1,1),(0,0,1,1,1)},
al=-1, e€{(1,1,1,1,1),(1,0,0,0,1),(1,1,1,1,0),(1,0,0,0,0),
(0,1,0,1,1),(0,0,1,0,1),(0,1,0,0,1)},
al =2, e€{(0,1,1,1,1),(0,0,0,0,1)},
al =-2, £€{(0,1,1,0,1),(0,0,0,1,0)},
1
a’E

=0 for all othere € Is.
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The function A, (2?) also has an analogous representation:

6
1 .
Ay (%) = oA Za? cos 2 <61 + Z (—1)° bz-)
eels =2
if
al = -2, £€{(0,1,1,1,1),(0,0,0,1,0)},
aZ =2, e €{(0,0,0,0,1),(0,1,1,0,1)},
a? =1, e €{(0,1,0,1,0),(0,0,1,1,0),(1,1,1,1,1),(1,0,0,0,0) ,
(0,1,0,1,1),(1,0,0,1,0),(1,1,1,0,1),(0,0,1,1,1) },
aZ= -1, e €{(0,0,1,0,0),(0,1,0,0,0),(1,0,0,0,1),(1,1,1,1,0),
(0,0,1,0,1),(1,1,1,0,0),(1,0,0,1,1),(0,1,0,0,1)},
az =0 for all othere € Is.
The function As (2?) also has an analogous representation:
1 6
2\ _ 3 & €
As (%) = 65 Zas sin z <b1 + Z (—1) bi>
e€ls =2
if
al =1, e €{(1,0,0,0,1),(1,1,1,0,1),(0,1,1,1,0),(0,0,0,1,0),
(0,0,1,0,1),(0,1,0,0,1),(1,1,0,1,0),(1,0,1,1,0)},
al= -1, e€{(1,0,1,0,1),(1,1,0,0,1),(0,1,0,1,0),(0,0,1,1,0),
(0,0,0,0,1),(0,1,1,0,1),(1,1,1,1,0),(1,0,0,1,0) },
al =0 for all othere € I5.

To calculate the regularized trace of problem —, we rewrite the characteristic
determinant in the following form:

200 = 800 (1R G+ 3L ) .
Then,
InA(N) =InAg(A) +1In (1 + ky i; 83 + ke iz 8; + k4k6—i(3) 8;) : (7)

In the complex z-plane, choose a sequence of circles {7, } centered at the origin, and denote
their radii by R,. First, the circles R,, contain no zeros of the entire functions A (A), Ag ().

Second, lim R, = co. It follows from representation (4) and Rouché’s theorem that, for
n—oo

sufficiently large n, the numbers of zeros of the entire functions A (\), Ag () inside the circle
~n are the same. Denote by m,, the number of zeros of the function A () inside the circle ~,,.
We also note that the functions A (\), Ag (A) are even functions of z. Recall from [1] that
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the functions A (), Ag () have simple real zeros, which are denoted by A, A2, s > 0. Let
2% denote the nonnegative number whose square is equal to A\?. For sufficiently large n, the
following estimates hold on the circles ,,:

C

22

C

z

, (8)

B

Ay (A)

) |

where C' is a constant. By virtue of the above estimates, the following asymptotic
representations hold on the corresponding circles v,,:

2:In (1+k4A1_W+k6A2_(A)+k4kGA3 (A)) .. <k4A1 ORI VYCY

Bon) TR O) A (V) Bo(n) A ()
As (N Ay (N Ay (N) Ay (A))° 1
+I€4]€6AO<)\)> Z(k4A0(/\)+k6A0(/\)+k4k6Ao(>\) +o0 ;
A (N) Ag (M) Az (N) 2 AT (V)
= 2kyz + 2kgz + 2kykez —
A T TTTAN () T A (Y AR (Y
A3 (M) A (A) Az (A) 1
289
— 2 —_— -].
zkg A2V + 2k4kez A2V +o0 <z) 9)
It follows from the residue theorem that
1 2 _ mn 1 2 _ . 0
i )2 dlnA(/\)_;As, i ] dlnAo()\)_;)\s.

Then, the difference

< S 1 AN AN As(\)
_ 0 _ _~ 1 2
;/\s ;As oo %m <1+k4AO(A)+k6AO(/\)+k4k6AO(/\) .

Here, relation has been taken into account. Using the integration-by-parts formula,
we rewrite the last equality in the following form:

o o 1 AN AN As (N)
- 00—~ ¢ In(1 ! k k . 1
;)\8 ;)\5 i ) n( +k4AO<>\)+ GAO(A>+ 4k6Ao(A) d\ (10)

Taking into account representation @D and the residue theorem, equality takes the form

(e (+5) e (45563
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k2 & A2 (N) k2 & A2 (\)
—— - = . 11
5 2 res ( A2V 5 2 res A2 o (11)
It follows from the asymptotic formulas and estimates that there exists a finite limit
S A1 (A) Az ()
Al = 7}1_{{)1021"65 < + z AZOV) .
Now, let us calculate the residue
2 . 2 _0\2 2
res( i; ()‘>> — hmo d (Z ZAZ ZA ()\) _ hmo i ; (Z ’223) ZAl <>‘) =
(\) A=A dz (A A28 dZ () — 2\0)2 (AL (N) <1+%()\ A0) Z )

_AAIAM N DAY (20)° AT (AD) Af (\S)
(A5 (A0)* 4N (A5 (A2))? 200 (44 (A2))?
It follows from the asymptotic formulas (4)) and estimates that there exists a finite limit

(0 1) AR Y
A2: 1m 2
B e e 09)

TR -DAY)
A= lim ) a0y

3 Research results

With the notation introduced above, we obtain the desired formula for the regularized trace

Mn 2
lim Y (A = M) — 1) = kake Ay — k4A2 kﬁAg, (12)
=1
where
p o AAOY) L RA ) K (Al (D AT LAT(A) Af <A2>>
AL T AN 2 Ay 2 (Ay(N)?

(A
kg (Az (AD A, (A 1A Af (AS))
2\ (Ap()?2 2 (A )

4 Research results

The results of the study show that the regularized trace of the Sturm-Liouville operator on
a tree can be expressed in terms of the limit of characteristic determinants and asymptotic
representations, which is of significant importance for the theoretical analysis of operators
on graphs. This result confirms the hypothesis concerning the existence of a finite limit
of the regularized trace and reveals its dependence on the characteristic functions, thereby
expanding our understanding of differential equations and operator theory.
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5 Conclusion

This conclusion fits into the broader context of the work of other researchers, such as A.
M. Savchuk and E. D. Galkovskii, who studied the computation of regularized traces for
operators on intervals. However, unlike these studies, the analysis on graphs represents a more
complex case, requiring the application of new methods, such as decomposing the graph into
subgraphs and using characteristic determinants for each of them. Thus, the results of the
study not only confirm previously known theoretical conclusions but also constitute a step
forward in understanding differential equations and operators on more complex structures
such as graphs.

Future research may include the study of analogous problems for more complex graphs,
as well as the extension of the obtained results to other classes of differential equations,
including the case of multidimensional operators. In addition, the possibility of applying the
obtained results in other areas, such as mathematical physics and graph theory, opens up
new directions for further theoretical and practical research.

In [17], the regularized trace of the double differentiation operator with non-local matching
conditions on a star-shaped graph consisting of edges of the same length was studied. In |18,
19], the finding of eigenvalues and a system of eigenfunctions on one stratified set and on a star
graph was studied. Formula generalizes the results obtained by A. M. Savchuk [14] and E.
D. Galkovskii [10]. In these works, regularized traces were calculated for differential operators
on intervals. Formula represents the regularized trace formula for the Sturm—Liouville
operator on a specific tree.
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