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THE RIEMANN-HILBERT PROBLEM FOR A MULTIDIMENSIONAL
SYSTEM GENERALIZING THE CAUCHY-RIEMANN SYSTEM

In this article, we construct a multidimensional — specifically, five-dimensional — analogue of
the well-known Cauchy-Riemann system for analytic functions, using quaternions. The classical
Cauchy—Riemann system plays a fundamental role in complex analysis and the theory of harmonic
functions, and its higher-dimensional generalizations have attracted considerable attention in
recent decades. Quaternions, with their non-commutative algebraic structure, provide a natural
and effective framework for extending these ideas to five independent variables. We provide a
representation of the solutions of the resulting system in terms of the derivatives of harmonic
functions. This representation is of particular importance because it connects the solutions of
the original first-order elliptic system with the well-studied theory of harmonic functions, thereby
allowing classical methods to be applied. In addition, we study the corresponding Riemann—Hilbert
boundary value problem and reduce it to the classical oblique derivative problem for harmonic
functions. This reduction enables us to apply known results on the solvability and regularity of
oblique derivative problems, and it clarifies the structure of the original boundary value problem
for the five-dimensional system.

Keywords: holomorphic vector, Cauchy-Riemann system, Moisil-Teodorescu system, Riemann-
Hilbert boundary value problem, oblique derivative problem, quaternions.
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Komu-Puman >kyiliecin >kannbLiaiiTeiH, Oipinimi perTi nuddepeHnnaaabiK, TeHaeyIepIaiH KTl
emnemai xKyiieci yimin Puman-I'uanbept ecebi

By xymbicTa 6i3 KBATEpHUOHIAAP/IBI KOJIIAHA OTBIPHII, aHAJATHKAJIBIK, (OYHKIUIIAPFA ap-
Hasran 6eriai Komm—Puman xKyitecidin Kol esmmeM i — aTalr ailTKaHIa, 6eC JIImeMIl — aHaJOrbIH
Kypacreipambi3. Kinaccukambik Komun—Puman xkyiteci KoMIieke tajgay MeH TapMOHUKAJIBIK (DyHK-
OUsJIAD TEOPUSACHIHIA ipresii PeJI aTKapa/ibl, ajl OHBIH 2KOFapbl OJIIIEM/II KAIIbLIIAYIAPbl COHFDI
OHXKBLIJIBIKTAP/IA €/10Yip Ha3ap ayaapThil Kejedi. KBarepHuoHIap 63iHIH KOMMYTATUBTI eMec ajl-
reOpaJIbIK, KYPBLIBIMBIMEH OV ujesiiap/abl 6ec Toyesici3 affHbIMaJIbIra TAOUFU YKOHE TUIMJII Typ/ie
KeHeliTyre MyMKiHIIK 6epei. Biz anbiaran xKyieHiH menrimMIepid rapMOHUKAJIBIK, (DY HKITUSIIAPIBIH,
TYBIHIBLIAPBI ADKBLIBI ©pHEKTelMI3. Byt epHekTey epekiie MmaHpi3ra ue, cebebi o1 bacTankpl OipiH-
1 PeTTi JIUITUKAIBIK, YKYHEHIH MeNTiMIepiH KaKChl 3ePTTEreH TapMOHUKAJIBIK, (DYHKITHIIAD
TEOPUSICHIMEH HAMTAHBICTHIPBII, KIACCUKAJIBIK, 9iCTep i KOJIaHyra MyMKIHIik 6epesi. CorbiMeH
KaTap, 6i3 Puman—T'uinbepT 1mekapasblk ecebin 3epTTell, OHbI TAPMOHUKAJIBIK, (DYHKITUIIAD YIITiH
KeJIOey TYBIHIIBICHI 0ap KJIACCUKAJIBIK eCelKe KeJiTipemis. Byir keripy kesbey TybIHIBI ecenTepiniy,
MIETTTIMIITITT MEH pery/isipJIbLIbIFGl Ty PaJIbl Oe/Iriyii HOTHXKeIep/ I KOJIIaHyFa MYMKIHIIK Oepesti
2KoHe Oec emreM Il »Kyite VImiH OaCTaIKpl MEeKAPAJIBIK, €CEIITiH KYPBIIBIMBIH aiffKbIHIAN TYCEe/I.
Tvyiiin ce3nep: rosjomopdToik BekTop, Kommu-Puman xkyiteci, Moucun-Teomopecky xyiteci, Pu-
MaH—- ['mipbepr 1mekapasibik ecebi, Kesibey TYbIHIBICHL Oap ecell, KBATEPHUOHIAD.
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3amauya Pumana-I'uabpbepTa /1Jisi MHOTOMEPHOI cucTeMbl AudpepeHIuaaIbHbIX ypaBHEeHUH
mepBoro mopgaaka, odobmiarorieii cucremy Komu-Pumana

B nanHO# cTaThe MBI CTPOUM MHOTOMEPHBIN — a8 UMEHHO ITATUMEPHBIN — aHaJIOT XOPOIIO U3~
BecTHOI cucreMbl Komu—Pumana 1y1st ananTuaeckux byHKINN, UCIIOIB3Ysl KBaTepHUOHBI. Ktac-
cuueckas cucrema Komu-Pumana urpaer dyHmaMeHTAJIBHYIO POJIb B KOMIIJIEKCHOM AHAJIM3E U
TEOPUHU TAPMOHUYIECKUX DYHKIHIL, 8 €€ MHOrOMepHbIE 000DIIEHNS] TPUBJIEKAIOT 3HAYNTEILHOE BHU-
MaHHe B IIOCJIeIHIE JlecATuIeTns. KBaTepHUOHbI, 00/1a/1afo1e HEKOMMY TATUBHON ajrebpandecKoi
CTPYKTYPOIi, IPEIOCTaBJISIIOT €CTECTBEHHYO U 3 (MEKTUBHYIO OCHOBY JIJIsi PACIIPOCTPAHEHUS] ITUX
uJieil Ha MATh HEe3aBUCUMBIX ITepEeMEHHBIX. Mbl MPpUBOMUM TPEJICTABICHUE PEIIEHUNH MOy YeHHOM
CHCTEMBI 9epe3 MPOM3BOJHBIE TAPMOHMIECKUX (DYHKIMIL. DTO IpeACcTaBIeHne nMeeT ocoboe 3Ha-
qeHue, IOCKOJIbKY OHO CBA3BIBAET PEIIeHUs MCXOJHON 3JUIMITUYECKONH CUCTEeMBbI IIEPBOI'O IIOPH/I-
Ka C XOPOIINO M3y4YeHHOH Teopuell rapMOHUYECKUX (PYHKIIUN U T€M CAMBIM II03BOJISET IPUMEHSATH
KJIACCUIECKUE METO/Ibl. Kpome TOro, MbI HCC/IeyeM COOTBETCTBYIOIIYIO KpaeByio 3aa1y Pumana —
I'unbbepra u cBOMM €€ K KJIACCHMYECKON 3aJiade ¢ HAKJIOHHOW IMPOU3BOHOMN Jjis TAPMOHUYIECKUX
dyuxnumii. Takoe cBeieHne TAET BO3MOXKHOCTD UCIIOJIB30BaTh U3BECTHBIE PE3YJIBTATHI O PA3PEITNMO-
CTH W PEryJIAPDHOCTHU 3a/1a9 ¢ HAKJIOHHOI IIPOU3BOJHOI W MPOSCHACT CTPYKTYPY UCXOAHONU KpaeBOn

31891 TSI [ISITUMEPHON CHCTEMBI.
KuroudeBble cioBa: romoMopdHbIi BeKTOp, cucrema Komm — Pumana, cucrema Moucuiaa — Teo-

JIopecky, KpaeBas 3aa4a Pumana — 'minbepra, 3a1a1a ¢ HAKJIOHHON ITPOU3BOTHOM, KBATEPHUOHDI.

1 Introduction

The Cauchy-Riemann equations relate two harmonic components by a first-order differential
operator. In three dimensions, Moisil and Théodoresco [1] used a system coupling a scalar and
a vector field. For this system, Polkovnikov and Tarkhanov [2] showed that a Riemann-Hilbert
problem satisfies the Lopatinskii—Shapiro condition exactly when the prescribed vector field
is nowhere tangent to the boundary. In four dimensions, the Cauchy—Fueter operator defines
quaternionic regularity [3,/4]. Clifford analysis provides an algebraic setting for constructing
Dirac operators in more dimensions and for factorizing the Laplacian [5,/6].

The Moisil-Teodorescu system, as well as the systems satisfied by the components
of a holomorphic quaternion, are first-order systems generalizing the Cauchy—Riemann
system. The representation of all solutions of the three-dimensional and four-dimensional
generalizations of the Cauchy-Riemann system in terms of derivatives of harmonic functions
allows one to reduce the Riemann—Hilbert problem for these systems to a problem with an
oblique derivative for harmonic functions.

In the present paper, the Riemann-Hilbert problem is considered for a more general
extension of the Cauchy—Riemann system. A five-dimensional generalization of the Cauchy—
Riemann system is constructed and a representation of its general solution in terms of
derivatives of harmonic functions is derived. With the help of this representation, the
Riemann—Hilbert problem is reduced to a problem with an oblique derivative for four
harmonic functions of five independent variables.
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2 Main result

It is known that one of the ways to construct multidimensional analogues of holomorphic
functions of a complex variable consists in generalizing the Cauchy—Riemann conditions
171, 18], 9], [10], [11], |12]. For example, consider a system of differential equations
in four-dimensional Euclidean space, which is a four-dimensional generalization of the
Cauchy-Riemann system:

U

> By =0 (1
where B;, j = 1,2,3,4, are 2 x 2 matrices with constant complex entries, and U = (u,v)
is the unknown complex column vector composed of complex-valued functions v = wu(x),
v = v(z), z = (T1,72,73,74) € R System is called a four-dimensional analogue of
the Cauchy-Riemann system if its components u and v are harmonic functions. Denote by
U = (uy,us,ug,uy) the column vector composed of the real and imaginary parts of the
components of the solution U = (u,v) of system (I)):

uy = Reu, wus,=Imu, wu3=Rev, wus=Imo.

Having performed a homotopy classification, one can write the real variant of system in
canonical form, as in [13]:

Uiy, + U2z, + PD1UsL, — pbollag, — pbotisy, — pbits,, = 0,
Ugg, — Uiy, + Pballsg, + pbillag, — pbiusy, — pbatisy, = 0,

B (2)
U3y, — Uszy — PO1UIL, — pbotiag, — pbottyy, — pbiug,, =0

=0

Uag, + Usg, + pbotliz, — pbi1Uoy, + pbiUig, + pbotiag,

)

Y

where b = by + iby is an arbitrary complex number, p = (b
in this system and assuming that the functions u;, j = 1,
obtain the Moisil-Teodorescu system [14], [15]:

2+ b3)71. Setting by = 1, by = 0
2,3,4, do not depend on x4, we
Ugy + Uy + U3y = 0,
u21‘1 - ulmz + U’4$3 — 07 (3)
U3z, — Udgy — Ulzgs = 07

u4:61 + u3x2 - u2x3 = O

If in system we set by = 1, by = 0 and assume that all functions u;, j = 1,2, 3,4, depend
on all four arguments 1, x5, x3, x4, then we obtain the system:

U1z, + U2z, + U3gs — Udgy = 07
Uz, — Ulyy T Udgy — Uze, = 0,
UZgy — Udgy — Ulpy — U2y = O;

u4$1 + u3$2 - u2:c3 + U’].I4 = 0
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System ({3 is a three-dimensional generalized analogue of the Cauchy-Riemann system,
and its solutions are called holomorphic vectors. System represents a four-dimensional
generalization of the Cauchy-Riemann system and occurs in the theory of the holomorphic
quaternion.

First, we express the general solution of system in terms of derivatives of two harmonic
functions. To this end, we introduce the complex variable

( =x1 +ixs
and the complex unknown functions
p=u4+iuz, q=ug+iu.

Then system (3) can be written in the form:

PR
015 0xy 0x9 ug +iug) 0
oo o L) -

8$1 (9962 8_1’3
or, equivalently, system can be rewritten as follows:

dp dq dp  0Oq
A Yo ol L L
9y T BC

where

9 _1(90 .9 o _1(o .9
¢ 2\ 0z, 0xs )’ aC 2\ 0x 0xs )

We seek the solution of the system in the form:

I _y0¢ Op | 00 (6)

B A
where (1, x9,23) is a harmonic function of three variables. Substituting @ into , we
obtain for the function ¢(x1, s, z3) the Laplace equation:

0? 0? 0?
£ 0o Do
Oxy Ozx3  Oxj
Thus, in order for formulas @ to represent the general solution of system , the function
©(x1, T2, x3) must have the following complex form:

“2oc t w0 (5)

p

0.

o(x1, 22, 23) = 0 (21, g, T3) + W (21, T2, T3),

where o(x1, 29, x3) and w(x, x9, x3) are arbitrary real harmonic functions. Separating the
real and imaginary parts in formulas @, we find:

Uy = wxl - 012 + w$37
Uy = 0'331 + wxz + 0-$37
Uz = _w$1 - O-JJQ + wx;ga

Uy = —0g, + Wy + Oy
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Now, to represent the solution of system in terms of derivatives of a harmonic function,
following the method presented above, we introduce two independent complex variables

( =1 + 12y, N = Ty + 123,
and two complex unknown functions

P = uy + iUy, q = u3 + tus.
We rewrite system as follows:

0 . 0 0 L 0
0x, Oory Oxs Oxs (u4+iu1)

- Y

— 1 J— J—

Oxs 0xs 0x; 0xy
or, using the new notation, we write it in the form:

dp 0Oq Jdp 0Oq
T S L _ZZ_p 7
o¢  On ’ an  OC ’ 0

where

9 _1(9 9y 9 _1
¢ 2\0x1  owm)’ O 2

o_1fo 0N 9 _1(lo9 .0
oy 2\0x, Oxs)’ 0f 2\0ry Oxs)’

The solution of system can be represented by the formulas:

dp Oy dp Oy
p:_—_’__,) q:___7 <8)
o¢  on an  OC
where the function ¢(x,z9,x3,74) is assumed to be analytic in all four variables.
Substituting formulas into the system of equations (|7)), we find that the complex function
o(x1, x9, 3, x4) satisfies the Laplace equation:

0% N o P Py
ox?  Ox3  0x3 017

Consequently, in order for formulas to represent a solution of system , the function
©(x1, T2, 3, x4) must have the form:

0.

QO(I‘l, I2,$3,$4) - O'(fL’l,fEQ,x:g, I4) + iW(x17x27x37 ZC4).

Both the real and imaginary parts of the function (1,2, 3, z4) are harmonic functions.
Separating the real and imaginary parts in formulas , we obtain a representation of the
solution of system in terms of derivatives of two harmonic functions ¢ and w:

Uy = Ogy — Wy — Oz + Way,
Uy = Wy, + Oy — Wz — Ogy,
Uz = wx:g - UJ:4 + wxg - 0-5617

Uy = Ogy + Wey + Ogy + Wy
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In a similar way, we obtain representations of the solutions of system . To this end, as
above, we introduce independent variables and unknown complex functions in the following
form:

( =z + w9, N = T3+ 12y, U = uy + tus, V = us + tuy.

Then system can be rewritten as follows:

ou ov -oU oV

— b— =0 —pb— + —==0 9
where

o_1(o 0N o0 _1(f09 .0

8C N 2 81)1 8:102 ’ ag_ N 2 81'1 8@ ’

o_1fo 0N o0 _1(o0 .0

on 2 \0xs Oxy)’ 0n 2\0xz Oxs)’

If o = ©(¢,¢,n,7) is an analytic function of all four arguments, then the solution of the
system can be represented in the form:

U = pbp: + o5, V= —pl;goC + ©y. (10)

Indeed, substituting into ([9), for the complex function ¢(z1,z2, x5, x4) we obtain the
Laplace equation:

1 P o
-Ap = = =0
1°Y = 5¢ac T anon

Thus, in order for formulas to represent a solution of system @, the function ¢ (¢, ¢, n,1)
must have the form:

(P(x17$27373; $4) == O'(xl,IQ, x3,$4) -+ iCU('Tl; X, x3,$4)’

where o and w are harmonic functions. Separating the real and imaginary parts in formula

(10)), we find the solution of system :

Uy = pbl(am - wm) - pb?(wxl + Ufliz) + Ozg — Way,
Uy = pr(Uzl - wwg) + pbl(wzl + O-zz) + 0-1'4 + w$37
us = _Pbl (O-;m + wwg) - pb2<wz1 - 0'332) + Ozs + Ways

Uy = —pby(Wey — Oxy) + pba(00y + W) + Wey — sy

(11)

In particular, it is easy to verify that for by = 1, by = 0 this solution yields the solution of
system . If by = 1, by = 0 and the functions wuy, us, u3, u4 do not depend on the variable
x4, then solution also yields the solution of system .
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An analogous construction of the solution can be carried out for an elliptic first-order
system with five independent variables, generalizing the Cauchy—Riemann system, the three-
dimensional and four-dimensional Moisil-Teodorescu systems, as well as system :

(U1zy 4 b1 (Use, — Uszy — Urzy — Usa,) — Pb2(Ues, + Usey + Usey — Urs,)
—pbs(Uzz, — Use, + Uses + Use,) — POa(Use, + Utz — Uey + Usey) = 0,
Usgs + Pba(Usey — Usz, — Uray — Uszy) + P01 (Use, + sy + Usey — Ury)
+pbs(Usa, + Urey — Uszs + Use,) — Poa(Ure, — Usay + Usey + Uszy) = 0,
Uses + Pb3(Use, — Ubwy — Ures — Use,) + Pba(Uew; + Usey T Uses — Ure,)
+pb1 (Urzy — Usey + Uses + Use,) — P2(Use, + Urzy — Uses + Usey) = 0,
Uses + Pba(Usey — Usz, — Uray — Uszy) + pb3(Us, + sy + Usey — Ursy)
+pba(Urey, — Usa, + Uswy + Uszy) + pb1(Use, + Uzey — Uszs + Usz,) = 0,
Uszs — Pb1(Uig, + Ugy + Usey + Usg,) — pb2(Use, — Utz — Udzy + Uss,)
—pb3(Use, + Usey — Uty — Uzey) — PO4(Usz, — Usgy + Uogy — Uny,) = 0,
Ugzs + b2 (Uizy + Uz, + Usey + Udzy) — pb1(Uge, — Uiy — Udzy + Ussy)
—pba(Usey + Uszy — Uiz — Ue,) + PO3(Use, — Usey + Unzy — Uty,) = 0,
Wrzs + pb3(Ute, + Uozy + Usey + Uszy) + Pba(Ue, — Uiz, — Udey + Usy,)
—pb1(Use, + Usey — Uty — Uzey) — PO2(Usz, — Usg, + Uogy — Une,) = 0,
Uy + Pb4(Ure, + Unwy + Uses + Udzy) — P03(Une, — Uigy — Udas + Use,)

L pba(Usey + Usgy — Utz — U2zy) — PO1(Usgy — Usgy + U2z — Uiay) = O,

(12)

where b = by 4+ 1bs + jbs + kb, is a quaternionic constant; ¢, j, k are quaternionic units obeying
the rules ij = k, i = j2 = k* = —1; w4, ..., ug are the unknown functions; z,..., x5 are
independent variables.

For by = 1, by = b3 = by = 0 we obtain a system of first-order differential equations with
five independent variables, which is a generalization of the Moisil-Teodorescu system:

p

Ugs + Usgy — Upy — Urgs — UBpy = 07
U5 + Uz, + U5z, + UBpy — Urgy = 07
u3x5 + u7:B1 - u8m2 + u5x3 + u6x4 = OJ

u41‘5 + u8:v1 + u7$2 - u6z3 + u5:lt4 = Oa

(13)
Usgs — Ulgy — U2zy — U3gy — Uday = 07
Ubzs — U2gy T Ulpy T Udgy — Uy, = 0,
Urgs — U3y, — Udg, + Uiz, + U2z, = O,
\u815 — Ugy, + U3gy — U2gs + Uiz, = 0.
In this system, each of the functions w(z1, x2, 3, x4, x5), [ = 1,2,...,8, is harmonic. For

example, to prove the harmonicity of the function u;, we differentiate the first equation of
the system with respect to x3, the second with respect to x4, the third with respect to xy,
the fourth with respect to xs, and the seventh with respect to x5; then we change the signs
in the first two differentiated equations to the opposite. Adding the obtained equations, we
get Au; = 0. The harmonicity of the remaining functions is established analogously.
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If in system ((13) we set u, = u,(x1, 2, x3,24), r = 1,2,3,4, and us = ug = uy = ug = 0,
then it turns into the Moisil-Teodorescu system .

Now we construct the general solution of system (12)). To this end, we introduce the
quaternionic constant

b= by + iby + jbs + kby, b= b, —iby — jbs — kby,

the quaternionic variable
(=x1+ixe + jrs + kay

and the real variable x5, as well as the unknown functions in quaternionic form:
U = uy + tus + jus + kuy, V = us + tug + jur + kusg.

Then system is written in the form:

0
—  pbd
o (1) = (14)

where p = (b3 + b2 + 03 + b%)~!, and

0 0 00
_8x1 8x2 ']81‘3 81‘4’
0 e, .0 0

0= 8:1:1 _Z8x2 _‘78:1:3 B k&m

4]

are quaternionic differential operators. Indeed, if we write system (13]) in the form:
( Ou Ou Ou ou
Ly Tz OUs | Ot
8335 81'5 8:155 81'5

0 o) o) o)
+p(by + iby + jbs + kby) (axl + z‘(%g + j0$3 + kau) (us + iug + juy + kug) = 0,

. . 0 e, .0 0 , ,
—p(by — iby — jbs — kby) <3x1 — zam — j8x3 — k@u) (u1 + fug + Jug + kuy)

8u5 ,8’&6 .8U7 aUS
k _
\ + (8335 +Z@$5 +]8x5 + 81'5) 0’

then, comparing the coefficients of 7, j, k and the free terms, we obtain system . It is easy
to verify that the solutions of system , which can be written in the form

ou — ov
fu POV =0, PO + - =0, (15)

are given by the formulas:

Op - dp
U=pb <(5<p + 8x5> : V =10y . (16)
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Here the quaternionic analytic function ¢ has the form:

© = 1 + i + Jp3 + kg,

Substituting expressions into the first equation of system , for the quaternionic
function ¢ we obtain the Laplace equation:
5

Ap = 500 + Ppaps = 0, (A = > .

=z
Consequently, in order for formulas to represent a solution of system , the
quaternionic analytic function ¢ must have the form:
p(x) = p1(z) +ip2(z) + jps(x) + kea(),
where (), pa2(x), p3(x), pa(z) are arbitrary real harmonic functions of the variables © =
(21, T2, T3, 24, T5). In real form, formulas can be rewritten as follows:

(w1 = p{b1(1zy — Y205 — P05 — Pazy) — b2(P20y + Pray + Pazs — P324)
—b3(P32; — Pazy + Przy + P22s) — 0a(Pazy + P32y — P2us + P1as)
+(b10125 — botpass — b3Ps0s — baaes )},

Uy = p{b2(P1e, — P2er — P3as — Pazs) T 01(P20, + Pray T Py — P3a)
—bs(P32) — Pawy T Plas + P224) + 03(Pazy + P32y — P05 + Play)
+(b10225 + b2P125 + b3Pazs — batpsas)

uz = p{b3(P121 — P2y — P3w5 — Paws) T 0a(P22) + Pray + Pazs — P3a4)
+b1(0321 — Pazy + Pras + P224) — 02(Paey + P32y — ooy + Play)

+ (019305 + D2Pazs + b3P10y + batposs )},

Uy = p{04(P121 — Pous — P3es — Paws) — 03(P201 + Pran T Pazs — P3a4)
+b2 (0321 — Pawy + P1zg + P22s) + 01(Pazy + P32y — Poos + P1as)
(01015 + D230 — b322s + batpras) )

Us = Pizy + P2uy T P32z + Pdzy — Plas;

U = P2z, — Plag — Plzy T P3xq — P2ass

U7 = P3gy + Pagg — Plag — P224 — P3as)

LU = Pazy — P3x; T P2z5 — Play — Pdas-

From this, for by = 1, by = b3 = by = 0, we obtain the solution of system , which is a
five-dimensional generalization of the Moisil-Teodorescu system:

(U1 = 1o, — Proy — P3as — Pias + Pl
Uy = Pogy + Plag T Pzg — P3zy T P25,
U3 = P3z; — Pdzy T Play + P22, T P3as,
Ug = Pagy + P3ey — P22z T Plag T Paas;
Us = Pizy + P2uy T P325 + Pazy — Plas;
Us = P22y — Plas — Pdas T P34 — P2ass
U7 = P31 + Pazg — Plag — P224 — P3as)

(U8 = Paz; — P3zy T P2z — Play — Pdas-

(18)
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Thus, the following assertion has been proved:

The solution of the elliptic first-order system ((11)) with five unknown variables, which
is a five-dimensional generalization of the Cauchy-Riemann system, is expressed in terms
of derivatives of four harmonic functions by formula . In particular, for b, = 1 and
by = b3 = by = 0, the solution of system , which is a five-dimensional generalization of
the Moisil-Teodorescu system, is represented by formula .

3 Investigation of the Riemann—Hilbert boundary value problem

Using the obtained representation of the solutions of system in terms of derivatives of
harmonic functions, one can investigate the corresponding Riemann—Hilbert boundary value
problem.

Let the domain D be the half-space H° = {x5 > 0} of the five-dimensional space R®. The
analogue of the Riemann—Hilbert problem for system is formulated as follows: in the
domain D, find a regular solution of system , u, | =1,...,8, satisfying on the boundary
OH° = C = {x5 = 0} of the half-space H° = {x5 > 0} the following conditions:

8
> Apmu =F,,  m=1234, (19)
=1

where Ay, Fy, (I =1,...,8) are functions given on C. Substituting the representation of the

solution in terms of harmonic functions ¢,, r = 1,2, 3,4, into the boundary condition
(119), we reduce problem , to a boundary value problem with an oblique derivative

for harmonic functions:
5
0
- 8xp>

p=

4
> (Bom: Vi) = F,  m=1,2314, (v =

q=1

where By, (¢ =1,2,3,4; m =1,2,3,4) are well-defined vectors related to the numbers A,

from :

By = (Avm + Asimy, Ao — Aems Asm — Aty Aam — Asmy, Atm — Asim),

By = (Ao + Apm, —Aim + Asimy Aum + Agimy, —Agm + Aum, Az — Asm), (21)
Bs . = (Asm — Az, Aam — Asimy —Atm + Asm, —Aom + Aomy Asm — Amm),

Bym = (Agm + Asmy, —Asm + A, Ao — Aem, —Aim + Asms Aam — Asm),

wheere (m =1,2,3,4).

Thus, with the help of representation , the boundary value problem , is
reduced to a problem with an oblique derivative for a system of four harmonic functions
for n > 3. It is also known that the Riemann-Hilbert problem for systems generalizing the
Moisil-Teodorescu system for n > 3 does not satisfy the Lopatinskii condition in any domain
D; consequently, the Noetherian property of this problem must fail [16], [17]. However, this
problem can be considered in the class of regular harmonic functions with constant coefficients
in , if the vectors By, (I =1,2,3,4; m = 1,2,3,4) are chosen so that their components
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have a special form, namely such that takes the form described in [18§]:

dp3 8804 _F, (22)

01 02
- F s
2 81’5 6x5

= =F
8$5 8x5 5

on C. Then the problem splits into four problems with an oblique derivative. Considering it
as a problem in the half-space x5 > 0, we construct a solution tending to zero at infinity,
under the assumption that the functions F,, m = 1,2, 3,4, also tend to zero at infinity |13]:

oo 4 o0V day dzy d
om(7) = 5 / / AOROBT g =1,2,3,4, (23)
4 Jzz (@ — )P +ad

where x = (21, 29, 3, 24), 2 = (21, 22, 23, 24). Substituting into (18)), we find the solution

of problem ((13)), (22)).

4 Conclusion

A representation of the solution of system in terms of derivatives of harmonic functions
has been obtained. Using this representation, we reduce the Riemann—Hilbert problem ,
to the investigation of a problem with an oblique derivative |16], [17] for a system of
four harmonic functions. This problem was considered for regular harmonic functions with
constant coefficients, and a solution was presented in a particular case.
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