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ALGEBRAIC VARIETIES DEFINED BY TWO KELLER POLYNOMIALS IN
TWO VARIABLES

We study pairs of Keller polynomials in two variables and the associated polynomial mapping

®(z,y) = (f(z,9),9(z,y))

under the constant Jacobian condition. We establish that this condition implies strong local
geometric constraints on the mapping. In particular, we prove that all fibers of ® are discrete
and locally finite, and admit uniform bounds on compact subsets. We further describe the graph
of ® as a regular surface in R*, providing a geometric framework for the analysis. In addition,
we derive a differential identity along parametrized rays, which yields an orthogonality relation
between the value of the mapping and its differential, together with a non-collinearity constraint
under natural nondegeneracy assumptions.

Keywords: Keller polynomial, polynomial automorphism; Jacobian conjecture, algebraic variety,
two variables.
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Exi aiitnpimanbigarel eki Kesiep KenmyIiieciMeH aHBIKTAJIATBIH aJaredpasibIk
KONTYPJIJIKTED

Byt :xympicTa exi altHBIMAJIBIIAH TYPAThIH Kesltep KenmMyIeaepiHin XKynTapbl JKoHe 0JIapra
colikec

(I)(xvy) = (f(m,y),g(x,y))

[TOJIMHOMIBIK, Geiinesiey fIKOOMaHHBIH TYpPaKThl IApPThl Ke3iHie 3eprreseni. Arajgrad mapt Oeii-
HeJIEY/IIH JIOKAJI TeOMEeTPUSLIBIK KYPBLIBIMBIHA KATAH IIEKTeyJep KOSTHIHJIBIFBI KepceTiiemi. Arar
afitkauaa, ¢ OeitHeseyiHiH, OApPJIBIK TAJIIBIKTaAPhl JUCKPETTI YKOHE JIOKAJ TYpe aKbIPJbl OoJia-
TBIHBI JIOJIEIJCHE ], 9Pl BIKIIAM KHABIHIAP/IA OJApIbIH KyaTblHa OIpKeJKi ImekTeysaep Oap eKeHi
anpikTasaael. Conbiven Karap, ® Geitneseyinin rpaduri R* kenicririnme peryispisr 6er perinme
CUTIATTAJIA b, OYJI TEOMETPUSIIBIK, TaAaay YITiH Taburn Heri3 6epesi. Byman 6esek, mapaMerpeH-
reH coysiesiep 60iibIMeH I PEePEHITUAIJIBIK, TOXKIECTBO aJIbIHbII, 0J1 OeiiHes ey IiH MoHI MEeH OHBIH,
JuddepeHInaibl apachlHIAFbl OPTOTOHAJIBIK, KATBIHACTHI, aj1 TAOUFU HEBBIPOXKJIEH K IIapTTap-
JTa, — KOJITMHEap eMEeCTIK KACHeTiH Oepes.

Tyiiin cesnep: Kemnep kommymeci, kenvytesi aBromopdusm, Axodunan 00KaMbl, aredpaIbIK,
KOITYPJILIIK, €Ki alfHbIMAaJIbI.
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Anrebpanvyeckue MHOTOOOpa3msd, onpeaessieMble AByMd nmosimHoMamu Kesnnepa
OT JIByX IlepeMEHHBIX

B nmammoit pabore mcceayroTes mapbl MHONOWIEHOB Kesiepa oT ABYyX MEPEMEHHBIX U COOT-
BETCTBYIOIEE MOJTUHOMHUAIBHOE OTODPaKEHHEe

(I)(IIJ,y) = (f(xay)ag(x’y))

[IpU yCJIOBUM TOCTOSTHCTBA sikobruana. [Tokazano, 9To 910 yCaoBre HAKJIAJIBIBACT CHIILHBIE JIOKAJb-
HbIe TeOMeTPUUIECKIEe OTPAHUYeHHsT Ha 0TOOparkeHue. B gacTHOCTH, JIOKA3aHO, YTO BCE CJIIOM OTOD-
paxenusi ® sIBJISIOTCS JUCKPETHBIMEU M JIOKAJbHO KOHEYHBIMHU, & HA KOMIIAKTHBIX MHOXKECTBaX
JIOIyCKAIOT PABHOMEPHBIE OIeHKHN MoIHocTH. Kpome Toro, rpad orobpaxkenusi ¢ onuceiBaercs
KaK pery/IsapHas IoBepxHocTh B R*, 4To maer reomeTpudeckyio oCHOBY 1yl aHajusa. Takske 11o-
sydeno JuddepeHnuaabHoe TOXKIECTBO BIOJb TApaAMETPH30BAHHBIX JIyUeil, U3 KOTOPOro CJIeyeT
OPTOrOHAJILHOE COOTHOIIEHHE MEXK/y 3HadeHneM oToOparkeHusl W ero audepeHiiuaiom, a mpu
€CTEeCTBEHHBIX YCJIOBUSIX HEBBIPOXKIEHHOCTH — YCJIOBUE HEKOJLIMHEAPHOCTH.

Kurouesbie cioBa: nojmaoM Kejirepa, MOJMHOMUAIBHBIN aBTrOMOpdu3M, rumnoresa JkobuaHa,
ajrebpanvaeckoe MHOrooopasue, J1Be IMepeMeHHbIE.

1 Introduction

The Jacobian conjecture, proposed by Keller in 1939 [1]|, asks whether a polynomial
mapping

F: K" - K"

with constant nonzero Jacobian determinant must have a polynomial inverse. The problem
remains open and has motivated extensive work on polynomial mappings and polynomial
automorphisms. Early results on injective polynomial mappings and Keller-type problems
were obtained in [2,[3,6,|7]. Fundamental reduction methods and structural approaches
were developed in [8-10,/14]. Polynomial automorphisms and their geometric properties were
studied in [11-13,|17]. More recent developments connect the Jacobian conjecture with the
Dixmier conjecture, quantization, and automorphism groups; see [15,|18]. Related real and
complex geometric aspects are considered in [19-21].

In this paper, we study Keller pairs in two variables and the associated polynomial

mapping
Oz, y) = (f(z,9),9(x, ), fegy — fy9= = const # 0.

The nonvanishing Jacobian condition implies local invertibility by the inverse function
theorem [5,16]. However, our aim is not only to record this local fact, but to organize several
geometric consequences of the Keller condition in a unified framework. The language of
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differential topology and differential geometry provides a natural setting for this viewpoint;
see [4,[5,|16].

We prove that the fibers of ® are discrete and locally finite, and that their cardinalities
are uniformly bounded on compact subsets. We also describe the graph of ¢ as a regular two-
dimensional surface in R*. Finally, we derive a differential identity along parametrized rays,
which yields an orthogonality relation between the value of the mapping and its differential,
together with a non-collinearity constraint under natural nondegeneracy assumptions.

Thus, the paper emphasizes the geometric restrictions imposed by the Keller condition
on fibers, graphs, and differential behavior of polynomial mappings. Section [2| contains the
main results, while Section (3| presents examples, and discussion.

2 Main results

In this section we introduce Keller pairs and derive several local geometric consequences of
the Jacobian condition. From an algebraic point of view, this condition characterizes Keller
mappings; see [17]. We begin by establishing local invertibility of the associated polynomial
mapping, Translation invariance, then analyze the structure of its fibers, and finally derive a
differential identity along parametrized rays.

2.1 Keller pairs and the associated mapping

We first fix the basic class of polynomial mappings considered throughout the paper.

Definition 1 Let R = R be the field of real numbers, and let f,g € Rlx,y|,. The pair (f,g)
15 called a Keller pair iof

f29y — fy9. = const # 0. (1)
To such a pair we associate the polynomial mapping
®:R* =R’ P(z,y) = (f(z,9), 9(,9)). (2)

We also write

J(®)(x,y) = det DP(z,y) (3)

for the Jacobian determinant of ®, where D®(z,y) = (f’”(q;’ y) S, y))
9:(x,y)  gy(x,y)

The Keller condition is precisely the nondegeneracy condition for the differential of the
associated mapping.

Lemma 1 If Equation holds, then D®(x,y) is invertible for every (z,y) € R2.
Proof. By Definition [T}
det DO (z,y) = folz, y)gy(z,y) — fy(2,y)ga(x,y) # 0

for every (z,y) € R% Hence D®(x,y) is invertible.
The preceding lemma allows us to apply the inverse function theorem at every point.
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Theorem 1 The mapping ® is a local C*-diffeomorphism on R?.

Proof. Since f and g are polynomials, the mapping ® is of class C*°. Let (a,b) € R?
be arbitrary. By Lemma [1 the differential D®(a,b) is invertible. Therefore, by the inverse
function theorem (see [16], Theorem C.34), there exist open neighborhoods

UcCR?* of (a,b), V CR* of ®(a,b),
such that the restriction

Oly U=V
is a C'*°-diffeomorphism.

Since (a, b) was arbitrary, the above conclusion holds at every point of R%. Hence @ is a
local C*-diffeomorphism on R2.

2.2 Translation invariance

Translation invariance shows that the Keller condition is stable under changes of coordinates
induced by translations. This property allows one to shift the analysis to arbitrary base points
while preserving the geometric structure of the mapping.

Theorem 2 Let (f,g) be a Keller pair and let ® be defined by Equation (2)). For (a,b) € R?,
define

qj('ra y) = (I)(I‘ +a,y+ b) o (I)(CL, b)
Then ¥ is a polynomial mapping satisfying
J(W)(2,y) = J(®)(x + a,y +b).

In particular, ¥ 1s again a Keller mapping.

Proof. By definition,
U(z,y) = (f(z +a,y+b) - fla,b), g(z +a,y +b) — g(a,b)).
Differentiating, we obtain
D¥(z,y) = D®(z +a,y +b).
Hence
J(U)(z,y) = J(®)(x + a,y + ).

Since (f,g) is a Keller pair, J(®) is a nonzero constant. Therefore J(V) is also a nonzero
constant, and thus W is again a Keller mapping.
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2.3 Structure of the fibers

The local invertibility of ®, which follows from the Jacobian condition, has direct
consequences for the structure of its fibers. Such local properties play a central role in
reduction approaches to the Jacobian conjecture; see, for instance, [14].

The following result makes this consequence explicit: the Keller condition prevents fibers
from having local accumulation points, and it also gives a uniform finiteness statement on
compact sets.

Theorem 3 (Local structure and finiteness of fibers) Let (f,g) be a Keller pair and
let ® be defined by Equation . Then, for every q € R2, the fiber ®1(q) is a closed discrete
subset of R%. Consequently, the following statements hold:

(i) For every bounded set Q2 C R?, the set ®1(q) N Q is finite.
(ii) For every compact set K C R?, there exists a positive integer N such that

#((I)_l(q)ﬂK) <N for all ¢ € R*.

Proof. Fix ¢ € R

We first show that ®~1(g) is closed. Since @ is continuous and {q} is closed in R?, the
preimage ®~1(q) is closed in R?.

We next show that ®1(q) is discrete. Let 2o € ®~!(¢). By Theorem [1] there exists an
open neighborhood U of x such that the restriction ®|y : U — ®(U) is injective. We claim
that

Un®(q) = {xo}-
Indeed, if z € UN®1(g), then
®(x) = g = ().

Since both = and xy belong to U and ®|y is injective, it follows that = xy. Thus zg is
isolated in ®7!(q). Since ¢ was arbitrary, the fiber ®~!(q) is discrete.
This proves the first assertion of the theorem.

Proof of (i). Let Q C R? be bounded, and let
K=Q.
Then K is compact. Since ®~!(q) is closed in R?, the set
g NK

is a closed subset of the compact set K, and hence it is compact.
We now show that

Pl NK
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is finite. Since ®~!(q) is discrete, every point
ped g NK

is isolated in ®~!(q). Therefore, for each such p, there exists an open neighborhood U, C R?
such that

U, N @~ (q) = {p}.

Set
0, =U,n (2 (q) NK).

Then O, = {p}, and O, is open in the relative topology of the compact space
P NK.

Hence the family
{0, pe @ (g)N K}

is an open cover of
P (g NK.

By compactness, there exists a finite subcover
Opys...s0p,..

Since each set O,, is the singleton {p;}, it follows that
O NN K ={p1,-.,pm},

and therefore
g NK

is finite. Hence its subset
d ()N Q

is also finite.

The second assertion strengthens the preceding finiteness statement by choosing finitely
many injectivity neighborhoods uniformly over the compact set K.

Proof of (ii). Let K C R? be compact. For each z € K, Theorem [l| provides an open
neighborhood U, of x such that the restriction ®|y, is injective. The family {U,},cx is an
open cover of K. By compactness, there exist finitely many points

X1y, Tm € K
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such that
KcU,uU---ul,,,.
We claim that, for every ¢ € R? and every ¢ € {1,...,m}, the set
®~H(q) N,
contains at most one point. Indeed, if
21,2 € 0 Hg)NU,,,
then
D(21) = g = P(22),
and the injectivity of ®|Uzi implies
21 = 2.
Now fix ¢ € R2. Every point of
Mg NK
lies in at least one of the sets
Uiy oo, Ug,
Since each U,, contributes at most one point of
' (g) N K,
we obtain
#(@’l(q) N K) < m.
Thus the conclusion holds with N := m.
2.4 Geometric realization of the graph
We now turn to the graph of the mapping ® and describe it as a regular surface in R?.
Definition 2 Define
P={(z,y,u,v) €R': u=f(r,y), v=glz,x)}

Thus P is the graph of the mapping ®.
The following theorem shows that the graph associated with a Keller mapping naturally
carries the structure of a smooth regular surface.

Theorem 4 The set P is a reqular two-dimensional surface in R*.
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Proof. Define

T R2 — R4, r(m,y) = (x,y,f($,y),g($ay))-

Since f and g are polynomials, the map r is of class C*°. By Definition [2] its image is exactly
P.

We first show that r is injective. If 7(z1,y1) = r(x2, y2), then comparison of the first two
coordinates gives x; = x5 and y; = y,. Hence r is one-to-one.

Next, we compute the partial derivatives:

Ty = (1707fx7gx)> Ty = (0,1,fy,gy)-
Suppose that ar,+pr, = 0 for some «, 8 € R. Comparing the first two coordinates, we obtain
a =0 and 8 = 0. Thus r, and r, are linearly independent at every point, and therefore r is
an immersion.
It remains to show that r is a homeomorphism onto its image. Define
7: P — R? m(z,y,u,v) = (z,y).
This map is continuous as the restriction of the standard projection R* — R2. Moreover,

mor = idge.

Conversely, if (z,y,u,v) € P, then by Definition [2l we have v = f(z,y) and v = g(x,y).
Hence

romw(z,y,u,v) =r(x,y) = (x,y,u,v).
Therefore
romw =idp.
Thus 7 is the inverse of r on P, so r is a homeomorphism of R? onto P.

Therefore r is a global regular parametrization of P, and P is a regular two-dimensional
surface in R2.

Corollary 1 The graph P C R* of a Keller mapping is connected.
Proof. By Theorem [4], the graph P is the image of the continuous map
r:R?* — R

Since R? is connected and continuous images of connected spaces are connected, it follows
that P is connected.
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2.5 A differential identity and a geometric constraint

We now derive a differential identity along parametrized rays and then deduce a geometric
constraint.
Fix (a,b) € R? and define

S(t) = (a® + b?)||®(at, bt)||?, t €0,1]. (4)

where || - || denotes the standard Euclidean norm on R2.
The following lemma provides a differential identity associated with the behavior of the
mapping along parametrized rays.

Lemma 2 For every t € [0, 1],
S'(t) = 2(a* + b*) ®(at, bt) - DP(at, bt) (Z) :
Proof. By Equation (4,

S(t) = (a® + b*) ®(at, bt) - ®(at, bt),

the product rule and the chain rule yield

d a
%Q)(at,bt) = D®(at, bt) (b) .
Therefore
S'(t) = 2(a® + b?) ®(at, bt) - DP(at, bt) (Z) :

We now use this identity to derive an orthogonality relation and a geometric restriction
on the differential of the mapping.

Theorem 5 (Orthogonality and directional constraint) Lett, € (0,1) satisfy S'(to) =
0. Then

(I)(ato, bto) . D(I)(ato, bto) (Z) =0.
If, in addition,
(a,b) # (0,0) and  D(aty,bty) # (0,0),

then there does not exist A € R such that

DO (aty, bt) <Z> = X\ ®(ato, bty).

In particular, the vectors

®(atg, bty) and Do (aty, bty) (Z)

are not collinear.
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Proof. By Lemma
0= 2(@2 + b2) CID(atO, bto) : D@(ato, bto) (Z) .
If (a,b) # (0,0), then a* + b* > 0, and hence

<I>(at0, bto) . D@(atm bto) (Z) = 0.

The case (a,b) = (0,0) is trivial. This proves the first assertion.
Assume now that

(a,b) # (0,0) and ®(aty, bty) # (0,0).

Suppose that
Dq)((lt(), bto) (Z) = A CI)(CLt(), bto)

for some A € R. Taking the inner product with ®(aty, bty) and using the first assertion, we
obtain

0= )\ H(ID(atO, bto)HQ

Since ®(ato, bty) # (0,0), it follows that A = 0. Hence

D®(aty, bt) (Z) = 0.

By Lemma [I] the matrix D®(ato,bty) is invertible, which implies (a,b) = (0,0), a
contradiction. Therefore the two vectors are not collinear.

3 Examples and discussion

In this section we present several standard examples of Keller pairs in two variables. These
examples illustrate how the results of Section [2| apply in concrete situations. We also record a
basic invariance property of the Jacobian condition and summarize the geometric implications
of the obtained results.

3.1 Examples

We conclude this section with several standard examples of Keller mappings. These examples
illustrate how the geometric properties established above appear naturally in classical
polynomial automorphisms and provide concrete realizations of the fiber and graph structures
studied in this paper.

The first example corresponds to an affine polynomial automorphism with constant
Jacobian determinant.
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Example 1 Let f(x,y) =z +vy and g(z,y) = v —y. Then f, =1, f, =1, g, = 1, and
gy = —1, so

J(CI)) = fwgy - fygz =—-2#0.

Thus (f,g) is a Keller pair.
The associated mapping ®(x,y) = (z +y,x — y) is invertible with inverse

O (u, ) = (u—;—v7u;v).

The next example illustrates a triangular polynomial automorphism, which plays an
important role in the structure theory of polynomial automorphisms.

Example 2 Let f(z,y) = x+y? and g(z,y) =y. Then f. =1, f, =2y, 9. =0, and g, = 1,
and therefore

J(®) =1#0.

Thus (f,g) is a Keller pair.
The associated mapping ®(z,y) = (x + y*,y) is invertible with inverse

O (u,v) = (u—v* ).

The following example is a Hénon-type polynomial automorphism, representing a
nontrivial nonlinear Keller mapping.

Example 3 Let f(z,y) =y and g(z,y) = x+y* Then f, =0, f, =1, g. =1, and g, = 2y,
50

J(®) = —1 40,

Thus (f,g) is a Keller pair.
The associated mapping ®(x,y) = (y,x + y*) is invertible with inverse

O (u,v) = (v —u?,u).

The preceding examples show that Keller mappings include affine, triangular, and Hénon-
type polynomial automorphisms. In each case, the mapping is globally invertible, and
hence every fiber consists of a single point, in agreement with Theorem [3] Moreover,
the graph of each mapping is a regular two-dimensional surface in R*, as described in
Theorem Thus these examples illustrate how the fiber structure and graph geometry
obtained above appear naturally in standard classes of polynomial automorphisms. In
particular, triangular automorphisms constitute a fundamental class in the structure theory
of polynomial automorphisms; see [12}|13].
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3.2 Discussion

The following remarks summarize the geometric consequences obtained in the previous section
and explain their relation to the geometric behavior of Keller mappings.

Remark 1 The fibers of a Keller mapping are discrete. In particular, each point in a fiber
15 1solated. Thus the Keller condition excludes local accumulation phenomena inside fibers.

Remark 2 On compact subsets of R?, the cardinality of the fibers is uniformly bounded. In
particular, fibers are finite in bounded regions. This gives a semi-global restriction on the
distribution of preimages.

Remark 3 The graph of the Keller mapping (f, g) defines a regular two-dimensional surface
in R*, providing a geometric realization of the mapping. This allows one to study Keller
mappings through the geometry of their associated surfaces.

Remark 4 The differential identity along rays yields an orthogonality relation between the
value of the mapping and its differential, imposing a constraint on their relative position. In
particular, under natural nondegeneracy assumptions, certain collinearity configurations are
excluded.

Taken together, these results show that the Keller condition imposes geometric restrictions
on several different levels: the local differential structure, the structure of fibers, the geometry
of the graph, and the behavior of the mapping along parametrized rays.

This viewpoint is connected with the Jacobian conjecture, where the main difficulty is to
understand how the local condition

J(®) = const # 0

influences the global behavior of a polynomial mapping. The results obtained here do not solve
the global injectivity problem, but they describe several local and semi-global consequences
of the Keller condition that are compatible with global invertibility.

In this sense, the paper provides a geometric framework for studying Keller mappings
in two variables. The discreteness of fibers, the uniform finiteness on compact sets, and the
regularity of the associated graph show how the nonvanishing Jacobian condition restricts
the possible behavior of polynomial mappings before global invertibility is known. Such
restrictions are closely related to rigidity phenomena appearing in the modern theory of
polynomial mappings and polynomial automorphisms; see [20,21].

4 Conclusion

In this paper, we studied pairs of Keller polynomials in two variables and the associated
mapping

O(z,y) = (f(7,9),9(x,y)),

under the condition of constant nonzero Jacobian determinant.
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We proved that @ is a local diffeomorphism on R2. We also showed that the fibers of ®
are closed discrete subsets of R?, and consequently finite on bounded subsets. In addition, we
described the graph of ® as a regular two-dimensional surface in R*. Furthermore, we derived
a differential identity along parametrized rays, leading to an orthogonality relation between
the value of the mapping and its differential, together with a non-collinearity constraint under
natural nondegeneracy assumptions.

The main contribution of the paper is the development of a unified geometric viewpoint
for Keller mappings in dimension two. In particular, the obtained results connect the local
differential structure, the geometry of fibers, and the geometry of the associated graph
within a common framework. Although the results obtained here are primarily local and
geometric in nature, they are closely related to the Jacobian conjecture, where the central
problem is to understand how the nonvanishing Jacobian condition influences the global
behavior of polynomial mappings. The discreteness of fibers, the regularity of the graph, and
the differential constraints established in this paper illustrate several geometric restrictions
imposed by the Keller condition. These observations may be useful for further investigations
related to polynomial automorphisms and the Jacobian conjecture.
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