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REGULAR BOUNDARY VALUE PROBLEMS FOR A SINGULAR
SECOND-ORDER EQUATION

This paper is devoted to the study of regular boundary value problems for a singular second-
order differential equation with a degeneracy at one endpoint of the interval. Such equations arise
naturally in various problems of mathematical physics and require a special analysis, since the
singular behavior of the coefficient near the degenerate point prevents the direct application of
standard methods from the classical theory of boundary value problems.

We introduce the maximal and minimal operators associated with the given singular equation
and identify the natural weighted boundary traces that arise in this context. We then study the
corresponding singular Cauchy problem, establish its unique solvability in an appropriate weighted
Sobolev space, and obtain an explicit representation of the inverse operator. This operator plays
the role of a basic correct restriction and is used in the subsequent construction of general regular
boundary conditions.

Our main goal is to characterize all regular boundary value problems generated by the considered
singular differential expression. The analysis is carried out within the framework of the theory of
correct restrictions of maximal operators and regular extensions of minimal operators in a Hilbert
space. Furthermore, the boundary criterion for integral operators obtained in 13| is adapted to
the singular weighted setting. Using these approaches, we obtain the general form of boundary
conditions that generate regular realizations of the considered singular equation.

Keywords: singular second-order differential equation, regular boundary value problem, minimal
operator, maximal operator, correct restriction.
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O. Tabaixkanos

Exinmni perti cuHrynsapJibiK, auddepeHImanablK TeHAEY YIINiH PeryiasapJiibIk
MIETTIK ecernTep

Byn »xymbic nHTEpBaJIIBIH Oip IIETiH/IE€ €PEKITeJIeHreH eKIiHII PeTTi CUHTY/IsIPJIbI auddepeH -
AJIIBIK TEHIEY VIMH Perysspsibl METTIK ecenTep/i 3epTreyre apHaaran. Mymmait Temaeyrep mare-
MATHKAJIBIK (PU3UKAHBIH OPTYPJIl €CcenTepinme Taburu Typae TYBIHIANIHI XKOHe apHANBI TaJIIay, bl
TaJal eTes.

2KymMbicTa GepiiireH CUHTYJISIPJIBI TEHJIEyTe COlKec KeJIeTiH MaKCUMaJIIbl YKOHE MUHUMAJIJIbI OlTe-
paTopJiap eHrisiJii, OChbl KOHTEKCTE TYBIHIANTHIH TaOUFU CaJIMAKTHIK, IIEKAPAJIBIK, 13/1€D AHBIKTA-
sanel. Coman Keitin coiikec cunrysspsbsl Komu ecebi 3eprredtin, oHbIH THicTi canmMakTbik CobosieB
KeHicTiriaaeri 6ipMoHAl MIenmiMIiIirh OpHATHLIIAIB XKOHe Kepi olmepaTopabliH affkbia Oeitneci asbl-
HaJIbI.

SeprreyiH HEri3ri MakcaThl — KapacTBIPBLIBII OThIPFAH CUHIYJISIPJIbI TuddepeHIInAIBIK, Op-
HEKTeH TYBIHJANTHIH GapJIbIK Peryisipibl merTik ecenrepsi cunarray. ConbiMeH Karap [13] xky-
MBICBIHJA AJIBIHFAH WHTETPAJIIBLIK, OIepaTopjap VIMiH MIEeKAPAJIbIK KPUTEPUN CHHTYJISPJIBL CaJjl-
MAaKTBIK, YKaraaira Oeiimiesnen.

Tyitin ce3aep: exiHm peTTi CHHTYIPJIBIK M dEePeHITHATIIBIK, TEHIEY, PETYIsIPJIbIK IETTIK ecer,
MUHHUMAJ OIIePaTOp, MaKCUMaJl OIIePATOP, KUCHIHILI TAPBIITY.
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Perynsipable KpaeBble 3aa49u JJis CUHTYJISIpHOTO auddepeHnnaribHOro
YPaBHEHUsS BTOPOro MopsdaaKa

Jannast paboTa MOCBSINEHA UCCIEIOBAHUIO PETYISPHBIX KPACBBIX 33144 /Il CHHTYISPHOTO ud-
depeHInaIBLHOrO ypaBHEHNSI BTOPOT'O MOPsiIKa, 00JI/IAI0NIEr0 BEIPOXK/IEHUEM HA OHOM U3 KOHIIOB
paccMaTpUBAEMOI'0 UHTEPBaJIa. Y pABHEHUS II0JJOOHOIO TUIIA €CTECTBEHHBIM 00Pa30M BO3HUKAIOT B
PA3JIMIHBIX 33/1a9aX MaTeMaTHIeCKOi (bU3UKU U TPEOYIOT CHENUAIHHOIO aHAIN3A.

B pabore BBOmSITCS MaKCHMAJIBHBIN 1 MUHIMAJIBHBIA OIIEPATOPhI, ACCOIMUPOBAHHBIE C JAHHBIM
CUHTYJISPHBIM BBIPAYKEHUEM, U OMPEIEsISIOTCS €CTECTBEHHBIE BECOBbIE TDAHUIHBIE Ciemabl. asee
HCCJIEyeTCs COOTBETCTBYIONIAs CUHIY/IApHAas 3aja4da Kormm, ycraHaBInBaeTcs €€ eInHCTBEHHAS
pPa3penmMOCTh B COOTBETCTBYIONEM BecoBOM mpocrpaHcTBe CobosieBa U MOJIyYeHO sIBHOE Pe/i-
cTaBJIeHIEe 0OPATHOIO OIlepaTopa.

OcHoBHas 11€7b pabOTHI 3aKJIIOYAETCS B OIMCAHUU BCEX PETYJISPHBIX KPAEBbIX 33144, TOPOXK-
JAEMBIX PACCMATPUBAEMBIM CHHTYJISPHBIM JuddepeHInajbHbIM BeIpakeHneM. B qacTtHocTH, rpa-
HUYHBIA KpUTEpUil JiJIs MHTErpasbHBIX OLEePaTOPOB, IOJyUeHHbIH B pabore [13|, azanrupoBan
CHUHI'YJIADHOMY BECOBOMY CJIydalo.

KimroueBsbie ciioBa: cHHIYIIpHOE IuddepeHnnaIbHOe YypaBHEHNE BTOPOTO MOPSIIKA, PEryJIspHas
KpaeBasd 33/la4a, MUHIMAJbHBII OllepaTop, MAKCUMAJIbHBIN OIIepaTOp, KOPPEKTHOE CyZKEeHHe.

1 Introduction

Extension theory originated in the work of J. von Neumann [1], who first studied the
problem of extending a symmetric operator. Later, the theory of extensions of symmetric
operators found important applications in boundary value problems for differential equations
and in analysis. Many authors have since contributed to this area; we refer, for example,
to [2-].

A substantial advance was made by M. I. Vishik [4], who removed the requirement that
the initial operator be symmetric and developed the theory in a more general setting. He
applied this approach to the study of general boundary value problems for second-order
elliptic differential equations.

A. A. Dezin [6,7] investigated general questions of the theory of boundary value problems
and obtained a description of regular operators. These results played an important role in
the development of the theory of extensions and restrictions of differential operators.

The problem of correct extensions and restrictions of operators, not necessarily linear,
acting in Banach spaces was initiated by M. Otelbaev and his disciples [8,[9]. Later,
B. K. Kokebaev, M. Otelbaev, and A. N. Shynybekov [9, 10| investigated restrictions
of normally solvable operators and further developed the theory of contractions and
extensions in Banach spaces. Subsequent developments of this approach, together with various
applications to differential and nonlinear operators, may be found in [8/11,/12,/15,17,[21] and
the references cited therein. For recent developments concerning singular Sturm-Liouville
operators, their self-adjoint extensions, and spectral properties, see [18-20] and the references
therein.

The classification of boundary value problems generated by a fixed differential expression
is one of the central questions in the theory of differential operators. In the operator-theoretic
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approach, such problems are described in terms of restrictions of maximal operators and
extensions of minimal operators. More precisely, if Lo is the minimal operator generated by
a differential expression [, and L is the corresponding maximal operator, then an invertible
operator L C L is called a correct restriction of L whereas an invertible operator L D Lo
is called a correct extension of Lq. If both inclusions Lo C L C L hold, then L is called a
regular extension. Therefore, the problem of describing all regular boundary value problems
for a given differential expression can be reformulated as the problem of describing all regular
extensions of the corresponding minimal operator.

An effective tool in this direction is the kernel representation of inverse operators. If a
boundary value problem is correct, then its inverse is often represented by an integral operator

W= L = /Q K (2, €)£(€) de.

and the structure of the boundary conditions may be recovered from the properties of
the kernel K (z,€). In this way, the theory connects correct boundary value problems with
Green-type kernels and with distributional identities involving the underlying differential
expression.

A systematic criterion of this type was established by Kal'menov and Otelbaev [13].
The core of their method consists of three criterion-type results. The first one gives a
characterization of a correct restriction in terms of the kernel identity

L(z,D)K(z,£) = d(z — &).

The second one provides the corresponding adjoint criterion through the condition

Finally, combining these two assertions, they obtain a criterion for regular extensions in terms
of the simultaneous validity of both delta-identities. Thus, the paper [13] provides a method
for passing from integral kernels to correct and regular boundary realizations(see also [14]).

The purpose of the present paper is to adapt this criterion scheme to the singular weighted
ordinary differential equation

(2Pu) + M = f(z), 0<z<l,

where 0 < 5 < 1, AeR

Our main goal is to describe all regular boundary value problems generated by this singular
differential expression. Thus, we are interested not only in the solvability of a particular
problem, but in the complete operator-theoretic description of all regular realizations of the
equation.

The paper is organized as follows. In Section [2 we provide the necessary background
on the restrictions and extensions of operators in Hilbert spaces and establish an analogue
of the Kal’'menov—Otelbaev criterion for our specific operator. Section [3] is devoted to the
characterization of all regular (well-posed) boundary value problems for the singular equation.
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2 Preliminaries and auxiliary statements

2.1 Restrictions and extensions of operators in Hilbert spaces

In this subsection we recall basic notions from the theory of restrictions and extensions
of operators in Hilbert spaces. These tools will be used in Section [3| to characterize the
general boundary conditions that yield regular (well-posed) boundary value problems for the
one-dimensional singular ordinary differential equation arising from the spectral reduction.

Let H be a Hilbert space and let L be a linear operator in H with domain D(L) and
range R(L). We adopt the terminology of |15, p. 9050]. Given operators A and B in H, we
say that A is a restriction of B (equivalently, B is an extension of A) if D(A) C D(B) and
Au = Bu for all u € D(A); in this case we write A C B. A closed operator L is called
minimal if R(Lo) # H and Ly* : R(Ly) — H exists and is bounded, while a closed operator
L is called mazimal if R(L) = H and ker(L) # {0}. A closed operator L is said to be correct
if it is bijective and its inverse L=! : H — H is bounded. A correct operator L is a correct
extension of a minimal operator Ly (respectively, a correct restriction of a maximal operator
E) if Ly C L (respectively, L C E) Finally, L is called a boundary correct extension of Ly
with respect to L if LoCLC L.

In the early 1980s, M. Otelbaev and his collaborators established abstract results which
make it possible to describe all correct extensions of a given minimal operator in terms of
the inverse of one fixed known correct extension. An analogous description was obtained for
all correct restrictions of a given maximal operator. For the reader’s convenience, we briefly
recall the principal assertions of these results.

Theorem 1 (see [8,9]) Let L be a mazimal linear operator in a Hilbert space H, and

let L be a fized correct restriction of L. Let K be an arbitrary bounded linear operator in H,
satisfying R(K) C ker L. Then the operator Ly, defined by

Ly'f=L"'f+Kf, (1)

gives the inverses of all correct restrictions Ly of the maximal operator E, that is, Ly C L.
Stmilarly, let Lo be a minimal operator in the Hilbert space H, and let L be a fixed correct
extension of Lo. Suppose that K satisfies the conditions R(Lg) C ker K, and

ker (L7 + K) = {0}. (2)

Then the operator Ll}l, again defined by , describes the inverses of all correct extensions
Lg of the minimal operator L.
Finally, let L be a fived boundary correct extension of the minimal operator Lg, that is,

LoCLcCL.

Assume that K be an arbitrary bounded linear operator in H, satisfies R(Lg) C ker K, and

R(K) C ker L. Then the operator L' defined by , describes the inverses of all boundary
correct extensions Li of the minimal operator Ly.

The existence of at least one boundary correct extension L was proved by M. I. Vishik [4].
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2.2 Criterion for regular extensions
Consider the differential expression
(p = (t°¢) + o, 0<t<l,

where 0 < f < 1 and A € R. In this case, the formal adjoint expression coincides with ¢, that
is, /T = .

Denote by L the maximal operator in Ly(0,1) generated by the expression ¢, namely,
Zgzﬁ := (¢, with domain

D(L) = {6 € L2(0,1) : 6 € AC[0,1], ' € AC[0,1], €6 € L5(0,1) }.

Note that ¢ € AC|0, 1] implies ¢’ € L9(0,1). These conditions ensure that ¢ is regular enough
to apply ¢ in a classical (not just distributional) sense. The domain D(L) is maximal in the
sense that it is the largest subspace on which ¢ maps back into Ly(0, 1); see |18] for a detailed

treatment.
Since 0 < f < 1, the traces ¢(0), limyo¢ ' (t), #(1), ¢'(1) are well defined for

every ¢ € D(L ) Define the minimal operator Lq by Lo¢ := (¢,

Dito) = {6 € DT} 0(0) =0, i #6/(0) =0, 6(1) =0, ¢(1) =0},
We also introduce the singular Cauchy problem

Lo¢ = 1o

with domain
Dite) ={o.€ D(D): 600) =0, Jim £°6(1) =0}

Clearly, Ly C Lo C L. The solution to the singular Cauchy problem admits the representation

I e 2\/_2 JRE 2\/_ i
o) =15 = 575 [J( )/f ( — )d )

_’_Yy<&t22ﬁ) t (7-)7- p) J (2\/_ ) dr

2-p 2-p ’
Lemma 1 Let 0 < < 1. Then, for every f € Ls(0,1), the problem
(7)Y + \op = f, 0<t<l, (4)
subject to the weighted initial conditions
— ; B _
SO =0.  lm ) =0, 5

admits a unique solution ¢ € D(L¢).

Consequently, Lo 1s a correct restriction of the maximal operator L and, at the same time,
a correct extension of the minimal operator Lg. In particular, the inverse operator Lal exists
on all of L2(0,1) and is a Volterra integral operator.
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The next result gives a kernel criterion for correct restrictions of E, and regular extensions
of the minimal operator Ly, see |13].

Lemma 2 Let K(t,7) be a measurable kernel such that

sup / |K(t,7)]*dt < .

7€(0,1)

Consider the integral operator

= /01 K(t,7)f(r)dr

Then T s generated by a correct restriction of the mazximal operator L if and only if
((tﬁf)t)at - )\)K(t, T)=06(t—7)
in the sense of distributions with respect to the variable t, where T € (0,1) is a parameter.

Theorem 2 Assume that the kernel K(t,7) satisfies

sup / |K(t,7)|°dr + sup / |K(t,7)|* dt < .

te(0,1) r€(0,1)

Let

= /OIK(t,T)f(T)dT

Then T is generated by a reqular extension of the minimal operator Ly if and only if
((t70,)0; + N\ K (t,7) = 6(t — ), ((°0,)0, + N K(t,7) = 6(t — 7)

in the sense of distributions with respect to the variables t and T, respectively.

3 Characterization of regular boundary conditions

Fix 0 <8< 1, A>0, and let f € L?(0,1). Consider the singular equation

~

lp = % (t%’(t)) +Xo(t) = f(t), te(0,1). (6)

For later use, we introduce the fundamental solutions associated with this singular expression:

O (t) =t 7 J, <22_ﬁ5 E ‘3), Dy (1) = t'7Y, (;ﬂ E ﬁ), (7)
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where v := % Then a general solution of the equation T¢ = f can be written as
t
T
ot) = —3 5 / f(s) (Dy (s) @s(t) — Py (L) By(s)) ds + C1 @y (t) + C2 Py (1), (8)
- 0

where C,Cy € R.

To describe all regular boundary value problems, we consider all correct restrictions of
the maximal operator. By Otelbaev’s theorem (see Section , every correct restriction has
an inverse of the form

~

L =L"+K, R(K) C ker(l),

where L is a fixed correct restriction of 1.
In the present situation,

ker(f) = span{®, Oy }.

We now seek boundary conditions that define a restriction Lx C 1 such that, for every
f € L?(0,1), the equation Lig¢ = f admits a unique solution ¢ € D(Lg) and the solution
operator Lz : L?(0,1) — L?(0,1) is bounded. In this case the coefficients C; and C, in
depend linearly and continuously on f, i.e.

Ch = Ci(f), Cy = Cs(f), (9)

where C(+) and Cy(+) are bounded linear functionals on L?(0,1). By the Riesz representation
theorem, there exist o1, 09 € L?(0,1) such that

_ /01 F(s)o1(s) ds = /01 f(s) oa(s) ds. (10)

Since ker(lA) = span{®;, Py } for the corresponding maximal operator ZA, the correction term
in the inverse can be taken to be of finite rank, and we may represent C; and C5 in the form

C(f) = / (11®(5) + quBy () f(s) s,
01 (11)
Ca(f) = / (155 (5) + @1y (5)) £ (s) ds,

with constants q1, ¢, g3, q4 € R.
Substituting into yields the representation

¢() (I)J /f (by dS—F—(I)Y /f (I)J ds
(1) / (8 5(s) + qaBy (s)) £ (5) ds (12)

+ Dy (t) /0 (435(5) + @y ()) () ds.
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Or equivalently,
o(t) = 11(t) + La(t) + I3(t) + L4(2),

where

™

2-p

5 Bt /0 £(s) By (s) ds,

[3(15) = (bj(t)/o (ql(I)J(S) + QQ(I)y(S))f(S) dS,

]1(t) = —

D,(t) /0 f(s) @y (s)ds,

Iz(t) =

(0) = () [ (a01(5) + () (5) .

Now we substitute f = (t°¢')’ + ¢ into the integral terms in and apply integration
by parts.
In particular, for I;(¢) we obtain

s=t

(13)

[ 76 0r)ds = (5550 5) — 015194 4)

s=0

It remains to evaluate the limit as s — 07. Using the standard asymptotics of Bessel functions
at the origin, one finds that

lim s"®y(s)¢'(s) = A lim s°¢/(s), — lim s°®(s)é(s) = CB ¢(0), (14)
s—07t s—07t s—0t
where
2 — v MY (2 — 1-v
A= 2-5) , B = (VA2 ) , C = cot((1 —v)m).
(VA sin(vm)(1 — v) I'(v)
Moreover, using the differentiation formula for &y, we have
2V

— 1P (t) = VA2 Y,,,l(bt%) . b= (15)

2—p
Combining — yields

s—0+

/ t £(5) Dy (s) ds:tﬂcby(t)qﬁ’(t)qL\/th/QY,,,l(bt¥> o(t)—A lim s°¢(s)—CB¢(0). (16)

Substituting into the definition of [;(t), we obtain

L(t) = — 27_T 5200 [t%y(t)¢'(t)+ﬁ tl/ZYV_l(bt¥) o(t) = A lim 5°¢/(s)~CBo(0)).
(17)
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Using the standard Bessel asymptotics as s — 07, the boundary contributions at s = 0
depend only on the traces

Ty := lim t7¢/(1), T3 := ¢(0),

t—0t

whereas evaluation at the right endpoint produces terms involving

T = ¢/(1>7 T, = ¢(1)

Proceeding in the same way for I, I3, and I4, the representation (12 yields an identity of
the form

2 2— 2 2
A(Ty, Ty, T3, Ty) J, (% t26> + B(T1, 15,13, T,) Y, (% tf) =0, te(0,1],

where A and B are linear forms in (77,75,73,7,) independent of ¢. Since J, and Y, are
linearly independent, it follows that A = B = 0, which yields two linear relations among the
boundary traces. Equivalently, these relations can be written in matrix form as

T
1
T3 ’
Ty

(18)

where A(\) € R*** and its entries a;;(\) are given explicitly below

(T (2—p)"
= ( 2—-p * q4) sin(vm)I(1 —v)’
00 = (VA (%) (VY (%) ,

amz{m+qwm«r—mﬂ_fmmgi;Wﬂ1hﬁ)ﬁigmbﬂ

a4 = — [‘h(\/x)lya]yl <ﬂ> +Q4(\/X)17VY1/71 <ﬂ>] ;

2 -8 2 -8

(2-5)"
*sin(wm) (1 —v)’

432 — as(VN)" ) <ﬂ> L (VY. ( M) |

21 = @

23 2- 3

Qg3 = {ﬁ + g3 + gz cot((1 — V)W)] (\/X) VI(?V; 5)1_”7

Qg = — IQZS(\/X)lVJVl <ﬂ> +Q2(\/X)17VY1/71 <&>] .

2-p 2-p
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We say that the boundary condition ((18) is regular (equivalently, it defines a correct
restriction of the maximal operator associated with [) if the two boundary relations are
independent. In terms of the boundary matrix

_ (aun(A) an(A) ai3(A) a1a())
A(/\)_<(1,21()\) a22<)\> agg()\) CLQ4(>\))7

this amounts to the nondegeneracy condition
rank A(\) = 2. (19)

Equivalently, there exist indices 1 < 7 < 7 < 4 such that the corresponding 2 X 2 minor is
nonzero, i.e.

a1i(A) ai;(N)
det (G%()\) %(AD 20, (20)

Equation ((18) provides two linear constraints on (77,7%,75,7T4) and hence specifies a
domain D(L) C D(Z) for a restriction of the maximal operator corresponding to [. By
Theorem [1] such a restriction is regular (i.e. has a bounded inverse on L?(0,1)) exactly when
the boundary conditions are nondegenerate. We formulate this characterization in the next
theorem.

Theorem 3 Let 0 < S <1 and A > 0, and let
Li:  D(Li) ={¢e D) : ANT(¢) =0},
where

= lim °¢'(t), T=¢(1), Ty=¢0), Ti=e(1).

t—0t

Then the following are equivalent:
1. L4 is a correct restriction of L (equivalently, a reqular extension of Ly);
2. the homogeneous problem
(t7¢') + 2 =0,  ANT($)=0
has only the trivial solution;
3. rank A(X\) = 2.
In this case, for every f € L*(0,1) there exists a unique solution ¢ € D(L4) of
(t7¢') + 2o = f,
and this solution depends continuously on f.

Corollary 1 The boundary condition obtained above 1s reqular. Indeed, the
corresponding operator is a correct restriction of the maximal operator by Theorem []
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