ISSN 1563-0277, eISSN 2617-4871 JMMCS. Ne 2(130). 2026 https://bm.kaznu kz

IRSTI 27.39.21 DOI: https://doi.org/10.26577 /IMMCS130220268

A.K. Qudaybergenov! Zh. Madibaiuly??*
!National Pedagogical University of Uzbekistan, Tashkent, Uzbekistan
2Institute of Mechanics and Mechanical Engineering
named after Academician U.A. Zholdasbekov, Almaty, Kazakhstan
3Mukhametzhan Tynyshbayev ALT University, Almaty, Kazakhstan
*e-mail: zhumabaymadibaiuly@gmail.com

ON THE REGULARIZATION OF THE CAUCHY PROBLEM FOR THE
LAPLACE EQUATION IN THE STRIPE

This paper investigates the problem of determining the temperature distribution along the
upper boundary of a strip, given prescribed temperature data on its lower boundary. The analysis
is carried out within the framework of the Laplace equation, leading to the consideration of a
corresponding Cauchy-type problem. The uniqueness of the solution is rigorously established in an
appropriate space of generalized functions. Furthermore, quantitative estimates are derived that
characterize the relationship between solutions of the associated well-posed and ill-posed problems.
On the basis of these estimates, approximation results are obtained, and relevant approximation
theorems are proved, providing a theoretical foundation for stable reconstruction of the solution.
Key words: regularization method, Cauchy problem, heat equation, ill-posed problem of PDE,
auxiliary equation, stationary solution.

9.K. Kynaitbeprenos', 2K. Moanibaityanr?3*
l©36ekcran YATTHIK Ieparornkaiblk yEusepcnteri, Tamkent, O36ekcran
2 Axagemuk O. A. YKonnacbekoB arbiHaarbl MexaHUKa KoHe MAIIIHA, YKacay MHCTHTYThI, AJIMaTHI,
Kazakcran

3Myxamemkan Terapimbaes arsiagars ALT yausepcureri, Amvarsr, Kasakcran
*e-mail: zhumabaymadibaiuly@gmail.com

2Komakrarel Jlammac Tenzeyi ymia Komm ecebin perynspusanusiiay Typajibl

By makasaa »KoaKThIH, TOMEHT] MMEKAPACHIHIAFbl TEMIIEPaTyPAHBIH OepiiireH MoH Iepi OONbIH-
1 OHBIH >KOFApFbI MEKAPACBIHIAFbl TEMIIEPATYPAHBIH, TAPAIYBIH aHBIKTAY MOCEJIeCl 3epTTese].
Tanmay Jlamrac Temnmeyi ascoiaga xKyprizisin, coran coiikec Ko tunti ecen KapacTbIpbLIAIHI.
ZKannbutanran GyHKIUIIAPIBIH THICTI KEHICTIriHe MenmiMHAiH 6ipMOHIIIN KaTaH Typae Io/1em-
nenegii. CoHbIMEH KaTap, AyPhIC KONBIIFAH YKoHE JIYPhIC KOWBLIMAFaH ij1eciie ecerrrep/iit memrimiaepi
apachblHIaFbl OalJIAHBICTHI CUIIATTANTHIH CAHJIBIK Oarasiaysap ajabiHa bl Ockl barajayiap Herisine
JKYBIKTay HOTHXKEJEP] TY>KBIPBIMIIAJIBII, THICTI XKYBIKTAY TeopeMaJiapbl Jojesaeneai. By voTu-
2KeJiep TMIEeNTiM/Il OPHBIKTBI TYP/e KaJIblHA KeJTIPY/IiH TEOPUSIBIK, HET131H KaJIai b
KinT ce3nep: perynspusarus oici, Komm ecebi, :Kblmy TeHmeyi, 1epdbec TYbIH BB TeHIEYIePIiH,
JYPBIC KOMbITIMaran ecebi, KOMEKII TeH/Iey, CTAITMOHAPJIBIK, ITEITiM.

A K. Kynaii6eprenos!, 2K. Mapi6aityp 23
'Harmona bHblii ejarorndyecknii ynusepcureT Yabexkucrana, Tammkent, Y3bekucran
2I/IHCTI/ITyT MEeXaHUKU U MalluHOBeleHns uMeHu akageMuka Y.A. ZKosmacbekosa, AaMarTsl,
Kazaxcran
3ALT Vuusepcurer umenn Myxamemkana Treinbimbaesa, Anvarer, Kazaxcram
*e-mail: 24dil@mail.ru

© 2026 Al-Farabi Kazakh National University


https://orcid.org/0009-0007-4138-2999
https://orcid.org/0000-0002-6441-403X

A.K. Qudaybergenov, Zh. Madibaiuly 107

O peryagpusanuu 3agadn Komm nast ypaBHenus Jlarmsaca B 1moJsioce

B mannoit pabore ucciieyercst 3ajiada OnpeiesIeHnsl PaclipeieieHus TeMIIepaTypbl Ha BepXHei
IPAHMUIIE TTOJIOCHI TI0 33 /IAHHBIM 3HAYEHUSIM TEeMIIEPATYPhI Ha €€ HMXKHeil rpanutie. VcciemnoBanue
IIPOBOJINTCST B PaMKaX ypaBHeHus Jlaliaca, 9T0 MPUBOIUT K PACCMOTPEHUIO COOTBETCTBYIOIIEH
samaan tuma Komum. B mogxomsmenm mpocTpamcTBe 0600MEHHBIX (DYHKITHNE CTPOTO JTOKA3BIBACTCS
€JIMHCTBEHHOCTb pellleHusi. KKpoMe Toro, moJiy4eHbl KOJUIECTBEHHBIE OIEHKH, XapaKTepU3yIoIle
B3aMMOCBSI3b MEXK/Iy PEIIEHUSIMU COOTBETCTBYIONIUX KOPPEKTHO M HEKOPPEKTHO IIOCTABJIEHHBIX
3asia4. Ha OCHOBe 3TUX OIIEHOK ITOJIy9eHbI Pe3yJIbTaThl allllPOKCUMAIMHN U JOKA3aHBI COOTBETCTBY-
FOIIE TEOPEMBI, KOTOPhIE CO3AI0T TEOPETUIECKYIO OCHOBY JIjIs YCTOMYUBOIO BOCCTAHOBJIEHUS Pe-
[ICHNS.

KurodeBble coBa: MeTO perysipu3anui, 3aa4da KoImm, ypaBHeHne TeII0MPOBOIHOCTH, HEKOP-
pekTHO nocrasienHas 3aaada JJYUIl (ypaBHenuii B 4aCTHBIX [IPOM3BOIHBIX), BCIOMOIaTeJbHOE
ypaBHEHHUE, CTAI[MOHAPHOE PEIIeHNE.

1 Introduction
Consider the process of heating in the following stripe
Q = {(z,y) eR* | 0<y < h, z€R}.

The given temperature is maintained and there is no heat flow at the lower base. We need
to find the temperature at the upper base of the stripe.
The process of heating is described by equation

ou 0%u 0%u

— = — — eER, O<y<h,t>0, 1
o 02 g TEN Usysh (1)
with boundary conditions
0 0,t
u(z,0,t) = ¢z, t), %:0, —00 <z <400, t>0. (2)
Y

We need to find the temperature u(zx,y,t) on the upper base y = h.

The Cauchy problem — has been studied in a large number of mathematical
publications, starting with the classical work of Hadamard |2| (see also |3] where an overview
of the corresponding literature is made). We know that the Cauchy problem for the elliptic
equation is ill-posed problem of PDE (for this reason, see 7], [5]). In most works, the problem
of stability and regularization is studied (see [4], |7], [8]). The computational aspect of this
problem is discussed in [8]. Quasi-inversion method for Cauchy problem was studied in the
cylinder (see [12}/14]). The existence and uniqueness of the Cauchy problem for the elliptic
equation was studied (see [9], [10] [11]).

2 Uniqueness of the solution

Note that in general case it is necessary to add to boundary conditions — the initial
condition. We are looking for a stationary solution u = u(x, y). In this case equation takes
the form
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0%u 0%u
w—f‘a—yQ:O, reR, 0<y<h. (3)

with boundary conditions

Ou(z,0)

u(xv()) = (b(:t), Iy

=0, —oo<z<o0. (4)

Let D(2) denote the space of functions that are infinitely differentiable in the strip 2 and
whose supports do not intersect a neighborhood of the upper boundary y = h.

Definition 2.1. Let ¢ € Ly(R). We say that a function u(x,y) € Lo(2) is a solution to
the problem f if, for every test function v € D(Q2), the following relation holds:

[ e (5 + 5on ) e = /¢ o)

(see [9]).
Proposition 2.1. If the problem - has a solution, then this solution is unique.

Proof. Let u;(z,y) and us(x,y) be two solutions. Set
u(q;, y) = ul(xv y) - UQ(JZ', y)
Then for any function v € D(Q2) the following equation is valid
v 0%
[t (54550 ) oy = o (©
Q

As a function v(z,y) we take the function of the following form:
v(r,y) = w(y)e ™, s €R, (7)

where the function w € C*°[0, h] vanishes near the point z = h.
Then 2 o
v v —18T
9z T ar [ (y) — s*w(y)]e ™"

In this case we get from equation @:

h w(y)] dy Oou(x,y>e—mdx = 0. (8)
[ o /

Consider the expansion of u into a Fourier series:

o0

umw=:/mmmM@, (9)

—00
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where

o

u(s,y) = %/u(m,y)e_isw dx. (10)

—0o0

Then we can rewrite equation as

h
/ [w”(y) — Kw(y)] a(s,y)dy = 0, seR. (11)

Fix any y € (0,h) and choose § > 0 so small that (y —d,y + J) C [0, h].
Let ws(y) be a function from C*°[0, k| such that wi(y) < 0 and wj§(y) > 0, and outside
the d-neighborhood of point x this function equals

z—y, 0 <y < z-49,
ws(y) = { (12)
It is clear that wj(y) = 0 for |y — z| > § and
h
[ iy = wi) ~wi0) = 1
0

Hence, this function wj(y) is a delta-shaped kernel ( [1], Chapter III, Sec. VI).
Further, according to ,

— < <
lim ws(y) = -y 0sy=ss (13)
s—0ot 0, z <y < h.
Then
h z
tim [ [uf) = Sust)] sy = (s,2)— 5 [ i)y
0 0

It follows from that the function u(s, z) satisfies equation

z

u(s,z) — s* /(z —y)u(s,y)dy = 0. (14)

0

Since this is a homogeneous Volterra integral equation of the second kind, it has only a
trivial solution. Indeed, this directly follows from the fact that the integral operator in this
equation is quasinilpotent.

Hence, u(s,y) = 0 for almost all y € [0, h]. Consequently, according to Parseval equality,
u = 0 as element of Hilbert space Lo(£2).

The proof of Proposition 2.1 is complete. O
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3 Conditional solution

We are looking for the solution in the form

o

u(z,y) = /ﬂ(s,y)ew”“’ ds.

To find the function u(s,y) we use the condition (4)):

W(s,y) — s%(s,y) = 0, 1(s,0) = p(x), @(s,0)=0.

Then R
u(s,y) = ¢coshls|y.
Hence,
u(z,y) = /qgcosh|3|y " ds. (15)

It is clear that this solution exists only when the function gg tend to zero exponentially.

Nevertheless, we can take advantage of the experimental fact that the solution exists for
y = h and belongs to the class Ly(R). We will search for a solution under this additional
condition.

Set

U(x) = u(z,h). (16)

Consider the expansion of 1:
ve) = [ Bl e as 17)

Thus, according to Parseval’s equality, the additional condition we have introduced is as
follows

9l = 2 [ 100s)F ds. (19

Since

o0

P(r) = u(z,h) = /QAﬁ(s) cosh |s|h e"**ds (19)
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we get
{D\(s) = (E(s) cosh |s|h. (20)

Hence, according to ,

Cosh|s]y
'LSl'd 21
/¢ cosh [s|h (1)

4 Auxiliary equation

Consider the auxiliary equation

0*u 9%u 0*u
gz T g T g O Toosa<oe O<y<h (22)

with the same boundary values .

We can look for the solution in the form

o0

u(z,y) = /ﬁ(s,y)eisx ds.

~

The function is u(s,y) = ¢(s) cos sy and required solution is

y) = / B(s) cos py €7 ds, (23)

where

ps = ps(a) = Vast — s (24)

Proposition 4.1. The following inequality
|cospusy| < coshlsly, 0<y<h, secR, (25)
15 valid.

1
Proof. In case where |s| > \/j the values of j are real. Hence, the following estimate
a

|cospsy] < 1 < cosh|sly (26)
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is valid.

1
Let |s| < \/j Then p? < 0 and
a

12 = s* —ast <
Hence,
lus] < [sl.
Then
|cospsy| = cosh|ps|y < cosh|s|y.
The proof of Proposition 4.1 is complete. 0

Proposition 4.2. Assume that 1 € Ly(R). Then the solutions and of the
problems and , respectively, with boundary conditions ({4f) satisfy the condition

lim - |ua(z,y) = w(z,y)||L@ = 0 (27)

a—0

uniformly with respect to y € [0, hl.

Proof 1 We have
o) =~ o) = [ Gs)lcoshlsly — cosp) ¢

Then, according to ,

o |
u(z,y) —ua(z,y) = %[cosh |s|ly — cos psy] €* ds. (28)

—0o0

According to Parseval equation,

[ 10s)P
lu(z, y) — ua(z,y)17,m = 27T/m|005h|3|y—008/t5y|2d& (29)
Set
cosh |s|y — cos py|?
wy(goa) = L ' (30)

cosh? |s|h ’
(recall that ps = ps()).

Then

) = o)y = 27 [ )Py d, @1
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where 0 <y < h, and o > 0.

According to Proposition 4.1,

| cosh |s|y — cos psy|*> < [2cosh|s|y|*> < 4cosh? |s|h.

Hence,
ws(y,a) < 4, 0<y<h, a>0. (32)
In addition,
li s = .
Jim pg(a) = [sli
and therefore
lim cospusy = coshlsly.
a—0t
Hence, for any y € [0, h]
lim ws(y,a) = 0. (33)

a—0t

Since 1 € La(R) the following integral converges:
D) ds = o I(s)I
s s= o W)L

Hence, it follows from and and from theorem of Weierstrass, that the right hand
side of tends to 0 subject to o — 0 uniformly with respect to y € [0, h].
The proof of Proposition 4.2 is complete.

O
Corollary. Assume that ¢ € Ly(R). Then
lim_ oz, h) = u(e, D) = 0. (34
a—0t
U

Note that the Proposition 4.2 only asserts the convergence of the auxiliary solution to
exact one. In order to estimate the approximation error, it is necessary to require additional
smoothness from the solution.

Denote by L2(R) the Sobolev space with the norm

112 = 2n / F)P+1sP)’ ds, (35)

o~

where f(s) is the Fourier transform of the function f(z).
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Proposition 4.3. Assume that 1 € L5(R), where 0 < § < 3. Then the solutions
and of the problems and , respectively, with boundary conditions for every
a,0 < o < 279/8h? satisfy the estimate

(e, y) = ulz, Yl < V2r PR3 (36)

uniformly with respect to y € [0, h.
Proof. We use the equation . Divide the integral into two parts:

/ W 2wy, o / / = 6L + L. (37)
s2<1/a s2>1/a

1. To estimate I; note that in case s < \/g the multiplier ws(y, @) defined by has
the form

| cosh|sly — cosh(|u]y)?

sy, ) cosh? |s|h (38)
In this case
o=l = el - S 2 g (30)
sl lusl kA sl 5]
Further, using the Lagrange’s mean value theorem for 0 < a < b we get
coshb — cosha = (b—a)sinhé < (b—a)sinhb < (b— a)coshb.
Then it follows from
cosh |s|ly — cosh(|us|y) < (|s| — |us|)y cosh |sly < als|*z cosh |s|y.
Hence,
wy(y, o) < h*a?sC, (40)
Further, since |s| > |ug| then cosh |s|y > cosh |us|y and
0 < cosh|s|y — cosh |usly < cosh|s|y.
Then
ws(y, ) < 1. (41)

It follows from and that for every A from interval 0 < X\ < 1 the estimate

w,(y,a) < (h2a?s%),
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is valid.
Choosing A = 3/3, we get

L < / [0(s)Pws(y, a) ds < a*/3p203 / Wh(s)[? s* ds. (42)

$2<1/a s2<1/a

2. To estimate I, we use the inequality . Then we have

I, = / 10(s) P wy(y,a) ds < 4 / 10(s)? ds < 4a” / 1(s)|?s%® ds. (43)

s2>1/a $2>1/a 52>1/a
Set
Cla) = max{h?3, 2a°/6}. (44)
Then we get from , , , and :
lua(@, y) — w(@, 9@ < V21 Cla)a®?||y ] (45)
The proof of Proposition 4.3 is complete. U

5 Approximate boundary value problem

Assume that the boundary value is measured with some error § > 0. It means that instead
¢ we have the function ¢ such that

[6(x) = d5(@) || 2m) < 6. (46)
Let usq(x,y) be a solution to the equation with boundary condition
usa(7,0) = ¢5(x). (47)

Proposition 5.1. For any a > 0 and § > 0 the following estimate

h
|tsa(z, h) — ta(z, h)|| Lym) < 24/ 6 cosh ﬁ (48)
18 valid.
Proof 2 Let N
¢s(r) = bs(s) €™ ds

Then, according to (23)),
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[e.9]

Ué,a($, h) — Ua(l', h) = /($5<3) _ a(s)) COS,USh €isxd$.
Further we use Parseval’s equality:
usa(-sh) —ua(- h)|)* = 27 / \¢5 )|? cos® psh ds.

Divide the integral into two parts:

7 |65(5) — &(s)[? cos? p.h ds = / - / =L + b

s2<1/a $2>1/a
According to Proposition 4.1,
I < / |<$5—$(3)|2cosh2|s]h ds < cosh? — /]gb(; (5)]* ds =
s2<1/a
2 2 2
= cosh® — ||¢5s — ¢||*> < 6%cosh® —

\/_ Vo
Further, according to and first inequality ,
B [ o) =3P ds < [6() - sl < O
s2>1/a

The required estimate follows from and :

g0z, h) — ua(z, h)||?> < 2767 ch? % + 28 < 4md? ch? %.

The proof of Proposition 5.1 is complete.

Corollary. Under the conditions of the Proposition 5.1, the following estimate
|ts,o(x, h) — ug(z, h)|| < 2\/7_1'56%

18 valid.

Proposition 5.2. Assume that 1 € Ly(R). Set

)\2

o = Oé((S) = ma

(49)

(50)

(52)
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where X 1s an arbitrary constant such that A > h. Then for any d from the interval 0 < § < 1
the estimate

luga (e, h) — ua(z, h)|| < 2y/76073) (53)
15 valid.

Proof 3 Note that

S

57 = V5, and 5% =
= eV, an X = eva,

Therefore,
56% = 5-57% = 5(1_%>

Then the required estimate follows from (51)).
The proof of Proposition 5.2 is complete.

6 Main results

In the case when the sought function is known only that it belongs to space La(R), the
following convergence result is valid, without estimating the convergence rate.

Theorem 1 Assume that the function ¥ (z) = u(z, h) exists and belongs to Ls(R). Set

)\2
= 0) = ——, O0<do<l1 54
a = ald) = S , (54
where A > h.
Then
li oz, h) — = 0.
Jim [Jusa(e,h) — v@)] = 0 (55)

Proof 4 We can write
[ts.a(w, h) — ()] <

< |lusal@, h) —ua(z, h)|| + [Jua(z, h) —P(2)]. (56)
According to Proposition 5.2,

[usalz, h) —¢(@)| <

< 26070 4 Jlua(a, h) — (@) (57)

Therefore, follows from and from condition \ > h.
The proof of Theorem 6.1 is complete.



118 On the regularization of the Cauchy problem for the Laplace equation in the stripe

Theorem 2 Assume that the function ¢ € L5(R), where 0 < 8 < 3, satisfies condition

1¥lls < 1. (58)

Let o = a(6) is defined by equation (54). Then for any ¢ from the interval 0 < § < 1 the
estimate

—25/3
lusaled) = vl < Cs) (m3) . 0<s<, (59)

is valid.

Proof 5 It follows from , , and , that
lusalz, h) — p(@)]| < 2v/m60%) + Var aBhe/3)| .

Taking into account equation (54)) and condition , we can write

)

28/3
lusaed) = vl < 27600 + VER P () (60)

It is clear that
n 1\
5(1A)§C< ) , 0<d<l.

1
lné

Then required estimate follows from .
The proof of Theorem 6.2 is complete.

7 Example
Examples 1 Let h =1 and let the boundary data be given by
o(z) = e’“z, x €R. (61)

Then ¢ € Ly(R) since

e —9ox2 T
ol = [ e =[5 <0 (©

The Fourier transform of ¢ is

o(s) = ﬁ et s eR. (63)

The exact solution of the Cauchy problem f s given by formula .'

u(:t,y):/ 2ﬁ6_82/4cosh(]s\y)emds. (64)



A K. Qudaybergenov, Zh. Madibaiuly 119

The value at the upper boundary y =h =1 1is

U(z) =u(z,1) = /_ 2\1/% e

so that, according to ,

[e.e]

=% /% cosh(|s]) €% ds, (65)

3(s) = 3(s) cosh [s| = 2\1/7? e/ cosh |s]. (66)

We werify that 1) € Ly(R). Indeed, since cosh |s| < el*l, we have

”wH%Q(R) = 271'/ [9(s)]* ds = 5/ e~ /% cosh? |s| ds < 5/ 2112 s < 00, (67)

—00 —0o0

since 2|s| — s*/2 — —o0 as |s| — oo.
Moreover, 1 € LS(R) for all 0 < 8 < 3. Indeed,

o0

<~ 1
||@Z)||% = 27?/ 10(s)[2(1 + 32)5 ds = 5/ e~**/2 cosh? |s| (1 + 32)5 ds < o0, (68)

[e.e] —00

since the Gaussian factor /2 dominates any polynomial growth as |s| — oc.

By rescaling, without loss of generality we may assume ||¢]|z < 1.
The regularized solution corresponding to the auxiliary equation takes the form

ua(2,y) = / 2/ e cos(puey) € ds, (69)

where p; = ps(a) = Vast — s as defined in (24).
Now suppose the boundary data is measured with error § > 0, so that instead of ¢(x) we
observe ¢s(x) satisfying

|ps — &l Lom) < 0. (70)

Set A =2 > h =1 and choose the reqularization parameter as in (H4)):

4
Then the following results hold:
(i) Since ¢ € La(R), by Theorem 6.1,

Jim [lusa (1) = () 1) = 0. (72

(ii) Since 1 € L5 (R) with ||1||s < 1, by Theorem 6.2, for any 0 < < 3,

—28/3
s ) = 6Ol < €00 (w3) . 0<o<1, (73

which provides an explicit logarithmic rate of convergence of the reqularized solution to the
exact boundary value .
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