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DIRECT AND INVERSE SOURCE PROBLEMS FOR GENERALIZED
FRACTIONAL DIFFERENTIAL EQUATIONS

In this paper, we investigate the question of solution existence for higher order fractional
differential equations that involve both Riemann-Liouville and Caputo type fractional derivatives.
To prove our main results, we use the Laplace transform method, which provides a powerful
tool for dealing with fractional operators and finding explicit formulas for solutions. Moreover,
we investigate some inverse source problems for the class of higher order fractional differential
equations under consideration. We study the problem of determining unknown sources in the
equations under some additional conditions imposed on the solutions, called the over-determination
condition y(7") = h. The results obtained in this study contribute to the development of the theory
of fractional calculus and its applications in various fields of mathematical physics and engineering
sciences, in which fractional differential equations arise in a natural way to describe memory and
hereditary properties of various phenomena.

Keywords: direct problem, inverse source problem, Riemann-Liouville fractional derivative,
Caputo fractional derivative, Laplace transform.
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A. Ackaposa

Kanmbutanran 6edinek perti quddepeHnanablK, TeHAEYJIep YIIH Typa YKoHe
Kepi ecenrep

Byn makamana 613 Puman—JInysust xxone KamyTo TunTi 6eJ11m1eK Ty bIHIBLIAPHL 6ap YKOFAPHI PET-
Ti Gestmex nuddepeHImaiIbK TeHIEYIIep YIMiH mermiMuig 6ap 60ty Mocestecin 3eprreiimiz. Herisri
HOTHZKEIEPl JoJesaey OapbIChIHIa OOJIIIeK OmepaTopaapMeH *KYMBIC icTeyre »KoHe MTeITiMIepIiH
afikpIH (bopMysTaIaphiH TabyFa MyMKIHIK OepeTiH KyaTTs! 9aic peTinge Jlamrac TypaeHaipyi KoJ-
nanblIabl. COHBIMEH KaTap, KApacThIPBLIBII OThIPFAH YKOFapbl peTTi Gesiek aTuddepeHraiIbIK,
TeHJIeyJIep KJIachl VINH Kelbip Kepi ecemrep 3eprreseai. Aramn afTKaHIa, IIEITMre KOHbIIATHIH
KoceiMIna maprrap, aruu y(7T) = h, HerisiHge TeHjeyiH OH YKAFBbIH AHBIKTAY MICeJIecl Kapac-
TBIPBLIAJBI. 3ePTTEY HOTUKeJEPl GOJIIeK PeTTi TYBIHIBLIAD TEOPUSICHIHBIH, JaMYbIHA, COHIANH-aK,
MaTeMaTUKAJIBIK (pU3nKa MEH MHYKEHEPJIiK FhIIBIMIAPIBIH SPTYPJIl caIaJapblHIarbl KOJIIaHOA b
ecenTepiH IIelryre yjriec KOcalbl, OiTKeHI OeJInek perTi quddepeHnnaIbK, TeHIeyIep KOITereH
KYOBLIBICTAPIBIH YKAJIbI YKOHE TYKBIMKYaJIayIIbLIbIK KACHETTEPIH CUIIATTAy 8 TAOUFU Type maiiia
6oJTaIbI.

Tyitin ce3mep: Typa ecem, TeHJAEYiH OH KAFblH KAJIIbIHA KeJTipyre apHajran kepi ecem, Pu-
maH-JlmyBusn 6eriexk perTi TysiHAbICH, KanyTo Oesrek perti TybIiHabICH, Jlamtac Typiaenaipyi.
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32 Direct and inverse source problems for generalized fractional differential equations

IIpsimble 1 obpaTHBIE 3a/Ja4 UCTOYHUKA JIJIsI OOODIIEHHBIX APOOHBIX
auddepeHInaIbHBIX ypPaBHEHTIA

B nmannoit pabore ucciemyercss BOIPOC CYIIECTBOBAHUS PEIIeHniT APOOHBIX muddepeHITnaTbHBIX
YPaBHEHUII BHICOKOI'O OPSIIKA, COIEPKAIIIX IPOOHBIE TPON3BOAHbIe TuroB Pumana—JInyBuiuis u
Kamyro. JIs1 moKa3aTebCcTBa OCHOBHBIX PE3Y/ILTATOB UCIIOIB3YEeTCsI MeTO peobpa3oBanus Jla-
raca, KOTOPblii siBjisieTcst 3 MEKTUBHBIM UHCTPYMEHTOM JIJIsi pabOThI C JPOOHBIMU OIIEPATOPAME
¥ T03BOJISET TOJIydaTh siBHbIE (POPMYJIbI perneHnii. KpoMe Toro, paccMarpuBatOTCsi HEKOTOPBIE
oOpaTHBIE 33/I1a9M OIPEIEJIEHNsT ICTOYHNKA JJIsd KJIACCa MCCIEyeMbIX IPOOHBIX muddepeHInab-
HBIX yPaBHEHUIT BLICOKOTO MOpsiiKa. V3ydaercs 3a/ja4a BOCCTAHOBJIEHUs] HEU3BECTHBIX UCTOTHUKOB
B YPABHEHUSIX [PU HAJUIUH JIOTIOJTHUTEJHbHBIX YCIOBUI, HAJOKEHHBIX HA PEIIeHUs], TAK HA3BIBA~
emoro ycyiosust nepeonpesenenus y(T') = h. IlosyueHHbIe pe3yIbTATBl BHOCIT BKJIAJ B DA3BUTHE
Teopuu JPOOHOIO UCUYUCTIEHUS U €€ MPUJIOXKEHUN B PA3JIMYHBIX 00JIACTIX MaTeMaTUIeCKOl (usn-
KM U WHXKEHEPHBIX HAyK, rJe JpobHble muddepeHuaIbHble yPABHEHNsS €CTECTBEHHBIM 00pPa3oM
BOZHUKAIOT IIpU ONUCAHNY 3DDHEKTOB MAMITH U HACIEICTBEHHBIX CBONCTB PA3IMIHBIX SBJICHUI.
KiroueBsbie cioBa: mpsiMast 3ajiada, oOpaTHas 3a/1a9a OIpe/IeJIeHs] HCTOYHUKA, JTPOOHAST TPOU3-
Boguas Pumana—JIuysunis, gpobuas npousBoanas KamyTo, mpeobpasosanue Jlammaca.

1 Introduction
In their research [10], S.-D. Lin and C.-H. Lu (2013) consider the equation
y'(z) +a“ D y(x) + by(x) =0,
under the initial conditions

y(O) = Co, Z//(O) = Cq,

and prove the solvability of this equation together with some of its particular cases. Here,
the operator ¢ D§ ', denotes the Caputo fractional derivative.

Later, in 2019, this problem was generalized by G. Bozkurt, D. Albayrak, and N. Dernekin
[4], who presented solutions to a wider range of fractional differential equations of the form

“D§,y(z) + a“ D y(x) + by(x) = f(x).
and

Dg,y(w) +a Dy, y(w) +by(x) = f(),

as well as their corresponding particular instances. In this setting, the operator Df, represents
the Riemann-Liouville fractional derivative.

The study in [4] includes specific cases like the fractional damping vibration equation for a
single degree of freedom and the general Bagley—Torvik equation. The authors demonstrated
that these equations can be solved efficiently using tools from fractional calculus. Other
solution methods for such equations can also be found in (see [1,2,5]).

It is worth noting that the results of [4] were further generalized in |3|, where the solvability
of fractional differential equations involving Hilfer fractional derivatives, which interpolate
between the Riemann—Liouville and Caputo derivatives, was investigated. In particular, the
equation

DG y(x) + a DEy(w) + by(x) = f(x)
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subject to the conditions

AN s
igrg)(%) Iy y(x) = ¢, kE=0,1,...,n—1,

and

d m—r—1 Vo
lim <d_) [(()i 2 6)3/(1:) =b,, r=0,1,...,m—1,
x

z—0

was considered.
In the present paper, we investigate the solvability of the three-term fractional differential
equations

Dg,y(x) + a Dy, y(x) + b Dl y(x) = f(x)
and
CDBﬂry(x) + acD&y(x) + bcDg‘er(x) = f(z),

thereby extending the two-term models considered in [4] to a more general three-term setting.
Furthermore, we investigate the corresponding inverse source problems

D8‘+y(x) + aDg+y(x) + nger(x) =f
and
°D§,y(z) +a°Dj,y(x) + b Dl y(z) = f,

where both the solution y and the source term f are unknown.
We also refer the reader to [4}7,/11] for related results on various classes of evolutionary
equations involving Riemann-Liouville and Caputo fractional derivatives.

2 Preliminaries

In this section, some of the fundamental concepts and definitions considered essential for
the development of the results presented in this paper are introduced (see [6,9,11]). Relevant
theorems are also stated, and their proofs are given. The belief of the authors is that the ideas
presented in this section are adequate for a comprehensive understanding of the subsequent
material.

Definition 1 /9, p. 18] For a function g(x) defined on x > 0, its Laplace transform,
denoted L{g(x)}(s), is given in terms of the integral

L{g(x)}(s) = G(s) = / " glw)e de,

where s is a complex variable. The Laplace transform is said to exist provided that this integral
converges.
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Definition 2 For functions f(z) and g(x), their convolution is expressed through the
integral

(F+9)@) = [ Fgla -~ r)ar
0
Remark 1 Using the Laplace transform to the convolution, we obtain

L(f*g)(t) = F(s)G(s).

Definition 3 [9, p. 69/ The Riemann—Liouville operator of fractional integration of order
a, where o is complex number with a positive real part R(a) > 0, of a function g is given by

00) = o [ o= talr)ir
and
1 b
1 gle) = o5 | (7= atn
where I g denotes the left-sided Riemann—Liouville fractional integral and Iy g denotes the

right-sided Riemann—Liouville fractional integral.

Definition 4 (9, p. 70/ The Riemann—Liouville operator corresponding to a fractional
derivative of order o (0 <n —1 < R(a) < n) of a function g is expressed as

Do) = e () [ - o= () et

and

piae) = i () [ —or=mtgtar = 1y (1) gt

where Dy, g denotes the left-sided Riemann-Liouville fractional derwative while Dy g
represents the right-sided one.

Definition 5 [9, p. 92] For a function g, the Caputo fractional derivative of order «
0 <n—1<R(a) <n)is given by

e g(z) = ﬁ / “ = pyrmont (dii)n o(r)dr

and

i gt = pits [ ay=t () o

where DY g denotes the left-sided Caputo fractional derivative while “ Dy g represents the
right-sided one.
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Lemma 1 The Laplace transform of the left-hand sided Riemann-Liouville fractional
deriwative is determined by

n—1

L£4Dg,g(a)} = s°G(s) = 3 * lim D" g (),

z—0
k=0
where a € C, 0 <n—1< R(a) <n.

Lemma 2 (10, Remark 1.1, p. 3] The Laplace transform of the left-hand sided Caputo
fractional derivative is determined by

£{° D, g(a)} = §jwkhm(—)klmw,

z—0
where a € C, 0 <n—1< R(a) <n.

Definition 6 [12/ The Mittag-Leffler function E, 3(2) is formulated as the series

Zk
Ea’/g(Z) = m, éR(Oé) > O,

NE

e
Il

0

where B, a € C.

Definition 7 [12] The generalized Mittag-Leffler function E] 4(2) is formulated as the
series

;;Fom—i-ﬂ n!’ R(a) >0,

where 3, a,y are complex numbers, and (7y),, is given by (7), = L'(v+n)/T(y) and (7)o = 1.

Remark 2 (9, p. 45] The function E] 4(2) is an entire and its order is determined by
[R(a)] ™"

Lemma 3 [12] For R(s) > 0, R(5) > 0, A € C, and |As™®| < 1, the Laplace transform
of the function "' E] ;(A\x*) is defined by

1

B-1pm ay]
L{x 0 p(AT)} P he)

(1)

Definition 8 We use the notation C*® to represent the space of functions g € C*°(R,)
such that Lg is an entire function.



36 Direct and inverse source problems for generalized fractional differential equations

3 Main part

In this section, we will formulate the principal problem being addressed in this paper
and prove its solvability. In order to solve the problem, the Laplace transform along with its
inverse will be used. The results stated in the previous section will be heavily employed.

Lemma 4 We suppose that a,b € R, o, 5,1 € C, R(a) > R(B) > R(u) > 0, and

b 1
SYH 4 asB—1 ’
Then, we obtain
1 = —b)*
-y =0 )
s* + asP + bsH £~ gak—pk+a (1 4 gsB=a) +

Proof. By transforming the left-hand side of the equation , we show that it coincides with
the right-hand side. To this end, we start from the left-hand side and proceed as follows.
1 sTH
s* + asP + bst s H 4 asPr 4D

S—M

(Sa*li + asﬁ*ﬂ) (1 + m)

sH b -1
SR U —
§AH 4 qsP—k §AH 4 qsP—h

By using the series expansion

b —1 o] b k
14— ) = S
( * SOTH 4 asﬂl‘) kg (sa“ - asﬁﬂ) ’

we obtain
1 B sTH i —b k B i (—b)ks_ﬂ
s* 4 asP +bst 5O 4 asPor o \sTH A+ asf=+) o (soH ash—m)F !
-y DR S )
im0 SO (k“ (14 asho)1 & gahkta (1 4 ggh—o) T

The proof is complete.

Theorem 1 Let a,b € R, a,f,pn € C, nym, L € N, n > R(a) >n—1>m > R(S) >
m—1>0>R(pu)>0—1>0, and

b
s9TH 4 asPr
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Then the following fractional differential equation
Dy y(t) + aDngy(t) +bDp,y(t) = f(t), t>0,
under the given initial conditions

lim Dg‘;r_ly(t) =c¢ for r=0,1,2,...,n—1,

t—0

. B—j—1 o _ _
Iltgr(l)DOJr y(t)=0b; for 7=0,1,2,...,m—1,

and

lim DY y(t) = a; for i=0,1,2,...,0—1,

t—0

has a unique solution, defined by

) = F(8) % SO (-DHEIIEE (at )

k=0
n—1 o)
DD I Gl A Ay o PPN 7 )
r=0 k=0
m—1 00
a)y by (bt B ke ra(—at® )
7=0 k=0
/—1 [eS)
+bY ay (=byfeere g ke ia(—at® ),
i=0 k=0

where f € C*(R,).

Proof. To prove this, we apply the Laplace transform method.Taking the Laplace transform

of equation and using

n—1 n—1
L{Dgy(t)} = sY (s) — 2; s"lim DGy (t) = 57V (s) — 2; s'cr,

m—1 . m—1
LDo.y(1)} = Y () = 3 Im D7 y(t) = 7Y () = 3 &by,

—

3=0 j=0

&1 ‘ -1
EDBy(O)} = V() = 3 st Iy DEy(0) = Y (5) = 3 s

we obtain

/-1

n—1 m—1
s*Y (s) — Z s"c, +as’Y (s) —a Z s7b; + bs'Y (s) — bz sa; = F(s).
r=0 =0

1=0
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Solving the above equation with respect to the unknown function Y'(s), we obtain the
following expression

F(s)+ Y00 e+ ay g siby + b sl
5% + asP 4 bst

Y(s) =

or

n—1 m—1 -1
1 r j i
Y<S):sa+a35+b3“ (F(s)—l—gscr%—ag S]bj‘l'bé sai>.

Now, using Lemma [, we have

00 b)k n—1 . m—1 A /—1 i
Zsak pk+a 1+CL85 )k—i—l (F(S)+Zscr+a233bj—f—b§:3ai

k=0

+ & Z
Z gok— ukJra k+1 " sk—pk—r+a )k+1
=0

P 1 +ash— — 1 + asP-
m—1 o) b)k l— 00 b)k
+a b; +0b a; )
o ! 2% sok—pk=jta (1 4 qsf—a k“ ; z; gok—pk—ita (1 4 qsB- )kJrl

Then applying inverse Laplace transform to the Y (s), and using Remark |1}, and Lemma ,
we get the solution of problem —@ defined by

*i tak pk—+o— 1E§+é b Mk+a( atafﬁ)
n—1 I:O
+Zcrz tak phorras 1E§+é,ak pk— 7‘+a< ataiﬁ)
T:n(z)—l 00
+aZbJZ tak photas 1E(§+éak pk— j—l—a( ata718>
G
FBY @ ()b gL (ato ),
=0 k=0

The proof is complete.

Corollary 1 Let a,b € R, o, 5,u € C, n,m,l € N, n > R(ar) >n—1>m > R(5) >
m—1>0>R(p)>0—-1>0,

b
— < 1,
59 + asPH
and assume that
Cll = Z( b)kTak phtas 1Ef¢+é ak— uk+a( a’Ta_B) 7é 0.

k=0
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Then the following fractional inverse source problem

DS y(t) +aDy y(t) +bDhy(t) = f,  0<t<T
with the initial conditions

lim Dg‘;r_ly(t) =c¢ for r=0,1,2,...,n—1,

t—0

ling;jfly(t) =b; for j=0,1,2,...,m—1,

t—0

lim D’Oﬁi*ly(t) =a; for i=0,1,2,...,0—1,

t—0

and the over-determination condition
y(T') = ha,
has a unique solution pair (y(t), f), defined by
_ hy —Cia—a-Cizs—0b-Cuy

f
Cll
and
y(t) _ (hl —Cp—a-Ciz3—>b- 014) ) i(_b)ktakuk+alEk+l
Cll k=0
n—1 e )
D DD 0 Ay O BRI G
r=0 k=0
m—1 00
kiak—pk—j+a— k a—
t+a Z bj Z(_b> t pEa 1Eaté,ak—uk—j+a(_at ﬁ)
j=0 k=0
/—1 o)
+b Qi (_b)ktakiukiiJrailEité,ak—uk—i-&-a(_ataiﬁx
=0 k=0
where
n—1 [e's)
Cl? = Cr Z(_b)kTaki#kirJrailEgt}a’,ak—uk—r—ka(_aTaiﬁ)J
r=0 k=0
m—1 00
kpak—pk—j+a— k o—
013 - Z bj Z<_b) T pEa lEaJ—rlli,ak’—uk’—j—l—a(_aT B)?
7=0 k=0
and
/—1 [
C(14 = a; Z(_b)kTak_Mk_H—a_lEsté,akﬁukfzﬂra<_aTa_6)‘

)

a—B,ak—pk+a
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Proof. According to Theorem |1, the solution of problem — admits the representation

y(t) = f- ) (=b)ftt e B e pra(—at® )
k=0
n—1 [e's)
+ CTZ tak phortas 1E(§+%,ak wk— 7‘+a< ataiﬁ)
r=0 k=0

00
k—pk—j+a—1 pk+1 -
+a b] Z tCV phogtas Ea B,ak—puk— j—l—a( at® IB)

j= k=0
0— [%S)

FOY 0 S e
=0 k=0

Using the additional condition y(7') = hy, we obtain

0o
_ f Z kTak pk+a— 1E§+é,ak‘ M]H_a( aTa—ﬁ)
k=0
n—1 00
+ CTZ kTak phorkas 1E§+é,ak‘ pk— r+a( aTQ—B)
r=0 k=
m—1 00

+azbjz kTak pk—j+oa— IE(’)C[JF%,ak b ]+a( aTa—B)

j= k=0
/-1 )

+0) a; Y (=b)F TR B L kira(—aT )
=0 k=0

= f-Cnu+Ci2+a-Cuz+b-Cuy
from which the unknown function f can be determined as

f= —Cip—a-Ciz3—b-Cy
Cn '

After substituting f into y(t), we get

hy — —a- —b- o
y(t) _ ( 1 012 a Cl3 014) Z( b)ktak pk4o— 1E§+é e ,uk—i—a( (Zta_’B)

C
11 =0
n—1 00
2 E ak—pk—r+a—1 pk+1 a—pf
+ Cr t Ea B.ak—upk— r+a( at )
r=0 k=0
m—1

oak—pk—j+oa—1 pk+1 a—p
t Ea B,ak—puk— j—l—a( at )

k ak—pk—it+a—1 pk+1 a—pf
t Ea B.ak—uk— z+a( at )

This concludes the proof.
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Theorem 2 Let a,b € R, a,5,p € C, nym,l € N, n > R(a) >n—1>m > R(E) >
m—1>0>R(u)>0—-1>0, and

b

— < 1
SOH 4 qsB—n

Then the following fractional differential equation
“Dgyy(t) +a“Dgy(t) + b Dgy(t) = f(1), >0, (12)

under the given initial conditions

d r—1
P_r}% (%) yt)=c¢, for r=1,2,...,n, (13)
d\’
P_r}% (E) y(t) =0b; for j=1,2,...,m, (14)
and
g\ !
P_r}% (E) y(t) =a; for i=1,2,...¢, (15)

has a unique solution, expressed by

<

—~
~

S—
Il

F(O) % Y (=0 R BT e ra(—at® )
k=0
n

0o
+ Cr Z(_b)ktakiukJrTilEsJ—ré,ak—uk—i-r(_ataiﬁ)
r=1 k=0
m 0o

tay by (“O)MEITIEL e (—at )
j=1 k=0

l o)

+ b Z a; Z(_b)ktakiukJriilEzté,ak—uk—i—i(_ataiﬁ)7

=1 k=0
where f € C®(R,).

Proof. To prove this, we apply the Laplace transform method.Taking the Laplace transform
of equation and using

LEDE0) = () - s (4 00 =V (9) - s

r=1 r=1

LEDG ) =¥ () = s i () w0 = V() = s,

j=1 j=1
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and
¢ ¢

CEDE0) =Y () = 3wt () 00 =¥ () = o

t—0
i=1 =1

we obtain

saY(s)—zn:sarcr—i-asﬁY —aZs'B Tb; + bs"Y (s —sz“ ‘a; = F

r=1 7j=1
Simple arithmetic operations imply

F(s)+ Y0, s e, +a X0, 07 + b st
5% + asP + bst

Y(s) =

or

n m £
1 . 4
_ a-r By, neig,
Y(s) = o o (F(s) + ;:1 s*"e +a ;:1 s"79b; +b ;:1 s al) .

Then using the Lemma [ to the above expression, we get

o0 n m J4
= Z (=)* )k+1 (F(s) + Z s 7", +a Z sﬂ_jbj +b Z s“_iaZ)
=0 r=1 =1 i=1

sok—pkta 1 + ash-

or

S —b)* —b)*
ZO SOC]C /JJC"'OJ 1 + asﬁ k+1 ZCTZ SOék ,Uk-‘rT 1 + asﬁ )k‘-‘rl

l 9]
—b)* —b)*
+azb Z Sak pk+j ]_ -+ asﬁ k+1 + bZaZ Z Sock: pk+a ]_ -+ asﬁ )k+1 )

7=1 =1 k=0

Then applying the inverse Laplace transform, we get the solution of problem —, given
by

y(t) = f(t) *i( b)kgak—pkta= 1E§+E ok pkral— at®P)
0w e
D e TR WS
T T
Fa by S (h IR, L gged)
]e o

+ bz a; Z(_ tak k= 1E§+}J’,ak ,uk—&—z( ata_ﬂ>‘
i —

The proof is completed.
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Corollary 2 Let a,b € R, o, 8,0 € C, n,m,l € N, n > R(a) >n—12>m > R(5) >
m—1>0>R(pu)>0—-1>0,

b

—| < 1,
SOH + qsB—H
and we assume that
021 = Z( b)kTO‘k Sl 1E§+é ak— uk+a( aTaiﬁ) 7£ 0.
k=0

Then the following fractional inverse source problem
“Dgy(t) +a“Dyy(t) +bDyyt) = f.  0<t<T, (16)

under the given initial conditions

d r—1

P_E% (%) y(t) =c¢, for r=1,2,...,n, (17)
d\’™

2ltigtl) (%) y(t)="b; for j=1,2,....,m, (18)
g\ !

%g% <dt) y(t) =a; for i=1,2,....¢, (19)

and the over-determination condition
y(T) = ha, (20)
has one and only one solution pair (y(t), f), defined by
hy —Cog —a-Caz —b-Cyy

f=
Cn
and
—Cy —a-Co —b-Cy - a a— a—
( 1 ' ( b) t honk 1E§+[13’ak ,u,k—&-a( at B)
k=0
+ CTZ tak phr= 1E§+; ak— ,ukJrr( a'ta_ﬁ)
r=1 k=0
Fadhy Y OB L (at?)
y4 00

+bZ(IZZ(_ tOék phi= 1E2+; ak— y,kJrz( ata_ﬁ)v
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where

022 = Z Cr Z(_b)k’Takfuk:+T‘*1E§i‘é’ak_#k+r(_&Tafﬂ%
k=0

r=1

023 — Z bj Z(_b)kTak_Mk+j_1Ei:i_;akfukJrj (_aToz—ﬁ)’
k=0

j=1
and
¢ 00
o= S0 ST B (a1
i=1 k=0

Proof. According to Theorem [2, the solution of problem — has the representation

y(t) = D (=0 OB o ea(—at® )

k=0
n 00
+ cr Z(_b)ktak_uk+r_1E§t,}g’,ak7uk+r<_ata_6)
r:%m k:(;o
D90 » TR RN
7j=1 k=0

l 9]

(=b)
O S (),
k=0

i=1
Using the additional condition y(T") = hy, we obtain
y(T) = [y (=0 T B, o pva(—aT )

k=0
n

+

oo
c, Z(_b)kTak_MHT_lEzJ—ré,ak—pkw (_aTa—ﬁ)
r=1 k=0

m oo

Fad by (SO THTIEC, g (T )
k=0

Jj=1

J4 )
030 Y ETENR TSR
k=0

=1

= f-Cy+Cxn+a-Cuy+b-Coy.
from which the unknown function f can be determined as

_h2—022—a'023—b'024
f= & :
21
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After substituting f into y(¢), we obtain

hy —Cop —a-Cy—b-Cy - ak—uk+o— a—
y(t) - ( C ' (_b>kt komlr 1E§té,ak7uk+a(_at B)
2 k=0
Yy (DI e (—at* )
r=1 k=0

+ay by (bR e (—att )

j=1 k=0

l [eS)

+0Y ap Y (bbb gl i (—att ).
i=1 k=0
This completes the proof.

Conclusion

In this paper, we investigated the solvability of three-term fractional differential equations
involving both Riemann-Liouville and Caputo fractional derivatives. By applying the Laplace
transform method, explicit representations of the solutions were obtained in terms of
generalized Mittag—Leffler functions.

Furthermore, inverse source problems associated with these equations were studied. Under
suitable assumptions, explicit formulas for the unknown source term and the corresponding
solution were derived. The obtained results extend several known results for two-term
fractional differential equations and contribute to the theory of multi-term fractional
differential equations and related inverse problems.
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