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CORRECT RESTRICTION OF NONLINEAR OPERATORS OF
S.L. SOBOLEV

In this work, we first consider the solvability of a linear model boundary value problem for
a Sobolev-type differential expression and prove the equivalence of two types of boundary value
problems for it. Based on this, we investigate the solvability of nonlinear Sobolev-type differential
operators that arise in the dynamics of stratified media. The analysis employs the theory of well-
posed operators in Banach spaces, particularly those that can be represented as operator products.
Further, two main theorems are formulated and proved: the first theorem establishes the unique
solvability of a nonlinear Sobolev-type differential operator in a cylindrical domain; the second
therorem generalizes the result of Theorem 1 and considers a Bitsadze-Samarsky-type problem
that relates the boundary data to the values of the sought-after function on a smooth surface
located inside the cylindrical domain. The study shows that the application of the theory of correct
operator restrictions is effective for analyzing complex nonlinear problems and can be extended to
more general geometric and physical models.
Keywords: operator, nonlinear operator, correct restriction, Bitsadze-Samarskii-type problem,
Sobolev-type differential operator.
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C. JI. Cob60JieBTiH CBI3BIKTBI €MeC OIIePATOPJIAPBIHbIH, KUCHIH/IbI IIIEKTEY1

Byut xkywmbicra 6i3 amgpiven CobosieB tunti guddepeHnnaiiblK, OpHEK YIIiH ChI3BIKTHI MO-
JICJTBJIIK TTEKAPAJIBIK, €CEIITEPIHiH, MeNily MYMKIH/IIMNH KapacThIPpAMBI3 YKOHE OHBIH, €Ki TypJIi Iire-
KapaJiblK MoHJIEp ecebiHe SKBUBAJEHTTLIINH mosenneiimMi3z. Byran Herismene oTwIpbIn, 0i3 cTpa-
TUPUKAIASAIAHTAH OpTaTIapIblH AMHAMUKACKIHAA Taiiga 6oaTeiH Cob0IeB TUNTI CHI3BLIKTHI eMeC
nuddepeHnnaabK OmepaToPIaAP/IbIH, eIy MyMKiHairia 3eprreimiz. Tamxnay Banmax kenicTik-
TEPIHJIET] JIYPBIC KOWBIJIFAH OllepaTopJ/iap TEOPUSICHIH KOJIJIAHY apKbLJIbl XKYPri3ijesi, acipece orre-
paTopJiapabl KeOedTiHgl peTiHie Kepceryre OOJAThIH Karjailiapiaa kepcerinenai. CoHbIMEH Ka-
Tap, €Ki Herisri TeopemMa TYXKBIPBIMIAJBII, doJIeaaene ai. bipinmi TeopemMa MUIMHIPIIIK OObLIBICTa,
CobosieB TUNITI CHI3BLIKTHI eMec AuddepeHnuaablK, OIepaTOPIbIH *KAJFBI3 MIENIMIHIH 6ap ekemHi
mostesirenei. Exinm Teopema 1-TeopeMaHbIH HOTHXKECIH »KaJIbLIaiapl 2koHe Brunaaze-Camapckuii
THUITI ecenTi KapacThIPaJIbl, OHJIA MEKAPAJIBIK IMTapTTap MUINHAPIIK OObLIbIC inmmiHeri Teric 6eT-
Ke OpHaJIacraH i3/e/ieTiH (pyHKIUIHBIH MOHIEPIMEH 6ailJIaHbICTBIPBLIAJIBI. 3ePTTEey KOPCETKEH e,
JIYPBIC OTIEPATOPJILIK MIEKTEYJIEP TEOPUSCHIH KOJIJIAHY KYPJEJi ChI3BIKTBI eMeC Macesesepi Taj-
Jayma TUIMII OOJIBII, OHBI T€OMETPHUSIIBIK *KoHE (DU3MKAJBIK, MOJEIbIEP/IiH KEHIpeK TypJepine
KeHeiTyre 60JIaIb.

Tvyitin ce3aep: onepaTop, ChIBBIKTHI €MeC OIepaTop, Aypbic mekrey, bunanze-Camapekuii TrmTi
ecernrrep, CobosieB TunTi nuddepeHIraIIbK onepaTopJiap.
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KoppekTHoe orpannyenue HeJqumHeiiHbIx onepatopoB C. JI. CobosieBa

B nammoit pabore cHagasa pacCMATPUBAECTCH PA3PEIIUMOCTh KPACBOU 3a/1a9M /I JIMHEHHOM
MO JIeJiH, cozieprkaireil nuddepennaabHoe BbIpakeHne COO0JIEBCKOrO TUIIA, U JIOKA3bIBAETCs S9KBU
BaJIEHTHOCTH JBYX THIIOB KPAeBbIX 3aJad /s 3To# Mozesn. Ha ocHOBe MOJIyYeHHBIX PE3yJIbTaTOB
HCCJIEyeTCsl PA3PENINMOCTh HEeJIMHEHHBIX (D depeHIuaIbHBIX OIepaTopoB COO0JIEBCKOTO THUIIA,
BOZHHMKAIOIIUX B JUHAMUKE CTPATU(MDUINPOBAHHBIX CPEJl. AHAJIN3 ONUPAECTCs Ha TEOPUIO KOPPEKTHO
IIOCTABJIEHHBIX OIEPATOPOB B OAHAXOBBIX IMPOCTPAHCTBAX, B YACTHOCTH TAKUX, KOTOPBIE JOIYCKa
0T IPEJCTABJIEHNE B BUJIE€ NIPOM3BeIeHNs oneparopoB. lanee dopMyaupyroTcs u JOKa3bIBAIOTCS
JIBe OCHOBHBIE TE€OPEMbI: IlepBas TeopeMa yCTaHaBJINBaeT €JUHCTBEHHOCTb DEIIeHUs HeJIMHEeHOro
uddepeHnnaIbEHOr0 OIIepaTopa COO0JIEBCKOTO TUIIA B IIMJIMHIPHYECKO 00JIaCTH; BTOpas TeopeMa
obobmaer pedyiabrar Teopemnl 1 u paccmarpuBaer 3ajady Tuna buranze-Camapckoro, B KOTOpoit
rPAHWYHbBIE JAHHBIE CBA3BIBAIOTCS CO 3HAYECHUSIMU MCKOMON (DYHKITMH Ha IJIAJIKON ITOBEPXHOCTH,
PACIIOJIOKEHHON BHYTPHU IIJIMHAPHIEeCcKoil obactu. IIpoBenénnoe nccaesoBanne moKa3bIBaET, ITO
[IpUMEHEHNEe TeOPUN KOPPEKTHBIX OIPDAHUYEHUN OIIepaTOPOB siBJsgeTCsd 3D MEKTUBHBIM HHCTPYMEH
TOM JUTsl aHAJIN3a CJIOYKHBIX HEJIMHEWHBIX 337129 U MOXKET OBITh PACIPOCTPaHeHO Ha 6osiee obIue
reoMeTpuYecKre u (PU3NIeCKre MOJIEIH.
KurroueBble CJI0Ba: OIIEpaTOp, HEJIMHEHHBIH OepaTop , KOPPEKTHOe OrpaHudeHre (omepaTopa),
3agada Tuna bunanze-Camapcekoro, auddepeHnaibHblil onepaTop coOO0JEBCKOTO THIIA.

1 Introduction

The first investigations of pseudoparabolic equations are associated with the name of
S. L. Sobolev [1]. In 1954, he published a paper that essentially contained such an equation in
the context of solving a new problem in mathematical physics. This classical work by Sobolev
was devoted to the study of small oscillations of a rotating ideal fluid. Initially, there was
no specific term for this class of equations. The term "pseudoparabolic equations"appeared
later, in the late 1960s. It was introduced by the mathematician T. T. Ting in [2|, where
he compared conventional parabolic equations with a new type of equations that include
an additional time derivative in the diffusion term. In the early 1970s, a number of works
laid the foundation for the theory of pseudoparabolic equations. In particular, in 1970,
R. Showalter and T. Ting systematically studied this class and effectively established the term
“pseudoparabolic equations” in [3]. Sobolev-type equations are evolutionary equations that
involve a time derivative inside a spatial differential operator. In other words, the derivative
with respect to time ¢ appears under the differential operator, such as the Laplacian A. Such
models describe processes with memory or inertia effects in diffusion, which arise in various
areas of physics [4], [5]. A large number of works [6-19] are devoted to studying the existence
and uniqueness of generalized solutions to pseudoparabolic equations. The approaches used in
these studies include energy and variational methods, a priori estimates, the Galerkin method,
monotone operator theory, and functional-analytic techniques. The use of cryogenic liquids
in geophysics, oceanology, atmospheric physics, and technology has increased interest in the
study of wave liquids, under independent conditions, and the dynamics of stratified liquids
in [4,5,[18]. This interest is driven not only by practical applications but also by the profound
theoretical challenges these problems present. The problems of continuum mechanics and
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hydromechanics, along with the development of new mathematical directions, will become
an incentive to test the effectiveness of new theories. This paper presents applications of the
general theory of operator restrictions, particularly for problems related to the dynamics of
stratified fluids. It is known that the hydrodynamic current function satisfies the following
type of differential equation in [18]|. The solvability of the initial-boundary value problem for
the aforementioned differential equation has been analyzed, and the formulation of additional
boundary value problems has been proposed in [18|. The critical significance of this work is
further elaborated in [19].

2 Materials and methods

The Materials and Methods should be described with sufficient detail to allow others
to replicate and build on the published results. Please note that the publication of your
manuscript implies that you must make all materials, data, computer code, and protocols
associated with the publication available to readers. Please disclose at the submission stage
any restrictions on the availability of materials or information. New methods and protocols
should be described in detail, while well-established methods can be briefly described and
appropriately cited. Research manuscripts reporting large datasets that are deposited in a
publicly available database should specify where the data have been deposited and provide
the relevant accession numbers. If the accession numbers have not yet been obtained at
the time of submission, please state that they will be provided during review. They must
be provided prior to publication. Interventionary studies involving animals or humans, and
other studies that require ethical approval, must list the authority that provided approval
and the corresponding ethical approval code. In this section, where applicable, authors are
required to disclose details of how generative artificial intelligence (GenAl) has been used
in this paper (e.g., to generate text, data, or graphics, or to assist in study design, data
collection, analysis, or interpretation). The use of GenAl for superficial text editing (e.g.,
grammar, spelling, punctuation, and formatting) does not need to be declared.

3 Results

The following lemma is first proved.

Lemma 1 The initial-boundary value problem

/ 82
@AU = f(xvyu Z)7

Au| =0,

a ’z—O (1)
—A —

92" 0

u‘F:O
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18 equivalent to the following initial-boundary value problem:

( O?

@Au:f(x,y,z),

u’ =0
ol (2)
0
dul
z=0
\u‘r =0.

Here f(z,y,2) € C(Q) and
Q:{(x,y,z)€R3:$2+y2§1,0§z§1}, I' =0G,
G={(z,y) eR*: 2> +y* < 1}.

Furthermore, using this lemma, we analyze the unique solvability of problem , as well as
Bitsaadze—Samarskii-type problems for a nonlinear Sobolev-type differential operator

A 62 ( 2n A + )
u=—|u"Au+ pu
0722 P

in the cylindrical domain (), where the solutions are written explicitly. To prove the lemma
and the corresponding theorems concerning the nonlinear operator A, we first describe
uniquely solvable boundary value problems for the following model equation of Sobolev type
in the cylindrical domain Q:

82

—Au= f(z,y, 2).

5.7 f(x,y,2)
Here we essentially rely on abstract theorems that make it possible to describe all possible
proper restrictions of operators represented in the form of a product [20]. Let us consider the
following partial differential operator

82

in the cylindrical domain
Q={(z,y,2) eR’: 2 +y* <1, 0< 2 <1},

Define L to be the closure of the operator, initially defined on a suitable space, with
respect to the norm of the space C(Q). We introduce a norm on the manifold D(L) and
denote the resulting Banach space by M:

lullv = llullo@) + ILullow), — we D(L).

The operator M is defined as the closure of Mou = Aw in the norm of the space M, where
M, is initially defined on C*(G), with

G={(z,y) eR*: 2> +¢y* <1}.
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Consequently, the operator A can be represented as A = L - M ( [20]). Let L denote the
restriction of the operator L to the domain

D(L)={ueD(L): u|_,=0}.

Then, the unique solution of the problem

(0%

@ = f(l’,y,z), f(l‘7ya Z) € C(Q)7
u‘z:O - 0’

oul - _y
L 021,

can be represented in the following form:
u(z,y,z) = L7f = / (z —1t) fx,y,t)dt.
0

Consider the operator M as the restriction of M to the domain

D(M) = {ue D(M): u|,=0}.

Then, for any f(z,y,z) € C(Q), the problem

Au = f(z,y, 2), flz,y,2) € C(Q), u|F =0,

is uniquely solvable, and its unique solution is given by

w(a,y,z) = M1 f = / / J(e,y. &) f (6.1, ) dE i,
G

where J(x,y,£,n) is the Green’s function defined on a circular domain [23].
By the properties of operators expressed as products, the operator

A1 = ]’\‘4“—15—1

is invertible, and A defines a well-posed restriction of A. Consequently, the initial-boundary
value problem has a unique solution, which can be written as

u(ery.z) = A = [[ [ =), em) (6n.t) dt dé dn. 3)
I

3.1 Proof of Lemma

Proof 1 Given that the unique solution of problem 15 represented by expression , it 18
sufficient to demonstrate that this function simultaneously constitutes the unique solution of

problem .
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Consider the equation

82
aalu=flay2),  flryz) €@

This equation possesses a solution given by (3), and a direct verification confirms that this
function satisfies all the conditions of problem . To establish the uniqueness of the solution,
assume that problem admits two solutions ui(x,y, z) and us(x,y, z). Then their difference
u = uy — uy satisfies the following homogeneous problem:

( 32
0922
u’F =0,
u’z:[) = 0’
ou

\ 0z z=0

Au =0,

=0.

We show that problem has only the trivial solution.
In fact, as shown in [20], the solution to the homogeneous equation corresponding to
problem can be represented in the form

w(®, .2 / Ty, €0 [1(E,m)= + o€, m)] dE dn + b(z, g, 2),

where p;(x,y) € C*(G), i = 1,2, are arbitrary functions such that ¢1(£,1)z + po(E,n) €
KerL, and ¥ (x,y, z) is a harmonic function with respect to x and y in Q, i.e., Y(z,y,2) €
KerM.

The functions p1(£,1), w2(&,7n), and Y(x,y,z) must be chosen to satisfy the boundary
conditions of problem , i particular,

U‘F = ¢($ay72)‘p = 0.
Then, according to [23]*pp. 877, the condition ¥ (x,y, z)|F = 0 implies
U(x,y,z)=0.

Therefore, we obtain

u(z,y, 2 // z,y,6,m) [p1(&,m)z + p2(&,m) | dE dn.

Setting z = 0, we get

u(z,y,0 // (@, 4, & m) (& m) dE dn.
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Now, consider the function v(x,y), which is a solution of the problem

{ Av = @y(,y),

’U|F = 0.

It follows that

v(z,y) = // J(x,y,&,m) p2(&,m) dE dn. (6)
G

On the other hand, it is known that problem has a unique solution. Therefore, from
equality @ we deduce that

@a(x,y) = 0.

Similarly, we obtain

o1(x,y) = 0.

Hence, problem is uniquely solvable, and its solution is expressed in the form (3). The
lemma 1s proved.

Let [ denote a smooth surface specified by the equation z = 7(z,y) which lies within the
domain (). We assume that every line parallel to the Oz-axis intersects this surface at exactly
one point, where (z,y) € G and z € [0, 1].

Lemma 2 The inverse operator to Ay, denoted by

At =ML

1s defined through the following boundary value problem:

( 82
@Au:f(xvyazx feC(Q)7
u‘r =0,
7
u‘z:O + u|z:’y(:c,y) - 0’ ( )
Qul - _y,
L 07,

This problem admits a unique solution, which can be expressed in the form

u(r,y, 2) = // /OZ(Z —t) J(z,y,§,n) f(En,t)dtdEdn
G

1 ¥(,y)
‘54//0 (Y(z,y) =) J(z,y,§m) f(§,n,t) dt d€ dn.
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Proof 2 The operator Ly is defined as the restriction of L to the domain

D(L)={ueD(L):u|_,+u =0, du/dz| _, =0}

2=0 |z:7(:c,y)
The solution to the problem

82
a_;;:f(xay7z>7 fEO(Q),

with the boundary conditions u|.—o 4 t|,—y(z,) = 0, Ou/0z|.—o = 0, can be represented as

u(z,y,2) = L' f = /Oz(z —t)f(z,y,t)dt + wi(x,y)z + wao(z,y).

By the boundary condition Ou/0z|.—o = 0, it follows that w(x,y) = 0. Now we introduce
a function we(x,y) defined to satisfy

~y(z,y)
u(e9,0) = wae ), ulz,y.(z,y)) = / F(y, 1) di + wnlz, ).

From this, we obtain

1

v(2y)
w2(x7y) = _5/0 (’Y({L‘,y)—t)f(l‘,y,t)dt.

Accordingly, the solution can be written as

z v(z,y)
W) =L = [G0fernd—5 [ G - 0o

Then, by applying the theory of well-posed restrictions of operators expressed as products |20,
we obtain a rigorous proof of Lemma[3

Using the lemmas proven above, the following theorems can be easily proved.

Theorem 1 The boundary value problem

is well-posed for every f(x,y,z) € C(Q), and the unique solution of problem @ is given by

Ay = <<2n+1> / / /0 (et Iy, ) f(f,n,wdtdfdn) - (10)
G
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Proof 3 Consider the bijective operator N : C(Q) — C(Q), defined by Nu = u*"*', where
n s a natural number. According to the abstract theorem proven in [22], the operator product
Au=LMN

15 well-defined and possesses a continuous inverse A=Y on the entire space C(Q). Thus,

A constitutes a well-posed restriction of the operator A corresponding to the boundary
value problem @D According to Lemmoa |1|, the unique solution of this problem is given by
formula . The theorem is proved.

Theorem 2 Let the operator Ay be defined by the boundary value problem
((Au = f(z,y,2),
u‘r =0,
u‘z:O + U|
ou
0z
where 1 is a smooth surface given by the equation z = vy(z,y), located within the domain @,
such that every line parallel to the Oz-axis intersects this surface at most at one point, with
(x,y) € G and z € [0,1].

Then, there exists a bounded inverse operator A7' defined on the entire space C(Q), and
the unique solution of problem s given by

ATLf = ((2n+ 1)Hf>2"1“, (12)

where

1= [[ [ =05 s ntddcan
G

0, (11)

a=y(wy)

=0
z=0

\

¥(z.y) (13)
- é [ [ 6 =0 i@ fen.ddean

Proof 4 Following the previous construction, consider the bijective mapping N : C(Q) —
C(Q), defined by Nu = u*"**, where n is a natural number. Then, the operator

Al’U, = LlﬁN

is well-defined and possesses a continuous inverse A7' on the entire space C(Q). Thus, A,
constitutes a well-posed restriction of A corresponding to the boundary value problem ,
whose unique solution, according to Lemma@ is given by formula .

Here, instead of the condition

u|z:0 + u‘z:’y(x,y) —

the following condition should be imposed:

2t ’ 4 21 | _
2=0 z=y(z,y)

This condition can be readily reduced to the previous form by a simple factorization method.
Hence, the theorem is proved [20).
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Conclusion

The approach presented in this work, which is grounded in the theory of well-posed
reductions, substantially broadens the range of potential applications. In particular, it
provides an efficient approach for the development of explicitly solvable models in physics and
engineering. The significance of explicitly solvable models in physics is widely acknowledged,
and interest in them has been steadily increasing in recent years. Notably, operator theory,
and in particular the theory of well-posed reductions, offers substantial potential for advancing
such modeling [20,[22,23|. Among the mathematical problems related to this approach, it is
important to note its successful use in the well-posed formulation of boundary value problems,
problems of the Bitsadze—Samarskii type, various multipoint problems for nonlinear equations
of mathematical physics, and also for loaded differential equations [20,23]. In the present
work, we prove the solvability of nonlinear boundary value problems involving Sobolev-type
differential operators. The approach is based on the abstract theory of well-posed operator
restrictions in Banach spaces, particularly for operators represented as products. The main
results are obtained by combining this theory with the properties of Green’s functions in
planar domains and the structural characteristics of Sobolev-type operators. An auxiliary
lemma is also proved, which confirms the equivalence of the problem formulations and ensures
uniqueness [20,123]. Overall, this study demonstrates the applicability of the general theory
of well-posed operator restrictions to complex nonlinear problems in mathematical physics.
Thus, the proposed methods not only provide a solid foundation for addressing such problems
but also open avenues for future research involving more general geometries, coupled systems,
and nonlocal boundary interactions.

Funding

This research work has been funded by Grant number AP23488302 the Ministry of
Science and Higher Education of the Republic of Kazakhstan.
Institutional Review Board Statement

Not applicable.

Informed Consent Statement

Not applicable.

Data Availability Statement

Not applicable.

Conflicts of Interest

The authors declare no conflict of interest.



Abdukhali Shynybekov 13

1]

2l

13l

4]

[5]

6]

17l

18]

19]

[10]

[11]

[12]

[13]

[14]

References

Sobolev, S. L. 1954. “On a New Problem of Mathematical Physics.” Proceedings of the
USSR Academy of Sciences, Mathematical Series 18: 3-50. (In Russian).

Ting, T. W. 1969. “Parabolic and Pseudo-Parabolic Partial Differential
Equations.”  Journal of the Mathematical Society of Japan 21: 440-53.
https://doi.org/10.2969/jmsj/02130440.

Showalter, R. E., and T. W. Ting. 1970. “Pseudoparabolic Partial
Differential Equations.” SIAM Journal on Mathematical Analysis 1: 1-26.
https://doi.org/10.1137/0501001.

Barenblatt, G., I. Zheltov, and I. Kochina. 1960. “Basic Concepts in the Theory of
Seepage of Homogeneous Liquids in Fissured Rocks.” Journal of Applied Mathematics
and Mechanics 24: 1286-1303. https://doi.org/10.1016,/0021-8928(60)90107-6.

Ting, T. W. 1963. “Certain Nonsteady Flows of Second-Order Fluids.” Archive for
Rational Mechanics and Analysis 14: 1-26.

Showalter, R. E. 1974. “The Final Value Problem for Evolution Equations.” Journal of
Mathematical Analysis and Applications 47: 563-72.

Coleman, B. D., R. J. Duffin, and V. J. Mizel. 1965. “Instability, Uniqueness, and
Nonexistence Theorem for the Equation on a Strip.” Archive for Rational Mechanics
and Analysis 19: 100-116.

Showalter, R. E. 1975a. “The Sobolev Equation 1.” Applicable Analysis 5: 15-22.
Showalter, R. E. 1975b. “The Sobolev Equation I1.” Applicable Analysis 5: 81-99.

Cannon, J. R., and Y. Lin. 1988. “Classical and Weak Solutions for One-Dimensional
Pseudo-Parabolic Equations with Typical Boundary Data.” Annali di Matematica Pura
ed Applicata 152: 375-85. https://doi.org/10.1007/BF01766158.

Demidenko, G. V., and S. V. Uspenskii. 2003. Partial Differential Equations and Systems
Not Solvable with Respect to Highest Order Derivatives. New York: Marcel Dekker.

Korpusov, M. O., and A. G. Sveshnikov. 2008. “Blow-Up of Solutions of Strongly
Nonlinear Equations of Pseudoparabolic Type.” Journal of Mathematical Sciences 148:
1-142. https://doi.org/10.1007 /s10958-007-0541-3.

Sveshnikov, A. G., A. B. Alshin, M. O. Korpusov, and Y. D. Pletner. 2007. Linear and
Nonlinear Equations of Sobolev Type. Moscow: Fizmatlit.

Kozhanov, A. 1., and G. I. Tarasova. 2022. “The Samarskii-Ionkin Problem with Integral
Perturbation for a Pseudoparabolic Equation.” Bulletin of Irkutsk State University.
Series Mathematics 42: 59-74. (In Russian).



14 Correct restriction of nonlinear operators of S.L. Sobolev

[15] Xie, M. H., Z. Tan, and Z. E. Wu. 2021. “Local Existence and Uniqueness of Weak
Solutions to Fractional Pseudo-Parabolic Equation with Singular Potential.” Applied
Mathematics Letters 114: 106898. https://doi.org/10.1016/j.aml1.2020.106898.

[16] Aitzhanov, S. E.; A. S. Berdyshev, and K. S. Bekenayeva. 2021. “Solvability Issues of
a Pseudo-Parabolic Fractional Order Equation with a Nonlinear Boundary Condition.”
Fractal and Fractional 5: 134. https://doi.org/10.3390/fractalfract5040134.

[17] Aitzhanov, S. E., U. R. Kusherbayeva, and K. S. Bekenayeva. 2022. “Solvability
of Pseudoparabolic Equation with Caputo Fractional Derivative.” Chaos, Solitons &
Fractals 160: 112193. https://doi.org/10.1016/j.chaos.2022.112193.

[18] Gabov, S. A., and A. G. Sveshnikov. 1986. Problems of the Dynamics of Stratified Fluids.
Moscow: Nauka. (In Russian).

[19] Orazov, B. B., and S. A. Gabov. 1986. “On the Equation ... and Some Related
Problems.” Journal of Soviet Mathematical Physics 26: 1. (In Russian).

[20] Shynybekov, A. N. 2025. “On Proper Expansions and Proper Contractions of Nonlinear
Operators Represented in the Form of a Product.” Journal of Mathematics, Mechanics
and Computer Science 127 (3): 3-10.

[21] Kalmenov, T. Sh. 1982. “On Regular Boundary Value Problems and Spectrum for
Equations of Hyperbolic and Mixed Types.” Doctoral diss., Moscow. (In Russian).

[22] Otelbaev, M. O., A. N. Shynybekov, and K. A. Dosmagulova. 2025.
“Issues in the Expansion and Contract of Operators.” Symmetry 17: 117.
https://doi.org/10.3390/sym17010117.

[23] Vladimirov, V. S. 1981. Equations of Mathematical Physics. Moscow: Nauka. (In
Russian).

Information about author:

Abdukhali Shynybekov — candidate of Physical and Mathematical sciences, associate professor of
Al-Farabi Kazakh National University (Almaty, Kazakhstan, e-mail: abd.shyn@gmail.com,).

Aemop mypaavl, MIATMEM:
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