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INVERSE PROBLEMS FOR A DOUBLY DEGENERATE THIRD-ORDER
DIFFERENTIAL EQUATION WITH MULTIPLE CHARACTERISTICS

The paper is devoted to the study of solvability in anisotropic Sobolev spaces of a class of new
nonlinear inverse problems with unknown coefficients for third-order differential equations with
multiple characteristics. The equations under consideration may contain coefficients that vanish
or change sign, which causes degeneracy and may lead to a change in the direction of evolution
of the process. Such features significantly increase the analytical complexity of the problems and
require a careful functional framework. Within this setting, we investigate both the existence and
uniqueness of solutions to the corresponding inverse problems. The obtained results are formulated
for regular solutions, understood as functions possessing all Sobolev generalized derivatives that
appear in the given differential equations. The analysis is based on techniques of functional analysis
and the theory of anisotropic Sobolev spaces, allowing us to handle the mixed-type and degenerate
nature of the studied models effectively.
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EKi ecesienren gerpaganusichbl 0ap >KoHe KON CHUIIATTAMAJIbI YIIIHIII PeTTi
muddepeHInAIBIK TeHAey YIIiH Kepi ecenrep

Byn makasra ken cunartamasibl yimHmm perTi nuddepeHnuaiipK TeHaeyIep yimH oenaricis Ko-
s burmenTrepi 6ap KaHa CHI3BIKTHIK, €MeC Kepi ecenTep KJachiH aHn30TponTsl Cobo/IeB KeHiCTiK-
TepiHae ImemiTiMalIiria 3eprreyre apaaaran. KapacThIpbIIBIT OTBIPTaH TeHaEYIepae KodhpuIm-
E€HTTEp HOJITe alfHAJIYbl HeEMece TaHOACHIH O3repTyi MyMKIiH, Oy Jerpaaiusra 9KeJIill, MpoIecTiy,
9BOJIIOIUS OAFBITHIHBIH, ©3repyiHe ceben 60/1ybl BIKTUMAI. MyHIail epekIineikTep ecenTepiis, aHa-
JIMTUKAJIBIK, KYP/EJIINiH e10yip apTThIPBIN, MYKUSAT TAHJIAJIFAH (DYHKIMOHAJIBIK Oa3aHbI KAXKeT
eremi. Ocol meHOepIe coiikec Kepi ecenTepi mmentiMaepinia 6ap O00Iybl MEH YKAJFBI3IBIFBI 3€PT-
Tesie . AJIBIHFAH HOTUKEJIED PEryJsip IIeNMIep YIMiH TYKbIPBIMIAIAJIBI, MYHIA PETyJIsip Ierim
Jern Gepinren auddepeHnuaaIbK TeHaeyre KipeTin 6apJiblk CobosieB OOMBIHINA YKAJIIbLIAHFAH
TYBIHJBLIAPBI Oap (YHKIMsIap TYCiHLIeni. 3eprrey (QYHKIMOHAJJIBIK, TaJIIay OJiCTepiHe KoHe
arm3oTponTbl Cob0JIeB KEHICTIKTED TEOPUSIChIHA, HETI3/Ie/IreH, Oyl KApacThIPBLIFAH MOIE/IbIEPIiH,
apaJiac TUIITI YKoHe JerpaJaluaIanral TaburaThIH THIMII TYypJe Taamayra MYMKIHIIK Oepes.
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OoOpaTHble 3a/1a4u i BHIPOXKAeHHOTO nuddepeHInajIbHOro ypaBHEHUS
TPEThEro mopsijika C JBOMHBIM BBIPOXK/IEHNEM U KPATHBIMU XapaKTEePUCTUKAMUI

Crarhsi IOCBSIEHA MCCIEJOBAHUIO PA3PENIUMOCTH B aHU30TPOIHBIX mpocTparcTBax CobosieBa
HOBOI'O KJIACCa HEJUHEHHBIX OOpaTHBIX 3389 C HEM3BECTHBIMU KOd(MUIMEHTaMu 1Id audde-
PEHITNATLHBIX YPABHEHNN TPETHEro MOPsIKa ¢ KPATHBIMHU XapaKTEePUCTHKAMU. PaccMaTpuBaemMbie
YPaBHEHHUS MOTYT COAEPKaTh KOIDPUIMEHTHI, KOTOPhIe 00PAIIAIOTCA B HYJIb WIN MEHSIOT 3HAK,
YTO TMPUBOJIUAT K BBIPOKJICHUIO M MOYKET BBI3LIBATH U3MEHEHNE HAIIPABJICHUS IBOJIIONIH ITPOIIECCa.
Takre 0COBEHHOCTH CYIIECTBEHHO YCJIOXKHSIIOT aHAJIUTHIECKYIO CTPYKTYPY 3aJad U TPeOYIT ak-
KypaTHOro (pyHKIIMOHAJIBHOIO MOAX0/a. B paMKax JaHHOI ITOCTAHOBKHU WCCJIEIYIOTCS CYIIECTBO-
BaHWe W €IMHCTBEHHOCTH PEIeHNil COOTBETCTBYIOMMNX OOpaTHBIX 3a7ad. llogydeHHble pe3yabra-
TBI (DOPMYJIUPYIOTCS JIJIsI PETYIAPHBIX PEIEHNH, TTOHUMAEMBbIX KaK (PYHKIINN, 0013 aI0IIIe BCEMU
0600IIEHHBIME TTpon3BOAHBIME C000JIEBa, BXOISIIMMA B paccMaTpuBaeMble quddepeHinabHbIe
ypaBHeHUs. AHaJU3 OCHOBaH Ha MeTO[aX (DYHKIMOHAJBHOIO aHAJA3a U TEOPUH AHU30TPOIHBIX
npocrpancts CobosieBa, 4T0 1M03BoJIsAeT IPMEKTUBHO paboTaTh CO CMEITaAHHBIM TUIIOM U BBIPOXK-
JEeHHOI IPpUPOJOil n3ydaeMbIX MOJEJICH.

KiroueBsbie cioBa: obparHbie 3a1a49u, quddepeHInaibHble yPABHEHNS TPETHEr0O MOPSIIKA, YPaB-
HEHUSI ¢ KPATHBIMHA XapaKTEPUCTUKAMU, BBIPOXKICHNE, HEM3BECTHBIN KOIMDPUIINEHT, peryaspHbe
peliienus, CyImecTBOBAHUE W €IMHCTBEHHOCTD.

1 Introduction

Third-order differential equations with multiple characteristics are of considerable interest
both from the viewpoint of the general theory of nonclassical differential equations and due
to their applications. Cases where the coefficients of the equation may vanish or change sign
are especially difficult, since this leads to degeneration of the equation and to a change in
the direction of evolution.

Boundary value problems for degenerate differential equations with multiple
characteristics were studied in the works of A.I. Kozhanov, G.A. Lukina and other authors.
In particular, direct problems for third-order equations with multiple characteristics were
investigated by A.l. Kozhanov and O.S. Zikirov [1| in the cases where the coefficient of the
time derivative may change sign, whereas the coefficient of the highest-order spatial derivative
is assumed to be nonnegative.

Unlike the above-mentioned works, coefficient inverse problems are considered in the
present paper. The unknown is the function ¢(¢), which enters the equation as a coefficient
of a given function h(z,t), while additional information on the solution is prescribed by an
overdetermination condition of integral type.

The purpose of this work is to prove existence and uniqueness theorems for regular
solutions of the inverse problems under consideration in anisotropic Sobolev spaces.
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2 Statement of the Problems

Let Q@ =(0,1),Q =Qx(0,7),0 < T < 4o0. Further, let p(t), ¥(t), c(x,t), f(x, 1), h(x,t),
and N(z) be given functions for z € [0,1], ¢ € [0, T].
Inverse Problem I: find the functions u(x,t) and ¢(t) that satisfy the equation

et uy — V() Ugge + c(x, )u = f(x,t) + q(t)h(x, 1), (x,t) € Q, (1)
supplemented with boundary conditions

w(0,) = uy(0,8) =0,  te(0,7T), 2)

w(l,t) =0, te(0,T), (3)

and the overdetermination condition

/QN(x)u(x,t) dx = 0. (4)

Inverse Problem II: Find the functions u(x,t) and ¢(t) satisfying equation in Q,
supplemented with conditions , ,

u(z,0) =0, x € ), (5)

and the overdetermination condition (4)).
Inverse Problem III: Find functions u(z,t) and ¢(t) satisfying equation in Q,
supplemented with conditions f and

u(z,T) =0, x € .

Definition 1 A pair of functions {u(z,t), q(t)} is called a regular solution of Inverse Problem
Iif
u(x,t) € Wl(Q), q(t) € Ly(0,7),

equation 18 satisfied almost everywhere in QQ, and conditions (@f are fulfilled.
Regular solutions of Inverse Problems II and III are defined analogously.

3 Solvability of Inverse Problem I

Throughout what follows, we assume that
B(t) = / N(z)h(z,t)dx # 0, t €10,7]. (6)
Q

Since the functions N(x) and h(z,t) are prescribed, the function

B@ZLMWMMM
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is known a priori. Since h(z,t) € C(Q), it follows that
g e Cl0,T].

Set

h(z,t)
B(t) /QN () f(,t) da.

fl(xat) = f(l‘,t) -
Furthermore, for a given function v(z,t), define
Alt,v) = / [N (@) + ez, )N (2)] o(e, t) da.
Q

Consider the boundary value problem of finding a function u(z,t) satisfying the equation

h(z,t)

B(t)

ot uy — V() Uggr + c(z, )u = fi(x,t) + A(t,u), (z,t) € Q, (7)

and conditions —.

Equation @ is obtained from equation and the overdetermination condition by
eliminating the unknown coefficient ¢(¢). Therefore, the study of Inverse Problem I can be
reduced to the investigation of boundary value problem , , .

In this problem, equation is a loaded integro-differential equation. Solvability of
problem @, , in W; ’1(Q) will be established by means of the regularization method
and the continuation with respect to a parameter method.

Let € be a positive number and let A € [0,1]. Consider the family of boundary value
problems: find a function u(z,t) satisfying in @) the equation

h(x,t
—EUsprras — €U + () U — V() Upge + c(z, )u = fi(z,t) + A éf;))/l(t, w) (8)
and conditions , , together with
u(z,0) = w(z, T) =0, z€Q, (9)
Uz (0, 1) = Ugze (1, 1) = Uggue(1,) =0, t e (0,7). (10)

Introduce the notation

ot = min {c(x,t) - %gp’(t)} |

— max h2($’t) c 11 2
r1 = max { 5 [0 ) + 00Ny}
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Lemma 1 Assume that condition (@ holds and

p(t) € CH[0,T]),  ¢(0)<0,  ¢(T)=0; (11)
Y(t) € C([0,7]),  (t) >0 forte (0,T]; (12)
c(z,t) €CQ), Mz,t)€C@Q),  N(z)€W;(Q); (13)
&1 > Ry. (14)

Then every solution u(x,t) of boundary value problem (@, (@, (@, @, (@ belonging to the
6,2 : .
space Wy"(Q) satisfies the estimate

6/(’&:269% +u}) dxdt +/ u? drdt < ]\/[1/ f* dxdt, (15)
Q Q Q
where the constant My depends only on the functions ¢(t), 1(t), c(x,t), h(x,t), and N(x).

Proof 1 The proof is based on the analysis of the identity

/{_5uacmc$zx — EUy + SO(t)Ut - ¢(t)uxmm + C(fL’, t)u}u dl’dt
Q

_ /Q { Fult) +>\hgg;)A(t,u)}udmdt,

together with the boundary conditions, Holder’s inequality, and assumptions f.

Lemma 2 Assume that conditions @ and — hold and that

akgﬁ’ 2 € C(Q), % € 0(Q), k=0,1,2,3; (16)
h(0,t) = h(1,t) = hy(0,¢) =0,  te[0,T). (17)

In addition, suppose that

k
% € L,(Q), k=0,1,23,

and
f(0,t) = f(1,t) = f.(0,t) =0, t €0,7).
Then every solution u(x,t) of problem (@, (@, (@, (@, (@ belonging to Wf’Z(Q) satisfies

the estimate

@ ot [ a2 dndt <0 [ (72 f2,) dod (19
Q Q Q

where the constant My depends only on the functions (t), 1(t), c(x,t), h(x,t), and N(x).
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Proof 2 Consider the identity
- / {_8uzmxxmm — EUyt + @(t)ut - w(t)urzm + C(.T, t)“}urmrzmx dl’dt
Q
h(z,t)
= — fit+ A Alt, u)} Upprpes ATAE.
/Q { FB()

After integrating by parts three times with respect to x in all terms of the above identity
except the first term on the left-hand side, and integrating by parts with respect to t in the
terms involving uy and ug, we use assumptions , (@, and , Holder’s inequality, and

estimate to derive @
Define

(19)

c2 = min {c(m, 0+ %ga'(t)] |

Lemma 3 Suppose that conditions (@, , , (@, and hold and

Y(t) € CH0.T),  alxt)€C@),  hlzt) € CQ); (20)

cy > Ry. (21)
In addition, if

k
t
gggleme, k=0,1,2,3,

fi(z,t) € La(Q), and
f0,8) = f(1,¢) = f.(0,t) =0,  t€[0,T],
then every solution u(x,t) of problem (@), (@), (@, @, (@ belonging to We*(Q) satisfies

8/ u, dodt + / uf drdt < Ms / (f* + f2+ f2,,) dxdt, (22)
Q Q Q
where the constant My depends only on the functions o(t), 1(t), c(x,t), h(x,t), and N(x).

Proof 3 The proof follows from the following identity

— / {—eUpprzze — Uy + @)Uy — V() Upgy + (0, t)utuy dedt
Q

__A{Mﬁw+ﬁgﬁA@m}mmw

Integrating by parts with respect to both variables x and t, using the assumptions of the lemma,
applying Holder’s inequality and taking into account estimate , one obtains estimate (@
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The estimates established in Lemmas 1-3 are sufficient for proving solvability of boundary
value problem , , , and subsequently of Inverse Problem I.

Theorem 1 Suppose that conditions @, f, @, , (@, and are satisfied.
Then, if f(x,t) € Wy (Q) and

f(0,1) = f(1,t) = f.(0,¢) =0,  t€][0,T],
boundary value problem @, @, (@) admits a unique solution u(x,t) € WQP’I(Q)

Proof 4 For A = 0 and fized ¢, boundary value problem (@, (@, @, @, (@) 15 solvable
in W;”l(Q) for every function f € Ly(Q). This fact can be established by the classical
Galerkin method with a specially chosen basis [{], [5] and a priori estimates (15), (18), (29),
whose right-hand side has the form const HfH%Q(Q). Such estimates obtained by analyzing the
wdentities used in the proofs of Lemmas 1-3; in this case no integration by parts in the terms
containing f(x,t) is required.

Further, similar estimates for fized € hold for all A € [0,1]. From these estimates, the
solvability of problem @, (@, (@), (@, @ for A =0, and the continuation with respect to
a parameter theorem, [6, Ch. III, §14/, it follows that this problem is solvable in W3*(Q) for
f(z,t) € La(Q) for all X € [0, 1], in particular for X = 1.

For solutions u.(x,t) of problem @, (@, @, (@, (@) corresponding to A = 1, the a priori
estimates , @, (@ are uniform with respect to €. From these estimates, the reflexivity
of Hilbert spaces and compactness of the embedding W3 (Q) C La(Q) (see (5], [7], [8]), there
exist sequences {€,}25_, of positive numbers and {um,(z,t)}3o_, of solutions of problem (§),

(@, (@, (@, (@for/\: 1 and € = ¢, such that, as m — oo,
€m — 0,

EmUmzzzree (T, 1) — 0 weakly in Ly(Q),
EmUmi(T,t) — 0 weakly in Ly(Q),

Um(z,t) = u(x,t)  weakly in W;’l(Q),

U (2, 1) — u(x,t)  almost everywhere in Q.

These convergences imply that the limit function u(x,t) is a solution of problem (@, (@, @
belonging to Wy (Q).

Uniqueness of solutions of problem (@, @, (@ m WSI(Q) follows, for example, from
estimate , which remains valid for e = 0.

The solvability theorem established above for the loaded degenerate integro-differential
equation with multiple characteristics is of independent interest. At the same time, after a
slight modification it can be used to prove solvability of Inverse Problem I.

In what follows, we assume that

c(x,t) = co(t) + 1 (2, 1), (z,t) € Q. (23)
Set

5 — max h2($,t) p . " 2
B = max { 5 [0 ) - vV}
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Theorem 2 Suppose that conditions @, f, (@), , (@, , and hold

and, in addition,

min(cy, ¢p) > El; (24)
N(0) = N(1) = N(0) = 0: (25)
colt) — %gp'(t) >0, te[0,T). (26)

Then, if f(z,t) € W;”l(Q) and f(0,t) = f(1,t) = f.(0,t) =0 fort € [0,T], Inverse Problem
I admits a unique solution {u(x,t),q(t)} such that

u(w, t) e W5 (@), qlt) € La((0,T)).
Proof 5 For a given function v(z,t), define
Ayt v) = /Q WEN"(2) + er(a, ) N(2)]o(, 1) da.

Consider the boundary value problem of finding a function u(x,t) satisfying in Q) the equation

(s h(z,t) "
So(t)ut - Q/J(t)umx + C((I],t)u - fl( 7t> + ﬁ(t) Al(ta )

and conditions (@, . Repeating the proof of Theorem 1, we obtain that this problem has a
solution u(z, t) e Wy (Q). Define

q(t) = 50 [Altu /N :Utdx]

_{/Q[cl(g;,t)zv(x)+w(t)N’”( u(z,1) dx—/N (%) dm}

It is clear that q(t) € Ly([0,T]) and that the functions u(x,t) and q(t) satisfy equation in

Q.
Multiplying equation by N(z) and integrating over $, after straightforward
transformations, we obtain

(/N xtdx) + ot /N x,t)dz = 0.

From this equality and condition (@ it follows that

/ N(z)u(z,t)dz =0, te(0,7).

Thus condition is satisfied, and the pair {u(x,t),q(t)} is the required solution of Inverse
Problem 1.
Uniqueness of solutions of Inverse Problem I in W' (Q) x Ly([0,T]) is obvious.
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4 Solvability of Inverse Problems II and III

The proofs of solvability for Inverse Problems II and III, as well as the corresponding
auxiliary problems, are carried out similarly to the proofs of Theorems 1 and 2. The differences
concern only the assumptions imposed on the functions ¢(t), h(z,t), and f(x,t). Therefore,
omitting the detailed derivations, we present only the final results.

Theorem 3 Suppose that conditions (@f, (@, , (@), and hold and, in

addition,
©(0) >0,  o(T)>0; (27)
h(z,0) =0, r € Q. (28)

Then, if f(x,t) € W3 (Q), £(0,t) = f(1,1) = f(0,t) = 0 for t € [0,T], and f(z,0) =0 for
x € 1, the boundary value problem

— U clz,t)u = fi(z iz,?) U
@(t)ut @Z)(t) TXT + ( 7t) fl( ’t) + /B(t) A<t’ )7 (29)
w(0,t) = u(1,t) = u,(1,t) =0, te(0,7), (30)
u(z,0) =0, x € (), (31)

admits a unique solution u(z,t) € Wy (Q).

Theorem 4 Suppose that conditions (@, (@f , (@), , (@), , and 7(@
hold. Then, if (z,1) € WA(Q), F(0,1) = F(1,) = £(0,1) = 0 fort € 0,7, and f(z,0) = 0
for x € Q, Inverse Problem II admits a unique solution {u(z,t),q(t)} such that

u(w,t) € W3N(Q),  q(t) € La([0, T)).
Theorem 5 Suppose that conditions @f, (@, , (@), and hold and, in

addition,
p(0) >0,  o(T) <0; (32)
h(z,0) = h(xz,T) =0, z € Q. (33)
Then, if f(z,1) € WPQ), £(0,8) = F(1,1) = £(0.8) = 0 for t € [0, ], and f(x,0) =
f(z, T) =0 for x € Q, the boundary value problem for equation with conditions ,

, and the additional condition
u(z,T) =0, x € €,

admits a unique solution u(x,t) € Wi (Q).
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Theorem 6 Suppose that conditions (@, (@f, (@), , (@), , f@, ,
and hold. Moreover, if f(x,t) _VVzg’l(Q), f(0,t) = f(1,t) = f.(0,t) =0 fort € [0,T],

and f(z,0) = f(z,T) = 0 for x € ), then Inverse Problem III admits a unique solution
{u(x,t),q(t)} such that

u(x,t) S WS,I(Q)v q<t> S LQ([OvT])

The proofs of Theorems 3 and 5, corresponding to the auxiliary problems, are based on
the regularization of equation by equation with condition , and additionally with
the condition

u(z,0) = u(x, T) =0, x € Q,
in the proof of Theorem 3, and with the condition
u(z,0) = u(x,T) =0, x € ),

in the proof of Theorem 5. The proofs use a priori estimates and the continuation with respect
to a parameter theorem. The estimates themselves are derived by analyzing the identities used
in the proofs of Lemmas 1-3.

Theorems 4 and 6 are proved in the same way as Theorem 2.

Thus, solvability of the inverse problems is established.

5 Comments and Further Remarks

New results on solvability of linear inverse problems for differential equations with an
arbitrarily varying direction of evolution have been obtained. Indeed, the function ¢(t) may
change sign an arbitrary number of times on the interval [0, 7] and may vanish on a set of
positive measure. These results admit further development and may be strengthened and
generalized. Some possible extensions are listed below.

1. Similar methods make it possible to obtain solvability results for inverse problems of
finding functions u(z,t) and ¢(¢) connected in the rectangle @) by the equation

PO+ (170 D el = S, ) + g(h( ), (349)

where p > 1 is an integer, and the functions ¢(¢) and (t) have the same properties as
in Inverse Problems I-III. Moreover, both equation and equation (34) may include all
lower-order derivatives with respect to x with variable coefficients. The solvability conditions
become rather cumbersome, but the essence of the results remains unchanged.

2. Boundary conditions in inverse problems for equation or equation (34)) may be
modified; for example, one may study problems with boundary conditions similar to those
considered in [1].

3. In Inverse Problems I-III, the function v (¢) may vanish only at ¢ = 0. Obviously, a
more general situation may be admitted, namely when 1 (¢) vanishes at any finite number of
points of the interval [0, T7.
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