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DIFFERENTIAL MOTION EQUATIONS OF THE VARIABLE-MASS
THREE-BODY PROBLEM WITH REACTIVE FORCES IN A
BARYCENTRIC COORDINATE SYSTEM

The present study addresses the three-body problem (point masses) undergoing non-isotropic
mass variation while incorporating the influence of reactive forces within different coordinate
systems. The primary contribution of this research is the formulation, first obtained, of the
governing differential equations of motion for three-body problem with variable mass in the
barycentric coordinate system. In the barycentric coordinate system, integrals of linear momentum
were obtained, which, following G. N. Duboshin, are referred to as the invariants of the center-
of-mass. These invariants constitute the only analytical relationships that remain valid for
arbitrary laws of mass variation and provide a direct connection between the coordinates and
velocities of the interacting bodies. The proposed mathematical model extends the theoretical
framework of celestial mechanics. Consequently, the derived equations and invariants provide a
theoretical basis for qualitative investigations, analytical studies, and high-precision numerical
simulations of variable-mass three-body systems evolution. Furthermore, the developed approach
offers significant potential for investigation of dynamical evolution of many body systems. That
is, it makes it possible to derive differential equations describing systems of many bodies with
a non-isotropic mass variation and accounting for reactive forces in the barycentric coordinate
system. In particular, it can be used to study the long-term dynamic evolution, orbital stability
of exoplanet systems subject to arbitrary mass-variation laws and reactive-force effects. Overall,
the obtained results provide a comprehensive mathematical foundation for advancing the study
of variable-mass dynamical systems and broaden the range of opportunities of modern celestial
mechanics.

Keywords: three-body problem, variable mass, reactive force, barycentric coordinate system, the
invariants of center of mass.
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BapurtienTpJiik koopauHaTaap »KyiieciHge peakTUBTI KyIirep 6ap >karaaiiga aiiHbIMAaJIbI
MaccaJbl YIII JeHe MacesieciHiH auddepeHInanablk KO3FajlbIC TeHJeyepi

Byt 3eprrey 2KyMBICHI MacCaIapbl M30TPONTHI €MEC TYDJIE ©3TepeTiH VI JieHe (MAaTePUSIIBIK,
HYKTeJIep) MOCceJIeCiH opTypJii KoOpAuHaTaap XKyiienepinaeri peakTUBTI KYIITEP/IiH, 9CepiH ecKepe
OTBIPBII KAPACTHIPYFa apHAJFaH. 3ePTTEYIIH Heri3ri FhIIBIMU HOTUKEC] — AJIFAIll PeT DApUIEHTPIIIK
KOOpAMHATAJIAP XKYyHeciHae aifHbIMAIbI Maccaaaphl 6ap YII AeHe eceOiHiH, KO3FabIChIH CHIaTTai-
TBIH HeTi3ri anddepeHInaaabK TeHIeYIep KOPBITHLIBII IIBIFapbLIIbl. BapuieHTp ik KOOpiuHa-
Tajap Kyitecine Ko3raapic MeJIepinin narerpasiapst agbiaael. Omap . H. dy6omunuin Tepmu-
HOJIOTUSICBIHA COUKEC Maccasap MEeHTPIHIH NHBAPUAHTTAPHI JIET aTaja/bl. ATajJraH HHBAPDUAHTTAD
MaccaJIapJIbIH Ke3 KeJITeH e3repy 3aHIaphbl Ke3iH/Ie 63 KYIIiH CaKTal/Ibl 2KoHe 63apa, OPEKETTECETiH
JIeHeJIePIiH, KOOPIMHATAJIAPEI MEH YKbIIIAMIBIKTAPBIH OailIaHbICTHIPATHIH Oipereil aHA M TUKAJIBIK,
KaTbIHACTApP OOJIBIT TaOBLTAALI. ¥ CBIHBIIFAH MAaTEMATUKAJIBIK, MOIEIb ACTIAH MEXaHUKACHIHLIH TEO-
PUSUJIBIK, HETI3/IepiH KeHelTe,Ii.
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Ocbriran 6ailIaHBICTHI AJIBIHFAH KO3FAJIBIC TEHIEYIEP] MEH Maccaiap MEeHTPIHIH MHBApUAHTTAPHI aii-
HBIMAJIBI MaCCAJIbl YIII JIeHE »KyHeIep/IiH 9BOJTIOMUICHIH CalaIbIK, aHAIUTHKAJIBIK KOHE JKOFAPhI
JRJIIIKTI CAaHIBIK 9IiCTepMEH 3epTTey YIIIiH CEeHIMII TeOpUIbIK Heri3d Kajaiiasl. COHbIMEH Karap,
O31pJIEHT€H 9JTiC ATHBIMAJIBI MACCAJIBI KOII JIEHEJ YKYesIep/IiH, JUHAMUKAJIBIK, SBOJIIOIUSCHIH 3€PTTe-
yre Heri3 6os1a anaibl. JIFHu, OApUIIEHTPIIK KOOpIMHATAIAD KYHeCiHIe MaccaIapIblH H30TPOIIThHI
eMecC O3repyiH KOHe PEAKTUBTI KYIITEP/IiH d9CePiH eCKepe OTBIPBII, KOII JeHei KyiieaepIiH Ko3ra-
JIBICBIH CUMATTARTHIH JuddOEpEeHITIAILIK TeHIEYIepIl alyFa MyMKIHIIK 6epeni. Aran afiTkana,
OJ1 MACCAHBIH K€3-KEJIT€H O3Tepy 3aHIbLILIFGI YIIH XKoHe PEaKTHBTI KYIITEPIiH 9CEpIH eCKepreH
XKargaliia, 9K30IIAHeTAIBIK, KYHeaepain y3aK Mep3iMIl ANHAMUKAJBIK IBOJIIOMUSICHIH, OpOuTa-
JIBIK, OPHBIKTBLIBIFBIH 3€PTTEY VIITiH KOJJAHBLIA agajIbl. 2Kajnbl aJraHia, ajJblHFaH HOTUXKEJIEP
affHbIMAJIbI MACCaJIbl JUHAMUKAJBIK, XKYHeJaepai 3epTTey/Il OaH opi JAMBITyFa apHAJIFAH KeIeH-
Ji MaTeMaTHKAJIbIK Heri3 KaJbIIITACTBIPHII, Ka3ipri 3aMaHFbl acllaH MeXaHUKACBIHBIH MYMKIH/IIMH
apTTHIPAIDI.

Tyitin ces3zep: yII geHe Moceseci, aifHbIMAIbI Macca, PeaKTUBTI KYIII, OAPUIIEHTPIIIK KOOPINHA-
Tajap XKyieci, Mmaccajap MEeHTPiHIH, THBAPUAHTTAPHI.
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Auddepenniuanibable ypaBHEHUsT ABUXKEHUS 33[a9M TPEX TeJI C IIEPEMEHHBIMU MacCcaMu C
Y4€eTOM PEeaKTUBHBIX CUJI B ODAPUIIEHTPUUECKOIi cucTeMe KOOpAUHAT

Hacrosiee ucciieoBanue NOCBSINEHO 3aa9e TPEX Tesl (TOYeK ), H3MEHSIIONMXCs HEU30TPOII-
HBIM 00pPa30M, C YIETOM BJIMSHUSA PEAKTUBHBIX CUJI B PA3JIMIHBIX cUCTeMax KoopauaaT. OCHOBHBIM
HAaYIHBIM Pe3yabTaTOM PabOThI SIBJISIETCS BIIEPBbIE OJyIeHHasT (hopMymupoBKa auddepeHIuaib-
HBIX yDABHEHUN IBUKEHUS 33J[@9U TPEX TeJ ¢ MEPEMEHHBIMH MaccaMu B OapHUIIEHTPUUIECKOH CH-
creMe KOOpJAWHAT. B GapuUIlEHTPUYECKOll CUCTeMEe KOODJUHAT IIOJIYYEHbl MHTErPaJIbl KOJIMIECTBA
JIBUYKeHUsT, KOTOpbIx ciemys 1. H. Jlybormmaa Ha3sBaHbI MHBApUAHTAMU IIEHTPA MaCC. DT UHBAPU-
AHTBI [IPEJICTABJISIOT OO0 eIMHCTBEHHbIE AHAJIUTUIECKIE COOTHOIIEHNUsI, COXPAHSIONINE CIIPABE]I-
JINBOCTH TIPU IPOU3BOJIBHBIX 3aKOHAX M3MEHEHUsI MACC U HEIMOCPEJICTBEHHO CBI3BIBAIOIINE KOOD-
JMHATHI U CKOPOCTH B3anMOeHCTBYIONmMX Tes. IIpeamoxentas MaTeMaTudecKast MOJEIb PACIIU-
psieT TeopeTUYecKre OCHOBBI HeGecHOU MexaHuUKH. llosiyueHHble nudepeHnraIbHble ypaBHEHMSs
JIBUYKEHUS] M WHBAPUAHTHI [EHTPa MAacC CO3JAI0T TEOPETUUIECKYIO0 OCHOBY [JIsl IIPOBEJIEHUs] Kade-
CTBEHHOT'O aHAJIN3a, AHAJTUTUIECKUX MCCJIETOBAHNN U BBICOKOTOYHOI'O UYUCJICHHOTO MOJIE/TNPOBAHMS
SBOJIIOIUU CHCTEM TPEX TEJI C MIePEMEHHBIMU Maccamu. Kpome Toro, pa3paboTaHHbINH TOAX0 00JIa-
JTaeT 3HAYUTEIbHBIM MOTEHIHAJIOM JIJIs UCCJIEIOBAHIS JTUHAMUYIECKON IBOIONUN MHOTOTEIbHBIX
cucreM. B ugacTHOCTH, OH 1TO3BOJIsIET BbIBeCTH JuddepeHIalbHble yPABHEHNS JIBUXKEHUS, OIIH-
CBHIBAIOIIME CUCTEMBI, COCTOSIIINE U3 OOJIBINONO YKCJIa B3AUMOIEHCTBYIONINX TeJI C HEM30TPOITHBIM
U3MEHEHUEM MaCC, C YIETOM JIeHCTBUS PEAKTUBHBIX CHJI B OAPUIEHTPUIECKON CUCTEME KOOPIMHAT.
[Ipemyoxkennas MaTeMaTHIeCKass MOJE/b TaKKe MOXKET ObITh MCIIOJIb30BAHA [IJIsI MCCJIETOBAHMS
JIOJITOBPEMEHHOM JTUHAMUYIECKOHN 9BOJIONUN U OPOUTATBLHON YCTONINBOCTU SK30IJIAHETHBIX CUCTEM
IIPU IIPOM3BOJIBHBIX 3aKOHAX M3MEHEHUs MACC U BO3JEHICTBUM PEaKTUBHBIX CUJI. B 1esiom nosryden-
HbIE PE3YJILTATHI (POPMUPYIOT IEJIOCTHYI0 MAaTEMATUIECKYIO OCHOBY JJIsl JaJIbHEHIero pa3BUTHS
TEOPUU JIUHAMUYECKUX CHCTEM C [TEPEMEHHON MAaCCOW W CYIIEeCTBEHHO PACIIUPSIOT BO3MOXKHOCTH

COBpPEMEHHO! HeOECHON MEXaHWKW IIPU UCCJIEIOBAHUY CJIOYKHBIX IDABATAIIMOHHBIX CHCTEM.
KurouyeBbie ciioBa: 3aja4a Tpex TeJs, IepeMeHHas Macca, PEaKTUBHAsT CUJIa, OAPUIIEHTPUIECKAS

cucTeMa KOODJIUHAT, THBAPUAHTHI IIEHTPa Macc.

1 Introduction

The importance of the classical Newtonian three-point-body problem in the celestial
mechanics of sciences cannot be overestimated. The problem has ten classical integrals,
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however, this problem still does not have a practically useful general solution [1,2]. The
five exact particular solutions established by Euler (1767) and Lagrange (1772) have many
applications in astronomy, space engineering and technology [3-5|. The relatively recently
established particular eight-shaped solution has its own specifics [2,(6,[7].

Observational astronomical data indicate that the masses of celestial bodies vary
throughout their evolutionary processes. Consequently, the investigation of different aspects
of the variable-mass three-body problem has become an important and relevant area of
research [8-11]. The differential equations of motion describing the variable-mass three-point-
body problem are non-autonomous system and mathematically highly complex. They neither
possess a Laplace plane nor admit a first integral in the general case |11]. The three-body
problem with variable masses, assuming isotropic mass variation at different rates for each
body, was examined in [12]. The problem involving bodies whose masses vary anisotropically
and at different rates was investigated in Jacobi coordinates in [13].

This study examines the three-body problem for bodies with non-isotropically varying
masses while accounting for the effects of reactive forces in different coordinate systems.

The primary objective of this study is to formulate the differential equations governing the
motion of the variable-mass three-body problem while accounting for the effects of reactive
forces within a barycentric coordinate framework and to determine the invariants associated
with the center of mass in this coordinate system.

In the article, based on the Meshchersky equation [14], differential equations describing
the problem under consideration are formulated in absolute and relative coordinate systems,
as well as in Jacobi coordinates. Further, on the basis of the written equations, using the
analytical geometry of point masses [15], for the first time, the differential equations describing
the motion of the system have been formulated in the barycentric coordinate system. Another
important contribution of this study is the first derivation of the center-of-mass invariants
in the barycentric coordinate system. These invariants provide the sole analytical relations
between the bodies’ coordinates and velocities for arbitrary laws of mass variation.

2 Derivation of the Differential Equations of Motion in an Absolute and Relative
Coordinate Systems

2.1 Derivation of the Differential Equations of Motion in an Absolute Coordinate
System

Let us consider a system of three point masses P, P; and P, , (hereinafter referred to as
bodies), with variable masses in an absolute coordinate system. Assume that the masses
of the bodies vary with time and, in the general case, vary non-isotropically according to
arbitrary different laws

mi=mit), AL i, ij=0,12 (1)
m; m;
From the Meshchersky equation [14] for bodies with variable masses, we obtain

mi R = gradz U* + Er

i,reac’

(i=0,1,2) (2)
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where E;“ is the radius vector of the body F;. The reactive force is written as

= 5 - ;»*
Fi,reac - mi‘/;7 V; = U — Rz (3)

u; is the absolute velocity, Vi is the relative velocity of the separating (joining) particles. The
force function of the Newtonian interaction has the form

momy Mot mims
U= f ( — —— + — ) , (4)
Rm Roz R12

where [ is the gravitational constant, R, Rj,, Ri, are the distances between the bodies.

2.2 Differential equations of motion in a relative coordinate system

Let’s displace from the absolute system to the relative coordinate system whose origin is
located at the center of the body F,, using the well-known transformation

Ri=R;—Ry=Ry i=1.2 (5)

From the system of equation we obtain

-, 1 -

Ry = —gradz U + Fo, (6)
Ho1

-, 1 -

Ry = —gradg U + Foa, (7)
Ho2

where are denoted

1 1 mi+m 1 1 mae +m
U012_+_:¥> N02:_+_:M> (8)
mo mq Moy mo mo moimeo
Fu= (20 00), Fa= (220 200 ). (9
ma mo 2 mo

(m0m1 m0m2+m1m2)

R(n ROQ RIQ

3 Differential equations of motion in Jacobi coordinate system

Using the analytical geometry of point masses [15], we obtain formulas for the transformation
[13] from the relative coordinate system to Jacobi coordinate system

Tjac = Ry, T2jac = Ry — Y171 j5ac) (11)
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where 71j4c, T2jac 1S the radius-vectors of the bodies P, and P,, respectively, in Jacobi
coordinate system. As a result, the differential equations describing the motion of the problem
under consideration in Jacobi coordinates are obtained

Mlﬁljac = grads,;, U + Mlﬁlja07 (12)
,u27-:"2jac = gradp,;, U — o <2I'/1T;1jac + ﬁlfljac> + U2ﬁ2jac> (13)
where are denoted
mo 1 mo + my my
pPr=m———— = ——, U2 ="My , M=, (14)
mo —+ mq o1 mo + my -+ mo mo + mq
— m — m —
Fljac = (_1‘/1 - _0‘/0> ’ (15)
mq mo
Fojoe = (—2V2 - —0V0> — 1 (—lvl - —”vo) . (16)
mao mo my mo

4 Differential equations of motion in a barycentric coordinate system

4.1 Transformation formulas of barycentric coordinates by Jacobi coordinates

Formulas for the transformation from Jacobi coordinates to barycentric coordinate system
are obtained using the point masses’ geometry [11], [15]

my ma

Top = ———————T1jac — T2jacs (17)
m0+m1 mo+m1+m2
- mo - mso -
Ty = —————T1jac — T2jacs (18)
mo + My mo + mq + My

Top = . . T2jac (19)
mo + My + Mo

where 7o, T1p, T2y are the barycentric radius-vectors of the three bodies. We denote

mo

(20)

Vgy=—.
mg+m1

Using the notation and (20), we rewrite the transformation formulas (17)-(19) in the
following compact form

o _ y
Tob = —ViT1jac — H2——T2jac, (21)
mo
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Flb = Vofljac ,UZ FQ]acy (22)
F2b = &FZjac- (23)
)

The inverse conversion formulas have the form
my rimsg o ma

= + —Ty,  Tajae = —Tap. (24)

Tjac
H1 K2

4.2 The invariant of the center of mass

The transformation formulas — are written as

moeToy = —H1T1jac — YoM2T2jac, (25)
miT = H1T1jac — V1H2T25ac; (26)
maTop = U2T2j5ac- (27)

From formulas (125} . follows an important analytical relation - the invariants of the center
of mass of the problem under investigation within the barycentric coordinate system

MoTop + M1y + MaTay = 0. (28)
4.3 Derivation of the Equations of Motion in the Barycentric Coordinate System
Differentiating expressions (25))-(27)) twice, we obtain

d2
dt?

d?

d
¥l (Vopt2) Tajac + 2—

di (Vopiz) ?Qjac + V0u2%2jac) )

(29)

(mOTOb) (ﬂlfljac + 2/:617‘_.)1‘7'(10 =+ ,ul%_:)ljac) - (

d? . N -, d? . =
P (MmaT) = [T jac+ 20017 jac + H1T1 jac — (dt2 (V1H2) Tojac + th (V12) Tojac + V1H27”2jac> )
(30)
d? . .
(MaTap) = [ioT2jac + 2[12T2jac + H2T2jac- (31)

dt?
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Using formulas and —, substituting the corresponding expressions in the right part
of equation , we obtain the differential equation for body in the barycentric coordinate
system in the form

d2 = — N — -t
P (mofow) = gradi,, U + Api71s + Boi71s + AoaTp + BoaTap + Fop, (32)
where are denoted
mom moem mym
U:f<01+ oMz 12>’ (33)
To1 To2 12
.. m . m
Agi = —2fu— + 2invppa—, (34)
H1 H1
. My d mq d my . mq
By1 = —jii— — 2( 20 — — 35
01 M1 i uldt ( ) + V1V0N2dt ( ) + Vo1 g i (35)
vm d Mo vim
App = =2/ 29— (op2) — + 201100 : 2 (36)
:U/l dt ,u /1’1

2t od (vime d? Mo
Boy = — — 2 — - 2
02 H1 " H1 ( ) di2 (vop2) 7

! di\ 2 (37)
5 d ( ) d (mo Y d [vime i V1M
—2— (1Y — | — Vg lhg— Vol
di 0H2 dt \ 1 1 oﬂzdt " V12 w
ﬁOb = _Mlﬁljac - VONQﬁQjac- (38>

In exactly the same way, using the relations ,, — we obtain the differential

equation for body in the barycentric coordinate system

d2
e (ma71) = gradz, U + Ap1#y + By + Avafay + Biafay + Fiy, (39)
.. m . m
Ay = 21— 4 240 pry— (40)
H1 H1
. m d (my d (m .m
By = ,u1—1 + 201 — ( ) + 201 e — <—1) + V1V1M2—17 (41)
T8t dt \ dt \ 251
. Ui d v m2
Ap =20y —2— (V1M2) — 4 20111 o (42)

/,l,l dt ,LL /,L]_
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L UMy od (vimy d? Mo
By = 2y — [ 2222 2
12 = fi " + g ( ) dt2< Vij2) m

2

43

2d (i) & d my Y d [vime o V1Mo (43)
—2— 204 2%

o Vip2 i 1 1/~L2dt i V1142 ,u1’

%51

ﬁlb = M1ﬁ1jac - V1M2ﬁ2jac- (44)

The differential equation for body P, in the barycentric coordinate system follows from the

relations (31), (24), (13)
d2

a2 (maT) = gradz, U + A217'_”1b + Bo17™1 + A227%2b + BooThy + ﬁzb, (45)
m
Agy = =201 15—, (46)
M1
d (m . my
By = —2i — ) = Dpa— 47
V1M2dt (,u1 ) D12 1 ) ( )
vim
A22 = 2/,62— - 21/1,LL2 ! 2 (48)
H2 M1
. d [ mo . d (vimy . vimea
Boo = jio— + 2/ — ] =2 — — 49
22 ,UQ s + Mzdt ( ) V1M2dt < m V12 u (49)
ﬁQb = U2ﬁ2jac- (50)

It should be noted that the forms of equations , , and obtained are convenient
for further analysis. Let’s rewrite the equations , , in the form of

P2 ) P2 , P2 ;
§7e) (moTon) = Qo, a2 (maT) = @, a2 (maa) = Q2, (51)
Qo = grady, U + Ao171y + BorFis + AoaTas + BoaTas + Fop, (52)

—

Q1 = grady,U + A7y + BiyFiy 4 AvoFay + Biofo + Fip, (53)



140 Differential motion equations of the variable-mass three-body problem ...

Qs = grady, U + A7y 4 BorTip + AgoTop + BaaTay + Fop. (54)

Let’s show that

Qo + 61 -+ QQ = 0. (55)
It is obvious that

gradg, U + grady, U + grady, U = 0. (56)

T0b T2b

Indeed, considering that vy 4+ 1y = 1, direct calculations give
Foy + Fip + Fop = 0. (57)
In exactly the same way, we get

Aoy + A1+ A =0, By + By1+ By =0, (58)

Agg + A1g + Az =0, By + Bia + By = 0. (59)
Then it follows from equations

d2 — — —

@ (morgb + mqryp + m27’2b) = O, (60)
according to , this is natural for the barycentric coordinate system. Therefore, we can
write

MoTob + MaT1p + MaTap + MoTop + 1171 + Mooy = 0. (61)

Equations and are the only analytical relations connecting the coordinates and
velocities of three bodies in the barycentric coordinate system under any laws of mass change.

It should be noted that, owing to the center-of-mass invariant, it is actually possible to
consider only two of the three vector equations , , and .

When the masses of the bodies vary isotropically and the reactive forces vanish, the
center-of-mass invariants are conserved [11]. Naturally, in the case of constant masses, the
equations of motion and the center-of-mass invariants obtained above reduce to the well-
known equations [1], |2], [16].

5 Conclusion and discussions

In this paper, the differential equations of motion for the variable-mass three-body
problem in the presence of reactive forces are first formulated in the absolute and relative
coordinate systems. Subsequently, on the basis of the equations expressed in the relative
coordinate system, the corresponding equations of motion are derived in Jacobi coordinates.
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Furthermore, using the equations of motion obtained in Jacobi coordinates, the differential
equations governing the motion of the variable-mass three-body problem with reactive forces
are formulated in the barycentric coordinate system. To the best of our knowledge, this
represents the first derivation of these equations within such a framework. For the first
time, integrals of linear momentum have been obtained in the barycentric coordinate system,
following G. N. Duboshin [16], these integrals are referred to as the center-of-mass invariants.
These invariants constitute the only analytical relations linking the coordinates and velocities
of the bodies under arbitrary laws of mass variation in the variable-mass three-body problem
with reactive forces.

It should be emphasized that the absolute coordinate system is adopted as the primary
inertial reference frame. In contrast, the relative, Jacobi, and barycentric coordinate systems
are non-inertial. The barycentric coordinate system provides a convenient framework for
investigating the dynamical evolution of an isolated self-consistent system composed of three
mutually gravitating bodies with variable masses.

The differential equations of motion derived in the barycentric coordinate system, together
with the established center-of-mass invariants, may be employed in a wide range of qualitative,
analytical, and numerical investigations of the variable-mass three-body problem in the
presence of reactive forces.

The new results obtained can be applied to the study of exoplanetary systems |17] with
variable masses [1§] - [19].

Authors contribution

M.M.: methodology, supervision. M.M. and A.K.: writing - original draft preparation. M.M.,
A.P. and A.K.: editing after review. All authors have read and agreed to the published version
of the manuscript.

References

[1] Golubev V.G., Grebenikov E.A. 1985. Problema Treh Tel v Nebesnoj Mehanike [The
Three-Body Problem in Celestial Mechanics|. Moscow: Moscow State University. (in
Russian).

[2] Marchal C. 1990. “The Three-Body Problem”. New York: Elsevier Science Publishing

Company Inc.

[3] Markeev A. P. 1978. Tochki Libracii v Nebesnoj Mehanike i Kosmodinamike [Libration
Points in Celestial Mechanics and Cosmodynamics|. Moscow: Nauka [Science|. (in
Russian).

[4] Szebehely V. 1967. Theory of Orbits: The Restricted Problem of Three Bodies. New York
and London: Academic Press Inc. https://doi.org/10.1016/B978-0-12-395732-0.X5001-6.

[5] Bruno A. D. 1994. The Restricted 3-Body Problem: Plane Periodic Orbits. De Gruyter.



142

Differential motion equations of the variable-mass three-body problem ...

(6]

7]

9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

18]

[19]

Chencier A., Montgomery R. D. 2000. “A Remarkable Periodic Solution of the Three-
Body Problem in the Case of Equal Masses”. Annals of Mathematics 152 (3): 881-901.
https://doi.org/10.2307/2661357.

Montgomery ~ R.  2015. "The  Three-Body  Problem and the  Shape
Sphere".  The  American  Mathematical =~ Monthly 122 (4):  299-321.
http://dx.doi.org/10.4169 /amer.math.monthly.122.04.299.

Omarov T.B. 1975. Dinamika Gravitirujushhih Sistem Metagalaktiki [Dynamics of
Gravitating Systems of Metagalaxy|. Alma-Ata: Nauka [Science|. (in Russian).

Omarov T.B. 2002. Non-Stationary Dynamical Problems in Astronomy. New-York: Nova
Science. Inc.

Eggleton, P. 2006. “Evolutionary Processes in Binary and Multiple Stars”. Cambridge:
Cambridge University Press. https://doi.org/10.1017/CB09780511536205.

Minglibayev M. Zh. 2012. Dinamika Gravitiruyushchikh Tel s Peremennymi Massami i
Razmerami [Dynamics of Gravitating Bodies with Variable Mass and Dimensions|. LAP
LAMBERT Academic Publishing. (in Russian).

Minglibayev M. Zh., Maemerova G.M. 2011. "K Probleme Treh Tel-Tochek s
Peremennymi Massami [On the Problem of Three Point Bodies with Variable
Masses|."Vestnik KazNU Serija Matematika, Mehanika, Informatika [Journal of
Mathematics, Mechanics and Computer Science| 70 (3): 78-86. (in Russian).

Minglibayev M. Zh., Prokopenya A. N., Mayemerova G. M., Imanova
Zh. U. 2017. "Three-Body Problem with Variable Masses that Change
Anisotropically at Different Rates."Mathematics in Computer Science 11: 383-391.
https://api.semanticscholar.org/CorpusID:10278269.

Meshherskij I. V. 1949. Raboty po Mehanike Tel Peremennoj Massy [Works on the
Mechanics of Bodies of Variable Mass|. Moscow: GITTL. (in Russian).

Aleksandrov P. S. 1968. Lekcii po Analiticheskoj Geometrii |Lectures on Analytical
Geometry|. Moscow: Nauka [Science|. (in Russian).

Duboshin G. N. 1968. Nebesnaja Mehanika: Osnovnye Problemy i Metody | Celestial
Mechanics: Basic Problems and Methods|. Moscow: Nauka [Science|. (in Russian).

Veras D. 2016. Post-Main-Sequence Planetary System Evolution. Royal Society Open
Science: Astronomy 3 (2): 150571. https://doi.org/10.1098 /rs0s.150571.

Hadjidemetriou J.D. 1967. Secular Variation of Mass and the Evolution
of Binary Systems. Advances in Astronomy and Astrophysics 5: 131-188.
https://doi.org/10.1016/B978-1-4831-9923-8.50008-5.

Deprit A. 1983. The Secular Acceleratons in Gylden’s problem. Celestial Mechanics 31
(1): 1-22. https://doi.org/10.1007/BF01272557.



M. Minglibayev et. al. 143

Information about authors:

Minglibayev  Mukhtar — Zhumabekovich - Doctor of  Physico-Mathematical — Sciences,
Professor at the Department of Mechanics of Farabi University (Almaty, Kazakhstan, email:
minglibayev@kaznu.kz).

Kosherbayeva Aiken Bakytzhanovna (correspondent author) — PhD, Assistant Professor
at the Department of Mechanics of Farabi University (Almaty, Kazakhstan, e-mail:
kosherbayeva. aiken@kaznu.kz).

Prokopenya Alexander Nikolaevich — Doctor of Physico-Mathematical Sciences, Professor at the
Institute of Information Technology of the Warsaw University of Life Sciences-SGGW (Warsaw,
Poland, e-mail: prokopenya@sggw.edu.pl).

Asmopaap mypaavt Maaimem:

Muneaubaes Myxmap Jorcymaberosuy — GHu3UKA-MAMEMAMUKE  2blAbMIGDHBLY, JOKMOPDL,
Farabi University mexanura xagedpacvinviry, npodeccopor (Aamamu, Kaszarxeman, saexmpondoik no-
wma: minglibayev@kaznu.kz).

Kowepbaesa Atiken Bakxvmorcanosna (xoppecnondenm asmop) — PhD, Farabi University me-
ranuka rwagedpacvirony accucmenm npogeccopor (Aamamol, Kaszakeman, ssexmpondur; nowma:
kosherbayeva. aiken@kaznu.kz).

IIpoxonens Arexcandp Huxoraesuy — mamemamura-dusuka avavimoapviroiy dokmopst, Bapwa-
80 HCAPABIABICNARY 2biabmiapy, yrusepcumemi-SGGW Axnapammuk Texnonroeusrap Unemumy-
muirouy, npogeccopor (Bapwasa, Ioavwa, saekmpordo nowma: prokopenya@sggw.edu.pl).

Ungopmavus 06 asmopax:

Muneaubaes Myxmap Jorcymabexosun — dokmop GuuKO-MAMEMAMUYECKUL HAYK, NPO-
geccop xkapedpv, mexanuxu Farabi University (Aamamw, Kasaxcman, anexkmponnas nowma:
minglibayev@kaznu.kz).

Kowepbaesa Atxen Baxwmotcanosna (koppecnondenm asmop) — PhD, accucmenwm npo-
deccopa kapedpv. mexanuru Farabi University (Aamamuw, Kasaxcmawn, snekmpownas nowma:
kosherbayeva. aiken@kaznu.kz).

Ipoxonens Anexcandp Huxonraesuuw - dokmop @Guuxo-mamemamuieckur Hayk, npogpeccop
Hrnemumyma un@opmayuorHnr mexHoso2ud, Bapwasckozo yHusepcumema ecmecmeertoir Hayk-
SGGW (Bapwasa, Hoavwa, saexmpornas nowma: prokopenya@sggw.edu.pl).

Revised: July 31, 2026
Accepted: September 5, 2026



	Introduction
	Derivation of the Differential Equations of Motion in an Absolute and Relative Coordinate Systems
	Derivation of the Differential Equations of Motion in an Absolute Coordinate System
	Differential equations of motion in a relative coordinate system

	Differential equations of motion in Jacobi coordinate system
	Differential equations of motion in a barycentric coordinate system
	Transformation formulas of barycentric coordinates by Jacobi coordinates
	The invariant of the center of mass
	Derivation of the Equations of Motion in the Barycentric Coordinate System

	Conclusion and discussions

