ISSN 1563-0277, eISSN 2617-4871 JMMCS. Ne4(132). 2026 https://bm.kaznu.kz

IRSTI 27.31.15 DOT: https://doi.org,/10.26577/JMMCS205110426

M. Danabekova'?~~, M.A. Sadybekov?

IFarabi University, Almaty, Kazakhstan
2Institute of Mathematics and Mathematical Modeling, Almaty, Kazakhstan
*e-mail: moldirrdanabekova@mail.ru

AN INVERSE SOURCE PROBLEM FOR A SECOND-ORDER
HYPERBOLIC EQUATION WITH AN INTEGRAL CONDITION

This paper investigates a linear inverse boundary value problem for a second-order hyperbolic
equation with an unknown right-hand side depending on time. The problem is posed with initial
conditions, a Neumann boundary condition, a nonlocal integral condition, and an additional
condition. The aim of the study is to establish conditions for the existence and uniqueness of
a classical solution to the inverse problem. Under the imposed zero-mean and compatibility
conditions, the original problem with a nonlocal integral condition is reduced to an equivalent
auxiliary problem with homogeneous Neumann boundary conditions at both endpoints and an
additional relation, for which the uniqueness of the solution is established. The Fourier method
is applied to investigate solvability. The solution of the hyperbolic equation is represented as a
series in the corresponding system of eigenfunctions, after which the expansion coeflicients are
determined. Based on the obtained representations and estimates, the necessary properties of the
unknown functions are established. It is proved that the obtained functions satisfy the differential
equation, the initial conditions, the Neumann boundary condition, the nonlocal integral condition,
and the additional condition in the classical sense. As a result, under the formulated requirements
on the given functions and the necessary compatibility conditions, the original linear inverse
boundary value problem for the considered second-order hyperbolic equation is shown to admit
exactly one classical solution.

Keywords: inverse boundary value problem, second-order hyperbolic equation, Fourier method,
Volterra integral equation, classical solution.
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NuaTerpanapik maprbl 6ap ekinmni perTi runepOoJiaibIK, TEHJEY YIMIH KO3/l KAJITBIHA
KeJITipyaiH Kepi ecebi

By xxymbicTa yakbpITKa Toyesai Oenricis oH »Karbl Oap eKiHmm perTi rumepOoIaIbiK, TEHIACY
VITiH CBIBBIKTBIK, KEpi IMIETTIK ecemll 3epTTeseni. KapacThIpblaiaTbiH ecenl OacTallKbl MapTTapMeH,
Hefiman meTTik mapTbhIMeH, JIOKAJJIBIK, eMeC UHTEIPAJIbIK, MAPTIEH 2KOHE KOCBIMINA MAPTIICH
Gepiiemi. 3epTTeyaiH MakcaThl KOWBLIFAH KePl eCenTiH KJIACCUKAJIBIK, MIENNMIHIH 6ap 00yl MeH
JKAJIFBI3JIBIFBIHBIH IIAPTTAPBIH aHBIKTAY 00JbIn TabbuIaael. Heaik oprama MoH KoHe yilecim-
JUTK mapTTapbl OPBIHIAJIFAHA, JIOKAJIBIK €MeC MHTErPAJIBIK IMapThl 6ap OACTAIKDLI ecerl eKi
mretinge 6iprekTi Hefiman maprrapbl 2KoHe KOChIMINTA KATBIHACKHI 6ap SKBUBAJEHTTI KOMEKIIT €Cerl-
Ke KeJITipLTil, OHBIH, MeNTiMiHIH YKaJIFbI3/IBIFBI J1a1esaeHe . EcenTin mernrimiMaiairin 3eprrey yirin
Dypbe oici KOJIAHBLIAAL. | UIepboIaibIK TEeHJIEY/IIH IIenriMi coiffkec MEHINKTI (yHKIusIap
Kyiteci GOMBIHITIA KaTap TYPIiHIE OpHEKTEeIl, CoaH KeifiH XKikTey KoahdUuImenTrepi aHbIKTA A~
Jbl. AJTBIHFAH @pHEKTep MeH Oarajay/iap Herisinge i3jerinerin OyHKIUIapIbH KAYKEeTTi KacueT-
Tepi Genrineneni. Tabburran GyHKIUAIAPABIH M dEPEHITHATIILIK, TEHIEYT, 0ACTAIKBI MAapPTTap-
AbI, Hefll\/IaH IHeTTiK IapTbIH, JIOKAJIJIBIK €MeC HHTEI'PDaJIAbIK IapTThl KoHE KOCbIMIIIa HIapTThI
KJIACCUKAJIBIK, MaFblHAJa KAHAFATTAHJIBIPATHIHGI JoJienenei. Horuxkecinge Gepiiren gpyHKIUsI-
Jlapra KOMBIIFaH TaJanTap MeH KaXKeTTi YIIeCIMJIIIK mapTTapbl OPBIHIAIFaH I, KAPaCThIPhLIa-
TBHIH €KIiHIM PeTTi rurnepOoJIaIbIK, TEHIEY YIMH OACTANKbI CHI3BIKTHIK, KePi IeTTIK eCeTiH, KaJIFbI3
KJIACCUKAJIBIK, TIIENTiMi Oap eKeHi KopCeTismi.
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Tyiiin ce3mep: kepi meTTiK ecel, ekiHIm perTi runepbosansik, Tegaey, Oypbe omici, Bosasreppa
MHTErpaJIIbIK, TeHJIEYl, KIIACCUKAJIBIK, IIIETITiM.
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O6parHas 3a/1a4a BOCCTAHOBJIEHUS MCTOYHHUKA [JIsi TUIIEPOOIMYECKOr0 ypaBHEHUsI BTOPOrO
MOPSAAKA C MHTErPAJILHBIM YCJIOBUEM

B pabore umcciemnyercsa mumeiinas obpaTHas KpaeBas 3a/ada JJIsi TUIEPOOTUTIECKOTO ypaB-
HEHUsI BTOPOT'O TOPSIKA C HEM3BECTHON MPaBOil YacThIO, 3aBUCAIIEl OT BpeMenu. PaccMmarpuBae-
Masl 3a/1a9a 3a/1aeTCs HaYaIbHBIMU YCJIOBUSIME, ycaoBueM HeiiMaHa, HeJIOKaJIbHBIM HHTEIPAJIbHBIM
YCJIOBHEM U JIOTIOJIHUTEIBHBIM yCjioBreM. 1lesibio ucciieIoBaHmst siBJISIETCSI YCTAHOBJIEHUE YCIOBUIt
CyIIeCTBOBAHUS U €IMHCTBEHHOCTH KJIACCHIECKOTO PEIEHNs IIOCTAaBJIeHHON 00paTHoil 3amaqu. [Ipu
BBITIOJTHEHUH YCJIOBHUIl HYJIEBOTO CPEJIHEr0 3HAYEHUS M YCJIOBUIl COIVIACOBAHUS MCXOIHAS 3a/1a49a C
HEJIOKAJIbHBIM MHTEI'PAJIbHBIM YCJIOBHEM CBOJIUTCH K IKBUBAJEHTHOI BCIIOMOTaTe/IbHON 3ajiade C
OJIHOPOJHBIMU ycjoBusiMu HeiiMana Ha 000MX KOHIIAX U JIOIOJIHUTEBHBIM COOTHOIIEHUEM, JIJIs
KOTOPO# yCTAaHABJINBAETCS €JIUHCTBEHHOCTH perenusi. J[Jisi ucciieloBanmnsl pa3pernmMOCTd IPUMe-
ustercst Merog, Oypoe. Perenne rumnepbosinaeckoro ypaBHEHUsI TPEIACTABISAETCS B BUJE Psifia IO
COOTBETCTBYIOIIEH cucTEME COOCTBEHHBIX (DYHKIIHI, ITOCJIE 9ero OMPEeIesISIOTC KOIMDPUIMEHTHI
pasnoxkennsi. Ha ocHOBaHMU OJIyYeHHBIX HPEJICTABIEHUI M OIEHOK YCTAHABIMBAIOTCA HEOOXO-
JIUMbIE CBOMCTBa MCKOMBIX (byHKIHi. /loKasbiBaeTcs, 9To HalieHHbIe (DYHKIIMH YI0BJICTBOPSIIOT
JuddepeHInaJIbHOMY YPaBHEHUIO, HAYaIbHBIM YCJIOBUSIM, ycjioBuio HeliMaHa, HeJIOKaJIbHOMY WH-
TerpajbHOMY W JOMOJTHUTETLHOMY YCJIOBHUSIM B KJIACCHYIECKOM CMbIcje. B pesyiabrare mpu cdop-
MYJIIPOBAHHBIX TPEOOBAHUAX K 3aJaHHBIM (DYHKIIUSAM ¥ BBITOJJHEHUHN HEOOXOIUMBIX YCJIOBUN CO-
IJIACOBAHUS [TOKA3aHO, YTO UCXO/HAs JIMHEHAs 00paTHAS KpaeBas 3a/1a9a JJIs PACCMATPUBAEMOTO

runepboIMYecKOro ypaBHEHHs BTOPOI'O IOPsKa UMeeT €INHCTBEHHOE KJIACCHYECKOe PEIeHNE.
KuroueBbie ciioBa: obpaTHas KpaeBas 3ajada, rUIEepPOOINYECKOe ypaBHEHUE BTOPOrO IOPS-

ka, MeTon Pypbe, HHTErpaJIbHOE ypaBHEHNEe BosbTeppa, KIacCuuecKoe pelleHue.

1 Introduction

Inverse problems for differential equations arise when, in addition to the solution of the
equation, one or more unknown quantities, such as coefficients or source terms, are to be
determined from additional information. Depending on the way the unknown quantities
enter the equation and the additional conditions, such problems may be linear or nonlinear.
Inverse problems constitute an important area of modern mathematics and arise in various
applications.

The integral condition

1
/ u(z,t)de =0
0

specifies that the spatial mean of the solution vanishes at each time ¢. In the context of
vibration processes, where u(x,t) represents the displacement of a medium, this condition
expresses a balance between positive and negative displacements over the spatial interval.
The additional condition

u(zo,t) = h(t)



78 An inverse source problem for a second-order hyperbolic equation ...

specifies the displacement at a fixed spatial point zy. This observation provides additional
information for determining the unknown time-dependent source factor a(t) together with
the solution u(x,t).

The general theory of inverse problems has been developed in the fundamental works of
A.N. Tikhonov |1], M.M. Lavrentiev |2,3], V.K. Ivanov [4], A.M. Denisov |5, V. Isakov [6],
and their followers.

Inverse problems for second-order hyperbolic equations with integral and nonlocal
conditions have been investigated in several studies. Mehraliyev and Isgendarova [7] studied
an inverse problem involving an unknown time-dependent coefficient in a second-order
hyperbolic equation with an integral condition. The original problem was reduced to an
equivalent problem, and the Fourier method was used to obtain a system of integral equations
whose solvability was established.

Mehraliyev and Isgenderova [§| investigated an inverse boundary value problem for a
second-order hyperbolic equation with an integral condition of the first kind. Their problem
involves the recovery of an unknown coefficient multiplying the solution and is formulated
with nonclassical boundary conditions. The analysis is based on a biorthogonal system and
the Fourier method, while the existence and uniqueness of a classical solution are established
using the contraction mapping principle. Related inverse problems for second-order hyperbolic
equations were also considered by Mehraliyev [9.|10].

Mehraliyev and Azizbayov [11] investigated a time-nonlocal inverse coefficient problem
for a second-order hyperbolic equation with an integral overdetermination condition. Their
problem involves nonlocal initial conditions connecting the values of the solution and its
time derivative at t = 0 and t = T'. The unknown time-dependent coefficient multiplies the
solution itself. By reducing the original problem to an auxiliary system and applying the
Fourier method and the contraction mapping principle, the authors established the existence
and uniqueness of a classical solution under restrictions on the time interval.

E. Azizbayov [12[13] also investigated inverse coefficient identification problems for
hyperbolic equations subject to nonlocal integral conditions.

The identification of unknown source terms in hyperbolic equations has also been
investigated in classical studies. Cannon and Dunninger [14] considered the determination
of an unknown forcing function in a hyperbolic equation from additional data. Prilepko,
Orlovsky, and Vasin [15] presented a systematic treatment of inverse problems for partial
differential equations, including questions of existence, uniqueness, and stability.

Kozhanov and Safiullova [16] investigated linear inverse problems for parabolic and
hyperbolic equations involving the simultaneous determination of the solution and an
unknown right-hand side under additional overdetermination conditions, including final and
integral conditions. They established the existence and uniqueness of regular solutions.
Kozhanov and Pulkina [17] studied initial-boundary value problems for multidimensional
second-order hyperbolic equations with nonlocal boundary conditions of integral type and
established the existence and uniqueness of regular solutions.

Mehraliyev [18] investigated an inverse boundary value problem for a second-order elliptic
equation with an unknown time-dependent coefficient under an integral condition and an
additional observation. The existence and uniqueness of a classical solution were established.
Although this problem concerns an elliptic equation, it is related to the present study through
the use of an integral condition and additional information for the simultaneous determination
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of the solution and an unknown time-dependent function.
More recently, S.A. Ould Beinane, N. Alotaibi, G. Alsahli, and A. Ilyas [19] considered
an inverse problem for the wave equation

utt(mu t) - u:pw(x7t) = Cl(t)f(.??,t)
with the nonlocal boundary conditions
u(0,t) =0, u(l,t) +u(a,t) =0, 0<a<l,

where the unknown function a(t) is determined together with u(z,t) under the additional
integral condition

/01 u(z,t)dx = E(t).

For this inverse problem, conditions for the existence and uniqueness of a solution were
established.

The present study follows the general Fourier-based approach developed by Mehraliyev
and his co-authors. In particular, the regularity assumptions imposed in Theorem 3 and the
estimates for the Fourier coefficients are similar in structure to assumptions H2)-H4) and
estimates (3.10)—(3.11) in [11]. These techniques are adapted to the boundary conditions and
the source term considered in the present problem.

The main contribution of the present study is the establishment of existence and
uniqueness of a classical solution for the considered linear inverse source problem.

A distinctive feature of the present problem is that the unknown time-dependent source
factor a(t) multiplies a prescribed spatially and temporally dependent function g(x,t), rather
than the unknown solution u(z,t), as in [7].

This distinction changes the structure of the inverse problem: the present formulation is
linear with respect to the unknown pair (u,a) and leads to a single linear Volterra integral
equation of the second kind for the recovery of a(t).

The main contribution consists in establishing the existence and uniqueness of a classical
solution for this source structure under the considered combination of a homogeneous
Neumann boundary condition, a zero-mean spatial integral condition, and an additional
pointwise observation, without imposing a smallness restriction on the finite time interval.

Under the imposed zero-mean and compatibility conditions, the original problem is
reduced to an equivalent auxiliary problem with homogeneous Neumann boundary conditions
at both endpoints. This reduction allows the application of the cosine Fourier method and
leads to a single linear Volterra integral equation of the second kind for the unknown source
factor. In contrast, the analysis in [7] is based on a biorthogonal system and a coupled system
of integral equations, whose solvability is established by the contraction mapping principle
under the additional restriction

(A(T) +2)*B(T) < 1.

The present approach establishes the existence and uniqueness of a classical solution for
any finite 7' > 0, without imposing a smallness condition on the time interval or restricting
the solution to a prescribed ball. Thus, the contribution of the present study lies in the
classical solvability result for the considered linear inverse source problem rather than in the
introduction of a new Fourier-based analytical method.
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2 Problem Formulation and an Equivalent Reformulation
We consider the following inverse boundary value problem

Uit ) = a2, 8) = alt)g(, 1) + f (1) (1)
for Dr = {(x,t): 0 <z <1, 0<t<T}. Att =0, we prescribe

u(z,0) = p(z), w(z,0)=1(z), 0<z<1. (2)
The boundary condition at x = 0 is

ug(0,¢) =0, 0<t<T. (3)

We also require
1
/u(m,t)dmzo, 0<t<T. (4)
0

At a fixed point zy € [0, 1], the solution satisfies

u(xo,t) = h(t), 0<t<T. (5)
Here f(z,t), g(z,t), o(x), ¥(x), and h(t) are prescribed. We seek u(x,t) and a(t).
Definition 1 A pair of functions {u(x,t),a(t)}, where u(z,t) € C*(Dr) and a(t) € C[0,T],

1s termed a classical solution of the inverse boundary value problem f if holds in
Dy, the initial conditions hold on [0,1], and the relations (3)—~([) hold throughout [0, T).

Theorem 1 Let f(x,t) € C(Dr), fo = 0,0 <t < T, g(a,t) € C(Dy),
fo (z,t)de = 0,0 <t <T, o(x) EC’[O,l], w( ) € €0, 1], () C?[0,T] assume that
the followmg compatibility relations hold:
1 1
| ewa=0. [ w@ar=o (6
0 0
p(xo) = h(0), ¥(xo) = 1'(0). (7)

Then solving problem (1) () in the classical sense is equivalent to finding u(z,t) € C*(Dr)
and a(t) € C[0,T)] satisfying (1)) together with

u(1,6) =0, 0<t<T, 8)

h"(t) — upe(z0,t) = a(t)g(zo, t) + f(x0,t), 0<t<T. 9)
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Proof. Assume that the pair {u(z,t),a(t)} solves (I)~(F]) in the classical sense. Integration
of (1) over the spatial interval [0, 1] yields:

2 1

iz |, w(z,t) de—u,(1,t)+u, (0, ) = a(t)/lg(x,t) d:v—l—/ol flz,t)de, 0<t<T.(10)

0

In view of the conditions

1 1
/ f(z,t)dz =0, / g(x,t)dx =0, 0<t<T,
0 0

and taking into account and , it follows from that holds.
Evaluating equation (1) at z = xq gives
d2
prol
Since h € C?[0,T], two successive differentiations of with respect to t yield

(20,t) — Uz (o, t) = a(t)g(xo, t) + f(xo,1), 0<t<T. (11)

ug (o, t) = K" (t), 0<t<T. (12)

Substitution of into establishes @
Next, let {u(z,t),a(t)} satisfy problem (I)-(3), (8), (9). Then from (10), taking into

account
1 1
/ f(a:,t)dx:/ g(x,t)dx =0, 0<t<T,
0 0

and , , we obtain:
&2 !
e Jo
In view of , taking into account @, it is easy to see that

/01 u(z,0)dr = /01 o(x)dr =0, /01 u(2,0) dx = /01 Y(z)de = 0. (14)

The trivial solution is the unique solution of , . Consequently,

u(z,t)de =0, 0<t<T. (13)

1
/ u(z,t)dr =0, 0<t<T,
0

so the integral requirement holds.
Subtracting @D from yields

2
de?
The initial conditions and the compatibility relations give:
u(zo,0) — h(0) = ¢(xo) — h(0) =0, u (o, 0) — h’(O) = (xg) — h’(O) = 0. (16)

Relations and imply , completing the proof of the theorem.
The following theorem holds.

(u(zo,t) — h(t) =0, 0<t<T. (15)
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Theorem 2 If a(t) € C[0,T] is known and problem ())-(3), has a solution, then it is
unique in the class C*(Dr).

Proof 1 Suppose that, for the same given function a(t), there exist two solutions
uy(z,t), us(z,t), and consider the difference

v(x,t) = uy(z,t) — ug(z,t).
The function v(x,t) obviously satisfies the homogeneous equation

U (2, 1) — vge(, 1) = 0, (x,t) € Dr (17)
and the conditions:

v(x,0) =0, vy(x,0) =0, 0<z<l1, (18)

v(0,8) =0, v (1,t)=0, 0<t<T. (19)

We prove that the function v(z,t) is identically equal to zero.
We multiply equation throughout by 2v,(z,t) and then integrate each side over the
interval 0 < x < 1, obtaining:

) /1 (vl 8) — Va2, ) vy(w, ) dz = 0,  O<t<T. (20)

By using the boundary conditions | , we have:

1
2/vtt(:ct)'ut:r;t :—/vtxt 0<t<T,
0

1
2/ Ve (T, t)vg (2, ) d :——/ (x,t)d 0<t<T.
0
Then, from we have:

1
%/ (V7 (2, 1) + v3(x, 1)) dx =0, 0<t<T.
0

Consequently,

/0 (Uf(aj,t) —l—vi(x,t)) dx :/0 (vf(x,O) + v2(, 0)) dz.

Since v(x,0) = 0, we have v (x,0) = 0. Taking also into account vi(x,0) = 0, it follows that
1
/ (vf(z,t) + v2(x,t)) dz =0, 0<t<T.
0

Hence vy(x,t) =0, wv.(z,t) = 0. Therefore, the identity v(x,t) = const = Cy follows. Using
condition (18), we have v(x,0) = Cy = 0. Thus, it is proved that v(z,t) = 0. Therefore, if
there exist two solutions ui(z,t) and us(x,t) of problem (U)—-[3), [§), then ui(z,t) = us(x, ).
Hence, if a solution of problem f, exists, then it is unique. The theorem is proved.
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3 On the Solvability of an Inverse Boundary Value Problem

To investigate the solvability of problem 7, , @D, we consider the corresponding

spectral problem
—y"(z) = Ny(z),  y(0)=y(1)=0.
Its eigenvalues and corresponding eigenfunctions are
A = ki, yr(x) = cos(kmz), k=0,1,2,....

For problem —, , @D, we seek u(z,t), the first component of the solution pair
{u(z,t),a(t)}, in the following form:

u(z,t) = Zuk(t) COS A\ 2, A, =k, (21)
k=0
where
1
u(t) :mk/ u(z,t) cos Ay dz, k=0,1,2,...,
0

mo =1, m=2, k=12,....

A formal application of the Fourier method to and gives the following relations:

ug(t) + MNur(t) = Fi(t;a),  k=0,1,2,..; 0<t<T, (22)

where
1
Fy(ta) = fu(t) + a(t)gi(t),  fi(t) = mk/ f(z,t) cos Az d,
0
1 1
gr(t) = mk/ g(x,t)cos \prdx, @ = mk/ o(x) cos \px d,
0 0

1
@Z)k:mk/ Y(x)cos \prdr, k=0,1,2,....
0

By solving 77 we arrive at

wo(t) = o + i + / (t — 7)Fo(r:a) dr, (24)

1 I
ug(t) = . cos /\kt+>\—¢k sin )\kt+>\—/ Fi(r;a)sin \p(t—7)dr, k=1,2,...; 0<t<T.
k k Jo
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(25)
Taking into account expressions and , from (21]) we obtain
t
u(z,t) = po + thg + / (t —7)Fy(T;a)dr
° (26)

= 1 I
+ Z ©) COS At + —y sin A\t + — / Fy.(1;a) sin Ay (t — 7) d7 p cos \gx.
k=1 Ak Ak Jo

In view of , from @ it follows that

a(t) _ [g(l'(),t)]_l {h//( -T07 + Z /\kuk COS )\kxo} . (27)

An equation determining the second solution component a(t) in problem —, , @D
follows upon replacing the expression in by its representation :

a(t) = [g(xo, t)]_l{h”(t) — f(zo,t) + Z A [gpk cos A\t
= (28)

1 1 [t
+ — g sin A\pt + — / Fi(m;a)sin \g(t — 1) dT:| COS A\, To ¢ -
Ak Ak Jo

Therefore, the construction of a solution of problem —, , @ is reduced to solving
equation and verifying the required regularity of the function defined by .

The following theorem can be proved. Here and below, derivatives in Ly are understood
in the weak sense.

It should be noted that the auxiliary problem —, , @ is investigated under more
general assumptions than those required for the equivalence established in Theorem [} In
particular, the zero-mean conditions on the prescribed data are not imposed in Theorem 3.
Therefore, the zero Fourier mode ug(t) is not necessarily identically zero and must be retained
in the Fourier representation and the corresponding estimates. These zero-mean conditions
are imposed subsequently in Theorem [4| to establish the solvability of the original inverse

problem ([I)—(F)).

Theorem 3 For problem f, , @D, impose the following assumptions on the
prescribed data:

1 p(z) € C?[0,1], 9" (x) € Lz(0,1), ¢'(0) =0, ¢'(1) =0
2. ¢(x) € CM0,1], ¥"(x) € Ly(0,1), ¥'(0) =0, ¢'(1) = 0
3ﬂL®JML®eC(1)f(LQGLADHJMQQ:QjMszo 0<t<T

0<t<T.
5MﬂeWW$L%m)#&0§t§T B
Then problem ()-@), @), (O) ras a unique solution, with u(x,t) € C*(Dr),a(t) € C[0,T).
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Proof 2 FEquation can be written in the form:

a(t) = b(t) —I—/0 G(t,7)a(T) dr, (29)

b(t) = [g(‘r()v t)]_l{h”( ) f(l’(]? + Z )‘k [g&k CcOs )\kt —|— I/Jk sin )\kt
k=1
+ )\ik /Ot fr(T)sin A\g(t — 7) dT] cos )\kxo},

G(t, 1) = [g(zo, 1 Z Mg (T) sin A\ (t — 7) cos A\go.

Now, taking into account the conditions of Theorem[3, it can be shown that

16#)lcory < g0, )] oo { 1" (6) = £ (0, )l

1
2

V2 (Z A ) 1" @0 + 10" (@)l 2201 (30)
k=1

+ ﬁ“fm:(xv t>||L2(DT)i| }

=

k=1

\G(t,ﬂrsﬁu[g(xo,tn1||Cm( Aﬁ) e, ) om0 - (31)

We now justify the continuity of the functions b(t) and G( ,T) appearing in equation (29)).
By the assumptions of Theorem@ gzz € C([0,T); L*(0,1)). Using the Cauchy-Schwarz
inequality and Parseval’s inequality, we obtain

> Mlge(n)] < <Z%) (in|gk<7>|2> <V2 <Z Ag) 1922 (> )l 22(0.1)-

Consequently, the series defining G(t,T) converges absolutely and uniformly on
Ar={(t,7):0<7<t<T}.
Since each term of this series is continuous and g(xo,t) # 0 on [0,T], we conclude that

G e C(Ar).
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We now establish the continuity of b(t). By the Cauchy-Schwarz inequality and Parseval’s
mequality, we have

e (z ;)
k=1 k=1 "k

1
2

[e%¢] 2 ) 1
(Z /\2|90k|2> <2 (Z p) 16" | 22(0,1),
k=1 k=1 "'k

[NIES
[N

and

N|=
D=

o - 1 = - 1 % "
Z)\k|¢k| < (Z p) <Z )\i|¢k|2> <V2 (Z F) 19" || 2(0,1)-
k=1 k=1 "k k=1 k=1 "k

Furthermore, applying the Cauchy—Schwarz inequality with respect to time, we obtain

ZA’“/o'f’“(T)'deﬁ(Za (/ > Al m)

=1
<ver (Z r) el o)
k=1 "k

Consequently, all the series appearing in the definition of b(t) converge absolutely and
uniformly on [0, T). Since B (t), f(zo,t), and [g(xo,t)]™" are continuous on [0, T|, we conclude
that

1
2

[NIES

be Cl0,T].

Since b € C[0,T] and G € C(Ar), the linear Volterra integral equation has a unique
solution a € C[0,T) for every finite T > 0.

We now show that the function u(x,t) defined by belongs to C*(Dr). Indeed, from
and (29), ui(t) € C*[0,T), k=0,1,2,..., and

1
2

T 3 T
lio®lleo < ol + Tl +TVT ( / !fo(7)|2d7) CTVTat) e ( / \90(7)|2d7) ,

(S
(S

(Z A llue ()l cor) ) <2 (Z(Azy¢k|)2)

k=1

L oVT (/ Z(Aafmr)%)
2T a(t)]lcom ( / Z<Az|gk<7>|>2df)

+2 (ZMMP)

k=1

[N

or

luo(®)llcror) < (@) a0 + L@ a01) + TVT N f (@, )| agor)
+ TVT|la(®)lcoallg(@, t)llawr,
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1
00 2
2
(Z (Xelluw (@) llo,m) > < 2[[¢" (@) a(0,1) + 2[1Y" (#) || Lo 0.1)

k=1
+ 2V T foo (2, )| o) + 2V T la(t) oo, 9o (2, 8) | 0.
From the representation (21|) we have

uz(x,t) Z)‘kuk ) sin A, Uz (T, 1) Z/\k“k COS A\, .
k=1 k=1

By the Cauchy—Schwarz inequality,

> o) < (Z %) (z (Aiuuk<t>ucm,ﬂ>2) ,

N

Z/\k|uk(t)|§( %) <Z(>\§||Uk(t)||0[o,ﬂ)2> )

k=1

8
N|=

(Z (AiHuk(t)HC[o,ﬂf)

k=1

K
Rl
=
=
A

N

WE

N———

k=1

The estimates above establish that u(x,t) and its derivatives of orders one and two with
respect to x are continuous on Dr.

We now establish the continuity of the mized derivative uy,(x,t). Differentiating with
respect to t, we obtain

t
up(t) = = Aok sin(Agt) + g, cos(At) + / Fi(1;a) cos(Ag(t — 7)) d.
0
For every k > 1, formula yields

T
Xy llcoz < Nloul + A2l + X2 / |Fi(r;a)| dr.

By the Minkowski and Cauchy—Schwarz inequalities,

(Z Ai”%”%[e,ﬂ) (ZA |90k’2> (Z/\ Wkﬁ) +VT (/0 Z)\ﬁ|Fk(T;a)|2 dT)

Since Fy(t;a) = fi(t)+a(t)ge(t), the Parseval inequality and the assumptions of Theorem
3 yield

2

N

T o0
(/ ZAﬂFk(t;a)th) < V2| fullz2pr) + V2T |lallcpm | geellcoryzzo.)-
0 k=1
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Consequently, there exists a constant C' > 0 such that

1
(Z Ai“%“%[o,ﬂ) <C.
k=1

For any integers M > N > 1, we have
2
<(x AQ) (3 atcor)

- Z Ay (1) sin(Apx)

k=1

D=

Z Apuy (t) sin(Apx)

k=N

© 1\?
<C Z—2> — 0 (N — o00).
(k:NAk

Thus, the series

converges absolutely and uniformly on Dr.
Since the series for u(x,t) also converges uniformly, termwise differentiation with respect
to x is justified. Therefore,

Uz (T, 1) Z)\kuk )sin(\pz) € C(Dr).
k=1

We now establish the existence and continuity of the second derivative with respect to time.
Let

F(z,t) = a(t)g(z,t) + f(x,t).
By the assumptions of Theorem [3,
F € C(Dr).
Since the continuity of u., has already been established, the function
v(x,t) = Uge(x,t) + F(x,t)
belongs to C(Dy). For each fized t € [0,T), the cosine Fourier coefficients of v(-,t) satisfy
vp(t) = —Nug(t) + Fi(t; a) = ujl(t), k>1,
and
vo(t) = Fo(t;a) = ug(t).

For each fized t € [0,T], the cosine Fourier coefficients of both sides of the following identity
coincide by virtue of f. Since the cosine system is complete in L*(0,1), we obtain

u(-,t):go—i—tw—i—/o(t—T)v(-,T)dT
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n L?(0,1). Since both sides are continuous with respect to x, this identity holds pointwise on
Dr. Differentiating twice with respect to t, we obtain

u(x,t) = v(x,t) = g (2, t) + a(t)g(z, t) + f(z,1).

Therefore,
uy € C(Dr).

Together with the previously established continuity of w, Uy, Uze, U, and Uy, this proves that
u € C*(Dr).

It is easy to verify that equation and conditions f, , @ are satisfied in the
usual sense. Thus, the pair of functions {u(z,t),a(t)} is a solution of problem (1)-@), (§),

@D. To establish uniqueness, let (uy,a1) and (ug,as) be two classical solutions of problem

f, , @ corresponding to the same prescribed data.
For each i = 1,2, fiz the function a;(t) and define u;(x,t) by the Fourier representation

([26), with a(t) = a;(t). By the regularity estimates established above, the series defining U,
and its required derivatives converge uniformly on Dy. Consequently, u; € C?(Dy). Moreover,
u; satisfies equation , the initial conditions , and the homogeneous Neumann boundary
conditions and (), with the prescribed function a;(t). Since u; is also a classical solution
of the same direct problem, Theorem 2 implies that

wi(z,t) = u;(z,t), (z,t) € Dy, i=1,2.

Therefore, representation holds for each classical solution w;. In particular, the uniformly
convergent series for the second spatial derivative represents w;,.(x,t). Substituting this
representation into the additional condition @D, we conclude that both ay(t) and as(t) satisfy
the same linear Volterra integral equation . Since equation has a unique solution in
C10,T), it follows that

al(t):az(t), OStST
By Theorem [3, the corresponding solutions of the hyperbolic equation coincide:
u(z,t) = us(z,t), (z,t) € Dr.

Thus, the solution pair (u,a) is unique. The theorem is proved. By means of Theorems and

@ we obtain the unique solvability of problem f.

Theorem 4 Suppose that the hypotheses of Theorem [3 hold and that the data satisfy the
compatibility relations @ and . Assume, in addition, that both source functions have zero
spatial mean for every t € [0,T]:

/Olf(x,t)dx:/olg(x,t)dxzo.

Under these assumptions, there exists exactly one pair (u,a) € C?(Dy) x C[0,T] that solves
problem f in the classical sense.
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4 Examples

In this section, we present an illustrative example. The inverse problem under consideration
is governed by the equation

Uy (7,1) — Uy (7, 1) = a(t)e’ cos 3mx + t° cos 3,

in the domain Dy = {(z,t): 0 <z <1, 0 <t < T}, with the initial conditions
u(x,0) = —7cos 3mz, u(z,0) = —2cos 3mzx, 0<z<l.

At the left endpoint, the spatial derivative is required to vanish:
u(0,8) =0, 0<t<T.

The solution must also have zero spatial mean at every time:
1
/ u(z,t)dz =0, 0<t<T.
0

At the right endpoint, its value is prescribed by
u(1,t) =3 + 262 + 2t + 7, 0<t<T.

The functions to be determined are u(x,t) and a(t). In this example, g = 1. The prescribed
data satisfy all the assumptions of Theorem 4, including the zero-mean conditions, the
compatibility relations (6) and (7)), and the nonvanishing condition g(1,t) = —e' # 0 for
t € [0,T]. The two components of the solution can be expressed explicitly as follows:

u(z,t) = —(t* + 2t> + 2t + 7) cos 3z,
and
a(t) = —e " [9m*(t* + 2% + 2t + 7) + t° + 6t + 4] .

Direct substitution shows that the obtained functions satisfy the differential equation, the
initial conditions, the Neumann boundary condition, the spatial integral condition, and the
additional pointwise observation. Thus, the example illustrates the existence and uniqueness
result established in Theorem [

5 Conclusion

In this paper, a linear inverse boundary value problem for a second-order hyperbolic equation
with an unknown time-dependent source factor has been investigated. Under the imposed
zero-mean and compatibility conditions, the original problem with a spatial integral condition
of the first kind has been shown to be equivalent to an auxiliary problem with homogeneous
Neumann boundary conditions at both endpoints. By applying the Fourier method, the
determination of the unknown source factor has been reduced to a linear Volterra integral
equation of the second kind. The existence and uniqueness of a classical solution have
been established for any finite time interval. An illustrative example has been provided to
demonstrate the obtained results. Further research may focus on the existence and uniqueness
of classical solutions to nonlinear inverse problems for second-order hyperbolic equations.
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