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SOLVABILITY AND CONSTRUCTIVE SOLUTION OF A THREE-POINT
BOUNDARY VALUE PROBLEM FOR A HYPERBOLIC EQUATION WITH
PIECEWISE CONSTANT ARGUMENT AND A DISTRIBUTED
PARAMETER

The present study addresses a three-point boundary value problem for a linear hyperbolic system
involving a piecewise constant argument and an unknown distributed parameter. The problem is
supplemented by initial and boundary conditions and a three-point condition involving partial
derivatives of the unknown function and the distributed parameter. With the aid of suitably
chosen auxiliary functions, the initial problem is transformed into an equivalent family of three-
point boundary value problems for functional differential systems involving functional parameters.
Subsequently, Dzhumabaev’s parametrization method is employed to reduce the resulting problems
to systems of linear algebraic equations for the introduced parameters. A readily verifiable sufficient
condition ensuring the unique solvability of the auxiliary problem is established through the
nonsingularity of the associated block matrix, and a corresponding a priori bound for the solution
is derived. A constructive algorithm is proposed that involves the sequential solution of Cauchy
problems and systems of linear algebraic equations. The successive approximation technique is
employed to derive sufficient conditions guaranteeing the existence and uniqueness of the solution
to the original problem. These findings establish a theoretical framework for the numerical analysis
of boundary value problems for hyperbolic equations involving piecewise constant arguments and
unknown distributed parameters.

Keywords: hyperbolic equation, piecewise constant argument, distributed parameter, multipoint
boundary condition, functional parametrization method.
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By sxymbicTa GeK-TypakThl apryMeHTi 2KoHe OeJrici3 yaecTipiiren napamerpi 6ap ChI3bIKTHIK,
runepOoIaIbIK, XKyiie VINH YII HYKTeJi METTIK ecem 3epTreseai. Kcerm GacTamkpl *KoHE IIETTIK
MapTTapMeH, COHIaN-aK, O6erici3 QyHKINAHBIH, Aepbec TYBIHABLIAPHI MEH YIECTIPLITeH TapaMeTp-
JIi KAMTUTBIH YIIT HYKTEJ IapTIeH TOJLIKTHIPBLIFaH. THUicTi Typ/e TaHJaJraH KOMeKIm (QyHK-
[UsLIAP/IBIH, KOMeriMeH OacTalkbl ecell (byHKIMOHAJIBIK apamMerpJiepi 6ap (yHKIMOHAJIBIK-
nuddepeHnnaaabK, Kyiiegep YIIH YII HYKTE IeTTIK eCcenTepaiH SKBUBAJEHTTI yidipiHe Typ-
sengipireni. Onan opl aJblHFAH €CenTepl eHri3UINeH mapaMerpJiepre KATBICTHI ChI3BIKTHIK, aJl-
reOpaJIbIK, TeHeYIep Kyiieaepine Keatipy ymria 2KyMmabaeBTHIH TapaMeTpsiey 9/Iici KOJaHbLIa-
abl. Coiikec GJIOKTHIK, MAaTPUIIAHBIH aflphIKIIa eMeCTirl TepMUHIEePiHje KOMEKIII ecerTi, OipMoH I
MIENTIIM/IITINH KaMTaMachl3 €TeTiH OHAll TEKCEPLJIETIH KETKIJIKTI MapT TYKbIPBIM/IAJIBII, OHBIH
IIeriMi YIH THICTI allpUOPJILIK, Oara aJbliHaIbl. KO ecenrepi MeH ChI3LIKTBIK, AJIreOpaIblK, TeH-
JieyJiep Kyitesaepid TizbekTeil mernyre Heri3ae/ireH KOHCTPYKTUBTI aJfOPUTM YCBIHBLIAbI. 1i30eK-
Teil JKyBIKTay 9/IiCiHIiH KeMeriMeH OacTamKbl ecell IIentiMinif, 6ap O0Iybl MEH YKAJFbI3IbIFBIHA Ke-
K GepeTiH XKeTKUIKTI mapTTap ajablHAbl. AJIbIHFaH HOTHXKEIEP OOJIIK-TYPaKThl apry MEHTTEPI
’KoHe GeJrici3 yiecripinren napamerpiiepi 6ap rumnepOoJIaIbIK, TEHIAEYIED YIIiH IIeTTIiK ecenTepii
CAHJIBIK 3€PTTEY/IiH TEOPUSJIBIK HETi3iH KypaiIbl.

Tyiiin ce3mep: runepOOJIAIBIK TEHIEY, OOKTI-TYPaKThl apI'yMEHT, YJIECTIPpLITeH apaMerp, Kol-
HYKTEJI MeTTIK MapT, GyHKIHOHAIBIK, TapaMeTPJIey OIici.
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PazpenmMmocTs 1 KOHCTPYKTUBHOE PEIIeHNE TPEXTOYEYHO! KpaeBoU 3aJa4u AJIs
runepboJIMYeCcKOoro ypaBHEHNUs ¢ KyCOYHO-IIOCTOSTHHBIM apryMEHTOM U paclpeaeleHHbIM
napaMeTpoM

B nmacrosmieit pabore mccienyeTcs TpexTodueduHas KpaeBas 3ajada Jijis JUHEHHOW Tumnepoosin-
YEeCKOU CUCTEMBI C KyCOYHO-IIOCTOSTHHBIM apryMeHTOM U HEM3BECTHBIM PAaCIPE/IeJIEHHBIM IIapaMeT-
pom. 3ajaua MOMOJIHSIETCS HAYAJIbHBIM 1 KPAEBBIM YCJIOBUSIMHU, 8 TAKZXKE TPEXTOUEUHBIM YCJIOBUEM,
COJIEP2KAIINM YaCTHBIE TPOM3BOHbIE HEM3BECTHOW (DYHKIIUU U pacipeieeHubrii mapamerp. C mo-
MOIIIBIO COOTBETCTBYIONUM 00PA30M BBIOPAHHBIX BCIOMOIATEIbHBIX (DYHKIIMNA HCXOMHAS 33a4a
1peobpa3yercs B IKBUBAJIEHTHOE CEMEHCTBO TPEXTOUEYHBIX KPAEBBIX 33184 /I (PYyHKIIMOHAIBLHO-
JddepeHITnaIbHBIX CHCTEM € (DYHKITMOHAJIBHBIMU ITapaMeTpaMu. 3aTeM Jjis CBEIEHUs [TOJLy YeH-
HBIX 33J1a9 K CHCTEeMaM JIMHEWHBIX ajredOpandecKux ypaBHEHWI OTHOCUTEIbHO BBEIEHHBIX Iapa-
METPOB IIPUMEHSeTCsT MeTos, mapamerpusanun JkymadbaeBa. B TepMuHax HEBBIPOXKIEHHOCTH CO-
OTBETCTBYIOIIEHl OJI0YHOIl MATPUIIBI yCTAHABIUBAETCH JIEIKO IIPOBEPSEMOE JIOCTATOYHOE YCJIOBHE
OJJHO3HAYHOH Pa3pelImMOCT! BCIIOMOTaTeIbHON 38489l U BLIBOJUTCA COOTBETCTBYIONIAS aIlPUOP-
Has OlleHKa perrienus. I1peyraraeTcss KOHCTPYKTUBHBIHN aJrOPUTM, OCHOBAHHBII HA ITOC/IE/I0BATE b
HOM perreHnn 33724 Komu u cucreM JuHeiHBIX ajrebpandeckux ypapHernit. C TOMOIIBIO METOA
[TOCJIE/TIOBATEIbHBIX TPUOJIMKEHUH Oy YeHbl JIOCTATOYHBIE YCIOBUS, TAPAHTUPYIOIIUE CYIIECTBO-
BaHUE U €IMHCTBEHHOCTH PEIeHUs] UCXOIHON 3agadu. [losryueHHbie pe3yibTaThbl COCTABISIOT TEO-
PeTUYecKyI0 OCHOBY [IJIsl YHCJIEHHOI'O MCCJIEIOBAHNUS KPAEBBIX 33/1a4 JJIsi TUIIEPOOINIECKIX yPaB-
HEHUI ¢ KyCOYHO-IIOCTOSTHHBIMY apPIyMEHTAMU M HEM3BECTHBIMU pPACIIPEJIeJIEHHBIMHU TapaMeTPaMU.
KuirouyeBbie ciioBa: runepbomyeckoe ypaBHEHHe, KYCOYHO-ITOCTOSTHHBIN apryMeHT, PACIIpeIesIeH-
HBIl TTApaMeTp, MHOTOTOYEYHOE KPAEBOE YCJIOBHE, MeTO, (bYHKIIMOHAJIBHON TapaMeTPU3AIIAN.

1 Introduction

Functional differential equations constitute an important class of mathematical models
for processes whose evolution depends not only on their current state but also on states
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attained at preceding or prescribed moments. Such equations arise naturally in control
theory, mathematical biology, population dynamics, engineering, and other fields involving
aftereffects and delayed responses.The theoretical foundations of functional differential
equations and delay differential equations have been thoroughly investigated; we refer, for
instance, to [1-3] and the literature cited therein.

Differential equations involving piecewise constant arguments constitute a significant
subclass of such equations. These equations combine characteristic features of differential
and difference equations and provide natural models for systems whose states are observed,
controlled, or updated only at discrete moments. The systematic study of such equations
was initiated in [4,/5], while further developments and applications are presented in [6].
Since the argument is discontinuous, the time interval must be partitioned into appropriate
subintervals, and the derivative of a solution is generally only piecewise continuous.
Consequently, the analysis of existence, uniqueness, stability, and numerical approximation
requires methods that differ from those used for differential equations with continuous
arguments.

Boundary value problems for hyperbolic equations arise in mathematical models of wave
propagation, transport processes, and other phenomena depending on two independent
variables. Multipoint and nonlocal conditions establish relationships between the values of
an unknown function, or those of its derivatives, at several distinct points of the domain.
However, the presence of such conditions creates additional difficulties in establishing the
existence, uniqueness, and continuous dependence of solutions.

Numerous analytical and computational approaches have been proposed for the
investigation of nonlocal boundary value problems for hyperbolic equations. In [7], numerical-
analytical techniques were introduced for constructing periodic solutions to partial differential
equations. Criteria for the well-posedness and unique solvability of nonlocal boundary value
problems for hyperbolic systems were obtained in [8H10|. Related problems involving integral
boundary conditions and impulsive effects were subsequently investigated in [11},12]. Further
developments in this area, including periodic problems with finite time delay, generalized
integral conditions, and periodic boundary conditions, are presented in [13-17].

Multipoint boundary value problems for systems of differential equations with generalized
piecewise constant arguments were studied in [18|, where the parameterization method was
employed to derive solvability conditions and constructive solution algorithms. Nevertheless,
to the best of our knowledge, three-point boundary value problems involving simultaneously a
generalized piecewise constant argument, derivative conditions, and an unknown distributed
parameter have not yet been addressed. The interaction of these features requires new
solvability conditions and a constructive procedure for determining both the solution of the
hyperbolic system and the unknown distributed parameter.

This study focuses on a three-point boundary value problem for a linear hyperbolic system
involving a generalized piecewise constant argument and an unknown distributed parameter.
The system contains the functional term

du(v(),z)
ox ’

where 7(t) is a piecewise constant function. The three-point condition relates the values of
ou(t,x)/0x at ty = 0, t1, and ty = T to the unknown distributed parameter 8(x). By defining
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the auxiliary functions

ou(t,x ou(t,x
V(tv [L’) = %7 W(tv l') = %7

the initial problem is transformed into an equivalent family of three-point boundary value
problems for functional differential systems containing a distributed parameter. The resulting
family is investigated using Dzhumabaev’s parameterization method [19,20]. In accordance
with the structure of the piecewise constant argument, the time interval is partitioned into
subintervals, and additional functional parameters are introduced at the partition points and
at the points determining the functional argument. As a result, the auxiliary boundary value
problems are converted into systems of linear algebraic equations for the newly introduced
parameters.

The nonsingularity of the associated block matrix provides a directly verifiable sufficient
condition guaranteeing the existence of a unique solution to the auxiliary problem. An
a priori estimate for its solution is also obtained. Based on this result, a sequence of
successive approximations is constructed for the original hyperbolic problem, and sufficient
conditions for its convergence are established. As a consequence, sufficient conditions
guaranteeing the existence and uniqueness of the solution pair (u(t,z),8(z)) are established.
Moreover, the constructive character of the proposed method makes it suitable for numerical
implementation.

The principal results of the study can be summarized as follows. First, the considered
three-point boundary value problem for a hyperbolic system is shown to be equivalent
to a family of boundary value problems for functional differential systems containing an
unknown distributed parameter. The parametrization method developed by Dzhumabaev is
then extended to this family, allowing the introduced functional parameters to be determined
from a system of linear algebraic equations. Based on the nonsingularity of the associated
block matrix, a directly verifiable criterion ensuring the unique solvability of the auxiliary
problem is established. An a priori bound for the solution of the parameterized problem is also
derived. Finally, a constructive iterative procedure is proposed, and conditions guaranteeing
the existence and uniqueness of the solution to the original problem are obtained.

The paper is structured as follows. We begin by stating the three-point boundary value
problem and introducing the definition of its classical solution. The original problem is
subsequently reformulated as an equivalent problem involving auxiliary functions. Finally, the
parametrization method is applied to the resulting family of functional differential equations,
and sufficient criteria ensuring unique solvability are derived. Subsequently, a constructive
solution algorithm is presented. Finally, the convergence of the successive approximations
is proved, which yields the existence and uniqueness of a classical solution to the original
hyperbolic problem.

2 Problem Statement

Our analysis focuses on a three-point boundary value problem for a linear hyperbolic system
involving a piecewise constant argument and an unknown distributed parameter. Let

Q= [0,7] x [0, ]
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be the domain of the problem.

The problem consists in finding a vector-valued function wu(t,z) =
col(uy(t,x),. .., u,(t,x)) and an unknown distributed parameter @(x) = col(6y(x), ..., 0,(x))
satisfying the delay hyperbolic equation

Pu ou ou ou(y(t),x)
S0 A(t,x)%+B(t,x)a+0(t,x)u+D(t,:v)T

(t,z) e Q=10,T) x [0,w],

+ K(t,z)0(x)+ f(t,z), (1)

the parameter-dependent boundary condition

ou(ty, )
Ox

O=to<ti <ty =T, xe[O,w],

ou(T,x)

2D | My(a) + M) + My(2)8(z) = o1 (), (2)

and the initial and boundary conditions
u<07 SL’) = @2@)7 LS [07w]7 (3>
a(t,0) = (1), te 0,7, (4)
The following assumptions are imposed:

e the matrix-valued functions A, B,C, D, K: 2 — R™"™ and the vector-valued function
f: € — R™ are continuous;

e the matrix-valued functions M;: [0,w] — R"*" 4 = 1,4, and the vector-valued function
¢1: [0,w] — R™ are continuous;

e the vector-valued functions ¢s: [0,w] — R"™ and #: [0,7] — R" are continuously
differentiable on their respective domains;

e the piecewise constant argument ~y: [0,7] — [0,7] is defined by
P)/(t) = 5]67 te [tkflatk)a k= 17 27
where & are fixed constants satisfying

b1 < & < tg, k=1,2;

e the initial and boundary data satisfy the compatibility condition at the corner point
(0,0):

We shall use the following function spaces. The space of all continuous mappings from {2
into R" is denoted by C(£2,R™). For u € C(2,R"), its norm is defined by

= t .
[[allo e, Ju(t, =)
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By C'([0,w], R") we mean the space of continuously differentiable vector-valued functions
on [0,w]. This space is endowed with the norm

lellon = maoc{ ma o)l max o)1}

z€[0,w]

Similarly, C'([0,7],R™) stands for the space of continuously differentiable functions
1: [0, 7] — R"™, with the norm

o = mx { (0] e 10/

A pair (u*,6") is said to be a solution of problem (I)-() if u* € C(Q,R") and 6* €
C([0,w],R™). Tt is also required that the partial derivative du*/0x belong to C(£2,R"). The
partial derivative Ju* /9t and the mixed derivative 9%u*/(9t Ox) must exist at every (¢, z) € €,
except possibly at the points (t,_1,x), r = 1,2, where the corresponding one-sided mixed
derivatives are assumed to exist for every x € [0,w]. Finally, upon setting 6(z) = 6" (x), the
function u*(¢, z) must satisfy equation (1)) at all points where the mixed derivative is defined,
as well as the initial and boundary conditions f.

3 Reduction to an Equivalent Problem and a Solution Algorithm

To obtain an equivalent formulation of problem 7, we introduce the auxiliary functions

_ Ou(t,z) _ Ou(t,z)
v(t,z) = o w(t,z) = 5 (5)
Then problem — can be equivalently represented as the following problem:
0
o = Alt.2)v + D(ta)v(y(t), ) + K (t.2)0(x) + B(t. x)w(t.) (6)
+ O xu(t,z) + f(t,x),  (tz) e,
3

Z Mj(z)v(tj-1, ) + My(2)0(x) = ¢1(2), z € [0,w], (7)

j=1

V(t07l‘> = SDIQ(x)’ YIS [O7w]7 (8)

i [ ov(t,
uta) =00+ [vienan  wea) =0+ [Fa )
0 0

where the relations in @D are derived from condition of the original problem f and
relations .

A quadruple (v*,u*,w*, 8%), where v*, u*, w* € C(Q,R") and 08" € C([0,w], R™), is said
to be a solution of problem @f@ provided that v*(¢,z) is continuously differentiable with
respect to t, that is,

ov*
ot

(Q7 Rn)?
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and the functions u*(¢,x) and w*(¢,x) are connected with v*(¢,z) through the integral
relations ([9).

Accordingly, problems — can be reformulated as an equivalent problem comprising
a family of systems differential equations with generalized piecewise constant argument with
a distributed parameter together with the corresponding integral relations.

By treating u(f,z) and w(t,z) as prescribed functions, problem (6)—(9) is interpreted
as a family of three-point boundary value problems for ordinary differential systems
with a piecewise constant argument and a distributed parameter. Meanwhile, the integral
ov(t,x)

ot
These observations lead to an iterative construction of the solution to problem (6)—(9), which

is described in the algorithm below.

Algorithm A.

Step 0. (a) At the initial step, the right-hand side of system () is evaluated Wlth u(t,z) =
P (t), w(t,z) = p(t), which yields the pair (vO(t,z), 0 (x )), where v9(t,z) € C(Q,R"),
0 (z) ¢ C([0,w],R") from the family of problems (6)—(8));

identities (9) express u(t,z) and w(t,z) through v(¢,x) and its partial derivative

ov(t,x v (t.x
=vO(t,x), ét L = 81;( )

(b) Using the integral relations (9) with v(¢, z) , we determine

u@(t, 2), wO(t,z) € C(Q,R").

Step k. Assume that the approximations u*=V (¢, z) and w*~1)(¢, 2) have already been
constructed.

(a) Substituting u(t,z) = u*V(t,z), w(t,z) = w* (¢, z) into the right-hand
side of equation @ and solving problem @7, we obtain the next approximation
(v®(t, ), G(k)(x)), where v(®(t, ) € C(Q,R") and 8% (z) € C([0,w], R™).

(b) The approximations u® (¢, ) and w*)(¢,z) are then recovered from the integral
relations (9) by setting v(t,z) = v (t,2), ngft,x) = V<2t” Consequently, u®(t, ),
wh(t, z) € C(Q,R").

The implementation of Algorithm A relies on the unique solvability of the family of three-
point boundary value problems @f for ordinary differential systems involving a piecewise
constant argument and a distributed parameter, when u(t,z) and w(t,z) are regarded as
prescribed functions. This issue will be addressed in the next section. The convergence
conditions for Algorithm A will be presented in Section 5.

4 Analysis of a Family of Three-Point Boundary Value Problems for Differential
Equations with a Piecewise Constant Argument and a Distributed Parameter

This section is devoted to the study of a family of three-point boundary value problems for
ordinary differential equations involving a piecewise constant argument and a distributed
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parameter:
?9_;, = A(t,z)v+ D(t,z)v(y(t),x) + K(t,2)0(x) + g(t, ), (t,z) € Q, (10)
MVt 0) + Mi(@)0() = e), € [0, (11)
V(O7I) = 90/2<I), HS [va]v (12)

where the n-vector function g(¢,x) € C(Q2,R™).

A pair (v*(t,z),0"(z)) is said to solve the family of problems (L0)—(12) if v*(t,z) €
C(Q, R”), 8"*8—(;’3”) € C(Q, R"), and 0*(x) € (C([O, wl, R"). Moreover, the function v*(t,x)
satisfies equation and conditions and by 8(x) = 0" (z) for every z € [0,w].

When z € [0,w] is held fixed, relations (10)—(12) define a linear three-point boundary value
problem for an ordinary differential system with a piecewise constant argument, in which 6(x)
plays the role of an unknown parameter. Considering this problem for every x € [0, w] gives
rise to a family of linear three-point boundary value problems with the unknown distributed
parameter 0(x).

We now apply the parametrization method [19] to the family of problems f. Let
A denote the partition of the domain €2 given by

Q=0,U Qy, where Q, = [t,_1,t,) x [0,w] for r =1,2.
For each z € [0, w], we introduce the functional parameters

M(z) i =v(t,_1,2), r=1,2, X3(x):= lim v(t,z), M\(z):=0(zx),

t—T—0
p(x) = v(§, @),  pe(z) = v(&, ).

and on each subdomain 2., for r = 1, 2, we write
v(t,z) =y (t,x) + N\ ().

With this substitution, problem f can be transformed into the following equivalent
problem with parameters:

aayZ = A(t,2)(yr + M (2)) + D(t, 2)pr () + K(t, 2)Ma(2) + g(t, 2), (tx) €Q,,  (13)
yr(tr—1,2) =0, r=1,2, (14)
ZMJ(I)AJ(ZE) - g01($), S [O,W], (15)
M(x) =¢h(z),  z€0,w], (16)
As(z) + lm ys(t, z) = Asp1(2), s=1,2, z € [0,w], (17)

t—ts—0

() +yi(&, ) = wiz), i=1,2, x € [0,w]. (18)
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We denote by C(Q, A, R?*") the space consisting of vector-valued functions y([t],z) =
(yl(t, x),ya(t, x)), such that y, € C(Q2,,R™), r = 1,2, and have finite left-hand limits at the
points t,, r = 1,2, for every x € [0, w].

A pair (y*, A") is said to solve problem (13)-(18) if

y ([t 2) = (yi(t,2),y5(t, 2)) € C(Q, A, R*™)
and
A(z) = (N (@), .-, Ai(@), i (@), 3 () € C[0,w], R™),

and the pair (y*, A*) satisfies Eq. and the conditions (14)—(18) for all € [0, w].
Once the parameters \i(x),..., \(z), pi(x), ui(x) are fixed, the solutions of the initial
value problems and admit the following representation:

t

v (t, ) = @.(t, x) / O (s, x) [A(s, )\ () + D(s, ) ()

tr—1 (19)
+ K(s,2) () + g(s,x)}ds, (t,z) €., r=1,2,
where ®,.(¢,z), r = 1,2, denotes the fundamental matrix of the homogeneous system
y.
8}; = A(t,z)y, (t,z) € Q., r=12.

Introducing the notations
t

ar(P.t.z) = Do (1, 2) / O (s, 2)P(s, 2)ds, (t,x) €Dy, T =1,2, (20)

tr—1

where P(t,x) is either a (n X n)-matrix or a n- vector-function.
Using , we can rewrite the integral representation of y,(t,z) in the more compact
form

yr(t, @) = ar (A, 2) A + ar (D, 1, 2)pe () + ap (K, 8, 2) A + ar (g, 8, ), (21)
(t,x) €Q., r=1,2.
From 1} we determine t_l)ltIrIl_ . y.(t,x), r = 1,2. Using 7, we construct a linear

algebraic system for determining the unknown parameters:

Qu.(A 2)A(@) = ~F.(A2), Alx) €R™, (22
where
My (x) M (x) Ms(x) My(x) (0] (0]
I+ ({415 ) OI 8 (KOt ) (DOt ) 8
a1(A,l1, - al 01, ay ,01,T
Q*(A7 'T) = O I+az(Ate,x) -1 a2 (K t2,x) O a2(D,t2,x) )
I+a1(A,§1,:c) O O al(K7§17$) _I+a’1(D7£17x) O
O I+a’2(A7§27x) o a2(K7§27x) O —I+a2(D,£2,I)

f*(APT) = (_901(‘%‘)7_SOIQ(J:)7al(gutluI)7a2(gut2:I)7al(gaflax>’a2(g7§27x))'
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Thus, we obtain the system of equations and for determining the pair
(v ([t], z), Alx)).

Next, we derive sufficient conditions guaranteeing the unique solvability of the family of
three-point boundary value problems f for ordinary differential equations involving
a piecewise constant argument and a distributed parameter.

Let us introduce the notations

a(2) = max [Ato)l, d(r) = max [P, k@) = max K o))
ha = max(t, —t,), La(7) = hae*®ha,

to < t1 < tog = T}, the matrix

Theorem 1 Let, for some partition A = {0 =
€ [0,w] and satisfy

Q.(A,x): R — R be invertible for every x
10 (A, )] < 7.(A, z).

Then, for any g € C(Q,R"), ¢1 € C([0,w],R"), @2 € C*([0,w],R™), problem (L3)—(18) has

a unique solution (y*, A*). Moreover, this solution satisfies the estimates

[y* (L] )2 < Ka(z) max {{lgllo, llealloss llpalloa}, 2 €[0,u], (23)
A" ()] < Ka(z) max {llgllo, [lerllon, le2llon}, € [0,w], (24)

where
Ki(z) = La(x)[1 + (a(z) +d(z) + k()7 (A, )] max{1, La(z)},

Ko(z) = v(A, x) max{1, La(x)}.
The functions KC1(z) and KCo(x) are independent of g(t,x), p1(x), and pa(x).

Proof 1 Let g € C(Q,R"), ¢ € C([0,w],R"), vy € CY([0,w],R") be given. For a fized
x € [0,w], introduce the vector of functional parameters

A(z) = col(M (), Xa(), A3(@), (), pua (), po(z)) € RO™.

For prescribed wvalues of the functional parameters, equations and the initial
conditions form Cauchy problems on the subintervals [t._q,t.), r = 1,2. Their solutions
are giwen by representation . Substituting this representation into conditions f,
we obtain the linear algebraic system for the unknown vector A(x).

Under the stated assumption, the matriz Q.(A,x) is invertible for every x € [0,w].
Therefore, system has the unique solution

A*(ZL‘) = _Q*_I(Avx)f*(AVT>

Substituting A*(x) into representation (21), we uniquely determine the functions y(t, z),
r = 1,2. By construction, the pair (y*([],x),A*(x)) satisfies equations (13)), the initial
conditions , and conditions (15)—(18]). Hence, problem f has a solution.
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We now derive estimates for this solution. Let ®,.(t,x) be the fundamental matriz of the
homogeneous system

Iy _
ot

Fort, 1 <s<t<t,, the standard estimate for the transition matriz yields

A(t,x)y.

|, (t,2)®; (s, 2)|| < D) < o@ha,

Consequently, for every continuous matriz- or vector-valued function P(t,x), we have

t
lar(Pt, z)|| < ea(wm/ 1P(s,2) ]| ds < hae® @ |[Pllg = La ()] Pllo- (25)

tr—1

Using the explicit form of the right-hand side F.(A, x) of system and estimate (25),
we obtain

IFe(A; 2)[| < max{1, La(z)} max {|[gllo, leallor: leallon} - (26)
Since A*(x) = —Q; (A, 2)F. (A, ), it follows that
A" (@) < (A, 2)[[ Fo (A, z)]]. (27)

Combining estimates and , we obtain estimate (24)).
Next, representation and estimate imply that

ly7 (8 2) || < La(@)a(z) |2 (@) || + La(z)d(@)|p ()]
+ La(@)k(z)[Ni(@)]| + La(@)llglle,  r=1,2.

Taking the mazimum over r = 1,2 and t € [t,_1,t,.), and observing that every component
of N*(x) is bounded by ||A*(x)||, we obtain estimate from estimate and the definition

of Ki(z).
It remains to prove uniqueness. Suppose that problem f has two solutions

M A 2 A@
(y A ) and (y A )

Set §([t],x) = yO([t],2) — y?([#,2), M) = AO(z) — A®(2). Then the pair (3,A)
satisfies the corresponding homogeneous problem. In particular, the functional parameters
satisfy

-~

Q.+ (A, x)A(z) = 0.

Since Q«(A,x) is invertible, we have /AX(;L") = 0. Applying representation to the
homogeneous problem, we then obtain 'y, (t,x) =0, r =1,2. Therefore,

y ([t 2) = y2([t]2), AV (2) = A®(a).

Consequently, problem f admits at most one solution.
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Combining the equivalence between problems f and f with Theorem ,

we obtain the following statement.

Theorem 2 Suppose that all the hypotheses of Theorem are fulfilled. Then problem f
(12) admits exactly one solution pair (V* (t,z), 0*(x)), for which the following estimates are
valid:

V(£ 2)| < (Kai(z) + Ka(x)) max {|[gllo, [erlloas lealloa}, 2 €0,0], (28)
167(2)]| < Ka(z) max {[lgllo, [[erllos; [le2llont, 2 €[0,w]. (29)

Next, we propose a constructive algorithm for the numerical solution of problem 7,
based on solving Cauchy problems:

9y _

i Alt,x)y + P(t,z), y(tr—1,2)=0 (t,x)€Q,, r=1,2 (30)

Let a,(P,t,x) be the unique solution to problem on each r-th interval, whose explicit
form was given in ([20)).

Algorithm B.

1. Consider the partition: 0 =ty < t; < ty =T, and divide each subdomain €2,, r =1, 2,
into N, parts with a step size of h, = (¢, — t,_1)/N,.

2. Solve the following problem (30) with P(t,z) € {A(t, x), D(t,z), K(t,z),g(t,z)} find
the functions a (A, t,x), a" (D, t,z), ah (K, t,z), a" (g,t,2), (t,2) € Q,, r = 1,2.

3. We formulate the system of linear algebraic equations for the parameters:

QM (A, 2)A(z) = —FM (A, 2), A(z) € R, (31)

Solving (1), we find A" (x) = (M7 (z), Ny (2), Ny (), A" (2), il (), b ().
4. Solving the following Cauchy problems

0
a_‘tl = A(t,2)v + D(t,2)pl (x) + K(t, 2) Ny () + g(t, ) (t,x) € Q,,
vt 2) =" re0w], r=12
and find the values of the v (t,z) and 8" (z) at the remaining subintervals’ points.
As a result, the proposed algorithm gives us the numerical solution to the problem

(19)-E2

5 Convergence conditions for Algorithm A and Main Results

The next theorem establishes sufficient conditions under which Algorithm A converges and
problem @—@ admits a unique solution.

Theorem 3 Assume that all the hypotheses of Theorem hold. Then problem @f
©O) admits a unique solution (v*(t,z),u*(t,z), w*(t,x), 0" (x)). Furthermore, the solution
satisfies estimates (28)) and (29)).
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Proof. Under the hypotheses of the theorem, Theorem 2| ensures that the family of boundary
value problems — is uniquely solvable. We apply Algorithm A to construct the solution
of problem (6)—(9). At the zeroth iteration, we first solve the following auxiliary problem:

g: — A(t,x)v + D(t,2)v(1(t), z) + K (t,2)0(z) + B(t,z)/ (¢) (32)
+ C(t, ) (t) + f(t, ), (t,x) € Q,

Z M;(z)v(tj-1,2) + My(2)8(z) = p1(z),  z€[0,w], (33)

v(te, ) = ph(x), z € [0,w]. (34)

By assumption, problem (32)-(34) has a unique solution (V(O)(t,x),O(O)(x)), and
estimates and hold for this solution; that is,

sup V(1) < Ka(w) max { max || Bt 2)(t)+C(t ) )+ £ ()] lerloa ellos |

te[0,7) €[0,1]
6 ()]| < Kale) mas { ma [IB(t, 2)i(2) + C(t2)0(0) + F(E. 2] Nerllon. eellon }.

where KC3(x) = Ki(x) + Ko(x).
Moreover, the following estimate holds:

su VOt z) || _ max [|A(t, 2)[|KCs(2) + max (|| D(t, )| + || K (¢, 2)]|) Ka(z) + 1
te[o% ot = o, 3\¥ t€[0,T) ’ ’ 2
X maX{ max || B(t,z)(t) + O, x)y(t) + f(t,2)|, [illo, ||902||o,1}7

t€[0,T]

Let the functions u*=Y(¢,z) and w*~V(¢,z) be already determined. At the k-th step,
k=1,2,..., we obtain (v(¥(t,z),0%(x)) by solving (©6)—(©) with

u(t,z) = u* Yt ), w(t,z) = wkD(t, z).

After v®)(t,x) has been computed, the next approximations to u(t,z) and w(t,z) are
recovered from (9] as follows:

T . T V(k)
wOt0) = w0+ [ VO WO =i+ [ aa—f’”)dn. (39

To investigate convergence, introduce the increments Av® (¢, z) = v® (¢, 2) — v 1)(t, x),
AuP(t,z) = u®(t,2) —u*V(t,z), AwF (¢, z) = w(k)(t,x) - k D(t,z), AOW(z) =
0" (z) — 8%V (z). Using the unique solvability of the problem . 12)), we obtain the
following estimates:

< Ka(a) m{ sup | Aw®) ()], sup ||Au<’“><t,x>||},

ovED (¢ 7)
ot

max { sup [AVEH(E )], sup
t€[0,7) t€[0,7]

(36)

te[0,T] te[0,T]
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where

Ky(z) = (max | B(t,x)| + max I|C(t, :E)“) maX{ng(x),a(x)ng(x)

t€[0,7]

+ max (|D( a:)|]+HK(t o)) o) + 1.

tel0, T

In view of , we also have

max { sup AW (¢, )], sup [|[Au®(t, )|
te[0,7

t€[0,T

@ () (37)

t

</max sup [|Av®(t,s)]|, sup ov(t 2) dx.
J te[0,7) t€[0,7] ot
Combining and , we arrive at the fundamental recursive estimate
8 (k+1) t
max | sup [AVE(t, 2], sup || E:2) ‘
t€[0,T) t€[0,T) ot

(38)

/ (k) (¢
<kt | maX{ sup AV (1,5, sup || D) ’}d
0

t€[0,T] te[0,7) ot

Estimate ensures that both {v(®} and {ov(¥)/9t} converge in C(Q2, R") as k — oo.
Relation then yields convergence of the sequences {u®} and {w®} in the same space.
Consequently, the limit functions v*(¢, ), 8"*8(5’70), u*(t,z), w*(t,z) belong to C(2,R").
Together with 8*(z), these functions satisfy the initial-boundary value problem (6)—(9).

It remains to verify uniqueness. Assume that {v(¢,z),u(t,z), w(t, x),é(:v)} solves the
homogeneous problem associated with @f@; that is, f(t,z) = 0, p1(z) = 0, @o(x)

0, 1(t) = 0. The assumed uniqueness for the family (6)-(9) implies v(¢,z) = 0, 0(z) =
Substitution into (9)) consequently gives u(t,z) =0, w(t,z) =0, (t,z) € .

Hence, the homogeneous problem corresponding to @—@D possesses no nonzero solutions.
Theorem @ is proved.

The preceding existence argument and this uniqueness result lead to the following state-
ment.

0.

Theorem 4 Let, for some partition A = {0 = to < t; < to = T}, the matrix
Q.(A,z): R — R be invertible for every x € [0,w] and satisfy

QA 2)| < (A, ).

Then, for any g € C(Q,R"), ¢; € C([0,w],R"), ¢y € CY([0,w],R"), the boundary value
problem (1))-(4)) admits ezactly one solution pair (u* (t,x), 0*<£L‘>)

The preceding arguments also establish Theorem [ Existence follows from the
convergence of the successive approximations and the equivalence of the original and reduced
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problems. Uniqueness is established by applying the corresponding integral estimate to the
difference of two solutions.

The constructive nature of the proof provides a basis for the numerical implementation
of the proposed method. The next section considers a test problem with a known exact
solution and distributed parameter. The numerical experiment illustrates the verification of
the sufficient conditions and the convergence of the iterative procedure.

6 Numerical experiment
We illustrate Algorithms A4 and B on a test problem with a known exact solution. Let

Q=1[0,1] x [0,0.2], tc, =0, t; =0.5, ¢, =1, and let the piecewise constant argument be
given by

0.25, 0<t<0.5,
y(t) =
0.75, 0.5<t< 1.

Consider problem f, whose data are given as follows:

= (g 4). men= (7 8). w0 8). mea- () )

Ko = (3 7). M= (5 §) = (p 2) o= ("5 2).

uin=(; 7)) w= (o mr s r) w0 = () vo= (),

_ fl(t’x): 0<t<0.5,
o= {fz(tax), 0.5<t<l,

where, for r =1, 2,

c,r? — 2t%0% — 3t — At —dt —t3 —x — 2
2t — t3x — 2222 — 220 — 3tad — 2ta? — 2r — 2322 + 22 — 622 —e,x)

) = (

with (¢1,dy, e1) = (2.25,0.0625, 1.1875), (co,da, e2) = (0.75,0.5625, 2.6875).
The exact solution and the exact distributed parameter are

w'(t,z) = <xt2 f?;fz +t) o @)= (f) '

Consequently,

" « 32t . . a3
vien —wia) = (1) wen —uen = (4,7 ).
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The Cauchy problems in Algorithm B were solved by an adaptive fifth-order Runge-Kutta
method on the grid ¢; = 0.025¢,7 = 0, 1, ...,40. The calculations were performed for h, = 0.1,
0.05, and 0.025, using the composite trapezoidal rule for the integrals with respect to x.

Starting with

uOt,z) =),  wOtz) =),
we define, for £ =0,1,...,7,
g9 (t,2) = Bt )W D (t,2) + C(t,2)a D (t,2) + f(t, ).
At each point z;, Algorithm B is applied to

dv
dt

= A<t7 x])v(k) + D<t7 xj)l'l‘v("k) (:EJ) + K(ta x])e(k) ($]) + g(k) (t7 Ij)v
for t € [t,_1,t,), r = 1,2, and the approximations are reconstructed by

uwwm=¢@+/3Wmmm,WW@@=¢@+/7E%MLM
0 0

Define
E® = max 29 (t, 25) = 2" (L, )| 2 € {u,0,w},
2y
By = max 0% (2)) — 6" (x)) e O = max (i, ;) — D (5, )|

Table 1: Convergence of the successive approximations for h, = 0.025

E® E® E(Sk) 5
2.09442 - 1071 1.39557-1072 6.55641-10"% 2.36472-101
4.66447-1072 2.26061 - 1072 1.26407-10"% 1.16950 - 102
7.73137-107% 3.61049-10~* 2.07016-107% 1.89956 - 103
1.19494 - 1072 1.11533-10~* 3.19150-10~* 2.49516-10~*
3.36755 - 10~*  8.40833-107° 9.01306-107° 2.74496 - 10~°
2.42377 - 1074 8.14447-107° 6.49692-107° 2.63858 - 10~°
2.33310-107% 8.12164-107% 6.25528-107° 2.28263 - 1077
2.32520-107% 8.11983-107° 6.23422-107° 1.80867 - 1078

N O Tl W N~ O

The spatial convergence order is calculated by p, = log, %

The numerical results confirm the convergence of the successive approximations
constructed by Algorithm A. By the seventh iteration, the difference between two consecutive
approximations becomes negligible. The mesh-refinement results show that the errors in u, v,
w, and 0 decrease approximately by a factor of four when the spatial step is halved. Therefore,
the observed order of convergence with respect to the spatial variable is approximately two.
This agrees with the theoretical accuracy of the composite trapezoidal rule used in the
reconstruction formulas. Thus, the numerical experiment confirms both the efficiency of the

proposed algorithms and the expected spatial accuracy of the computational method.
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Table 2: Mesh refinement after seven iterations

hm Ev Du Eu DPu Ew Pw E@ Do
0.100 4.17773-10% — 1.34974-10~° — 1.54313-1073 — 1.13439-1073
0.050 1.00663 - 1073 2.053 3.30577 - 10~* 2.030 3.75437-10~* 2.039 2.72785-10~* 2.056
0.025 2.32520-10~% 2.114 8.11983-10~° 2.026 9.20691 - 107> 2.028 6.23422-10~° 2.129

7 Conclusion

This study has addressed a linear hyperbolic system subject to a three-point condition,
where the equation contains a generalized piecewise constant argument and a parameter
function depending on the spatial variable. The introduction of new dependent variables
made it possible to reformulate the initial problem as a parameterized collection of functional
differential problems. Dzhumabaev’s parametrization technique was then used to incorporate
the boundary relations into a finite-dimensional algebraic system. The nonsingularity of the
resulting block matrix provides a directly testable criterion for well-posedness and also leads
to an a priori bound for the solution. This framework yields an iterative computational
procedure in which initial value problems and linear algebraic systems are solved alternately.
The proved convergence of this procedure guarantees that both the unknown function and
the distributed parameter are determined uniquely. Thus, the developed approach can serve
as a foundation for constructing numerical methods for this class of hyperbolic problems.
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