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INTEGRAL RECOVERY OF A TIME-DEPENDENT BURGERS
COEFFICIENT

We study an inverse coefficient problem for the one-dimensional periodic viscous Burgers
equation, in which an unknown time-dependent coefficient multiplies the solution. Additional
data are provided by a weighted spatial integral of the state. The periodic weight has first-order
Sobolev regularity, and the prescribed observation is bounded away from zero. No sign restriction
is imposed on the coefficient. An explicit reconstruction formula reduces the inverse problem to
a loaded Burgers equation with a cubic nonlocal term. Bihari’s inequality controls the resulting
superlinear energy estimate and yields a sufficient local existence threshold depending on the
data. Using Fourier Galerkin approximations, a priori estimates, and compactness arguments,
we prove existence and uniqueness of a local strong solution and square-integrability in time of
the reconstructed coefficient. The prescribed integral observation is recovered under the initial
compatibility condition. A numerical experiment with a known exact solution and a sign-changing
coefficient illustrates reconstruction accuracy and shows observed second-order spatial convergence
for both the state and the coefficient.

Keywords: Burgers equation, inverse coefficient problem, integral overdetermination condition,
priori estimates, Bihari inequality.
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Broprepc Tengeyineri yakbITKa Tayesai K03 HUIMEeHTTI MHTErpaIabIK,
JepeKTep OOibIHIIIA KAJIIbIHA KeJITipy

Byn xxymbIcTa I€pHOIUKAIBIK, IIIEKAPAJIBIK, IIAPTTaphl 0ap Oipesmem i TyTKeIp Broprepc Ten-
Jeyiraeri yakpITKa Toyeam benriciz koadduiueHTTi anbIKTayabiH Kepi ecebi 3eprrenemi. KocbiM-
Ma JepeKTep IMIEeNMHIH KeHICTIKTIK aflHbIMAJIbICHI OOMBIHITIA CAIMAKTAJIFAH UHTETPAJIbI APKbLITbI
Gepinemi. Ilepuonukaibik cajamak GyHKIusichl Oipinmn perti CoboJieB KeHICTIriHe »KaTajbl Iell,
aJ1 OeplireH MHTErpasIblK, OAKbLIAYIBIH abCOIOT ITaMAChl OH TYPAaKTBIIAH KeM eMeC Jer yii-
rapbuiaipl. KoaddurmenTTi KambpiHa KeaTipyaiH, aflkbH (GopMyIachl Kepl ecenti IremriMre Ka-
TBICTHI YIMHITI JopeKesi JIOKaIIbl eMec Myleci 6ap KykTearen Broprepc Temseyine Kemripyre
MYMKIiHIIK 6epesi. Buxapu TeHci3miri sHepreTukasbk Oaraiay/ia maiiaa 60JaThH CyIePChI3bIKTHIK,
eciMi OakpLIayFa »KoHE IIeNliMHiH, JIOKAJIbI 6ap OOoJIybl YIIiH OeplireHepre Toyeii *KeTKLIKTI
VaKbIT IIIeriH aHbIKTayFa MYyMKIHIIK Oepemi. @ypbe—lanmepkun XKybIKTayIapbl, allpUOPJIbIK, Oara-
Jlayjap KoHE KOMIIAKTBUIBIKKA HETI3JEITeH MalbIMIaysiap apKbLIbl JIOKAJIBI KYIITI eI MHIH,
6ap 6OJIybI MEH KAJFBI3/IBIFBI, COHIAM-aK KAJIIbIHA KeJITipiireH Ko3(hdUIMeHTTiH KB IPATHIHDIH,
VaKBIT OOWBIHIITA WHTETPAJIAHATHIHBI TJIeIeHE 1. BacTanKel AepeKTep i YIaeciMaITiK mapThl
OPBIHJIAJIFAH 2KaFaiiia OepiireH MHTErpaJsIbIK, MAaPTThIH OPBIHIAIATHIHBI KepceTiiemi. Bemrini
JTOJT IIeIniMi >KoHe TaHOACKIH e3repTeTid Ko3dduimenTi 6ap TeCcTiIiK ecen yImiH »Kypri3ijred caH-
JIBIK, TOXKIpuOe KAJIIbIHA KEITIPY/IiH, JJINH CATATTAIL, IIEiM VI 1e, KO3DUIUeHT yIiiH e
KEHICTIKTIK aifHbIMAJIBICHI OOMBIHIIA €KIHIT PeTTi YKUHAKTAJY OPBIHIbI €KEH/IITH KOPCeTe .
Tyiiian ce3nep: Broprepc Temmeyi, K03 dUIMEHTTI aHBIKTAYIBIH Kepi ecebi, HHTerpaIIbIK KOChIM-
18 IIapT, aIlPUOPJIBIK Oarasiaysiap, Buxapu TeHci3miri.
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BoccranoBienune 3aBucsimiero or Bpemenun koaddpunmeHra ypaBaenusa Broprepca
10 MHTETrPAJIbHBIM JTaHHbIM

Hawmm uccneayercs oamna obparHas 3ajada onpeaeaeHnst Kod@UImeHTa B OJTHOMEPHOM BsI3-
KOM ypaBHeHHUHU Bioprepca ¢ neprofinIecKuMy IPAHUIHBIMU YCJIOBUSIME, B KOTOPOM HEM3BECTHBIN
3aBUCAIIUI OT BpeMeH! KO3 (UIMEHT YMHOXKAETCsI Ha, pelerre. JomoHuTe/IbHbIe JaHHbIE 3318~
FOTCsI B3BEIIEHHBIM ITPOCTPAHCTBEHHBIM MHTErpaJioM pereHus. IIpeanoaraercs:, 9To nepuoande-
cKasi BecoBas (DYHKIUS TpuHaIekuT npocrpanctBy CobosieBa mepBoro mopsika, a 3aJaHHOe MH-
TerpaJibHOe HabJTIOAEHNE OTIEIEHO OT Hy . fIBHas (popMyia BOCCTAHOBIIEHNST KOI(MDPUITHEHTA 103~
BOJISIET CBECTH OOPATHYIO 38/]a9y K HAIDYZKEHHOMY ypaBHEHHIO Broprepca ¢ KyOnIeCKuM HeJIOKAb-
HbIM wieHoM. HepaBerncTBo Buxapu 1103BoJisieT KOHTPOJIMPOBATH BO3HUKAOININN B SHEPTIeTHIECKO
OIIEHKE CYIEPJIMHENHBI POCT W MOJIyYUTh 3aBUCSIIUN OT JAHHBIX JOCTATOYHBIA BPEMEHHO IT0-
POT JIOKAJILHOTO cytnecTBoBaHust pemtenus. C ucnonb3oBannem npudmmkennit @ypoe—lanépkuna,
AIIPUOPHBIX OIEHOK W apryMEHTOB KOMITAKTHOCTHU JIOKA3BIBAIOTCS CYNIECTBOBAHUE U €JIMHCTBEH-
HOCTBH JIOKAJIBHOT'O CHJIBHOTO PEIIeHMsI, & TaKXKe KBaJPpATHIHAS WHTEIPUPYEMOCTH BOCCTAHOBJIEH-
HOTO KO3 pUIMEeHTa 110 BpeMEHHU. BhIlojiHeHne 33/ ]aHHON0 UHTErPAJIBHOIO YCJIOBUS YCTAHABJINBA-
eTcsi IpU COOJIFOJIEHUN YCJIOBUST COTJIACOBAHHOCTU HAYAJIbHBIX JAHHBIX. UUCJIEHHBIH 9KCIIEPUMEHT
C M3BECTHBIM TOYHBIM DPEIIeHHEM W MEHSONUM 3HAK KO3(DMUIMEHTOM WJLIIOCTPUPYET TOYHOCTH
BOCCTAHOBJIEHUS U JEMOHCTPUPYET HAOIIOMAEMBbIIl BTOPOIl MOPSIOK CXOAMMOCTH IO IPOCTPAHCTBY
KaK JIjIsI PeIllenns, TaK 1 st Kodddurmenra.

Kurouesbie ciioBa: ypasaenue bioprepca, obpaTHast 3aatia onpeaeaeHus Koddduimenta, nHTe-
IrPaJIbHOE YCJIOBHE ITE€PEOIIPEIeIEH s, allPUOPHbIE OIIEHKH, HEPABEHCTBO Buxapu.

1 Introduction

We consider an inverse coefficient problem for the periodic viscous Burgers equation. The
problem is related to inverse parabolic equations with integral overdetermination, recovery
of time-dependent lower-order coefficients, and inverse problems for Burgers-type equations.

Time-dependent parameters in semilinear and quasilinear parabolic equations under
weighted integral observations were studied by Cannon and Lin [I,2]. A periodic inverse
problem for a time-dependent zeroth-order coefficient with integral overdetermination was
considered by Kanca [3]. A quasilinear inverse coefficient problem with periodic boundary and
integral overdetermination conditions was also studied by Baglan and Kanca [1]. Related
problems in which a time-dependent lower-order coefficient multiplies the state and is
recovered from an integral observation were studied, in different settings, by Azizbayov and
Mehraliyev [5], Kozhanov, Abulkayirov, and Ashurova [(], and Altybay and Ruzhansky [7].
The latter two works use a general spatial weight in the observation and are particularly
close to the coefficient structure considered below. Reduction of inverse problems to loaded
parabolic equations is also used in [3].

In our previous works [9, 10], we studied inverse problems for Burgers equations with
integral overdetermination. In [9], the unknown time-dependent coefficient multiplies a
prescribed source term, whereas in the present problem it multiplies the state.
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Here the unknown coefficient multiplies the solution itself:
¢
Up + Uy = Uz — a(t)u + f(x,1), /N(m)u(x, t)dr = E(t).
0

Under the assumption N € H! (0, /), integration against the weight and one integration by

per
parts yield a reconstruction formula involving the two quantities

j N, (2)us (2, 1) dz, ] N, (2)u(z, t)? d.

Substituting this formula into the equation multiplies these nonlocal quantities by the
unknown state. In particular, the reduced equation contains the cubic nonlocal term

u(x,t)

2E() / N, (z)u(z,t)* dx.

Thus, the relevant distinction from identifying a coefficient multiplying a prescribed source
is the dependence of the multiplier of the quadratic integral on the unknown solution.

In the L? energy estimate used here, applying Young’s inequality to this cubic nonlocal
term produces a contribution of order ||u||6L2(07£). The resulting differential inequality is
superlinear and cannot be closed directly by Gronwall’s inequality. Applying Bihari’s
inequality to the shifted energy 1 + HUH%Q(M) yields an explicit data-dependent sufficient
threshold T™ for local existence.

The specific contribution of the present work is a local strong-solvability analysis for
this weighted periodic Burgers problem with Sobolev-regular data, rather than coefficient
identification from integral observations in general. For every T, < T™, we prove existence
and uniqueness of a strong solution to the reduced problem and recover a € L?(0,Tp) from
the reconstruction formula. No sign condition is imposed on the unknown coefficient. The
proof is based on Galerkin approximations, a priori estimates, compactness, and a uniqueness
argument.

Section 2 formulates the problem and states the main results. Section 3 proves existence
and uniqueness for the reduced problem and completes the reconstruction of the coefficient.
Section 4 presents a numerical experiment illustrating the reconstruction accuracy and the
observed second-order convergence under spatial mesh refinement.

2 Problem formulation and main results

Let @ := (0,¢) x (0,T"). We seek a pair (u, a) satisfying

up(z, t) +u(z, t) ug(x, t) = uge(x,t) — al(t)u(z, t) + f(x,t), (x,t) € Q, (la)
u(0,t) = u(l,t), uz(0,1) = u (¢, 1), te(0,7), (1b)
u(z,0) = up(x), z € (0,0), (1c)

/N(x) u(z,t)de = E(t), t €1[0,7]. (1d)

0
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2.1 Functional setting and assumptions

For k = 1,2, let H*_(0,¢) be the closure in H*(0,¢) of smooth f-periodic functions. All

per
functions are real-valued. We assume

uo(x) € Hyer(0,0), (2)
f(z,t) € L*(0,T; L*(0, 7)), (3)
E(t) € W(0,7), (4)
|E(t)| > Ey >0, te0,7], (5)
N(z) € H,..(0,0). (6)

Since W12(0,7) < C([0,T]), we identify E(t) with its continuous representative. In
particular, the lower bound (5) is understood pointwise on [0, 7.
The compatibility condition is

¢
/N($)U0([E) dx = E(0). (7)

2.2 Reduction to a nonlocal problem

Set
_ /N(x)f(x,t) dr, te(0,T). (8)

Then f(t) € L2(0,T).
Multiplying (1a) by N(x) and integrating over one period, we obtain

¢ ¢
/N Vg (x,t) d /Nx Jug(z,t)d
0 0
¢
1
/N w(z, t)ug(z,t) d :_é/N‘” dx.
0

Using the observation condition (1d), this becomes

DN | —

l
E'(t) = —a(t)E(t) + f(t) — /Nx(x)ux(a: t) dx +

j N, (z dz. 9)

Because E(t) is bounded away from zero, we may solve this identity for a(t):

¢

1) = E'() N, ()t (z, 1) da + Wl@ / No(a)a(z,t)de.  (10)

1
“W="Fm B

o —
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Substituting (10) back into (1a) leads to

u(z, 1)(f(t) = E'(t))

ut(:(:, t) + U(SL’, t)ua:(x7 t) - um(ai, t) + E(t)

4

(11)

2 uxxtdx—i—

14
0

0

This equation is supplemented with the periodic boundary conditions (1b) and the initial
condition (1c).

2.3 Definition of strong solutions

Definition 1 Let Ty € (0,T]. A function
u € L*(0,Ty; H:..(0,0)) N L*(0, Ty; H2,,(0, 7)), uy € L*(0, Ty; L*(0, 1)),

per per

is called a local strong solution of (11), (1b)—(1c) if (11) holds a.e. on (0,€) x (0,T5) and
u(-,0) = ug in H (0,0).

per

Definition 2 Let Ty € (0,T]. A pair (u,a) is called a local strong solution of the inverse
problem (1) on [0,Ty] if

u € L0, Tp; 0,¢)) N L*(0, Tp; 0,7)), uy € L*(0, Ty; L*(0, 1)),

per( per(

and
a € L*0,Ty).

The differential equation (1a) is required to hold a.e. on (0,€) x (0,Ty), the periodic boundary

conditions (1b) are satisfied in the trace sense, and u(-,0) = ug in H).(0,£). In addition,

¢
/N(x)u(m,t) dx = E(t), t €0, Tp].

2.4 Main results

Theorem 1 Assume (2)—(6), and let T* be defined by (31). For every Ty € (0,T), the
reduced problem (11), (1b), (1c¢) has a unique local strong solution u(x,t) in the sense of
Definition 1, with u € C([0, To); H)..(0,£)). Moreover,

]|~ (0,To;Hle) T ||U||L2(o To;HZ,) T Hut”%Q(O,TO;L?) < K(Tp), (12)

where K(Ty) depends only on the data and T.

Theorem 2 (Inverse problem) Assume (2)—(7), and let T* be as in Theorem 1. For
every Ty € (0,7%), the inverse problem (1) has a unique strong solution pair (u,a) in the
sense of Definition 2. The coefficient is given by the reconstruction formula (10). Moreover,
u € C([0, Tyl; HL..(0,0)).

per
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3 Existence and uniqueness for the reduced problem

3.1 Galerkin approximation

We use the standard periodic Fourier basis

1 2mik
ex(z) = %exp( Wz x) , k ez,

and for n > 1 define V,, := span{ey, : |k| < n}. We look for a Galerkin approximation of the
form

up(x,t) = Z Cnk(t)ep(z) = \/Z Z Cre(t exp(szkI> : (13)

k=—n k=—n

Both the ba81s functlons and thelr derivatives are periodic. We use the complex L? inner
product (v, w) fo
The Galerkln system is

(un,ty wn) + (unun,xa ¢n) + (un,za ¢n,ac) + <un’ ¢n) (f(t)

E(1)
¢ . ¢ (14)
—E'(t) — /Nx(x)un,m(x,t) dx + é/l\fgc(x)un(gv,t)2 dr | = (f,¥n),

for every 1, € V,,.
Using ex.(z) = Zey(z) and e,(z)e,(z) = \/izepﬂ(x), and choosing v, = e, |k| < n,
equation (14) becomes

( 27k \ > ik
C;Lk(t>+( 72 ) an 7” Z Cnp qu
|p| iin
() I« 2 / 2
Crk(B) | ~ iy L mm TImx
w0 - 20 - 22 Y T 0 [ Mo ()
m=—n 0
1 / 2mi( )
TP+ q
+2—€ Crp (1) Cng (1 /Nx ( 7 ) dx] (15)
P.g=—n 0
/ 2mik
= i/f(av,t)exp (— i x) dzx, k| <n
l 14
0
1 / 2mik
TIRT
ar(0) = = [ wale)exo (— ) dr
12
\/ZO
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Because u,(+,0) is the Fourier projection of uy onto V,,,

|2n (-, 0)[| 220,00 < |woll£20,0)5 |tn (-, 0)|| 10,00 < w0l 10,0)5 (16)
and up(-,0) = ug in H},(0,0).

The system (15) has dimension 2n + 1 and is polynomial of degree at most three in the
coefficient vector. Its right-hand side is measurable in ¢ and locally Lipschitz with respect to
the coefficients. On every ball of radius R > 0 in coefficient space, the norm of the right-hand
side and its Lipschitz constant are bounded by

ma(t) = Cor (14 1F(8) = @]+ 1£(,8)ll1200)

where C,, g is independent of ¢. This majorant belongs to L'(0,T'), since f— E' € L*(0,T) and
f e L*0,T;L?*0,¢)). Carathéodory’s theorem [11] therefore gives a unique local solution on
a maximal interval [0, 7,) C [0, T]. For real-valued data, uniqueness preserves the conjugate

symmetry ¢, _x(t) = cni(t), so the Galerkin approximation u, remains real-valued.

3.2 A priori estimates

Lemma 1 For each Ty € (0,7*) there is K1(1y), independent of n, such that

To
sup | wn(t)l|72(0,0) + / [tne () |72(0,0) At < K1 (T)-
te[0,To] 4

Proof. Take 1, = u,, in (14). By periodicity, (uptn z, u,) = % [(u}), dz = 0. Consequently,

1
3

O —e~

d QHUn”%?(oe) =
gl + 2l = ——p** (70
1 ¢ (17)
1 2
—E'(t) —/Nx(x)unyx(x,t) dx + Q/Nx(a:)un(x,t) de | +2(f, un).
0 0
For € > 0, Young’s inequality gives
1
2[(fsun)| < g||f||%2(o,£) + 5Hun||%2(o,e)- (18)
For e, > 0, |E(t)| > Ey, Cauchy—Schwarz, and Young give
¢
217 2|| Ne|| 2
nll12(0,0) 21122(0,0)
TTEW| /qun,x dz| < THun”%z’(o,@Hun,xHLz(o,Z) (19)
0
2(| N ll72 (0. €1
< W||Un||i2(o,e) + EHUn,:vHi?(o,e)‘ (20)

For e3> 0, [unllZaig s < lltnllzz0 1wl L0 < Cellunllr2o.0ltnll 10,0 Thus
‘

[ /N (@)l (z,t) da| < IINJ,J.||L2(0’£)HU "
4 n\%» N nll72 nll7a
|E(1)] E, L2(0,0) 74(0,0)
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< Col| Nl 12(0,0)

0 s g el
2
) PNz N7z,
< EHun“Hl + WH%HL%O,@- (21)
Since [|unl|F1 0.0 = 1unll720.0Unel 220, the two Young estimates contribute =522 {|uy, (|72

to the right- hand side. Choose 1,9 > 0 with &1 + &9 = 2. Then 2 — 81*” =1, hence

d 1 ex | 2f(t) — E'(t)]
EHUTLH%%O,Z) + [t |l72 < g”f(ﬂ”%%o,e) + e+ 5 + i ”UnH%%o,e)

2 2 2 (22)
2[| Nz l|72(0,0 ¢ 1 Nell72(0.0)
5—1E§ H“n”L?(o,e) + —252E§ ”UnHB(o,e)-

We fix once and for all the parameters ¢ > 0 and €1, €2 > 0 satisfying €, 45 = 2, together
with a constant Cy such that ||v|| 10,0 < Cel|v||s1(0,e) for every v € H'(0,£). These choices
are independent of n and ¢t and are retained in the definitions of ¢(t), ®(¢), I'(t), and T*
below.

Set

€ o f(t) — E'(t 2|| V.|| C2|| N, |2,
ct) i =e+ =+ £ () ()|+ L;(O,f)+ LQ(oe .
2 Ey e1EZ 26,2
The function c(t) belongs to L'(0,T), because f— E' € L*(0,T) and the time interval is
finite.

We now use the elementary estimate

(23)

3
lanllE o + 200y + lunlSgoy < (1 + NunlFaor)) - (24)
Indeed,
3
(1+ lunlZz0) = (lunlZzo + lnllEzoe) + lhonllEzos))
= 1+ 2uwnl[320.) + 2tallizoy 2 0.

3
Thus (22) gives 2l < L0220 + ct) (14 a0 ) - Introduce the shifted
energy

)= L+ a0 29

Then
1

i) < 215 OlEz00 + et (0 (20

Set
1 t t
B(t) = 1+ Juolae + - [ IfG) o ds, (0= [ es)ds @0
0 0

Then

yalt) < B(1) + / ()3 (s) ds. (28)
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Applying Bihari’s inequality [11], we obtain

(1) 99
= T =
if
20%(1)I(t) < 1. (30)
This suggests defining
T* :=sup{t € (0,T] : 20*(1)I'(t) < 1}. (31)

Since I'(0) = 0 and 2®2(¢)I'(¢) is continuous and nondecreasing, T* > 0. For Ty < T*, the
inequality 20%(Ty)T'(Ty) < 1 holds. Hence, (29) gives

sup [un(t)[|72(0, < C(To).
0<t<Ty

Ty
Integrating (22) gives [ |lu,.(¢)]? 12000 @t < C(Tp). The preceding bound prevents blow-up
0

of the finite-dimensional solution before Tj; hence it extends to [0, Tp], and

sup |[un(t)[|72(0,6) + / [t ()] 720, At < Ki(Tp), (32)
te[0,To]
with K (7p) independent of n. O

Lemma 2 For each Ty € (0,7%) there is Ko(1y), independent of n, such that

sup Hun(t)!lip(o,@+/Hun(t)!|§p(0,@ dt < K5(To).
0<t<To :

Proof. Set ¢, = —uy, 4, in (14). Since —(Up, Up 4z) = ||un,x||%2(0 0
1d
2dt||unx||L2 0,0 T [wn, :L‘IHL2 (0,0) = = (UnUn,z; Un,zz) N
f(t) - E'(t) 2
+ (f, —Unga) — WH%@HB(O,@

Hun,xH?’ﬂ(oe)

E) ’ /Nz(x)umx(x,t)dx

Up,z
B | ||L2 WUnzllZ2(0,0) /N 1 da.

For 3,4 > 0, Holder, Cauchy—Schwarz, Young’s inequality, |E(t)| > Ey, and ||un||%4(O oy <

OéH“nHL?(o,é)HunHHl(o,z) give

(33)

| (unun,xy un,ac:c) | S ||un || L (0,0) ”un,z ||L2(0,€) ||un,mx || L2(0,¢) S

Enun,MH%Q(O,Z) + Q_ESHUnH%OO(O,E)Hun,wH%Q(O,Z)'
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€4
|(fs —tnzz)| < 5||un,mllig(o,e> + 2_€4||f||%2(0,£)-

- E

f-F |
||Un,x||L2(0,£) < Touun,ccH%?(O,Z)'

E

¢
/Nx Vit a(,8) de| < [Nl 20 e 2000
0

/N (z,t)dz| < ||N, ||L2(0£)||Un||L4 0,0)"

0,6)

Unp, Nz
I ||L2(o,e) /N (1) dz| < I \}LjL?(o,E) wn,
0

‘uanm(oe [Nzl 220,
/N “(x,t)dx| < 2—E0Hun,wH%%o,@)Hun||%4(0,e)

< CollNe || 20,0
- 2E,
Insert these bounds into (33), choose €3 + &4 = 1, and multiply by 2:

d 1
lnalizog + lunaelizoe < Bal®)llunellzze + s (OlZ2 (0 (34)

Hun“L?(O,Z) Hun”Hl(O,ﬂ) Hun,m”QLQ(O,E)'

with
1 LA = B @] 2Nallz2.
Ba(t) i= MmOl + =5 + =5 lna(®) 200
CeHN 2200
Eo
By (32) H'(0,¢) < L*(0,¢), and Cauchy—Schwarz in time,

(35)

()| 20,0 [l () | 2120,

/ a0y 8t < To s s Ol + [ Tina Ol < CCT).

To

/ it ()2 ol < C / (a0 + tma®)]2a0) dt < C(T),

0
1/2

To TO
1/2
/ Hun,w(t)”L?(O,f) dt < TO/ / Hun,w(t)ni%o,z) dt < C<T0)a
0 0
To
/ [[n ()l 22 0.0 tn ()| 1. 0,0) It (36)
0

< swp ()20 T, / lun® 2o dt | < C(Ty). (37)

0<t<Ty
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Since f—F' € L*(0,T) C LY(0,Tp), f B, (t) dt < C(Tp) uniformly in n. Also, ||ty 2(0)|| 220, <
|0,2]| 22(0,0)- Gronwall applied to (34) gives supg<scry, ||Un(t )||L2 0.0y < C(1p). Together with

(32), supg<i<r, [[un(t )||H1 00 < C(To). Integrating (34) gives f ||t e )||L2(0€ dt < C(Typ).
Thus

sup ||un(t)||?p(o,e>+/||un(t)|!12q2(o,z> dt < K5(To). (38)

t€[0,To]

O

Lemma 3 For every Ty € (0,T), the sequence {un,} is bounded in L*(0,Ty; L*(0, 7))
uniformly in n.

Proof. For a.e. t € (0,1), unt(t) € V,,, so
[tng(O)ll22 = sup  [(une(t), ).

”Le n
H"L’nHLQZI

By (14), periodicity, (tnz, Ynz) = —(Unzz, ¥n), and |E(t)| > Ey, we obtain

|t (D)l 220,60 < Ntz (E) || 22(0,0)

f(t) — E'(1)
Hlunnz Ol 0.0+ Ol + == 5= lun(®llz200
¢ ¢
n(t n(t
+—”u ®)ll20.0 /Nx(:v)unz(x,t) dz +—”u Ol 200 /Nx(as)ugl(%t) dz|.
Ey ’ 2E
0 0
Cauchy-Schwarz and H'(0, () — L>=(0,¢) give
¢
/NJJ(:):)un@(x,t) dx
0
¢
/Nx(x)ui(%t) dz| < ||Nollz2.0ltallZs.e < CellNallzz.plunllz 0.0 lunll 00,
0

Jins 200 < linas®l200 + o220 + 17Ol
f(t)—E'(t | V|| £2(0,0
O 1) +

I [n (D)]] 22(0.0)[[t0m ()| 20,0
(12200l (0) 111 0,0 (39)

Ctl| N L2(0,0)
2F,
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6
Squaring and using (a; + -+ +ag)?> <6 > a? gives

=1
[n g (D)l|72(0.0) < 6l (D1220,6) + 6llen () tin e ()1 2(0,0) + BILF(D)IZ2(0,0
6\f( ) — E'()° 6/l NaIZ20.0)
2 w1220, + =2 lun () 7200 | tne (D220,
E E
3CE|IN, Hm
2Nz 0.0
(122 0,010 ()71 0.0

Integration over (0,7}) gives

To To To
[ el e <6 [ e de 6 [ it o e
0 0 0
TO TO
6 ~
+6 / 00+ 25 / T = B Pl 3

61N 220,
R / et 200 160220,

2
QEg (0.0 (0.0
0

By (32), (38), Holder, and the L?(0,Ty; L>(0,¢)) estimate from Lemma 2,

0 0
/ s Ol 08 < OT), [ 1700yt < 1 soazionn:
/ st el < 50 )0 / [t ()0t < C(Ty),
0

/ F= Bl dt < s )l / F - EPdt < C(Ty).

/ Nl 0. [t 2ot < 50D [tn (1) 220 / et (8)][250 t < C(Tr),
0 0<t<Ty 9

[ alisallonlinnde < sup lunOlisos [ lum®sond < O (0)
0<t<Ty
0 0
Therefore
/ [t i ()] 72(0,0) At < C(To), [tntllz2(0,10:2200,0)) < C(T0). (41)

The lemma follows. O
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3.3 Existence

Fix Ty € (0,7*). The estimates of Lemmas 2 and 3 imply

HunHLoo(o,To;Hl(o,e)) + HunHLQ(O,TO;HQ(O,E)) + Hun,tHLZ(o,To;H(o,e)) < K(Tp), (42)
where K (Tj) is independent of n. After passing to a subsequence, if necessary,
Uy — u in L*(0,Ty; H..(0,0)),
Uy — U in L>(0, Tp; Hp..(0,0)), (43)
Upp — Uy in L?(0,Ty; L*(0,7)). (44)

Since HZ,.(0,¢) —— H,.(0,f) — L?(0,¢), the Aubin-Lions-Simon compactness theorem
[13], together with H'(0,¢) <= L>(0,¢), yields

Up — U in L*(0, To; H'(0,¢)), (45)
Up — U in L*(0, Ty; L*(0, 1)),

Upzp — Uy in L?(0, Ty; L*(0, 1)), (46)
Uy — U in L?(0, Ty; L(0,0)).

In particular,

Hui - UQHLQ(O,TO :L2(0,4)) < ”un - UHLQ(O,TO;LOO(O,K))HUn + UHLOO(O,TO;LQ(O,Z)) — 0. (47)
Let ¢ € C*([0, Tp]; H,,,(0,£)) be arbitrary, and let

¢n<'>t) - Z (¢('>t)vek)ek € V..

k=—n
Then

sup [t (-,t) = (-, )| 10,0 — 0, |0 | Lo (0,10;11 (0,0)) < C. (48)

0<t<Ty

To pass to the limit in the Galerkin identity, it is enough to verify

To
nh—>nolo / [(un,u ¢n) - (Uta @Z)) + (unun,m ¢n) - (uuwa ¢)
0

+(unwawnm) - (Umawm) + f—F

E
¢ ¢
— Un,Ewn /Nx Y 2 (z,t) do + UE@D /Nx T)ug(z,t) de
0
z ¢
Um@Dn /Nm 2(x,t) dr — (u. ¥) /Nx dx
2F
0 0

Consider first the time-derivative term.
To

[ [Gnes) = )

0
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To
< ||Un,t||L2(0,T0;L2(o,1z))||@/1n - ¢||L2(0,TO;L2(0,Z)) + /(unt — U, ¢) dt| — 0, (50)
0
by Lemma 3, (48), and (44).
For the convection term, periodicity gives (untnz, ¥n) = —%(ui,wmx) and (uug, ) =
—3(u?, ;). Thus
To
1
[(unun,an ¢n) - (uu937 ID)] dt —HU —u ||L2 0,T0;L2(0,¢ )H?ﬂn z||L2(0 To;L2(0,£))
2
0
1
+ §||U2HL2(0,T0;L2(0,€))H%,x — YallL20,m0:22(0,00) — 0. (51)
The diffusion term is handled in the same way:
To
/[(un,az7¢n,x) - (U'a:awx)} dt S ||un,x - ua:”LQ(O,TO;LQ(O,K))||¢n,:c||L2(O,T0;L2(O,€))
0
+ |Jwell 22(0,10:22(0,0) | ¥ne — Vel L2(0,10522(0,8)) — 0. (52)

For the scalar products appearing in the loaded terms, we have

| (s ) — (u, )| 220,10) < M1Wnll o 0,10:220,00) 1t — ull L2 (0,105220,0))

A [|wl| oo 0,10522(0,00) 10 — Y| L2 (0,10 22(0,0)) — 0. (53)
Since |E(t)| > Ey and f — E' € L2(0,Tp),
f—FE 1~
‘ z < Eﬂf — E'|| 20,1 < 00
L2(0,Tp)
Thus

To ]’cv B f B

[ 1 ()~ ) < |2 [t ) = (0,38} 1200) — 0

0 LQ(O,TO)

(54)
l
For the derivative nonlocal term, add and subtrac 2(2)Up 2 (x,t) dr. Then
0
To a4
unxxt)dxdt+/ /N (T, 1) dedt
l
1
< ol 0) = () 2oy / N (&)t o (2, 1) d
0 L2(0,To)
1 V4
) o | [ el 0) = 1)) d
0 L2(O,To)
| Nzl 220,
< 0D g, ) — (s ) 12 0,70) e 20,0220,

Eo
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| Vel 22 (0,0)
+ | (u,
el
Here the first derivative norm is bounded by Lemma 1, while the last tends to zero by (46).

1/1)HL2(0,T0)HUn,z - Ux||L2(0,T0;L2(O,Z)) — 0. (55)

For the nonlocal term involving u?,

To

¢ ¢
(Un, Pn) (u, )
/ Yo /Nr xtdxdt—/ ¥ /N:C xtdmdt
0 0

1
s—wwwm4wwmmw/Mx%aww
2E,

L2(0,Tp)

¢
Hmwmmt/ W2 (2,) — w2 (o, 1)) da
0 L2(0,T)
< INVellzz0
TN OO (g ) — (s )| 20010 142 N 220070522 0,00
N | Vel 22(0,0)
2E,

The first norm involving u? is bounded, and the last tends to zero by (47).

1w, ©) || 20,7 1z — 42|l 120,703 12(0,69) — O (56)

Finally,
To

/[_(fa ¢n) + (fv ¢)] dt| < ||f||L2(0,T0;L2)||7v/}n - ¢||L2(O,T0;L2) — 0. (57>

0

Combining the preceding convergences proves (49). Passing to the limit in the Galerkin
identity therefore gives

(ut7 ¢) + (uuwv ID) + (uﬂca %)

l
_%/Nx(x)ul,(m 2E /N (x,t)dx = (f,7)

for every admissible . Hence u satisfies (11) for a.e. (z,t) € (0,¢) x (0,Tp).

It remains to identify the initial value. From (42), H}..(0,¢) € L*(0,¢), and Simon’s
compactness theorem give

Up —> U in C([0, Ty]; L*(0,¢)),
un(+,0) = o in H...(0,0),
so u(+,0) = ug in L*(0,¢). Moreover, by Lions-Magenes [12]
we L=(0,To; H),) N L*(0, To; HY,,), uy € L*(0,Ty; L?),
u € C([0, Tols Hper (0, 0)). (58)

Consequently u(-,0) = ug in H,,.(0,¢), and u is a strong solution on [0, Ty]. Since Ty < T*

was arbitrary, the solution exists on every compact subinterval of [0, 7).
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3.4 Uniqueness

t) be two strong solutions of (11), (1b)—(1c). Set
Duy (2, 1) — ug(x, t)ug . (z,t) = w(z,t) ug (z,t) +
(2, 1) + ug(x, t))w(zx, t), the difference w satisfies

Fix Ty < T%, and let uy(x,t) and wus(x,
w(z,t) = uy(z,t) — us(z,t). Since uy(x,
us(m, t)wy(z,t) and ui(z,t) — us(x, t) = (u

w(x,t) + w(, t) urz(x,t) + vz, )wy (2, t) = wya(z, t)

¢ ¢
w(z,t) [ ~ , 1 )
e / Nyl ) o+ 5 [ Nola)id (e, do
0 0 (59)
¢ ¢
(0w, (x,t)d N (z)(uy(z,t) + us(x, t))w(z, t) de.
o i |

Testing (59) with w(z,t) and using periodicity gives

¢
1d
Tl 0.0 lwellZ2 0. / , 1) ur (2, 1) + up(2, w2, ) )w(z, t) d
0

2d
¢
/Ngc r)ui(z,t)d

0

N | —

¢
w
’HLzM) f E — /Nz Jup (2, t) de +
0

l
u2a

o(T)wy(z,t) de —

¢
/Nm (ur(z,t) + ua(z, t))w(x, t) de.
0

[e=]

(60)

For €5, > 0, periodic integration by parts, Cauchy—-Schwarz, Hélder, Young’s inequality;,
and |E(t)| > Ey give

‘j w(x, t)ug o (x,t) + ue(z, t)w,(z, t)) (2, 1) dz

(61)

L
/0 (u2(x, t) — 2u1(x,t))w(m, tw,(z,t) dx

2
(20wl oo 0,00 + NNzl o< 0.0)) ||
255

< llwallz200,0) W||72(0.0)-
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L
lwll7

¢
~ 1
0

[0l 2200 [+
< To [\f — E' + | Nall 20,0 [Ju1.e [ 22(0,0) + 5||N:cHL2(o,e)Hﬁ”L‘Z(O,@)

¢
2
|(ug, w)| E6, 1o IN21720,0) 5
W N (2)wy(w,t) do| < EHU)xHL?(o,e) + TEOQHu2HL2(o,z)Hme(o,e),
0
(s, w)] | [ B
Uz, W z|| L2 2
RO W N (2 ) Nw(z, t) de| < 12ellzz - .
Q)] / J(ui(2,t) + ug(x, t))w(x,t) do| < 2F, [[uall 20,0 [lur + w2l L 0,0 Wl 720,)
0
(62)
¢ ¢
Here [w?(x,t)uy,(2,t) de = =2 [u(z, t)w(z, t)w,(z,t) du.
0 0
Substituting the above estimates into (60) yields
1d €5 + €6 2 Clluallz=,0 + lluzllL=00)”
2dt”w||L2(o12) + meHL?(oz) < THU}:}:HB(O,@ + s
\f E'|  INzllr2(0,0) | Nzl £2(0,0)
£ - E, w12l 22(0,0) + 2E [uillz2(0,0)
| 96||L2(O€) ||Nx||L2(0€)
Tﬁ||u2||%2(0,2) + TO’HWHL?(O,E)HM + ||z 0,0) | 1020 -
0
(63)
Choose €5 + ¢ = 1. Then 1 — @ = %, and, after absorption and multiplication by 2,
d
%Hw(t)H%?(o,é) + [z (D720, < AO[w®)172(0,0), (64)
where
Aty o 2l Oliman + l®llimo0) | 270~ E'0)
' €5 Ey
2| Nzl z2(0,6 | Nzl 20,6
T e (0200 + TPl (0200 (65)
<0 0
HNx||L2(o,e) ||Nz||L2(0,€)

o [z () 720, + T||U2(t)||L2(0,f)||U1(t) + w2 () || Lo (0,0)-
Since u; € L>(0,Ty; H).(0,€)) and H'(0,¢) < L>(0, (), we have
i (8) | o 0,0) + [Jwa () || 22(0,0) + [tz (D)l 220,00 < C,
i (8)* | 2200,0) < lua (8) || 2o 0, llua (8) || 22(0,0) < C.

Consequently, A(t) < C(1 + 1F(t) — E'(t)]). Since f—E € L%0,Ty) C L'(0,Ty), it follows
that A € L*(0,Tp).

Finally, w(-,0) = 0. Dropping the nonnegative term |lw,|[?, in (64) and applying
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Gronwall’s inequality gives
t

)y < 10(O) e exp | [ Als)ds | =0

0
Hence u; = uy on [0, Tp). Since Ty < T™* was arbitrary, uniqueness holds on every compact
subinterval of [0,7%). O
It remains to recover the coefficient and verify the prescribed integral observation. Fix
To < T* and let u be given by Theorem 1. Define a by (10). Then

1
la()] < 2 (\f E'| +|INall 20,0 1l 2.0 + —IINme(o,e)\|u|!i4<o,e>)-

Since Hu||L4 0.0) § Cllull r20.0|ull mr 0,0 and w € L>(0, Ty; H'(0,£)), we obtain a € L*(0,T).
Substltutlon of ) into (1 ) gives (la).

(1
¢

Set F(t) := [ N(z)u(x,t)dx. Then F € H*(0,T,) and
0

F'=—aF + f — /Nx(a:)ux(x,t) dx + % /Nx(x)UZ(x,t) dx.

0 0

Comparing this identity with (10), G := F — E satisfies G’ = —aG. By (7), G(0) = 0, and
0

since a € L'(0,Tp), Gronwall’s inequality yields G = 0. Hence [ N(x)u(z,t)dz = E(t) for
0

all t € [O, Tg]

Finally, let (u,a) be any other strong solution pair in the sense of Definition 2. Then u
satisfies the same reduced problem. By Theorem 1, u = u, and (10) gives @ = a a.e. This
proves Theorem 2. [J

4 Numerical experiments

We illustrate the reconstruction on a smooth test with a known exact solution and examine
its accuracy under spatial mesh refinement. Set ¢ = 27 and T" = 1, and choose
N(z)=1+1isinz, u,(z,t) = e 'v(x), a.(t) = cos(mt), v(x) = 2+sinx+cos .
(66)
The corresponding input data are
uo(w) = v(@), () = Set, E'(t) = —E(),
flz,t) = =2 + e *v(z)(cosx — sinx) + e~ " cos(mt)v(x).
(67)
Direct substitution verifies the equation, periodic boundary conditions and integral observation.

In particular, E(t) > 97/(2e) > 0. The coefficient changes sign at t = 1/2, and both nonlocal
quantities are nonzero:

2T 2T
T —t 2 —2t
/ Nty p de = e, / N,u; dx = 2me™ .
0 0
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For this numerical illustration, we use a conservative finite-difference discretization. Let
xj = jh, h=2n/M, j=0,...,M — 1, with indices understood modulo M, and define

Ui = Uj
2h ’

M-1
Uiv1 —2U; +U;_
(DoV); = ===, QuZ)=h}_Z;
j=0

(DOU)j =

Writing N; = N(x;), we solve

RBy(U,6) = (Do) — (Do) + flajt),
a (t) _ Qn (NR(U> t)) - El(t) (68)
n(t) = E(t) ;
Ui(t) = R;(U,t) — an(t)U;(t),  U;(0) = ug(xy).

J

All vector products and squares are componentwise. The coefficient is reconstructed from
the current numerical state and the prescribed data; a, is used only to construct the test
and evaluate its error. This discrete weighted balance is consistent with the continuous
reconstruction formula. Moreover, Gy (t) := Qn(NU(t)) — E(t) satisfies G}, = —a,G},. Since
G1r(0) = 0 for the selected data and grids, the observation is preserved at the semidiscrete
level.

Time integration is performed using the BDF solver in SciPy’s solve_ivp, with relative
and absolute tolerances 1071% and 10712, At ¢, = m /200, m = 0, ..., 200, we evaluate

M—1 1/2
eu(M) = max (h Z \U;(tm) — u*(:vj,tm)|2> : ea(M) = mgx|ah(tm)—a*(tm)|. (69)

The observed orders are p, = log,[e,(M/2)/e,(M)] and analogously for p,.

Table 1: Spatial mesh refinement for the exact-data test. Errors are evaluated at 201 equally
spaced times in [0, 1].

M Eu Pu Ea Pa
32 9.3445 x 1072 —  1.0686 x 1072  —
64 2.3319 x 1073 2.003 2.6759 x 10~* 1.998
128 5.8271 x 107* 2.001 6.6924 x 10~°> 1.999
256 1.4566 x 107* 2.000 1.6733 x 10~°> 2.000

Table 1 shows observed second-order spatial convergence for both the state and the
recovered coefficient. On the finest grid, reducing both time tolerances by a factor of ten
changes the state by less than 1.5 x 107 in the sampled maximum discrete L? norm and the
coefficient by less than 4.0 x 107!, These changes are much smaller than the reported errors.
Figure 1 compares the exact and numerical solutions for M = 64.

The exact solution pair (u.,a,) exists on [0,1] by construction, independently of the
sufficient local existence interval obtained from the a priori estimate. The experiment verifies
reconstruction accuracy for exact data and provides a mesh-refinement check, without
asserting stability with respect to noisy observations or global solvability for general data.
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(a) Recovered coefficient (b) State att=1
1.0 —— Exact 1.2 —— Exact
o Numerical (M =64) P o Numerical (M =64)
0.5 A
=t 0.0 A
—0.5 +
—1.0 A
0.0 0.2 /2 ™ 3m/2 27

Fig. 1: Exact solutions (solid lines) and numerical values (markers) for M = 64: (a) the
recovered coefficient; (b) the state at ¢ = 1. Markers are shown at selected output times and
spatial nodes.

Conclusion

The weighted integral observation yields an explicit reconstruction formula for a(t) and
reduces the inverse problem to a nonlinear loaded Burgers equation. The resulting nonlocal
term involving u? produces a contribution of order |[u[|%, in the basic energy estimate, which
is controlled locally in time by Bihari’s inequality. For every Ty < T, the reduced problem has
a unique strong solution, the reconstructed coefficient belongs to L*(0,Tp), and the prescribed

¢
identity [ N(z)u(z,t)dx = E(t) is recovered.
0

The threshold 7™ is produced by the present a priori estimate and is not asserted to be
the maximal existence time. The present estimates establish local existence and uniqueness,
but do not settle global existence on the full prescribed time interval.
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